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Abstract—In this work, a complex-valued controller for a
three-phase VSC with an LC output filter is proposed. The system
is first transformed into its complex representation with the
consequent order reduction and simpler analysis. The proposed
complex controller places all the poles at desirable locations in
the complex plane. Unlike classical controllers with an inner
current-control loop and outer voltage-control loop, the proposed
controller considers the complete dynamics of the system, thus
ensuring the closed-loop stability. Furthermore, the complex
representation facilitates the pole placement in the complex plane
compared to the real domain. The performance of the proposed
controller is validated through simulations and experiments.

Index Terms—complex control, LC inverter, pole placement.

I. INTRODUCTION

Three-phase voltage source converters (VSC) with LC out-
put filters are widely used in applications where a sinusoidal
three-phase voltage with low distortion is necessary. The most
common applications of such converters include uninterrupt-
ible power supplies (UPS) [1]-[3] and DC-AC converters for
isolated renewable energy generation systems [4], [5], among
others.

Linear and non-linear control techniques have been applied
to design controllers for VSCs with LC output filter in the
aforementioned applications. Most of the schemes consist in
classical approaches, such as proportional-integral (PI) con-
trollers in the dg coordinates, with two loops having different
time-scales, a fast inner current-control loop and a slower
outer voltage-control loop [6]. However, stability is not truly
guaranteed because the complete dynamics are not considered.
Usually, the design of this type of controllers includes some
decoupling terms to facilitate the analysis and the tuning tasks.
On the other hand, non-linear based methods tipically consider
the complete dynamics, thus allowing one to perform a general
stability analysis. These controllers provide satisfactory results
as far as performance is concerned [2], [7], but in many
cases, they can be difficult to implement and require significant
computational efforts. However, a variety of tools are available
for linear control design that can be exploited if the system
order is low enough. In this paper, the linear approach is
considered.

The mathematical model of a VSC with LC output filter
consists in a sixth-order system in the original abc three-
phase coordinates, plus the dynamics of the load (if any).
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In this paper, a three-phase VSC supplying an RL load is
considered, and the complete abc model results in a ninth-
order system. Order reduction is achieved using the known
abc to dq transformation, which results in a sixth-order system.
When designing classical schemes such as PI controllers, the
dq axes are often decoupled by feedforward compensation,
resulting in two independent dynamical systems (one for
each coordinate), thus obtaining two independent systems.
However, when such decoupling is used, the design flexibility
is restricted.

Direct control of the output voltage is often not recom-
mended using output feedback controllers, such as classical PI
controllers. The problem comes from the fact that typical RLC
values result in a pair of complex poles close to the imaginary
axis that limit the closed-loop response. This problem can
be solved using a controller that moves the roots to the left
of the complex plane, usually through the addition of zeros.
However, this scheme could add some noise problems due to
high-frequency effects of the added zeros. Another option is a
state-feedback scheme that allows one to place all the closed-
loop poles.

On the other hand, design and analysis of controllers based
on transfer functions represented by complex coefficients
constitute a powerful tool for three-phase electrical systems
[8]. The complex-based description allows order reduction and
simplification of the control analysis that results in alternative
design options.This approach has recently been applied for the
analysis and design of controllers in three-phase systems [9],
[10] and some techniques, such as complex root locus, have
been developed [11] and applied to electrical power systems
and other three-phase applications [12], [13].

In this work, a control algorithm based on the complex-
valued representation of the VSC feeding a resistive-inductive
load, is proposed. The control scheme results in a state-
feedback controller that makes it possible to freely place the
closed-loop poles in the complex plane. Thanks to the complex
representation, decoupling terms are intrinsically designed,
resulting in a simpler analysis and greater flexibility than the
traditional dq representation.
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Fig. 1. Three-phase LC inverter.

