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Abstract
This BSc thesis has been carried out as a part of CommSensLab-UPC research.

We present research on two methods to estimate the Vertical Air Motion (VAM)
velocity by comparing rainfall observations from two different sensing instruments: an
S-band radar and a ground-based disdrometer during the Verification of the Origins of
Rotation in Tornadoes Experiment-Southeast (VORTEX-SE).

Different rain events are studied to assess the effects of un- or mis-correcting the radar-
measured rainfall velocity for VAM. Once VAM effects are identified, the VAM velocity
is estimated by means of two different approaches:

The first approach is a rain-rate-matching method based on a constrained parametric
solver that assumes high correlation between 5-min-averaged rain rates (RR) measured
by the radar and the disdrometer. The grounds of the method is to compare the radar-
retrieved RR at different reference heights with the disdrometer-retrieved RR at ground
level. Consistency of the method is discussed in terms of the collection of drops, their size
distributions and height-time history.

The second approach is an inverse method (so called ”forward” method) relying on
parameterization of the drop size distribution (DSD) as a gamma distribution. This
method estimates the VAM along with the shaping parameters of the raindrop distribution
by using a non-linear least squares procedure.

The radar-measured 2�M�/-order products obtained after VAM correction are cross-
examined with those from the ground-level disdrometer in the framework of selected
observations during Intense Observation Periods from VORTEX-SE conducted in north-
ern Alabama.

The advantages and disadvantages of each of the methods in terms of VAM estimation
are discussed. In general terms, the quality of radar-retrieved 2�M�/-order products is im-
proved after VAM correction, proving the validity of VAM estimations by both methods.
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Chapter 1

Introduction

This chapter gives an overview of the state of the art of rain radar measurements and
the correction of vertical air motion. Next, it motivates the BSc thesis and presents its
organization and objectives.

1.1 Rain Measurement and Vertical Air Motion
Radars and disdrometers have been widely used to measure precipitation processes in
the atmospheric boundary layer [Rogers (1984); Doviak et al. (2006)]. Disdrometers are
usually ground-based instruments that measure rain-related parameters based on a drop-
counting procedure [Acharya (2017)]. They are able to retrieve the drop size distribution
(DSD) and other rain-related parameters by recording the raindrop counts for different
sizes and falling velocities. However, disdrometers are not able to give information on the
vertical variations of precipitation and are limited to ground-level measurements.

Microwave frequency radars are mostly unaffected during precipitation, and hence,
they are an excellent candidate in order to reveal details regarding remote precipitation
microphysical processes [Tanamachi et al. (2019)]. Depending on the carrier frequency,
there is a compromise between attenuation at strong rain scenarios, and small hydrometeor
detection [Kollias et al. (2007)]. Among the distinct radar technologies available, S-band
(� 10 cm) Frequency-Modulated Continuous Wave (FMCW) radars have been used for
more than 40 years as they are unaffected by rain attenuation and are able to monitor
the atmospheric boundary layer in both clear air and precipitation scenarios [İnce et al.
(2003); Tanamachi et al. (2019)].

Vertically-pointed S-band FMCW radars with high spatial and temporal resolution
permit an accurate monitoring of precipitation vertical profiles [İnce et al. (2003)], of-
fering excellent capabilities in precipitation remote sensing. Particularly, they allow the
derivation of key rain second-order parameters such as the DSD, rain rate (RR) and
reflectivity factor (Z), among others [Doviak et al. (2006)].

Second order parameters are estimated from the radar Doppler spectrum by assuming
that rain drops are Rayleigh scatterers that fall at their terminal fall velocities, which are
determined by the drop diameter. However, in practice, the Doppler spectrum is affected
by the ambient vertical air motion (VAM) [Garcia-Benadi et al. (2020)], which arises as a
radar-measured spectrum shift in the velocity axis. In presence of large VAM, such as in
convective rain events, radar-derived DSD and 2nd order parameters may be corrupted
[Lhermitte (1988)]. Therefore, given the Doppler spectrum as a function of height, it
requires a height-dependent VAM correction.
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The VAM estimation and correction from stand-alone Doppler radar measurements has
been of interest since the beggining of radar usage in precipitation measurement [Hauser
and Amayenc (1981)]. Lhermitte (1988) proposed a method to differentiate VAM and
raindrops terminal velocity in W-band (� = 3:2 mm) radars by assuming Mie scattering.
The VAM is determined by comparing the observed spectrum to a predicted spectrum
assuming no VAM. However, this is only feasible for very-short wavelengths. Hauser and
Amayenc (1981) proposed a fitting method in which the DSD was assumed to be with an
exponential form characterised by two parameters (Marshall-Palmer distribution). This
methodology optimised the best fit between the theoretical spectrum retrieved from the
DSD model (shifted by VAM) with respect to the experimental spectrum observations.
However, it required exponentially distributed size distributions and it is not suited for
convective rain scenarios. More recently, Tridon et al. (2011) proposed a VAM-correction
method by shifting the radar-measured spectrum to maximise the correlation with a no-
VAM scenario. Rocadenbosch et al. (2020) proposed a VAM estimation method based on
the correspondence between Z-RR measurements with three different Z-RR models. It
consisted on a trial-and-error procedure in which the radar-measured spectrum was shifted
until Z-RR relationship matched theoretical models. A similar approach was proposed by
Kim and Lee (2016), which resorted to radar reflectivity empirical relationships as well to
estimate the VAM and then unshift the spectrum. However, they require user expertise
in rain radar observations for an accurate correction. In contrast, here we explore two
different methodologies based on numerical methods and cooperative measurements to
estimate and correct for VAM.

