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Abstract

The paper addresses an optimization-based reference calculation method for Modular Multilevel Converters (MMC) operating
in normal and constrained situations (when the converter needs to prioritize its quantities as it has reached voltage or current
limitations, e.g. during system faults). The optimization problem prioritizes to satisfy the external AC active and reactive current
set-points demanded by the grid operator through the corresponding grid code. If the operator demands are fulfilled, it uses
the available MMC degrees of freedom to minimize the arm inductance losses. Otherwise, if the operator demanded AC set-
points cannot be accomplished, the optimization attempts to minimize the error prioritizing between either AC active or reactive
currents. The optimization problem constraints are imposed through a steady-state model considering simultaneously the external
and internal AC and DC magnitudes of the converter. The steady-state model also includes the voltage variation in the equivalent
arm capacitors (considering the ripple). Then, the imposed limitations are the maximum allowed grid and arm currents, the
maximum allowed arm voltages and the sub-module capacitor maximum voltages. The paper presents a detailed formulation of
the optimization problem and applies it to several case studies where it is shown that the presented approach can be potentially
used to obtain the MMC references both in normal and fault conditions.

Index Terms

Modular multilevel converter (MMC), grid support, reference optimization, steady-state analysis.

I. INTRODUCTION

Modular multilevel converters have become the preferred choice for modern High Voltage DC (HVDC) transmission
systems [1]–[3]. Compared to classic two-level Voltage Source Converters (VSC), MMCs present easier scalability to

higher voltages, improved efficiency due to lower switching frequencies and higher output voltage quality [4]–[6]. MMCs also
have additional degrees of freedom that can be used for an improved converter performance [7], specially during AC and DC
network imbalances.

In order to adequately exploit these degrees of freedom, the important complexity of the MMC requires models to provide
full comprehension of its working principles and the distinct roles of its inner quantities. Relevant previous works on the MMC
analysis have been done for both normal and fault scenarios. For normal operation, distinct studies have been performed to
analyze the MMC steady-state and dynamic behavior to design the passive elements of the converter [8]–[11]. For unbalanced
AC faults, different analysis have also been developed. In [12], the steady-state model of the MMC is derived in the synchronous
dq0 frame considering positive and negative sequence components, focusing on the AC side quantities. An alternative analysis
method is to derive the steady-state equations in the abc additive x

∑
and differential x∆ frame [13]–[16], which gives additional

appreciation on the converter analysis. In [13], a model of the MMC in the abc frame is proposed for unbalanced grid conditions
in order to suppress the injection of AC current components into the DC side of the converter. However, the characteristics of
the AC network during the fault are based only on the positive sequence. To provide insights about the interactions between the
positive and negative sequence components of the AC grid, [14] and [15] used both components during the model derivation.
Also, in [16], an optimization algorithm based on Lagrange multipliers is proposed to calculate the MMC circulating current
considering the positive, negative and zero sequence components of the AC side of the converter.

The aforementioned models, although accurately represent the MMC converter, might not be straightforwardly usable in an
optimization environment where constraints in the natural abc frame should be imposed to individual arm quantities. A natural
abc per arm modelling approach provides a direct identification of the quantities of the converter. Based on this approach,
references [17], [18] proposed a steady-state analysis of the MMC focusing on the AC arm quantities, while considering per
phase model of the DC ones, without analyzing DC unbalances.

In terms of converter operation, during unbalanced faults the MMC control should be able to prioritize the AC current
components (active or reactive) to be injected into the network to meet the requirements imposed by the grid codes. For
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instance, reference [19] prioritizes the active current components, whereas [20], [21] main concern is the injection of reactive
current to provide voltage support during the fault. In addition, these conditions should be met without violating any of the
voltage and current limitations of the converter.

To the best of the authors knowledge, a general optimization problem to calculate the converter references, using a complete
per arm MMC model running on the natural abc reference frame, able to meet the grid operator specifications while considering
the constraints of the MMC (arm currents, voltages and sub-module voltages) for any grid AC and DC voltage condition, has
not been proposed yet. Next, the main contributions of the article are detailed:

• Development of a natural abc reference frame steady-state model including all the MMC degrees of freedom.
• Formulation of an optimization-based reference calculation problem using the steady-state developed model, to guarantee

an optimal MMC operation under any network voltage conditions and grid operator requirements, considering the converter
limitations.

The suggested reference calculation optimization problem ensures that:
• The AC currents are as close as possible to the grid code requirements, without exceeding the MMC limits.
• The internal currents of the converter are limited per arm simultaneously considering both AC and DC components.
• Converter applied voltages do not exceed the limitations of the MMC arms.
• Sub-modules voltages do not exceed their voltage limitation. This constraint is imposed using an equivalent arm ca-

pacitor modelling which includes the corresponding voltage fluctuation (assuming that an adequate sorting algorithm is
implemented).

• The degrees of freedom of the MMC are fully exploited by the optimization to be as close as possible to the operator
requirements.

• Any AC grid operator requirement can be fulfilled, prioritizing either active or reactive current component. In this paper,
the reactive AC current is prioritized in order to provide voltage support to the faulted network.

• It can be used for different MMC sub-module configurations (half-bridge, full-bridge, hybrid), as long as the MMC limits
are adapted according to each equivalent arm voltage condition.

To validate the proposed optimization-based reference calculation, different case studies are included to show the optimization
performance and to highlight the effect of the imposed constraints. In addition, the output values from the steady-state model are
compared with time domain simulations (once steady-state is reached) for different grid voltage conditions, showing adequate
results.