II. DYNAMIC MODEL OF THE VSC WITH LC FILTER

A. Model in physical variables

The system considered in this work is shown in Fig. 1.
It is composed of a three-phase VSC with an LC output
filter, where L and C are the inductance and capacitance of
the output filter, respectively, and R represents the equivalent
resistance which models the total inductance losses and the
converter losses. The dynamic of this converter in abc coor-
dinates can be described by,

diabc
dt — Mvabc _ Riabc _ Meabc, (1)
deabc wab wab
C 7 = i —i7" 2)
where v*¢ = [v, v vc]T are the output voltages of the
VSC, e = [e, e eC}T are the voltages on the filter
capacitors, i%¢ = [iy i iC]T are the inductor currents,
i(ibc = [ira %Lp ire)  are the load currents, and
1 2 -1 -1
M= |-1 2 -1
-1 -1 2

B. Complex representation

The complex representation of the system (1)-(2) is obtained
by using the transformation [14],
¢ =Tx", 3)
where ¢ is a complex variable and x*¢ = [z, z;, z.]T a
vector of three-phase currents or voltages. The transformation
T is defined as follows,

2 .
Y R e | A

3 2 2

where 6 is the instantaneous phase of a reference signal, and

% = w is its frequency. Then, the dq representation of three-

phase variables can be obtained from,

§=za+jzg, (3)

where x4 is the real part and x, is the imaginary part of the
complex variable. Note that the homopolar component is zero
because the three-phase VSC with LC output filter is a three
wire system.

Using (3) in (1)-(2), the dq state-space model is obtained,
which results in the following complex system,

Ji
Ld—z = v—(R+jwl)i—e, (6)
de L .

C’a = i—jwCe—1p, (7

where @ = ig + jig, € = eq + jeg, v = vq + jvg and if, =
ird + jirq are complex variables.

The model defined by (6) and (7) is for an arbitrary load.
With the complex representation, the resulting system is a
second order system, while the original system was of order
six in abc coordinates, and order four if the classical dg
representation were used.

A resistive-inductive (RL) load is considered in this work.
The state-space equations for the VSC with an LC filter and
RL load are given by,

di

L% = v—(R+jwl)i —e, (8)
de S )
CE = i—jwCe—1iy, )
di
LL% = e—(Rp+jwLy)ig, (10)

where L; and Rj are the inductance and resistance of the
load respectively. The inclusion of the load model increases
the system order to three. The open-loop dynamics can be
written as,

Nr(s) 1 0 i v
-1 Ne(s) 1 e | =101, (11)
0 -1 NLL(S) ’iL 0
where,
Np(s) = (s+jw)L+R, (12)
No(s) = (s+jw)C, (13)
Nrp(s) = (s+jw)Lp + Ry. (14)

The voltage of the VSC is v = muyg,, where m = mg+jm,
is the modulation index.

The response from the modulation index to the load voltage
is,

~ vaeNrL(s)
e= 7DOL(3) m. (15)
where,
DOL(S) = NL(S) + NL(S)Nc(S)NLL(S) + Nrp,

= Nr(s) +3Ni(s), (16)

Ng(s) is the real part and N;(s) is the imaginary part of
Doy (s), that is

Ngr(s) = LL;Cs®+C(LRy+ LLR)s?

+ (L+Lp+RR.C —3w?LLLC)s

+ (R4 Ry —w?C(LRy + LLR)), (17
Ni(s) = BwLL.Cs*+2wC(LRL + LLR)s

WL C +wRRLC +w(L+Lg). (18)
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Der(s) = LLpCs* 4+ (C(LRy + L R) + kpvg.LC) s
+ (L+Lp—3w’LLC+ RRLC + kpvacRLC + kpuvgeLy + j2wkpva L C) s°
+ (R4 Ry —w’C(LRL + LLR) + kpvae — w’kpvge L, C + kpvacRp + krvacLr + kppvae

+  j(WwkrvaeRLC + wkpvacLr)) s + krvae Re + jwkivaeLr. (22)
LL;,C
I (p1p2p3p4)’ (24)
Udc(RL —l—ijL)
L - LLLC(p1+p2+p3+ps) —C(LRL + LLR) 25
L — — I C ) ( )
LU Ve
i :LLLC(p1P2 + p1p3 + p1pa + paps + papa + p3pa) + L+ Ly — 3w’ LLLC + kpvaeRC + j2wkpvg.LrC 26)
r LLUdc '
hpp = — LLLC(p1p2ps + p1papa + p1P3p4 + p2pspa)

Vdc

(R + Ry, — CUQC(LRL + LLR) + krvge — MQkLdeLLC + krvge L + kpvg. Ry, + j(ka’UdCRLC + wkpvchL))

III. COMPLEX POLE PLACEMENT CONTROL

Similarly to the control schemes presented in [12] and [13]
the following controller is proposed,