In order to test and validate the methods presented, experimental data measured
during intensive observation periods (IOPs) in the context of Verification of the Origins
of Rotation in Tornadoes Experiment-Southeast (VORTEX-SE) is used. Particularly,
measurements from 2016 and 2017 by a vertically-pointed S-band FMCW radar and a
ground-based disdrometer are used.

1.2 Main Objectives
The aim of this thesis is to combine measurements from a radar and a disdrometer in order
to estimate and correct for VAM in atmospheric boundary-layer radar measurements of
rainfall events. The specific objectives of the project are:

• Objective 1: Identification and classification of rain events. Identification of rain
events on radar-measured data during IOPs from VORTEX-SE 2016 and 2017 cam-
paigns.

• Objective 2: Rain-rate-matching method for VAM estimation. Estimation of VAM
at heights close to the ground by fitting radar-retrieved DSD measurements to
ground-based disdrometer DSD measurements taken as reference.

• Objective 3: Forward method for VAM estimation. Estimation of the VAM from
stand-alone radar measurements relying on consistency of the forward-propagated
DSD to the retrieved radar products. Ground-based disdrometer measurements are
to be used as a reference.

The methodologies presented in this manuscript have been tested and validated over
experimental data gathered during IOPs from the VORTEX-SE 2016 and 2017 campaigns
in the US.
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1.2.1 Objective 1: Identification and classification of rain events
The identification of rain events from radar measurements in VORTEX-SE campaigns is
challenging due to the fine temporal and spatial resolution of the UMASS S-band radar.
The huge amount of data gathered during IOPs is to be analyzed and filtered in order to
spot relevant rain events. Moreover, the identified rain events are to be manually classified
into VAM and no-VAM events in order to create a study database on which to test the
different methods proposed.

1.2.2 Objective 2: Rain-rate-matching method for VAM estima-
tion.

In the absence of VAM, high correlation is observed between the RR measurements of a
ground-based disdrometer and those from a FMCW radar at 500-m height when consid-
ering 5-min average ensembles. However, in the presence of VAM, the radar-measured
Doppler velocity spectrum becomes shifted and, as a result, the radar-measured RR is
corrupted and shows discrepancies as compated to ground-based RR measurements.

Obj. 2 aims to find a method to solve for the necessary Doppler spectrum shift in
order to match the radar-measured RR to the reference disdrometer RR. Towards this
purpose, the rain-rate-matching method based on a non-linear least squares technique is
used.

1.2.3 Objective 3: Forward method for VAM estimation.
Usually, the DSD is characterised in the literature as a Gamma distribution Doviak et al.
(2006), which is parameterised by three constitutive or shape parameters. At the same
time, the measured radar reflectivity density can be derived from the DSD. Moreover,
VAM effects (on average value) on the radar reflectivity density can essentially be easily
modelled as velocity shift in the Doppler velocity spectrum.

Obj. 3 aims at estimating the VAM velocity shift from stand-alone radar measure-
ments by means of an inverse method: the so-called forward method. Towards this
purpose, a forward model emulating the radar measurement process (DSD into rainfall
data products) is presented. The results obtained with this method are cross-examined
with ground-based disdrometer measurements.

1.3 Organization of the Bachelor Thesis
This thesis is divided into six chapters:

• Chapter 1 provides the theoretical background and motivates the Bachelor thesis
by presenting the state of the art on VAM correction on radar measurements.

• Chapter 2 gives the radar and disdrometer foundations as well as the influence of
VAM on radar measurements.

• Chapter 3 presents VORTEX-SE 2016, and 2017 experimental campaigns sustaining
the methods developed in this thesis.
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• Chapter 4 addresses Obj. 1 on the identification and classification of rain events.
Here, a series of selected rain events from VORTEX-SE campaigns are depicted and
analyzed in qualitative terms. They are classified in stratiform and convective rain
events.

• Chapter 5 tackles Obj. 2 on the development of a direct method for VAM correction.
The rain-rate-matching method for VAM estimation based on the fitting of radar-
measured RRs to disdrometer-measured RRs is presented.

• Chapter 6 addresses Obj. 3 on the development of an inverse method for VAM
estimation. The so-called forward method based on the assumption of the DSD as
a gamma distribution is presented. Performance of the methodology presented is
analysed by comparison to the ground-based disdrometer reference.

• Chapter 7 gives concluding remarks and future lines.
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Chapter 2

Remote Sensing Instrument
Foundations

This chapter gives the foundations of the remote sensing instruments used in this project:
a radar and a ground-based disdrometer. Their types and functioning principles are
presented as well as the rain products that they measure.

2.1 Radar Foundations
A RAdio Detection And Ranging (RADAR) is a device employed to detect and locate a
target by means of radio waves [Nature (1943)]. Radars transmit frequency-modulated
electromagnetic (EM) beams in order to illuminate a target, and as a result, a fraction of
the transmitted beam of energy bounces on the target and is received again by the radar
with a delay. By comparing the received echo with the transmitted signal, significant
information about the target such as its range and velocity can be extracted.

They first appeared in the 20�i�? century and experienced substantial changes with
technical improvements in electronics and EM waves transmission. They were first used
for atmospheric sounding and precipitation detection in the 1940s [Doviak et al. (2006)].
In the meteorology context they have a wide range of applications: from precipitation
measurement/typing to temperature profiles measurement.

2.2 Radar types and principles
Radars can be classified into different categories depending on its characteristics such as
the carrier wavelength, the type of the transmitter and receiver antennas, the modulation
used, etc. The main typing considered for radar typing is based on its wave-form and
functioning principle: they can be pulsed radars (PR) or continuous wave radars(CW).
PRs are based on the time-of-flight of EM pulses whereas CW radars emit continuously
and are based in Doppler frequency shifts.

