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Foreword

This book was born with the vocation of being a tool for the training of engi-
neers in continuum mechanics. In fact, it is the fruit of the experience in teaching
this discipline during many years at the Civil Engineering School of the Tech-
nical University of Catalonia (UPC/BarcelonaTech), both in undergraduate de-
grees (Civil Engineering and Geological Engineering) and postgraduate degrees
(Master and PhD courses). Unlike other introductory texts to the mechanics of
continuous media, the work presented here is specifically aimed at engineering
students. We try to maintain a proper balance between the rigor of the math-
ematical formulation used and the clarity of the physical principles addressed,
although always putting the former at the service of the latter. In this sense, the
essential vector and tensor operations use simultaneously the indicial notation
(more useful for rigorous mathematical proof) and the compact notation (which
allows for a better understanding of the physics of the problem). However, as the
text progresses, there is a clear trend towards compact notation in an attempt to
focus the reader’s attention on the physical component of continuum mechanics.

The text content is intentionally divided into two specific parts, which are pre-
sented sequentially. The first part (Chapters 1-5) introduces fundamental and de-
scriptive aspects common to all continuous media (motion, deformation, stress
and conservation-balance equations). In the second (Chapters 6 to 11), specific
families of the continuous medium are studied, such as solids and fluids, in an
approach that starts with the corresponding constitutive equation and ends with
the classical formulations of solid mechanics (elastic-linear and elasto-plastic)
and fluid mechanics (laminar regime). Finally, a brief incursion into the varia-
tional principles (principle of virtual work and minimization of potential energy)
is attempted, to provide the initial ingredients needed to solve continuum me-
chanics problems using numerical methods. This structure allows the use of this
text for teaching purposes both in a single course of about 100 teaching hours
or as two different courses: the first based on the first five chapters dedicated to
the introduction of the fundamentals of continuum mechanics and, the second,
specifically dedicated to solid and fluid mechanics. The theoretical part in every
chapter is followed by a number of solved problems and proposed exercises so
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as to help the reader in the understanding and consolidation of those theoretical
aspects.

Finally, the authors wish to thank Dr. Ester Comellas for her translation work,
from previous versions of the theoretical part of the book in Spanish and Catalan
languages, as well as for her compilation of the book’s problems and exercises
from the authors’ collection.

Barcelona, September 2016

Xavier Oliver
and

Carlos Agelet de Saracibar
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Chapter 1
Description of Motion

1.1 Definition of the Continuous Medium
A continuous medium is understood as an infinite set of particles (which form
part of, for example, solids or fluids) that will be studied macroscopically, that
is, without considering the possible discontinuities existing at microscopic level
(atomic or molecular level). Accordingly, one admits that there are no discon-
tinuities between the particles and that the mathematical description of this
medium and its properties can be described by continuous functions.

1.2 Equations of Motion
The most basic description of the motion of a continuous medium can be
achieved by means of mathematical functions that describe the position of each
particle along time. In general, these functions and their derivatives are required
to be continuous.

Definition 1.1. Consider the following definitions:

� Spatial point: Fixed point in space.

� Material point: A particle. It may occupy different spatial points
during its motion along time.

� Configuration: Locus of the positions occupied in space by the
particles of the continuous medium at a given time t.

The continuous medium is assumed to be composed of an infinite number of
particles (material points) that occupy different positions in the physical space
during its motion along time (see Figure 1.1). The configuration of the contin-

1
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2 CHAPTER 1. DESCRIPTION OF MOTION

W0 – reference configuration
t0 – reference time
Wt – present configuration
t – present time

Figure 1.1: Configurations of the continuous medium.

uous medium at time t, denoted by Wt , is defined as the locus of the positions
occupied in space by the material points (particles) of the continuous medium at
the given time.

A certain time t = t0 of the time interval of interest is referred to as the ref-
erence time and the configuration at this time, denoted by W0, is referred to as
initial, material or reference configuration1.

Consider now the Cartesian coordinate system (X ;Y;Z) in Figure 1.1 and the
corresponding orthonormal basis fê1; ê2; ê3g. In the reference configuration W0,
the position vector X of a particle occupying a point P in space (at the reference
time) is given by2;3

X = X1ê1 + X2ê2 + X3ê3 = Xiêi; (1.1)

where the components (X1;X2;X3) are referred to as material coordinates (of the
particle) and can be collected in a vector of components denoted as4

X not� [X] =

264X1

X2

X3

375 de f
= material coordinates: (1.2)

1 In general, the time t0 = 0 will be taken as the reference time.
2 Notations (X ;Y;Z) and (X1;X2;X3) will be used indistinctly to designate the Cartesian
coordinate system.
3 Einstein or repeated index notation will be used in the remainder of this text. Every repe-
tition of an index in the same monomial of an algebraic expression represents the sum over
that index. For example,

i=3

å
i=1

Xiêi
not
= Xiêi ;

k=3

å
k=1

aikbk j
not
= aikbk j and

i=3

å
i=1

j=3

å
j=1

ai jbi j
not
= ai jbi j:

4 Here, the vector (physical entity) X is distinguished from its vector of components [X].
Henceforth, the symbol not� (equivalent notation) will be used to indicate that the tensor and
component notations at either side of the symbol are equivalent when the system of coordi-
nates used remains unchanged.
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Equations of Motion 3

In the present configuration Wt
5, a particle originally located at a material

point P (see Figure 1.1) occupies a spatial point P0 and its position vector x is
given by

x = x1ê1 + x2ê2 + x3ê3 = xiêi; (1.3)

where (x1;x2;x3) are referred to as spatial coordinates of the particle at time t,

x not� [x] =

264 x1

x2

x3

375 de f
= spatial coordinates: (1.4)

The motion of the particles of the continuous medium can now be described
by the evolution of their spatial coordinates (or their position vector) along time.
Mathematically, this requires the definition of a function that provides for each
particle (identified by its label) its spatial coordinates xi (or its spatial position
vector x) at successive instants of time. The material coordinates Xi of the par-
ticle can be chosen as the label that univocally characterizes it and, thus, the
equation of motion(

x = j (particle; t) = j (X; t) not
= x(X; t)

xi = ji (X1;X2;X3; t) i 2 f1;2;3g
(1.5)

is obtained, which provides the spatial coordinates in terms of the material ones.
The spatial coordinates xi of the particle can also be chosen as label, defining
the inverse equation of motion6 as(

X = j�1 (x; t)not
= X(x; t) ;

Xi = j
�1
i (x1;x2;x3; t) i 2 f1;2;3g ;

(1.6)

which provides the material coordinates in terms of the spatial ones.

Remark 1.1. There are different alternatives when choosing the la-
bel that characterizes a particle, even though the option of using its
material coordinates is the most common one. When the equation of
motion is written in terms of the material coordinates as label (as in
(1.5)), one refers to it as the equation of motion in canonical form.

5 Whenever possible, uppercase letters will be used to denote variables relating to the refer-
ence configuration W0 and lowercase letters to denote the variables referring to the current
configuration Wt .
6 With certain abuse of notation, the function will be frequently confused with its image.
Hence, the equation of motion will be often written as x = x(X; t) and its inverse equation as
X = X(x; t).
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4 CHAPTER 1. DESCRIPTION OF MOTION

There exist certain mathematical restrictions to guarantee the existence of j

and j�1, as well as their correct physical meaning. These restrictions are:

� j (X;0) = X since, by definition, X is the position vector at the reference
time t = 0 (consistency condition).
� j 2 C1 (function j is continuous with continuous derivatives at each point

and at each instant of time).
� j is biunivocal (to guarantee that two particles do not occupy simultaneously

the same point in space and that a particle does not occupy simultaneously
more than one point in space).

� The Jacobian of the transformation J = det
�

¶j (X; t)
¶X

�
not
=

����¶j (X; t)
¶X

����> 0.

The physical interpretation of this condition (which will be studied later) is
that every differential volume must always be positive or, using the principle of
mass conservation (which will be seen later), the density of the particles must
always be positive.

Remark 1.2. The equation of motion at the reference time t = 0 re-
sults in x(X; t)jt=0 = X. Accordingly, x = X , y = Y , z = Z is the
equation of motion at the reference time and the Jacobian at this in-
stant of time is7

J (X;0) =

���� ¶ (xyz)
¶ (XY Z)

����= det
�

¶xi

¶X j

�
= det [di j] = det1 = 1:

Figure 1.2: Trajectory or pathline of a particle.

7 The two-index operator Delta Kronecker not
= di j is defined as di j = 0 when i 6= j and di j = 1

when i = j. Then, the unit tensor 1 is defined as [1]i j = di j.
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Equations of Motion 5

Remark 1.3. The expression x = j (X; t), particularized for a fixed
value of the material coordinates X, provides the equation of the
trajectory or pathline of a particle (see Figure 1.2).

Example 1.1 – The spatial description of the motion of a continuous medium
is given by

x(X; t) not�

264 x1 = X1e2t

x2 = X2e�2t

x3 = 5X1t + X3e2t

375=

264 x = Xe2t

y = Y e�2t

z = 5Xt + Ze2t

375
Obtain the inverse equation of motion.

Solution

The determinant of the Jacobian is computed as

J =

���� ¶xi

¶X j

����=

��������������

¶x1

¶X1

¶x1

¶X2

¶x1

¶X3

¶x2

¶X1

¶x2

¶X2

¶x2

¶X3

¶x3

¶X1

¶x3

¶X2

¶x3

¶X3

��������������
=

��������
e2t 0 0

0 e�2t 0

5t 0 e2t

��������= e2t 6= 0:

The sufficient (but not necessary) condition for the function x = j (X; t) to
be biunivocal (that is, for its inverse to exist) is that the determinant of the
Jacobian of the function is not null. In addition, since the Jacobian is positive,
the motion has physical sense. Therefore, the inverse of the given spatial
description exists and is determined by

X = j
�1 (x; t) not�

2664
X1

X2

X3

3775=

2664
x1e�2t

x2e2t

x3e�2t �5tx1e�4t

3775 :

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
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6 CHAPTER 1. DESCRIPTION OF MOTION

1.3 Descriptions of Motion
The mathematical description of the properties of the particles of the continu-
ous medium can be addressed in two alternative ways: the material description
(typically used in solid mechanics) and the spatial description (typically used
in fluid mechanics). Both descriptions essentially differ in the type of argument
(material coordinates or spatial coordinates) that appears in the mathematical
functions that describe the properties of the continuous medium.

1.3.1 Material Description
In the material description8, a given property (for example, the density r) is
described by a certain function r (�; t) : R3�R+! R+, where the argument (�)
in r (�; t) represents the material coordinates,

r = r (X; t) = r (X1;X2;X3; t) : (1.7)

Here, if the three arguments X� (X1;X2;X3) are fixed, a specific particle is being
followed (see Figure 1.3) and, hence, the name of material description.

1.3.2 Spatial Description
In the spatial description9, the focus is on a point in space. The property is de-
scribed as a function r (�; t) : R3�R+! R+ of the point in space and of time,

r = r (x; t) = r (x1;x2;x3; t) : (1.8)

Then, when the argument x in r = r (x; t) is assigned a certain value, the evolu-
tion of the density for the different particles that occupy the point in space along
time is obtained (see Figure 1.3). Conversely, fixing the time argument in (1.8)
results in an instantaneous distribution (like a snapshot) of the property in space.
Obviously, the direct and inverse equations of motion allow shifting from one

Figure 1.3: Material description (left) and spatial description (right) of a property.

8 Literature on this topic also refers to the material description as Lagrangian description.
9 The spatial description is also referred to as Eulerian description.
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Descriptions of Motion 7

description to the other as follows.(
r (x; t) = r (x(X; t) ; t) = r (X; t)

r (X; t) = r (X(x; t) ; t) = r (x; t)
(1.9)

Example 1.2 – The equation of motion of a continuous medium is

x = x(X; t) not�

" x = X�Yt
y = Xt +Y
z =�Xt + Z

#
:

Obtain the spatial description of the property whose material description is

r (X ;Y;Z; t) =
X +Y + Z

1 + t2 :

Solution

The equation of motion is given in the canonical form since in the reference
configuration W0 its expression results in

x = X(X;0)
not�

" x = X
y = Y
z = Z

#
:

The determinant of the Jacobian is

J =

���� ¶xi

¶X j

����=

�������������

¶x
¶X

¶x
¶Y

¶x
¶Z

¶y
¶X

¶y
¶Y

¶y
¶Z

¶ z
¶X

¶ z
¶Y

¶ z
¶Z

�������������
=

��������
1 �t 0

t 1 0

�t 0 1

��������= 1 + t2 6= 0

and the inverse equation of motion is given by

X(x; t) not�

266666664
X =

x + yt
1 + t2

Y =
y� xt
1 + t2

Z =
z + zt2 + xt + yt2

1 + t2

377777775
:

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
doi:10.13140/RG.2.2.25821.20961



Con
tin

uum
M

ech
an

ics
for

Engin
eer

s

Theo
ry

an
d Pro

blem
s

©
X. O

liv
er

an
d C. A

ge
let

de Sar
ac

ibar

8 CHAPTER 1. DESCRIPTION OF MOTION

Consider now the material description of the property,

r (X ;Y;Z; t) =
X +Y + Z

1 + t2 ;

its spatial description is obtained by introducing the inverse equation of mo-
tion into the expression above,

r (X ;Y;Z; t)� x + yt + y + z + zt2 + yt2

(1 + t2)2 = r (x;y;z; t) :

1.4 Time Derivatives: Local, Material and Convective
The consideration of different descriptions (material and spatial) of the proper-
ties of the continuous medium leads to diverse definitions of the time derivatives
of these properties. Consider a certain property and its material and spatial de-
scriptions,

G (X; t) = g (x; t) ; (1.10)

in which the change from the spatial to the material description and vice versa
is performed by means of the equation of motion (1.5) and its inverse equa-
tion (1.6).

Definition 1.2. The local derivative of a property is its variation
along time at a fixed point in space. If the spatial description g (x; t)
of the property is available, the local derivative is mathematically
written as10

local derivative not
=

¶g (x; t)
¶ t

:

The material derivative of a property is its variation along time fol-
lowing a specific particle (material point) of the continuous medium.
If the material description G (X; t) of the property is available, the
material derivative is mathematically written as

material derivative not
=

d
dt

G =
¶G (X; t)

¶ t
:

10 The expression ¶ (�; t)=¶ t is understood in the classical sense of partial derivative with
respect to the variable t.

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
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Time Derivatives: Local, Material and Convective 9

However, taking the spatial description of the property g (x; t) and considering
the equation of motion is implicit in this expression yields

g (x; t) = g (x(X; t) ; t) = G (X; t) : (1.11)

Then, the material derivative (following a particle) is obtained from the spatial
description of the property as

material derivative not
=

d
dt

g (x(X; t) ; t) =
¶G (X; t)

¶ t
: (1.12)

Expanding (1.12) results in11

dg (x(X; t) ; t)
dt

=
¶g (x; t)

¶ t
+

¶g

¶xi

¶xi

¶ t
=

¶g (x; t)
¶ t

+
¶g

¶x
� ¶x

¶ t|{z}
v(x; t)

=

=
¶g (x; t)

¶ t
+

¶g

¶x
�v(x; t) ;

(1.13)

where the definition of velocity as the derivative of the equation of motion (1.5)
with respect to time has been taken into account,

¶x(X; t)
¶ t

= V(X(x; t) ; t) = v(x; t) : (1.14)

The deduction of the material derivative from the spatial description can be
generalized for any property c (x; t) (of scalar, vectorial or tensorial character)
as12

dc (x; t)
dt| {z }

material
derivative

=
¶ c (x; t)

¶ t| {z }
local

derivative

+ v(x; t) �Ñc (x; t)| {z }
convective
derivative

: (1.15)

Remark 1.4. The expression in (1.15) implicitly defines the convec-
tive derivative v �Ñ(�) as the difference between the material and
spatial derivatives of the property. In continuum mechanics, the term
convection is applied to phenomena that are related to mass (or par-
ticle) transport. Note that, if there is no convection (v = 0), the con-
vective derivative disappears and the local and material derivatives
coincide.

11 In literature, the notation D(�)=Dt is often used as an alternative to d(�)=dt.
12 The symbolic form of the spatial Nabla operator, Ñ� ¶ êi=¶xi , is considered here.

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
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10 CHAPTER 1. DESCRIPTION OF MOTION

Example 1.3 – Given the equation of motion

x(X; t) not�

" x = X +Yt + Zt
y = Y + 2Zt
z = Z + 3Xt

#
;

and the spatial description of a property, r (x; t) = 3x + 2y + 3t, obtain the
material derivative of this property.

Solution

The material description of the property is obtained introducing the equation
of motion into its spatial description,

r (X ;Y;Z; t) = 3(X +Yt + Zt)+2(Y + 2Zt)+3t = 3X +3Yt +7Zt +2Y +3t :

The material derivative is then calculated as the derivative of the material
description with respect to time,

¶r

¶ t
= 3Y + 7Z + 3 :

An alternative way of deducing the material derivative is by using the concept
of material derivative of the spatial description of the property,

dr

dt
=

¶r

¶ t
+ v �Ñr with

¶r

¶ t
= 3 ; v =

¶x
¶ t

= [Y + Z; 2Z; 3X ]T and Ñr = [3; 2; 0]T :

Replacing in the expression of the material derivative operator,

dr

dt
= 3 + 3Y + 7Z

is obtained. Note that the expressions for the material derivative obtained
from the material description, ¶r=¶ t, and the spatial description, dr=dt, co-
incide.

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
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Velocity and Acceleration 11

1.5 Velocity and Acceleration

Definition 1.3. The velocity is the time derivative of the equation of
motion.

The material description of velocity is, consequently, given by8>><>>:
V(X; t) =

¶x(X; t)
¶ t

Vi (X; t) =
¶xi (X; t)

¶ t
i 2 f1; 2; 3g

(1.16)

and, if the inverse equation of motion X = j�1 (x; t) is known, the spatial de-
scription of the velocity can be obtained as

v(x; t) = V(X(x; t) ; t) : (1.17)

Definition 1.4. The acceleration is the time derivative of the velocity
field.

If the velocity is described in material form, the material description of the
acceleration is given by8>><>>:

A(X; t) =
¶V(X; t)

¶ t

Ai (X; t) =
¶Vi (X; t)

¶ t
i 2 f1; 2; 3g

(1.18)

and, through the inverse equation of motion X = j�1 (x; t), the spatial descrip-
tion is obtained, a(x; t) = A(X(x; t) ; t). Alternatively, if the spatial description
of the velocity is available, applying (1.15) to obtain the material derivative of
v(x; t),

a(x; t) =
dv(x; t)

dt
=

¶v(x; t)
¶ t

+ v(x; t) �Ñv(x; t) ; (1.19)

directly yields the spatial description of the acceleration.

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
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12 CHAPTER 1. DESCRIPTION OF MOTION

Example 1.4 – Consider the solid in the figure below, which rotates at a
constant angular velocity w and has the expression(

x = Rsin(wt +f)

y = Rcos(wt +f)

as its equation of motion. Find the velocity and acceleration of the motion
described both in material and spatial forms.

Solution

The equation of motion can be rewritten as(
x = Rsin(wt +f) = Rsin(wt)cosf + Rcos(wt)sinf

y = Rcos(wt +f) = Rcos(wt)cosf �Rsin(wt)sinf

and, since for t = 0, X = Rsinf and Y = Rcosf , the canonical form of the
equation of motion and its inverse equation result in(

x = X cos(wt)+Y sin(wt)

y =�X sin(wt)+Y cos(wt)
and

(
X = xcos(wt)� ysin(wt)

Y = xsin(wt)+ ycos(wt)
:

Velocity in material description:

V(X; t) =
¶x(X; t)

¶ t
)

not�

2664
¶x
¶ t

=�Xw sin(wt)+Yw cos(wt)

¶y
¶ t

=�Xw cos(wt)�Yw sin(wt)

3775
Velocity in spatial description:
Replacing the canonical form of the equation of motion into the material
description of the velocity results in

v(x; t) = V(X(x; t) ; t) not�
�

wy
�wx

�
:

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
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Velocity and Acceleration 13

Acceleration in material description:

A(X; t) =
¶V(X; t)

¶ t

A(X; t) not�

26664
¶vx

¶ t
=�Xw2 cos(wt)�Yw2 sin(wt)

¶vy

¶ t
= Xw2 sin(wt)�Yw2 cos(wt)

37775=

=�w
2

"
X cos(wt)+Y sin(wt)

�X sin(wt)+Y cos(wt)

#

Acceleration in spatial description:
Replacing the canonical form of the equation of motion into the material
description of the acceleration results in

a(x; t) = A(X(x; t) ; t) not�

"
�w2x

�w2y

#
:

This same expression can be obtained if the expression for the velocity v(x; t)
and the definition of material derivative in (1.15) are taken into account,

a(x; t) =
dv(x; t)

dt
=

¶v(x; t)
¶ t

+ v(x; t) �Ñv(x; t) =

not� ¶

¶ t

�
wy
�wx

�
+
�
wy ; �wx

�
26664

¶

¶x
¶

¶y

37775�wy ; �wx
�

;

a(x; t) not�

"
0

0

#
+
�
wy ; �wx

�
26664

¶

¶x
(wy)

¶

¶x
(�wx)

¶

¶y
(wy)

¶

¶y
(�wx)

37775=

"
�w2x

�w2y

#
:

Note that the result obtained using both procedures is identical.

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
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14 CHAPTER 1. DESCRIPTION OF MOTION

1.6 Stationarity

Definition 1.5. A property is stationary when its spatial description
does not depend on time.

According to the above definition, and considering the concept of local deriva-
tive, any stationary property has a null local derivative. For example, if the ve-
locity for a certain motion is stationary, it can be described in spatial form as

v(x; t) = v(x) () ¶v(x; t)
¶ t

= 0 : (1.20)

Remark 1.5. The non-dependence on time of the spatial description
(stationarity) assumes that, for a same point in space, the property
being considered does not vary along time. This does not imply that,
for a same particle, such property does not vary along time (the ma-
terial description may depend on time). For example, if the velocity
v(x; t) is stationary,

v(x; t)� v(x) = v(x(X; t)) = V(X; t) ;

and, thus, the material description of the velocity depends on time.
In the case of stationary density (see Figure 1.4), for two particles
labeled X1 and X2 that have varying densities along time, when oc-
cupying a same spatial point x (at two different times t1 and t2) their
density value will coincide,

r (X1; t1) = r (X2; t2) = r (x) :

That is, for an observer placed outside the medium, the density of
the fixed point in space x will always be the same.

Figure 1.4: Motion of two particles with stationary density.

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
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Trajectory 15

Example 1.5 – Justify if the motion described in Example 1.4 is stationary
or not.

Solution

The velocity field in Example 1.4 is v(x)
not� [wy ; �wx]T . Therefore, it is a

case in which the spatial description of the velocity is not dependent on time
and, thus, the velocity is stationary. Obviously, this implies that the velocity
of the particles (whose motion is a uniform rotation with respect to the origin,
with angular velocity w) does not depend on time (see figure below). The
direction of the velocity vector for a same particle is tangent to its circular
trajectory and changes along time.

The acceleration (material derivative of the velocity),

a(x) =
dv(x)

dt
=

¶v(x)

¶ t
+ v(x) �Ñv(x) = v(x) �Ñv(x) ;

appears due to the change in direction of the velocity vector of the particles
and is known as the centripetal acceleration.

1.7 Trajectory

Definition 1.6. A trajectory (or pathline) is the locus of the positions
occupied in space by a given particle along time.

The parametric equation of a trajectory as a function of time is obtained by par-
ticularizing the equation of motion for a given particle (identified by its material
coordinates X�, see Figure 1.5),

x(t) = j (X; t)
���
X=X�

: (1.21)

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
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16 CHAPTER 1. DESCRIPTION OF MOTION

Figure 1.5: Trajectory or pathline of a particle.

Given the equation of motion x = j (X; t), each point in space is occupied
by a trajectory characterized by the value of the label (material coordinates) X.
Then, the equation of motion defines a family of curves whose elements are the
trajectories of the various particles.

1.7.1 Differential Equation of the Trajectories
Given the velocity field in spatial description v(x; t), the family of trajectories
can be obtained by formulating the system of differential equations that imposes
that, for each point in space x, the velocity vector is the time derivative of the
parametric equation of the trajectory defined in (1.21), i.e.,

Find x(t) :=

8>><>>:
dx(t)

dt
= v(x(t) ; t) ;

dxi (t)
dt

= vi (x(t) ; t) i 2 f1; 2; 3g :

(1.22)

The solution to this first-order system of differential equations depends on three
integration constants (C1;C2;C3),(

x = f (C1;C2;C3; t) ;

x = fi (C1;C2;C3; t) i 2 f1; 2; 3g :
(1.23)

These expressions constitute a family of curves in space parametrized by the
constants (C1;C2;C3). Assigning a particular value to these constants yields a
member of the family, which is the trajectory of a particle characterized by the
label (C1;C2;C3).

To obtain the equation in canonical form, the consistency condition is im-
posed in the reference configuration,

x(t)
���
t=0

= X =) X = f (C1;C2;C3;0) =) Ci = ci (X) i2 f1; 2; 3g ; (1.24)

and, replacing into (1.23), the canonical form of the equation of the trajectory,

X = f (C1 (X) ;C2 (X) ;C3 (X) ; t) = j (X; t) ; (1.25)

is obtained.

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
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Trajectory 17

Example 1.6 – Given the velocity field in Example 1.5, v(x)
not� [wy ; �wx]T ,

obtain the equation of the trajectory.

Solution

Using expression (1.22), one can write

dx(t)
dt

= v(x; t) =)

8>><>>:
dx(t)

dt
= vx (x; t) = wy ;

dy(t)
dt

= vy (x; t) =�wx :

This system of equations is a system with crossed variables. Differentiating
the second equation and replacing the result obtained into the first equation
yields

d2y(t)
dt2 =�w

dx(t)
dt

=�w
2y(t) =) y00+w

2y = 0 :

The characteristic equation of this second-order differential equation is
r2 +w2 = 0 and its characteristic solutions are r j = �iw j 2 f1; 2g.
Therefore, the y component of the equation of the trajectory is

y(t) = Real Part
�

C1eiwt +C2e�iwt	= C1 cos(wt)+C2 sin(wt) :

The solution for x(t) is obtained from dy=dt = �wx , which results in
x =�dy=(w dt) and, therefore,(

x(C1;C2; t) = C1 sin(wt)�C2 cos(wt) ;

y(C1;C2; t) = C1 cos(wt)+C2 sin(wt) :

This equation provides the expressions of the trajectories in a non-canonical
form. The canonical form is obtained considering the initial condition,

x(C1;C2;0) = X ;

that is, (
x(C1;C2;0) =�C2 = X ;

y(C1;C2;0) = C1 = Y :

Finally, the equation of motion, or the equation of the trajectory, in canonical
form (

x = Y sin(wt)+ X cos(wt)

y = Y cos(wt)�X sin(wt)

is obtained.

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
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18 CHAPTER 1. DESCRIPTION OF MOTION

1.8 Streamline

Definition 1.7. The streamlines are a family of curves that, for every
instant of time, are the velocity field envelopes13.

According to its definition, the tangent at each point of a streamline has the same
direction (though not necessarily the same magnitude) as the velocity vector at
that same point in space.

Remark 1.6. In general, the velocity field (in spatial description) will
be different for each instant of time (v� v(x; t)). Therefore, one
must speak of a different family of streamlines for each instant of
time (see Figure 1.6).

