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Abstract: The article sets the temperature distribution for the office room and people in it. The 
analysis was made on the basis of the numerical solution of the state determined in the ANSYS-
Fluent. 

Keywords: numerical analysis, temperature distribution, thermal comfort 

11.1. Introduction  
Maintaining thermal comfort at work is recommended not only to ensure 
adequate employee performance. Employee is obliged to adjust individual air 
parameters to the standards defined in the Regulation of the Minister of Labour 
and Social Policy (Rozporządzenie Ministra Pracy i Polityki Socjalnej 
w sprawie ogólnych przepisów bezpieczeństwa i higieny pracy). According to 
this regulation, temperature in office rooms cannot be lower than 18°C. Thermal 
comfort in rooms is felt individually and subjectively. An ideal was the system 
that guaranteed the lowest percentage possible of people dissatisfied with indoor 
conditions. Due to the fact that humans spend most of their time indoors, 
evaluation of these conditions is critical. Thermal comfort in rooms has been 
examined by numerous researchers, including those conducted by Ravikumar & 
Prakash 2009, Stavrakakis et al. 2008, Myhren & Holmberg 2008, Fanger et al. 
1974. Many researchers have used numerical analyses, with their studies 
concerning three-dimensional steady-state numerical analysis in a room heated 
by two-panel radiators (Sevilgen & Kilic 2011), or numerical evaluation of 
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thermal comfort in a room (Embaye at al. 2016) also in a cross-ventilated space 
with top-hung windows (Deng at al. 2017).  
The aim of this study is to present parameters of thermal comfort using the 
ANSYS Fluent software with the example of the selected office room. The 
paper presents a three-dimensional numerical analysis of temperature 
distribution conducted for an office room. A real room heated with a steel two-
panel heater was analysed. Furthermore, floor heating and thermal carriers were 
adopted for comparison. People remaining in this room were also taken into 
consideration. It was demonstrated that with the computation methods used, it is 
possible to perform analysis of technological and material solutions already at 
the stage of design and use of the room.  

11.2. Focus of the analysis 
The analysis concerned an office room on the last floor of the building of the 
Faculty of Civil Engineering, Częstochowa University of Technology in 
Częstochowa, Poland (Fig. 11.1). Room dimensions are 5.32 m × 3.78 m × 3 m, 
with a cutout for the chimney channel with dimensions of 0.15 m × 1.6 m × 3 m 
(Fig. 11.2). There was a wall unit and three desks in the room (Figs. 11.1a and 
11.1b).  
a) 

 

b)  

 
                               c) 

 

Fig. 11.1. Real view of the analysed room: a) view to the window, b) view to the door, 
c) front façade of the building 

analysed 
object 
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The computations took into consideration three cases of heating. Case 1 
reflected the real conditions of heating by means of a two-panel steel heater 
with dimensions of 0.8 m × 0.6 m, fed from the university's heating plant. Case 
2 assumed the use of floor heating, whose heating field is removed from each 
wall by 0.4 m, with total heating surface of the heating of 12.2 m2. Case 3, the 
last in the examinations, assumes the use of a two-panel heater with dimensions 
of 0.8 m × 0.6 m (as in the Case 1) and floor heating with surface area of 12.2 
m2 (installed as in the Case 2). 
 

 

Fig. 11.2. Model of the room analysed 

11.3. Numerical model and case study 
ANSYS - Fluent software was used for numerical analysis (comp. Major & 
Kosiń 2016 or Major & Kosiń 2017). A source of heat adopted for computations 
was one of the cases (Case 1, Case 2 and Case 3) and heat from two people. 
Temperature of heating devices was 70°C for the wall heater and 29°C for floor 
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heating. Due to the clothing, the temperature generated by humans was adopted 
as 33.7°C.  
The external air temperature of -20°C was adopted for the analysis. The 
temperature of air flowing from the rooms adjacent to the building was 20°C. 
Numerical analysis did not take into consideration the heat gains from solar 
radiation. 
 

 

Fig. 11.3. The view of the generated net of finite elements 

Inflow of air from the outside occurred through the window air inlet, for which 
entire value of ventilation air flux was 0.007 kg/s. Furthermore, air outflow was 
ensured by gravitational ventilation outlet with dimensions of 0.2 m × 0.2 m and 
a gap under the door (0.9 m × 0.02 m) leading to the building corridor.  

Due to the shortening of the computation time, a grid with four-wall 
components was generated (Fig. 11.3). Details of grid generation and solutions 
were derived from the literature: Ansys Fluent 12 User’s Guide 2001 and Major 
& Kosiń 2016. The computational domain was composed of nearly three 
million nodes. 
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11.4. Solutions 
For the analysed cases (1 to 3), the figures below (11.4a-c and 11.5a-c) present 
isotherms on the plane parallel to the floor and on the vertical plane. The 
assumed planes parallel to the floor were placed, respectively, at the floor level 
(height: 0.00 m), over the desk (height: 1.00 m) and at the level of the head of a 
sitting person (height: 1.4 m).  
Figs. 11.4d and 11.5d illustrate distribution of temperatures in the vertical plane 
passing through the centre of the window air inlet (compare Fig. 11.2). 

 
a) b) 

  
c) d) 

  

Fig. 11.4. Distribution of temperature: Case 1: a)  level of floor of 0.00 m, b) level over 
the desk 1 m, c) level of the head 1.4 m, d) vertical plane passing through the 
centre of the air inlet 
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In the Case 1, moving planes show a disturbed distribution of temperature at the 
side of the wall with the window and wall with the door (Fig. 11.4b, c). The 
change in the temperature fields occurs also in the area of sitting people (Fig. 
11.4a). Fig. 11.4a shows heat radiation from the heater and the effect of low 
temperature from the window part (Fig. 11.4d). 
 
a) b) 

  
c) d) 

  

Fig. 11.5. Distribution of temperature: Case 2: a)  level of floor of 0.00 m, b) level over 
the desk 1 m, c) level of the head 1.4 m, d) vertical plane passing through the 
centre of the air inlet. 

The isolines at the floor level in the Case 2 show variable fields of temperatures 
near the external wall and in the area of feet of the people sitting at desks (Fig. 
11.5a). In other vertical planes, distribution is not homogeneous, with light 
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disturbances near people sitting in the room (Fig. 11.5b, 11.5d). The window 
zone, presented in Fig. 11.5d, contains a band of cooler temperature over the 
height of the external wall. 

For the Case 3, with mixed heating, including heating with a two-panel steel 
wall heater with the dimensions of 0.8 m × 0.6 m and floor heating with the 
surface area of 12.2 m2, distribution of temperature at the floor level (Fig. 
11.6a) differs significantly from the Case 2. The vertical plane shows greater 
changes in temperatures in the area near the window (Fig. 11.6d). 
 
a) b) 

  
c) d) 

  

Fig. 11.6. Distribution of temperature: Case 3: a)  level of floor of 0.00 m, b) level over 
the desk 1 m, c) level of the head 1.4 m, d) vertical plane passing through the 
centre of the air inlet. 
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Other figures (Figs. 11.7 – 11.9) showed isolines of the velocity of air moving 
in the analysed room. In the first case, the most intensive air stream can be 
observed in the part of the room located nearest the heater (Fig. 11.7). Different 
situation is observed for the Case 2 and 3, where substantially greater changes 
occur in the area near the floor i.e. near the person sitting nearest the window 
(Figs. 11.7c and 11.7d, 11.8c and 11.8d). 

 
a) b) 

  
c) d) 

  

Fig. 11.7. Velocity isolines: Case 1: a) horizontal surface over the desk (1m), b) 
horizontal plane at the height of the head (1.4 m), c) vertical plane passing 
through the person sitting nearest the window, d) vertical plane passing 
through the person sitting further from the window 
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a) b) 

  
c) d) 

  

Fig. 11.8. Velocity isolines: Case 2: a) horizontal surface over the desk (1m), b) 
horizontal plane at the height of the head (1.4 m), c) vertical plane passing 
through the person sitting nearest the window, d) vertical plane passing 
through the person sitting further from the window 
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a) b) 

  
c) d) 

  

Fig. 11.9. Velocity isolines: Case 3: a) horizontal surface over the desk (1m), b) 
horizontal plane at the height of the head (1.4 m), c) vertical plane passing 
through the person sitting nearest the window, d) vertical plane passing 
through the person sitting further from the window 

11.5. Conclusions 
The aim of this study was to model the problems connected with the evaluation 
of the temperature distribution for various heat carriers by means of numerical 
methods. The use of numerical software allows for a relatively fast evaluation 
of the adopted methods of room heating and allows for verification of the 
adopted solutions. Numerical computations provide both information about the 
parameters of concern and they allow for a graphical representation of the 
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distribution of these parameters in the room analysed. Consequently, analysis of 
technological and construction solutions can be made at the design stage, which 
has a substantial effect on the functional properties of the building. This allows 
for an effective designing of solutions and assessment of the thermal comfort in 
the room where humans are expected to spend time, whereas their individual 
sensations will determine their work performance. One should strive to ensure 
that the system that guarantees thermal comfort in a room should meet the 
expectations of people remaining inside. Since humans spend most of their time 
indoors, numerical analysis of the thermal comfort is a very important and 
desired form of evaluation of the expected solutions. This can be performed 
using 3D software such as ANSYS - Fluent. 
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Abstract: The papers is focused on  generalized maximum tangential stress criterion in double 
cantilever beam specimens. The conducted research programme allowed to find the critical 
distance between 0.35 and 0.6 mm which seems to be suitable for the specimens with the defined 
geometry and made of the material under the study. 