Pulsed radars emit a train of frequency modulated pulses. They send high-power and
high-frequency pulses towards the target object. Then, the echo signal from the target
is received by the radar usually by the same transmitting antenna. The distance to the
target (or range) can then be determined from the measurement of the pulse time-of-
flight by measuring the time span between the transmitted pulse and the echo. Moreover,
the velocity of the illuminated target can be measured by means of the Doppler Effect.
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This is, if the target is moving, the received signal will suffer a frequency shift due to the
Doppler effect and by measuring the frequency shift between the transmitted and received
signals, one may measure the target velocity. This is formulated as

f d = �
2f 0

c
vr ; (2.1)

where f d is the Doppler frequency shift due to motion between the received signal fre-
quency, f r = f 0 + f d, and the carrier frequency, f 0, and vr is the radial velocity of the
target relative to the radar (vr positive when moving away from the radar) and c is the
speed of light.

Continuous wave radars emit a continuous EM wave and usually use separate antennas
to transmit and receive the signals. CW radars do not measure the target range but
rather the rate of change of the target range by measuring the Doppler shift of the return
signal. If the received echo has the same frequency, the object is not moving. In case
the target is moving, the receiving frequency will be different from the emitted frequency
and, therefore, its velocity can be calculated by means of the Doppler effect equation,
(see Equation 2.1). The main drawback of this type of radar is that it cannot measure
distance, as it does not have a timing mark. CW radars without modulation can accurately
measure target radial velocity (due to Doppler shift) and angular position. However, to
extract range information, it is necessary some form of modulation due to the lack of
pulses (Mahafza, 2004). This is solved in frequency-modulated continuous-wave (FMCW)
radars, where the lack of a timing mark issue is solved by adding a frequency modulation
to the continuous wave. FMCW radars functioning principle is explained in detain in
subsection 2.2.1.

Additionally, radars can be divided into several different categories according to its
operating frequency range. In Table 2.1 below, the main frequency bands are listed.

Letter description Frequency Range (GHz)
HF (High Frequency) 0.003 – 0.03
VHF (Very High Frequency) 0.03 – 0.3
UHF (Ultra High Frequency) 0.3 – 1.0
L-band 1.0 – 2.0
S-band 2.0 – 4.0
C-band 4.0 – 8.0
X-band 8.0 – 12.5
Ku-band 12.5 – 18.0
K-band 18.0 – 26.5
Ka-band 26.5 – 40.0
MWF (millimeter) > 34.0

Table 2.1: Radar frequency band classification (Source: [(Mahafza, 2004)])

The choice of frequency depends on the application requirements. Smaller antennas
are suitable for higher operating frequency, and thus, lower wavelength. The range of
the radar system is also influenced by the choice of frequency. Higher-frequency systems
are able to measure smaller targets, but suffer higher atmospheric attenuation [Parker
(2010)].
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2.2.1 FMCW radar fundamentals
FMCW radars have been used to monitor the atmosphere for more than three decades
due to their high spatial and temporal resolution (İnce et al., 2003). Particularly, they
have been used in the detection of precipitation vertical profiles as well as clear-air echo.

Figure 2.1 depicts the FMCW radar functioning principle. FMCW radars use a
frequency-modulated signal with sweep period T (continuous trace in Figure 2.1 superior
panels), and sweep frequency bandwidth B , which enable the measurement of distance
and radial velocity of a target. Radiation is emitted vertically into the atmosphere where a
small portion is scattered back to the antenna from meteorological targets. The backscat-
tered signal (dashed trace in Figure 2.1 superior panels) will be delayed � t = 2r=c seconds,
where c is the speed of light in meters per second and r is the range to target in meters.
Due to the time delay of the echo, the frequency difference � f between the transmitted
and received beams (Figure 2.1 inferior panels) is proportional to the range of the target.
The frequency difference is obtained as

� f = 2
B
Tc

r: (2.2)

To measure the frequency difference, radar echoes are mixed with a copy of the transmitted
signal and then are low-pass filtered, yielding a beat frequency that indicates the range
of the target (see Equation 2.2). All targets can be sorted in range by applying a Fourier
transform to the recorded beat data. As shown in Figure 2.1 a), with static targets, the
frequency difference is � f .

In case the target is not stationary, the echoed signal (dashed trace in 2.1 b) supe-
rior panel) will be both delayed and Doppler-shifted (due to the target velocity), be-
ing the frequency shift proportional to the velocity according to the Doppler effect (see
Equation 2.1). Therefore, the frequency difference between the transmitted and received
beams (Figure 2.1 b) inferior panel) consists of two contributions (METEK Meteorolo-
gische Messtechnik GmbH, 2009), i.e., the range term and the velocity term, which can
be formulated as

� f = 2
B
Tc

r � f d; (2.3)

where f d corresponds to the Doppler frequency shift due to the target’s velocity (see
Equation 2.1).

As it can be observed in Figure 2.1 b), a small Doppler frequency shift is observed
at the end of the frequency sweep with respect to the static case, i.e., � f � f d. On
the other hand, a larger shift is observed at the begining of the frequency sweep, i.e.,
� f + f d. Therefore, in presence of moving targets, an ambiguity between range and
velocity appears.

To solve this ambiguity, Barrick (1973) proposed a method based on a double Fast
Fourier Transformation (FFT) that can be used to produce a time-delay (range) and
Doppler (velocity) display of the radar target data. This procedure is illustrated in Fig-
ure 2.2. First, the beat frequency signal as a result of one radar pulse (period T) is
Fourier-transformed. Towards this purpose, the beat signal is sampled M times during
period T , leading to M=2 complex samples in the frequency domain. These complex
samples correspond to M=2 range bins, with a frequency difference of 1=T between bins
(see Figure 2.2 a)). Therefore, the range information is obtained, but the target velocity
information is still to be retrieved. The radar repeats the same procedure for N radar
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Figure 2.1: Working principle of FMCW radar. Time-series of the radar transmitted and
received signals and the frequency shift between them. (Source: [Wang (2017)]).
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Figure 2.2: FMCW radar double FFT procedure. (Source: [METEK Meteorologische
Messtechnik GmbH (2009)]). (a) First FFT of signal period T to get the range. Arrows
represent the phase. (b) Scheme of double FFT prodecure for a signal of duration nT .