1.8.1 Differential Equation of the Streamlines
Consider a given time t� and the spatial description of the velocity field at this
time v(x; t�). Let x(l ) be the equation of a streamline parametrized in terms of
a certain parameter l . Then, the vector tangent to the streamline is defined, for

Figure 1.6: Streamlines at two different instants of time.

13 The envelopes of a vector field are the family of curves whose tangent vector has, at each
point, the same direction as the corresponding vector of the vector field.

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
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Streamline 19

each value of l 14, by dx(l )=dl and the vector field tangency condition can be
written as follows.

Find x(l ) :=

8>><>>:
dx(l )

dl
= v(x(l ) ; t�) ;

dxi (l )

dl
= vi (x(l ) ; t�) i 2 f1; 2; 3g :

(1.26)

The expressions in (1.26) constitute a system of first-order differential equa-
tions whose solution for each time t�, which will depend on three integration
constants (C01;C02;C03), provides the parametric expression of the streamlines,(

x = f (C01;C02;C03;l ; t�) ;

xi = fi (C01;C02;C03;l ; t�) i 2 f1; 2; 3g :
(1.27)

Each triplet of integration constants (C01;C02;C03) identifies a streamline whose
points, in turn, are obtained by assigning values to the parameter l . For each
time t� a new family of streamlines is obtained.

Remark 1.7. In a stationary velocity field (v(x; t)� v(x)) the trajec-
tories and streamlines coincide. This can be proven from two differ-
ent viewpoints:

• The fact that the time variable does not appear in (1.22) or (1.26)
means that the differential equations defining the trajectories and
those defining the streamlines only differ in the denomination of
the integration parameter (t or l , respectively). The solution to
both systems must be, therefore, the same, except for the name
of the parameter used in each type of curves.

• From a more physical point of view: a) If the velocity field is
stationary, its envelopes (the streamlines) do not change along
time; b) a given particle moves in space keeping the trajectory
in the direction tangent to the velocity field it encounters along
time; c) consequently, if a trajectory starts at a certain point in a
streamline, it will stay on this streamline throughout time.

14 It is assumed that the value of the parameter l is chosen such that, at each point in space
x, not only does dx(l )=dl have the same direction as the vector v(x; t), but it coincides
therewith.
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20 CHAPTER 1. DESCRIPTION OF MOTION

1.9 Streamtubes

Definition 1.8. A streamtube is a surface formed by a bundle of
streamlines that occupy the points of a closed line, fixed in space,
and that does not constitute a streamline.

In non-stationary cases, even though the closed line does not vary in space, the
streamtube and streamlines do change. On the contrary, in a stationary case, the
streamtube remains fixed in space along time.

1.9.1 Equation of the Streamtube
Streamlines constitute a family of curves of the type

x = f(C1;C2;C3;l ; t) : (1.28)

The problem consists in determining, for each instant of time, which curves
of the family of curves of the streamlines cross a closed line, which is fixed in the
space G , whose mathematical expression parametrized in terms of a parameter s
is

G := x = g(s) : (1.29)

To this aim, one imposes, in terms of the parameters l � and s�, that a same point
belong to both curves,(

g(s�) = f(C1;C2;C3;l �; t) ;

gi (s�) = fi (C1;C2;C3;l �; t) i 2 f1; 2; 3g :
(1.30)

A system of three equations is obtained from which, for example, s�, l � and C3
can be isolated,

s� = s� (C1;C2; t) ;

l � = l � (C1;C2; t) ;

C3 = C3 (C1;C2; t) :

(1.31)

Introducing (1.31) into (1.30) yields

x = f(C1; C2; C3 (C1;C2; t) ; l
� (C1;C2; t) ; t) = h(C1;C2; t) ; (1.32)

which constitutes the parametrized expression (in terms of the parameters C1
and C2) of the streamtube for each time t (see Figure 1.7).
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Streaklines 21

Figure 1.7: Streamtube at a given time t.

1.10 Streaklines

Definition 1.9. A streakline, relative to a fixed point in space x�
named spill point and at a time interval

�
ti; t f

�
named spill period,

is the locus of the positions occupied at time t by all the particles
that have occupied x� over the time t 2 [ti; t]

T�
ti; t f

�
.

The above definition corresponds to the physical concept of the color line
(streak) that would be observed in the medium at time t if a tracer fluid were
injected at spill point x� throughout the time interval

�
ti; t f

�
(see Figure 1.8).

Figure 1.8: Streakline corresponding to the spill period t 2
�
ti; t f

�
.
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22 CHAPTER 1. DESCRIPTION OF MOTION

1.10.1 Equation of the Streakline
To determine the equation of a streakline one must identify all the particles that
occupy point x� in the corresponding times t . Given the equation of motion (1.5)
and its inverse equation (1.6), the label of the particle which at time t occupies
the spill point must be identified. Then,

x� = x(X;t)

x�i = xi (X;t) i 2 f1; 2; 3g

)
=) X = f(t) (1.33)

and replacing (1.33) into the equation of motion (1.5) results in

x = j (f(t) ; t) = g(t; t) t 2 [ti; t]
\�

ti; t f
�

: (1.34)

Expression (1.34) is, for each time t, the parametric expression (in terms of
parameter t) of a curvilinear segment in space which is the streakline at that
time.

Example 1.7 – Given the equation of motion8<: x = (X +Y ) t2 + X cos t ;

y = (X +Y )cos t�X ;

obtain the equation of the streakline associated with the spill point x� = (0;1)
for the spill period [t0;+¥).

Solution

The material coordinates of a particle that has occupied the spill point at time
t are given by

0 = (X +Y )t2 + X cost

1 = (X +Y )cost�X

)
=)

8>><>>:
X =

�t2

t2 + cos2 t
;

Y =
t2 + cost

t2 + cos2 t
:

Therefore, the label of the particles that have occupied the spill point from
the initial spill time t0 until the present time t is defined by

X =
�t2

t2 + cos2 t

Y =
t2 + cost

t2 + cos2 t

9>>=>>; t 2 [t0; t]
\

[t0;¥) = [t0; t] :
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Material Surface 23

Then, replacing these into the equation of motion, the equation of the streak-
line is obtained,

x = g(t; t) not�

2664 x =
cost

t2 + cos2 t
t2 +

�t2

t2 + cos2 t
cos t

y =
cost

t2 + cos2 t
cos t� �t2

t2 + cos2 t

3775 t 2 [t0; t] :

Remark 1.8. In a stationary problem, the streaklines are segments of
the trajectories (or of the streamlines). The rationale is based on the
fact that, in the stationary case, the trajectory follows the envelope of
the velocity field, which remains constant along time. If one consid-
ers a spill point x�, all the particles that occupy this point will follow
portions (segments) of the same trajectory.

1.11 Material Surface

Definition 1.10. A material surface is a mobile surface in space al-
ways constituted by the same particles (material points).

In the reference configuration W0, surface S0 can be defined in terms of a func-
tion of the material coordinates F (X ;Y;Z) as

S0 := fX ;Y;Z j F (X ;Y;Z) = 0g : (1.35)

Remark 1.9. The function F (X ;Y;Z) does not depend on time,
which guarantees that the particles, identified by their label, that sat-
isfy equation F (X ;Y;Z) = 0 are always the same in accordance with
the definition of material surface.

The spatial description of the surface is obtained from the spatial description
of F (X(x; t)) = f (x;y;z; t) as

St := fx;y;z j f (x;y;z; t) = 0g : (1.36)
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24 CHAPTER 1. DESCRIPTION OF MOTION

Remark 1.10. The function f (x;y;z; t) depends explicitly on time,
which indicates that the points in space that are on the surface will
vary along time. This time dependence of the spatial description of
the surface confers the character of mobile surface in space to the
surface (see Figure 1.9).

Remark 1.11. The necessary and sufficient condition for a mobile
surface in space, defined implicitly by a function f (x;y;z; t) = 0, to
be material (to be always constituted by the same particles) is that
the material derivative of f (x;y;z; t) is null,

d f (x; t)
dt

=
¶ f
¶ t

+ v �Ñ f = 0 8x 2 St 8t :

The condition is necessary because, if the surface is a material sur-
face, its material description will not depend on time (F � F (X))
and, therefore, its spatial description will have a null material deriva-
tive. The condition of sufficiency is based on the fact that, if the ma-
terial derivative of f (x; t) is zero, the corresponding material de-
scription will not depend on time (F � F (X)) and, therefore, the set
of particles (identified by their material coordinates) that satisfy the
condition F (X) = 0 is always the same.

Figure 1.9: A material surface at two different instants of time.
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Material Surface 25

Example 1.8 – In ocean waves theory, the condition that the free surface
of the fluid in contact with the atmosphere is a material surface is imposed.
This restriction implies that the free surface is always composed of the same
particles, which is a reasonable hypothesis (especially in deep waters). De-
termine how this condition is stated in terms of the velocity field of the fluid.

Solution

Assuming that z = h (x;y; t) defines the elevation of the sea surface with re-
spect to a reference level, the free surface of the water will be given by

f (x;y;z; t)� z�h (x;y; t) = 0 :

The condition d f =dt = 0 can be written as

d f
dt

=
¶ f
¶ t

+ v �Ñ f where
¶ f
¶ t

=�¶h

¶ t
and

v �Ñ f not� [vx; vy; vz]

�
¶ f
¶x

;
¶ f
¶y

;
¶ f
¶ z

�T

= vx
¶ f
¶x

+ vy
¶ f
¶y

+ vz
¶ f
¶ z

:

Then,
d f
dt

=
¶ f
¶ t

+ v �Ñ f =�¶h

¶ t
�vx

¶h

¶x
�vy

¶h

¶y
+ vz = 0

and, isolating vz leads to

vz =
¶h

¶ t
+ vx

¶h

¶x
+ vy

¶h

¶y
:

Therefore, the material surface condition results in a condition on the vertical
component of the velocity field.
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26 CHAPTER 1. DESCRIPTION OF MOTION

1.12 Control Surface

Definition 1.11. A control surface is a fixed surface in space.

The mathematical description of a control surface is given by

S := fx j f (x;y;z) = 0g : (1.37)

Obviously, a control surface is occupied by the different particles of the contin-
uous medium along time (see Figure 1.10).

Figure 1.10: Movement of particles through a control surface along time.

1.13 Material Volume

Definition 1.12. A material volume is a volume enclosed by a closed
material surface.

The mathematical description of a material volume (see Figure 1.11) is given, in
the material description, by15

V0 := fX j F (X)� 0g (1.38)

and, in the spatial description, by

Vt := fx j f (x; t)� 0g ; (1.39)

15 It is assumed that function F (X) is defined such that F (X) < 0 corresponds to points in
the interior of V0.

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
doi:10.13140/RG.2.2.25821.20961



Con
tin

uum
M

ech
an

ics
for

Engin
eer

s

Theo
ry

an
d Pro

blem
s

©
X. O

liv
er

an
d C. A

ge
let

de Sar
ac

ibar

Control Volume 27

where F (X) = f (x(X; t) ; t) is the function that describes the material surface
that encloses the volume.

Remark 1.12. A material volume is always constituted by the same
particles. This is proven by reductio ad absurdum as follows. If a
certain particle could enter or exit the material volume, it would be
incorporated into the material surface during its motion (at least, for
an instant of time). This would be contrary to the fact that the sur-
face, being a material surface, is always constituted by the same par-
ticles.

Figure 1.11: A material volume at two different instants of time.

1.14 Control Volume

Definition 1.13. A control volume is a group of points in space situ-
ated in the interior of a closed control surface.

It is a volume fixed in space that is occupied by the particles of the medium
during its motion. The mathematical description of the control volume (see Fig-
ure 1.12) is16

V := fx j f (x)� 0g : (1.40)

16 It is assumed that function f (x) is defined such that f (x) < 0 corresponds to points in the
interior of V .
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28 CHAPTER 1. DESCRIPTION OF MOTION

Figure 1.12: A control volume is occupied by different particles along time.
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PROBLEMS

Problem 1.1 – Justify whether the following statements are true or false.

a) If the velocity field is stationary, the acceleration field is also stationary.

b) If the velocity field is uniform, the acceleration field is always null.

Solution
a) A stationary velocity field implies that the spatial description of velocity does
not depend on time,

¶v(x; t)
¶ t

= 0 =) v(x) :

The acceleration is the material derivative of the velocity, therefore

a(x; t) =
¶v(x; t)

¶ t
+ v(x; t) �Ñv(x; t) = v(x) �Ñv(x) :

The resulting expression does not depend on time. Thus, the statement is true.

b) A uniform velocity field implies that the spatial description of velocity does
not depend on the spatial coordinates,

v(x; t) =) v(t) :

The material derivative of the velocity results in

a(x; t) =
¶v(x; t)

¶ t
+ v(x; t) �Ñv(x; t) =

¶v(t)
¶ t

;

where the expression used for the gradient of the velocity field is

[Ñv(t)]i j =
¶vi (t)
¶x j

= 0 :

Therefore, the statement is false because ¶v(t)=¶ t is not necessarily zero.
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30 CHAPTER 1. DESCRIPTION OF MOTION

Problem 1.2 – Calculate the acceleration at time t = 2 in point (1;1;1) of the
velocity field

v not�
�
x� z ; z

�
e t + e�t� ; 0

�T
:

Solution
Since the velocity field is given in its spatial expression and the acceleration is
requested for a point x� = (1;1;1)T , the equation of motion is not needed. One
can simply apply

a(x; t) =
dv(x; t)

dt
=

¶v(x; t)
¶ t

+ v(x; t) �Ñv(x; t) ;

where
¶v
¶ t

not�
�
0 ; z

�
e t � e�t� ; 0

�T and

Ñv not�

2666666664

¶

¶x
¶

¶y

¶

¶ z

3777777775
�
x� z ; z

�
e t + e�t� ; 0

�
=

2664
1 0 0

0 0 0

�1 (e t + e�t) 0

3775 ; such that

v �Ñv not� [x� z ; 0 ; 0]T :

Therefore, the spatial expression for the acceleration field is

a not�
�
x� z ; z

�
e t � e�t� ; 0

�T
and, for the given point at the given instant of time, the acceleration is

a(x = x�; t = 2)
not�
�
0 ; e2� e�2 ; 0

�T
:
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Problems and Exercises 31

Problem 1.3 – The equation of a certain motion is

x = X ; y =
1
2
�
(Y + Z)e t +(Y �Z)e�t� ; z =

1
2
�
(Y + Z)e t � (Y �Z)e�t� :

Calculate the accelerations that would be observed along time by:

a) An observer located in the fixed point (1;1;1).

b) An observer traveling with the particle that at time t = 0 occupied position
(1;1;1).

c) An observer located in point (1;1;1) that measures the accelerations as the
difference between velocities at this point per unit of time.

Solution
a) The spatial description of the acceleration in point x� = (1;1;1) must be
obtained,

a(x = x�; t) = A(X(x�; t) ; t) =
¶V(X(x�; t) ; t)

¶ t
:

The material expression of the velocity field is

V(X; t) =
¶x(X; t)

¶ t
=) V(X; t) not�

266666664
0

1
2

((Y + Z)e t � (Y �Z)e�t)

1
2

((Y + Z)e t +(Y �Z)e�t)

377777775
:

Then, the material description of the acceleration is

A(X; t) =
¶V(X; t)

¶ t
not�

266666664
0

1
2

((Y + Z)e t +(Y �Z)e�t)

1
2

((Y + Z)e t � (Y �Z)e�t)

377777775
:

Careful observation of the expression obtained reveals that

Ay =
1
2
�
(Y + Z)e t +(Y �Z)e�t�= y and
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32 CHAPTER 1. DESCRIPTION OF MOTION

Az =
1
2
�
(Y + Z)e t � (Y �Z)e�t�= z :

Therefore, the spatial description of the acceleration field is

a(x; t) not� [0 ; y ; z]T

and, for x = x�,
a(x�; t) not� [0 ; 1 ; 1]T :

NOTE: In case one does not realize that Ay = y and Az = z, this same result can
be obtained by replacing into the material expression of the acceleration field
the inverse equation of motion as follows.

y + z = (Y + Z)e t

y� z = (Y �Z)e�t

)
=)

(
Y + Z = (y + z)e�t

Y �Z = (y� z)e t8>>>>>><>>>>>>:
X = x

Y =
1
2

((y + z)e�t +(y� z)e t)

Z =
1
2

((y + z)e�t � (y� z)e t)

b) The material description of the acceleration in point X� = (1;1;1) must be
obtained. Replacing point X� into the expression obtained in a) yields

A(X�; t) not�
�
0 ; e t ; e t�T :

c) The difference between the spatial velocities per unit of time must be ob-
tained, for point x� = (1;1;1),

Dv(x�; t)
D t

�! ¶v(x�; t)
¶ t

:

The spatial description of the velocity field is

v(x = x�; t) = V(X(x�; t) ; t) :
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Problems and Exercises 33

Careful observation of the material expression of the velocity field obtained in a)
reveals that Vy = z and Vz = y, therefore

v(x; t) not� [0 ; z ; y]T =) ¶v(x�; t)
¶ t

not� [0 ; 0 ; 0]T :

Problem 1.4 – Given the spatial description of the velocity field in Cartesian
coordinates,

v not� [x ; y ; zj (t)]T

and the surface

St :=
n

x j F (x;y;z; t) = e�2t �x2 + y2�+ z2e�t2�C = 0
o

;

where C 6= 0 is a constant, determine j (t) considering that the particles on this
surface are always the same.

Solution
The function F defines the material surface St := fx j F (x;y;z; t) = 0g. The nec-
essary and sufficient condition for this surface to be a material surface is

dF
dt

=
¶F
¶ t

+ v �ÑF = 0 8x 2 St 8t ;

where
¶F
¶ t

=�2e�2t
�
x2 + y2

�
�2tz2e�t2

;

ÑF not�
h
2xe�2t ; 2ye�2t ; 2ze�t2

iT
; and

v �ÑF = 2x2e�2t + 2y2e�2t + 2z2e�t2
j (t) :

Then, the necessary and sufficient condition above is reduced to

2z2 (j (t)� t)e�t2
= 0 8x 2 St 8t :

Moreover, for x 2 St , the term z2 can be isolated from the expression of
the function defining the material surface F (x;y;z; t) given in the statement,
z2 =

�
C� e�2t

�
x2 + y2

��
et2

. Replacing this expression into the previous equa-
tion yields

2
�
C� e�2t �x2 + y2��(j (t)� t) = 0 8x 8t :
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34 CHAPTER 1. DESCRIPTION OF MOTION

Since
�
C� e�2t

�
x2 + y2

��
= 0 cannot be satisfied for 8x and 8t because C is a

constant, the only possibility left is

j (t) = t :

Problem 1.5 – Given the velocity field of a perfect fluid

v(x; t) not�
�

ze t ;
y

1 + t
; vz

�T

and the surface j (x; t) = x� z(1 + t)e t + k = 0 (where k is a constant), which
is known to be a material surface, determine:

a) The equation of the trajectory in canonical form and the equation of the
streamlines.

b) The equation of the streakline and the position of its initial and final points
if the spill point is x� and the spill period is t 2 [t1; t2].

Solution
a) To be able to calculate the trajectories and streamlines, the expression for
the velocity field must be completed. To find vz, the information given about
surface j is used. The necessary and sufficient condition for this surface to be a
material surface is

dj

dt
=

¶j

¶ t
+ v �Ñj = 0 8x 2 St 8t ;

where
¶j

¶ t
=�z(e t + e t (1 + t)) ; Ñj

not� [1 ; 0 ; �e t (1 + t)]T

and v �Ñj = ze t �vze t (1 + t) :

Then, the material derivative of j is

dj

dt
=�ze t � ze t (1 + t)+ ze t �vze t (1 + t) = 0

which results in vz =�z. Therefore, the spatial description of velocity field is

v(x; t) not�
�

ze t ;
y

1 + t
; �z

�T

:
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Problems and Exercises 35

Now, this field must be integrated to obtain the equation of the trajectory since
dx=dt = v(x; t). Applying the equality for each component and particularizing
for the velocity field determined yields

dx
dt

= ze t ;
dy
dt

=
y

1 + t
and

dz
dt

=�z :

Note that the x-component depends on the z-coordinate. Then, the z-coordinate
must be determined first,

dz
dt

=�z =) z = C1e�t :

Replacing the expression found for z into the x-component and integrating the
expression results in

dx
dt

= C1e�te t = C1 =) x = C1t +C2 :

Finally, the y-component is

dy
dt

=
y

1 + t
=) y = C3 (1 + t) :

To obtain the canonical form of the expression, x = X for t = 0 is imposed,8><>:
x(0) = C2 = X

y(0) = C3 = Y

z(0) = C1 = Z

and, finally, the equation of the trajectory in canonical form is

x = X + Zt

y = Y (1 + t)

z = Ze�t

:

The equation of the streamlines is found by integrating the velocity field with
respect to l , that is, dx(l )=dl = v(x(l ) ; t). As in the case of the equation of
the trajectory, the z-component must be determined before the x-component,

dz
dl

=�z =) z = C1e�l :
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36 CHAPTER 1. DESCRIPTION OF MOTION

Replacing into the x-component yields

dx
dl

= C1e (t�l ) =) x =�C1e (t�l ) +C2

and the remaining component results in

dy
dl

=
y

1 + t
=) y = C3e

l
1+t :

Then, the equation of the streamlines is

x =�C1e (t�l ) +C2

y = C3e
l

1+t

z = C1e�l

:

b) To obtain the equation of the streakline it is enough to take the equation of
motion and impose x� = x(X;t), where t is a time belonging to the spill period.8><>:

x� = X + Zt

y� = Y (1 + t)

z� = Ze�t

And the inverse of this equation is8>><>>:
X = x��Zt = x�� z�tet

Y =
y�

1 + t

Z = z�et

Replacing these into the equation of motion results in the equation of the streak-
line,

x = x�� z� (t� t)et

y = y�
1 + t
1 + t

z = z�e(t�t)

:

Consider the physical concept of the streakline as the color line that would be
observed in the medium if a tracer fluid were injected at the spill point through-
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Problems and Exercises 37

out the spill period. Then, for each time t, the streakline can be visualized in
terms of the parameter t , which gives the position in space of the colored parti-
cles. It is verified that, as expected, x = x� for t = t , since it corresponds to the
time in which the streakline is crossing the spill point. Now, the streakline must
be delimited for each time t.

There are two distinct cases:

i) t1 < t < t2

The first colored point in the streakline is the one crossing the spill point at
t = t1 while the last one is the one crossing the spill point at t = t.

Initial point:

8>>>><>>>>:
x = x�� z� (t1� t)e t1

y = y�
1 + t
1 + t1

z = z�e (t1�t)

Final point:

8><>:
x = x�

y = y�

z = z�

ii) t � t2

The first colored point in the streakline is the same as in the previous case,
t = t1, but the last point is now t = t2. The streakline has now “moved away”
from the spill point.

Initial point:

8>>>><>>>>:
x = x�� z� (t1� t)e t1

y = y�
1 + t
1 + t1

z = z�e (t1�t)

Final point:

8>><>>:
x = x�� z� (t2� t)e t2

y = y�
1 + t
1 + t2

z = z�e (t2�t)

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
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EXERCISES

1.1 – Justify if the following statements are true or false.

a) Two streamlines corresponding to a same instant of time can never cross each
other unless the velocity field at the cross point is zero.

b) Two different trajectories can never cross each other.
c) Two streaklines corresponding to two spill points with the same spill period

can cross each other at one or more points.

1.2 – Given the following velocity field in material description

v not�
�
Ae AtX1; BtX1; CX3

�T
;

with A, B and C constants, obtain its spatial description and the conditions A, B
and C must fulfill for the motion to be feasible for 0 < t < ¥.

1.3 – Tracer fluid is injected at point (1;1;1) of the interior of a fluid from time
t = 1 to time t = 2. If the equation of the streamlines is

x = C1el t ; y = C2el t ; z = C3e2l t

determine the equation of the streakline, indicating its initial and final points for
t = 5.

1.4 – The spatial description of the velocity field of a fluid is

v not�
�
ye�t ; ze t ; 0

�T
:

Tracer fluid is injected on plane y = 0 at time t = 1. Obtain the spatial equation
of the stain along time.

1.5 – A certain motion is defined by the velocity field

vx = 2ax ; vy =�by ; vz =� z
t + c

:

Determine:

a) The equation of the trajectory in canonical form and the equation of the
streamlines.

b) The possible values of a, b and c such that the motion has physical sense for
t 2 [0;¥).

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
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40 CHAPTER 1. DESCRIPTION OF MOTION

c) The spatial description of the material surface that, at time t = 1, was a
sphere with center at (0;0;0) and radius R (consider a = b = c = 1).

1.6 – A certain motion is defined by the velocity field

vx = ye�t ; vy = y ; vz = 0 :

Determine:

a) The equation of the trajectory in canonical form and the equation of the
streamlines.

b) The spatial description of the material surface that, at time t = 1, was a
sphere with center at (0;0;0) and radius R.

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
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Chapter 2
Strain

2.1 Introduction

Definition 2.1. In the broader context, the concept of deformation no
longer refers to the study of the absolute motion of the particles as
seen in Chapter 1, but to the study of the relative motion, with respect
to a given particle, of the particles in its differential neighborhood.

2.2 Deformation Gradient Tensor
Consider the continuous medium in motion of Figure 2.1. A particle P in the
reference configuration W0 occupies the point in space P

0
in the present config-

uration Wt , and a particle Q situated in the differential neighborhood of P has
relative positions with respect to this particle in the reference and present times
given by dX and dx, respectively. The equation of motion is given by(

x = j (X; t) not
= x(X; t)

xi = ji (X1;X2;X3; t) not
= xi (X1;X2;X3; t) i 2 f1;2;3g

: (2.1)

Differentiating (2.1) with respect to the material coordinates X results in the

Fundamental
equation of
deformation

8><>:
dx = F �dX

dxi =
¶xi

¶X j
dX j = Fi j dX j i; j 2 f1;2;3g

(2.2)

41
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42 CHAPTER 2. STRAIN

Figure 2.1: Continuous medium in motion.

Equation (2.2) defines the material deformation gradient tensor F(X; t) 1.

Material deformation
gradient tensor

8><>:
F not

= x
Ñ

Fi j =
¶xi

¶X j
i; j 2 f1;2;3g

(2.3)

The explicit components of tensor F are given by

[F] =
h
x
Ñ

i
=

2664
x1

x2

x3

3775
| {z }

[x]

�
¶

¶X1
;

¶

¶X2
;

¶

¶X3

�
| {z }h

Ñ

iT

=

266666664

¶x1

¶X1

¶x1

¶X2

¶x1

¶X3

¶x2

¶X1

¶x2

¶X2

¶x2

¶X3

¶x3

¶X1

¶x3

¶X2

¶x3

¶X3

377777775
: (2.4)

Remark 2.1. The deformation gradient tensor F(X; t) contains the
information of the relative motion, along time t, of all the material
particles in the differential neighborhood of a given particle, identi-
fied by its material coordinates X. In effect, equation (2.2) provides
the evolution of the relative position vector dx in terms of the cor-
responding relative position in the reference time, dX. Thus, if the
value of F(X; t) is known, the information associated with the gen-
eral concept of deformation defined in Section 2.1 is also known.