Keywords: tangential stress, beam, defect, critical distance 

12.1. Introduction  
When a defect/crack is detected in a structure, the fracture mechanics concept is 
applied in order to estimate the reliability and/or lifetime of the damaged 
structure. Generally, fracture mechanics (Anderson, 2004) deals with 
description of cracks behaviour in various kind of materials where different 
types of fracture can occur; they are usually classified as the brittle, the elastic-
plastic or the quasi-brittle case, see e.g. (Bažant and Planas, 1998; Shah et al., 
1995). For each kind of fracture specific approaches have been derived and they 
should not be applied elsewhere because of their limited validity. For example, 
the linear elastic fracture mechanics approaches cannot predict correct failure 
response in the case of elastic-plastic or quasi-brittle fracture. Similarly, the 
strength theory ignoring the stress concentration at cracks/notches/defects tips 
and also ductile fracture models are not suitable for failures with a rapid and 
huge energy release (typical for brittle fracture and in some cases for quasi-
brittle fracture).  
Nevertheless, sometimes the fracture response does not follow any of the 
theories suggested for the three kinds of fracture; of course, there exist 
transition zones between the individual types of fracture, see (Veselý et al., 
2017). There are always efforts to find some theory that would enable to cover 
as many fracture kinds as possible.  
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One of useful tools how to get more precise results when fracture response is 
described seems to be utilization of the multi-parameter fracture mechanics 
concept. This theory is based on the assumption that the stress/displacement 
field near a crack tip can be expressed by means of a power series (Williams, 
1957), Williams expansion (WE), i.e. that not only the first (singular) term 
controls the crack propagation but also the terms of higher orders are 
significant. This is especially important for materials where the fracture process 
occurs not only very close to the crack tip but also in a further distance from the 
crack tip. Typically, the material behaviour in this region is mostly nonlinear 
and is not sufficiently explored. Moreover, the size/geometry/boundary effect 
has to be taken into account, see (Ayatollahi and Akbardoost, 2012; Duan et al., 
2007; Karihaloo et al., 2006). The influence of the specimen shape on the mode 
I fracture strength has been demonstrated recently (Chao et al., 2001; Davenport 
and Smith, 1993; Khan and Al-shayea, 2000; Kumar et al., 2011; Liu and Chao, 
2003; Sun and Qian, 2009). 

The multi-parameter concept has been applied to several fracture mechanics 
tasks (such as near-crack-tip stress field approximation, crack propagation 
assessment, plastic zone extent estimation, etc.) and its significance has been 
proved ((Šestáková) Malíková, 2013; Šestáková, 2014; Veselý et al., 2014). 
Subsequent investigations are introduced in this paper. 
Particularly, the topic of the presented work is connected to the interest in 
investigations of the crack path. It has been observed that although the crack is 
loaded under pure mode I (when it is expected that it will propagate along the 
direction of the original crack plane), it sometimes kinks (Ayatollahi et al., 
2010; Betegon and Hancock, 1991; Du and Hancock, 1991; Larsson and 
Carlsson, 1973; Rice, 1974). This phenomenon is often explained by means of 
the constraint effect, i.e. it is connected to the value of T-stress (second/non-
singular term of the Williams expansion). Several fracture criteria including 
some initial terms of the WE have been proposed and it has been observed that 
taking into account the T-stress values can bring more reliable fracture 
assessment (Aliha et al., 2010; Aliha and Ayatollahi, 2010; Ayatollahi et al., 
2015; Ayatollahi and Aliha, 2009; Cotterell, 1966; Pook, 2015; Smith et al., 
2001). 
In order to show importance of the terms of higher orders of the WE, multi-
parameter fracture criteria have been derived and effect of T-stress studied, 
particularly a Generalized Maximum Tangential Stress (GMTS) criterion 
(Ayatollahi et al., 2015; Smith et al., 2001) or Average Strain Energy Density 
(ASED) criterion (Lazzarin et al., 2009). 
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In this work a multi-parameter form of the Maximum Tangential Stress (MTS) 
criterion is suggested and tested in order to find the initial crack propagation 
angle. The numerical analyses are based on the experimental observations on 
PMMA specimens. The basic geometry proceeds from the Compact Tension 
(CT) specimens and then several more specimens with larger widths 
(representing Double Cantilever Beam (DCB) specimens) are suggested, 
modelled and a parametrical study is performed. The choice of the crucial 
length parameter (critical distance from the crack tip, where the criterion is 
applied) is discussed thoroughly. 

12.2. Basic terms and theory 
The key idea of this paper is the approximation of the stress/displacement field 
near the crack tip by means of the Williams power series. This theory can be 
involved in fracture mechanics tasks and assumes that not only the first singular 
term is important for the stress state in a cracked specimen. Whereas the 
classical linear elastic fracture mechanics considers only the stress intensity 
factor as the single-controlling parameter, WE enables to take into account also 
the higher-order (non-singular) terms. The theory was derived for a crack in an 
elastic isotropic homogeneous body subjected to an arbitrary remote loading. 
Then, the stress tensor and displacement vector components for a crack under 
I+II mixed mode can be expressed as follows: 

 N�b � ∑ ¿å å
� !

í
CB�Pg,�b�h, s�îåz� + ∑ ïM M

� !
=
CB�Pgg,�b�h,Á�îMz�   (12.1) 

and 

      ð� � ∑ ¿å å
� !

í
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� !
=
CÀgg,�b�h,Á, ,, ñ�îMz1  (12.2) 

The meaning of the symbols is:   
i, j – i, j = {x, y}, 
r, θ – polar coordinates (assuming the origin of the 

coordinate system at the crack tip and the crack faces 
lying on the negative x-axis), 

Pg,�b�h, s� – known functions corresponding to the stress tensor 
components and mode I of loading, 

Pgg,�b�h,Á� – known functions corresponding to the stress tensor 
components and mode II of loading, 

Àg,�b�h, s, ,, ñ� – known functions corresponding to the displacement 
vector components and mode I of loading, 

Àgg,�b�h,Á, ,, ñ� – known functions corresponding to the displacement 
vector components and mode II of loading, 
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E, ν – material parameters, i.e. Young's modulus and 
Poisson's ratio, 

An, Bm – coefficients of the higher-order terms; depending on 
the specimen geometry and boundary conditions. 

Both Eq. 12.1 and 12.2 are used in their truncated form in the procedure 
described in the following sections. First, the approximation of the 
displacements serves for calculation of the coefficients of the higher-order terms 
and then the approximation of the stresses is a part of the MTS fracture 
criterion. 

Note, that the well-known stress intensity factor corresponds to the first 
coefficient of the WE (pI � ¿�√2�, pII � *ï�√2�). Second (non-singular) 
term corresponds to the in-plane T-stress. Coefficients of the higher orders are 
not connected to any conventional fracture parameters. 

12.3. Over-deterministic method 
When Eq. 12.1 shall be used for approximation of the crack-tip stress field and 
application of the multi-parameter MTS criterion, it is necessary to determine 
the coefficients of the WE. This must be done numerically in the most cases, an 
over-deterministic method (ODM) is applied in this work, see (Aytollahi and 
Nejati, 2011) for more details. 
The principle of the ODM is relatively simple in comparison to other methods 
such as hybrid crack element method, boundary collocation method or others 
that require more extensive and deeper knowledge of the special elements or 
advanced mathematical procedures (Karihaloo and Xiao, 2001; Knésl, 
1994/1995; Su and Fok, 2007; Tong et al., 1997; Xiao et al., 2004). 

The ODM procedure based on the formulation of linear least-squares consists in 
the direct application of Eq. 12.2. Particularly, a finite element (FE) model of 
the cracked specimen according to the experimental configuration was created 
to get the nodal solution. Then, the displacements ux, uy of a set of nodes at a 
selected radial distance from the crack tip were further used as inputs for the 
ODM application. When the FE solution is known in the set of k nodes, a 
system of 2k equations arises. Solution of such a defined system is represented 
by the coefficients of the individual terms of the WE. Naturally, the crucial idea 
of the ODM is that the system of equations must be over-determined, i.e. when 
N mode I coefficients and M mode II coefficients shall be calculated, at least (N 
+ M)/2 + 1 nodes with their coordinates and displacements must be taken as 
inputs for the ODM procedure. Further details on the accuracy, convergence, 
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mesh sensitivity of the method can be found in (Malíková, 2015; Růžička et al., 
2017; Šestáková (Malíková), 2013; Šestáková and Veselý, 2013). 

12.4. Cracked specimen geometry 
As is mentioned in the previous text, several cracked geometries have been 
chosen and the Compact Tension was the basic one. Additionally, the width of 
the original specimen was enlarged and several double cantilever beam (DCB) 
specimen configurations were considered (W = 60, 90 and 150 mm), see 
Fig. 12.1a.  
 

           
(a)                                                (b) 

Fig. 12.1. (a) Schema of the investigated cracked specimen: W = 30 (CT), W = 60, 90 
and 150 mm (DCB); (b) region where the tangential stress was investigated 

The specimen dimensions were considered as follows: specimen height 
H = 30 mm, specimen thickness B = 10 mm and specimen width W = 30 (CT), 
W = 60, 90 and 150 mm (DCB). The crack length (following the designation 
introduced in Fig. 12.1a) was always a half of the width, a = W/2. The specimen 
was subjected to tensile loading, the values of the loading force were set up with 
regard to experimental observations (Ayatollahi et al., 2016). The values of the 
fracture forces were measured as: F = 319, 214, 141 and 87 N (corresponding to 
the specimen width 30, 60, 90 and 150 mm. 

Based on the specified geometry, the specimen was modelled in a FE code, 
particularly in ANSYS FE code (Ansys, 2016). The most important properties 
of the model were: two-dimensional, linear elastic, meshed with quadratic 8-
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node PLANE183 elements, refined mesh around the crack tip, plane strain 
conditions. The square root singularity of the stress at the crack tip was 
emphasized by means of using shifted mid-side in the first row of elements. The 
elastic material constants corresponded to the PMMA material teste 
experimentally, i.e. Young's modulus E = 2900 MPa and Poisson's ratio 
ν = 0.35.  

From the FE solution of the problem, the displacement field of the nodes at the 
distance of 1 mm from the crack tip was taken to apply the ODM. The ODM 
procedure was programmed in Wolfram Mathematica software (Wolfram 
Mathematica, 2018). The coefficients of higher-order terms have been obtained 
as the result. 
The tangential stress could be then reconstructed at various distances 
considering various numbers (between 1 and 10) of initial higher-order terms of 
the WE, see the range where the tangential stress was investigated in Fig. 12.1b. 
In order to find the angle of the further crack propagation, the angle where the 
tangential stress reaches its maximum had to be found. The influence of the 
selected critical distance as well as number of initial WE terms is discussed in 
the following section. 

