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Abstract. Fire could dramatically reduce strength of reinforced concrete elements and
it is considered one of the major threats for the structural safety of buildings: structural
members may even collapse due to intensity and duration of fire. In this study, 3D finite
element simulations of reinforced concrete elements under fire loading are presented. A
quasi static one-way-coupled thermo-mechanical analysis is carried out, in which a heat
transfer simulation is conducted first and then internal forces are computed. A phe-
nomenological constitutive model based on damage-plasticity is used for concrete at high
temperature. Transient creep strains are included in the model for elevated temperature.
Extended Leon model is used for yield function and isotropic damage is assumed. Numer-
ical results are compared with experimental data found in the literature, showing good
agreement.

1 INTRODUCTION

Concrete, as one of the most widely used construction material, is likely exposed to
high temperature, in case of extreme events such as explosions and during fire or in
special structures such as nuclear vessels. Its mechanical properties, like density, thermal
expansion, and thermal conductivity, require a careful evaluation in order for the material
performance to be understood under extreme high temperature. In general, strength and
stiffness of concrete decrease with the increase of temperature and degradation of concrete
mechanical behaviors mainly results from dehydration of concrete at the micro-level [1].
The behavior of concrete though is particularly complex to predict, due to the differences
of each constitution in terms of thermal response, with several factors affecting the fire
resistance (eg. concrete strength, moisture content, concrete density, aggregate type).
For example, high strength concrete (HSC) has lower permeability and water-cement
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ratio than normal strength concrete (NSC), therefore, under high temperature exposure,
moisture can escape with a slower rate, leading to a faster increase in pore pressure
and consequently a major reduction in load bearing capacity [2]. Thus, fire design and
assessment of structure has become a fundamental aspect of structural design and, in this
contest, urges the development of computational models capable of accurately capturing
the behavior of reinforced concrete elements at elevated temperatures.
In this study, a plastic damage model for the simulation of concrete behavior under
elevated temperature has been developed. The constitutive model adopted is based on
isotropic damage coupled with plasticity in effective stress space. While hardening under
compressive loading is modeled within the plasticity framework, softening under both
tensile and compressive loadings are taken into account within the damage mechanics
framework, where damage is modeled as a function of plastic strains. A sequential coupled
thermo-mechanical analysis has been chosen: firstly, a transient heat transfer analysis is
carried out to determine the temperature distribution over the specimen; then, based on
its results, a mechanical analysis is conducted. For thermal analysis, material parameters
such as specific heat, thermal conductivity coefficient are taken from standard design
codes or experimental studies found in literature such as [3, 1]. Moisture diffusion and
phase change during elevated temperatures are not considered at this stage.

2 Constitutive Model

The total strain tensor can be decomposed into mechanical strain εσ, free thermal
strain εfth, creep strain εcr, and transient creep strain εtcr, as shown below:

εtotal = εσ + εfth + εcr + εtcr (1)

Generally, the creep strain is considerably smaller than the other strain components in fire
applications, due to the short duration of a fire events and, therefore, it can be neglected
for fire safety assessment of structures [4].

2.1 Constitutive Model at ambitious temperature

According to incremental theory of plasticity, the mechanical strain tensor εσ can be
split into elastic εe and plastic components, εp:

εσ = εe + εp (2)

The elastic part is the recoverable portion of the total strain and, considering linear
elasticity, it is given by

εe = D−1σ (3)

where D and σ are the elasticity tensor and the stress tensor respectively. By using
these two equations, stress relation with strain can be defined as:

σ = D (ε− εp) (4)
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If we assume that the stiffness degradation is isotropic (scalar), then the stiffness tensor
is written as:

D = (1− ω)De (5)

where ω is the damage parameter and De is the initial elasticity tensor. Substitution
of equation (4) into (3) leads to the following equation:

σ = (1− ω)De (ε− εp) = (1− ω) σ̄ (6)

where σ̄ is the effective stress, defined as:

σ̄ = De (ε− εp) (7)

According to this equation, the constitutive relation for the damage response can be
decoupled from the plastic response, providing numerical advantages.

Several combined plasticity and damage models have been developed in recent years.
To ensure that a constitutive model remains thermodynamically admissible, the second
principle of thermodynamics must be satisfied, which requires non-negative dissipation
and this condition leads to certain constraints on the constitutive model. Grassl and
Jirasek [5] studied thermodynamic admissibility of different types of coupling of damage
and plasticity and have shown that, formulating the plasticity constitutive model in terms
of effective stress, the only condition required for the thermodynamic admissibility is the
softening plastic modulus not to drop below a critical value, given by the pure plastic
model.

2.1.1 Plasticity Formulation

In order to obtain the effective stress due to strain increment, the increase of plastic
strain has to be estimated. Plasticity formulations require a yield function, a flow rule
and a hardening rule:

f p (σ̄, κp) ≤ 0 (8)

ε̇p = λ̇
δgp

δσ̄

κ̇p = λ̇ H.