8
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�b�2���b�Q�M�- ���M�/ �;�2�Q�;�`���T�?�B�+���H �H�Q�+���i�B�Q�M�X �A�M �Q�`�/�2�` �i�Q �K�Q�/�2�H �i�?�2 �.�a�. �B�M �� �K�Q�`�2 �;�2�M�2�`���H �r���v�-
�l�H�#�`�B�+�?�U�R�N�3�j�V �T�`�Q�T�Q�b�2�/ �i�Q �+�?���`���+�i�2�`�B�b�2 �i�?�2 �.�a�. ���b �� �:���K�K�� �/�B�b�i�`�B�#�m�i�B�Q�M �/�2�}�M�2�/ �#�vN0�-
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�Q�i�?�2�` �?���M�/�-N0 ���M�/� �T���`���K�2�i�2�`�b ���`�2 �?�B�;�?�H�v �p���`�B���#�H�2 ���M�/ �/�2�T�2�M�/ �Q�M �i�?�2 �i�v�T�2 �Q�7 �`���B�M�X
���i�H���b �2�i ���H�X�U�R�N�d�j�V �b�?�Q�r�2�/ �i�?���i �_�_ �2�b�i�B�K���i�B�Q�M ���+�+�m�`���+�v �+���M �#�2 �B�K�T�`�Q�p�2�/ �B�7 �i�?�2 �.�a�. �B�b
�K�Q�/�2�H�H�2�/ ���b �� �;���K�K�� �/�B�b�i�`�B�#�m�i�B�Q�M�X �A�i �B�b �i�?�2 �K�Q�b�i �+�Q�K�K�Q�M�H�v ���+�+�2�T�i�2�/ �K�Q�/�2�H �B�M �/�2�b�+�`�B�#�B�M�;
�i�?�2 �M���i�m�`���H �p���`�B���i�B�Q�M �Q�7 �i�?�2 �.�a�.�- ���M�/ �B�i�b �T���`���K�2�i�2�`�b �+���M �#�2 �7�Q�m�M�/ �#�v �K�2���M�b �Q�7 �+�m�`�p�2
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�A�M �`���/���` �`�2�K�Q�i�2 �b�2�M�b�B�M�;�- �i�?�2 �`���/���`�@�`�2�i�`�B�2�p�2�/ �T�`�Q�/�m�+�i�b �7�`�Q�K �`�2�~�2�+�i�B�p�B�i�v �/�2�M�b�B�i�v �K�2���b�m�`�2�@
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�i�?�2 �T�`�2�b�2�M�+�2 �Q�7 �o���J�- �i�?�2 �`���/���`�@�`�2�i�`�B�2�p�2�/ �b�2�+�Q�M�/ �Q�`�/�2�` �T�`�Q�/�m�+�i�b �/�B�z�2�` �r�B�i�? �i�?�2 �/�B�b�/�`�Q�K�@
�2�i�2�` �K�2���b�m�`�2�K�2�M�i�b�X �h�?�2�b�2 �2�`�`�Q�`�b �/�2�T�2�M�/ �Q�M �i�?�2 �i�v�T�2 �Q�7 �`���B�M �b�i�Q�`�K�- ���M�/ �i�?�2�v �+���M �#�2�+�Q�K�2
�+�Q�M�b�B�/�2�`���#�H�v �H���`�;�2�` �B�M �+�Q�M�p�2�+�i�B�p�2 �`���B�M �2�p�2�M�i�b �/�m�2 �i�Q �i�?�2 �?�B�;�?�2�` �o���J �p���H�m�2�b �Q�#�b�2�`�p�2�/ �B�M
�+�Q�K�T���`�B�b�Q�M �i�Q �b�i�`���i�B�7�Q�`�K �`���B�M �(�E�B�K ���M�/ �G�2�2�U�k�y�R�e�V�)�X

�h�?�2�`�2�7�Q�`�2�- �T�`�2�+�B�T�B�i���i�B�Q�M �+���M �#�2 �+�H���b�b�B�}�2�/ �B�M�i�Q �i�r�Q �/�B�b�i�B�M�+�i �+���i�2�;�Q�`�B�2�b �#���b�2�/ �Q�M �i�?�2
�/�B�z�2�`�2�M�+�2�b �B�M �`���B�M ���M�/ ���B�` �p�2�`�i�B�+���H �T�`�Q�}�H�2�b�,�b�i� �̀��i�B�7�Q�`�K � �̀��B�M���M�/�+�Q�M�p�2�+�i�B�p�2 � �̀��B�M�X

�a�i� �̀��i�B�7�Q�`�K �T� �̀2�+�B�T�B�i���i�B�Q�M�- �B�M �;�2�M�2�`���H�- �B�b �+�Q�M�b�B�/�2�`�2�/ �� �?�Q�`�B�x�Q�M�i���H�H�v �?�Q�K�Q�;�2�M�2�Q�m�b �i�v�T�2
�Q�7 �`���B�M �r�?�B�+�? �B�b �b�i�`���i�B�}�2�/ �B�M �H���v�2�`�b �p�2�`�i�B�+���H�H�v ���M�/ �B�b �`���i�?�2�` �+�Q�M�i�B�M�m�Q�m�b ���M�/ �m�M�B�7�Q�`�K �B�M
�B�M�i�2�M�b�B�i�v �(�>�Q�m�x�2�U�R�N�N�d�V�)�X �A�M �� �b�i�`���i�B�7�Q�`�K �`���B�M �b�+�2�M���`�B�Q �i�?�2 �o���J �B�b �;�2�M�2�`���H�H�v �b�K���H�H�X