12.5. Results 
In Fig. 12.2 the tangential stress distribution approximated by means of Eq. 
12.1. and taking into account 1, 2, 3, 6 and 10 initial terms of the WE. The 
stress is reconstructed in front of the crack tip according to Fig. 12.1b. 
Comparison between the specimens with various widths (W = 30 (CT), W = 60, 
90 and 150 mm (DCB)) as well as between the results calculated at various 
distances from the crack tip (rc = 0.1, 1, and 5 mm) can be seen. 
The results presented in Fig. 12.2 can be commented with regard to the choice 
of the proper critical distance in the following way. If the critical distance is 
chosen very small, the singularity of the first singular term is dominant, and 
these results differ significantly from the ones obtained by means of the WE 
assuming more terms. This is more evident for specimens with larger widths. 
When the point of view of the angle of the further crack propagation is 
considered (using the generalized MTS criterion), it can be seen in Fig. 12.2 that 
when the criterion is applied at a very small distance (rc = 0.1 mm), the 
prediction of the propagation angle would be the same independently on the 
specimen width – i.e. the crack should propagate along its original plane. The 
same results were observed when the classical one-parameter form of the MTS 
criterion is assumed (NM = 1 in Fig. 12.2). But the experiments performed on 
PMMA CT and especially DCB specimens say something else (Ayatollahi et 



Generalized Maximum Tangential Stress criterion in Double Cantilever … 205

al., 2016): when the specimen width is 60 mm and larger, the crack kinks from 
its original direction in spite the fact that it is loaded under pure mode I. Thus, 
the generalized (multi-parameter) MTS criterion instead of the classical one-
parameter should be used and furthermore, the critical distance where the 
criterion is applied must be large enough. 
Although there have been published several recommendations how to estimate 
this parameter rc (Seweryn and Lukaszewicz, 2002; Sih and Ho, 1991; Sumsle, 
2008), a really universal and reliable instruction does not exist yet. Therefore, 
several values of the critical distance are applied, tested and based on the 
comparison between the numerical an experimental results discussed. 

 

Fig. 12.2. Dependence of the tangential stress distribution (vertical axes in [MPa]) 
ahead of the crack tip on the angle θ between −90° and 90° (horizontal axes) 
for various critical distances rc = 0.1, 1 and 5 mm approximated via WE 
assuming 1, 2, 3, 6 and 10 initial higher-order terms. Each row corresponds to 
the cracked specimen with different width: W = 30 (CT), W = 60, 90 and 150 
mm (DCB) 
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In Fig. 12.3 the dependence of the initial crack propagation angle determined by 
means of the generalized (multi-parameter) MTS criterion considering various 
numbers of the initial terms on the critical distance where the criterion is 
applied can be seen for cracked specimens with different widths W = 30, 60, 90 
and 150 mm. 
From the results presented in Fig. 12.3 the following conclusions can be 
highlighted: 

• When the crack propagation in the CT specimen is investigated, it is 
found out that the crack will propagate in its original direction (no 
kinking occurs) independently on the distance where the generalized 
MTS criterion is applied as well as on the number of the initial WE terms 
considered; this fully agrees with the experimental observations 
(Ayatollahi et al., 2016). 

 

(a)                                                                      (b) 

 

(c)                                                                      (d) 

Fig. 12.3. How the initial crack propagation angle depends on the critical distance 
where the generalized (multi-parameter) MTS criterion (considering 1, 2, 3, 6 
and 9 initial terms of the WE) is applied: (a) CT specimen, W = 30 mm, (b) 
DCB specimen, W = 60 mm, (c) DCB specimen, W = 90 mm, (d) DCB 
specimen, W = 150 mm 
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• When the initial crack propagation angle in DCB specimens is 
investigated, various results of the kink angle can be obtained in 
dependence on the choice of the critical distance and on the number of 
the WE terms assumed, see the following discussion. 

• When the crack propagation in the DCB specimens with larger width 
(higher geometric constraint) is investigated, it is found out that the 
classical (one-parameter) MTS criterion is not able to describe the crack 
deflection; it predicts the straightforward crack propagation for all the 
DCB configurations considered despite the experimental results.  

• Therefore, the multi-parameter (generalized) form of the MTS criterion is 
to be recommended for this kind of specimens to get better results. 

• The initial kink angle calculated by means of the multi-parameter MTS 
criterion considering 3 and more WE terms does not change significantly 
when more WE terms are considered. 

• When the crack propagation angle is determined from the stress 
distribution very close to the crack tip, it seems that the crack will 
propagate straight ahead for all specimen widths, which is inconsistent 
with the experiments. 

• Therefore, rather larger critical distance can be recommended. 
• When the experimental values of the initial crack propagation angle are 

compared to the dependences obtained numerically, the generalized MTS 
criterion considering initial 3 terms of the WE brings good results for the 
critical distance of 0.6 mm for 150 mm wide DCB specimens and critical 
distance of 0.35 mm for 90 mm wide DCB specimens.  

12.6. Conclusions 
Within this work, the importance of the multi-parameter (generalized) fracture 
mechanics is emphasized. It is shown that the classical one-parameter fracture 
mechanics is not able to describe the crack kinking when the crack propagation 
in the specimens with higher geometric constraint is investigated. It is also 
proved that the proper choice of the critical distance where the generalized 
fracture criterion is applied is crucial. All the conclusions are made based on the 
comparison between the numerical analysis and experimental campaign. It is 
recommended to consider at least three terms of the WE when the crack 
propagation in the DCB specimens with larger width shall be investigated. The 
critical distance between 0.35 and 0.6 mm seems to be suitable for the 
specimens with the defined geometry and made of the material under the study. 
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13.1. Introduction  
The testing technology of composite materials used in the building industry has 
its specific characteristics when compared to other technical disciplines 
(engineering, electrical engineering, etc.). Most non-destructive acoustic 
measurement methods are well developed for homogeneous, especially basic 
metallic materials (steel, cast iron, etc.), but are not similarly well-developed for 
non-homogeneous materials. These non-homogeneous materials of course 
include building composites, either cement-based or alkali-activated (pastes, 
mortars, and concrete). That is the reason why it is very important to develop 
non-destructive defectoscopy testing methods. Non-destructive defectoscopy 
methods (defect imaging) are diagnostic methods that form an integral part of 
control processes of products, structures, and designs both in research, 
development, pre-production and manufacturing stages, as well as in real-life 
applications. Without defectoscopy, it would not be possible to provide error-
free operation, reliability, and safety in many areas such as aviation, nuclear 
power, chemicals, as well as safety of bridges, dams, etc. In general, non-
destructive defectoscopy deals with the testing of the structure of metallic and 
non-metallic materials and internal or surface defects of objects without 
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compromising their integrity. Material and product defects include incorrect 
chemical composition, structural defects, deviations from the specified 
mechanical and physical properties, non-homogeneity (cracks, tears), cavities 
(bubbles, pores, precipitates), inclusions (slag, non-metallic and metallic 
inclusions), shape defects, corrosion, wear, etc. (Kreidl, 2006). Non-destructive 
defectoscopy testing methods are based on different physical principles and 
utilize specific material properties. Individual procedures vary in demands on 
technical equipment and personnel qualifications and it is impossible to 
establish only one generally valid procedure for the detection of defect. The use 
of a particular method always depends on the given situation. There is no ideal 
universal defectoscopy method for the control of specific components or 
materials. The choice of the optimal method or a combination of methods 
depends on the particular application, material, etc. A combination of several 
different methods and procedures are therefore commonly used to determine the 
most accurate information for the given case. This chapter will deal with pulse-
echo methods and the method of the maximum length sequence (MLS). 

13.1.1 Principle of Impact and Pulse-echo methods 
The Impact-echo (IE) method, often referred to as "indirect" acoustic emission, 
uses an external source of the acoustic signal. The term hammer method is also 
used and usually employs a mechanical impulse as the signal transmitter– a 
hammer stroke, or the fall of a steel ball (Fig. 13.1 and Fig. 13.2). This method 
deals with a response, where we monitor the parameters of the signal that has 
been transformed by the passage through the material and recorded on the 
surface of the examined sample (Malhotra and Carino, 2004; Kopec, 2008). The 
Impact-echo method is based on the analysis of the response of a mechanical 
impulse that creates harmonic waves in the studied object at its natural 
frequency and at higher harmonic frequencies. These frequencies primarily 
depend on the dimensions and material characteristics of the tested object. A 
transient stress pulse applied to the surface creates elastic waves in the material, 
which further propagate through the material by spherical wavefronts as 
longitudinal and transverse waves and is superimposed by reflected waves from 
the outer surfaces as well as from internal defects (inconsistencies, non-
homogeneities, cavities, micro and macro cracks, etc.). 
These waves are transformed on the surface of the sample into surface waves, 
also called Rayleigh's, respectively Lamb waves, which are then recorded and 
evaluated. The recorded response indicates the existence of structural defects, 
but does not specify the type of the defect or its shape and size (Kořenská, 
2006). 
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Fig. 13.1. Schematic representation of the Impact and Pulse-echo methods 

 

 

Fig. 13.2. The method of signal transmission with a hanging hammer for the Impact-
echo method 

For impact and pulse-echo methods, the source of the stress impulse applied to 
the surface of the tested object may be a mechanical impulse or a generated 
signal. If a mechanical impulse is used for the testing, we talk about the Impact-
echo method and if the generate the mechanical wave by a generator, we talk 
about the Pulse-echo method (Carino, 2001). The generated signal may be in the 
form of a pulse or a continuous noise or harmonic signal (Malhotra and Carino, 
2004; Domain, 2007). The evaluation of the response signals to the transmitted 
pulse in the tested object can be performed in two basic systems of analysis. In 
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the first case, the resulting shift in relation to time is evaluated, and in the 
second case, the signals are converted to the frequency domain and a frequency 
analysis is performed. The frequency analysis is used more often, where the 
examined signal is converted from the time domain to the frequency domain 
with the Fourier Transform, most frequently with the fast Fourier Transform 
(FFT - Fast Fourier Transform). The Fourier Transform decomposes the signal 
into many sine waves of different frequencies (Domain, 2007) and thus 
generates a spectrum of amplitudes depending on the frequency. The individual 
peaks corresponding to the dominant frequencies indicate the depth of the 
boundary surfaces of the object or also the depth of the interface on the surface 
of the cracks and cavities or the depth of the interface between two materials of 
different acoustic impedances. 