The Kuhn-Tucker conditions for loading-unloading need to be satisfied: f p (σ̄, κp) ≤
0,λ̇ ≥ 0, λ̇f p (σ̄, κp) = 0. Here f p and gp denote the yield surface and the plastic potential
function respectively, λp is the plastic multiplier, κp = [κt

p, κ
c
p] is (accumulated plastic

strains) plastic state variables, and H is the matrix for multiaxial stress situation:

H (σ̄, εp) =

[
χ(ˆ̄σ) 0 0
0 0 −(1− χ(ˆ̄σ))

]
δgp

δ ˆ̄σ
(9)
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where ˆ̄σ denotes the principal effective stress and χ is a weight factor defined as [6] :

χ =
3∑

i=1

〈ˆ̄σ〉/
3∑

i=1

|ˆ̄σ| (10)

The extended Leon Model, successfully used for the simulation of the concrete behav-
ior under uniaxial, biaxial and multi-axial loadings by many researchers [7, 8, 5, 9], is
employed in this study for the definition of the yield surface, which is smooth and convex
except for the point where parabolic meridians intersect the hydrostatic axis. The yield
function is given in terms of invariant of effective stress tensor, hardening parameter, k
and friction parameter, m0 as follows:

f p =

[
(1− k)

(
p̄

fc
+

ρ̄√
6fc

)2

+

√
3

2

ρ̄

fc

]2

+ k2 m0

(
p̄

fc
+

ρ̄ r(θ)√
6fc

)
− k2 = 0 (11)

where p̄ = Ī1/3, ρ̄ =
√
2J̄2, θ = cos−1

(
3
√
3/2J̄3/J̄2

3/2
)
/3 denote the effective mean

stress, the deviatoric radius and the Lode angle respectively and Ī1 is the first invariant
of stress tensor, J̄2, J̄3 are the second and the third invariant of deviatoric stress tensor.
The friction parameter depends on compressive and tensile strength of concrete and it is
given by:

m0 = 3
f 2
c − f 2

t

fcft

e

e+ 1
(12)

The shape of the deviatoric section is controlled by the function, r (θ, e),

r(θ) =
4 (1− e2) cos2 θ + (2e− 1)2

2 (1− e2) cos(θ) + (2e− 1)
√
4 (1− e2) cos2(θ) + 5e2 − 4e

(13)

where e is the eccentricity parameter, calibrated according to the biaxial strength of
concrete.

A non-associated flow rule is adopted in order to control excessive dilatancy, which is
necessary to guarantee a realistic modeling of cohesive frictional material such as concrete
and rocks. The plastic potential function controls the direction of the plastic strains and
hence the relative ratios between the plastic strain components. The plastic potential is
defined as follows;

gp =

[
(1− k)

(
p̄

fc
+

ρ̄√
6fc

)2

+

√
3

2

ρ̄

fc

]2

+ k2

(
mg

p̄

fc
+m0

ρ̄√
6fc

)
− k2 = 0 (14)

where mg is variable controlling the dilatation of concrete.
The non-linear behavior of concrete in the pre-peak region is described by isotropic

hardening. The hardening parameter, k = fc/fcu, which controls the evolution of yield
surface under compression, is defined in terms of equivalent plastic strain:
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k = k0 + (1− k0)

√
1−

(
1− κc

p/κ
peak
p

)2

for κc
p ≤ κpeak

p (15)

k = 1 for κc
p > κpeak

p

k0 = fc0/fcu is the initial yield strength and κpeak
p the plastic strain value at strength

of concrete under uniaxial compression. Softening under compressive loading and tensile
behavior is modeled with the damage formulation described in the session below.

2.1.2 Damage Formulation

Elastic stiffness degradation and softening under both compression and tension are
formulated using an isotropic damage. Concrete behaves differently under tensile and
compressive loading, therefore, two different damage formulations, one for tensile damage
ωt and one for compressive damage ωc, are defined independently, following Lee and
Fenves [6]. Damage is assumed to be depended on the accumulated plastic strain, hence
no additional damage surface is required. Internal damage variables are defined equal to
the plastic variables, i.e. κt

d = κt
p, κ

c
d = κc

p. Damage evolution law is assumed in the
following exponential form:

ωt = 1− e−κt
d/at (16)

ωc = 1− e−((κ
c
d−ε̄p0)/ac)

2

Where at and ac are material constant for tension and compression loading respectively
to be calibrated against uniaxial test results. When tensile and compressive damage
parameters are obtained, then the total damage is calculated as follows:

ω = 1− (1− ωt) (1− ωc) (17)

3 EFFECTS OF TEMPERATURE ON MATERIAL CHARACTERISTICS

3.1 Free Thermal Strain

The free thermal strain of concrete depends on the type of aggregate used. Eurocode
[10] suggests the following values for the free thermal strain.