�*�Q�M�p�2�+�i�B�p�2 �T� �̀2�+�B�T�B�i���i�B�Q�M�B�b �/�m�2 �i�Q �i�?�2 �p�2�`�i�B�+���H �K�Q�p�2�K�2�M�i �Q�7 ���B�`�- �K�Q�b�i�H�v �i�v�T�B�+���H �B�M �i�`�Q�T�@
�B�+���H �r�2���i�?�2�`�b �B�M �r�?�B�+�? �i�?�2 �i�2�K�T�2�`���i�m�`�2 �;�`���/�B�2�M�i �#�2�i�r�2�2�M �i�?�2 �b�m�`�7���+�2 ���M�/ �i�?�2 ���i�K�Q�b�T�?�2�`�2
�B�b �;�`�2���i�2�`�X �*�Q�M�p�2�+�i�B�p�2 �T�`�2�+�B�T�B�i���i�B�Q�M �Q�+�+�m�`�b �B�M �i�?�2 �7�Q�`�K �Q�7 �b�?�Q�r�2�`�b �Q�7 �?�B�;�? �B�M�i�2�M�b�B�i�v ���M�/
�b�?�Q�`�i �/�m�`���i�B�Q�M�X �h�?�2 �/�`�Q�T�H�2�i�b ���`�2 ���H�b�Q �H���`�;�2�` �i�?���M �B�M �i�?�2 �b�i�`���i�B�7�Q�`�K �i�v�T�2 �Q�7 �T�`�2�+�B�T�B�i���i�B�Q�M
�U�>�Q�M�; �2�i ���H�X�-�R�N�N�N�V�X

�A�M �i�?�2 �+���b�2 �Q�7 �+�Q�M�p�2�+�i�B�p�2 �`���B�M �b�+�2�M���`�B�Q�b�- �/�`�Q�T�H�2�i�b�ö �7���H�H�B�M�; �p�2�H�Q�+�B�i�v �B�b �B�M�~�m�2�M�+�2�/ �#�v �i�?�2
�p�2�`�i�B�+���H ���B�` �K�Q�i�B�Q�M �U�o���J�V �U�h�`�B�/�Q�M �2�i ���H�X�-�k�y�R�R�V�- �r�?�B�+�? ���`�B�b�2�b ���b �� �`���/���`�@�K�2���b�m�`�2�/ �b�T�2�+�i�`�m�K
�b�?�B�7�i �B�M �i�?�2 �p�2�H�Q�+�B�i�v ���t�B�b ���M�/�- �/�m�2 �i�Q �B�i�b �H���`�;�2 �p���H�m�2�- �`���/���`�@�/�2�`�B�p�2�/ �.�a�. ���M�/ �b�2�+�Q�M�/ �Q�`�/�2�`
�T���`���K�2�i�2�`�b �K���v �#�2 �+�Q�`�`�m�T�i�2�/ �(�U�_�Q�+���/�2�M�#�Q�b�+�? �2�i ���H�X�-�k�y�k�y�c�h�`�B�/�Q�M �2�i ���H�X�-�k�y�R�R�V�)�X

�h�?�B�b �+�Q�`�`�m�T�i�B�Q�M �B�b �/�m�2 �i�Q �i�?�2 �7���+�i �i�?���i �B�M �i�?�2 �i�2�`�K�B�M���H �7���H�H �p�2�H�Q�+�B�i�v�@�/�B���K�2�i�2�` �`�2�H���i�B�Q�M�@
�b�?�B�T �Q�7�1�[�m���i�B�Q�M �k�X�d�B�i �B�b ���b�b�m�K�2�/ �i�?���i �i�?�2�`�2 �B�b �M�Q �o���J�- ���M�/ �i�?�m�b�- �B�M �T�`�2�b�2�M�+�2 �Q�7 �o���J�-
�i�?�2 �`���/���`�@�K�2���b�m�`�2�/ �/�`�Q�T�H�2�i �7���H�H�B�M�; �p�2�H�Q�+�B�i�B�2�b �UvDoppler �V �/�Q �M�Q�i �K���i�+�? �i�?�2�B�` �/�B���K�2�i�2�`�b�X �A�M
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�r�B�i�?�B�M �i�?�2 �H���b�2�` �#�2���K �T�`�Q�p�B�/�2�b �i�?�2 �7���H�H �b�T�2�2�/ �U�b�2�2 �?�Q�`�B�x�Q�M�i���H ���t�B�b �Q�7 �6�B�;�m�`�2�k�X�9�- �T���M�2�H �+�V�V�X
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�6�B�;�m�`�2 �k�X�9�, �P�T�i�B�+���H �/�B�b�/�`�Q�K�2�i�2�` �7�m�M�+�i�B�Q�M�B�M�; �T�`�B�M�+�B�T�H�2 �2�t���K�T�H�2�X �1�z�2�+�i �Q�7 �7���H�H�B�M�; �/�`�Q�T�T�H�2�i�b
�Q�M �i�?�2 �`�2�+�2�B�p�2�` �b�B�;�M���H�X �U�a�Q�m�`�+�2�, �(�U�G�º�|�2�`�@�J���M�; ���M�/ �C�Q�b�b�-�k�y�y�y�V�)�V�X �U���V �b�+�?�2�K���i�B�+ �Q�7 �/�B�z�2�`�2�M�i
�/�`�Q�T�T�H�2�i�b �7���H�H�B�M�; �i�?�`�Q�m�;�? �i�?�2 �/�B�b�/�`�Q�K�2�i�2�` �H�B�;�?�i �#�2���K�- �U�#�V �`���r �b�B�;�M���H �7�`�Q�K �i�?�2 �b�2�M�b�Q�`�- ���M�/
�U�+�V �B�M�p�2�`�i�2�/ ���M�/ ���K�T�H�B�}�2�/ �b�B�;�M���H ���7�i�2�` �i�?�`�2�b�?�Q�H�/�B�M�; �7�Q�` �K�2���b�m�`�B�M�; �T�m�`�T�Q�b�2�b�X