13.1.2 The principle of the MLS method 
Scientists involved in vibroacoustics have been trying to reduce the noise 
caused by the transmitted signal in pulse-compression methods. The MLS 
method was developed for this particular purpose (Fig. 13.3). Instead of 
transmitting one short impulse in the test sample (whether by a hammer stroke, 
or a piezoelectric transmitter), it is transmitted by a pseudorandom binary signal 
(working with only two levels of voltage), which is generated into a continuous 
chain of the transmitted signal. During recording of the impulse response (IR – 
“impulse response”), the start and the end of the transmitted signal are not 
relevant. Due to the nature of the MLS signal, the evaluation algorithm can 
select any point in the signal, select a sequence of points of the length of the 
partial transmitted signal and obtain precisely one impulse response. The 
advantage of this approach is that we can create up to 216 transmitted impulses 
hidden in one maximum length sequence in a relatively short time interval of a 
few seconds. By subsequent averaging of each FFT calculated from the partial 
IR, we obtain a much more accurate impulse response than in the case of the 
common IE method. This allows a substantial reduction of the quantization 
noise on the side of the generator, a reduction of the hardware costs, and a 
reduction of the influence of non-linearities (Lam and Hui, 1982). 
MLS can be used in a wider frequency range than in case of the IE method, 
which works primarily in the low frequency range to 30 kHz. The generation of 
the transmitted signal can be done by a piezoelectric transmitter or contact 
speakers with different threshold voltage of the transmitted MLS signal. In this 
area, we can also speak about a linear and non-linear response of the test 
specimen (Potchinkov, 2005). 
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Fig. 13.3. Schematic representation of the use of the MLS method 

Thanks to the possibility of transmitting the MLS signal with different threshold 
voltage, it is possible to record the shift of its natural resonance frequency 
f at maximum oscillation and the frequency f0 at minimum oscillation. 
The proposed method allows both the interpretation of the measured transmitted 
signal in the frequency domain and the assessment of the parameter 
α characterizing the non-linear nature of the tested specimen, which is given 
by the equation (Carbol, 2016): 

 � � ∆<
<{ �

<B<{
<{  (13.1) 

13.2. Materials and experimental setup 
A total of 30 test specimens with dimensions of 0.1 × 0.1 × 0.4 m were 
produced from two mixtures B and C. Each mixture was divided into five 
temperature sets, one reference set was kept at 20 °C and the remaining sets 
were divided into individual firing temperatures 400, 600, 800 and 1000 °C. 
The composition of the mixtures used during the experiments is given in Tab. 
13.1. All the samples were kept in a water bath for 28 days. Each test specimen 
was pre-dried in a laboratory oven at 110 °C for 72 hours. This procedure 
removed free water from the specimens and consequently spalling of the 
specimens (Zhao et al., 2014) at temperatures above 400 °C. During firing, the 
temperature in the oven was set to at an increase of 5 °C/min and the target 
temperature was then maintained for one hour. The specimens then cooled 
freely with access to air in the oven to the laboratory temperature.  
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Table 13.1. Mixture design  

Compounds 

Amount of each 
compound for 1 m3 in kg 

Set B Set C 

Cement CEM I 42.5 R 345 
Mix water 173 176 
Superplasticizer Sica Viscocrete 2030 2.5 3.1 
Fine aggregate Žabčice 0/4 mm 896 813 
Coarse aggregate Olbramovice 4/8 mm – 1010 
Coarse aggregate Olbramovice 8/16 mm 521 – 
Coarse aggregate Olbramovice 11/22 mm 391 – 

 
When the signal is transmitted by a mechanical stroke, the hammer is suspended 
in a horizontal position. To transmit the impulse, it is released and therefore 
always falls from the same height (Fig. 13.2). In such a situation, it is possible 
to compare the amplitudes from individual measurements. Tests using the 
Impact-echo method consist of the first phase of the transmission and recording 
of the signal using a sensor (DAKEL IDK-09) and oscilloscope (HandyScope 
HS3), its conversion to a frequency spectrum using FFT and subsequent 
analysis of the dominant frequencies. 
For the pulse-echo method, the pulse generator (Agilent 33220a) was set to the 
following output values: period 5s; amplitude 10 Vpp; pulse width 500 µs. These 
pulse signals were captured after passing through the sample by the 
piezoelectric sensor (DAKEL IDK 09) and then amplified with a preamplifier 
(AS3K 433) with a gain of 35 dB and subsequently recorded by the DAKEL 
XEDO device where they were again amplified if necessary by internal circuits. 
The MLS measuring device is automated and consists of the transmission of the 
pseudo-sequence signal, non-contact recording of the vibration of the test 
specimen subjected to transmission using a highly sensitive MEMS microphone 
and vibration decrease and subsequent automatic analysis of the recording. A 
single test cycle contains three parameters which characterize the linear and 
nonlinear behaviour of the sample - the resonance frequency f, the non-
guaranteed sound velocity in the material vu and the parameter α characterizing 
the non-linear character. The use of the pulse compression of the signal is quite 
unusual in the construction industry. Only recently has the frequency of this 
issue increased in professional journals. A great potential lies in the mentioned 
combination of three test methods into one, in high test rate and repeatability of 
measurements, but also in the theoretical possibility of testing massive elements 
(Carbol, 2016). 
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13.3. Achieved results in time and frequency domain 
for each method 

13.3.1. Results from the Impact-echo method 
Examples of the recorded signals are shown in Fig. 13.4 Several basic 
characteristic signs of the tested material are distinguishable from the graphs. In 
both cases applies that the specimens degraded at the temperature of 1000 °C 
have a lower frequency than non-degraded specimens. In addition, the reference 
set of the B mixture exhibits a substantially discontinuous decrease of 
individual oscillations in comparison to the almost continuous attenuation 
in case of the C mixture. 
 

  

Fig. 13.4. An example of a signal from the IE measurement of the test specimens 
(left – mixture B, right – mixture C) 

When comparing the amplitudes, we can observe a more pronounced difference 
in the course of the amplitude of the degraded sets of both the mixtures. In case 
of firing to 1000 °C, the signal of the mixture B exhibits some inconsistencies; 
the signal of the mixture C has a harmonic character. 
These differences are noticeable when comparing the FFT of the individual 
temperature sets from the B mixture shown in Fig 13.5 and the C mixture 
shown in Fig. 13.6. 
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Fig. 13.5. Resonance frequency of the mixture B test specimens 

These are selected representative frequency spectra from each temperature set 
and do not include all the conducted measurements. Besides the frequency shift 
of the resonance frequency between the individual temperatures, which is 
evident on both graphs, both mixtures have different amplitude of the measured 
frequencies. The amplitude of the mixture C is up to twice that of the mixture B. 
From 800 °C, the peaks of the resonance frequencies of mixture B exhibit a 
slight flattening due to a higher degree of noise as seen in Fig. 13.4 (left). 
 

 

Fig. 13.6. Resonance frequency of the mixture C test specimens 
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Since both mixtures differ only in the amount of the coarse aggregate (Tab 
13.1.), we can attribute these differences to the used aggregate and the overall 
behaviour of the used materials at high temperatures. While the basically fine-
grained mixture C has a high response in all temperature sets, the mixture B 
behaves like a less compact material and dampens the mechanical impulse to a 
higher degree. 

  

Fig. 13.7. Relative density loss of the tested sets (left graph), average resonance 
frequency of longitudinal waves of mixtures B and C (right graph) 

The change in the resonance frequency of the test specimens in the longitudinal 
direction of testing indicates the most significant change in the residual 
physical-mechanical properties of the tested mixtures. Both mixtures reach their 
reference resonance frequencies from 4.7 kHz to 4.9 kHz with little variance of 
the values, as shown in Fig. 13.7 (right). The change in frequencies for 
specimens fired to 400 °C is not so significant when compared to other 
temperatures, but demonstrates the effect of the present physically and 
chemically bound water. The physically bound water escapes in the form of 
steam from the plain concrete at around 100 to 180 °C, and at the critical 
temperature of 374 °C, the chemically bound water can no longer be present 
(Hager, 2004). The mixture B reaches a reduction of 6% in this case and the 
mixture C of up to 10%. Since the measured amplitudes of the 400 °C 
temperature set for both mixtures exhibit the highest measured amplitude of the 
resonance frequency, it can be concluded that from the point of degradation, the 
test specimens were not significantly damaged by the elevated temperature, but 
the decrease in the frequency is caused by the escaping physically and 
chemically bound water. Fig. 13.7 (left) shows a decrease in the density of the 
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tested sets in relation to the degradation temperature. As can be seen, the most 
significant decrease of 6% is between 20 °C and 400 °C, the rest of the stress 
temperatures influenced the density by only 3%. In the frequency domain, 
however, this change corresponds to the main decrease in the resonance 
frequency and the most significant degradation of both mixtures. 
Another interesting behaviour of the tested mixtures was demonstrated on the 
variance of the measured values. Fig. 13.7 (right) shows the probable error of 
the arithmetic mean of the measured values presented by error bars. The 
mixture B exhibits relatively high accuracy only for the reference set, the other 
measurements of the temperature sets are marked by a relatively large error, 
which is true up to 1000 °C. The variance of the measured values for mixture C, 
however, decreases with the increasing temperature stress up to the 1000 °C 
level, where the error in the mean is almost identical to the reference set. 

From the point of view of the cementitious matrix, gradual decomposition of 
portlandite Ca(OH)2 and CSH gels occurs between the temperature of 400 °C 
and 600 °C and is accompanied by general shrinkage of the cementitious matrix 
and the first significant formation of cracks on the interface of the filler and 
binder. On the other hand, quartz components of the material, which mostly 
form the filler, and are mostly composed of β-quartz, feldspar and mica, 
experience expansion and cracking of the quartz aggregate. From around 780 
°C to 920 °C, gradual decomposition of fine-grained and coarse-grained 
carbonates CaCO3, and CO2 occurs and results in their thermal decomposition 
to CaO and CO2, which further contributes to the density loss as well as to the 
main shift of the resonance frequencies to a lower frequency domain 
(Bodnárová, 2013). 

13.3.2. Results from the Pulse-echo method 
The graphs in Fig. 13.8. include the records of the signals in the time domain for 
both sample mixtures and two selected temperatures. The vertical axis 
represents the actual amplitude (the total gain has been taken into account) of 
the individual signals and the horizontal axis represents time. The upper graphs 
show 
a comparison between the two sets for reference samples (20 °C). Both graphs 
demonstrate the typical pulse signal that has passed through the sample without 
significant inconsistencies or defects. The larger amount of the fine aggregate 
of the mixture C probably caused the lower recorded amplitude of the signal. 
The situation is dramatically different in case of the selected firingtemperature 
(600 °C). The recorded signal is highly attenuated and also greatly distorted. 
A better picture of the signal attenuation in the time domain 
is given in Fig. 13.9. 
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Fig. 13.8. Examples of the signal in the time domain from the Pulse-echo method 
measurements 

The graph in Fig. 13.9 shows the decrease in the signal amplitude for individual 
firing temperatures. The higher amplitude of the degraded samples (200, 400, 
600, 800 and 1000 °C) indicates a greater sensitivity of the internal structure, 
i.e. smaller damage due to elevated temperatures. In this respect, the mixture C 
samples seem to be better since the amplitude values are higher for all the 
temperatures, although in case of some temperatures only insignificantly. 

