Aggregation Operators and the Lipschitzian Condition

J. Jacas and J. Recasens

Abstract— Lipschitzian and kernel aggregation operators
with respect to the natural T-indistinguishability operator Fr
and their powers are studied. A t-norm T is proved to be Fo-
Lipschitzian, and is interpreted as a fuzzy point and a fuzzy
map as well. Given an Archimedean t-norm 7’ with additive
generator 7, the quasi-arithmetic mean generated by ¢ is proved
to be the most stable aggregation operator with respect to 1.

I. INTRODUCTION

Lipschitzian conditions are fulfilled by many maps and
operators in fuzzy reasoning. They give stability to the
system since the similarity or distance between the outputs 1s
bounded by the corresponding one between the inputs. The
Lipschitzian condition appears for example in the study of
fuzzy maps [12], vague algebras [6], fuzzy modifiers and
fuzzy logic in the narrow sense [16], fuzzy topology [8],
extensionality [12] among others and therefore it deserves a
deep study.

Lipschitzian aggregation operators have been studied in [4]
[51[13] [14] considering the usual metric on the unit interval.
This paper studies the Lipschitzian condition of aggregation
operators in a broader sense, 1.e. with respect to the natural
indistinguishability operator E¢ and their powers EF. (see
definitions below) so that an aggregation operator & is EX-
Lipschitzian when

T(Eg" (‘1‘11 yl)a seey Eg"(l‘na yn)) S

ET(h(Ila'rEQa "-1$n)1h(y13y23 3yn))

for all z1,x2,...,Tn,¥1,%2,..., ¥ € [0,1]. The meaning is
that from similar values we obtain a similar aggregation. The
use of By and EF assumes the choice of a specific t-norm
T and therefore the selection of a particular family of logics
where the semantics of the conjunction and the bumplication
are given by T' and Fp.

As it will be seen in the paper, when T 1s the Lukasiewicz
t-norm, the L'p-Lipschitzian condition coincides with the 1-
Lipschitzian condition with the usual metric on [0,1]; not
surprisingly, due to the relation between 'y and the usual
metric on [0,1] in this case.

Easy to state, but interesting, the E%.-Lipschitzian condi-
tion is equivalent to the extensionality of the aggregation
operator (Proposition 3.10).
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Among other results, it will be proved that if 7' is
a continuous Archimedean t-norm with additive genera-
tor ¢ and h. the quasi-arithmetic mean generated by ¢
(helz1, 23, .y my) = t~1(HEFEEar )y phen g,
1s the most stable aggregation operator with respect to T
(Proposition 3.22).

Also the t-norm T is not only Lipschitzian with respect to
Lr, but it can be seen as a fuzzy point and a fuzzy map as
well (Proposition 3.24, Proposition 3.26) and an aggregation
operator h is greater or equal to T' if and only if k 15 1-Fp-
Lipschitzian.

If in the definition of Lp-Lipschitzianity we replace the
t-norm T' by the minimum

(MZH(E'? (55‘11 yl)a seey E’]p“(l‘n: yn)) S

ET (h('rlr [ PP In)r h(ylv Ya,.0es yn)))

. We obtain a generalization of the kernel aggregation op-
erators studied in [17] [13]. Again, if T' is the Lukasiewicz
t-norm this definition is equivalent to the one given in the
above mentioned references.

II. PRELIMINARIES

This section contains some results about t-norms and
indistinguishability operators that will be needed later on in
this paper. Besides well known definitions and theorems, the
power T™ of a t-norm 1s generalized to irrational exponents
in Definition 2.4. and it is given explicitly for continuous
Archimedean t-norms in Proposition 2.5.

Though many results remain valid for arbitrary t-norms
and especially for left continuous ones, for the sake of
simplicity, we will assume continuity for the t-norms
throughout the paper.