�k�X�9�X�k�P�T�i�B�+���H �/�B�b�/�`�Q�K�2�i�2�` �K�2���b�m�`�2�K�2�M�i �Q�7 �}�`�b�i ���M�/ �b�2�+�Q�M�/ �Q�`�@
�/�2�` �T�`�Q�/�m�+�i�b

�h�?�2 �B�M�b�i�`�m�K�2�M�i �+�Q�m�M�i�b �i�?�2 �M�m�K�#�2�` �Q�7 �/�`�Q�T�b �T���b�b�B�M�; �i�?�`�Q�m�;�? �i�?�2 �#�2���K �B�M �� �T�`�2�/�2�}�M�2�/
�B�M�i�2�`�p���H �Q�7 �i�B�K�2 ���M�/ �#�B�M�b �i�?�2�K ���b �� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �7���H�H �p�2�H�Q�+�B�i�v ���M�/ �/�`�Q�T �/�B���K�2�i�2�`�X
�h�?�B�b �B�M�7�Q�`�K���i�B�Q�M �B�b �b�i�Q�`�2�/ �B�M �� �p�2�H�Q�+�B�i�v�@�/�B���K�2�i�2�` �K���i�`�B�t �B�M �r�?�B�+�? �2���+�? �+�2�H�H �+�Q�M�i���B�M�b �i�?�2
�M�m�K�#�2�` �Q�7 �/�`�Q�T �+�Q�m�M�i�b �7�Q�` �2���+�? �p�2�H�Q�+�B�i�v�@�/�B���K�2�i�2�` �#�B�M�X �6�`�Q�K �i�?�B�b �K���i�`�B�t�- �`���B�M �b�2�+�Q�M�/
�Q�`�/�2�` �T�`�Q�/�m�+�i�b �+���M �#�2 �/�2�`�B�p�2�/�X �h�?�2 �.�a�. �2�b�i�B�K���i�B�Q�M �T�`�Q�+�2�/�m�`�2 �7�`�Q�K �i�?�2 �p�2�H�Q�+�B�i�v�@�/�B���K�2�i�2�`
�K���i�`�B�t �B�b �2�t�T�H���B�M�2�/ �M�2�t�i�X

�h�?�2 �M�m�K�#�2�` �Q�7 �/�`�Q�T�b �Q�7 �/�B���K�2�i�2�`D �T�2�` �m�M�B�i �p�Q�H�m�K�2 �B�b �2�M�+�Q�m�M�i�2�`�2�/ ���b

nD =
ND

vD � �t � A
; �U�k�X�R�3�V

�r�?�2�`�2vD �B�b �i�?�2 �i�2�`�K�B�M���H �7���H�H �p�2�H�Q�+�B�i�v �Q�7 �/�`�Q�T�b �Q�7 �/�B���K�2�i�2�`D �- ���M�/ND �B�b �i�?�2 �M�m�K�#�2�` �Q�7
�/�`�Q�T�b �Q�7 �i�?���i �b�B�x�2 �b�i�`�B�F�B�M�; �i�?�2 �b�2�M�b�Q�` ���`�2��A �B�M �i�?�2 �T�`�2�/�2�}�M�2�/ �i�B�K�2 �B�M�i�2�`�p���H�t �X

�h�?�2�M�- �i�?�2 �.�a�. �+���M �#�2 �2�b�i�B�K���i�2�/ ���b �(���+�?���`�v���U�k�y�R�d�V�)

n(D) =
nD

�D
; �U�k�X�R�N�V

�r�?�2�`�2�D �B�b �i�?�2 �/�B���K�2�i�2�` �K�2���b�m�`�2�K�2�M�i �`�2�b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �B�M�b�i�`�m�K�2�M�i�X
�w�- �_�_ ���M�/ �Q�i�?�2�` �b�2�+�Q�M�/ �Q�`�/�2�` �T�`�Q�/�m�+�i�b �+���M �#�2 �/�2�`�B�p�2�/ �7�`�Q�K �i�?�2 �/�B�b�/�`�Q�K�2�i�2�`�@�K�2���b�m�`�2�/

�.�a�. ���b �7�Q�`�K�m�H���i�2�/ �B�M�b�2�+�i�B�Q�M �k�X�k�U�b�2�2�1�[�m���i�B�Q�M �k�X�N���M�/�1�[�m���i�B�Q�M �k�X�R�k�V�X