II. MMC MODEL DESCRIPTION

The three-phase MMC (see Fig. 1) is a VSC consisting of three legs, one per phase, in which each leg has two stacks
of Narm sub-modules, known as the upper and lower arms. The sub-modules can vary from simple topologies such as the
half-bridge or full-bridge to complex ones, based on the application requirements [22]. The main quantities for each phase,
considering k ∈ (a, b, c), are the AC grid voltages ukg , the voltage at the neutral point un, the upper and lower arms voltages
uku and ukl , the upper and lower DC grid voltages UDCu and UDCl , the upper and lower arm currents iku and ikl and the AC grid
current iks . Ra and La are the arm equivalent resistance and inductance and finally, Rs and Ls are the phase reactor equivalent
resistance and inductance. The voltage equations per phase can be written as

UDCu − uku − ukg − un = Rai
k
u + La

diku
dt

+Rsi
k
s + Ls

diks
dt

(1)

−UDCl + ukl − ukg − un = −Raikl − La
dikl
dt

+Rsi
k
s + Ls

diks
dt

(2)

Combining the static form of the previous equations and the converter power flow equations, it is possible to derive a
steady-state model of the converter in the abc reference frame, detailed in Section III. Then, this model will be adapted to be
included in the optimization problem formulation as explained in Section V.

III. STEADY-STATE MODELLING AND ANALYSIS

In this section, the steady-state equations of the MMC are derived considering that it is connected to generic AC and DC
networks, which can be either in balanced or unbalanced conditions. The MMC arm quantities contain both AC and DC
components. Applying the superposition principle [23], the DC and AC systems can be decoupled and studied separately.

A. AC network currents

For steady-state analysis purposes, the phasorial notation Xk = Xk
r + jXk

i = Xk θk will be adopted, with x(t) =

XkR(ej(ωt+θ
k)) and k ∈ (a, b, c). The model assumes that the active P k and reactive Qk power magnitudes and per phase

voltages Ukg are given, as the MMC connection with the AC network considers a grid-following control mode. Based on these
values, the grid currents Iks can be obtained
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Fig. 1. Complete model of the MMC converter.

Iks =

(
Sk

Ukg

)∗

=
P k − jQk

Uk∗g
(3)

Using (3), the calculation of Iks may result in zero sequence components I0
s for a generic unbalanced AC voltage condition,

which cannot flow due to the three-wire AC connection1. To impose this condition in the model, one option is to remove
the zero-sequence keeping the positive and negative sequence components [24]. Current Iks will be subsequently used in the
following section as an input to solve the steady-state model.

B. AC MMC circuit analysis

Fig. 2 shows the AC circuit which can be derived from Fig. 1, short-circuiting the DC voltage sources and considering the
AC component of the arm applied voltages.

+

+

+

+ + +

+ + +

Fig. 2. AC model of the MMC.

1Note that the AC current reference calculation (3) would not be used in a real converter operation, in which grid code requirements would impose the AC
current set-point values based on the defined grid conditions, as it is detailed in Sections IV and V. In this case, equation (3) is included in this section so
that the analysis stands on its own, being an input for the model.
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Applying the Kirchhoff Current Law (KCL) in the middle point of the MMC arms and involving the currents calculated in
(3), the relation between the arm currents is obtained as

Iks = Iku − I
k
l (4)

To prevent the circulation of AC current through the DC network, no AC zero sequence arms’ current component must be
flowing through the MMC. This restriction can be met by imposing that the sum of the upper arms’ AC currents is equal to
zero, as

Iau + Ibu + Icu = 0 (5)

Note that, no additional equation is required to eliminate the zero sequence current component from the lower arms, as it
can be directly obtained by combining (4), (5) while assuming no zero sequence in the grid currents (three-wire connection).

The AC voltage equations for the MMC arms (see Fig. 2) can be obtained through Kirchhoff Voltage Law (KVL), as

U0n = Ukg + Zs(I
k
u − I

k
l ) + ZaI

k
u + Uku (6)

U0n = Ukg + Zs(I
k
u − I

k
l )− ZaI

k
l − U

k
l (7)

where, U0n is the voltage between the 0 DC reference node and the neutral n of the AC three-phase system and, Zs and Za
are the phase reactor and MMC’s arm impedances, respectively.

The last equation to be included in the AC analysis is the power difference between the arms, which is required to conduct
a first steady-state analysis. In this case, it can be assumed that the upper and lower arms exchange the same amount of active
and reactive power, as

P ku − P kl = 0→ Ukur
Ikur

+ Ukui
Ikui

= UklrI
k
lr + UkliI

k
li (8)

Qku −Qkl = 0→ Ukur
Ikui
− Ukui

Ikur
= UklrI

k
li − U

k
liI

k
lr (9)

with P ku,l and Qku,l as the upper and lower arms active and reactive power, respectively. Later, (8) and (9) will not be part of
the optimization, as they will be considered a degree of freedom of the converter, as discussed in Section V.

C. DC MMC circuit analysis

For the DC part of the MMC, an analogous analysis to the AC circuit is developed. The DC model is shown in Fig. 3,
where only DC voltages are applied to the system, short-circuiting the AC sources and inductances.

+

+++

+++

+

Fig. 3. DC model of the MMC.