1 Here, the symbolic form of the material Nabla operator, Ñ � ¶ êi=¶Xi, applied to the
expression of the open or tensor product, [a
b]i j

not
= [a b]i j = aib j, is considered.
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Deformation Gradient Tensor 43

2.2.1 Inverse Deformation Gradient Tensor
Consider now the inverse equation of motion(

X = j�1 (x; t)not
= X(x; t) ;

Xi = j
�1
i (x1;x2;x3; t)not

= Xi (x1;x2;x3; t) i 2 f1;2;3g :
(2.5)

Differentiating (2.5) with respect to the spatial coordinates xi results in8><>:
dX = F�1 �dx ;

dXi =
¶Xi

¶x j
dx j = F�1

i j dx j i; j 2 f1;2;3g :
(2.6)

The tensor defined in (2.6) is named spatial deformation gradient tensor or in-
verse (material) deformation gradient tensor and is characterized by2

Spatial deformation
gradient tensor

8><>:
F�1 not

= X
Ñ

F�1
i j =

¶Xi

¶x j
i; j 2 f1;2;3g

(2.7)

Remark 2.2. The spatial deformation gradient tensor, denoted in
(2.6) and (2.7) as F�1, is in effect the inverse of the (material) defor-
mation gradient tensor F. The verification is immediate since3

¶xi

¶Xk|{z}
Fik

¶Xk

¶x j|{z}
F�1

k j

=
¶xi

¶x j

not
= di j =) F �F�1 = 1 ;

¶Xi

¶xk|{z}
F�1

ik

¶xk

¶X j|{z}
Fk j

=
¶Xi

¶X j

not
= di j =) F�1 �F = 1 :

2 Here, the symbolic form of the spatial Nabla operator, Ñ � ¶ êi=¶xi, is considered. Note
the difference in notation between this spatial operator Ñ and the material Nabla Ñ.
3 The two-index operator Delta Kronecker di j is defined as di j = 1 if i = j and di j = 0 if
i 6= j. The second-order unit tensor 1 is given by [1]i j = di j .
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44 CHAPTER 2. STRAIN

The explicit components of tensor F�1 are given by

�
F�1�= [X
Ñ] =

2664
X1

X2

X3

3775
| {z }

[X]

�
¶

¶x1
;

¶

¶x2
;

¶

¶x3

�
| {z }

[Ñ]T

=

266666664

¶X1

¶x1

¶X1

¶x2

¶X1

¶x3

¶X2

¶x1

¶X2

¶x2

¶X2

¶x3

¶X3

¶x1

¶X3

¶x2

¶X3

¶x3

377777775
: (2.8)

Example 2.1 – At a given time, the motion of a continuous medium is defined
by 8><>:

x1 = X1�AX3

x2 = X2�AX3

x3 =�AX1 + AX2 + X3

:

Obtain the material deformation gradient tensor F(X; t) at this time. By
means of the inverse equation of motion, obtain the spatial deformation gra-
dient tensor F�1 (x). Using the results obtained, verify that F �F�1 = 1.

Solution

The material deformation gradient tensor is

F = x
Ñ
not� [x]

h
Ñ

iT
=

2664
X1�AX3

X2�AX3

�AX1 + AX2 + X3

3775� ¶

¶X1
;

¶

¶X2
;

¶

¶X3

�

F not�

264 1 0 �A

0 1 �A

�A A 1

375 :

The inverse equation of motion is obtained directly from the algebraic inver-
sion of the equation of motion,

X(x; t) not�

2664
X1 =

�
1 + A2

�
x1�A2x2 + Ax3

X2 = A2x1 +
�
1�A2

�
x2 + Ax3

X3 = Ax1�Ax2 + x3

3775 :

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
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Displacements 45

Then, the spatial deformation gradient tensor is

F�1 = X
Ñ
not� [X] [Ñ]T =

2664
�
1 + A2

�
x1�A2x2 + Ax3

A2x1 +
�
1�A2

�
x2 + Ax3

Ax1�Ax2 + x3

3775� ¶

¶x1
;

¶

¶x2
;

¶

¶x3

�

F�1 not�

2641 + A2 �A2 A

A2 1�A2 A

A �A 1

375 :

Finally, it is verified that

F �F�1 not�

264 1 0 �A

0 1 �A

�A A 1

375
2641 + A2 �A2 A

A2 1�A2 A

A �A 1

375=

2641 0 0

0 1 0

0 0 1

375 not� 1 :

2.3 Displacements

Definition 2.2. A displacement is the difference between the posi-
tion vectors in the present and reference configurations of a same
particle.

The displacement of a particle P at a given time is defined by vector u, which
joins the points in space P (initial position) and P

0
(position at the present time t)

of the particle (see Figure 2.2). The displacement of all the particles in the con-
tinuous medium defines a displacement vector field which, as all properties of
the continuous medium, can be described in material form U(X; t) or in spatial
form u(x; t) as follows.(

U(X; t) = x(X; t)�X

Ui (X; t) = xi (X; t)�Xi i 2 f1;2;3g
(2.9)

(
u(x; t) = x�X(x; t)

ui (x; t) = xi�Xi (x; t) i 2 f1;2;3g
(2.10)

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
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46 CHAPTER 2. STRAIN

Figure 2.2: Displacement of a particle.

2.3.1 Material and Spatial Displacement Gradient Tensors
Differentiation with respect to the material coordinates of the displacement vec-
tor Ui defined in (2.9) results in

¶Ui

¶X j
=

¶xi

¶X j|{z}
Fi j

� ¶Xi

¶X j|{z}
di j

= Fi j�di j
de f
= Ji j ; (2.11)

which defines the material displacement gradient tensor as follows.

Material displacement
gradient tensor

8><>:
J(X; t)

de f
= U(X; t)
Ñ = F�1

Ji j =
¶Ui

¶X j
= Fi j�di j i; j 2 f1;2;3g

(2.12)

8><>:
U = J �dX

dUi =
¶Ui

¶X j
dX j = Ji j dX j i; j 2 f1;2;3g

(2.13)

Similarly, differentiation with respect to the spatial coordinates of the expres-
sion of ui given in (2.10) yields

¶ui

¶x j
=

¶xi

¶x j|{z}
di j

� ¶Xi

¶x j|{z}
F�1

i j

= di j�F�1
i j

de f
= ji j ; (2.14)
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Strain Tensors 47

which defines the spatial displacement gradient tensor as follows.

Spatial displacement
gradient tensor

8><>:
j(x; t)

de f
= u(x; t)
Ñ = 1�F�1

ji j =
¶ui

¶x j
= di j�F�1

i j i; j 2 f1;2;3g
(2.15)

8><>:
u = j �dx

dui =
¶ui

¶x j
dx j = ji j dx j i; j 2 f1;2;3g

(2.16)

2.4 Strain Tensors
Consider now a particle of the continuous medium that occupies the point in
space P in the material configuration, and another particle Q in its differen-
tial neighborhood separated a segment dX (with length dS =

p
dX �dX) from

the previous paticle, being dx (with length ds =
p

dx �dx) its counterpart in
the present configuration (see Figure 2.3). Both differential vectors are related
through the deformation gradient tensor F(X; t) by means of equations (2.2) and
(2.6), 8<:dx = F �dX and dX = F�1 �dx ;

dxi = Fi j dX j and dXi = F�1
i j dx j i; j 2 f1;2;3g :

(2.17)

Then,8<: (ds)2 = dx �dx not� [dx]T [dx] = [F �dX]T [F �dX]
not� dX �FT �F �dX

(ds)2 = dxk dxk = Fki dXi Fk j dX j = dXi Fki Fk j dX j = dXi FT
ik Fk j dX j

(2.18)

or, alternatively4,8>>>>><>>>>>:

(dS)2 = dX �dX not� [dX]T [dX] =
�
F�1 �dx

�T �F�1 �dx
�

=
not� dx �F�T �F�1 �dx ;

(dS)2 = dXk dXk = F�1
ki dxi F�1

k j dx j = dxi F�1
ki F�1

k j dx j =

= dxi F�T
ik F�1

k j dx j :

(2.19)

4 The convention
�
(�)�1 �T not

= (�)�T is used.
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48 CHAPTER 2. STRAIN

Figure 2.3: Differential segments in a continuous medium.

2.4.1 Material Strain Tensor (Green-Lagrange Strain Tensor)
Subtracting expressions (2.18) and (2.19) results in

(ds)2� (dS)2 = dX �FT �F �dX�dX �dX =

= dX �FT �F �dX�dX �1 �dX =

= dX �
�
FT �F�1

�| {z }
de f
= 2E

� dX = 2 dX �E �dX ; (2.20)

which implicitly defines the material strain tensor or Green-Lagrange strain
tensor as follows.

Material
(Green-Lagrange)

strain tensor

8><>:
E(X; t) =

1
2
�
FT �F�1

�
Ei j (X; t) =

1
2
�
Fki Fk j�di j

�
i; j 2 f1;2;3g

(2.21)

Remark 2.3. The material strain tensor E is symmetric. Proof is ob-
tained directly from (2.21), observing that8<:ET =

1
2
�
FT �F�1

�T
=

1
2

�
FT �

�
FT
�T �1T

�
=

1
2
�
FT �F�1

�
= E ;

Ei j = E ji i; j 2 f1;2;3g :

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
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Strain Tensors 49

2.4.2 Spatial Strain Tensor (Almansi Strain Tensor)
Subtracting expressions (2.18) and (2.19) in an alternative form yields

(ds)2� (dS)2 = dx �dx�dx �F�T �F�1 �dx =

= dx �1 �dx�dx �F�T �F�1 �dx =

= dx �
�
1�F�T �F�1�| {z }

de f
= 2e

� dx = 2 dx � e �dx ; (2.22)

which implicitly defines the spatial strain tensor or Almansi strain tensor as
follows.

Spatial
(Almansi)

strain tensor

8><>:
e(x; t) =

1
2
�
1�F�T �F�1

�
ei j (x; t) =

1
2

�
di j�F�1

ki F�1
k j

�
i; j 2 f1;2;3g

(2.23)

Remark 2.4. The spatial strain tensor e is symmetric. Proof is ob-
tained directly from (2.23), observing that8>>>><>>>>:

eT =
1
2
�
1�F�T �F�1

�T
=

1
2

�
1T �

�
F�1

�T �
�
F�T

�T
�

=

=
1
2
�
1�F�T �F�1

�
= e ;

ei j = e ji i; j 2 f1;2;3g :

Example 2.2 – Obtain the material and spatial strain tensors for the motion
in Example 2.1.

Solution

The material strain tensor is

E(X; t) =
1
2
�
FT �F�1

� not� 1
2

0@24 1 0 �A
0 1 A
�A �A 1

3524 1 0 �A
0 1 �A
�A A 1

35�
241 0 0

0 1 0
0 0 1

351A=

=
1
2

24 A2 �A2 �2A
�A2 A2 0
�2A 0 2A2

35
X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
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50 CHAPTER 2. STRAIN

and the spatial strain tensor is

e(X; t) =
1
2
�
1�F�T �F�1

�
=

not� 1
2

0@241 0 0
0 1 0
0 0 1

35�
241 + A2 A2 A
�A2 1�A2 �A

A A 1

35241 + A2 �A2 A
A2 1�A2 A
A �A 1

351A=

=
1
2

24�3A2�2A4 A2 + 2A4 �2A�2A3

A2 + 2A4 A2�2A4 2A3

�2A�2A3 2A3 �2A2

35 :

Observe that E 6= e.

Remark 2.5. The material strain tensor E and the spatial strain ten-
sor e are different tensors. They are not the material and spatial de-
scriptions of a same strain tensor. Expressions (2.20) and (2.22),

(ds)2� (dS)2 = 2dX �E �dX = 2dx � e �dx ;

clearly show this since each tensor is affected by a different vector
(dX and dx, respectively).

The Green-Lagrange strain tensor is naturally described in mate-
rial description (E(X; t)). In equation (2.20) it acts on element dX
(defined in material configuration) and, hence, its denomination as
material strain tensor. However, as all properties of the continuous
medium, it may be described, if required, in spatial form (E(x; t))
through the adequate substitution of the equation of motion.

The contrary occurs with the Almansi strain tensor: it is naturally
described in spatial form and in equation (2.22) acts on the differ-
ential vector dx (defined in the spatial configuration) and, thus, its
denomination as spatial strain tensor. It may also be described, if
required, in material form (e(X; t)).

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
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Variation of Distances: Stretch and Unit Elongation 51

2.4.3 Strain Tensors in terms of the Displacement (Gradients)
Replacing expressions (2.12) and (2.15) into equations (2.21) and (2.23) yields
the expressions of the strain tensors in terms of the material displacement gradi-
ent, J(X; t), and the spatial displacement gradient, j(x; t).

E =
1
2

��
1 + JT

�
� (1 + J)�1

�
=

1
2
�
J + JT + JT �J

�
Ei j =

1
2

�
¶Ui

¶X j
+

¶U j

¶Xi
+

¶Uk

¶Xi

¶Uk

¶X j

�
i; j 2 f1;2;3g

(2.24)

e =
1
2

�
1�
�
1� jT

�
� (1� j)

�
=

1
2
�
j + jT � jT � j

�
ei j =

1
2

�
¶ui

¶x j
+

¶u j

¶xi
� ¶uk

¶xi

¶uk

¶x j

�
i; j 2 f1;2;3g

(2.25)

2.5 Variation of Distances: Stretch and Unit Elongation
Consider now a particle P in the reference configuration and another particle
Q, belonging to the differential neighborhood of P (see Figure 2.4). The corre-
sponding positions in the present configuration are given by the points in space
P
0

and Q
0

such that the distance between the two particles in the reference con-
figuration, dS, is transformed into ds at the present time. The vectors T and t are
the unit vectors in the directions PQ and P0Q0 , respectively.

Definition 2.3. The stretch or stretch ratio of a material point P (or
a spatial point P

0
) in the material direction T (or spatial direction t )

is the length of the deformed differential segment P0Q0 per unit of
length of the original differential segment PQ.

The translation of the previous definition into mathematical language is

Stretch
de f
= lT = lt =

P0Q0

PQ
=

ds
dS

(0 < l < ¥) : (2.26)
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Figure 2.4: Differential segments and unit vectors in a continuous medium.

Definition 2.4. The unit elongation, elongation ratio or extension of
a material point P (or a spatial point P

0
) in the material direction T

(or spatial direction t ) 5is the increment of length of the deformed
differential segment P0Q0 per unit of length of the original differen-
tial segment PQ.

The corresponding mathematical definition is

Unit elongation
de f
= eT = et =

DPQ
PQ

=
ds�dS

dS
: (2.27)

Equations (2.26) and (2.27) allow immediately relating the values of the unit
elongation and the stretch for a same point and direction as follows.

e =
ds�dS

dS
=

ds
dS|{z}
l

�1 = l �1 ()�1 < e < ¥) (2.28)

5 Often, the subindices (�)T and (�)t will be dropped when referring to stretches or unit
elongations. However, one must bear in mind that both stretches and unit elongations are
always associated with a particular direction.
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Variation of Distances: Stretch and Unit Elongation 53

Remark 2.6. The following deformations may take place:

• If l = 1 (e = 0)) ds = dS: The particles P and Q may have
moved along time, but without increasing or decreasing the dis-
tance between them.

• If l > 1 (e > 0)) ds > dS: The distance between the particles
P and Q has lengthened with the deformation of the medium.

• If l < 1 (e < 0)) ds < dS: The distance between the particles
P and Q has shortened with the deformation of the medium.

2.5.1 Stretches, Unit Elongations and Strain Tensors
Consider equations (2.21) and (2.22) as well as the geometric expressions
dX = T dS and dx = t ds (see Figure 2.4). Then,8>>>><>>>>:

(ds)2� (dS)2 = 2 dX|{z}
dS T

� E � dX|{z}
dS T

= 2(dS)2 T �E �T

(ds)2� (dS)2 = 2 dx|{z}
ds t

� e � dx|{z}
ds t

= 2(ds)2 t � e � t
(2.29)

and dividing these expressions by (dS)2 and (ds)2, respectively, results in

�
ds
dS

�
| {z }

l

2

�1 = l
2�1 = 2 T �E �T )

l =
p

1 + 2T �E �T

e = l �1 =
p

1 + 2T �E �T�1
(2.30)

1�
�

dS
ds

�
| {z }

1=l

2

= 1�
�

1
l

�2

= 2 t �e �t )
l =

1p
1�2t � e � t

e = l �1 =
1p

1�2t � e � t
�1

(2.31)

These equations allow calculating the unit elongation and stretch for a given
direction (in material description, T, or in spatial description, t ).
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Remark 2.7. The material and spatial strain tensors, E(X; t) and
e(x; t), contain information on the stretches (and unit elongations)
for any direction in a differential neighborhood of a given particle,
as evidenced by (2.30) and (2.31).

Example 2.3 – The spatial strain tensor for a given motion is

e(x; t) not�

264 0 0 �tetz

0 0 0

�tetz 0 t (2etz� et)

375 :

Calculate the length, at time t = 0, of the segment that at time t = 2 is recti-
linear and joins points a� (0;0;0) and b� (1;1;1).

Solution

The shape and geometric position of the material segment at time t = 2 is
known. At time t = 0 (reference time) the segment is not necessarily recti-
linear and the positions of its extremes A and B (see figure below) are not
known. To determine its length, (2.31) is applied for a unit vector in the di-
rection of the spatial configuration t,

l =
1p

1�2 t � e � t
=

ds
dS

=) dS =
1
l

ds :
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Variation of Angles 55

To obtain the stretch in the direction t not� [1; 1; 1]T =
p

3, the expression t �e � t
is computed first as

t � e � t not� 1p
3

[1; 1; 1]

264 0 0 �tetz

0 0 0

�tetz 0 t (2etz� et)

375
2641

1

1

375 1p
3

=�1
3

tet :

Then, the corresponding stretch at time t = 2 is

l =
1q

1 + 2
3 tet

=) l

���
t=2

=
1q

1 + 4
3 e2

=

p
3p

3 + 4e2
:

The length at time t = 0 of the segment AB is

lAB =
Z B

A
dS =

Z b

a

1
l

ds =
1
l

Z b

a
ds| {z }

lab

=
1
l

lab =
1
l

p
3

and replacing the expression obtained above for the stretch at time t = 2
finally results in

lAB =
p

3 + 4e2 :

2.6 Variation of Angles
Consider a particle P and two additional particles Q and R, belonging to the dif-
ferential neighborhood of P in the material configuration (see Figure 2.5), and
the same particles occupying the spatial positions P

0
, Q
0
and R

0
. The relationship

between the angles that form the corresponding differential segments in the ref-
erence configuration (angle Q ) and the present configuration (angle q ) is to be
considered next.

Applying (2.2) and (2.6) on the differential vectors that separate the particles,8<:dx(1) = F �dX(1)

dx(2) = F �dX(2)
=)

8<:dX(1) = F�1 �dx(1)

dX(2) = F�1 �dx(2)
(2.32)

and using the definitions of the unit vectors T(1), T(2), t(1) and t(2) that establish
the corresponding directions in Figure 2.5,
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Figure 2.5: Angles between particles in a continuous medium.

8<:dX(1) = dS(1)T(1)

dX(2) = dS(2)T(2)
=)

8<:dx(1) = ds(1)t(1) ;

dx(2) = ds(2)t(2) :
(2.33)

Finally, according to the definition in (2.26), the corresponding stretches are

8<:ds(1) = l (1)dS(1)

ds(2) = l (2)dS(2)
=)

8>><>>:
dS(1) =

1
l (1)

ds(1) ;

dS(2) =
1

l (2)
ds(2) :

(2.34)

Expanding now the scalar product6 of the vectors dx(1) and dx(2),

dS(1)dS(2) cosq =
���dx(1)

��� ���dx(2)
���cosq = dx(1) �dx(2) not�

h
dx(1)

iT h
dx(2)

i
=

=
h
F �dX(1)

iT h
F �dX(2)

i
not� dX(1) �

�
FT �F

�
� dX(2) = dX(1) � (2E + 1) � dX(2)

= dS(1)T(1) � (2E + 1) �T(2)dS(2) =
1

l (1)
ds(1)T(1) � (2E + 1) �T(2) 1

l (2)
ds(2) =

= ds(1)ds(2) 1
l (1)

1
l (2)

T(1) � (2E + 1) �T(2);

(2.35)

6 The scalar product of two vectors a and b is defined in terms of the angle between them, q ,
as a �b = jaj � jbjcosq .
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and, comparing the initial and final terms in (2.35), yields

cosq =
T(1) � (1 + 2E) �T(2)

l (1)l (2)
; (2.36)

where the stretches l (1) and l (2) can be obtained by applying (2.30) to the
directions T(1) and T(2), resulting in

cosq =
T(1) � (1 + 2E) �T(2)p

1 + 2T(1) �E �T(1)
p

1 + 2T(2) �E �T(2)
: (2.37)

In an analogous way, operating on the reference configuration, the angle Q

between the differential segments dX(1) and dX(2) (in terms of t(1), t(2) and e )
is obtained,

cosQ =
t(1) � (1�2e) � t(2)p

1�2t(1) � e � t(1)
p

1�2t(2) � e � t(2)
: (2.38)

Remark 2.8. Similarly to the discussion in Remark 2.7, the material
and spatial strain tensors, E(X; t) and e(x; t), also contain informa-
tion on the variation of the angles between differential segments in
the differential neighborhood of a particle during the deformation
process. These facts will be the basis for providing a physical inter-
pretation of the components of the strain tensors in Section 2.7.

2.7 Physical Interpretation of the Strain Tensors
2.7.1 Material Strain Tensor
Consider a segment PQ, oriented parallel to the X1-axis in the reference config-
uration (see Figure 2.6). Before the deformation takes place, PQ has a known
length dS = dX .

The length of P0Q0 is sought. To this aim, consider the material strain tensor
E given by its components,

E not�

264EXX EXY EXZ

EXY EYY EY Z

EXZ EY Z EZZ

375=

264E11 E12 E13

E12 E22 E23

E13 E23 E33

375 : (2.39)
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Figure 2.6: Differential segment in the reference configuration.

Consequently,

T �E �T not� [T]T [E] [T] = [1; 0; 0]

24E11 E12 E13

E12 E22 E23

E13 E23 E33

35241
0
0

35= E11 : (2.40)

The stretch in the material direction X1 is now obtained by replacing the value
T �E �T into the expression for stretch (2.30), resulting in l1 =

p
1 + 2E11. In an

analogous manner, the segments oriented in the directions X2 � Y and X3 � Z
are considered to obtain the values l2 and l3 as follows.

l1 =
p

1 + 2E11 =
p

1 + 2EXX ) eX = lX �1 =
p

1 + 2EXX �1

l2 =
p

1 + 2E22 =
p

1 + 2EYY ) eY = lY �1 =
p

1 + 2EYY �1

l3 =
p

1 + 2E33 =
p

1 + 2EZZ ) eZ = lZ�1 =
p

1 + 2EZZ�1

(2.41)

Remark 2.9. The components EXX , EYY and EZZ (or E11, E22 and
E33) of the main diagonal of tensor E (denoted longitudinal strains)
contain the information on stretch and unit elongations of the dif-
ferential segments that were initially (in the reference configuration)
oriented in the directions X , Y and Z, respectively.

• If EXX = 0 ) eX = 0 : No unit elongation in direction X .
• If EYY = 0 ) eY = 0 : No unit elongation in direction Y .
• If EZZ = 0 ) eZ = 0 : No unit elongation in direction Z.
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Figure 2.7: Angles between differential segments in the reference and present configu-
rations.

Consider now the angle between segments PQ (parallel to the X1-axis) and PR
(parallel to the X2-axis), where Q and R are two particles in the differential neigh-
borhood of P in the material configuration and P

0
, Q

0
and R

0
are the respective

positions in the spatial configuration (see Figure 2.7). If the angle (Q = p=2)
between the segments in the reference configuration is known, the angle q in
the present configuration can be determined using (2.37) and taking into ac-
count their orthogonality ( T(1) �T(2) = 0 ) and the equalities T(1) �E �T(1) = E11,
T(2) �E �T(2) = E22 and T(1) �E �T(2) = E12. That is,

cosq =
T(1) � (1 + 2E) �T(2)p

1 + 2T(1) �E �T(1)
p

1 + 2T(2) �E �T(2)

=
2E12p

1 + 2E11
p

1 + 2E22
;

(2.42)

which is the same as

q � qxy =
p

2
� arcsin

2EXYp
1 + 2EXX

p
1 + 2EYY

: (2.43)

The increment of the final angle with respect to its initial value results in

DQXY = qxy�QXY|{z}
p=2

=�arcsin
2EXYp

1 + 2EXX
p

1 + 2EYY
: (2.44)

Analogous results are obtained starting from pairs of segments that are ori-
ented in different combinations of the coordinate axes, resulting in
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DQXY =�arcsin
2EXYp

1 + 2EXX
p

1 + 2EYY

DQXZ =�arcsin
2EXZp

1 + 2EXX
p

1 + 2EZZ

DQY Z =�arcsin
2EY Zp

1 + 2EYY
p

1 + 2EZZ

: (2.45)

Remark 2.10. The components EXY , EXZ and EY Z (or E12, E13 and
E23) of the tensor E (denoted angular strains) contain the informa-
tion on variation of the angles between the differential segments that
were initially (in the reference configuration) oriented in the direc-
tions X , Y and Z, respectively.

• If EXY = 0 : The deformation does not produce a variation in the
angle between the two segments initially oriented in the direc-
tions X and Y .

• If EXZ = 0 : The deformation does not produce a variation in the
angle between the two segments initially oriented in the direc-
tions X and Z.

• If EY Z = 0 : The deformation does not produce a variation in the
angle between the two segments initially oriented in the direc-
tions Y and Z.

The physical interpretation of the components of the material strain tensor is
shown in Figure 2.8 on an elemental parallelepiped in the neighborhood of a
particle P with edges oriented in the direction of the coordinate axes.

2.7.2 Spatial Strain Tensor
Arguments similar to those of the previous subsection allow interpreting the
spatial components of the strain tensor,

e not�

264 exx exy exz

exy eyy eyz

exz eyz ezz

375=

264 e11 e12 e13

e12 e22 e23

e13 e23 e33

375 : (2.46)

The components of the main diagonal (longitudinal strains) can be interpreted
in terms of the stretches and unit elongations of the differential segments ori-
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Figure 2.8: Physical interpretation of the material strain tensor.

ented in the direction of the coordinate axes in the present configuration,

l1 =
1p

1�2e11
=

1p
1�2exx

) ex =
1p

1�2exx
�1

l2 =
1p

1�2e22
=

1p
1�2eyy

) ey =
1p

1�2eyy
�1

l3 =
1p

1�2e33
=

1p
1�2ezz

) ez =
1p

1�2ezz
�1

; (2.47)

while the components outside the main diagonal (angular strains) contain infor-
mation on the variation of the angles between the differential segments oriented
in the direction of the coordinate axes in the present configuration,

Dqxy =
p

2
�QXY =�arcsin

2exyp
1�2exx

p
1�2eyy

Dqxz =
p

2
�QXZ =�arcsin

2exzp
1�2exx

p
1�2ezz

Dqyz =
p

2
�QY Z =�arcsin

2eyzp
1�2eyy

p
1�2ezz

: (2.48)

Figure 2.9 summarizes the physical interpretation of the components of the spa-
tial strain tensor.
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Figure 2.9: Physical interpretation of the spatial strain tensor.

2.8 Polar Decomposition
The polar decomposition theorem of tensor analysis establishes that, given a
second-order tensor F such that jFj> 0, there exist an orthogonal tensor Q 7and
two symmetric tensors U and V such that8

U not
=
p

FT �F

V not
=
p

F �FT

Q = F �U�1 = V�1 �F

9>>=>>; =) F = Q �U = V �Q : (2.49)

This decomposition is unique for each tensor F and is denominated left polar
decomposition (F = Q �U) or right polar decomposition (F = V �Q). Tensors U
and V are named right and left stretch tensors, respectively.