 

Fig. 13.9. Decrease in the signal amplitude in the time domain for mixture B and C 
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The graphs in Fig. 13.10 present the records of the signal for both mixtures 
and selected temperatures (reference and 600 °C) in the frequency domain. 
By comparing individual sets in different temperatures, it is evident that after 
firing to 600 °C, the dominant frequency shifts towards lower values, i.e. to the 
left in the frequency spectrum. It can therefore be assumed that lower 
frequencies indicate higher structural damage of the individual samples. It can 
also be seen that in addition to the dominant frequency, other significant 
frequencies occur in the degraded samples, which are not so apparent in the 
reference samples. The change of the dominant frequencies for both mixtures 
and all degradation temperatures is summarized in graph (Fig. 13.11). 

  

  

Fig. 13.10. Examples of recalculated signals in the frequency domain 
from the Pulse-echo method measurements 

The summary graph shows the shift of the dominant frequency positions to 
lower values, which again indicates greater damage and structural changes. 
Compared to the maximum amplitudes from the time domain, there is a slight 
difference at temperatures of 600 and 800 ° C, when the samples first exhibit 
crystalline changes and consequently the decomposition of Portlandite. This is 
probably connected to the larger amount of the fine aggregate (cement grains 
are closer to each other and the change in the Portlandite structure therefore 
occurs) in samples from the C mixture, which then leads to larger shifts of the 
dominant frequency positions than in case of the mixture B samples. 
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Fig. 13.11. A change of the position of the dominant frequencies for mixtures B and C 

13.3.3. Results from the MLS method 
The resulting frequency spectra obtained with the MLS method exhibit 
significantly greater response on particular resonance and harmonics 
frequencies (Fig 13.12 to 13.17). All the measured spectra are created using 
three threshold transmission voltages 8 V, 16 V and 24 V. The sequence length 
of the maximum length was set to 17 bits with the generating frequency of 100 
kHz. The sample response was read with a sampling frequency of 1 MHz. A 
Sono gel was used as a coupling medium between the speaker and the test 
specimen, and the response of the specimen was recorded by a sensitive MEMS 
microphone through air. The LabView software from National Instruments was 
used to evaluate the measured response (Carbol, 2015). The tested specimens of 
mixture B and C can therefore be evaluated on a wider frequency spectrum of 
up to 30 kHz. When compared to IE, the individual peaks are considerably 
sharper. The created spectra for the reference samples allow clear detection of 
the first dominant resonance frequency and then its subsequent harmonic 
frequencies, both for the mixture B in Fig. 13.12. as well as for the mixture C in 
Fig. 13.15. The measured resonance frequencies match the frequencies obtained 
using the IE method with maximum differences in single percentages. The 
measured values of the individual temperature sets of both mixtures are 
presented in table Tab. 13.2. 
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Fig. 13.12. The frequency spectrum of the mixture B obtained by MLS testing 
(20 °C and 400 °C) 

 

 

Fig. 13.13. The frequency spectrum of the mixture B obtained by MLS testing (600 °C) 
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Fig. 13.14. The frequency spectrum of the mixture B obtained by MLS testing  
(1000 °C) 

 

 

Fig. 13.15. The frequency spectrum of the mixture C obtained by MLS testing 
(20 °C and 400 °C) 
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Fig. 13.16. The frequency spectrum of the mixture C obtained by MLS testing (600 °C) 

 

 

Fig. 13.17. The frequency spectrum of the mixture C obtained by MLS testing  
(1000 °C) 

To be more understandable, the graphs Fig. 13.12 to 13.17 were generated only 
from a part of the frequency spectrum transmitted by the signal with the 
threshold voltage of 24 V. All three voltages are shown in graphs 13.18, which 
illustrate the linear and non-linear character of the temperature sets. 
With increasing temperature degradation, the rate of the signal noise increases. 
The way in which the MLS method creates individual frequency spectra allows 
a higher response on the resonance frequencies of the tested material. MLS 
testing achieves much more pronounced results especially when compared to 
the IE method. 
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Graphs 13.12 and 13.15 compare the change of the frequency spectrum between 
the set of 20 °C and 400 °C. While firing to 400 °C in case of the mixture B 
caused a slight shift of the resonance frequency and a decrease in the response 
of the amplitude, there was an increase in the response amplitude in case 
of the mixture C. Only mixture C therefore corresponds to the development 
of the amplitude obtained during IE testing. As has been mentioned above, the 
IE method, in the initial firing phase of up to 400 °C, is most influenced by the 
physically and chemically bound water in the tested mixtures. The first 
dominant resonance frequencies are easily recognisable up to 1000 °C. 

In case of the reference sets, we can also observe decreasing amplitude of the 
harmonic frequencies. The monitoring of the harmonic frequencies of non-
linear ultrasonic testing of concrete can determine the presence of an internal 
defect. Looking at the resonance frequencies and the first three harmonic 
frequencies, we find a similar development in this case as well (Ongpeng, Oreta 
and Hirose, 2015). 
 

  

Fig. 13.18. Average compressive (left) and tensile strength (right) 

In case of mixture B and C for the temperature sets of 20 °C, the first dominant 
frequency exhibits the highest amplitude and the other harmonic frequencies 
have decreasing amplitudes. For temperature sets of 600 °C and 1000 °C, the 
amplitudes change and the first dominant frequency have a lower amplitude 
than its following harmonic frequencies. Due to the knowledge of the residual 
physical-mechanical properties, which were described in graphs 13.19 to 13.20, 
we can state that the changes obtained with non-destructive methods in the 
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tested material correlate with the destructive tests and in particular with the 
compressive and tensile strengths. 
The strengths of the tested mixtures correspond to the used material 
composition. The mixture B containing coarse aggregate 8/16 mm and 11/22 
mm achieves the highest strengths in both compressive and tensile tests. With 
gradual degradation, however, its compressive and tensile strengths gradually 
approach the mixture C until they reach almost the same value at the 
degradation temperature of 1000 °C. This indicates that the temperature of 1000 
°C is the material minimum for both tested mixtures. 
 

   

Fig. 13.19. Progress of the linear character (left and right) and the non-linear character 
(centre) of the resonance frequency of the mixture B temperature sets: 20 °C 
(left), 800 °C (centre), 1000 °C (right) 

Looking at the graphs 13.19 to 13.20, we can observe the linear and non-linear 
character of the tested mixtures. For illustration purposes, we selected the peaks 
of resonance frequencies of the temperature sets which allow the non-linearity 
phenomenon to be recognized to the greatest and smallest extent. 
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Fig. 13.20. Progress of the linear character (left and right) and the non-linear character 
(centre) of the resonance frequency of the mixture C temperature sets: 20 °C 
(left), 800 °C (centre), 1000 °C (right) 

In practice, almost all materials behave non-linearly, i.e. the stress induced 
inside the system is non-linearly dependent on strain, and after unloading, it 
returns to the initial state with persisting plastic deformation. The linearly 
behaving system, on the other hand, returns to their initial state after unloading 
without losses of the internal energy – it therefore behaves elastically (Ongpeng, 
Oreta and Hirose, 2015; Lexcellent, 2017). The non-linearity parameter α was 
observed in the tested sets and is presented in Tab. 13.2. All the tested sets 
exhibited the non-linear character, to the lowest extent in case of the B mixture 
temperature set 20 °C and to the highest extent in case of the temperature set 
800 °C of the same mixture. In case of mixture C, non-linearity was manifested 
to a lesser degree. In the frequency spectrum outside the dominant peaks, 
skipping of the frequencies between the 8, 16 and 24 V voltage thresholds was 
also observed. While the graphs 13.19 and 13.20 present gradually increasing 
amplitudes in the same order as in which the individual signals were 
chronologically transmitted, other places may show changes in the order. The 
extent of this phenomenon, however, diminishes in the resonance frequency 
domain. Overall, the test specimens produced from the mixture C appear to be 
less usable at high temperatures, but as a substantially more stable material with 
respect to the measured parameters. This result confirms both the measured 
values from the evaluation using the Impact-echo method as well as using the 
MLS method. 
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Table 13.2. Results obtained from MLS measurement of mixture B and C 

Mixture T /°C vL /ms-1 f /Hz f0 /Hz α ×104 /– 

M
ix

tu
re

 B
 

20 4645 5000 5001 1.50 

400 4089 4671 4671 1.71 

600 2597 3425 3425 30.76 

800 1412 1341 1339 137.00 

1000 975 905 904 99.90 

M
ix

tu
re

 C
 

20 4300 4739 4740 2.80 

400 3513 4240 4239 2.36 

600 2429 2863 2863 17.44 

800 1394 1289 1301 33.50 

1000 678 981 978 26.72 

13.4. Comparison of achieved results and discussions 
Tab. 13.3 presents a comparison of the average values of the dominant 
frequencies (fL – impact-echo; f0 – MLS; fPE – pulse-echo) of the individual 
methods including their relative errors. The results in Tab. 13.3 can be 
interpreted from several points of view: 

• In regard to the degree of degradation, it is evident that the lowest 
relative error values are for specimens that were not degraded. The 
highest variance of the measured values, on the other hand, was 
obtained for specimens fired at 600 °C. This development of physico-
mechanical and physico-chemical changes causes an uneven and 
stochastic increase of concrete heterogeneity and simultaneously a 
significant reduction of mechanical properties. Healthy concrete 
consists of clearly defined materials and its response to an excited 
signal is unambiguous. Degraded concrete consists of healthy 
components, partly degraded or completely degraded components, but 
also of new phases that are still forming in the material during the firing 
process. 

• Within the ability of the individual methods to provide accurate results, 
we can describe differences in the accuracy of the measured quantities 
from the point of view of the application of the test procedure itself. 
The impact-echo method is dependent on a stroke of a spherical 
hammer, where the same initial conditions cannot be ensured for each 
test (the place and force of the impact of a hammer). The MLS method, 
which employs a sensitive microphone as a receiver and a contact 
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speaker as an exciter, receives the response of the specimen to an 
excited signal influenced by the ambient noise (background laboratory 
acoustic conditions). The lowest relative error values are therefore 
reached by the pulse-echo method. This result is due to the character of 
the test assembly with the piezoceramic exciter and the receiver being 
attached to the surface of the test specimen and the specimen being 
excited by longitudinal waves at higher frequencies (above 20 kHz). 
This method is therefore able to ensure the highest homogeneity of the 
excited signal and therefore the response of the specimen to the excited 
signal. 