Definition 2.1: A continuous t-norm is a continuous map
T:[0,1] x [0,1] — [0,1] satisfying for all z,y, z,2",3" €
[0,1]

D T{z,T(y,2)) =TT (x,y), z) (Associativity)

2y T(z,y) = T'(y,z) (Commutativity)

HMe <o and y < ¢, then T(x,y) < T, y)

{Monotonicity)

H Tlz)==x

Since a t-norm T is associative, we can extend it to an
n-ary operation in the standard way:

T(z)==x

T(x1, 00, .opn) = T{z1, T{za, ... ,x:)).



n times

") will be denoted by ',

()

In particular, 1'(z, z,

If T' is continueus, the n-th root x4
to T' 1s defined by

of = with respect

:cgn%) =sup{z € [0,1] | z(ﬂ) <z}

(=) (e
and for m,n e N, 7" = (ggT )T _
Lemma 2.2: [18] If k,m,n € N, k,n # 0 then I%ﬁ%) _
()

Lemma23 Let T,
T(I].T 2. ‘rnT ) 7& 0.

(0,1 and = € H.

LBy €

Assuming continuity for the t-norm 7', the powers 9355)

can be extended to irrational exponents in a straightforward
way.

Definition 24: If r € RT is a positive real num-
ber, let {an}tnew be a sequence of rational numbers with
liMy ooty = 7. For any z € [0, 1], the power a:gf) 15

20— @)

= UM oot

Continuity assures the existence of the limit and its indepen-
dence from the sequence {as }nen.

Proposition 2.5: Let T be an Archimedean t-norm with
additive generator ¢, z € [0,1] and r € R™. Then

2 =t (i ()).

Proof: Due to the continuity of ¢, we need to prove it
only for rational values of ».
If » is a natural number m, then trivially a:gﬂm) =

= (mi(x)).
Ifr—ﬁwnhnENthena:gn) zw1thz()—930r
tl= 1(nt(z))*5canda:( gl ( )

For a rational number %,
N ) -
t[”(th[”(%?>>>—w[”(%ﬂﬂ).

Let E(1) = {z € [0, 1] | zg?) =z} be the set of idem-
potent elements of T and NTI{T) = {z € [0,1] | a:g“) =
0 for some n € W} the set of nilpotent elements of T

\a I

Definition 2.6: A continuous t-norm T 18 Archimedean 1if

and only if (1" = {0,1}. T" is called non-strict or nilpotent
when NIL(T) = [0,1) Otherwise it is called strict and
NII(T) = {0}.

Theovem 2.7: Ling [15] A continuous t-norm T 1s
Archimedean if and only if there exists a continuous de-
creasing map ¢ : [0,1] — [0, o] with ¢(1) = 0 such that

T(z,y) = t=(t(z) + t(¥)
where ¢[-1 stands for the pseudo-inverse of ¢ defined by

1 ifz<0
() = () if % e [0,4(0)]
0 otherwise.

T 1s strict if #(0) = oo and non-strict otherwise.

¢ is called an additive generator of 1" and two additive
generators of the same t-norm differ only by a multiplicative
constant.

Definition 2.8: The residuation f of a t-norm T 1s defined
by

T (aly) = suple € [0,1] | T(z,0) <y).

Definition 2.9: The natural T-indistinguishability Fr as-
sociated to a given t-norm T is the fuzzy relation on [0,1]
defined by

Br(e,9) = T(T (=[y), T (y|z)) = Min(T (2|), T (/).

Example 2.10:

1) If T is an Archimedean t-norm with additive generator
t, then Er(z,y) = t71(jt(x) — t(y)|) for all z,y
[0,1].

2y If 1" is the Lukasiewicz t-norm, then Fp{z,y) =1 —
|z — y| for all 2,y < [0,1].

3 I T is the Product t-norm, then FEr(z,y)
Min(7, 2) for all z,y € [0,1] where § = 1.

4 If T 15 the Minimum t-norm, then FEr{r,y) =
{M@n(:ﬂ,y) it e £y

M

1 otherwise.

Er is indeed a special kind of (one-dimensional) 7'-
indistinguishability operator (Defimition 2.11) [3] and in a
logical context where T' plays the role of the conjunction,
L is interpreted as the bi-implication associated to 7' [7].