Considering now the deformation gradient tensor and the fundamental re-
lation dx = F � dX defined in (2.2) as well as the polar decomposition given
in (2.49), the following is obtained9.

dx = F �dX = (V �Q) �dX =

stretchingz }| {
V �

rotationz }| {
(Q �dX)

F(�)� stretching
not� rotation(�)

(2.50)

7 A second-order tensor Q is orthogonal if QT �Q = Q �QT = 1 is verified.
8 To obtain the square root of a tensor, first the tensor must be diagonalized, then the square
root of the elements in the diagonal of the diagonalized component matrix are obtained and,
finally, the diagonalization is undone.
9 The notation (�) is used here to indicate the composition of two operations x and j:
z = j �x (x).
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dx = F �dX = (Q �U) �dX =

rotationz }| {
Q �

stretchingz }| {
(U �dX)

F(�)� rotation
not� stretching(�)

(2.51)

Remark 2.11. An orthogonal tensor Q (such that jQj= 1) is named
rotation tensor and the mapping y = Q � x is denominated rotation.
A rotation has the following properties:

• When applied on any vector x, the result is another vector
y = Q �x with the same modulus,

kyk2 = y �y not� [y]T �[y] = [Q �x]T �[Q �x]
not� x�QT �Q| {z }

1

�x = x�x = kxk2 :

• The result of multiplying (mapping) the orthogonal tensor Q to
two vectors x(1) and x(2) with the same origin and that form an
angle a between them, maintains the same angle between the
images y(1) = Q �x(1) and y(2) = Q �x(2),

y(1) �y(2)

y(1)




y(2)



 =
x(1) �QT �Q �x(2)

y(1)





y(2)


 =

x(1) �x(2)

x(1)




x(2)



 = cosa :

In consequence, the mapping (rotation) y = Q � x maintains the an-
gles and distances.

Remark 2.12. Equations (2.50) establish that the relative motion in
the neighborhood of the particle during the deformation process
(characterized by tensor F ) can be understood as the composition
of a rotation (characterized by the rotation tensor Q, which main-
tains angles and distances) and a stretching or deformation in itself
(which modifies angles and distances) characterized by the tensor V
(see Figure 2.10).
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Figure 2.10: Polar decomposition.

Remark 2.13. Alternatively, equations (2.51) allow characterizing
the relative motion in the neighborhood of a particle during the de-
formation process as the superposition of a stretching or deformation
in itself (characterized by tensor U ) and a rotation (characterized by
the rotation tensor Q ).
A rigid body motion is a particular case of deformation characterized
by U = V = 1 and Q = F.

2.9 Volume Variation
Consider a particle P of the continuous medium in the reference configuration
(t = 0) which has a differential volume dV0 associated with it (see Figure 2.11).
This differential volume is characterized by the positions of another three par-
ticles Q, R and S belonging to the differential neighborhood of P, which are
aligned with this particle in three arbitrary directions. The volume differential
dVt , associated with the same particle in the present configuration (at time t),
will also be characterized by the spatial points P

0
, Q

0
, R
0

and S
0

corresponding
to Figure 2.11 (the positions of which define a parallelepiped that is no longer
oriented along the coordinate axes).

The relative position vectors between the particles in the material configura-
tion are dX(1), dX(2) and dX(3), and their counterparts in the spatial configura-
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tion are dx(1) = F �dX(1), dx(2) = F �dX(2) and dx(3) = F �dX(3). Obviously, the
relations (

dx(i) = F �dX(i)

dx(i)
j = Fjk dX (i)

k i; j;k 2 f1;2;3g
(2.52)

are satisfied. Then, the volumes10 associated with a particle in both configura-
tions can be written as

dV0 =
�

dX(1)�dX(2)
�
�dX(3) = det

2664
dX (1)

1 dX (1)
2 dX (1)

3

dX (2)
1 dX (2)

2 dX (2)
3

dX (3)
1 dX (3)

2 dX (3)
3

3775
| {z }

[M]

= jMj ;

dVt =
�

dx(1)�dx(2)
�
�dx(3) = det

2664
dx(1)

1 dx(1)
2 dx(1)

3

dx(2)
1 dx(2)

2 dx(2)
3

dx(3)
1 dx(3)

2 dx(3)
3

3775
| {z }

[m]

= jmj ; (2.53)

where Mi j = dX (i)
j and mi j = dx(i)

j . Considering these expressions,

mi j = dx(i)
j = Fjk dX (i)

k = Fjk dMik = dMik FT
k j =) m = M �FT (2.54)

is deduced and, consequently11,

dVt = jmj=
��M �FT

��= jMj
��FT
��= jFj jMj|{z}

dV0

= jFjdV0

dVt = dV (x(X; t) ; t) = jF(X; t)jdV0 (X;0) = jFjt dV0

9>>=>>; =) dVt = jFjt dV0

(2.55)

10 The volume of a parallelepiped is calculated as the scalar triple product (a�b) � c of the
concurrent edge-vectors a, b and c, which meet at any of the parallelepiped’s vertices. Note
that the scalar triple product is the determinant of the matrix constituted by the components
of the above mentioned vectors arranged in rows.
11 The expressions jA �Bj= jAj � jBj and

��AT
��= jAj are used here.
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Figure 2.11: Variation of a volume differential element.

2.10 Area Variation
Consider an area differential dA associated with a particle P in the reference
configuration and its variation along time. To define this area differential, con-
sider two particles Q and R in the differential neighborhood of P, whose relative
positions with respect to this particle are dX(1) and dX(2), respectively (see Fig-
ure 2.12). Consider also an arbitrary auxiliary particle S whose relative position
vector is dX(3). An area differential vector dA = dA N associated with the scalar
differential area, dA, is defined. The module of vector dA is dA and its direction
is the same as that of the unit normal vector in the material configuration N.

In the present configuration, at time t, the particle will occupy a point in
space P

0
and will have an area differential da associated with it which, in turn,

defines an area differential vector da = da n, where n is the corresponding unit
normal vector in the spatial configuration. Consider also the positions of the
other particles Q

0
, R
0

and S
0

and their relative position vectors dx(1), dx(2) and
dx(3).

The volumes dV0 and dVt of the corresponding parallelepipeds can be calcu-
lated as

dV0 = dH dA = dX(3) �N| {z }
dH

dA = dX(3) �NdA|{z}
dA

= dA �dX(3)

dVt = dh da = dx(3) �n| {z }
dh

da = dx(3) � nda|{z}
da

= da �dx(3)
(2.56)

and, taking into account that dx(3) = F � dX(3), as well as the expression for
change in volume (2.55), results in

da �F �dX(3) = da �dx(3) = dVt = jFj dV0 = jFjdA �dX(3) 8dX(3) : (2.57)
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Figure 2.12: Variation of an area differential.

Comparing the first and last terms12 in (2.57) and considering that the relative
position of particle S can take any value (as can, therefore, vector dX(3)), finally
yields

da �F = jFjdA =) da = jFjdA �F�1 : (2.58)

To obtain the relation between the two area differential scalars, dA and da,
expressions dA = N dA and da = n da are replaced into (2.58) and the modules
are taken, resulting in

da n = jFjN �dF�1dA =) da = jFj


N �dF�1

dA : (2.59)

2.11 Infinitesimal Strain
Infinitesimal strain theory (also denominated small deformation theory) is based
on two simplifying hypotheses of the general theory (or finite strain theory) seen
in the previous sections (see Figure 2.13).

Definition 2.5. The simplifying hypotheses are:

1) Displacements are very small compared to the typical dimensions
in the continuous medium: kuk<< kXk.

2) Displacement gradients are very small (infinitesimal).

12 Here, the following tensor algebra theorem is taken into account: given two vectors a and
b, if the relation a �x = b �x is satisfied for all values of x, then a = b.
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Figure 2.13: Infinitesimal strain in the continuous medium.

In accordance with the first hypothesis, the reference configuration W0 and
the present configuration Wt are very close together and are considered to be
indistinguishable from one another. Consequently, the material and spatial co-
ordinates coincide and discriminating between material and spatial descriptions
no longer makes sense.8<:x = X + u�= X

xi = Xi + ui �= Xi

=)

8<:U(X; t)not
= u(X; t)� u(x; t)

Ui (X; t)not
= ui (X; t)� ui (x; t) i 2 f1;2;3g

(2.60)
The second hypothesis can be written in mathematical form as����¶ui

¶x j

����� 1 8 i; j 2 f1;2;3g : (2.61)

2.11.1 Strain Tensors. Infinitesimal Strain Tensor
The material and spatial displacement gradient tensors coincide. Indeed, in view
of (2.60),8<: x j = X j

ui (x; t) = Ui (X; t)
=) ji j =

¶ui

¶x j
=

¶Ui

¶X j
= Ji j =) j = J (2.62)

and the material strain tensor results in
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8>>>>><>>>>>:
E =

1
2
�
J + JT + JT �J

��= 1
2
�
J + JT

�
;

Ei j =
1
2

�
¶ui

¶x j
+

¶u j

¶xi
+

¶uk

¶xi

¶uk

¶x j| {z }
� 1

�
�=

1
2

�
¶ui

¶x j
+

¶u j

¶xi

�
;

(2.63)

where the infinitesimal character of the second-order term (¶uk¶uk=¶x j¶xi) has
been taken into account. Operating in a similar manner with the spatial strain
tensor, 8>>>>><>>>>>:

e =
1
2
�
j + jT � jT � j

��= 1
2
�
j + jT

�
=

1
2
�
J + JT

�
;

ei j =
1
2

�
¶ui

¶x j
+

¶u j

¶xi
� ¶uk

¶xi

¶uk

¶x j| {z }
� 1

�
�=

1
2

�
¶ui

¶x j
+

¶u j

¶xi

�
:

(2.64)

Equations (2.63) and (2.64) allow defining the infinitesimal strain tensor (or
small strain tensor) eee as13

Infinitesimal
strain tensor

8>>><>>>:
eee =

1
2
�
J + JT

�not
= Ñsu

ei j =
1
2

�
¶ui

¶x j
+

¶u j

¶xi

�
i; j 2 f1;2;3g

(2.65)

Remark 2.14. Under the infinitesimal strain hypothesis, the material
and spatial strain tensors coincide and collapse into the infinitesimal
strain tensor.

E(x; t) = e(x; t) = eee (x; t)

Remark 2.15. The infinitesimal strain tensor is symmetric, as ob-
served in its definition in (2.65).

eee
T =

1
2
�
J + JT �T

=
1
2
�
JT + J

�
= eee

13 The symmetric gradient operator Ñs is defined as Ñs (�) = ((�)
Ñ+Ñ
 (�))=2.
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Remark 2.16. The components of the infinitesimal strain tensor eee are
infinitesimal (ei j� 1). Proof is obvious from (2.65) and the condi-
tion that the components of J = j are infinitesimal (see (2.61)).

Example 2.4 – Determine under which conditions the motion in Example 2.1
constitutes an infinitesimal strain case and obtain the infinitesimal strain ten-
sor for this case. Compare it with the result obtained from the spatial and
material strain tensors in Example 2.2 taking into account the infinitesimal
strain hypotheses.

Solution

The equation of motion is given by8><>:
x1 = X1�AX3

x2 = X2�AX3

x3 =�AX1 + AX2 + X3

;

from which the displacement field is obtained

U(X; t) = x�X not�

264U1 =�AX3

U2 =�AX3

U3 =�AX1 + AX2

375 :

It is obvious that, for the displacements to be infinitesimal, A must be in-
finitesimal (A� 1). Now, to obtain the infinitesimal strain tensor, first the
displacement gradient tensor J(X; t) = j(x; t) must be computed,

J = U
Ñ
not�

2664
�AX3

�AX3

�AX1 + AX2

3775� ¶

¶X1
;

¶

¶X2
;

¶

¶X3

�
=

264 0 0 �A

0 0 �A

�A A 0

375 :

Then, the infinitesimal strain tensor, in accordance to (2.65), is

eee = Ñ
sU not�

264 0 0 �A

0 0 0

�A 0 0

375 :
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The material and spatial strain tensors obtained in Example 2.2 are, respec-
tively,

E(X; t) not� 1
2

264 A2 �A2 �2A

�A2 A2 0

�2A 0 2A2

375 and

e(X; t) not� 1
2

264�3A2�2A4 A2 + 2A4 �2A�2A3

A2 + 2A4 A2�2A4 2A3

�2A�2A3 2A3 �2A2

375 :

Neglecting the second-order and higher-order infinitesimal terms�
A4� A3� A2� A

�
results in

E not�

264 0 0 �A

0 0 �A

�A A 0

375 and e not�

264 0 0 �A

0 0 �A

�A A 0

375 =) E = e = eee ;

which is in accordance with Remark 2.14.

2.11.2 Stretch. Unit Elongation
Considering the general expression (2.30) of the unit elongation in the direction
T �= t

�
lt =

p
1 + 2t �E � t

�
and applying a Taylor series expansion14 around 0

(taking into account that E = eee is infinitesimal and, therefore, so is x = t � eee � t ),
yields

lt =
p

1 + 2t � eee � t| {z }
x

�= 1 + t � eee � t

et = lt �1 = t � eee � t
(2.66)

2.11.3 Physical Interpretation of the Infinitesimal Strains
Consider the infinitesimal strain tensor eee and its components in the coordinate
system x1 � x; x2 � y; x3 � z, shown in Figure 2.14,

eee
not�

264 exx exy exz

exy eyy eyz

exz eyz ezz

375=

264 e11 e12 e13

e12 e22 e23

e13 e23 e33

375 : (2.67)

14 The Taylor series expansion of
p

1 + x around x = 0 is
p

1 + x = 1 + x=2 + O
�
x2
�
.
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Figure 2.14: Physical interpretation of the infinitesimal strains.

Consider a differential segment PQ oriented in the reference configuration
parallel to the coordinate axis x1 � x. The stretch lx and the unit elongation ex
in this direction are, according to (2.66) with t = [1; 0; 0]T ,

lx = 1 + t � eee � t = 1 + exx =) ex = lx�1 = exx : (2.68)

This allows assigning to the component exx � e11 the physical meaning of unit
elongation ex in the direction of the coordinate axis x1 � x. A similar interpre-
tation is deduced for the other components in the main diagonal of the tensor
eee (exx; eyy; ezz),

exx = ex ; eyy = ey ; ezz = ez : (2.69)

Given now the components outside the main diagonal of eee , consider the dif-
ferential segments PQ and PR oriented in the reference configuration parallel to
the coordinate directions x and y, respectively. Then, these two segments form
an angle Qxy = p=2 in this configuration. Applying (2.43), the increment in the
corresponding angle results in15

Dqxy = qxy�
p

2
=�2arcsin

exyp
1 + 2exx| {z }
’ 1

p
1 + 2eyy| {z }
’ 1

�=�2arcsinexy| {z }
’ exy

=�2exy ;

(2.70)
where the infinitesimal character of exx, eyy and exy has been taken into account.
Consequently, exy can be interpreted from (2.70) as minus the semi-increment,
produced by the strain, of the angle between the two differential segments ini-
tially oriented parallel to the coordinate directions x and y. A similar interpre-
tation is deduced for the other components exz and eyz,

exy =�1
2

Dqxy ; exz =�1
2

Dqxz ; eyz =�1
2

Dqyz : (2.71)

15 The Taylor series expansion of arcsinx around x = 0 is arcsinx = x + O
�
x2
�
.
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2.11.4 Engineering Strains. Vector of Engineering Strains
There is a strong tradition in engineering to use a particular denomination for
the components of the infinitesimal strain tensor. This convention is named en-
gineering notation, as opposed to the scientific notation generally used in con-
tinuum mechanics. Both notations are synthesized as follows.

eee
not�

scientific notationz }| {264 e11 e12 e13

e12 e22 e23

e13 e23 e33

375�
264 exx exy exz

exy eyy eyz

exz eyz ezz

375�
engineering notationz }| {2664

ex
1
2gxy

1
2gxz

1
2gxy ey

1
2gyz

1
2gxz

1
2gyz ez

3775 (2.72)

Remark 2.17. The components in the main diagonal of the strain ten-
sor (named longitudinal strains) are denoted by e(�) and coincide
with the unit elongations in the directions of the coordinate axes.
Positive values of longitudinal strains

�
e(�) > 0

�
correspond to an

increase in length of the corresponding differential segments in the
reference configuration.

Remark 2.18. The components outside the main diagonal of the
strain tensor are characterized by the values g(�; �) (named angu-
lar strains) and can be interpreted as the decrements of the corre-
sponding angles oriented in the Cartesian directions of the reference
configuration. Positive values of angular strains

�
g(�; �) > 0

�
indicate

that the corresponding angles close with the deformation process.

In engineering, it is also frequent to exploit the symmetry of the infinitesimal
strain tensor (see Remark 2.15) to work only with the six components of the
tensor that are different, grouping them in the vector of engineering strains,
which is defined as follows.

eee 2 R6 eee
de f
=
h

ex ; ey ; ex| {z }
longitudinal

strains

; gxy ; gxz ; gyz| {z }
angular
strains

iT

(2.73)
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2.11.5 Variation of the Angle between Two Differential Segments in
Infinitesimal Strain

Consider any two differential segments, PQ and PR, in the reference configu-
ration and the angle Q they define (see Figure 2.15). The angle formed by the
corresponding deformed segments in the present configuration is q = Q + Dq .
Applying (2.42) to this case results in

cosq = cos(Q +Dq) =
T(1) � (1 + 2eee) �T(2)p

1 + 2T(1) � eee �T(1)| {z }
� 1

p
1 + 2T(2) � eee �T(2)| {z }

� 1

; (2.74)

where T(1) and T(2) are the unit vectors in the directions of PQ and PR and,
therefore, the relation T(1) �T(2) =




T(1)






T(2)




cosQ = cosQ is fulfilled. Con-
sidering the infinitesimal character of the components of eee and Dq , the follow-
ing holds true16.

cosq = cos(Q +Dq) = cosQ � cosDq| {z }
� 1

�sinQ � sinDq| {z }
� Dq

=

= cosQ � sinQ �Dq =

= cosQz }| {
T(1) �T(2) +2T(1) � eee �T(2)p

1 + T(1) � eee �T(1)| {z }
� 1

p
1 + T(2) � eee �T(2)| {z }

� 1

=

= cosQ + 2T(1) � eee �T(2)

(2.75)

Therefore, sinQ �Dq =�2T(1) � eee �T(2) and

Dq =�2T(1) � eee �T(2)

sinQ
=�2t(1) � eee � t(2)

sinq
; (2.76)

where the infinitesimal character of the strain has been taken into account and,
thus, it follows that T(1) � t(1), T(2) � t(2) and Q � q .

2.11.6 Polar Decomposition
The polar decomposition of the deformation gradient tensor F is given by (2.49)
for the general case of finite strain. In the case of infinitesimal strain, recall-

16 The following Taylor series expansions around x = 0 are considered: sinx = x + O
�
x2
�

and cosx = 1 + O
�
x2
�
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Figure 2.15: Variation of the angle between two differential segments in infinitesimal
strain.

ing (2.12) and the infinitesimal character of the components of the tensor J
(see (2.61)), tensor U in (2.49) can be written as17

U =
p

FT �F =
p

(1 + JT ) � (1 + J) =

=
p

1 + J + JT + JT �J| {z }
� J

�
p

1 + J + JT = 1 +
1
2
�
J + JT �| {z }

eee

9>>>=>>>; =) U = 1 + eee :

(2.77)
In a similar manner, due to the infinitesimal character of the components of the
tensor eee (see Remark 2.16), the inverse of tensor U results in18

U�1 = (1 + eee)�1 = 1� eee = 1� 1
2
�
J + JT � : (2.78)

Therefore, the rotation tensor Q in (2.49) can be written as

Q = F �U�1 = (1 + J) �
�

1� 1
2
�
J + JT

��
=

= 1 + J� 1
2
�
J + JT

�
� 1

2
J �
�
J + JT �| {z }
� J

= 1 +
1
2
�
J�JT �| {z }
WWW

9>>>>>=>>>>>;
=) Q = 1 +WWW :

(2.79)

17 The Taylor series expansions of tensor
p

1 + x around x = 0 is
p

1 + x = 1+x=2+O
�
x2
�
.

18 The Taylor series expansions of tensor (1 + x)�1 around x = 0 is (1 + x)�1 = 1� x +
O
�
x2
�
.
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Equation (2.79) defines the infinitesimal rotation tensor WWW 19 as follows.

Infinitesimal
rotation tensor

8>>><>>>:
WWW

de f
=

1
2
�
J�JT

�
=

1
2

(u
Ñ�Ñ
u)
de f
= Ñau

Wi j =
1
2

�
¶ui

¶x j
�

¶u j

¶xi

�
� 1 i; j 2 f1;2;3g

(2.80)

Remark 2.19. The tensor WWW is antisymmetric. Indeed,8<:WWW
T =

1
2
�
J�JT

�T
=

1
2
�
JT �J

�
=�WWW

W ji =�Wi j i; j 2 f1;2;3g
:

Consequently, the terms in the main diagonal of WWW are zero, and its
matrix of components has the structure

[WWW] =

24 0 W12 �W31

�W12 0 W23

W31 �W23 0

35 :

In a small rotation context, tensor WWW characterizes the rotation (Q = 1 +WWW)
and, thus, the denomination of infinitesimal rotation tensor. Since it is an anti-
symmetric tensor, it is defined solely by three different components (W23, W31,
W12), which form the infinitesimal rotation vector qqq 20,

Infinitesimal
rotation vector:

qqq
not�

264q1

q2

q3

375=

264�W23

�W31

�W12

375=
1
2

266666664

¶u3

¶x2
� ¶u2

¶x3

¶u1

¶x3
� ¶u3

¶x1

¶u2

¶x1
� ¶u1

¶x2

377777775
de f
=

1
2

Ñ�u : (2.81)

19 The antisymmetric gradient operator Ña is defined as Ña (�) = [(�)
Ñ�Ñ
 (�)]=2.
20 The operator rotational of (�) is denoted as Ñ� (�).
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Expressions (2.12), (2.65) and (2.79) allow writing

F = 1 + J +
1
2
�
J + JT �| {z }

eee

+
1
2
�
J�JT �| {z }
WWW

=) F = 1 + eee +WWW : (2.82)

Remark 2.20. The results of performing a dot product of the in-
finitesimal rotation tensor WWW and performing a cross product of the
infinitesimal rotation vector qqq with any vector r � [r1;r2;r3]T (see
Figure 2.16) coincide. Indeed,

WWW � r not�

264 0 W12 �W31

�W12 0 W23

W31 �W23 0

375
264 r1

r2

r3

375=

264 W12 r2�W31 r3

�W12 r1 +W23 r3

W31 r1�W23 r2

375 ;

qqq � r not�

264 ê1 ê2 ê3

q1 q2 q3

r1 r2 r3

375=

264 ê1 ê2 ê3

�W23 �W31 �W12

r1 r2 r3

375=

=

264 W12 r2�W31 r3

�W12 r1 +W23 r3

W31 r1�W23 r2

375 :

Consequently, vector WWW �r = qqq �r has the following characteristics:

• It is orthogonal to vector r (because it is the result of a vector
product in which r is involved).

• Its module is infinitesimal (because qqq is infinitesimal).

• Vector r+WWW �r = r+qqq�r can be considered, except for higher-
order infinitesimals, as the result of applying a rotation qqq on
vector r.

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
doi:10.13140/RG.2.2.25821.20961



Con
tin

uum
M

ech
an

ics
for

Engin
eer

s

Theo
ry

an
d Pro

blem
s

©
X. O

liv
er

an
d C. A

ge
let

de Sar
ac

ibar

78 CHAPTER 2. STRAIN

Figure 2.16: Product of the infinitesimal rotation vector and tensor on a vector r.

Consider now a differential segment dX in the neighborhood of a particle P
in the reference configuration (see Figure 2.17). In accordance with (2.82), the
stretching transforms this vector into vector dx as follows.

dx = F �dX = (1 + eee +WWW) �dX =

stretchingz }| {
eee �dX +

rotationz }| {
(1 +WWW) �dX

F(�)� stretching(�)+ rotation(�)

(2.83)

Remark 2.21. Under infinitesimal strain hypotheses, the expression
in (2.83) characterizes the relative motion of a particle, in the differ-
ential neighborhood of this particle, as the following sum:

a) A stretching or deformation in itself, characterized by the in-
finitesimal strain tensor eee .

b) A rotation characterized by the infinitesimal rotation tensor WWW

which, in the infinitesimal strain context, maintains angles and
distances.

The superposition (stretching � rotation) of the general finite strain
case (see Remark 2.12) degenerates, for the infinitesimal strain case,
into a simple addition (stretching + rotation).
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Volumetric Strain 79

Figure 2.17: Stretching and rotation in infinitesimal strain.

2.12 Volumetric Strain

Definition 2.6. The volumetric strain is the increment produced by
the deformation of the volume associated with a particle, per unit of
volume in the reference configuration.

This definition can be mathematically expressed as (see Figure 2.18)

Volumetric strain: e(X; t)
de f
=

dV (X; t)�dV (X;0)

dV (X;0)

not
=

dVt �dV0

dV0
: (2.84)

Figure 2.18: Volumetric strain.
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Equation (2.55) allows expressing, in turn, the volumetric strain as follows:

� Finite strain

e =
dVt �dV0

dV0
=
jFjt dV0�dV0

dV0
=) e = jFj�1 (2.85)

� Infinitesimal strain

Considering (2.49) and recalling that Q is an orthogonal tensor (jQj= 1), yields

jFj= jQ �Uj= jQj jUj= jUj= j1 + eeej= det

2641 + exx exy exz

exy 1 + eyy eyz

exz eyz 1 + ezz

375 ;

(2.86)
where (2.77) has been considered. Taking into account that the components of eee

are infinitesimal, and neglecting in the expression of its determinant the second-
order and higher-order infinitesimal terms, results in

jFj= det

2641 + exx exy exz

exy 1 + eyy eyz

exz eyz 1 + ezz

375= 1 + exx + eyy + ezz| {z }
Tr(eee)

+O
�
e

2�� 1 + Tr(eee) :

(2.87)
Then, introducing (2.87) into (2.85) yields, for the infinitesimal strain case

dVt = (1 + Tr(eee))dV0

e =
dVt �dV0

dV0
= jFj�1

9>=>; =) e = Tr(eee) : (2.88)

2.13 Strain Rate
In the previous sections of this chapter, the concept of strain has been studied,
defined as the variation of the relative position (angles and distances) of the
particles in the neighborhood of a given particle. In the following sections, the
rate at which this relative position changes will be considered by introducing
the concept of strain rate as a measure of the variation in the relative position
between particles per unit of time.
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Strain Rate 81

2.13.1 Velocity Gradient Tensor
Consider the configuration corresponding to a time t, two particles of the con-
tinuous medium P and Q that occupy the spatial points P0 and Q0 at said instant
of time (see Figure 2.19), their velocities vP = v(x; t) and vQ = v(x + dx; t), and
their relative velocity,

dv(x; t) = vQ�vP = v(x + dx; t)�v(x; t) : (2.89)

Then, 8>>>><>>>>:
dv =

¶v
¶x
�dx = lll �dx

dvi =
¶vi

¶x j
dx j = li j dx j i; j 2 f1;2;3g

; (2.90)

where the spatial velocity gradient tensor lll (x; t) has been introduced.