In order to avoid the circulation of DC components into the AC network, IkDCs is regulated to be equal to zero. Therefore,
IkDCu = IkDCl = IkDC , with k ∈ (a, b, c). The voltage equations can be written as follows

UDCu + UDCl = UkDCu + UkDCl + 2RaI
kDC (10)

Also, the total DC current of the system IDCtot can be obtained as

IDCtot = IaDC + IbDC + IcDC (11)
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D. Steady-state AC/DC power balance equations

In steady-state conditions, the AC and DC active power exchanged in each of the arms (voltage sources) should be equal, if
the semi-conductor losses are neglected. Obviously, this is not feasible with instantaneous values (as the arm single-phase AC
power is non-constant). However, it is possible to impose an equality between the AC average power (calculated in the phasor
domain) and the DC power. If this condition is not achieved, the energy in the arm cells would either charge or discharge the
equivalent arm capacitors (increasing/decreasing the stored energy) and therefore, steady-state conditions would not hold. This
constraint can be mathematically expressed as

P kACu,l = P kDCu,l → Uku,lrI
k
u,lr + Uku,liI

k
u,li = UkDCu,l IkDC (12)

E. Equivalent arm capacitor voltage fluctuation

Next, an estimation of the equivalent arm capacitor (see Fig. 1) voltage ripple is performed in order to verify that the
sub-module capacitor voltages do not exceed their design limitations. The energy stored in each arm of the converter is directly
dependable on the power flowing through the MMC. Under balanced AC network conditions, the average energy stored in
each arm is equal, also showing similar ripple profiles per arm (phase-shift difference). However, during unbalanced scenarios,
the MMC arms may present high energy deviations, leading to variations of the energy stored within them, which might
eventually exceed the design limitations. Consequently, the energy stored in each arm, therefore in each sub-module (assuming
an adequate sorting algorithm), must be kept within a certain range to ensure a proper operation of the MMC.

To mathematically represent the equivalent arm voltage fluctuation, the Arm Averaged Model (AAM) [25] is used (see Fig. 1).
This model represents each arm as an equivalent capacitor that is charged/discharged depending on the power exchanged by
each arm, which is reflected as a charging/discharging current. This way, the entire arm can be represented as an equivalent
capacitor. Based on the AAM equivalent arm model, a mathematical procedure to derive a generalized estimation for the
maximum and minimum voltage ripple for the equivalent arm capacitor is presented.

1) Instantaneous MMC arm power: To calculate the equivalent arm capacitor voltage ripple, firstly, the instantaneous power
for the upper and lower arms of the MMC should be obtained as

pku,l(t) = uku,l(t)i
k
u,l(t) =

(
UkDCu,l + Ûku,l cos(ωt+ ψku,l)

)(
IkDCu,l + Îku,l cos(ωt+ δku)

)
(13)

where IkDCu,l are the upper and lower DC currents flowing through the MMC arms, δku,l and ψku,l are the upper and lower
arms’ currents and voltages phase-angles, respectively. It can be noted that the power will have components at zero, ω and 2ω
pulsations. The sum of the constant zero frequency power of the AC and DC sources must be zero in steady-state conditions,
to avoid energy deviation in the arm. Therefore, the upper and lower arms’ powers [26] can be reduced to

pku,l(t) = UkDCu,l Îku,l cos(ωt+ δku,l)+ (14)

+ IkDCu,l Ûku,l cos(ωt+ ψku,l) +
Ûku,lÎ

k
u,l

2
cos(2ωt+ δku,l + ψku,l)

2) Arms maximum energy and voltage calculation: The voltage in a capacitor presents a profile that is related to its energy.
One way to find the maximum and minimum values of the equivalent arm capacitor voltage is to obtain the peak values of
the arm energy. The equation for the instantaneous energy flowing through the MMC arms can be expressed as (integrating
(14) over time)

Eku,l(t) =
UkDCu,l Îku,l

ω
sin(ωt+ δku,l)+ (15)

+
IkDCu,l Ûku,l

ω
sin(ωt+ ψku,l) +

Ûku,lÎ
k
u,l

4ω
sin(2ωt+ δku,l + ψku,l)

The upper and lower arm energies, shown in (15), have terms that oscillate at the fundamental frequency and a second
order one. As stated in the comprehensive analysis developed in [27], the actual maximum energy stored in the equivalent arm
capacitor, and consequently its maximum voltage ripple, cannot be found without interactive methods. However, as demonstrated
in [26], it is possible to calculate the absolute maximum energy bound for the MMC’s upper and lower arms EkACu,lmax

, as shown
in (16). This absolute maximum energy value will result in higher energy levels than the actual magnitude for scenarios where
(δku,l + ψku,l 6= 90o); thus, it can be used as a safety value to be employed in the formulation of the optimization problem.
Considering steady-state conditions, the MMC equivalent arms’ capacitors are storing the nominal DC energy, obtained as

Eku,lref =
CSM

2
Nk
u,larm

U2
SM (17)
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EkACu,lmax
≈

√√√√√UkDCu,l Îku,l
ω

cos(δku,l) +
IkDCu,l Ûku,l

ω
cos(ψku,l)

2

+

UkDCu,l Îku,l
ω

sin(δku,l) +
IkDCu,l Ûku,l

ω
sin(ψku,l)

2

+

∣∣∣∣∣∣ Û
k
u,lÎ

k
u,l

4ω

∣∣∣∣∣∣
(16)

where USM is average sub-module nominal voltage, CSM is the sub-module capacitance and Nk
u,larm

is the number of sub-
modules available in the arm. Therefore, the maximum and minimum values for the upper and lower arms energy can be
obtained adding (16) and (17), described as

Eku,lmax,min
= Eku,lref︸ ︷︷ ︸

DC term (17)

± EkACu,lmax︸ ︷︷ ︸
peak of the AC part (16)

(18)

Even though several operating conditions will result in equivalent arm capacitor energy fluctuations that are asymmetric
regarding their DC component, the maximum and minimum energy bounds for any operating point will always present a
symmetric pattern (since they are derived considering the highest energy ripple scenario). Furthermore, (18) will be used in
the formulation of the optimization problem to avoid not only over-modulations but also exceeding equivalent arm capacitors
and SM capacitors over-voltages in the MMC, as will be shown in Section V and VI. Based on the maximum and minimum
energy levels Eku,lmax,min

, the admissible voltage magnitudes of the equivalent arms’ capacitors can be expressed as

UkCu,lmax,min
=

√
2Eku,lmax,min

Nk
u,larm

CSM
(19)