The general definition of T-indistinguishability operator
[22][21] 1s

Defimition 2.11: Given a  tmorm T, a T-
indistinguishability operator F on a set X 1s a fuzzy
relation £ : X x X — [0,1] satisfying for all z,y,z2 € X

1) E(z,z) =1 (Reflexivity)

2) E(z,y) = E(y,z) (Symmetry)

3 T(E(z,y), Ely,2)) < E(z, z) (T-transitivity).

Praoposition 2.12: [21] Let ¢ be a fuzzy subset of X and
T' a continuous t-norm. The fuzzy relation E, on X defined

for all z,4 € X by
Ey(x,y) = Er(p(z), p(y))

is a T-indistinguishability operator on X



Definition 2.13: Let E be a T-indistinguishability opera-
tor on a set X. A fuzzy subset p of X is extensional with
respect to £ if and only if for all z,y € X

T(E(z,y), 1Y) < plo).

Proposition 2.14: Let E be a T-indistinguishability oper-
ator on a set X. A fuzzy subset ;1 of X is extensional with
respect to £ if and only if for all z,y € X

E(Iv y) < ET(#(I)r !U’(y))

Finally, let us recall in this preliminary section the defini-
tion of aggregation operator.

Definition 2.15: [4] An aggregation operator is a map h :
[0, 1] — [0, 1] satisfying
1) R(0,..,0) = 0 and A(1,..,1) = 1
2y hiz)==zVre[]]
3) h(z1, ) < R(Y1y s Un)
i 21 <y, ., 20 < Yy (monotonicity).

The restriction of £ to [0,1]" will be denoted by k¢, so
that a global aggregation operator k can be split into the
family of r-ary operators (fo(n))nen.

III. Ep-LIPSCHITZIAN AND Ep-KERNEL AGGREGATION
OPERATORS

Lipschitzian and kernel aggregation operators with respect
to the natural T-indistinguishability operator Fr and their
powers are a special kind of aggregation operators that
generalize the definitions of [13], [17]. Their interest lies
in the fact that they are stable operators in the sense that
the similarity between the aggregation of two n-tuples is
bounded by the similarity between them.

It is interesting to point out that the Lipschitzian and kernel
conditions are equivalent to extensionality (Proposition 3.10,
Proposition 3.28).

Among other results, it will be proved that a t-norm T
is Bp-Lipschitzian and moreover the maps 7., can be
interpreted as fuzzy points of [0,1]™ and a fuzzy maps from
[0,1]% to [0, 1]* %,

Also quasi-arithmetic means are proved to be the more
stable aggregation operators.

FProposition 3.1: Let I be a T indistinguishability opera-
tor on a set X. The fuzzy relation E™ defined by

n times
£z, y) =T(E(x,y),...,Blz,y)) Vo,ye X
is a T-indistinguishability operator.

Corollary 3.2: [20] Let FEr be the natural T-
indistinguishability operator on [0,1] associated to T.
E% 1s a T-indistinguishability operator.

The powers E% of the natural T-indistinguishabulity oper-
ators have been studied in relation with antonymy and fuzzy
partitions in [20].

Praoposition 3.3: Let I be a T-indistinguishability opera-
tor on a set X. E+ is a T-indistinguishability operator on

X.
Proof: Reflexivity and symmetry are trivial.

Transitivity: If E% = F,then F™ = E. Since E is a
T-indistinguishability operator, Vz,y,z € X

F(a,2) < T (2, 9), F" (v, 2)) = (T(F(x,v), F(y, )

(F(@,9)F < ((T(P(a,9), F ) )
and from Lemma 2.2

Fiz,2) <T(F(z,y), Fly,2)).

= I

Corollary 3.4: Tet FEp  be the natural 7T-
inc}istinguishability operator on [0,1] associated to T

E7 is a T-indistinguishability operator.

Corollary 3.5: Let F be a T-indistinguishability operator
onaset X. F% is a T-indistinguishability operator on X

Proaof: Propositions 3.1. and 3.3. ]

Corollary 3.6: Let Ep  be the  natural 7-
indistinguishability operator on [0,1] associated to 7.
E7 is a T-indistinguishability operator.

Continuity of the t-norm T allows us to extend the powers
of a T-indistinguishability operator to positive irrational
numbers in the same way as in Definition 2.4.