Spatial velocity
gradient tensor

8>>>>><>>>>>:
lll (x; t)

de f
=

¶v(x; t)
¶x

lll = v
Ñ

li j =
¶vi

¶x j
i; j 2 f1;2;3g

(2.91)

Figure 2.19: Velocities of two particles in the continuous medium.
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2.13.2 Strain Rate and Spin Tensors
The velocity gradient tensor can be split into a symmetric and an antisymmetric
part21,

lll = d + w ; (2.92)

where d is a symmetric tensor denominated strain rate tensor,

Strain
rate

tensor

8>>>>>>>>>><>>>>>>>>>>:

d de f
= sym(lll) =

1
2

�
lll + lllT

�
=

1
2

(v
Ñ+Ñ
v)
not
= Ñsv

di j =
1
2

�
¶vi

¶x j
+

¶v j

¶xi

�
i; j 2 f1;2;3g

[d] =

24d11 d12 d13

d12 d22 d23

d13 d23 d33

35
(2.93)

and w is an antisymmetric tensor denominated rotation rate tensor or spin ten-
sor, whose expression is

Rotation
rate

(spin)
tensor

8>>>>>>>>>><>>>>>>>>>>:

w de f
= skew(lll) =

1
2

�
lll� lllT

�
=

1
2

(v
Ñ�Ñ
v)
not
= Ñav

wi j =
1
2

�
¶vi

¶x j
�

¶v j

¶xi

�
i; j 2 f1;2;3g

[w] =

24 0 w12 �w31

�w12 0 w23

w31 �w23 0

35
(2.94)

2.13.3 Physical Interpretation of the Strain Rate Tensor
Consider a differential segment defined by the particles P and Q of Figure 2.20
and the variation of their squared length along time,

d
dt

ds2 =
d
dt

(dx �dx) =
d
dt

(dx) �dx + dx � d
dt

(dx) =

= d
�

dx
dt

�
� dx + dx �d

�
dx
dt

�
= dv �dx + dx �dv ; (2.95)

21 Every second-order tensor a can be decomposed into the sum of its symmetric part
(sym(a)) and its antisymmetric or skew-symmetric part (skew(a)) in the form:
a = sym(a)+ skew(a) with sym(a) = (a + aT )=2 and skew(a) = (a�aT )=2.
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and using relations (2.90) and (2.93), the expression

d
dt

ds2 =
�

dx � lllT
�
�dx + dx � (lll �dx) = dx �

�
lllT + lll

�
�dx = 2 dx �d �dx (2.96)

is obtained. Differentiating now (2.20) with respect to time and taking into ac-
count (2.96) yields

2 dx �d �dx =
d
dt

ds2 (t) =
d
dt

�
ds2 (t)�dS2

�
=

=
d
dt

(2 dX �E(X; t) �dX) = 2 dX � dE
dt
� dX = 2 dX �

.
E �dX :

(2.97)

Replacing (2.2) into (2.97) results in22

dX �
.
E �dX = dx �d �dx not� [dx]T [d] [dx] = [dX]T

�
FT �d �F

�
[dX]

=) dX �
�

FT �d �F�
.
E
�
�dX = 0 8 dX =) FT �d �F�

.
E = 0

.
E = FT �d �F : (2.98)

Remark 2.22. Equation (2.98) shows the existing relationship be-
tween the strain rate tensor d(x; t) and the material derivative of
the material strain tensor

.
E(X; t), providing a physical interpreta-

tion (and justifying the denomination) of tensor d(x; t). However,
the same equation reveals that tensors d(x; t) and

.
E(X; t) are not

exactly the same. Both tensors will coincide in the following cases:

• In the reference configuration: t = t0 ) F
��
t=t0

= 1.

• In infinitesimal strain theory: x� X ) F =
¶x
¶X
� 1.

22 Here, the following tensor algebra theorem is used: given a second-order tensor A, if
x �A �x = 0 is verified for all vectors x 6= 0, then A� 0.
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Figure 2.20: Differential segment between particles of the continuous medium along
time.

2.13.4 Physical Interpretation of the Rotation Rate Tensor
Taking into account the antisymmetric character of w (which implies it can be
defined using only three different components), the vector

www =
1
2

rot (v) =
1
2

Ñ�v not� 1
2

2666666664

�
�

¶v2

¶x3
� ¶v3

¶x2

�
�
�

¶v3

¶x1
� ¶v1

¶x3

�
�
�

¶v1

¶x2
� ¶v2

¶x1

�

3777777775
=

264�w23

�w31

�w12

375 (2.99)

is extracted from (2.94). Vector 2www = Ñ� v is named vorticiy vector 23. It can
be proven (in an analogous manner to Remark 2.20) that the equality

www� r = w � r 8 r (2.100)

is satisfied. Therefore, it is possible to characterize www as the angular velocity of a
rotation motion, and www� r = w � r as the rotation velocity of the point that has r
as the position vector with respect to the rotation center (see Figure 2.21). Then,
considering (2.90) and (2.92),

dv = lll �dx = (d + w) �dx = d �dx| {z }
stretch

velocity

+ w �dx| {z }
rotation
velocity

; (2.101)

which allows describing the relative velocity dv of the particles in the neigh-
borhood of a given particle P (see Figure 2.22) as the sum of a relative stretch

23 Observe the similarity in the structure of tensors WWW and qqq in Section 2.11.6 and of tensors
w and www seen here.
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Figure 2.21: Vorticity vector.

Figure 2.22: Stretch and rotation velocities.

velocity (characterized by the strain rate tensor d) and a relative rotation velocity
(characterized by the spin tensor w or the vorticity vector 2www).

2.14 Material Time Derivatives of Strain and Other
Magnitude Tensors

2.14.1 Deformation Gradient Tensor and its Inverse Tensor
Differentiating the expression of F in (2.3) with respect to time24,

Fi j =
¶xi (X; t)

¶X j
=)

dFi j

dt
=

¶

¶ t
¶xi (X; t)

¶X j
=

¶

¶X j

¶xi (X; t)
¶ t| {z }
vi

=) (2.102)

24 The Schwartz Theorem (equality of mixed partial derivatives) guarantees that
for a function F (x1;x2 ::: xn) that is continuous and has continuous derivatives,
¶ 2F=(¶xi¶x j) = ¶ 2F=(¶x j¶xi) 8i; j is satisfied.
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dFi j

dt
=

¶vi (X; t)
¶X j

=
¶vi (x(X; t))

¶xk| {z }
lik

¶xk

¶X j|{z}
Fk j

= lik Fk j =)

dF
dt

not
=

.
F = lll �F

dFi j

dt
=

.
Fi j = lik Fk j i; j 2 f1;2;3g

(2.102 (cont.))

where (2.91) has been taken into account for the velocity gradient tensor lll. To
obtain the material time derivative of tensor F�1, the time derivative of the iden-
tity F �F�1 = 1 is performed25.

F �F�1 = 1 =) d
dt

�
F �F�1�=

dF
dt
�F�1 + F �

d
�
F�1

�
dt

= 0

=)
d
�
F�1

�
dt

=�F�1 �
.
F|{z}

lll �F

� F�1 =�F�1 � lll �F �F�1| {z }
1

=�F�1 � lll =)

d
�
F�1

�
dt

=�F�1 � lll

dF�1
i j

dt
= F�1

ik lk j i; j 2 f1;2;3g

(2.103)

2.14.2 Material and Spatial Strain Tensors
From (2.21), (2.102) and (2.93), it follows26

E =
1
2
�
FT �F�1

�
=) dE

dt
=

.
E =

1
2

� .
FT �F + FT �

.
F
�

=

=
1
2

�
FT � lllT �F + FT � lll �F

�
=

1
2

FT �
�

lll + lllT
�

| {z }
2d

� F = FT �d �F

=)
.
E = FT �d �F : (2.104)

25 The material time derivative of the inverse tensor d
�
F�1

�
=dt must not be confused with

the inverse of the material derivative of the tensor:
� .
F
��1. These two tensors are completely

different tensors.
26 Observe that the result is the same as the one obtained in (2.98) using an alternative pro-
cedure.
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Using (2.23) and (2.103) for the spatial strain tensor e yields

e =
1
2
�
1�F�T �F�1� ) de

dt
=

.e =�1
2

�
d
dt

�
F�T � �F�1 + F�T � d

dt

�
F�1��=

=
1
2

�
lllT �F�T �F�1 + F�T �F�1 � lll

�
=) .e =

1
2

�
lllT �F�T �F�1 + F�T �F�1 � lll

�
: (2.105)

2.14.3 Volume and Area Differentials
The volume differential dV (X; t) associated with a certain particle P varies
along time (see Figure 2.23) and, in consequence, it makes sense to calculate
its material derivative. Differentiating (2.55) for a volume differential results in

dV (X; t) = jF(X; t)j dV0 (X) =) d
dt

dV (t) =
d jFj
dt

dV0 : (2.106)

Therefore, the material derivative of the determinant of the deformation gradient
tensor jFj is27

d jFj
dt

=
d jFj
dFi j

dFi j

dt
= jFjF�1

ji
dFi j

dt|{z}
likFk j

= jFjF�1
ji likFk j = jFj Fk jF�1

ji| {z }
[F�F�1]ki=dki

lik =

= jFjdki lik = jFj lii = jFj ¶vi

¶xi
= jFjÑ �v =) d jFj

dt
= jFjÑ �v ; (2.107)

where (2.102) and (2.91) have been considered. Introducing (2.107) into (2.106)
and taking into account (2.55) finally results in

d
dt

(dV ) = (Ñ �v) jFjdV0 = (Ñ �v)dV : (2.108)

Operating in a similar manner yields the material derivative of the area dif-
ferential associated with a certain particle P and a given direction n (see Fig-
ure 2.24). The area differential vector associated with a particle in the reference
configuration, dA(X) = dAN, and in the present configuration, da(x; t) = dan,
are related through da = jFj � dA �F�1 (see (2.59)) and, differentiating this ex-

27 The derivative of the determinant of a tensor A with respect to the same tensor can be
written in compact notation as d jAj=dA = jAj �A�T or, in index notation, as d jAj=dAi j =

jAj �A�1
ji .
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Figure 2.23: Variation of the volume differential.

pression, results in

d
dt

(da) =
d
dt

�
jFj �dA �F�1�=

d jFj
dt|{z}

jFjÑ �v

dA �F�1 + jFj �dA
d
dt

�
F�1�| {z }

�F�1 � lll

=

= (Ñ �v) jFjdA �F�1| {z }
da

�jFjdA �F�1| {z }
da

� lll =)

d
dt

(da) = (Ñ �v)da�da � lll = da � ((Ñ �v)1� lll) ; (2.109)

where (2.103) and (2.107) have been considered.

Figure 2.24: Variation of the area differential.
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2.15 Motion and Strains in Cylindrical and Spherical
Coordinates

The expressions and equations obtained in intrinsic or compact notation are in-
dependent of the coordinate system considered. However, the expressions of the
components depend on the coordinate system used. In addition to the Cartesian
coordinate system, which has been used in the previous sections, two orthogonal
curvilinear coordinate systems will be considered here: cylindrical coordinates
and spherical coordinates.

Remark 2.23. An orthogonal curvilinear coordinate system (gener-
ically referred to as fa;b;cg), is characterized by its physical unit
basis fêa; êb; êcg (kêak= kêbk= kêck= 1), whose components are
orthogonal to each other (êa � êb = êa � êc = êb � êc = 0), as is also the
case in a Cartesian system. The fundamental difference is that the
orientation of the curvilinear basis changes at each point in space
(êm � êm (x) m 2 fa;b;cg). Therefore, for the purposes here, an
orthogonal curvilinear coordinate system can be considered as a mo-
bile Cartesian coordinate system fx0;y0;z0g associated with a curvi-
linear basis fêa; êb; êcg (see Figure 2.25).

Remark 2.24. The components, of a certain magnitude of vectorial
character (v) or tensorial character (T) in an orthogonal curvilinear
coordinate system fa;b;cg, can be obtained as the corresponding
components in the local Cartesian system fx0;y0;z0g:

v not�

264va

vb

vc

375�
264vx0

vy0

vz0

375 T not�

264Taa Tab Tac

Tba Tbb Tbc

Tca Tcb Tcc

375�
264Tx0x0 Tx0y0 Tx0z0

Ty0x0 Ty0y0 Ty0z0

Tz0x0 Tz0y0 Tz0z0

375

Remark 2.25. The curvilinear components of the differential opera-
tors (the Ñ operator and its derivatives) are not the same as their
counterparts in the local coordinate system fx0;y0;z0g. They must be
defined specifically for each case. Their value for cylindrical and
spherical coordinates is provided in the corresponding section.
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90 CHAPTER 2. STRAIN

2.15.1 Cylindrical Coordinates
The position of a certain point in space can be defined by its cylindrical coordi-
nates fr;q ;zg (see Figure 2.25). The figure also shows the physical orthonormal
basis fêr; êq ; êzg. This basis changes at each point in space according to

¶ êr

¶q
= êq and

¶ êq

¶q
=�êr : (2.110)

Figure 2.26 shows the corresponding differential element. The expressions in
cylindrical coordinates of some of the elements treated in this chapter are:

� Nabla operator, Ñ

Ñ =
¶

¶ r
êr +

1
r

¶

¶q
êq +

¶

¶ z
êz =) Ñ

not�
�

¶

¶ r
;

1
r

¶

¶q
;

¶

¶ z

�T

(2.111)

x(r;q ;z) not�

24 x = r cosq

y = r sinq

z = z

35

Figure 2.25: Cylindrical coordinates.

Figure 2.26: Differential element in cylindrical coordinates.
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� Displacement vector, u, and velocity vector, v

u = urêr + uq êq + uzêz =) u not� [ur ; uq ; uz]
T (2.112)

v = vrêr + vq êq + vzêz =) v not� [vr ; vq ; vz]
T (2.113)

� Infinitesimal strain tensor, eee

eee =
1
2

�
(u
Ñ)+(u
Ñ)T

�
not�

264 ex0x0 ex0y0 ex0z0

ex0y0 ey0y0 ey0z0

ex0z0 ey0z0 ez0z0

375=

264 err erq erz

erq eqq eqz

erz eqz ezz

375
err =

¶ur

¶ r
eqq =

1
r

¶uq

¶q
+

ur

r
ezz =

¶uz

¶ z

erq =
1
2

�
1
r

¶ur

¶q
+

¶uq

¶ r
� uq

r

�
erz =

1
2

�
¶ur

¶ z
+

¶uz

¶ r

�

eqz =
1
2

�
¶uq

¶ z
+

1
r

¶uz

¶q

�
(2.114)

The components of eee are presented on the corresponding differential element in
Figure (2.26).

� Strain rate tensor, d

d =
1
2

�
(v
Ñ)+(v
Ñ)T

�
not�

264dx0x0 dx0y0 dx0z0

dx0y0 dy0y0 dy0z0

dx0z0 dy0z0 dz0z0

375=

264 drr drq drz

drq dqq dqz

drz dqz dzz

375
drr =

¶vr

¶ r
dqq =

1
r

¶vq

¶q
+

vr

r
dzz =

¶vz

¶ z

drq =
1
2

�
1
r

¶vr

¶q
+

¶vq

¶ r
� vq

r

�
drz =

1
2

�
¶vr

¶ z
+

¶vz

¶ r

�

dqz =
1
2

�
¶vq

¶ z
+

1
r

¶vz

¶q

�
(2.115)
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2.15.2 Spherical Coordinates
A point in space is defined by its spherical coordinates fr;q ;fg. The physical
orthonormal basis

�
êr; êq ; êf

	
is presented in Figure 2.27. This basis changes at

each point in space according to

¶ êr

¶q
= êq ;

¶ êq

¶q
=�êr and

¶ êf

¶q
= 0 : (2.116)

The expressions in spherical coordinates of some of the elements treated in this
chapter are:

� Nabla operator, Ñ

Ñ =
¶

¶ r
êr +

1
r

¶

¶q
êq +

1
r sinq

¶

¶f
êf =) Ñ

not�
�

¶

¶ r
;

1
r

¶

¶q
;

1
r sinq

¶

¶f

�T

(2.117)

� Displacement vector, u, and velocity vector, v

u = urêr + uq êq + uf êf =) u not�
�
ur ; uq ; uf

�T (2.118)

v = vrêr + vq êq + vf êf =) v not�
�
vr ; vq ; vf

�T (2.119)

x(r;q ;f)
not�

24 x = r sinq cosf

y = r sinq sinf

z = z cosq

35

Figure 2.27: Spherical coordinates.
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� Infinitesimal strain tensor, eee

eee =
1
2

�
(u
Ñ)+(u
Ñ)T

�
not�

264 ex0x0 ex0y0 ex0z0

ex0y0 ey0y0 ey0z0

ex0z0 ey0z0 ez0z0

375=

264 err erq erf

erq eqq eqf

erf eqf eff

375
err =

¶ur

¶ r
eqq =

1
r

¶uq

¶q
+

ur

r

eff =
1

r sinq

¶uf

¶f
+

uq

r
cotf +

ur

r

erq =
1
2

�
1
r

¶ur

¶q
+

¶uq

¶ r
� uq

r

�
erf =

1
2

�
1

r sinq

¶ur

¶f
+

¶uf

¶ r
�

uf

r

�

eqf =
1
2

�
1

r sinq

¶uq

¶f
+

1
r

¶uf

¶q
�

uf

r
cotf

�
(2.120)

The components of eee are presented on the corresponding differential element in
Figure 2.28.

� Strain rate tensor, d

d =
1
2

�
(v
Ñ)+(v
Ñ)T

�
not�

264dx0x0 dx0y0 dx0z0

dx0y0 dy0y0 dy0z0

dx0z0 dy0z0 dz0z0

375=

264 drr drq drf

drq dqq dqf

drf dqf dff

375
drr =

¶vr

¶ r
dqq =

1
r

¶vq

¶q
+

vr

r

dff =
1

r sinq

¶vf

¶f
+

vq

r
cotf +

vr

r

drq =
1
2

�
1
r

¶vr

¶q
+

¶vq

¶ r
� vq

r

�
drf =

1
2

�
1

r sinq

¶vr

¶f
+

¶vf

¶ r
�

vf

r

�

dqf =
1
2

�
1

r sinq

¶vq

¶f
+

1
r

¶vf

¶q
�

vf

r
cotf

�
(2.121)
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Figure 2.28: Differential element in spherical coordinates.
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PROBLEMS

Problem 2.1 – A deformation that takes place in a continuous medium has the
following consequences on the triangle shown in the figure below:

1. The segment OA increases its initial length in (1 + p).
2. The angle AOB decreases in q radians its initial value.
3. The area increases its initial value in (1 + r).
4. p;q;r;s� 1.

The deformation is uniform and the z-axis is one of the principal directions of
the deformation gradient tensor, which is symmetric. In addition, the stretch in
this direction is known to be lz = 1 + s. Obtain the infinitesimal strain tensor.

Solution
A uniform deformation implies that the deformation gradient tensor (F) does
not depend on the spatial variables. Consequently, the strain tensor (E) and the
stretches (l ) do not depend on them either. Also, note that the problem is to be
solved under infinitesimal strain theory.
The initial and final lengths of a segment parallel to the x-axis are related as
follows.

OA f inal =
Z A

O
lx dX = lx

Z A

O
dX = lx OAinitial

OA f inal = (1 + p)OAinitial

9=; =) lx = 1 + p

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
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Also, an initial right angle (the angle between the x- and y-axes) is related to its
corresponding final angle after the deformation through

initial angle =
p

2

final angle =
p

2
+DFxy

9>>=>>; =) DFxy =�gxy =�2exy =�q =) exy =
q
2

:

In addition, F is symmetric and the z-axis is a principal direction, therefore

F not�

264F11 F12 0

F12 F22 0

0 0 F33

375 not� 1 + J not�

26666664
1 +

¶ux

¶x
¶ux

¶y
¶ux

¶ z
¶uy

¶x
1 +

¶uy

¶y
¶uy

¶ z
¶uz

¶x
¶uz

¶y
1 +

¶uz

¶ z

37777775 ;

which reveals the nature of the components of the displacement vector,8>>><>>>:
¶ux

¶ z
=

¶uy

¶ z
= 0 =)

(
ux (x;y) ;

uy (x;y) ;
¶uz

¶x
=

¶uz

¶y
= 0 =) uz (z) :

Then, the following components of the strain tensor can be computed.

exz =
1
2

�
¶ux

¶ z
+

¶uz

¶x

�
= 0 =) exz = 0

exz =
1
2

�
¶ux

¶ z
+

¶uz

¶x

�
= 0 =) exz = 0

ezz =
¶uz

¶ z
= lz�1

lz = 1 + s

9=; =) ezz = s

In infinitesimal strain theory, F = 1 +eee +WWW ; where W33 = 0 since the infinites-
imal rotation tensor is antisymmetric. Thus, Fzz = 1 + ezz results in Fzz = 1 + s .
Now, the relation between the initial and final areas is dA = jFjdA0 �F�1 , where
the inverse tensor of F is calculated using the notation

F not�

264B11 B12 0

B12 B22 0

0 0 1 + s

375 with B�1 not�

"
C11 C12

C12 C22

#
;
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Problems and Exercises 97

which yields the inverse tensor of F,

F�1 not�

2664
C11 C12 0

C12 C22 0

0 0
1

1 + s

3775 :

The area differential vector is defined as

dA0
not�

264 0

0

dA0

375 =) dA0 �F�1 not�

2664
0

0
1

1 + s
dA0

3775 :

Then, taking into account that jFj = Tr(eee) + 1, and neglecting second-order
terms results in

dA = (1 + r)dA0

dA = (1 + p + s + eyy)
1

1 + s
dA0

9=; =) eyy = r� p :

Finally, since the strain tensor is symmetric,

eee
not�

266664
p

q
2

0
q
2

r� p 0

0 0 s

377775 :

Problem 2.2 – A uniform deformation (F = F(t)) is produced on the tetrahe-
dron shown in the figure below, with the following consequences:

1. Points O, A and B do not move.
2. The volume of the solid becomes p times

its initial volume.
3. The length of segment AC becomes p=

p
2

times its initial length.
4. The final angle AOC has a value of 45�.

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
doi:10.13140/RG.2.2.25821.20961



Con
tin

uum
M

ech
an

ics
for

Engin
eer

s

Theo
ry

an
d Pro

blem
s

©
X. O

liv
er

an
d C. A

ge
let

de Sar
ac

ibar

98 CHAPTER 2. STRAIN

Then,

a) Justify why the infinitesimal strain theory cannot be used here.
b) Determine the deformation gradient tensor, the possible values of p and the

displacement field in its material and spatial forms.
c) Draw the deformed solid.

Solution
a) The angle AOC changes from 90� to 45� therefore, it is obvious that the
deformation involved is not infinitesimal. In addition, under infinitesimal strain
theory DF � 1 is satisfied and, in this problem, DF = p=4� 0:7854.

Observation: strains are dimensionless; in engineering, small strains are usually
considered when these are of order 10�3�10�4.

b) The conditions in the statement of the problem must be imposed one by one:
1. Considering that F(X; t) = F(t) and knowing that dx = F �dX, the latter

can be integrated as

x =
Z

dx =
Z

FdX = F
Z

dX = F(t) �X + C(t)

with F not�

264F11 F12 F13

F21 F22 F23

F31 F32 F33

375 and C not�

264C1

C2

C3

375 ;

which results in 12 unknowns. Imposing now the conditions in the statement,
Point O does not move:2640

0

0

375= [F]

2640

0

0

375+ C =) C not�

2640

0

0

375
Point A does not move:264a

0

0

375= [F]

264a

0

0

375=

264aF11

aF21

aF31

375 =)

8><>:
F11 = 1

F21 = 0

F31 = 0
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Point B does not move:2640

a

0

375= [F]

2640

a

0

375=

264aF12

aF22

aF32

375 =)

8><>:
F12 = 0

F22 = 1

F32 = 0

Grouping all the information obtained results in

F not�

2641 0 F13

0 1 F23

0 0 F33

375 :

2. The condition in the statement imposes that Vf inal = pVinitial .
Expression dVf = jFj dV0 allows to locally relate the differential volumes at
different instants of time. In this case, F is constant for each fixed t, thus, the
expression can be integrated and the determinant of F can be moved outside the
integral,

Vf =
Z

V
dVf =

Z
V0

jFj dV0 = jFj
Z

V0

dV0 = jFjV0 :

Therefore, jFj= F33 = p must be imposed.

3. The condition in the statement imposes that lAC; f inal = pp
2
lAC; initial .

Since F is constant, the transformation is linear, that is, it transforms straight
lines into straight lines. Hence, AC in the deformed configuration must also be a
rectilinear segment. Then,

xC = F �XC
not�

2641 0 F13

0 1 F23

0 0 F33

375
2640

0

a

375=

264aF13

aF23

a p

375 and

lAC; f inal = lA0C0 =
�� [aF13; aF23; ap]� [a; 0; 0]

��=
�� [a(F13�1) ; aF23; ap]

��=

=

q
(a(F13�1))2 +(aF23)2 +(ap)2 = a

q
(F13�1)2 + F2

23 + p2 =

=
pp
2

lAC =
pp
2

p
2a = pa :

Therefore,q
(F13�1)2 + F2

23 + p2 = p ) (F13�1)2 + F2
23 = 0 ) F13 = 1; F23 = 0
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and the deformation gradient tensor results in

F not�

2641 0 1

0 1 0

0 0 p

375 ;

such that only the value of p remains to be found.

4. The condition in the statement imposes that AOC f inal = 45� = p=4.

Considering dX(1) not� [1; 0; 0] and dX(2) not� [0; 0; 1], the corresponding vectors
in the spatial configuration are computed as

dx(1) = F �dX(1) not�

2641 0 1

0 1 0

0 0 p

375
2641

0

0

375=

2641

0

0

375 ;

dx(2) = F �dX(2) not�

2641 0 1

0 1 0

0 0 p

375
2640

0

1

375=

264 1

0

p

375 :

Then,

cos
�
AOC f inal

�
= cos45� =

dx(1) �dx(2)��dx(1)
�� ��dx(2)

�� =

p
2

2

is imposed, with���dx(1)
���= 1 ;

���dx(2)
���=
p

1 + p2 and dx(1) �dx(2) = 1

such that
1p

1 + p2
=

p
2

2
=

1p
2

=) p =�1 :

But jFj= p > 0, and, consequently, p = 1. Then, the deformation gradient tensor
is

F not�

2641 0 1

0 1 0

0 0 1

375 :
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The equation of motion is determined by means of x = F �X,264 x

y

z

375=

2641 0 1

0 1 0

0 0 1

375
264X

Y

Z

375=

264X + Z

Y

Z

375 ;

which allows determining the displacement field in material and spatial descrip-
tions as

U(X; t) = x�X not�

264Z

0

0

375 and u(x; t) not�

264 z

0

0

375 :

c) The graphical representation of the deformed tetrahedron is:

Problem 2.3 – A uniform deformation is applied on the solid shown in the
figure below. Determine:

a) The general expression of the material description of the displacement field
U(X; t) in terms of the material displacement gradient tensor J.

b) The expression of U(X; t) when, in addition, the following boundary condi-
tions are satisfied:

UY = UZ = 0 ; 8 X ; Y; Z

UX
��
X=0 = 0 ; 8 X ; Y

UX
��
X=L = d

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
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c) The possible values (positive and negative) that d may take. Justify the an-
swer obtained.

d) The material and spatial strain tensors and the infinitesimal strain tensor.

e) Plot the curves EXX � d=L, exx� d=L and ex� d=L for all possible values
of d , indicating every significant value.