3) Complete model: The full non-linear steady-state model for the MMC, with k ∈ (a, b, c), can be summarized as,
• 72 quantities given as:

– 13 complex AC quantities: Uku,l, U0n, Iku,l
– 46 DC quantities: UkDCu,l , IkDC , IDCtot , EkACu,lmax

, Eku,lref E
k
u,lmax,min

, UkCu,lmax,min

• 72 equations divided as:
– 10 complex linear AC equations: (4) to (7)
– 4 linear DC real equations: (10), (11)
– 48 non-linear real equations: (8), (9), (12), (16-19)

The model will require the following inputs
• AC and DC system voltages: Ukg , UDCu,l .
• AC network current Iks obtained using (3), based on P k, Qk and Ukg , eliminating the zero sequence component I0

s.
• Sub-module characteristics: USM , CSM , Nk

u,larm
.

This model can be used to calculate the steady-state quantities of the MMC for any grid voltage condition. This paper will
adapt it in Section V to use it as part of an optimization-based reference calculation problem. It will also be employed to
calculate the pre-fault values of the system, to be added as initial conditions for the optimization algorithm.

IV. GRID SUPPORT REQUIREMENTS

This section details the calculation of the AC side currents dictated by the operators’ grid codes. During an AC grid voltage
fault, the MMC must be able to inject or absorb reactive current ∆Ir from the AC grid in order to provide voltage support.
According to the Spanish grid code [21] (taken as example), the magnitude of ∆Ir (in pu basis) to be injected into the grid
varies according to AC system RMS voltage levels as follows

1) Umin1 6 Ukg 6 Umax1 → ∆Ikr = 0

2) Umin2 6 Ukg < Umin1 → ∆Ikr =
∆Irmax(Umin1−Uk

g )

Umin1−Umin2

3) Ukg < Umin2 → ∆Ikr = ∆Irmax

Under a balanced fault, the injection of reactive currents presents a symmetrical profile. However, in an unbalanced AC
voltage sag condition, the three-phase system may have different voltage levels in each of its phases [28]. A common solution to
provide voltage support is based on the decomposition of the faulted network voltage into positive, negative and zero sequence
components. Then, the magnitude of the reactive current to be injected is selected based only on the magnitude of the positive
sequence voltage component, which this paper will refer as Strategy I. However, this methodology is unable to provide full
voltage support to the faulted grid. Furthermore, by disregarding the negative and zero voltage sequence components, healthy
phases might receive unnecessary voltage support leading to over-voltages in the system. The opposite scenario may also
happen, where the faulted phases might require full voltage support but, the value of the reactive current calculated based only
on the positive sequence voltage component is insufficient.



7

Another possible solution would be to consider all the three symmetrical (positive, negative and zero) AC voltages compo-
nents, which would be the ideal case, as the phases would receive the exact amount of reactive and active power in accordance
to the grid code, named Strategy II. Such condition may be infeasible since the AC system consists of three-wires and this
strategy might try to impose zero sequence current component into the AC network. For both strategies (I and II), if the
magnitude of the AC current references exceeds the AC grid current limitations IACmax, they must be reduced while keeping
their phasorial angle constant.

In order to provide a better voltage support, an additional strategy is suggested to adjust each individual phase current to
be as close as possible to the grid code (active and specially reactive) power support requests, without violating the converter
constraints and limits. Firstly, the pre-fault active and reactive AC grid current components are obtained as[

IkPpre

IkQpre

]
=

[
cos(θkpre) sin(θkpre)
− sin(θkpre) cos(θkpre)

]
·

[
Iksprer
Iksprei

]
(20)

where θkpre and Ikspre are the phase-angles of the AC grid voltages and the AC grid currents during pre-fault conditions (obtained
using (3)), respectively. The support current to fulfill the grid code requirements is calculated by adding the additional required
reactive current to the pre-fault reactive current component, as Iksup = ∆Ikr + IkQpre

. This magnitude is expressed as a
phasor, which has to be properly placed in relation to the faulted AC grid voltages to allow voltage support, as (considering
k ∈ (a, b, c))

Iksup = Iksup(cos(θkF + 90o) + j sin(θkF + 90o)) (21)

where θkF is the phase-angle of the AC grid voltages during the fault. Note that the phase-angles during pre-fault and faulted
conditions are obtained by means of phase locked-loops (PLLs), which must be fast enough in order to avoid undesirable
dynamic interactions with other quantities of the MMC [29]. However, if |Iksup| < IACmax, the grid code demands the MMC to
also inject active current components IkP , which must have the same phase-angles as the faulted AC grid voltages, until the
AC grid currents achieve nominal levels. This active current component can be described as

IkP = IkP (cos(θkF ) + j sin(θkF )) (22)
where IkP is the magnitude of the AC active current, which is equal to the pre-fault active current component IkPpre

. As an
example, for a type C fault [28], the voltages and current vectors are depicted in Fig. 4. For an easier understanding of the
phasors, a pre-fault state with IkQpre

= 0 has been chosen.

Fig. 4. Reactive current injection according to the utility grid voltage.