N[(S)

m =
vaeNLL(8)

1
e—kri—krpir, +kp (1 + TZS> (eref—e),
(19)
that includes the feedback of the inductor and load current.
The values of the controller parameters (kr, k11, kp and T;)
will be specified using a pole placement method.
Substituting the proposed controller (19) in (15), the closed-
loop dynamics are determined by,
UchLL(S) (kPS + kf) ref

e = e,
DCL(S)

(20)

where,
Dcr(s) = Ng(s)s+ kpvae(14+ Na(s)Npp(s))s
1
+ krpvdaes + kpvaeNpr(s) (8 + T) . (2D

7

By using (17) and (13) in (21), D¢y (s) results as shown
in (22).

The control parameters in (19) (kz, krr, kp and T; = %’)
are obtained by matching the fourth-order system in (22) with
the desired characteristic equation, D%, (s), given by,

D¢ (s) =(s — p1)(s — p2)(s — p3)(s — pa)
=s' — (p1 +p2 +ps +pa)s®
+ (p1p2 + P1P3 + P1Pa + P2p3 + P2pa + P3pa)s®
— (p1P2p3 + PLP2Pa + P1P3P4 + P2P3P4)$
+ p1p2p3p4, (23)

resulting in the controller gains shown in (24), (25), (26) and
27).

27

Vde

Remark: the complex controller in (19) is equivalent to a
real controller in the dg representation. However, the controller
would not naturally be obtained with a conventional dgq de-
sign. When designing in the dq framework, one is usually
decoupling d and g dynamics in order to facilitate the analysis
as two separate SISO systems. However, when including the
feedforward term, the dynamics become coupled again and the
analysis requires MIMO tools. The complex design is a SISO
design that intrinsically controls the corresponding, coupled
2x2 MIMO system in the real domain.

A. Control gains determination

The controller parameters, (24), (25), (26) and (27) are
determined through desired closed-loop poles pj,..., p4, which
are themselves obtained from specifications in the time-
domain. The roots of the characteristic equation are expressed
as follows,

Pi = —Giwn, ijwmm = —0; £ juwi,

0; = Ciwn,;,

(28)

with,
(29)

where the subscript ¢ is indicative of each pole of the system.
Using the criterion of 2% for the settling time of the

dominant pole, p1,

ty = —, (30)
01
where o) can be calculated for a desired time.
In the application considered in this work, the settling time
should be around one cycle of the voltage waveform, i.e. {5, =
0.02s, which results in o7 = 200. A design choice made in
this paper is to set the pole p; according to this rule, and move
the remaining three poles to locations whose real parts are at
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TABLE I
SELECTED POLES.

Pole Value
p1 —200 4+ 50
P2 —2500 + 55000
p3 —2500 — 57200
P4 —14000 — 5100
TABLE II
SYSTEM PARAMETERS.
Parameter Value
L 2.25mH
R 0.292
C 45uF
Ly, 3.45mH
Rp, 5092
Vde 300V
w 314.16rad/s

least 501 or 100;. In this manner, the pole p; is dominant.
The imaginary parts of the poles are chosen such that,

_ Re(pi)
[Pl
The poles for the system, selected according to the above
criteria, are presented in Table I.
Using the selected poles and the system parameters shown
in Table II, the gains of the controllers can be determined and
result in the values shown in Table III.

< 5. (€28

IV. SIMULATION AND EXPERIMENTAL RESULTS

In order to evaluate the performance of the complex con-
troller proposed in this paper, simulation and experimental
tests were performed.

A. Simulation results

Simulation results were obtained using SimPowerSystem
from Matlab. The simulated converter includes switching
effects, losses and detailed transistor models.

Fig. 2 shows a test where a change in the output voltage
reference is produced at 0.1s, and a load change occurs at
0.2s. Fig. 2(a) shows the dq components of the output voltage.
As can be observed, when a change of reference is made at
0.1s, the d axis component changes from 50 to 100 in 20ms,
with a minimum overshoot. The ¢ axis component remains
at zero value, as expected for a real reference value e At
0.2s, a load change occurs where Ry changes from 50€) to

TABLE III
CONTROLLER PARAMETERS.
Pole value
kp  0.0111 + j3.4589 x 10~%
kr 2.7593 + j0.3185
kr, 0.0346 + 50.0172
krr —0.040 + j0.0312
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Fig. 2. Performance of the proposed controller for RL load. (a) dg voltage
components, (b) three-phase output voltage in abc coordinates, (c) three-phase
output current in abc coordinates.