 
From the point of view of the destructive tests (Table 13.4), it can be observed 
that while mixture B reached the compressive strength of up to 75 MPa and can 
therefore be considered high performance concrete, the mixture C achieves 
slightly higher compressive strengths than ordinary concrete but does not 
exceed 50 MPa. However, the subsequent decreasing trend in the strengths 
linked to temperature degradation is very similar for both mixtures. The lowest 
values of mechanical properties were recorded for temperature sets degraded at 
1000 °C. At this state, the decomposition of all the key hydraulic components, 
which ensure internal cohesion and strength of cement composites, has taken 
place and the material itself had a strong tendency to crumble and cracked. 

Table 13.3. Results of non-destructive acoustic tests of mixture B and C 

Mixture T /°C fL /Hz δ(fL) /% f0 /Hz δ(f0) /% fPE /kHz δ(f0) /% 

M
ix

tu
re

 B
 20 5000.25 0.17 5000.50 0.21 89.6 0.32 

400 4624.01 1.39 4670.60 1.70 44.7 0.22 
600 3192.21 5.89 3425.20 3.55 27.8 5.57 
800 1263.49 2.85 1339.20 1.32 23.7 2.52 

1000 744.72 3.19 904.08 3.68 13.9 2.63 

M
ix

tu
re

 C
 20 4958.19 0.43 4740.33 0.37 87.6 0.11 

400 4172.22 2.42 4239.00 1.85 44.9 0.11 
600 2805.22 4.77 2862.80 4.11 15.1 0.37 
800 1365.12 2.68 1301.00 2.37 13.9 0.12 

1000 788.78 2.73 978.00 3.13 14.2 0.23 
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Table 13.4. Results of destructive tests of mixture B and C 

Mixture T /°C fc /MPa δ(fc) /% fct /MPa δ(fct) /% 
M

ix
tu

re
 B

 20 75.10 1.02 6.50 0.27 
400 57.10 1.64 4.10 5.61 
600 41.40 6.59 2.10 11.40 
800 31.40 5.17 0.81 17.43 

1000 7.70 3.90 0.40 12.71 

M
ix

tu
re

 C
 20 49.83 1.15 6.33 0.31 

400 42.78 2.14 3.59 1.87 
600 29.06 6.98 1.82 3.75 
800 22.97 4.58 0.80 7.13 

1000 5.99 1.90 0.28 9.44 

 
If we express the correlation of the employed non-destructive and destructive 
methods, we will be primarily interested in, mainly from the point of view of 
the testing practice, the correlation between the non-destructive parameters and 
flexural strength or compressive strength respectively. 
Table 13.5 describes the correlation relationships between destructive and 
acoustic non-destructive methods. It can be stated that the measured resonance 
frequencies of the specimens tested by the MLS and the impact-echo methods 
are in very good correlation - their correlation coefficient reaches the value 
0.998. 

Both test methods work in lower frequency areas (1 - 20 kHz). At the same 
time, they are in very good correlation with the development of compressive 
strength and reach the values 0.960 for impact-echo and 0.948 for MLS. 
In contrast, the pulse-echo method reaches lower correlation values with the 
MLS method, the impact-echo methods and compressive strength. However, 
it is in good correlation with flexural strength with the value of the correlation 
coefficient of 0.972. The excitation of the test specimens with higher 
frequencies (above 20 kHz) therefore correlates more with the flexural strength. 

Table 13.5. Correlation coefficients of used testing methods 

 fL f0 fPE fc fct 

fL 1.000 0.998 0.852 0.960 0.946 
f0 0.998 1.000 0.834 0.948 0.932 
fPE 0.852 0.834 1.000 0.871 0.972 

fc 0.960 0.948 0.871 1.000 0.937 
fct 0.946 0.932 0.972 0.937 1.000 
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13.5. Conclusions 
The used non-destructive acoustic methods allowed the tested material to be 
examined in a wide frequency domain using different methods. The Impact-
echo method uses a single mechanical impulse transmitted by the impact of a 
mechanical hammer to obtain the frequency spectrum of the tested material. The 
Pulse-echo method using a generated frequency impulse. The MLS method uses 
a maximum length sequence that creates a frequency spectrum by averaging 
several dozens of responses of the test specimen to the transmitted signal over a 
short time interval. Using FFT, the signals were converted from the time 
domain to the frequency domain. 

Thermally degraded concrete specimens of both mixtures exhibited a shift of 
the resonance frequencies into the lower frequency domain which correlated 
with the change in the specimens’ strength. The difference between the 
correlation of the pulse-echo method with compressive strength and flexural 
strength is significant and the method cannot be considered equally suitable to 
the IE and MLS methods for estimations of compressive strength and flexural 
strength. Of all the test methods, however, it has the highest correlation with 
flexural strength, which can be considered a weakness of conventional plain 
concrete. Flexural strength of concrete of common composition reaches at most 
10% of the compressive strength. 

From the point of view of quantitative and qualitative evaluation of the degree 
of damage to the tested material, the employed methods seem to be an 
appropriate and progressive instrument. Testing using the MLS method can be 
seen as the next evolutionary step from the Impact and Pulse-echo methods, 
although it suffers from prototype imperfections in the selected assembly. In 
case of testing test specimens, it offers a very wide range of test parameters but 
may only be used for testing of the passage of the transmitted signal in the 
longitudinal direction. The Impact and Pulse-echo methods have been tested for 
a long time, are quick and verified even for testing on massive elements with 
only one accessible side of the construction. The entire MLS method has so far 
been only tested in the traditional assembly with the transmitter on one side of 
the test specimen and the receiver on the reverse side. For a wider use of this 
method, it will be necessary to verify its capabilities in other transmitter – 
receiver assemblies as well as on more massive elements. However, the MLS 
method can provide higher resolution and sharpness of the response of the 
tested material than the Impact and Pulse-echo methods. It is therefore desirable 
to further develop this method and optimize it for diagnostic practice. 
It should also be noted that the concrete used for construction purposes is 
mainly in the form of reinforced concrete. The interpretation of vibro-acoustic 
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measurements of temperature-degraded reinforced concrete is, however, a much 
more demanding discipline, which is not the subject of this chapter. 
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Abstract: Presented approach concerning analysis of rod structures with shear effects, interacting 
or not with elastic foundation constitutes consistent and precise solution of the problem. It is 
characterized by an universal approach in problem description, allowing for analysis of arbitrary 
particular cases. 
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14.1. Introduction  

At present, due to high requirements concerning the results of numerical analysis 
of structures, the necessity of taking into account effects of shear on calculated 
values of displacements and stresses is of growing importance – also for rod 
structures (Filipkowski and Ruchwa, 1991, Pałkowski, 2009).  
For typical problems of structural analysis of rod structures subjected to shear 
effects the Timoshenko formulation is widely applied, possible to implement into 
Finite Element Method - FEM (Hughes, 2000, Reddy 2006). Common additional 
problems concern shear locking and elimination of locking (Belytschko, Liu and 
Moran, 2000) and also introduction of shear effects for various transversal 
sections of rods (Cowper, 1966, Filipkowski, 1989). The examples of such 
analyses of frame structures are available in literature (Filipkowski and Ruchwa, 
1991), as well as examples for elements taking into account shear effects for 
frame-strut bars in mast core (Ruchwa and Matuszkiewicz, 2010). 
Although the description of shear effects for basic rod elements is evident 
(but still used rarely), the entire theoretical description for the rod interacting with 
foundation is still an interesting problem. Many authors proposed solutions 
obtained using various computational approaches: Finite Differences Method 
(Sadecka, 2010), Method of Discrete Singular Convolution - DSC (Akgöz et al., 
2016) and Finite Element Method (Frydrýšek, Jančo and Gondek, 2013). 
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Very valuable are formulations assuming the interaction of the bar with two-
parameter elastic foundation without shear effects (Teodoru and Muşat, 2008, 
Dinev, 2012) and with shear ffects (Filipkowski, 1989, 1992, Sienkiewicz and 
Ruchwa, 1992, Shirima and Giger, 1992).  
In this paper the relatively simple and consistent approach taking into account 
the analytic solution for bars with shear effects, with- or without interaction with 
two-parameter elastic foundation. This solution was obtained by Filipkowski 
(Filipkowski, 1989) and developed in following years (Filipkowski and Ruchwa, 
1991, Filipkowski and Shirima, 1991, Sienkiewicz and Ruchwa, 1992, 
Filipkowski, 1992, Shirima and Giger, 1992). 

14.2. Theoretical background 

The considered structure is a beam of monosymmetric cross-section, with shear 
effects, located on two-parameter elastic foundation. Linear-elastic material 
model is assumed, as well as small displacement analysis (Fig. 14.1). Details 
concerning foundation will not be discussed, because necessary information can 
be found in many studies (Dembicki et al., 1988, El-Garhy and Osman, 2002).  
 

 

Fig. 14.1. Timoshenko beam on two-parameter elastic foundation 

Entire potential energy of the beam is defined by a functional: 

 
( )
( ) ( )

L 2 21
c 2 0

L L2 21
12 00

(v, ) EJ( ) GA(v ) p(x)v dx

kv k dx Tv M

′ ′Π ϕ = ϕ + κ −ϕ − +

+ + ϕ − + ϕ

∫

∫
 (14.1) 

where the following parameters are used: vertical displacement of the beam (v), 
flexural angle of rotation (φ), longitudinal modulus of elasticity (E), transversal 
modulus (G), section area (A), moment of inertia (J), shear coefficient (κ) 
of cross-section of the beam, as well as parameters of elastic foundation (k, k1), 
length of the beam (L), distributed load (p(x)) and loads on beam ends (T, M).  
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Due to principle of potential energy minimum the state of static equilibrium 
is defined by the equation:  

 c (v, ) 0δΠ ϕ =  (14.2) 

which gives the following differential equation:  

 1 1EJf (x) (k k EJ)f (x) k(1 k )f (x) p(x)′′′′ ′′− + η + +η =  (14.3) 

where: 
 1 ( GA)η= κ  (14.4) 

The geometrical and statical quantities are defined by relations:  

 1v(x) (1 k )f (x) EJf (x)′′= + η − η  (14.5) 

 (x) f (x)′ϕ =  (14.6) 

 1(x) v k f (x) EJf (x)′ ′ ′′′ψ = − ϕ = η − η  (14.7) 

 1T(x) EJf (x) k f (x)′′′ ′= − +  (14.8) 

 M(x) EJf (x)′′=  (14.9) 

where: 
 1 1 2 2 3 3 4 4f (x) D D D D= Φ + Φ + Φ + Φ  (14.10) 

is the solution of homogeneous differential equation, where the constants are 
defined by relations 14.5 ÷ 14.9, and the final result may be written in a following 
form:  

 

vv v vT vM i

v T M i

Tv T TT TM i

Mv M MT MM i

B B B B vv(x)

B B B B(x)

B B B B TT(x)

B B B B MM(x)

ϕ

ϕ ϕϕ ϕ ϕ

ϕ

ϕ

    
     ϕϕ    =                

 (14.11) 

or 

 { } { }v Q M iV(x) {B } {B } {B } {B } Vϕ =  i i i i
 (14.12) 

and in a brief form 

 { } [ ]{ }iV(x) B(x) V=  (14.13) 

where: 

 { }iV  and { }V(x)  are the state vectors (initial and resulting), 

 [ ]B(x)  is the transfer matrix.  
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If the beam is loaded on its length (Fig. 14.2) it is necessary to consider 
the additional vector of load { }C(x)  

 { } [ ]{ } { }iV(x) B(x) V C(x)= +  (14.14) 

a)  b) 

   

Fig. 14.2. Beam load a) concentrated force, b) distributed load.  