Although the addition of IkPpre
may result in AC grid currents that are higher than the nominal levels or even exceeding

the system limitations, an optimization problem is formulated to avoid those issues. To do so, the active IkP and reactive IkQ
components have to be adjusted to calculate AC grid current references Iksref that do not exceed the design limitations. This
can be achieved by adding to (20) the coefficients (αk and βk), which are used to adapt the amount of active and reactive
currents to be injected per phase in case of reaching a limitation. Then, Iksref can be calculated as[

Iksrefr
Iksrefi

]
=

[
cos(θkF ) − sin(θkF )
sin(θkF ) cos(θkF )

]
·

[
αk · IkP
βk · IkQ

]
(24)

where IkQ = Iksup. As mentioned above, the coefficients αk and βk can affect the active and reactive currents levels, respectively.
Under normal operations, both parameters present their maximum level being equal to 1, which would not constraint neither
the active nor the reactive powers. However, depending on the AC grid voltage conditions, these values should be modified to
remove both the zero sequence current component of the unbalanced references and to meet the MMC limitations. Clearly, the
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minimize W = λ1

Ra
 c∑
k=a

Iku
2

+ Ikl
2

+Ra

 c∑
k=a

IkDCu

2
+ IkDCl

2


− λ2

 c∑
k=a

αk

− λ3

 c∑
k=a

βk

 (23)

selection of the six coefficients αk and βk is not a simple task as changing any of the coefficients will importantly affect the
response of the converter towards the network. Thus, the reference calculation problem will be part of an optimization problem,
which will ensure that the current references are as close as possible in terms of active and reactive powers to the grid code
demands (enabling also active/reactive power prioritization). This strategy is named Optimal Strategy and the optimization
problem used to calculate it is detailed in the next section.

V. OPTIMAL REFERENCE CALCULATION

In this section, an optimization algorithm is proposed to calculate the converter arm quantities in order to provide adequate
grid support during balanced and unbalanced voltage conditions while ensuring that the converter operation is kept within its
design and operating limits.

A. Optimization problem

The multi-objective function is defined in (23), where each term of the expression is multiplied by a weighting factor λx
that is used to prioritize among converter arm inductance losses λ1, active power λ2 and reactive power λ3. In this paper,
λ3 � λ2 � λ1 so that the reactive current is prioritized over the active current and the power losses (pushing βk as close as
possible to 1), respectively.

To ensure that all the technical constraints are fulfilled, the optimization problem is subjected to several linear and non-
linear constraints. These mathematical restrictions are based on the equations of the steady-state model presented in Section III.
Specifically, (5), (6) and (7), together with the following linear constraints are part of the optimization problem, considering
k ∈ (a, b, c)

Iasref + Ibsref + Icsref = 0 (25a)

Iksref = Iku − I
k
l (25b)

UDCu,l = UkDCu,l +RaI
kDC
u,l (25c)

IkDCsref
= IkDCu − IkDCl (25d)

IDCtot = IaDCu + IbDCu + IcDCu (25e)

Equation (25a) imposes that the AC current references have no zero sequence component, while (25b) describes the relation
between the MMC AC currents. Equations (25c) and (25d) are included to guarantee that no DC current flows through the
AC side of the converter. Finally, (25e) relates the MMC inner DC currents with the total DC one.

For the non-linear constraints, (24) is needed along with the AC/DC arm power balance equations
P kACu,l = P kDCu,l → Uku,lrI

k
u,lr + Uku,liI

k
u,li = UkDCu,l IkDCu,l (26)

In addition to the expressions shown above, the energy equations for the upper and lower equivalent arm capacitors (16)-(18)
are also required, since they are used to calculate the equivalent arms’ capacitor voltages. Lastly, the converter limitations are
imposed by the following inequalities

Iksref 6 IACmax, Iku,l + IkDCu,l 6 Iarmmax (27a)

UkCu,lmax
6 UCmax (27b)

0 6 UkDCu,l +
√

2Uku,l 6 UkCu,lmin
(27c)

0 6 αk 6 1, 0 6 βk 6 1 (27d)

where IACmax is the maximum current that can be injected into the AC grid, Iarmmax is the maximum current which can circulate
through the MMC arms, and UCmax

is the peak value that the equivalent arms’ capacitors voltage can achieve, that can be
directly related to each sub-module voltage. Equation (27a) limits the maximum currents that can be injected into the AC
grid and that can flow through the MMC arms. The inequality (27b) ensures that the equivalent arm capacitor voltages do not
exceed their maximum voltage bound, whereas (27c) is used to guarantee that the applied voltages are higher than the minimum
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allowed voltage (left-hand side of the equation) and to avoid over-modulations (right-hand side). If full-bridge sub-modules
were considered, the left value of (27c) should be replaced from 0 to −UkCu,lmin

. Finally, the weights αk and βk are limited
as shown in (27d). The optimization will try to maximize these weights (max. equal to 1), consequently being as close as
possible to the desired current references imposed by the grid code, respecting the system constraints.

B. Complete optimization model and methodology
The complete optimization model is summarized below.
• 90 MMC quantities:

– 16 AC quantities: Uku,l, U0n, I
k
u,l, I

k
sref

– 58 DC quantities: UkDCu,l , IkDCu,l , IkDCsref
, IDCtot , α

k, βk,

EkACu,lmax
, Eku,lref , E

k
u,lmax,min

, UkCu,lmax,min

• 80 equations divided in:
– 11 complex linear AC equations: (5), (6), (7), (25a), (25b)
– 10 linear DC equations: (25c-25e)
– 48 non-linear equations: (16-19), (24), (26)

• 39 inequalities: (27a-27d)
The optimal model will require the following inputs:
• AC and DC system voltages: Ukg , UDCu,l .
• AC network current in the form of active IkP and reactive IkQ currents, which are obtained using the pre-fault AC current

and voltage levels, the reactive current required by the grid code Iksup and the AC grid phase-angles during the fault θkF .
• Sub-module type and characteristics: USM , CSM , Nk

u,larm
.