1002 with L; = 4.5mH. It can be observed that the dgq
components of the output voltage remain at their references
values. It is worth noticing that under load changes closed-
loop poles move. For a load of 100€2 the closed-loop poles
are p; = —199.79 — 56.8046, ps = —2231.2 4 54938.3,
p3 = —2498.8 — j7237.3 and py = —28763 + j5.8206, and
the closed-loop system remains stable and exhibits a similar
performance.

The output voltage in abe coordinates is shown in Fig. 2(b)
while the inductor current in the same coordinates is presented
in Fig. 2(c). It can be observed that the output voltage remains
sinusoidal, with the required amplitude and frequency.

B. Experimental results

The experimental tests were performed using a labora-
tory prototype consisting of a three-phase VSC with an LC
output filter. The parameters used in the experimental tests
are the same as used during the simulation stage (Table II).
The inverter has a Semix-101GD12E4s module of Semikron
(1200V, 100A) and the control algorithm was implemented in
a TMS320F28335 floating point DSP of Texas Instruments.

To avoid the need for a second current sensor for the load,
an option was considered to let the gain k5, = 0. Using
the control gains obtained in the previous section, see Table
IIT except for k., = 0, the closed-loop poles were found to
move to p; = —189.4 — j9.672, py = —2261.4 4 j5143.1,
p3 = —2529.5 — j7456.9 and ps = —14220 + j23.448. With
the change, the dominance of p; over ps, ps, p4 remains, and
the response time only increases by 5%. See in Fig. 3, the
original closed-loop poles and the new values with K = 0.
This option was implemented in the experiments.

Fig. 4 shows the generated three-phase output voltage when
the reference is €™ = 100 + jOV and the desired frequency is
set at 5)0Hz. The waveform is sinusoidal, while the amplitude
and frequency remain in their reference values. Fig. 5 shows
the three-phase current when a resistive-inductive load of 502
and 3.45mH is considered.
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Fig. 7. Three-phase current (CH2 to CH4) and voltage of phase a (CH1) for

A reference change in the amplitude of the three-phase o change.

output voltage from 50V to 100V is shown in Fig. 6 (CHI1).
The amplitude of the voltage (CH2 to CH4) follows the
reference value and the new value is reached in less than one  component changes from 50V to 100V in 20ms, with a min-
cycle. Fig. 7 shows the three-phase currents (CH2 to CH4) imum overshoot. As expected, the ¢ axis component remains
next to the voltage of phase a (CH1) for this test. at zero.
The dq components of the voltages for this test are shown The performance of the proposed controller when a load
in Fig. 8. When a change of reference is made, the d axis change is applied is shown in Fig 9. The same test as in the
simulation case was performed where Ry, changes from 5052
to 10092 and L, remains in 3.45mH. Fig. 9 shows the three-
Tek  J. @ Stop 2 MPosi-4000us  MEDIDAS phase output voltages (CH2 to CH4) and the current of phase
‘ a (CH1). The amplitude and frequency of the output voltage

CH2
Méx
1324
CH3
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Fig. 5. Three-phase current for an RL load. Fig. 8. d (blue) and ¢ (red) component voltages for a reference change.
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Fig. 9. Three-phase output voltages (CH2 to CH4) and current of phase a
(CHI) for a load change.
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Fig. 10. Three-phase output voltages (CH2 to CH4) and current of phase a
(CHI1) when an induction machine is connected to the system.

do not present visible deviations, while the amplitude of the
current increases to the new value required by the load.

In Fig. 10, the performance of the proposed controller is
shown when a induction machine is connected to the system,
and the reference of the output voltage is changed from 50V
to 100V at 0.45s.

V. CONCLUSIONS

The use of the complex-valued representation of a three-
phase power converter facilitates the synthesis and design of
controllers. The system order is reduced and simpler solutions
can be found without the explicit use of decoupling terms.
Thanks to these features, the performance of the closed-loop
system can be improved. The proposed structure allows the
user to place the closed-loop poles at desired values ensuring
a response in the time domain as specified by a dominant pole.
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