Applying Macaulay bracket 

 
0 , x t

B x t
B(x t), x t

<
− = 

− ≥
 (14.15) 

for the concentrated force (Fig. 14.2a), relation 14.14 may be written as follows: 

 { } [ ]{ } { }i QV(x) B(x) V B x t P= + −
i

 (14.16) 

For the distributed load (Fig. 14.2b), his relation has a following form: 

 { } [ ]{ } { }
1

x

i Qt
V(x) B(x) V B (x t) p(t)dt= + −∫ i

 (14.17) 

Generally, for arbitrary load, the equation 14.14 may be applied to describe 
the kinematic and static entities inside the beam element, included a complex 
structure, as defined in matrix description of displacement method or Finite 
Element Method (Pietrzak, Rakowski and Wrześniowski, 1986, Megson, 2014, 
Kassimali, 2012). Equation 14.14 may be applied also to describe the relations 
between state vectors in initial and final node of beam element (in its own local 
coordinates) (Fig. 14.3) taking into account the internode influence load vector 
as 
 { } [ ]{ } { }k iV B(L) V C= +  (14.18) 

where: 

 { } { }T

v T MC C C C Cϕ=  (14.19) 
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Fig. 14.3. Timoshenko beam element on two-parameter foundation with general 
internode load.  

For concentrated force we obtain:  

 { } { }TC B (L t) P= −
i

 (14.20) 

and for distributed load:  

 { } { }2

1

t

Tt
C B (L t) p(t)dt= −∫ i

 (14.21) 

Relation 14.18 can be rewritten: 

 k ii ii i

k ii ii i f

{ } [B ] [B ] { } {C }

{f } [B ] [B ] {f } {C }
δδ δ       

= +      
       

 (14.22) 

and leads to the following form: 

 

1 1
i iik ii ik

1 1
k kki kk ik ii kk ik

1
ik

1
fkk ik

{ } {f }[B ] [B ] [B ]

{ } {f }[B ] [B ][B ] [B ] [B ][B ]

{C }[B ] [0]

{C }[B ][B ] [1]

− −

− −

−
δ

−

δ −    
= +     δ−     

   
+   

−   

 (14.23) 
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which is known as equilibrium equation for the element:  

 [ ]{ } { } { }0
e e e ek f fδ = +  (14.24) 

used in matrix displacement method and Finite Element Method, where:  

 [ ]ek  - stiffness matrix, 

 { }eδ  - displacement vector, 

 { }ef  - vector of nodal forces, 

 { }0
ef  - vector of resultant internodal loads for the element. 

Advantegously is to use the element’s stiffness matrix in the following form: 

 [ ]
2 2

e 3

2 2

L L

L L L LEJ
k

L LL

L L L L

γ ν −ε δ 
 ν α −δ β =
 −ε −δ γ −ν
 
δ β −ν α 

 (14.25) 

and the vector of resultant internodal loads as:   

 { }

0
vi

20
0 i
e 330

Tk
2 30

Mk

CL 0 0T

CL L 0 0M EJ
f

CL L EJ 0LT

CL L 0 L EJM

ϕ

−ε δ    
    −δ β    = =    γ −ν −       −ν α −    

 (14.26) 

Relations 14.26 and 14.14 show the possibility to consider the arbitrary internodal 
loads. Examples of concentrated loads are show in Table 1. For similar distributed 
loads the equations  14.20 and 14.21 should be used. 

The obtained equations 14.14 and 14.24 also 14.25 and 14.26 allow to apply 
the solution introducing the discretization of the structure known from Finite 
Element Method, and the implementation of above mentioned equations into 
realization of these methods.  

Of course the given description may be in a simple way completed with the state 
of loads corresponding to bending in perpendicular plane, longitudinal load and 
torsion. Due to known solutions concerning these problems they will not be 
considered in this study (Cook, 2002, Megson, 2014, Akgöz et al., 2016). 
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Table. 14.1. Loads and corresponding {C} 

Load case {C} 

 

{ } { }vC B (L t) v= − ∆
i

 

 

{ } { }TC B (L t)ϕ= − ∆ϕ
i

 

 

{ } { }TC B (L t) P= −
i

 

 

{ } { }MC B (L t) M= −
i
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14.3. Influence of shear for rods without foundation 

Presented relations in this case lead to known equations concerning 
the Timoshenko beam element. Transfer matrix has a following form:  

 [ ]

( )
2

2 2

2

x x
1 x x 6 L

6 EJ 2 EJ

x x
B(x) 0 1

2 EJ EJ

0 0 1 0

0 0 x 1

 −
− µ 

 
 −

=  
 
 −
 

−  

 (14.27) 

where 

 
2 2

EJ EJ

L GA L
µ = η =

κ
 (14.28) 

and the coefficients of element stiffness matrix:  

 
1 3

4
1 12

+ µ
α =

+ µ
 

1 6
2

1 12

− µ
β =

+ µ
    (14.29) 

 
1

6
1 12

δ = ν =
+ µ

 
1

12
1 12

γ = ε =
+ µ

 

For Bernoulli-Euler beam theory the 0µ =  should be assumed. 

Describing the influence of shear, the important factor is the shear stiffness, 
defined in a literature as one of four possible denominations 

 z v

GA
GA GA Sκ = = =

k
 (14.30) 

The shear coefficient (κ) can be calculated from the following relation:  

 
2

2

2
A

J

S
A dA

b

κ =

∫
  (14.31) 

In Table 14.2. the examples of various shear coefficients are given. 
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Table. 14.2. Examples of shear coefficients  

Section Shape Coefficient 

Circle 
(*) 

 

( )6 1

7 6

+ ν
κ =

+ ν
 

Rectangle 
(*) 

 

( )10 1

12 11

+ ν
κ =

+ ν
 

Thin-Walled  
I - Section 

(*) 

 

210(1 )(1 3m) / pκ = + ν + , 

m 2bt / hg= , 

n b / h= , 
2 3

2 3

2 2

2 2

p 12 72m 150m 90m

(11 66m 135m 90m )

30n (m m )

5 n (8m 9m )

= + + + +

+ν + + + +

+ + +

+ ν +

 

Sandwich 
(**) 

             

c c

m

E A h

G b
µ =  

Truss 
(***) 

 

2
v kS EA sin cos= α α  

 (*) − Cowper G.R. (Cowper, 1966), 
 (**) − Filipkowski J. (Filipkowski, 1989), 
 (***) − Pałkowski Sz. (Pałkowski, 2009).  
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In order to describe the influence of shear, the adequate numerical analyses have 
been performed for the cantilever beam loaded with concentrated force 
(Fig. 14.4). Steel I-section has been assumed, similar to I240, with following 
characteristics: E = 210 GPa, G = 81 GPa, A = 46,111 cm2, J = 4253,3 cm4, 
κ = 0,4423 (calculated from equation 14.31) and variable L (Table  14.3), 
in relation to assumed L/h, where h = 240 mm.  

 

Fig. 14.4. Cantilever beam loaded with concentrated force   

Calculations of displacement (v) in B have been performed according 
the Timoshenko beam (vT) and Bernoulliego-Eulera (vBE) theories, consistent 
equations 14.27 ÷ 14.31 using MATLAB system, applied also in FEM analyses 
(Ferreira, 2009). 
As reference results, in order to evaluate the consistence of solution the 3D Finite 
Element Method analysis has been performed (vFEM). In discrete numerical model 
the symmetry of the structure was applied. Three-dimensional brick elements 
have been applied in discrete FEM model, for each mesh built with hundreds 
thousands elements. Symmetry of the model and load relative to the vertical plane 
has been assumed. Static linear analyses were performed using ABAQUS 
(SIMULIA, 2014) computer code. The examples of obtained FEM results are 
show in Fig. 14.5. 
In Table 14.3. the displacements (vFEM, vT and vBE) and values of relative 
percentage errors for Timoshenko (δvT

FEM) oraz Bernoulli-Euler (δvBE
FEM) 

models (in relations to FEM solution) as well as solution error of  Bernoulli-Euler 
model in relation to Timoshenko (δvBE

T) model.  
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Fig. 14.5. Distribution of vertical displacements obtained by FEM analysis, for L/h=4 
(values in meters)  

 

Table. 14.3. Displacements and relative percentage errors  

L/h 
[-] 

vFEM
 

[mm] 
vT

 

[mm] 
vBE

 

[mm] 
δvT

FEM 
[%] 

δvBE
FEM 

[%] 
δvBE

T 
[%] 

12 3,6320 3,6356 3,5660 -0,10 1,82 1,92 

10 2,1194 2,1217 2,0636 -0,11 2,63 2,74 

8 1,1018 1,1031 1,0566 -0,12 4,10 4,22 

6 0,4800 0,4806 0,4457 -0,12 7,14 7,26 

5 0,2866 0,2870 0,2580 -0,12 10,01 10,12 

4 (*) 0,1551 0,1553 0,1321 -0,14 14,84 14,97 

3 (*) 0,0730 0,0732 0,0557 -0,24 23,65 23,83 

(*) – In author’s opinion, beam theory can be used for L/h above 5, results for L/h = 3 
and  4 are shown only for demonstrative purposes. 
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The good consistence between FEM solutions and results for Timoshenko beam 
can be observed, even for L/h < 5. Results for Bernoulli-Euler model, for shorter 
cantilevers have growing error values (to 24%). 

Assuming the shear coefficient κ = 0,4055, calculated according Cowper G.R. 
(Cowper, 1966), see Table 14.3, values δvT

FEM are growing, and in relation to  L/h 
have the values from -0,28% to -2,41%. If we assume the approximate value 
of coefficient κ = 0,4034 (calculated as relation of the web area to the total 
section area) the values of δvT

FEM will slightly grow and have the values between 
-0,29% and -2,55%.  
More examples of differencies between Timoshenko and Bernoulli-Euler models 
are available in publication of Filipkowski and Ruchwa (Filipkowski and 
Ruchwa, 1991). 