Solution
a) A uniform deformation implies that F(X; t) = F(t) ; 8t;X. The deformation
gradient tensor is related to the material displacement gradient tensor through
the expression F = 1 + J. Therefore, if F = F(t), then J = J(t). Taking into
account the definition of J and integrating its expression results in

J =
¶U(X; t)

¶X
=) dU = JdX =)

Z
dU =

Z
JdX

=)
Z

dU = J
Z

dX =) U = J �X + C(t) :

where C(t) is an integration constant. Then, the general expression of the mate-
rial description of the displacement field is

U(X; t) = J(t) �X + C(t) :

b) Using the previous result and applying the boundary conditions given in the
statement of the problem will yield the values of J and C.
Boundary conditions:

UY = UZ = 0 ; 8 X ; Y; Z ) Points only move in the X-direction.

UX
��
X=0 = 0 ; 8 Y; Z ) The YZ plane at the origin is fixed.

UX
��
X=L = d ; 8 Y; Z ) This plane moves in a uniform manner

in the X-direction.
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If the result obtained in a) is written in component form, the equations and con-
clusions that can be reached will be understood better.

UX = J11 X + J12Y + J13 Z +C1

UY = J21 X + J22Y + J23 Z +C2

UZ = J31 X + J32Y + J33 Z +C3

From the first boundary condition:

UY = 0 ; 8 X ; Y; Z =) J21 = J22 = J23 = C2 = 0

UZ = 0 ; 8 X ; Y; Z =) J31 = J32 = J33 = C3 = 0

From the second boundary condition:

UX
��
X=0 = 0 ; 8 Y; Z =) J12 = J13 = C1 = 0

From the third boundary condition:

UX
��
X=L = d ; 8 Y; Z =) J11 L = d ) J11 =

d

L

Finally,

J not�

2664
d

L
0 0

0 0 0

0 0 0

3775 ; C not�

2640

0

0

375 =) U(X) = J �X + C not�

26664
d

L
X

0

0

37775 :

c) In order to justify all the possible positive and negative values that d may
take, the condition jFj > 0 must be imposed. Therefore, the determinant of F
must be computed,

F = 1 + J not�

26641 +
d

L
0 0

0 1 0

0 0 1

3775 =) jFj= 1 +
d

L
> 0 =) d >�L :

d) To obtain the spatial and material strain tensors as well as the infinitesimal
strain tensor, their respective definitions must be taken into account.

Spatial strain tensor: e =
1
2
�
1�F�T �F�1�

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
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104 CHAPTER 2. STRAIN

Material strain tensor: E =
1
2
�
FT �F�1

�
Infinitesimal strain tensor: eee =

1
2
�
JT �J

�
Applying these definitions using the values of F and J calculated in b) and c),
the corresponding expressions are obtained.

e not�

264 exx 0 0

0 0 0

0 0 0

375 with exx =

�
d

L
+

1
2

d 2

L2

�,�
1 +

d

L

�2

E not�

2664
EXX 0 0

0 0 0

0 0 0

3775 with EXX =
d

L
+

1
2

d 2

L2 ; eee
not�

26664
d

L
0 0

0 0 0

0 0 0

37775

e) Plotting the curves EXX �d=L , exx�d=L and ex�d=L together yields:

Here,
� EXX is a second-order

parabola that contains the
origin and has its mini-
mum at d=L = �1, i.e., for
EXX =�1=2.

� ex is the identity straight line
(45� slope and contains the
origin).

� exx has two asymptotes, a
vertical one at d=L =�1 and
a horizontal at exx = 1=2.

It can be concluded, then, that for small d=L strains the three functions have a
very similar behavior and the same slope at the origin. That is, the same result
will be obtained with any of the definitions of strain tensor. However, outside
this domain (large or finite strains) the three curves are clearly different.
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Problems and Exercises 105

EXERCISES

2.1 – Consider the velocity fields

v1
not�
�

x
1 + t

;
2y

1 + t
;

3z
1 + t

�T

and v2
not�
�

X
1 + t

;
2Y

1 + t
;

3Z
1 + t

�T

:

Determine:

a) The material description of v1 and the spatial description of v2 (consider
t = 0 is the reference configuration).

b) The density distribution in both cases (consider r0 is the initial density).
c) The material and spatial descriptions of the displacement field as well as

the material (Green-Lagrange) and spatial (Almansi) strain tensors for the
velocity field v1.

d) Repeat c) for configurations close to the reference configuration (t! 0).
e) Prove that the two strain tensors coincide for the conditions stated in d).

2.2 – The equation of motion in a continuous medium is

x = X +Yt ; y = Y ; z = Z :

Obtain the length at time t = 2 of the segment of material line that at time t = 1
is defined in parametric form as

x(a) = 0 ; y(a) = a
2 ; z(a) = a 0� a � 1 :

2.3 – Consider the material strain tensor

E not�

2664
0 tetX 0

tetX 0 0

0 0 tetY

3775 :

Obtain the length at time t = 1 of the segment that at time t = 0 (reference
configuration) is straight and joins the points (1;1;1) and (2;2;2).

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
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106 CHAPTER 2. STRAIN

2.4 – The equation of motion of a continuous medium is

x = X ; y = Y ; z = Z�Xt :

Calculate the angle formed at time t = 0 by the differential segments that at time
t = t are parallel to the x- and z-axes.

2.5 – The following information is known in relation to a certain displacement
field given in material description, U(X ;Y;Z):
1) It is lineal in X, Y , Z.
2) It is antisymmetric with re-
spect to plane Y = 0, that is, the
following is satisfied:

U(X ;Y;Z) =�U(X ;�Y;Z)

8 X ;Y;Z

3) Under said displacement field,
the volume of the element in the
figure does not change, its an-
gle AOB remains constant, the
segment OB becomes

p
2 times

its initial length and the vertical
component of the displacement at
point B is positive (wB > 0).

Determine:

a) The most general expression of the given displacement field, such that condi-
tions 1) and 2) are satisfied.

b) The expression of U when, in addition, condition 3) is satisfied. Obtain the
deformation gradient tensor and the material strain tensor. Draw the de-
formed shape of the element in the figure, indicating the most significant
values.

c) The directions (defined by their unit vectors T) for which the deformation is
reduced to a stretch (there is no rotation).

NOTE: Finite strains must be considered (not infinitesimal ones).

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
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Problems and Exercises 107

2.6 – The solid in the figure undergoes a uniform deformation such that points
A, B and C do not move. Assuming an infinitesimal strain framework,

a) Express the displacement field in terms of “generic” values of the stretches
and rotations.

b) Identify the null components of the strain tensor and express the rotation
vector in terms of the stretches.

In addition, the following is known:
1) Segment AE becomes (1 + p)
times its initial length.
2) The volume becomes (1 + q)
times its initial value.
3) The angle q increases its value
in r (given in radians).
Under these conditions, deter-
mine:

c) The strain tensor, the rotation
vector and the displacement
field in terms of p, q and r.

NOTE: The values of p, q and
r are small and its second-order
infinitesimal terms can be ne-
glected.

2.7 – The solid in the figure undergoes a uniform deformation with the following
consequences:
1) The x- and z-axes are both
material lines. Point A does
not move.
2) The volume of the solid re-
mains constant.
3) The angle qxy remains con-
stant.
4) The angle qyz increases in r
radians.
5) The segment AF becomes
(1 + p) times its initial length.
6) The area of the triangle
ABE becomes (1 + q) its ini-
tial value.

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
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108 CHAPTER 2. STRAIN

Then,

a) Express the displacement field in terms of “generic” values of the stretches
and rotations.

b) Identify the null components of the strain tensor and express the rotation
vector in terms of the stretches.

c) Determine the strain tensor, the rotation vector and the displacement field in
terms of p, q and r.

NOTE: The values of p, q and r are small and its second-order infinitesimal
terms can be neglected.

2.8 – The sphere in the figure undergoes a uniform deformation (F = const:)
such that points A, B and C move to positions A0, B0 and C0, respectively. Point
O does not move. Determine:

a) The deformation gradient tensor in terms of p and q.
b) The equation of the deformed external surface of the sphere. Indicate which

type of surface it is and draw it.
c) The material and spatial strain tensors. Obtain the value of p in terms of q

when the material is assumed to be incompressible.
d) Repeat c) using infinitesimal strain theory. Prove that when p and q are small,

the results of c) and d) coincide.

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
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Chapter 3
Compatibility Equations

3.1 Introduction
Given a sufficiently regular displacement field U(X; t), it is always possible to
find the corresponding strain field (for example, the Green-Lagrange strain field)
by differentiating this strain field with respect to its coordinates (in this case, the
material ones)1,

Ei j =
1
2

�
¶Ui

¶X j
+

¶U j

¶Xi
+

¶Uk

¶Xi

¶Uk

¶X j

�
not
=

1
2
�
Ui; j +U j;i +Uk;i Uk; j

�
i; j 2 f1;2;3g:

(3.1)

In the infinitesimal strain case, given a displacement field u(x; t), the strain
field

ei j =
1
2

�
¶ui

¶x j
+

¶u j

¶xi

�
not
=

1
2

(ui; j + u j;i) i; j 2 f1;2;3g (3.2)

is obtained.
The question can be formulated in reverse, that is, given a strain field eee (x; t),

is it possible to find a displacement field u(x; t) such that eee (x; t) is its infinites-
imal strain tensor? This is not always possible and the answer provides the so-
called compatibility equations.

Expression (3.2) constitutes a system of 6 (due to symmetry) partial differen-
tial equations (PDEs) with 3 unknowns: u1 (x; t), u2 (x; t), u3 (x; t). This system
is overdetermined because there exist more conditions than unknowns, and it
may not have a solution.

Therefore, for a second-order symmetric tensor eee (x; t) to correspond to a
strain tensor (and, thus, be integrable and there exist a displacement field from
which it comes) it is necessary that this tensor verifies certain conditions. These
conditions are denominated compatibility conditions or equations and guarantee

1 Here, the simplified notation ¶Ui=¶X j
not
= Ui; j is used.
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110 CHAPTER 3. COMPATIBILITY EQUATIONS

Figure 3.1: Non-compatible strain field.

the continuity of the continuous medium during the deformation process (see
Figure 3.1).

Definition 3.1. The compatibility conditions are conditions that a
second-order tensor must satisfy in order to be a strain tensor and,
therefore, for there to exist a displacement field from which it comes.

Remark 3.1. Note that, to define a strain tensor, the 6 components of
a symmetric tensor cannot be written arbitrarily. These must satisfy
the compatibility conditions.

Remark 3.2. Given a displacement field, one can always obtain,
through differentiation, an associated strain field that automatically
satisfies the compatibility conditions. Therefore, in this case, there is
no sense in verifying that the compatibility conditions are satisfied.

3.2 Preliminary Example: Compatibility Equations of a
Potential Vector Field

A given vector field v(x; t) is a potential field if there exists a scalar function
f (x; t) (named potential function) such that its gradient is v(x; t),8><>:

v(x; t) = Ñf (x; t) ;

vi (x; t) =
¶f (x; t)

¶xi
i 2 f1;2;3g :

(3.3)

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
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Preliminary Example: Compatibility Equations of a Potential Vector Field 111

Therefore, given a scalar (continuous) function f (x; t), it is always possible to
define a potential vector field v(x; t) such that the scalar function is its potential,
as defined in (3.3).

Now, the reverse question is posed: given a vector field v(x; t), does there
exist a scalar function f (x; t) such that Ñf (x; t) = v(x; t)? This is written in
component form as

vx =
¶f

¶x
=) vx�

¶f

¶x
= 0 ;

vy =
¶f

¶y
=) vy�

¶f

¶y
= 0 ;

vz =
¶f

¶ z
=) vz�

¶f

¶ z
= 0 ;

(3.4)

which corresponds to a system of PDEs with 3 equations and 1 unknown
(f (x; t)), thus, the system is overdetermined and may not have a solution.

Differentiating once (3.4) with respect to (x;y;z) yields

¶vx

¶x
=

¶ 2f

¶x2 ;
¶vx

¶y
=

¶ 2f

¶x¶y
;

¶vx

¶ z
=

¶ 2f

¶x¶ z
;

¶vy

¶x
=

¶ 2f

¶y¶x
;

¶vy

¶y
=

¶ 2f

¶y2 ;
¶vy

¶ z
=

¶ 2f

¶y¶ z
;

¶vz

¶x
=

¶ 2f

¶ z¶x
;

¶vz

¶y
=

¶ 2f

¶ z¶y
;

¶vz

¶ z
=

¶ 2f

¶ z2 ;

(3.5)

which represents a system of 9 equations. Considering the equality of mixed
partial derivatives, it is observed that 6 different functions (second derivatives)
of the unknown f are involved in these 9 equations,

¶ 2f

¶x2 ;
¶ 2f

¶y2 ;
¶ 2f

¶ z2 ;
¶ 2f

¶x¶y
;

¶ 2j

¶x¶ z
and

¶ 2f

¶y¶ z
: (3.6)

So, they can be removed from the original system (3.5) and 3 relations, named
compatibility conditions, can be established between the first partial derivatives
of the components of v(x; t).

Hence, for there to exist a scalar function f (x; t) such that Ñf (x; t) = v(x; t),
the given vector field v(x; t) must satisfy the following compatibility conditions.

¶vy

¶x
� ¶vx

¶y
= 0

de f
= Sz

¶vx

¶ z
� ¶vz

¶x
= 0

de f
= Sy

¶vz

¶y
�

¶vy

¶ z
= 0

de f
= Sx

9>>>>>>=>>>>>>;
where S not�

2664
Sx

Sy

Sz

3775�
�����������

ê1 ê2 ê3

¶

¶x
¶

¶y
¶

¶ z

vx vy vz

�����������
not� rot v not

= Ñ�v

(3.7)

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
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112 CHAPTER 3. COMPATIBILITY EQUATIONS

In consequence, from (3.7), the compatibility equations can be written as

Compatibility equations
of a potential vector field

8<:Ñ�v = 0
¶vi

¶x j
�

¶v j

¶xi
= 0 i; j 2 f1;2;3g

(3.8)

Remark 3.3. The 3 compatibility equations (3.7) or (3.8) are not in-
dependent of one another and a functional relation can be established
between them. Indeed, applying the condition that the divergence of
the rotational of a vector field is null2, Ñ � (Ñ�v) = 0 :

3.3 Compatibility Conditions for Infinitesimal Strains
Consider the infinitesimal strain field eee (x; t) with components

ei j =
1
2

�
¶ui

¶x j
+

¶u j

¶xi

�
not
=

1
2

(ui; j + u j;i) i; j 2 f1;2;3g ; (3.9)

which may be written in matrix form as

[eee] =

264 exx exy exz

exy eyy eyz

exz eyz ezz

375=

266666664

¶ux

¶x
1
2

�
¶ux

¶y
+

¶uy

¶x

�
1
2

�
¶ux

¶ z
+

¶uz

¶x

�
�

¶uy

¶y
1
2

�
¶uy

¶ z
+

¶uz

¶y

�
(symm) � ¶uz

¶ z

377777775
:

(3.10)
Due to the symmetry in (3.10), only 6 different equations are obtained,

exx�
¶ux

¶x
= 0 ; exy�

1
2

�
¶ux

¶y
+

¶uy

¶x

�
= 0 ;

eyy�
¶uy

¶y
= 0 ; exz�

1
2

�
¶ux

¶ z
+

¶uz

¶x

�
= 0 ;

ezz�
¶uz

¶ z
= 0 ; eyz�

1
2

�
¶uy

¶ z
+

¶uz

¶y

�
= 0 :

(3.11)

2 A theorem of differential geometry states that the divergence of the rotational of any field
is null, Ñ � [Ñ� (�)] = 0.
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Compatibility Conditions for Infinitesimal Strains 113

Equation (3.11) is a system of 6 PDEs with 3 unknowns, which are the compo-
nents of the displacement vector u(x; t) not� [ux; uy; uz]

T . In general, this problem
will not have a solution unless certain compatibility conditions are satisfied. To
obtain these conditions, the equations in (3.11) are differentiated twice with re-
spect to their spatial coordinates,

¶ 2
�

exx�
¶ux

¶x

�
¶x2; ¶y2; ¶ z2; ¶xy; ¶xz; ¶yz

= 6 equations

...
...

¶ 2
�

eyz�
1
2

�
¶uy

¶ z
+

¶uz

¶y

��
¶x2; ¶y2; ¶ z2; ¶xy; ¶xz; ¶yz

= 6 equations ;

(3.12)

providing a total of 36 equations,

¶ 2exx

¶x2 =
¶ 3ux

¶x3
¶ 2eyz

¶x2 =
1
2

�
¶ 3uy

¶ z¶x2 +
¶ 3uz

¶y¶x2

�
¶ 2exx

¶y2 =
¶ 3ux

¶x¶y2
¶ 2eyz

¶y2 =
1
2

�
¶ 3uy

¶ z¶y2 +
¶ 3uz

¶y3

�
¶ 2exx

¶ z2 =
¶ 3ux

¶x¶ z2 � � �
¶ 2eyz

¶ z2 =
1
2

�
¶ 3uy

¶ z3 +
¶ 3uz

¶y¶ z2

�
¶ 2exx

¶x¶y
=

¶ 3ux

¶x2¶y
¶ 2eyz

¶x¶y
=

1
2

�
¶ 3uy

¶ z¶x¶y
+

¶ 3uz

¶y2¶x

�
¶ 2exx

¶x¶ z
=

¶ 3ux

¶x2¶ z
¶ 2eyz

¶x¶ z
=

1
2

�
¶ 3uy

¶ z2¶x
+

¶ 3uz

¶y¶x¶ z

�
¶ 2exx

¶y¶ z
=

¶ 3ux

¶x¶y¶ z| {z }
(18 eqns for exx, eyy, ezz )

¶ 2eyz

¶y¶ z
=

1
2

�
¶ 3uy

¶ z2¶y
+

¶ 3uz

¶y2¶ z

�
| {z }

(18 eqns for exy, exz, eyz)

(3.13)

All the possible third derivatives of each component of the displacements ux, uy
and uz are involved in these 36 equations. Thus, there are 30 different derivatives,

¶ 3ux

¶x3; ¶x2y; ¶x2z; ¶y3; ¶y2x; ¶y2z; ¶ z3; ¶ z2x; ¶ z2y; ¶xyz
= 10 derivatives ;

¶ 3uy

¶x3; ¶x2y; ¶x2z; ¶y3; ¶y2x; ¶y2z; ¶ z3; ¶ z2x; ¶ z2y; ¶xyz
= 10 derivatives ;

¶ 3uz

¶x3; ¶x2y; ¶x2z; ¶y3; ¶y2x; ¶y2z; ¶ z3; ¶ z2x; ¶ z2y; ¶xyz
= 10 derivatives ;

(3.14)

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
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114 CHAPTER 3. COMPATIBILITY EQUATIONS

which constitute the 30 unknowns in the system of 36 equations

fn

 
¶ 3ui

¶x j¶xk¶xl| {z }
30

;
¶ 2ei j

¶xk¶xl

!
n 2 f1;2 ::: 36g (3.15)

defined in (3.13). Therefore, the 30 unknowns, which are the displacement
derivatives ¶ 3ui=(¶x j¶xk¶xl), can be eliminated from this system and 6 equa-
tions are obtained. In these equations, the third derivatives mentioned above
do not appear, but there will be 21 second derivatives of the strain tensor
¶ 2ei j=(¶xk¶xl). After the corresponding algebraic operations, the resulting equa-
tions are

Compatibility
equations

8>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>:

Sxx
de f
=

¶ 2eyy

¶ z2 +
¶ 2ezz

¶y2 �2
¶ 2eyz

¶y¶ z
= 0

Syy
de f
=

¶ 2ezz

¶x2 +
¶ 2exx

¶ z2 �2
¶ 2exz

¶x¶ z
= 0

Szz
de f
=

¶ 2exx

¶y2 +
¶ 2eyy

¶x2 �2
¶ 2exy

¶x¶y
= 0

Sxy
de f
= �¶ 2ezz

¶x¶y
+

¶

¶ z

�
¶eyz

¶x
+

¶exz

¶y
�

¶exy

¶ z

�
= 0

Sxz
de f
= �

¶ 2eyy

¶x¶ z
+

¶

¶y

�
¶eyz

¶x
� ¶exz

¶y
+

¶exy

¶ z

�
= 0

Syz
de f
= �¶ 2exx

¶y¶ z
+

¶

¶x

�
�

¶eyz

¶x
+

¶exz

¶y
+

¶exy

¶ z

�
= 0

(3.16)

which constitute the compatibility equations for the infinitesimal strain tensor eee .
The compact expression corresponding to the 6 equations in (3.16) is

Compatibility equations
for the infinitesimal

strain tensor

(
S = Ñ� (eee�Ñ) = 0 (3.17)

Another way of expressing the compatibility conditions (3.16) is in terms of
the three-index operator named permutation operator

�
ei jk
�
. In this case, the

compatibility equations can be written as

Smn = em jqenirei j;qr = 0 : (3.18)
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Compatibility Conditions for Infinitesimal Strains 115

Remark 3.4. The 6 equations (3.16) are not functionally independent
and, taking again into account the fact that the divergence of the rota-
tional of a field is intrinsically null, the following functional relations
can be established between them.

Ñ �S = Ñ � (Ñ� (eee�Ñ)) = 0 =)

8>>>>>>>><>>>>>>>>:

¶Sxx

¶x
+

¶Sxy

¶y
+

¶Sxz

¶ z
= 0

¶Sxy

¶x
+

¶Syy

¶y
+

¶Syz

¶ z
= 0

¶Sxz

¶x
+

¶Syz

¶y
+

¶Szz

¶ z
= 0

Remark 3.5. The three-index operator denominated permutation op-
erator is given by

ei jk =

8>>>>>><>>>>>>:

0 ! if an index is repeated,
i = j or i = k or j = k

1 ! positive (clockwise) direction of the indexes,
i; j;k 2 f123;231;312g

�1 ! negative (counterclockwise) direction of the indexes,
i; j;k 2 f132;321;213g

This definition is summarized in graphic form in Figure 3.2.

Figure 3.2: Definition of the permutation operator, ei jk.
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116 CHAPTER 3. COMPATIBILITY EQUATIONS

Finally, another possible expression of the compatibility conditions is

ei j;kl + ekl;i j� eik; jl� e jl;ik = 0 i; j;k; l 2 f1;2;3g : (3.19)

Remark 3.6. Since the compatibility equations (3.16) only involve
the second spatial derivatives of the components of the strain ten-
sor eee (x; t), every strain tensor that is linear (first-order polynomial)
with respect to the spatial variables will be compatible and, there-
fore, integrable. As a particular case, every uniform strain tensor
eee (t) is integrable.

3.4 Integration of the Infinitesimal Strain Field
3.4.1 Preliminary Equations
Consider the rotation tensor WWW(x; t) for the infinitesimal strain case (see Chap-
ter 2 , Section 2.11.6),8><>:

WWW =
1
2

(u
Ñ�Ñ
u) ;

Wi j =
1
2

�
¶ui

¶x j
�

¶u j

¶xi

�
i; j 2 f1;2;3g :

(3.20)

and the infinitesimal rotation vector qqq (x; t), associated with said rotation tensor,
defined as3

qqq =
1
2

rot u =
1
2

Ñ�u not�

264q1

q2

q3

375=

264�W23

�W31

�W12

375=

264�Wyz

�Wzx

�Wxy

375 : (3.21)

Differentiating the infinitesimal rotation tensor in (3.20) with respect to a
coordinate xk yields

Wi j =
1
2

�
¶ui

¶x j
�

¶u j

¶xi

�
=)

¶Wi j

¶xk
=

1
2

¶

¶xk

�
¶ui

¶x j
�

¶u j

¶xi

�
: (3.22)

3 The tensor WWW is skew-symmetric, i.e., WWW
not�

264 0 W12 �W31

�W12 0 W23

W31 �W23 0

375.
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Integration of the Infinitesimal Strain Field 117

Adding and subtracting in (3.22) the term ¶ 2uk=(2¶xi¶x j) and rearranging the
expression obtained results in

¶Wi j

¶xk
=

1
2

¶

¶xk

�
¶ui

¶x j
�

¶u j

¶xi

�
+

1
2

¶ 2uk

¶xi¶x j
� 1

2
¶ 2uk

¶xi¶x j
=

=
¶

¶x j

1
2

�
¶ui

¶xk
+

¶uk

¶xi

�
| {z }

eik

� ¶

¶xi

1
2

�
¶u j

¶xk
+

¶uk

¶x j

�
| {z }

e jk

=
¶eik

¶x j
�

¶e jk

¶xi
:

(3.23)

This expression can now be used to calculate the Cartesian derivatives of the
components of the infinitesimal rotation vector, qqq (x; t), given in (3.21), as fol-
lows.

Ñq1

8>>>>>>>>><>>>>>>>>>:

¶q1

¶x
=�

¶Wyz

¶x
=

¶exz

¶y
�

¶exy

¶ z

¶q1

¶y
=�

¶Wyz

¶y
=

¶eyz

¶y
�

¶eyy

¶ z

¶q1

¶ z
=�

¶Wyz

¶ z
=

¶ezz

¶y
�

¶ezy

¶ z

(3.24)

Ñq2

8>>>>>>>><>>>>>>>>:

¶q2

¶x
=�¶Wzx

¶x
=

¶exx

¶ z
� ¶exz

¶x

¶q2

¶y
=�¶Wzx

¶y
=

¶exy

¶ z
�

¶eyz

¶x

¶q2

¶ z
=�¶Wzx

¶ z
=

¶exz

¶ z
� ¶ezz

¶x

(3.25)

Ñq3

8>>>>>>>>><>>>>>>>>>:

¶q3

¶x
=�

¶Wxy

¶x
=

¶exy

¶x
� ¶exx

¶y

¶q3

¶y
=�

¶Wxy

¶y
=

¶eyy

¶x
�

¶exy

¶y

¶q3

¶ z
=�

¶Wxy

¶ z
=

¶eyz

¶x
� ¶exz

¶y

(3.26)

Assume the value of the infinitesimal rotation vector qqq (x; t) is known and,
through it by means of (3.21), the value of the infinitesimal rotation tensor
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118 CHAPTER 3. COMPATIBILITY EQUATIONS

WWW(x; t) is also known. Then, the displacement gradient tensor J(x; t) (see Chap-
ter 2, Section 2.11.6) becomes8>>><>>>:

J =
¶u(x; t)

¶x
= eee +WWW

Ji j =
¶ui

¶x j
=

1
2

�
¶ui

¶x j
+

¶u j

¶xi

�
| {z }

ei j

+
1
2

�
¶ui

¶x j
�

¶u j

¶xi

�
| {z }

Wi j

= ei j +Wi j

i; j 2 f1;2;3g :

(3.27)
Finally, writing in explicit form the different components in (3.27) and taking
into account (3.21), the following is obtained4.

j = 1 j = 2 j = 3

i = 1 :
¶ux

¶x
= exx

¶ux

¶y
= exy�q3

¶ux

¶ z
= exz +q2

i = 2 :
¶uy

¶x
= exy +q3

¶uy

¶y
= eyy

¶uy

¶ z
= eyz�q1

i = 3 :
¶uz

¶x
= exz�q2

¶uz

¶y
= eyz +q1

¶uz

¶ z
= ezz

(3.28)

3.4.2 Integration of the Strain Field
Consider eee (x; t) is the infinitesimal strain field one wants to integrate. This op-
eration is performed in two steps:

1) Using (3.24) through (3.26), the infinitesimal rotation vector qqq (x; t) is in-
tegrated. The integration, with respect to space, of the infinitesimal rotation
vector in (3.24) through (3.26) leads to a solution of the type

qi = q̃i (x;y;z; t)+ ci (t) i 2 f1;2;3g ; (3.29)

where the integration constants ci (t), which, in general, may be a function
of time, can be determined if the value (or the evolution along time) of the
infinitesimal rotation vector at some point of the medium is known.