Fxample 3.7:

1) If T 1s continuous Archimedean with additive generator
t, then E2.(z,v) = ¢t (plt(x) — ¢(y)|) for all z,y =
[0,1].

2) If T is the Lukasiewicz t-norm, then Ef(z,v) =
Maz(0,1 — p|lz —y|) for all =,y < [0,1].

3) If T is the Product t-norm, then E%(z,y) =

Mm(%,g )p for all z,y e [0,1] where £ = 1.
4 If T is the Minimum t-norm, then Ef(z,y) =
Ep(z,y) for all z,y € [0,1].

With the previous results we can relax or strengthen the
equivalence relations. Indeed, E% < E% if and only if p > 4.

Definition 3.8: Let F be a T-indistinguishability operator
on [0,1]. An aggretation operator A 1s E-lipschitzian if and
only it ¥rn e N, Vo1, ..., Tn,y1, 0y s € [0,1]

T(E(‘Ila yl)a s 1E(Iﬂ1 yn)) S ET(h(Ila seey l‘n)a h(yla ‘e

Let us recall that if we have several T-indistinguishability
operators Fy,..,F, defined on different universes
Xy,..., X, there are several ways to define a T-
indistinguishability operator on X3 x ... x X,,.

ayﬂ))



FProposition 3.9: Let I, ..., E, be T-indistinguishability
operators on Xy, ..., X, respectively. Then, the two fuzzy
relations T'(Fq, ..., By and Min(Fq, ..., Ey) on X1 x - x
Xy defined forall (zq,...,z4), {v1,...,4n) € Xix.. . x X,

by
T(El, ey En)((.r]_, ‘e ,.CL"n), (yl, ey yn)) =
T(EL(@1,91)5 -0 (@ Yn)
and
Min(Ey, .. B (T, x6), (Y1, - yn)) =

Min(El (551a yl), ceey En(xna yn))

are T-indistinguishability operators on X7 x ... x X,,.

FPraposition 3.10: Let E be a T-indistinguishability on
[0,1] and k an aggregation operator. h is E-Lipschitzian if
and only if %,y (as a fuzzy subset of [0, 1]™) is extensional

n times

with respect to T'(F, ..., E) for all n € I

Proof: Proposition 2.14 [ |

Lemma 3.11: [2] Let T be a continuous t-norm. The for
all z,y £[0,1] 2 > ¥

T2, T (2ly)) =y

Next Proposition shows that a t-norm T is an Fop-
Lipschitzian aggregation operator.

Proposition 3.12: Let T be a continuous t-norm. Then T
is an Fp-Lipschitzian aggregation operator.
Note that if < y; for all ¢
1,...n, then T(Ep{zi,v1),...,Er{Tn, )
Er(T(z1,...,2.), T (y1,. .. ¥n)). Since for every t
norm different from the Minimum £% < ET if p > ¢, we
have that T # Min is not Ef-Lipschitzian for p < 1.

If T is a continuous Archimedean t-norm, the FE%-
Lipschitzian property becomes a classical Lipschitzian con-
dition.

Proposition 3.13: Let T be a continuous Archimedean
t-norm with additive generator ¢, p € [0,1] and A an
aggregation operator. h is F¥.-Lipschitzian if and only if
Ve N, VI, . . T, 1, .-, € [0, 1]

pli(@) = tw)| + ... +pli(zn) — i(yn)] 2

[t (A1, 2n)) =t (R, - ) | (D).
Proof:
G plte) — ) D)+ A+ Pl ) —tra)])) <
F N (#R(17) — A1)
Eplt(er) = tyn) + ..+ pliaa) — Hyn)]) <
T ek, ) — thlzg, )]

plt(@1) — t(w)| + .. + plizn) — tun)]

> [Hh(z1, ... z0)) — b(h(z1, ... 20))].

Last Proposition says that for all n € N, the map H :
[0, £(0)]™ — [0, ¢(0)] defined by

H(z1,. .. 70) = t(h{t 7 (z1),.. ..t Hzn))

is a p-Lipschitzian map.