The different steps to run the optimization algorithm are:
1) Define the pre-fault and fault condition scenarios.
2) Obtain of the pre-fault MMC steady-state quantities.
3) Calculate the active and reactive current set-points required by the grid code IkP and IkQ, see (20-22).
4) Determine the weighting factors λx of the multi-objective function.
5) Introduce the MMC parameters and limitations.
6) Run the optimization algorithm using equations detailed above.
The optimization algorithm could be implemented following two different strategies as shown in Fig. 5. The first approach

is to perform an online optimization, detailed in Fig. 5a, which could be executed using computers, DSPs or FPGAs. The
algorithm receives the real-time magnitudes of the HVDC system and it calculates the AC grid, DC and AC arm current
references that track the set-points imposed by the TSO while keeping the internal energy of the converter balanced and within
the imposed boundaries. Then, conventional MMC inner and grid current controllers could be used to achieve the desired
current references.

Another approach would be to run the optimization offline, see Fig. 5b. The optimization is executed offline considering
multiple operational points of the converter, saving all the results. These results could be stored as a data table in the memory
of a processor unit. Then, whenever this device receives the real-time data from the HVDC system, it is possible to interpolate
the desired current control references from the data table which are sent to the different MMC current regulators.

The first configuration ensures that the optimal references are obtained for the specific point of operation, but requires to run
the optimization online with the corresponding computational burden. The second option only requires to correlate the actual
operating point with the corresponding one in the data table, but it may have some errors depending on the size of the data
set up in this table (which might be limited by the memory available in the microcontroller).

VI. CASE STUDY

In this section, the results of the proposed optimization-based reference calculation algorithm are shown in voltage sag (case
A) and constrained (cases B and C) scenarios. The optimization problem is solved using Matlab® fmincon function (interior-
point based method [30]), since it can deal with constrained nonlinear multi-variable problems. In addition, the optimization
results are also applied to a MMC time-domain simulation model developed in Matlab Simulink®. The steady-state simulation
waveforms and the optimization output are compared to confirm the applicability of the suggested method and to verify that
the MMC constrains (currents and voltages limits) are respected. Table I details the system parameters for the case studies.

A. Case A: Optimal reference calculation in AC voltage sags
This case study is performed to illustrate how the suggested optimal reference calculation is able to provide adequate grid

support, compared with the conventional Strategy I and the ideal grid code support Strategy II2 (see Section IV). The MMC is

2Strategy I provides only positive sequence support, based on positive sequence voltage, while Strategy II provides the ideal per phase support following
the grid code, including the zero sequence (it is used only as a reference, as it is not implementable).
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(a) Online optimization.

(b) Offline optimization.

Fig. 5. Application scenarios for the proposed optimization algorithm.

TABLE I
SYSTEM PARAMETERS

Parameter Symbol Value Units
Rated power S 526 MVA
Rated power factor cosφ 0.95 (c) -
AC-side voltage UgRMS 184.75 kV
HVDC link voltage UDC ±320 kV
Phase reactor impedance Zs 0.02+j 0.1 pu
Arm reactor impedance Za 0.01+j 0.08 pu
Converter modules per arm Nk

u,larm
400 -

Average module voltage USM 1.6 kV
Sub-module capacitance CSM 8 mF
Grid code voltage 1 Umin1 0.9 pu
Grid code voltage 2 Umin2 0.6 pu
Grid code voltage 3 Umax1 1.05 pu
Max reactive current ∆Irmax 1 pu
Optimal weighting factor 1 λ1 10−9 -
Optimal weighting factor 2 λ2 1 -
Optimal weighting factor 3 λ3 106 -
Maximum MMC arm current Iarmmax 0.77 pu
Maximum AC grid current IAC

max 1 pu

considered to be operating in the following steady-state pre-fault conditions: grid voltage |Ukg | = 1 pu and active and reactive
power set-points P k = 0.32 pu and Qk = 0. Then, balanced and unbalanced AC voltage sags (type A, C and F) are imposed,
with faulted voltage V equal to 0.3 pu [28]. The Spanish grid code is used to implement the different reference calculation
strategies (see values in Table I).

Firstly, imposing the balanced AC voltage sag condition (type A [28]) results in same voltage levels for the three phases
equal to |Ukg | = 0.3 pu. Based on the grid code, as |Ukg | < Umin2 (see Section IV and Table I), all phases of the AC system
must receive full support from the MMC. Secondly, the unbalance type C fault (single-line to ground (SLG)) condition is
imposed, leading to the following voltages |Uag | = 1 pu and |U bcg | = 0.56 pu. Based on the grid code, phases b and c require
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maximum reactive current injection while phase a AC current should be kept constant. Finally, the unbalanced type F fault
(line-to-line to ground (LLG)) scenario is imposed. During this event, the voltages of the three phases are |Uag | = 0.3 pu and
|U bcg | = 0.68 pu. As a result, phase a requires full voltage support, whereas the remaining phases only demand partial support
from the converter. Whereas the phasor form of the AC voltages as well as the per-phase AC current references are compared
for each strategy and depicted in Fig. 6.

TABLE II
COMPARISON OF THE ACTIVE AND REACTIVE POWERS USING THE DIFFERENT STRATEGIES

Fault type Phase Pk
g [pu] Qk

g [pu]
Opt. Str. I Str. II Opt. Str. I Str. II

A
a 0 0 0 −0.1000 −0.1000 −0.1000
b 0 0 0 −0.1000 −0.1000 −0.1000
c 0 0 0 −0.1000 −0.1000 −0.1000

C
a 0.3011 0.1198 0.3167 0 −0.1806 0
b 0 0.1198 0 −0.0341 −0.1806 −0.1878
c 0.1784 0.1198 0 −0.05864 −0.1806 −0.1878

F
a 0.0150 0 0 −0.0988 −0.1778 −0.1000
b 0.1548 0 0.1548 −0.1659 −0.1778 −0.1659
c 0 0 0.1548 −0.1659 −0.1778 −0.1659

Fig. 6. Grid AC voltages and currents phasor representation for different AC grid conditions. a) Voltages for each voltage sag (A-red, C-brown, F-yellow),
b) Currents for sag type A, c) Currents for sag type C and, d) Currents for sag type F. Strategy I - green. Strategy II - pink. Optimal strategy - blue.