2) Once the infinitesimal strain tensor eee (x; t) and the infinitesimal rotation
vector qqq (x; t) are known, the displacement field u(x; t) is integrated. The
system of first-order PDEs defined in (3.28) is used, resulting in

ui = ũi (x;y;z; t)+ c0i (t) i 2 f1;2;3g : (3.30)

4 According to (3.21), WWW
not�

24 0 W12 �W31
�W12 0 W23
W31 �W23 0

35=

24 0 �q3 q2
q3 0 �q1
�q2 q1 0

35.
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Integration of the Infinitesimal Strain Field 119

Again, the integration constants c0i (t) that appear, which, in general, will be
a function of time, are determined when the value (or the evolution along
time) of the displacements at some point of space is known.

Remark 3.7. The integration processes in steps 1) and 2) involve in-
tegrating systems of first-order PDEs. If the compatibility equations
in (3.16) are satisfied, these systems will be integrable (without lead-
ing to contradictions in their integration process) and will finally al-
low obtaining the displacement field.

Remark 3.8. The presence of the integration constants in (3.29) and
(3.30) shows that an integrable strain tensor, eee (x; t), determines the
motion of each instant of time except for a rotation c(t)not

= q̂qq (t) and
a translation c0 (t)not

= û(t).

eee (x; t)
�

qqq (x; t) = q̃qq (x; t)+ q̂qq (t)
u(x; t) = ũ(x; t)+ û(t)

From these uniform rotation q̂qq (t) and translation û(t) the displace-
ment field

u� (x; t) = ŴWW(t)x + û(t) =) u�
Ñ = ŴWW

can be defined, which corresponds to a rigid body motion5. Indeed,
the strain associated with this displacement is null,

eee� (x; t) = Ñsu� =
1
2

(u�
Ñ+Ñ
u�) =
1
2
�
ŴWW+ ŴWW

T|{z}
�ŴWW

�
= 0 ;

as corresponds to the concept of rigid body (without deformation).
Consequently, it is concluded that every compatible strain field de-
termines the displacements of the continuous medium except for a
rigid body motion, which must be determined by means of the ap-
propriate boundary conditions.

5 The rigid body rotation tensor ŴWW(t) (antisymmetric) is defined based on the rotation vector

q̂qq (t) as ŴWW
not�

24 0 Ŵ12 �Ŵ31

�Ŵ12 0 Ŵ23

Ŵ31 �Ŵ23 0

35=

24 0 �q̂3 q2
q3 0 �q1
�q2 q1 0

35 .
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120 CHAPTER 3. COMPATIBILITY EQUATIONS

Example 3.1 – A certain motion is defined by the infinitesimal strain tensor

eee (x; t) not�

266664
8x � y

2
3
2

x2z

� y
2

x 0
3
2

x2z 0 x3

377775 :

Obtain the corresponding displacement vector u(x; t) and the infinitesimal
rotation tensor WWW(x; t) taking into account that u(x; t)jx=[0;0;0]T

not� [3t; 0; 0]T

and WWW(x; t)jx=[0;0;0]T = 0.

Solution

Infinitesimal rotation vector

Posing the systems of equations defined in (3.24) through (3.26) results in

¶q1

¶x
= 0 ;

¶q1

¶y
= 0 ;

¶q1

¶ z
= 0 ) q1 = C1 (t) ;

¶q2

¶x
=�3xz ;

¶q2

¶y
= 0 ;

¶q2

¶ z
=�3

2
x2 ) q2 =�3

2
x2z +C2 (t) ;

¶q3

¶x
= 0 ;

¶q3

¶y
=

3
2

;
¶q3

¶ z
= 0 ) q3 =

3
2

y +C3 (t) :

The integration constants Ci (t) are determined by imposing that
WWW(x; t)jx=(0;0;0)T = 0 (and, therefore, the infinitesimal rotation vector
qqq (x; t)jx=(0;0;0)T = 0), that is,

C1 (t) = C2 (t) = C3 (t) = 0 =) qqq (x)
not�
�

0 ; �3
2

x2z ;
3
2

y
�T

and the infinitesimal rotation tensor is

WWW(x)
not�

264 0 �q3 q2

q3 0 �q1

�q2 q1 0

375=

266666664
0 �3

2
y �3

2
x2z

3
2

y 0 0

3
2

x2z 0 0

377777775
:
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Compatibility Equations and Integration of the Strain Rate Field 121

Displacement vector

Posing, and integrating, the systems of equations in (3.28) produces

¶u1

¶x
= 8x ;

¶u1

¶y
=�2y ;

¶u1

¶ z
= 0 ) u1 = 4x2� y2 +C01 (t) ;

¶u2

¶x
= y ;

¶u2

¶y
= x ;

¶u2

¶ z
= 0 ) u2 = xy +C02 (t) ;

¶u3

¶x
= 3x2z ;

¶u3

¶y
= 0 ;

¶u3

¶ z
= x3 ) u3 = x3z +C03 (t) :

and imposing that u(x; t)jx=(0;0;0)T
not� [3t; 0; 0]T yields

C1 (t) = 3t ; C2 (t) = C3 (t) = 0 =) u(x)
not�
�

4x2� y2 + 3t ; xy ; x3z
�T

:

3.5 Compatibility Equations and Integration of the Strain
Rate Field

Given the definitions of the infinitesimal strain tensor eee , the infinitesimal rotation
tensor WWW and the infinitesimal rotation vector qqq , there exists a clear correspon-
dence between these magnitudes and a) the strain rate tensor d, b) the rotation
rate (or spin) tensor w and c) the spin vector www given in Chapter 2. These corre-
spondences can be established in the following manner:

u

eee (u)

ei j =
1
2

�
¶ui

¶x j
+

¶u j

¶xi

�

Wi j =
1
2

�
¶ui

¶x j
�

¶u j

¶xi

�
qqq =

1
2

Ñ�u

()

v

d(v)

di j =
1
2

�
¶vi

¶x j
+

¶v j

¶xi

�

wi j =
1
2

�
¶vi

¶x j
�

¶v j

¶xi

�
www =

1
2

Ñ�v

(3.31)

Then, it is obvious that the concept of compatibility of a strain field eee in-
troduced in Section 3.1 can be extended, by virtue of the correspondence with
(3.31), to the compatibility of a strain rate field d(x; t).
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122 CHAPTER 3. COMPATIBILITY EQUATIONS

To integrate this field, the same procedure as that seen in Section 3.4.2 can be
used, replacing eee by d, u by v, WWW by w and qqq by www . Certainly, this integration
can only be performed if the compatibility equations in (3.16) are satisfied for
the components of d(x; t).

Remark 3.9. The resulting compatibility equations and the integra-
tion process of the strain rate vector d(x; t) are not, in this case,
restricted to the infinitesimal strain case.
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Problems and Exercises 123

PROBLEMS

Problem 3.1 – Determine the spatial description of the velocity field that cor-
responds to the strain rate tensor

d(x; t) not�

2664
tetx 0 0

0 0 tey + 1

0 tey + 1 0

3775 :

For x = 0, www0
not� [t�1; 0; 0]T and v0

not� [t; 0; t]T f or 8t is satisfied.

Solution

The problem is solved by integrating the corresponding differential equations,
taking into account the existent parallelism between the variables:

u
eee

qqq

9>=>; ()

8><>:
v
d
www

Angular velocity of the rotation vector

¶w1

¶x
= 0 ;

¶w1

¶y
= tey ;

¶w1

¶ z
= 0 ) w1 = C1 (t)+ tey ;

¶w2

¶x
= 0 ;

¶w2

¶y
= 0 ;

¶w2

¶ z
= 0 ) w2 = C2 (t) ;

¶w3

¶x
= 0 ;

¶w3

¶y
= 0 ;

¶w3

¶ z
= 0 ) w3 = C3 (t) :

The boundary conditions are imposed for x = 0,

www0
not�

264 t�1

0

0

375=

264 t +C1

C2

C3

375 =)

8><>:
C1 =�1

C2 = 0

C3 = 0

;
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124 CHAPTER 3. COMPATIBILITY EQUATIONS

and the final result is

www (x; t) not�

264 tey�1

0

0

375 :

Velocity vector

¶v1

¶x
= tetx ;

¶v1

¶y
= 0 ;

¶v1

¶ z
= 0 ) v1 = C

0
1 (t)+ etx ;

¶v2

¶x
= 0 ;

¶v2

¶y
= 0 ;

¶v2

¶ z
= 2 ) v2 = C

0
2 (t)+ 2z ;

¶v3

¶x
= 0 ;

¶v3

¶y
= 2tey ;

¶v3

¶ z
= 0 ) v3 = C

0
3 (t)+ 2tey :

The boundary conditions are imposed for x = 0,

v0
not�

264 t

0

t

375=

264 1 +C
0
1

C
0
2

2t +C
0
3

375 =)

8><>:
C
0
1 = t�1

C
0
2 = 0

C
0
3 =�t

;

and the spatial description of the velocity field is

v(x)
not�

264 etx + t�1

2z

2tey� t

375 :
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EXERCISES

3.1 – Deduce the displacement field that corresponds to the infinitesimal strain
tensor

eee (x; t) not�

2664
0 tety 0

tety 0 0

0 0 tetz

3775 :

At point (1;1;1) , u not� [2et ; et ; et ]T and qqq
not� [0; 0; �tet ]T is verified.

3.2 – Determine the spatial description of the velocity field that corresponds to
the strain rate tensor

d(x; t) not�

2664
0 0 tetz

0 tety 0

tetz 0 0

3775 :

The following is known:(
for z = 0 : vx = vz = 0 ; 8t ; x;y

for y = 1 : vy = 0 ; 8t ; x;z
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Chapter 4
Stress

4.1 Forces Acting on a Continuum Body
Two types of forces that can act on a continuous medium will be considered:
body forces and surface forces.

4.1.1 Body Forces

Definition 4.1. The body forces are the forces that act at a distance
on the internal particles of a continuous medium. Examples of this
kind of forces are the gravitational, inertial or magnetic attraction
forces.

Figure 4.1: Body forces on a continuous medium.
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128 CHAPTER 4. STRESS

Consider b(x; t) is the spatial description of the vector field of body forces
per unit of mass. Multiplying the vector of body forces b(x; t) by the density r ,
the vector of body forces per unit of volume rb(x; t) (density of body forces) is
obtained. The total resultant, fV , of the body forces on the material volume V in
Figure 4.1 is

fV =
Z
V

rb(x; t)dV : (4.1)

Remark 4.1. In the definition of body forces given in (4.1), the exis-
tence of the vector density of body forces rb(x; t) is implicitly ac-
cepted. This means that, given an arbitrary sequence of volumes DVi
that contain the particle P, and the corresponding sequence of body
forces fDVi , there exists the limit

rb(x; t) = lim
DVi!0

fDVi
DVi

and, in addition, it is independent of the sequence of volumes con-
sidered.

Example 4.1 – Given a continuous medium with volume V placed on the
Earth’s surface, obtain the value of the total resultant of the body forces in
terms of the gravitational constant g.

Solution

Assuming a system of Cartesian axes (see figure above) such that the x3-
axis is in the direction of the vertical from the center of the Earth, the vector
field b(x; t) of gravitational force per unit of mass is

b(x; t) not� [0 ; 0 ; �g ]T

and, finally, the vector of body forces is

fV =
R
V

rb(x; t)dV not�
h

0 ; 0 ; �
Z
V

rg dV
iT

:
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Forces Acting on a Continuum Body 129

4.1.2 Surface Forces

Definition 4.2. The surface forces are the forces that act on the
boundary of the material volume considered. They can be regarded
as produced by the contact actions of the particles located in the
boundary of the medium with the exterior of this medium.

Consider the spatial description of the vector field of surface forces per unit of
surface t(x; t) on the continuous medium shown in Figure 4.2. The resultant
force on a differential surface element dS is tdS and the total resultant of the
surface forces acting on the boundary ¶V of volume V can be written as

fS =
Z

¶V

t(x; t)dS : (4.2)

Remark 4.2. In the definition of surface forces given in (4.2), the ex-
istence of the vector of surface forces per unit of surface t(x; t) (trac-
tion vector1) is implicitly accepted. In other words, if a sequence of
surfaces DSi, each containing point P, and the corresponding surface
forces fDSi are considered (see Figure 4.3), there exists the limit

t(x; t) = lim
DSi!0

fDSi
DSi

and it is independent of the chosen sequence of surfaces.

Figure 4.2: Surface forces on a continuous medium.

1 In literature, the vector of surface forces per unit of surface t(x; t) is often termed traction
vector, although this concept can be extended to points in the interior of the continuous
medium.
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130 CHAPTER 4. STRESS

Figure 4.3: Traction vector.

4.2 Cauchy’s Postulates
Consider a continuous medium on which body and surface forces are acting (see
Figure 4.4). Consider also a particle P in the interior of the continuous medium
and an arbitrary surface containing point P and with a unit normal vector n at
this point, which divides the continuous medium into two parts (material vol-
umes). The surface forces due to the contact between volumes will act on the
imaginary separating surface, considered now a part of the boundary of each of
these material volumes.

Consider the traction vector t that acts at the chosen point P as part of the
boundary of the first material volume. In principle, this traction vector (de-
fined now at a material point belonging to the interior of the original continuous
medium) will depend on

1) the particle being considered,
2) the orientation of the surface (defined by means of the normal n) and
3) the separating surface itself.

Figure 4.4: Cauchy’s postulates.
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The following postulate2 makes it independent of this last condition.

Definition 4.3. Cauchy’s 1st postulate establishes that the traction
vector that acts at a material point P of a continuous medium ac-
cording to a plane with unit normal vector n depends only on the
point P and the normal n.

t = t(P;n)

Remark 4.3. Consider a particle P of a continuous medium and dif-
ferent surfaces that contain this point P such that they all have the
same unit normal vector n at said point. In accordance with Cauchy’s
postulate, the traction vectors at point P, according to each of these
surfaces, coincide. On the contrary, if the normal to the surfaces at P
is different, the corresponding traction vectors will not coincide (see
Figure 4.5).

Figure 4.5: Traction vector at a point according to different surfaces.

2 A postulate is a fundamental ingredient of a theory that is formulated as a principle of this
theory and, as such, does not need proof.
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Definition 4.4. Cauchy’s 2nd postulate - action and reaction law es-
tablishes the traction vector at point P of a continuous medium, ac-
cording to a plane with unit normal vector n, has the same magnitude
and opposite direction to the traction vector at the same point P ac-
cording to a plane with unit normal vector �n at the same point (see
Figure 4.4).

t(P;n) =�t(P;�n)

4.3 Stress Tensor
4.3.1 Application of Newton’s 2nd Law to a Continuous Medium
Consider a discrete system of particles in motion such that a generic particle i
of this system has mass mi, velocity vi and acceleration ai = dvi=dt. In addition,
a force fi acts on each particle i, which is related to the particle’s acceleration
through Newton’s second law3,

fi = miai : (4.3)

Then, the resultant R of the forces that act on all the particles of the system is

R = å
i

fi = å
i

miai : (4.4)

The previous concepts can be generalized for the case of continuous mediums
when these are understood as discrete systems constituted by an infinite number
of particles. In this case, the application of Newton’s second law to a continu-
ous medium with total mass M, on which external forces characterized by the
vector density of body forces rb(x; t) and the traction vector t(x; t) are acting,
whose particles have an acceleration a(x; t), and that occupies at time t the space
volume Vt results in

R =
Z
Vt

rb dV

| {z }
Resultant of

the body
forces

+
Z

¶Vt

t dS

| {z }
Resultant of
the surface

forces

=
Z
M

a dm|{z}
rdV

=
Z
Vt

ra dV : (4.5)

3 The Einstein notation introduced in (1.1) is not used here.
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Stress Tensor 133

4.3.2 Stress Tensor
Consider now the particular case of a material volume constituted by an ele-
mental tetrahedron placed in the neighborhood of an arbitrary particle P of the
interior of the continuous medium and oriented according to the scheme in Fig-
ure 4.6. Without loss of generality, the origin of coordinates can be placed at P.

The tetrahedron has a vertex at P and its faces are completely defined by
means of a plane with normal n = [n1;n2;n3]T that intersects with the coordi-
nate planes, defining a generic surface with area S (the base of the tetrahedron)
at a distance h (the height of the tetrahedron) of point P. In turn, the coordinate
planes define the other faces of the tetrahedron with areas S1, S2 and S3, and
(outward) normals �ê1, �ê2 and �ê3, respectively. Through geometric consid-
erations, the relations

S1 = n1S S2 = n2S S3 = n3S (4.6)

can be established. The notation for the traction vectors on each of the faces of
the tetrahedron is introduced in Figure 4.7 as well as the corresponding normals
with which they are associated.

According to Cauchy’s second postulate (see Definition 4.4), the traction vec-
tor on a generic point x belonging to one of the surfaces Si (with outward nor-
mal �êi) can be written as

t(x;�êi) =�t(x; êi)
not
=�t(i) (x) i 2 f1;2;3g : (4.7)

Figure 4.6: Elemental tetrahedron in the neighborhood of a material point P.
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Figure 4.7: Traction vectors on an elemental tetrahedron.

Remark 4.4. The mean value theorem establishes that, given a
(scalar, vectorial o tensorial) function that is continuous in the in-
terior of a (compact) domain, the function reaches its mean value
in the interior of said domain. In mathematical terms, given f (x)
continuous in W ,

9 x� 2W j
Z
W

f (x) dW = W � f (x�)

where f (x�) is the mean value of f in W . Figure 4.8 shows the
graphical interpretation of the mean value theorem in one dimen-
sion.

Figure 4.8: Mean value theorem.
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In virtue of the mean value theorem, the vector field t(i) (x), assumed to be
continuous in the domain Si, attains its mean value in the interior of this domain.
Let x�sI

2 Si be the point where the mean value is reached and t(i)� = t(i)
�
x�sI

�
this mean value. Analogously, the vectors t� = t

�
x�S
�
, r� b� = r (x�V ) b(x�V )

and r�a� = r (x�V ) a(x�V ) are the mean values corresponding to the vector fields:
traction vector t(x) in S, density of body forces rb(x) and inertial forces ra(x),
respectively. These mean values are attained, again according to the mean value
theorem, at points x�s 2 S and x�V 2 V of the interior of the corresponding do-
mains. Therefore, one can write

Z
Si

t(i) (x)dS = t(i)�Si i 2 f1;2;3g ;
Z
S

t(x)dS = t�S ;

Z
V

r (x)b(x)dV = r
�b�V and

Z
V

r (x)a(x)dV = r
�a�V :

(4.8)

Applying now (4.5) on the tetrahedron considered, results inZ
V

rbdV +
Z
S

tdS +
Z
S1

tdS +
Z
S2

tdS +
Z
S3

tdS =

=
Z
V

rbdV +
Z
S

tdS +
Z
S1

�t(1)dS +
Z
S2

�t(2)dS +
Z
S3

�t(3)dS =
Z
V

radV;
(4.9)

where (4.7) has been taken into account. Replacing (4.8) in (4.9), the latter can
be written in terms of the mean values as

r
�b�V + t� S� t(1)�S1� t(2)�S2� t(3)�S3 = r

� a�V : (4.10)

Introducing now (4.6) and expressing the total volume of the tetrahedron as
V = Sh=3, the equation above becomes

1
3

r�b� hS + t� S� t(1)�n1 S� t(2)�n2 S� t(3)�n3 S =
1
3

r� a� hS =)

1
3

r�b� h + t�� t(1)�n1� t(2)�n2� t(3)�n3 =
1
3

r� a� h :

(4.11)

Expression (4.11) is valid for any tetrahedron defined by a plane with unit
normal vector n placed at a distance h of point P. Consider now an infinites-
imal tetrahedron, also in the neighborhood of point P, by making the value
of
��PP0

��= h tend to zero but maintaining the orientation of the plane constant
(n=constant). Then, the domains Si, S and V in (4.11) collapse into point P (see
Figure 4.7). Therefore, the points of the corresponding domains in which the
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mean values are obtained also tend to point P,

x�Si
! xP =) lim

h!0
t(i)� �x�Si

�
= t(i) (P) i 2 f1;2;3g ;

x�S! xP =) lim
h!0

t� (x�S;n) = t(P;n) ;
(4.12)

and, in addition,

lim
h!0

�
1
3

r
�b� h

�
= lim

h!0

�
1
3

r
� a� h

�
= 0 : (4.13)

Taking the limit of (4.11) and replacing expressions (4.12) and (4.13) in it
leads to

t(P;n)� t(1)n1� t(2)n2� t(3)n3 = 0 =) t(P;n)� t(i)ni = 0 : (4.14)

The traction vector t(1) can be written in terms of its corresponding Cartesian
components (see Figure 4.9) as

t(1) = s11ê1 +s12ê2 +s13ê3 = s1iêi : (4.15)

Operating in an analogous manner on traction vectors t(2) and t(3) (see Fig-
ure 4.10) results in

t(2) = s21ê1 +s22ê2 +s23ê3 = s2iêi (4.16)

t(3) = s31ê1 +s32ê2 +s33ê3 = s3iêi (4.17)

and, for the general case,

t(i) (P) = si j ê j i; j 2 f1;2;3g : (4.18)

si j (P) = t(i)
j (P) i; j 2 f1;2;3g (4.19)

Remark 4.5. Note that in expression (4.19) the functions si j are
functions of (the components of) the traction vectors t(i)

j (P) on the
surfaces specifically oriented at point P. Thus, it is emphasized that
these functions depend on point P but not on the unit normal vec-
tor n.

si j = si j (P)
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Stress Tensor 137

Figure 4.9: Decomposition of the traction vector t(1) into its components.

Figure 4.10: Traction vectors t(2) and t(3) .

Replacing (4.19) in (4.14) yields

t(P;n) = ni t(i) =) t j (P;n) = ni t
(i)
j (P) = ni si j (P) i; j 2 f1;2;3g =)

t(P;n) = n �sss (P) (4.20)

where the Cauchy stress tensor sss is defined as

sss = si j êi
 ê j : (4.21)

Remark 4.6. Note that expression (4.20) is consistent with Cauchy’s
first postulate (see Definition 4.3) and that the second postulate (see
Definition 4.4) is satisfied from

t(P;n) = n �sss

t(P;�n) =�n �sss

9=; =) t(P;n) =�t(P;�n) :
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Figure 4.11: Traction vectors for the construction of the Cauchy stress tensor.

Remark 4.7. In accordance with (4.18) and (4.21), the Cauchy stress
tensor is constructed from the traction vectors according to three co-
ordinate planes that include point P (see Figure 4.11). However, by
means of (4.20), the stress tensor sss (P) is seen to contain informa-
tion on the traction vectors corresponding to any plane (identified by
its normal n) that contains this point.

4.3.3 Graphical Representation of the Stress State in a Point
It is common to resort to graphical representations of the stress tensor based on
elemental parallelepipeds in the neighborhood of the particle considered, with
faces oriented in accordance to the Cartesian planes and in which the corre-
sponding traction vectors are decomposed into their normal and tangent compo-
nents following expressions (4.15) through (4.20) (see Figure 4.12).

4.3.3.1 Scientific Notation

The representation in Figure 4.12 corresponds to what is known as scientific
notation. In this notation, the matrix of components of the stress tensor is written
as

sss
not�

264s11 s12 s13

s21 s22 s23

s31 s32 s33

375 (4.22)

and each component si j can be characterized in terms of its indices:

� Index i indicates the plane on which the stress acts (plane perpendicular to
the xi-axis).

� Index j indicates the direction of the stress (direction of the x j-axis).
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Stress Tensor 139

Figure 4.12: Graphical representation of the stress tensor (scientific notation).

4.3.3.2 Engineering Notation

In engineering notation, the components of the Cauchy stress tensor (see Fig-
ure 4.13) are written as

sss
not�

264 sx txy txz

tyx sy tyz

tzx tyz sz

375 (4.23)

and each component can be characterized as follows:

� The component sa is the normal stress acting on the plane perpendicular to
the a-axis.

� The component tab is the tangential (shear) stress acting on the plane per-
pendicular to the a-axis in the direction of the b-axis.

Figure 4.13: Graphical representation of the stress tensor (engineering notation).
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4.3.3.3 Sign Criterion

Consider a particle P of the continuous medium and a plane with unit normal
vector n that contains this particle (see Figure 4.14). The corresponding traction
vector t can be decomposed into its normal component sssn and its tangential
component tttn. The sign of the projection of t on n (s = t �n) defines the tensile
(sssn tends to pull on the plane ) or compressive (sssn tends to compress the plane)
character of the normal component.

This concept can be used to define the sign of the components of the stress
tensor. For this purpose, in the elemental parallelepiped of Figure 4.12, the dis-
tinction is made between the positive or visible faces (its outward normal has
the same direction as the positive base vector and the faces can be seen in the
figure) and the negative or hidden faces.

The sign criterion for the visible faces is

Normal stresses si j or sa

�
positive (+) ) tension
negative (�) ) compression

and

Tangential stresses tab

�
positive (+) ) direction of b-axis
negative (�) ) opposite direction to b-axis

In accordance with this criterion, the directions of the stresses represented in
Figure 4.13 (on the visible faces of the parallelepiped) correspond to positive
values of the respective components of the stress tensor4.

In virtue of the action and reaction law (see Definition 4.4) and for the hidden
faces of the parallelepiped, the aforementioned positive values of the compo-
nents of the stress tensor correspond to opposite directions in their graphical
representation (see Figure 4.15).

sssn = sn

s = t �n
�

> 0 tension
< 0 compression

Figure 4.14: Decomposition of the traction vector.

4 It is obvious that the negative values of the components of the stress tensor will result in
graphical representations of opposite direction to the positive values indicated in the figures.

X. Oliver and C. Agelet de Saracibar Continuum Mechanics for Engineers.Theory and Problems
doi:10.13140/RG.2.2.25821.20961



Con
tin

uum
M

ech
an

ics
for

Engin
eer

s

Theo
ry

an
d Pro

blem
s

©
X. O

liv
er

an
d C. A

ge
let

de Sar
ac

ibar

Properties of the Stress Tensor 141

Figure 4.15: Positive stresses in the hidden faces.

4.4 Properties of the Stress Tensor
Consider an arbitrary material volume V in a continuous medium and its bound-
ary ¶V . The body forces b(x; t) act on V and the prescribed traction vector
t� (x; t) acts on ¶V . The acceleration vector field of the particles is a(x; t) and
the Cauchy stress tensor field is sss (x; t) (see Figure 4.16).

Figure 4.16: Forces acting on a continuous medium.

4.4.1 Cauchy Equation. Internal Equilibrium Equation
The stress tensor, the body forces and the accelerations are related through
Cauchy’s equation,

Cauchy’s
equation

8><>:
Ñ �sss +rb = ra 8x 2V
¶si j

¶xi
+rb j = ra j j 2 f1;2;3g

(4.24)
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whose explicit expression in engineering notation is8>>>>>>><>>>>>>>:

¶sx

¶x
+

¶tyx

¶y
+

¶tzx

¶ z
+rbx = rax ;

¶txy

¶x
+

¶sy

¶y
+

¶tzy

¶ z
+rby = ray ;

¶txz

¶x
+

¶tyz

¶y
+

¶sz

¶ z
+rbz = raz :

(4.25)

If the system is in equilibrium, the acceleration is null (a = 0), and (4.24) is
reduced to

Internal
equilibrium

equation

8<:Ñ �sss +rb = 0 8x 2V
¶si j

¶xi
+rb j = 0 j 2 f1;2;3g

(4.26)

which is known as the internal equilibrium equation of the continuous medium.
Cauchy’s equation of motion is derived from the principle of balance of linear

momentum, which will be studied in Chapter 5.