Also note that if 7' is the Lukasiewicz t-norm, then (1)
1s the defimition of the Lipschitz property in [13], so that
Definition 3.8 contains the one in [13] as a particular case.

If an aggregation operator h is EEX-Lipschitzian, it may
happen that for different values of n the corresponding n-
ary operators kg, may satisfy the Lipschitzian conditions
for different values of p ([4] p. 12).

Definition 3.14: An aggregation operator is sub-
idempotent if and only if for all z € [0,1] and » € [,

N times

Riz,....2) <=z

Proposition 3.15: Let T' #£ Min be a tnorm, h a sub-
idempotent aggregation operator and n € N. If k) is Ef-
Lipschitzian, then p > 1.

Proof: If heyy is Ef-Lipschitzian, then in particular,
forz e X

n times 1 times N times

—_—— —_——
TE L 2), ... Bl ) < Brh(l,.. 0, k(z, . o))

and so
n times
—_—T—
a:%m) <h(z,...,z) <=z

which holds if and only if pr > 1 or equivalently, if and
only if p > % ]

For 7' is a strict continuous Archimedean t-norm the sub-
idempotent property trivially holds.

Proposition 3.16: Let T be a strict continuous
Archimedean t-norm with additive generator ¢, h an
aggregation operator and n € N. If A, is Ef-Lipschitzian,
then p > L.

FProof: Taking z; =1l andy; =0foralli=1,...,n
in Proposition 3.13, we get

p[#(1) = tO) + ... +plt(1) = HO)] = [¢(1) — (D).
npt(0) 2 ¢(0)

or

2=



In [4], it has been proved that the arithmetic mean is
the only aggregation operator ~ whose n-ary maps A, are
1

=-Lipschitzian. Proposition 3.22 generalizes this result to

arbitrary quasi-arithmetic means.

Next Proposition 1s well known.

Proposition 3.17: [1], [18] m is a quasi-arithmetic mean
in [0,1] if and only if there exists a continuous monotonic
map ¢ : [0,1] — [—oc,00] such that for all n € N and
T1,...,En € [0,1]

mlzy,. .. zn) =171 (

me 18 continuous if and only if Ran ¢ # [—oc0,00].

T

t(r1)+...+t(mn)>‘

Lemma 3.18: [11] Let £, : [0,1] — [—co,00] be two
continuous strict monotonic maps with fan ¢, Han ¢ #
[—o0, oc] differing only by a non-zero multiplicative constant
a (' = a t) and my,my the quasi-arithmetic means
generated by them respectively. Then e, = .

Lemma 3.19: [11] Let ¢, : [0,1] — [—oc0,00] be two
continuous strict monotonic maps with Ran #, Ran ¥/ #
[—o0, o] differing only by an additive constant and g, my
the quasi-arithmetic means generated by them respectively.
Then Ty = ey .

Lemma 3.20: [11] Let ¢ : [0,1] — [—o¢, oc] be a contin-
uous strict monotonic map. Then ey = m_g.

FProposition 3.21: [11] The map assigning to every con-
tinuous Archimedean t-norm T with generator ¢ the mean
iy, generated by ¢ is a bijection between the set of contin-
uous Archimedean t-norms and the set of continuous quasi-
arithmetic means.

Proposition 3.22: Let T be a continuous Archimedean t-
norm with additive generator ¢ and ey, the quasi-arithmetic
mean generated by ¢.

» (a) For every n € N my,, is Ff-Lipschitzian if and

only if p > L.
¢ (b) my 1s the only aggregation operator fulfilling (a)

In Proposition 3.12 we have proved that a t-norm T 1is
Ep-Lipschitzian. In fact, 7,y can also be seen as a fuzzy
point of [0,1]” and a fuzzy map from [0,1]*! into [0, 1].

Definition 3.23: Let F be a T-indistinguishability opera-
tor on a set X, a fuzzy subset of X p 1s a fuzzy point of X
with respect to £ if and only if for all z,y € X

T(piz), ply) < Blz,y).

Proposition 3.24: Let T be a continuous t-norm. Ty 1s
n times

a fuzzy point of [0,1]™ with respect to T'(Fr,..., Er).