For the different AC voltage sag conditions, shown in Fig. 6a, the output of the optimal reference calculation strategy is
compared with Strategies I and II (calculated without applying optimization as detailed in Section IV). Figs. 6b to 6d depict the
phasor representation of the AC grid current references obtained implementing the different strategies for the case study faults.
Strategy I (Ik+

sref
) is represented using green phasors, Strategy II (Ik+−0

sref
) is depicted using pink phasors and the optimized

current references (Ikoptsref
) are illustrated using blue phasors. The dashed circle symbolizes the AC grid current limits IACmax.

Moreover, the per-phase active and reactive powers during the faults are presented in Table II to compare the power injection
performance of the different strategies.

Fig. 6b and the powers presented in Table II show that the three reference calculation strategies lead to the same result for a
balanced voltage sag as the grid voltages only present positive sequence component. It can be observed that all the grid currents
are 90o degrees phase-shifted in comparison with their phase-voltage (full voltage support), which is also in agreement with
the power results as P kg = 0 and Qkg = 0.100 pu. In terms of the optimal strategy results, the active and reactive coefficients
for this case are αk = 1−5 and βk = 0.999, thus achieving a maximization of the reactive power injection. Finally, for such
voltage sag condition, any of the presented strategies will completely fulfill the grid code requirements.

For fault type C, which the results are shown in Fig. 6c, it can be noticed that for the healthy phase (phase a), the optimization
algorithm has a similar response to Strategy II. The obtained coefficients are αa = 0.951 and βa = 1, meaning that phase a
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current is almost not limited (it is the healthy one), and only a small reduction is applied to the active current component. To
fully comply with the grid code requirements, the reactive optimal coefficient should be βbc = 1 for phases b and c to provide
full reactive support, also implying that αbc = 0 (no current room left for active power). However, in order to meet all the
constraints imposed in the formulation of the optimization problem, such coefficients are unfeasible. Phase b resulted in αb = 0
and βb = 0.18, thus injecting no active power and only a constrained amount of reactive power. Whereas, for phase c, the
optimization kept αc = 1 and reduced βc = 0.312, thus providing active power and partial reactive power support. Note that,
as the ideal support to be provided (Strategy II) is highly unbalanced (pink phasors in Fig. 6b), even though the optimization
algorithm attempts to keep αk and βk values as close as possible to 1, this condition cannot be achieved due to the system
and converter imposed constraints.

Further conclusions can be drawn observing the reactive and active powers injected during the voltage sag type C. As it
can be noticed in Table II, the amount of active power injected for phase a using the optimal algorithm is similar to the one
imposed by the grid code requirement (Strategy II), whereas Strategy I leads to a larger error. Furthermore, Strategy I has
high reactive power injection, which might result in undesirable over-voltages in phase a. For phase b, the active power given
by the proposed optimization method also shows better performance in comparison to Strategy I. However, due to the fault
characteristics and the converter constraints, the optimization algorithm cannot achieve the levels imposed by the grid operator
(shown in Strategy II) for P cg , Qbg and Qcg . Although the optimization is unable to fully satisfy the grid code requirement, it
still is a more suitable option for such fault as it might avoid causing over-voltages in the AC system as could occur when
Strategy I is employed.

For type F fault (see Fig. 6d), according to the grid code, phase a requires full voltage support, whereas partial support is
needed by the other phases. The optimal coefficients for phase a are equal to αa = 0.158 and βa = 0.988, indicating that
the optimization algorithm presented similar response compared to Strategy II. Moreover, Iboptsref

is in perfect agreement with
the grid code requirement, with αb = 0.718 and βb = 1 (partial reactive support requirement). However, it can be noted that
Icoptsref

is deviated from the ideal support (Strategy II) in terms of angle and magnitude. This happens as the optimization must
comply with the imposed constraints, leading to weights equal to αc = 0 and βc = 1, which means that it is only providing
reactive current support, without injecting active power (in accordance to the reactive power priorization). In summary, the
optimal references obtained are able to meet the reactive power support requirements as βk ≈ 1 for all phases, while active
power is maximized whenever possible, without violating any of the converter constraints. Finally, it can be observed in Table
II that the optimization algorithm presents superior performance compared to Strategy I for all phases, as the usage of Strategy
I would lead not only to undesirable over-voltages in the AC network but also to higher mismatches in the active power levels.

Next, the steady-state time-domain simulation results are analyzed once the obtained optimal references are applied to the
converter model in order to verify the applicability and correctness of the model. The response of the proposed optimization
algorithm (continuous lines) is compared with the waveforms of an averaged model of the MMC (dashed lines) during a type
C fault, as shown in Fig. 7. The design limits for the arms voltage and currents, as well as, the maximum allowed value for
the AC grid current and maximum and minimum equivalent arm capacitor voltage ripple are represented as dotted lines. The
instantaneous powers of the upper arms, lower arms and the HVDC network are shown for all case-studies based on the results
obtained both from the solution of the optimization problem and from the time-domain simulations. Moreover, the active and
reactive powers exchanged with the AC grid are depicted in two different manners. The average active and reactive power
references given by the optimization are shown as dashed orange lines, whereas the instantaneous powers are depicted as
continuous magenta lines (left-bottom part). In Fig. 7, due to the unbalanced characteristic of fault, the instantaneous powers
injected into the AC grid present double-line frequency oscillations. However, these oscillations are mitigated by the MMC
and are not reflected into the DC network. As it can be observed, the quantities obtained from the optimization are in close
agreement with the MMC averaged model, thus confirming its applicability. In addition, the AC grid currents profile match
their phasorial representation (see Fig. 6c). Lastly, all the MMC quantities are within the design limits, since no waveform is
surpassing its corresponding restriction, although some of them are hitting some limitations (e.g. AC current limits), due to
the optimization performance and imposed constraints.