4.4.2 Equilibrium Equation at the Boundary
Equation (4.20) is applied on the boundary points taking into account that the
traction vector is now known in said points (t = t�). The result is denoted as
equilibrium equation at the boundary.

Equilibrium
equation at

the boundary

(
n(x; t) �sss (x; t) = t� (x; t) 8x 2 ¶V

ni si j = t�j j 2 f1;2;3g
(4.27)

4.4.3 Symmetry of the Cauchy Stress Tensor
The Cauchy stress tensor is proven to be symmetric by applying the principle of
balance of angular momentum (see Chapter 5).�

sss = sssT

si j = s ji i; j 2 f1;2;3g (4.28)
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Remark 4.8. The symmetry of the stress tensor allows the Cauchy’s
equation (4.24) and the equilibrium equation at the boundary (4.27)
to be written, respectively, as8<:Ñ �sss +rb = sss �Ñ+rb = ra 8x 2V

¶si j

¶xi
+rb j =

¶s ji

¶xi
+rb j = ra j j 2 f1;2;3g

�
n �sss = sss �n = t� (x; t) 8x 2 ¶V
ni si j = s ji ni = t�j j 2 f1;2;3g

Example 4.2 – A continuous medium moves with a velocity field whose spa-
tial description is v(x; t) not� [z; x; y]T . The Cauchy stress tensor is

sss
not�

264 y g(x;z; t) 0

h(y) z(1 + t) 0

0 0 0

375 :

Determine the functions g, h and the spatial form of the body forces b(x; t)
that generate the motion.

Solution

The stress tensor is symmetric, therefore

sss = sss
T =) h(y) = g(x;z; t) =)

�
h(y) = C ;

g(x;z; t) = C ;

where C is a constant. In addition, the divergence of the tensor is null,

Ñ �sss not�
�

¶

¶x
;

¶

¶y
;

¶

¶ z

�264 y C 0

C z(1 + t) 0

0 0 0

375= [0; 0; 0] :

Thus, Cauchy’s equation is reduced to

Ñ �sss +rb = ra
Ñ �sss = 0

�
=) b = a :
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Applying the expression for the material derivative of velocity,

a =
dv
dt

=
¶v
¶ t

+ v �Ñv with

¶v
¶ t

= 0 and Ñv = Ñ
v not�

266666664

¶

¶x
¶

¶y
¶

¶ z

377777775
[z; x; y] =

240 1 0
0 0 1
1 0 0

35 :

the acceleration

a = v �Ñv not� [z; x; y]

240 1 0
0 0 1
1 0 0

35= [y; z; x]

is obtained. Finally, the body forces are

b(x; t) = a(x; t) not� [y; z; x]T :

4.4.4 Diagonalization. Principal Stresses and Directions
Consider the stress tensor sss . Since it is a symmetric second-order tensor, it
diagonalizes5 in an orthonormal basis and its eigenvalues are real. Consider,
then, its matrix of components in the Cartesian basis fx; y; zg (see Figure 4.17),

sss
not�

264 sx txy txz

tyx sy tyz

tzx tyz sz

375
fx; y; zg

: (4.29)

In the Cartesian system fx0; y0; z0g in which sss diagonalizes, its matrix of com-
ponents will be

sss
not�

264s1 0 0

0 s2 0

0 0 s3

375
fx0; y0; z0g

: (4.30)

5 A theorem of tensor algebra guarantees that all symmetric second-order tensor diagonalizes
in an orthonormal basis and its eigenvalues are real.
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Figure 4.17: Diagonalization of the stress tensor.

Definition 4.5. The principal stress directions are the directions, as-
sociated with the axes fx0; y0; z0g, in which the stress tensor diago-
nalizes.
The principal stresses are the eigenvalues of the stress tensor
(s1; s2; s3). In general, they will be assumed to be arranged in the
form s1 � s2 � s3.

To obtain the principal stress directions and the principal stresses, the eigen-
value problem associated with tensor sss must be posed. That is, if l and v are an
eigenvalue and its corresponding eigenvector, respectively, then

sss �v = lv =) (sss �l1) �v = 0 : (4.31)

The solution to this system will not be trivial (will be different to v = 0) when
the determinant of (4.31) is equal to zero, that is

det(sss �l1)
not
= jsss �l1j= 0 : (4.32)

Equation (4.32) is a third-grade polynomial equation in l . Since tensor sss

is symmetric, its three solutions (l1 � s1; l2 � s2; l3 � s3) are real. Once the
eigenvalues have been found and ordered according to the criterion s1 � s2 � s3,
the eigenvector v(i)can be obtained for each stress si by resolving the system in
(4.31),

(sss �si1) �v(i) = 0 i 2 f1;2;3g : (4.33)

This equation provides a non-trivial solution of the eigenvectors v(i), orthogo-
nal between themselves, which, once it has been normalized, defines the three
elements of the base corresponding to the three principal directions.
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146 CHAPTER 4. STRESS

Remark 4.9. In accordance with the graphical interpretation of the
components of the stress tensor in Section 4.3.3, only normal stresses
act on the faces of the elemental parallelepiped associated with the
principal stress directions, which are, precisely, the principal stresses
(see Figure 4.17).

4.4.5 Mean Stress and Mean Pressure

Definition 4.6. The mean stress is the mean value of the principal
stresses.

sm =
1
3

(s1 +s2 +s3)

Considering the matrix of components of the stress tensor in the principal stress
directions (4.30), results in

sm =
1
3

(s1 +s2 +s3) =
1
3

Tr(sss) : (4.34)

Definition 4.7. The mean pressure is the mean stress with its sign
changed.

mean pressure not
= p̄ =�sm =�1

3
(s1 +s2 +s3)

Definition 4.8. A spherical or hydrostatic stress state is a state in
which all three principal stress directions have the same value.

s1 = s2 = s3 =) sss
not�

24s 0 0
0 s 0
0 0 s

35 not� s1
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Remark 4.10. In a hydrostatic stress state, the stress tensor is
isotropic6 and, thus, its components are the same in every Cartesian
coordinate system.
As a consequence, any direction is a principal stress direction and
the stress state (traction vector) is the same in any plane.

4.4.6 Decomposition of the Stress Tensor into its Spherical and
Deviatoric Parts

The stress tensor sss can be split7 into a spherical part (or component) sss sph and
a deviatoric part sss 0,

sss = sss sph|{z}
spherical

part

+ sss
0|{z}

deviatoric
part

: (4.35)

The spherical part is defined as

sss sph :
de f
=

1
3

Tr(sss)1 = sm1 not�

264sm 0 0

0 sm 0

0 0 sm

375 ; (4.36)

where sm is the mean stress defined in (4.34). According to definition (4.35), the
deviatoric part of the stress tensor is

sss
0 = sss �sss sph

not�

264 sx txy txz

txy sy tyz

txz tyz sz

375�
264sm 0 0

0 sm 0

0 0 sm

375 (4.37)

resulting in

sss
0 not�

264sx�sm txy txz

txy sy�sm tyz

txz tyz sz�sm

375=

264 sx
0 txy

0 txz
0

txy
0 sy

0 tyz
0

txz
0 tyz

0 sz
0

375 : (4.38)

6 A tensor is defined as isotropic when it remains invariant under any change of orthogonal
basis. The general expression of an isotropic second-order tensor is T = a1 where a can be
any scalar.
7 This type of decomposition can be applied to any second-order tensor.
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148 CHAPTER 4. STRESS

Remark 4.11. The spherical part of the stress tensor sss sph is an
isotropic tensor (and defines a hydrostatic stress state), therefore, it
remains invariant under any change of orthogonal basis.

Remark 4.12. The deviatoric component of the tensor is an indica-
tor of how far from a hydrostatic stress state the present state is
(see (4.37) and Remark 4.11).

Remark 4.13. The principal directions of the stress tensor and of its
deviatoric tensor coincide. Proof is trivial considering that, from Re-
mark 4.11, the spherical part sss sph is diagonal in any coordinate sys-
tem. Consequently, if sss diagonalizes for a certain basis in (4.37), sss 0

will also diagonalize for that basis.

Remark 4.14. The trace of the deviatoric (component) tensor is null.
Taking into account (4.34) and (4.37),

Tr
�
sss
0�= Tr

�
sss �sss sph

�
= Tr(sss)�Tr

�
sss sph

�
= 3sm�3sm = 0 :

4.4.7 Tensor Invariants
The three fundamental invariants of the stress tensor8(or I invariants) are

I1 = Tr(sss) = sii = s1 +s2 +s3 ; (4.39)

I2 =
1
2
�
sss : sss � I2

1
�

=�(s1s2 +s1s3 +s2s3) ; (4.40)

I3 = det(sss) : (4.41)

8 The tensor invariants are scalar algebraic combinations of the components of a tensor that
do not vary when the basis changes.
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Stress Tensor in Curvilinear Orthogonal Coordinates 149

Any combination of the I invariants is, in turn, another invariant. In this manner,
the J invariants

J1 = I1 = sii ; (4.42)

J2 =
1
2
�
I2
1 + 2I2

�
=

1
2

si js ji =
1
2

(sss : sss) ; (4.43)

J3 =
1
3
�
I3
1 + 3I1I2 + 3I3

�
=

1
3

Tr(sss �sss �sss) =
1
3

si js jkski ; (4.44)

are defined.

Remark 4.15. For a purely deviatoric tensor sss 0, the corresponding J
invariants are (see Remark 4.14 and equations (4.39) to (4.44))

J1 = I1 = 0

J2 = I2

J3 = I3

9>=>; =) sss
0 =)

8>>>>>><>>>>>>:
J1
0 = I1

0 = 0

J2
0 = I2

0 =
1
2

(sss 0 : sss 0) =
1
2

s 0i js
0
ji

J3
0 = I3

0 =
1
3
�
s 0i js

0
jks
0
ki
�

4.5 Stress Tensor in Curvilinear Orthogonal Coordinates
4.5.1 Cylindrical Coordinates
Consider a point in space defined by the cylindrical coordinates fr;q ;zg (see
Figure 4.18). A physical (orthonormal) basis fêr; êq ; êzg and a Cartesian system
of local axes fx0;y0;z0g defined as dextrorotatory are considered at this point.

The components of the stress tensor in this basis are

sss
not�

264 sx0 tx0y0 tx0z0

tx0y0 sy0 ty0z0

tx0z0 ty0z0 sz0

375=

264 sr trq trz

trq sq tqz

trz tqz sz

375 : (4.45)

The graphical representation on an elemental parallelepiped is shown in Fig-
ure 4.19, where the components of the stress tensor have been drawn on the
visible faces. Note that, here, the visible faces of the figure do not coincide with
the positive faces, defined (in the same direction as in Section 4.3.3.3) as those
whose unit normal vector has the same direction as a vector of the physical basis.
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150 CHAPTER 4. STRESS

x(r;q ;z) not�

24 x = r cosq

y = r sinq

z = z

35

Figure 4.18: Cylindrical coordinates.

Figure 4.19: Differential element in cylindrical coordinates.

4.5.2 Spherical Coordinates
A point in space is defined by the spherical coordinates fr;q ;fg (see Fig-
ure 4.20). A physical (orthonormal) basis

�
êr; êq ; êf

	
and a Cartesian system

of local axes fx0;y0;z0g defined as dextrorotatory are considered at this point.
The components of the stress tensor in this basis are

sss
not�

264 sx0 tx0y0 tx0z0

tx0y0 sy0 ty0z0

tx0z0 ty0z0 sz0

375=

264 sr trq trf

trq sq tqf

trf tqf sf

375 : (4.46)

The graphical representation on an elemental parallelepiped is shown in Fig-
ure 4.21, where the components of the stress tensor have been drawn on the
visible faces.
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Mohr’s Circle in 3 Dimensions 151

x(r;q ;f)
not�

24 x = r sinq cosf

y = r sinq sinf

z = z cosq

35

Figure 4.20: Spherical coordinates.

Figure 4.21: Differential element in spherical coordinates.

4.6 Mohr’s Circle in 3 Dimensions
4.6.1 Graphical Interpretation of the Stress States
The stress tensor plays such a crucial role in engineering that, traditionally, sev-
eral procedures have been developed, essentially graphical ones, to visualize and
interpret it. The most common are the so-called Mohr’s circles.

Consider an arbitrary point in the continuous medium P and the stress tensor
sss (P) at this point. Consider also an arbitrary plane, with unit normal vector n,
that contains P (see Figure 4.22). The traction vector acting on point P corre-
sponding to this plane is t = sss �n. This vector can now be decomposed into its
components sssn, normal to the plane considered, and tttn, tangent to said plane.
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Figure 4.22: Decomposition of the traction vector.

Consider now the normal component sssn = s n, where s is the normal com-
ponent of the stress on the plane, defined in accordance with the sign criterion
detailed in Section 4.3.3.3,

sssn = s �n
�

s > 0 tension ;

s < 0 compression :
(4.47)

Consider now the tangential component tttn, of which only its module is of inter-
est,

tttn = t�sssn jtttnj= t � 0 : (4.48)

The stress state on the plane with unit normal vector n at the point considered
can be characterized by means of the pair

(s ;t) !
�

s 2 R
t 2 R+ (4.49)

which, in turn, determine a point of the half-plane (x� s ;y� t) 2 R�R+ in
Figure 4.23. If the infinite number of planes that contain point P are now con-
sidered (characterized by all the possible unit normal vectors n(i)) and the corre-
sponding values of the normal stress si and tangential stress ti are obtained and,
finally, are represented in the half-space mentioned above, a point cloud is ob-
tained. One can then wonder whether the point cloud occupies all the half-space
or is limited to a specific locus. The answer to this question is provided by the
following analysis.

n1 ! (s 1;t 1)

n2 ! (s 2;t 2)
� � �

ni ! (s i;t i)

Figure 4.23: Locus of points (s ;t).
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Mohr’s Circle in 3 Dimensions 153

4.6.2 Determination of the Mohr’s Circles
Consider the system of Cartesian axes associated with the principal directions
of the stress tensor. In this basis, the components of the stress tensor are

sss
not�

264s1 0 0

0 s2 0

0 0 s3

375 with s1 � s2 � s3 (4.50)

and the components of the traction vector are

t = sss �n not�

264s1 0 0

0 s2 0

0 0 s3

375
264n1

n2

n3

375=

264s1 n1

s2 n2

s3 n3

375 ; (4.51)

where n1;n2;n3 are the components of the unit normal vector n in the basis as-
sociated with the principal stress directions. In view of (4.51), the normal com-
ponent of the stress (s), defined in (4.47), is

t �n not� [s1 n1; s2 n2; s3 n3]

264n1

n2

n3

375= s1 n2
1 +s2 n2

2 +s3 n2
3 = s (4.52)

and the module of the traction vector is
jtj2 = t � t = s

2
1 n2

1 +s
2
2 n2

2 +s
2
3 n2

3 : (4.53)

The modules of the traction vector and of its normal and tangential components
can also be related through

jtj2 = s
2
1 n2

1 +s
2
2 n2

2 +s
2
3 n2

3 = s
2 + t

2 ; (4.54)

where (4.53) has been taken into account. Finally, the condition that n is a unit
normal vector can be expressed in terms of its components as

jnj= 1 =) n2
1 + n2

2 + n2
3 = 1 : (4.55)

Equations (4.54), (4.52) and (4.55) can be summarized in the following ma-
trix equation.264s2

1 s2
2 s2

3

s1 s2 s3

1 1 1

375
| {z }

A

264n2
1

n2
2

n2
3

375
| {z }

x

=

264s2 + t2

s

1

375
| {z }

b

=) A �x = b (4.56)
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154 CHAPTER 4. STRESS

System (4.56) can be interpreted as a linear system with:

a) A matrix of coefficients, A(sss), defined by the stress tensor at point P
(by means of the principal stresses).

b) An independent term, b, defined by the coordinates of a certain point
in the half-space s � t (representative, in turn, of the stress state on a
certain plane).

c) A vector of unknowns x that determines (by means of the components
of the unit normal vector n) in which plane the values of the selected s

and t correspond.

Remark 4.16. Only the solutions of system (4.56) whose compo-
nents x not�

�
n2

1; n2
2; n2

3
�T are positive and smaller than 1 will be fea-

sible (see (4.55)), i.e.,

0� n2
1 � 1 ; 0� n2

2 � 1 and 0� n2
3 � 1 :

Every pair (s ;t) that leads to a solution x that satisfies this require-
ment will be considered a feasible point of the half-space s � t ,
which is representative of the stress state on a plane that contains P.
The locus of feasible points (s ;t) is named feasible zone of the half-
space s � t .

Consider now the goal of finding the feasible region. Through some algebraic
operations, system (4.56) can be rewritten as8>>>>>><>>>>>>:

s2 + t2� (s1 +s3)s +s1 s3�
A

(s1�s3)
n2

1 = 0 (I)

s2 + t2� (s2 +s3)s +s2 s3�
A

(s2�s3)
n2

2 = 0 (II)

s2 + t2� (s1 +s2)s +s1 s2�
A

(s1�s2)
n2

3 = 0 (III)

with A = (s1�s2)(s2�s3)(s1�s3) :

(4.57)

Given, for example, equation (III) of the system in (4.57), it is easily verifiable
that it can be written as

(s �a)2 + t2 = R2 with a =
1
2

(s1 +s2)

and R =

r
1
4

(s1�s2)2 +(s2�s3)(s1�s3)n2
3 ;

(4.58)
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which corresponds to the equation of a semicircle in the half-space s � t of
center C3 and a radius R3, given by

C3 =

�
1
2

(s1 +s2) ; 0
�

and

R3 =

r
1
4

(s1�s2)2 +(s2�s3)(s1�s3)n2
3 :

(4.59)

The different values of n2
3 2 [0;1] determine a set of concentric semicircles

of center C3 and radii R3 (n3) belonging to the half-space s � t and whose
points occupy a certain region of this half-space. This region is delimited by
the maximum and minimum values of R3 (n3). Observing that the radical in the
expression of R3 in (4.59) is positive, these values are obtained for n2

3 = 0 (the
minimum radius) and n2

3 = 1 (the maximum radius).

n2
3 = 0 =) R min

3 =
1
2

(s1�s2)

n2
3 = 1 =) R max

3 =
1
2

(s1 +s2)�s3

(4.60)

The domain delimited by both semicircles defines an initial limitation of the
feasible domain, shown in Figure 4.24.

This process is repeated for the other two equations, (I) and (II), in (4.57),
resulting in:

� Equation (I) : C1 =
� 1

2
(s2 +s3)| {z }

a1

; 0
�

=)

8<:R min
1 =

1
2

(s2�s3)

R max
1 = js1�a1j

Figure 4.24: Initial limitation of the feasible domain.
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Figure 4.25: Feasible region.

� Equation (II) : C2 =
� 1

2
(s1 +s3)| {z }

a2

; 0
�

=)

8<:R min
2 =

1
2

(s1�s3)

R max
2 = js2�a2j

� Equation (III) : C3 =
� 1

2
(s1 +s2)| {z }

a3

; 0
�

=)

8<:R min
3 =

1
2

(s1�s2)

R max
3 = js3�a3j

For each case, a feasible region that consists in a semi-annulus defined by the
minimum and maximum radii is obtained. Obviously, the final feasible region
must be in the intersection of these semi-annuli, as depicted in Figure 4.25.

Figure 4.26 shows the final construction that results of the three Mohr’s semi-
circles that contain points s1, s2 and s3. It can also be shown that every point
within the domain enclosed by the Mohr’s circles is feasible (in the sense that
the corresponding values of s and t correspond to stress states on a certain plane
that contains point P).

The construction of Mohr’s circle is trivial (once the three principal stresses
are known) and is useful for discriminating possible stress states on planes, de-
termining maximum values of shear stresses, etc.

Figure 4.26: Mohr’s circle in three dimensions.
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Example 4.3 – The principal stresses at a certain point in a continuous
medium are

s1 = 10 ; s2 = 5 and s3 = 2 :

The normal and tangential stresses on a plane that contains this point are s

and t , respectively. Justify if the following values of s and t are possible or
not.

a) s = 10 and t = 1.
b) s = 5 and t = 4.
c) s = 3 and t = 1.

Solution

The Mohr’s circle for the defined stress state is drawn and the given points
are marked in the half-space s � t .

Only the points belonging to the gray zone represent stress states (feasible
points). It is verified that none of the given points are feasible.

4.7 Mohr’s Circle in 2 Dimensions
Many real-life problems in engineering are assimilated to an ideal bi-dimensional
stress state9 in which one of the principal stress directions is known (or assumed)
a priori. In these cases, the Cartesian axis x3 (or z-axis) is made to coincide with
said principal direction (see Figure 4.25) and, thus, the components of the stress
tensor can be written as

sss
not�

264s11 s12 0

s12 s22 0

0 0 s33

375=

264 sx txy 0

txy sy 0

0 0 sz

375 : (4.61)

9 This type of problems will be analyzed in depth in Chapter 7, dedicated to bi-dimensional
elasticity.
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Consider now only the family of planes parallel to the x3-axis (therefore, the
component n3 of its unit normal vector is null). The corresponding traction vec-
tor is

t(P;n) = sss �n =)

264 t1
t2
0

375=

264s11 s12 0

s12 s22 0

0 0 s33

375
264n1

n2

0

375 (4.62)

and its component t3 vanishes. In (4.61) and (4.62) the components of the stress
tensor, sss , of the unit normal vector defining the plane, n, and of the traction
vector, t, associated with direction x3 are either well known (this is the case for
s13, s23, n3 or t3), or do not intervene in the problem (as is the case for s33). This
circumstance suggests ignoring the third dimension and reducing the analysis to
the two dimensions associated with the x1- and x2-axes (or x- and y-axes), as
indicated in Figure 4.27. Then, the problem can be defined in the plane through
the components of the stress tensor

sss
not�

"
s11 s12

s12 s22

#
=

"
sx txy

txy sy

#
(4.63)

and the components of the traction vector

t(P;n) = sss �n not�

"
t1

t2

#
=

"
s11 s12

s12 s22

#"
n1

n2

#
: (4.64)

Figure 4.27: Reduction of the problem from three to two dimensions.
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4.7.1 Stress State on a Given Plane
Consider a plane (always parallel to the z-axis) whose unit normal vector n forms
an angle q with the x-axis. A unit vector m is defined in the tangential direction
to the trace of the plane as indicated in Figure 4.28.

Remark 4.17. The unit normal vector n, the unit tangent vector m,
and the angle q in Figure 4.28 have the following positive directions
associated with them.

� Unit normal vector n: towards the exterior of the plane (with re-
spect to the position of point P).

� Unit tangent vector m: generates a clockwise rotation with re-
spect to point P.

� Angle q : defined as counterclockwise.

Consider sss , the stress tensor at a given point, whose components are defined
in a Cartesian base,

sss
not�

"
sx txy

txy sy

#
: (4.65)

Using (4.64), the traction vector on the given point, which belongs to the plane
considered, is

t = sss �n not�

"
sx txy

txy sy

#"
cosq

sinq

#
=

"
sx cosq + txy sinq

txy cosq +sy sinq

#
: (4.66)

Figure 4.28: Stress state on a given plane.
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160 CHAPTER 4. STRESS

Taking into consideration the expression t = sq n + tq m, the normal stress
sq and the tangent stress tq on the plane with inclination q (see Figure 4.28)
are defined, respectively, as

sq = t �n not� [sx cosq + txy sinq ; txy cosq +sy sinq ]

�
cosq

sinq

�
=

= sx cos2
q + txy2sinq cosq +sy sin2

q

(4.67)

and

tq = t �m not� [sx cosq + txy sinq ; txy cosq +sy sinq ]

�
sinq

�cosq

�
=

= sx sinq cosq �sy sinq cosq + txy
�
sin2

q � cos2
q
�

;

(4.68)

which can be rewritten as10

sq =
sx +sy

2
+

sx�sy

2
cos(2q)+ txy sin(2q)

tq =
sx�sy

2
sin(2q)� txy cos(2q)

(4.69)

Direct problem

Inverse problem

Figure 4.29: Direct and inverse problems.

10 The following trigonometric relations are used here: sin(2q) = 2sinq cosq ,
cos2 q = (1 + cos(2q))=2 and sin2

q = (1� cos(2q))=2.
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4.7.2 Direct Problem: Diagonalization of the Stress Tensor
The direct problem consists in obtaining the principal stresses and the principal
stress directions given the components of the stress tensor (4.65) in a certain
system of axes x� y (see Figure 4.29).

The principal stress directions associated with the x0- and y0-axes defined by
the angles a and p=2 + a (see Figure 4.29) determine the inclinations of the
two planes on which the stresses only have a normal component sa , being the
tangent component ta null. Imposing this condition on (4.69) yields

ta =
sx�sy

2
sin(2a)� txy cos(2a) = 0 =) tan(2a) =

txy
sx�sy

2

;

sin(2a) =� 1r
1 +

1
tan2 (2a)

=�
txy������

s�
sx�sy

2

�2

+ t2
xy

������
;

cos(2a) =� 1p
1 + tan2 (2a)

=�

sx�sy

2������
s�

sx�sy

2

�2

+ t2
xy

������
:

(4.70)

Equation (4.70) provides two solutions (associated with the + and� signs) a1
and a2 = a1 +p=2, which define the two principal stress directions (orthogonal)
to the plane being analyzed11. The corresponding principal stress directions are
obtained replacing the angle q = a in (4.70) in (4.69), resulting in

sa =
sx +sy

2
+

sx�sy

2
cos(2a)+ txy sin(2a) : (4.71)

sa !

8>>>>><>>>>>:
s1 =

sx +sy

2
+

s�
sx�sy

2

�2

+ t2
xy

s2 =
sx +sy

2
�

s�
sx�sy

2

�2

+ t2
xy

(4.72)

11 The third principal stress direction is the direction perpendicular to the plane being ana-
lyzed (z- or x3-axis), see (4.61) and Figure 4.27.
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162 CHAPTER 4. STRESS

Figure 4.30: Inverse problem.

4.7.3 Inverse Problem
The problem consists in obtaining the stress state on any plane given the prin-
cipal stresses and the principal stress directions s1 and s2 in the plane being
analyzed. The stress state on any plane is characterized by the angle b that
forms the unit normal vector of the plane with the principal stress direction cor-
responding to s1. As a particular case, the components of the stress tensor on
an elemental rectangle associated with the system of axes x� y can be obtained
(see Figure 4.29).

Consider now the Cartesian system x0�y0, associated with the principal stress
directions (see Figure 4.30). Applying (4.69) with sx0 = s1, sy00 = s2, tx0y0 = 0
and q � b results in

sb =
s1 +s2

2
+

s1�s2

2
cos(2b )

tb =
s1�s2

2
sin(2b )

(4.73)

4.7.4 Mohr’s Circle for Plane States (in 2 Dimensions)
Consider all the possible planes that contain point P and the values of the normal
and tangent stresses, sq and tq , defined in (4.69) for all the possible values of
q 2 [0;2p]. The stress state in the point for an inclined plane q can now be
characterized by means of the pair

(s = sq ; t = tq ) where s 2 R and t 2 R ; (4.74)

which, in turn, determines a point (x� s ; y� t) 2 R�R of the plane s � t

in Figure 4.31. To determine the locus of points of said plane that characterizes
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