Proof: We have to prove that

T(T(x1,. o 20), Ty, ooy ) <

T(ET(II: yl)a “aey ET (5'371’ yn))
which is an immediate consequence of
T(ri,y) < Ep(zg,y) foralli=1,... n.
|

Definition 3.25: Let E,F be two T-indistinguishability
operators on X and Y respectively and A a fuzzy set of
XxY{e: R: X xY —[0,1]). R is a tuzzy map from
XtoYifandonly if forall x,2"' ¢ X, y, €V

o (@) T(E(z,2"), Fy,v/), R(z,y)) < R(z',y)

o 0) T(R(z,y), R(z, ")) < Fly,y).

Proposition 3.26: Let 1" be a continuous t-norm. iy,
is a fuzzy map from [0,1]*1 to [0,1] endowed with the
n—1 times
T indistinguishability operators T'(Ep,..., Ep) and Ep
respectively.

In fact, it can be proved in the same way that Ti,) is a
fuzzy map from [0,1]* to [0,1]* % (2 < k < n—1) endowed

k times

with the 7" indistinguishability operators T'(Er, . .., E7) and
n—k times
/_/\_\ )
T(Er,..., E7) respectively.

Kemel aggregation operators are a family of aggregation
operators tightly related to Lipschitzian ones. They were
introduced in [17] (see also [13], [4]). As the Lipschitzian
condition, the condition for being a kemel operator was
related to the usual metric on the unit interval. It can be
extended using natural indistinguishability operators in the
same way as it has been done in this paper with the Lips-
chitzian condition. Again, if the 7' norm is the Lukasiewicz
one, the original definition of [17] is recovered.

Defimition 3.27: Let E be a T-indistinguishability op-
erator on [0,1] and A an aggregation operator. h is an
F-kemel aggregation operator if and only if ¥n € N,

vrlr---rrnvylv"'ryn S [071}
Min(E(z1,11), ..., F(Tn, ¥n))
S ET(h(l'la ‘e :xﬂ)ah(yla ‘e 3yn))

Proposition 3.28: Let E be a T-indistingwishability oper-
ator on [0,1] and A an aggregation operator. k is an F-kernel
aggregation operator if and only if A,y (as a fuzzy subset

n times
of [0,1]™) is extensional with respect to Min(E,..., F) for
all n e M.

FProof: Proposition 2.14 ]

For Archimedean t-norms, the kemel property can be
written as follows.

Praoposition 3.29: Let T be a continuous Archimedean
t-norm with additive generator ¢, p < [0,1] and h an



aggregation operator. k is E%-kernel aggregation operator
if and only if Vi € N, Vo1, . 20,11, -, ¥n € [0, 1]

Max(plt(z1) — t{ya)l,. . plt(@n) — Eyn)])
> ‘t (h(-Tla NP 55n)) —t (h(yla caay yn)) | (4)
Proof:

Mind(t™ (plt(rn) — ta)l), - - 7 (pltza) — tya)))) <

(R, 20)) — HA(E, . 20))])
1 (Moz(plt(z1) — t(Gn)ls- . plt(a) — tya))) <
(R, . - 20)) — WA, . 220))])

Moax(plt(z1) — tlys)l,-. . plten) — tyn)]) 2
[th(z1,. .., 20)) — t{h(z1,...,20))].
|

If T 1s the Lukasiewicz t-norm and p = 1, then (4) 1s the
defimition of the kemel aggregation operator introduced in
[17].

IV, CONCLUSIONS

In this paper Lipschitzian and kernel aggregation operators
with respect to the natural T'-indistinguishability operator Ep
and their powers have been studied.

It has been proved that a t-norm 7' is Fip-Lipschitzian,
and it is also a fuzzy point and a fuzzy map as well.

Quasi-arithmetic means m; play an important role since
they are the more stable aggregation operator with respect
to 7', meaning that the corresponding n-ary operators (.,

are E;? -Lipschitzian maps.

Lipschitzian and kernel properties are not only interesting
for aggregation operators, but also in most of th areas where
fuzzy reasoning is present. Therefore, they deserve a deeper
study.
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