B. Saturation in the MMC arm voltages

The objective of this case study is to show the capability of the optimization method to operate with individual arm
constraints. Assume that the MMC is operating in normal conditions with 400 available levels per arm (same AC voltage
and power set-points as case A - pre-fault). Then, a contingency situation is imposed into the model causing a reduction of
the working sub-modules in the upper arm for phase a (Na

uarm
) from 400 to 330. This condition will affect the equivalent

arm capacitor voltage for the upper arm in phase a (UaCu
), thus limiting the voltage that can be applied with this arm. To

operate in such constrained scenario, the suggested optimization formulation is used modifying only the number of available
sub-modules.

Fig. 8 shows the optimization results being applied to the simulation model in such case. It can be seen that the stored
energy (voltage) in phase a is importantly reduced (see Fig. 8 top-left graph), impacting both its DC and AC voltage levels.
In order to avoid over-modulation, the applied voltages in the upper arm of phase a are decreased and this also affects the
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Fig. 7. Steady-state waveforms of the MMC quantities during a type C fault.

applied voltage for the lower one, which must be adapted to fulfill the optimization constraints. Furthermore, phases b and c
applied voltages are increased (to compensate the reduction in phase a) by the optimization algorithm targeting to meet the
pre-contingency active and reactive power set-points. These voltages are incremented without entering over-modulation mode,
as the optimization is limiting U bcu,l quantities to their respective maximum levels.

Fig. 8. MMC waveforms during constraint scenario for the arms voltages.

Even though the optimization attempts to achieve the pre-fault power set-point values, the converter limitations and constraints
do not allow the MMC to reach the desired power levels, consequently the power flow through the MMC is reduced. This is
reflected in the optimization coefficients setting them to αk = 0.364 and βk = 1 (equal power/current per phase), which is
constraining the active power injection to the AC side. In addition, although there is energy imbalance inside the converter,
the optimization is capable of attaining steady-state conditions by establishing an internal power flow among the MMC phases
(see Fig. 8 arm currents).

C. Maximum capacitor voltage fluctuation

This case study aims to demonstrate that the optimization is able to limit the maximum equivalent arms’ capacitor voltages
based on the estimation derived in Section III-E. Considering that the MMC is again operated under pre-fault defined settings,
two different maximum voltage ripple scenarios are applied to all the converter’s arms. The optimization results for the two
cases are shown in Fig. 9. For the first condition (see Fig. 9a), the maximum voltage ripple for all arms is equal to 10% of the
arm voltage reference (Nk

u,larm
· USM = 640 kV), which represents the settings used in the previous case studies. Whereas,

Fig. 9b displays the waveforms when the maximum ripple is reduced to 5%.
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In the first case, the value of the maximum ripple is higher than the operating voltage stored in the equivalent arms’ capacitors
(see Fig. 9a), keeping a safety margin. Thus, the optimization coefficients are equal to αk = 1 and βk = 1 (not limiting any
power). However, if the maximum voltage limitation is reduced (see Fig. 9b), the optimization decreases the active power
exchanged by the converter (αk = 0.74 and βk = 1) in order to maintain the converter within its acceptable limits. The
reduction in the amount of active power injected into the AC system happens due to the necessity of decreasing the stored
energy magnitudes in the equivalent arm capacitors to avoid exceeding the design limitation. Otherwise, there is no possible
alternative to limit the equivalent arm capacitor voltage ripple to the imposed level, which is in agreement with (16) and (17).
Also, it can be confirmed that the ripple estimation used in the optimization is valid, as the maximum and minimum equivalent
arm capacitor voltages are kept within the bounds imposed via (19) (see the top graphs of Fig. 9b). Finally, the errors for the
maximum and minimum equivalent arm capacitor voltage between the actual value (obtained based on the analytical expression
regarding the first and second order frequency terms (15)) and the maximum and minimum bounds (19) are: emax = 0.5% and
emin = 1.34% considering maximum allowed voltage ripple equals to 10%, whereas emax = 0.46% and emin = 1% when
the maximum allowed ripple is reduced to 5%.

(a) Maximum ripple equals to 10%.

(b) Maximum ripple equals to 5%.

Fig. 9. Time-domain waveforms for the equivalent arms’ capacitor voltages. a) Maximum ripple equals to 10% and, b) Maximum ripple equals to 5%.

VII. CONCLUSION

An optimization-based reference calculation method for MMCs operating in normal and constrained situations (converter
variables limited due to voltage or current limitations) has been presented. The optimization problem has been formulated based
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on the steady-state per arm approach model, which permits analyzing individually each converter arm while enabling to impose
specific arm constraints. The limitations considered have been each individual arm currents and voltages and the sub-module
capacitor voltages, in which the last one was obtained through an analytic estimation. In addition, the optimization algorithm
has been formulated as a multi-objective problem, allowing to prioritize between active power, reactive power or converter
arm losses reduction when the converter is operating in a constrained condition. Results show that the optimization algorithm
is able to provide adequate converter references in different scenarios, such as unbalanced fault conditions, reduction of the
arm available sub-modules or limited arm ripple operation. The optimization output references are validated using time-domain
simulations, which in all cases revealed the correct operation of the converter, attempting to fulfil the grid code requirements
while maintaining the converter within the defined voltage and current limits.
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[25] H. Saad, S. Dennetiére, J. Mahseredjian, P. Delarue, X. Guillaud, J. Peralta, and S. Nguefeu, “Modular multilevel converter models for electromagnetic

transients,” IEEE Trans. Power Del., vol. 29, pp. 1481–1489, June 2014.
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