14.4. Beams on elastic foundation 

Looking for solution in the case of the beam interacting with two-parameter 
elastic foundation, in order to solve the differentia equation 14.3 it is necessary 
to solve the homogeneous equation with auxiliary coefficients:  

 1 1b (k k EJ) EJ= + η  2 1b (1 k )k EJ= + η  2
3 2 1b 4 b b=  (14.32) 

According to the values of parameter b3, the equation has two variants (cases) 
of solution:  

• Variant I (a.k.a. strong foundation)  - 3b 1≥  (14.33) 

• Variant II (a.k.a. weak foundation)  - 3b 1<  (14.34) 

If we assume additional parameters, defined with equations  

 4
1(1 k )k EJλ = + η  LΛ = λ  (14.35) 

 2
2k EJ= λ  d 1 2k k k= +  r 1 2k k k= −  (14.36) 

 dA 1 k= + η  rB 1 k= + η  1C 1 k= + η  (14.37) 

the relations 14.35 ÷ 14.51. will give the exact transfer and stiffness matrices 
for both variants of solution for Timoshenko beam on two-parameter elastic 
foundation.   
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Variant I (strong foundation) 

 1

2

b1
a 1

2 2 b

 
= −  

 
 1

2

b1
b 1

2 2 b

 
= +  

 
 S 2ab=  (14.38) 

 sin(a x) sinh(b x)1φ = λ λ  2 sin(a x) cosh(b x)φ = λ λ  
   (14.39) 
 3 cos(a x) sinh(b x)φ = λ λ  4 cos(a x) cosh(b x)φ = λ λ  

Table. 14.5. Transfer matrix (for strong foundation) 

 v{B }
i

 (14.40)  {B }ϕi  (14.41) 

2 2

vv 1 4

a A b B
B

SC

−
= φ + φ  

v 2 3

b a
B

SC SCϕ

λ λ
= − φ + φ  

dr
Tv 2 3

a kb k
B

SC SC

λλ
= − φ + φ  

2
Mv 1

k
B

SC
= − φ  

v 2 3

b a
B

S Sϕ = φ + φ
λ λ

 

2 2
d r

1 4
2

a k b k
B

Skϕϕ

+
= φ +φ  

2 2 2 2
d r

T 1
2

a k b k
B

Skϕ

+
= φ  

dr
M 2 3

a kbk
B

S Sϕ = φ + φ
λ λ

 

  (14.42)  M{B }
i

 (14.43) 

vT 2 3
2 2

b B a A
B

S k S k
= φ − φ

λ λ
 

T 1
2

1
B

Skϕ = φ  

2 2
d r

TT 1 4
2

a k b k
B

Sk

+
= φ −φ  

MT 2 3

b a
B

S S
= φ + φ

λ λ
 

vM 1
2

1
B

Sk
= − φ  

M 2 3
2 2

bB a A
B

SCk SCkϕ

λ λ
= − φ − φ  

TM 2 3

b a
B

SC SC

λ λ
= − φ + φ  

2 2

MM 1 4

a A b B
B

SC

−
= φ −φ  

  

T{B }
i
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Wariant II (weak foundation)  

 1

2

b1
a 1

2 2 b

 
= − +  

 
 1

2

b1
b 1

2 2 b

 
= +  

 
 S 2ab=  (14.44) 

 sinh(a x) sinh(b x)1φ = λ λ  2 sinh(a x) cosh(b x)φ = λ λ  
   (14.45) 
 3 cosh(a x) sinh(b x)φ = λ λ  4 cosh(a x) cosh(b x)φ = λ λ  

Table. 14.6. Transfer matrix (for weak foundation) 

 v{B }
i

 (14.46)  {B }ϕi  (14.47) 

2 2

vv 1 4

a A b B
B

SC

+
= − φ + φ  

v 2 3

b a
B

SC SCϕ

λ λ
= − φ + φ  

dr
Tv 2 3

a kb k
B

SC SC

λλ
= − φ + φ  

2
Mv 1

k
B

SC
= − φ  

v 2 3

b a
B

S Sϕ = φ + φ
λ λ

 

2 2
d r

1 4
2

a k b k
B

Skϕϕ

− +
= φ +φ  

2 2 2 2
d r

T 1
2

a k b k
B

Skϕ

− +
= φ  

dr
M 2 3

a kbk
B

S Sϕ = φ + φ
λ λ

 

 T{B }
i

 (14.48)  M{B }
i

 (14.49) 

vT 2 3
2 2

b B a A
B

S k S k
= φ − φ

λ λ
 

T 1
2

1
B

Skϕ = φ  

2 2
d r

TT 1 4
2

a k b k
B

Sk

− +
= φ −φ  

MT 2 3

b a
B

S S
= φ + φ

λ λ
 

vM 1
2

1
B

Sk
= − φ  

M 2 3
2 2

bB a A
B

SCk SCkϕ

λ λ
= − φ − φ  

TM 2 3

b a
B

SC SC

λ λ
= − φ + φ  

2 2

MM 1 4

a A b B
B

SC

+
= − φ −φ  
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Table. 14.7. Stiffness matrix for element on elastic foundation 

 [ ]ek  - for strong foundation (14.50) 

 
( ) ( ) ( ) ( )a Asinh b cosh b bBsin a cos a

SC
Λ Λ − Λ Λ

α = Λ
∆

 

 
( ) ( ) ( ) ( )a Asinh b cos a bBsin a cosh b

SC
Λ Λ − Λ Λ

β = −Λ
∆

 

 
( ) ( ) ( ) ( )3 a Asinh b cosh b bBsin a cos a

S
Λ Λ + Λ Λ

γ = Λ
∆

 

 
( ) ( )2 sin a sinh b

SC
Λ Λ

δ = Λ
∆

 

 
( ) ( ) ( ) ( )3 a Asinh b cos a bBsin a cosh b

S
Λ Λ + Λ Λ

ε = Λ
∆

 

 
( ) ( )2 2 2 2

2 a Asinh b b Bsin aΛ + Λ
ν = Λ

∆
 

 ( )( ) ( )( )2 2
a Asinh b b Bsin a∆ = Λ − Λ  

 [ ]ek  - for weak foundation (14.51) 

 
( ) ( ) ( ) ( )a Asinh b cosh b bBsinh a cosh a

SC
Λ Λ − Λ Λ

α = Λ
∆

 

 
( ) ( ) ( ) ( )a Asinh b cosh a bBsinh a cosh b

SC
Λ Λ − Λ Λ
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14.5. Examples of Timoshenko beam on elastic foundation 

In order to show the possibilities of the considered algorithm, an example 
of a beam with shear effects and located on two-parameter elastic foundation 
was analyzed (Fig. 14.6).  
 

 

Fig. 14.6. An example of a Timoshenko beam on two-parameter elastic foundation.  

Assumed characteristics of the beam:   

• E = 33GPa, G = 14 GPa (concrete C30/37),  
• A = 3900 cm2, J = 915580 cm4, κ = 0,7008 (T-section), 
• L = 3 m / 6 m / 12 m (L/h = 5 / 10 / 20); 

characteristics of foundation: 
• k = 80 MN/m 
• k1 = 20 MN; 

applied load: 
• q = 10 kN/m (own weight), 
• P1 = P2 = P3 = 750 kN (concentrated load). 

Various configurations of analyzed example have been assumed: 3 variants 
of length, 3 variants of concentrated force Pi localization, two computational 
models was also assumed: beam with shear effects on two-parameter elastic 
foundation (T2) and beam without shear effects on Winkler foundation (BE1). 
All calculations were performed using MATLAB (MathWorks, 2015) code, 
applying the matrix version of displacements method and described relations. 
On Figs 14.7 ÷ 14.10 the obtained kinematic and static results are presented. 
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 a)  b) 

 
 c)  d) 

 
 e)  f) 

 

Fig. 14.7. Displacement function for the beam for various positions of concentrated 
load, length of the beam L = 3 m (a, b), 6 m (c, d), 12 m (e, f) computational 
model of the beam - variant T2 (a, c, e) and variant BE1 (b, d, f). 
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 a)  b) 

 
 c)  d) 

 
 e)  f) 

 

Fig. 14.8. Rotation angle for the beam for various positions of concentrated load,  
length of the beam L = 3 m (a, b), 6 m (c, d), 12 m (e, f) computational  
model of the beam - variant T2 (a, c, e) and variant BE1 (b, d, f). 
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 a)  b) 

 
 c)  d) 

 
 e)  f) 

 

Fig. 14.9. Transversal force function for the beam for various positions of concentrated 
load, length of the beam L = 3 m (a, b), 6 m (c, d), 12 m (e, f) computational 
model of the beam - variant T2 (a, c, e) and variant BE1 (b, d, f). 
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 a)  b) 

 
 c)  d) 

 
 e)  f) 

 

Fig. 14.10. Bending moment for the beam for various positions of concentrated load, 
length of the beam L = 3 m (a, b), 6 m (c, d), 12 m (e, f) computational 
model of the beam - variant T2 (a, c, e) and variant BE1 (b, d, f). 

  



 Fundamental formulae for the calculation of shear flexible rod structures … 257

In Figures 14.7 and 14.8 considerable differences are visible for displacements 
and rotation angles for beams of 3 m length, loaded with forces P1 or P2. 
Differences are diminishing when the length grows (6 or 12 m) or we have  
the symmetric variant of load with force P3. The diagrams of internal forces given 
in Figures 14.9 and 14.10 show the bigger differences for transversal forces  
than for bendig moments. The biggest differences are observed for short beams 
(L = 3 m, L/h = 5) loaded with forces P1 or P2.  

14.6. Conclusions 

Presented approach concerning analysis of rod structures with shear effects, 
interacting or not with two-parameter elastic foundation constitutes consistent 
and precise solution of the problem. It is characterized by an universal and simple 
approach in problem description, allowing for analysis of arbitrary particular 
cases, concerning various variants of analysis – taking into account or not 
the shear effects (η = 0), interaction with two- or one-parameter elastic 
foundation (k1 = 0) and considering various loads: concentrated or distributed. 
This approach can be used for rods with consistent sections, three-layer sections 
or elements with truss sections. The presented equations can be applied in matrix 
version of displacement method or Finite Element Method.  
Due to assumed very often high economics of design solutions, we should not  
be content with traditional models ignoring shear effects. This will protect against 
incorrect assessment of the situation. 
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