�R�9



�*�?���T�i�2�` �j

�o�P�_�h�1�s�@�a�1 �*���K�T���B�;�M

�h�?�2 �o�2�`�B�}�+���i�B�Q�M �Q�7 �i�?�2 �P�`�B�;�B�M�b �Q�7 �_�Q�i���i�B�Q�M �B�M �h�Q�`�M���/�Q�2�b �1�t�T�2�`�B�K�2�M�i�@�a�Q�m�i�?�2���b�i �U�o�P�_�h�1�s�@
�a�1�V �T�`�Q�D�2�+�i �#�2�;���M �B�M �k�y�R�8 �B�M �>�m�M�i�b�p�B�H�H�2�- ���H���#���K���X �h�?�B�b �T�`�Q�D�2�+�i ���B�K�2�/ ���i �b�i�m�/�v�B�M�; �?�Q�r
�/�B�z�2�`�2�M�i �2�M�p�B�`�Q�M�K�2�M�i���H �b�+�2�M���`�B�Q�b ���z�2�+�i�2�/ �i�?�2 �7�Q�`�K���i�B�Q�M�- �b�i�`�m�+�i�m�`�2�- ���M�/ �T���i�? �Q�7 �i�Q�`�M���@
�/�Q�2�b�X �.�m�`�B�M�; �J���`�+�? ���M�/ ���T�`�B�H �k�y�R�e �i�?�2 �}�`�b�i �}�2�H�/ �Q�#�b�2�`�p�B�M�; �+���K�T���B�;�M �Q�7 �o�P�_�h�1�s�@�a�1
�r���b �?�2�H�/�X �h�?�2 �b�2�+�Q�M�/ �}�2�H�/ �+���K�T���B�;�M�- �7�`�Q�K �r�?�B�+�? �i�?�B�b �T�`�Q�D�2�+�i �Q�#�i���B�M�b �B�i�b �/���i���- �i�Q�Q�F �T�H���+�2
�#�2�i�r�2�2�M �J���`�+�? �3�i�? ���M�/ �J���v �3�i�? �k�y�R�d ���i �i�?�2 �a�+�Q�i�i�b�#�Q�`�Q �K�m�M�B�+�B�T���H ���B�`�T�Q�`�i�- �B�M �M�Q�`�i�?�2�`�M ���H�@
���#���K�� �U�H���i�B�i�m�/�2�, �j�9�X�e�3�d�k�Þ�L�- �H�Q�M�;�B�i�m�/�2�, �3�e�X�y�y�8�y�Þ�q�V �U�h���M���K���+�?�B �2�i ���H�X�-�k�y�R�N�V�- �r�?�B�+�? �r���b
�+�?�Q�b�2�M �7�Q�` �B�i�b �?�B�;�? �i�Q�`�M���/�Q �7�`�2�[�m�2�M�+�v �U�l�M�B�p�2�`�b�B�i�v �Q�7 �J���b�b���+�?�m�b�2�i�i�b�- �J�B�+�`�Q�r���p�2 �_�2�K�Q�i�2
�a�2�M�b�B�M�; �G���#�Q�`���i�Q�`�v�- �k�y�R�e�V�X �h�?�2 �+���K�T���B�;�M �B�M�p�Q�H�p�2�/ �K�m�H�i�B�T�H�2 �;�`�Q�m�M�/�@�#���b�2�/ �B�M�b�i�`�m�K�2�M�i�b
���B�K�2�/ ���i �K�2���b�m�`�B�M�; �K�m�H�i�B�T�H�2 ���i�K�Q�b�T�?�2�`�B�+ �#�Q�m�M�/���`�v �H���v�2�` �T���`���K�2�i�2�`�b �/�m�`�B�M�; �A�P�S�b�X �S���`�@
�i�B�+�m�H���`�H�v�- �i�?�2 �l�M�B�p�2�`�b�B�i�v �Q�7 �J���b�b���+�?�m�b�2�i�i�b �U�l�J���b�b�V ���M�/ �S�m�`�/�m�2 �l�M�B�p�2�`�b�B�i�v �/�2�T�H�Q�v�2�/ ���M
�a�@�#���M�/ �7�`�2�[�m�2�M�+�v�@�K�Q�/�m�H���i�2�/ �+�Q�M�i�B�M�m�Q�m�b�@�r���p�2 �U�6�J�*�q�V �`���/���`�- ���M�/ ���M �P�h�h �S���`�b�B�p�2�H�k �/�B�b�@
�/�`�Q�K�2�i�2�` �r�B�i�? �i�?�2 �;�Q���H �i�Q �b�i�m�/�v �i�?�2 �b�T���i�B���H ���M�/ �i�2�K�T�Q�`���H �2�p�Q�H�m�i�B�Q�M �Q�7 �T�`�2�+�B�T�B�i���i�B�Q�M �2�p�2�M�i�b
�U�_�Q�+���/�2�M�#�Q�b�+�? �2�i ���H�X�-�k�y�k�y�V�X

�j�X�R�A�M�b�i�`�m�K�2�M�i�b

�j�X�R�X�R�l�J���b�b �6�J�*�q �_���/���`

�h�?�2 �l�J���b�b �`���/���` �B�b �� �m�M�B�[�m�2 �K�2�i�2�Q�`�Q�H�Q�;�B�+���H �6�J�*�q �`���/���` �r�?�B�+�? �Q�T�2�`���i�2�b ���i �a�@�#���M�/ ���M�/
�B�b ���#�H�2 �i�Q �K�2���b�m�`�2 �p�Q�H�m�K�2 �`�2�~�2�+�i�B�p�B�i�v �/�2�M�b�B�i�v �B�M �p�2�`�i�B�+���H �T�`�Q�}�H�2�b �m�T �i�Q �b�2�p�2�`���H �F�B�H�Q�K�2�i�2�`�b
���#�Q�p�2 �i�?�2 �`���/���` ���i �� �?�B�;�? �i�2�K�T�Q�`���H ���M�/ �b�T���i�B���H �`�2�b�Q�H�m�i�B�Q�M �(�^�M�+�2 �2�i ���H�X�U�k�y�y�j�V�)�X �h�?�B�b �`���/���`
�T�`�Q�p�B�/�2�b �p�2�`�i�B�+���H �T�`�Q�}�H�2�b �Q�7 �i�?�2 �p�Q�H�m�K�2 �b�T�2�+�i�`���H �`�2�~�2�+�i�B�p�B�i�v ���b �� �7�m�M�+�i�B�Q�M �Q�7 �p�2�`�i�B�+���H �p�2�@
�H�Q�+�B�i�v ���i �8�@�K �p�2�`�i�B�+���H �`�2�b�Q�H�m�i�B�Q�M ���M�/ �� �i�2�K�T�Q�`���H �`�2�b�Q�H�m�i�B�Q�M �Q�7 �R�e�X�R �b�X �h�?�B�b �`���/���` �Q�T�2�`���i�2�/
�+�Q�M�i�B�M�m�Q�m�b�H�v �i�?�`�Q�m�;�?�Q�m�i �i�?�2 �+���K�T���B�;�M �i�Q �K�Q�M�B�i�Q�` �i�?�2 ���i�K�Q�b�T�?�2�`�B�+ �#�Q�m�M�/���`�v �H���v�2�` �b�i�`�m�+�@
�i�m�`�2 ���M�/ �2�p�Q�H�m�i�B�Q�M�X �A�i �B�b �b�2�M�b�B�i�B�p�2 �i�Q �T�`�2�+�B�T�B�i���i�B�Q�M�f�+�H�Q�m�/�b�- �+�H�2���`�@���B�` �i�m�`�#�m�H�2�M�+�2�- ���M�/ �Q�i�?�2�`
���`�i�B�7���+�i�b �r�?�B�+�? �?���p�2 �i�Q �#�2 �T�Q�b�i�@�}�H�i�2�`�2�/ �U�l�M�B�p�2�`�b�B�i�v �Q�7 �J���b�b���+�?�m�b�2�i�i�b�- �J�B�+�`�Q�r���p�2 �_�2�K�Q�i�2
�a�2�M�b�B�M�; �G���#�Q�`���i�Q�`�v�-�k�y�R�e�V�X

�h�?�2 �a�@�"���M�/ �6�J�*�q �`���/���` �2�K�T�H�Q�v�2�/ �/�m�`�B�M�; �o�P�_�h�1�s�@�a�1 �r���b �/�2�p�2�H�Q�T�2�/ �#�v �i�?�2 �J�B�@
�+�`�Q�r���p�2 �_�2�K�Q�i�2 �a�2�M�b�B�M�; �G���#�Q�`���i�Q�`�v �7�`�Q�K �i�?�2 �l�J���b�b�X�h���#�H�2 �j�X�R�H�B�b�i�b �i�?�2 �#���b�B�+ �b�v�b�i�2�K
�+�?���`���+�i�2�`�B�b�i�B�+�b �Q�7 �i�?�2 �6�J�*�q�@�`���/���` �2�K�T�H�Q�v�2�/�- �r�?�B�+�? �B�b �/�2�T�H�Q�v�2�/ �Q�M �� �i�`�m�+�F �7�Q�` �K�Q�#�B�H�B�i�v
���M�/ �m�b�2�b �i�r�Q �T���`���#�Q�H�B�+ �/�B�b�? ���M�i�2�M�M���b�- �#�Q�i�? �r�B�i�? �/�B���K�2�i�2�` �Q�7 �k�X�9 �K ���M�/ �;���B�M �Q�7 �j�9 �/�"�- ���M�/
�� �k�8�y �q �i�`���M�b�K�B�i�i�2�` �U�^�M�+�2 �2�i ���H�X�-�k�y�y�j�V�X �h�?�2 �6�J�*�q �l�K���b�b �`���/���` �B�b �b�?�Q�r�M �B�M�6�B�;�m�`�2 �j�X�R�X
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�S���`���K�2�i�2�` �o���H�m�2 �l�M�B�i�b
�G�Q�+���i�B�Q�M �a�+�Q�i�i�b�#�Q�`�Q�-���G �J�m�M�B�+�B�T���H ���B�`�T�Q�`�i �@
�6�`�2�[�m�2�M�+�v �k�X�N�9 �:�>�x
�"���M�/�r�B�/�i�? �j�y �J�>�x
�P�T�2�`���i�B�Q�M �J�Q�/�2 �6�J�*�q �@
�h�`���M�b�K�B�i �S�Q�r�2�` �k�8�y �q
�"�2���K �r�B�/�i�? �j �/�2�;
���M�i�2�M�M�� �:���B�M �j�9 �2���+�? �/�"
�"�2���K �/�B�`�2�+�i�B�Q�M �p�2�`�i�B�+���H �@
���M�i�2�M�M�� �/�B���K�2�i�2�` �k�X�9 �K
�"�H�Q�+�F �Q�7 �b�r�2�2�T�b �k�8�e �@
�L�m�K�#�2�` �Q�7 �`���M�;�2 �;���i�2�b �R�y�k�9 �@
�_���M�;�2 �`�2�b�Q�H�m�i�B�Q�M �8 �K
�J���t�B�K�m�K �m�M���K�#�B�;�m�Q�m�b �`���M�;�2 �8�X�R�k �F�K
�J���t�f�K�B�M �m�M���K�#�B�;�m�Q�m�b �p�2�H�Q�+�B�i�v� �9�X�N �U�k�y�R�e�V�-� �d�X�9 �U�k�y�R�d�V �K�f�b
���p�2�`���;�B�M�; �T�2�`�B�Q�/ �R�e�X�R �b

�h���#�H�2 �j�X�R�, �J���B�M �+�?���`���+�i�2�`�B�b�i�B�+�b �Q�7 �i�?�2 �l�J���b�b �6�J�*�q �a�@�#���M�/ �`���/���` �U�a�Q�m�`�+�2�, �(�U�a�i�2�T�?�2�M
�C�X �6�`���b�B�2�` ���M�/ �.���r�b�Q�M�-�k�y�R�d�V�)�V
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