For siliceous aggregates:

εth = −1.8× 10−4 + 9× 10−6T + 2.3× 10−11T 3 for 20◦C ≤ T ≤ 700◦C (18)

εth = 14× 10−3 for 700◦C < T ≤ 1200◦C

For calcareous aggregates:

εth = −1.2× 10−4 + 6× 10−6T + 1.4× 10−11T 3 for 20◦C ≤ T ≤ 700◦C (19)

εth = 12× 10−3 for 700◦C < T ≤ 1200◦C
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In this study, the free thermal strain increment is calculated as follows:

ε̇fth = αṪI (20)

where I denotes the second order identity matrix and α the coefficient of free thermal
strain which can be obtained from the free thermal strain given by Eurocode. Also Nielsen
et al. [11] suggested the following function for coefficient of free thermal strain:

α = 6× 10−5/
(
7− θ̄

)
for 0 ≤ θ̄ ≤ 6 (21)

α = 0 for θ̄ > 6

Here θ̄ = (T − 20) /100 represents the normalized temperature.

3.2 Transient creep

When concrete is first loaded and then heated, the thermal strain in the material is
higher than that experienced by unloaded specimens. This strain difference is called
transient creep strain or load induced thermal strain and an exhaustive overview of this
phenomenon can be found in Torelli et. al [12]. The transient creep strain, which is
an irreversible strains, depends on the temperature reached by the material and it is
proportional to the compressive load level. Experimental results have shown that it does
not depend on the heating rate or age of concrete [13]. Following De Borst and Peeters
[14], it is modeled as follows:

εtr = FtrHtr
σ−

fc,T0

(22)

where Ftr is the transient creep function, σ− the negative part of effective stress tensors,
fc,T0 the concrete strength at ambitious air temperature T0. H is a fourth order tensor
defined as:

Htr = −νtrδijδkl +
1

2
(1 + νtr) (δikδjl + δilδjk) (23)

Here νtr is the Poisson ratio for transient creep components. Ftr denotes the change of
transient creep strain with respect to temperature under uniaxial loading and its function
has been described by several different models in the literature. In particular, Pearce et
al. [15] have given the following parabolic function:

Ftr = 0.01×
(
2Aθ̄ + B

)
for 0 ≤ θ̄ ≤ θ̄∗ (24)

Ftr = 0.01×
[
2C

(
θ̄ − θ̄∗

)
+ 2Aθ̄∗ + B

]
for θ̄ > θ̄∗

θ̄∗ = 4.5, A = 4− 6%0, B = 1− 1.5%0 and C = 7− 10%0 values are suggested in the
same paper.

3.3 Compressive behavior of Concrete exposed to elevated temperature

The temperature dependency of concrete compressive strength is taken from Eurocode
2. Eurocode provides tabular data for siliceous and calcareous aggregates concrete, which
can be approximated by the exponential curve given below:
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f ′
c,T = f ′

c,0 exp
[
−(T̄ /5.5)2

]
for siliceous aggregate (25)

f ′
c,T = f ′

c,0 exp
[
−(T̄ /5.5)2.5

]
for calcareous aggregate

where T̄ = (T − 100) /100 is the relative temperature.
The ratio of tensile and compressive strength is assumed constant, i.e. degradation of

tensile strength is assumed to be equal compressive one.

3.4 Modulus of Elasticity

The modulus of elasticity is assumed to be a function of temperature and the formu-
lation given by Stabler [16] is adopted in this study, as follows:

Ec (T ) = (1− ωE)E (T0) (26)

where ωE denotes thermal degradation of Modulus of elasticity and it is formulated as
:

ωE = 0.2T̄ − 0.01T̄ 2 for 0 ≤ T̄ ≤ 10 (27)

ωE = 1.0 for T̄ > 10

where T̄ = (T − T0) /100 is relative temperature and T0 = 20 ◦C.

4 NUMERICAL RESULTS

4.1 Transient creep model

Firstly, an axially restrained cubic specimen is simulated in order to check the imple-
mentation of the transient creep formulation. For this simulation, the material parameters
have been assumed following Torelli et. al [12]: vtr = 0.37, E = 47000 MPa (Elastic Mod-
ulus), v = 0.2 (Poisson ratio), fcu = 57 MPa (compressive strength), ft = 5.7 MPa (tensile
strength). The specimen is exposed to heating-cooling cycles up to 140 ◦C and 180 ◦C
and then it is heated up to 220 ◦.
The numerical results in terms of temperature vs stress curves are shown in figure 1.
As soon as the temperature increases, compressive stresses occur in the material, due to
the prevented thermal expansion, causing transient creep strain. With the increase of
transient creep strain, a stress relaxation is observed, which is the reason for the reduc-
tion of stress with the increase of temperature. During the cooling phase, the transient
creep strain does not change and does not increase until the temperature values reach the
maximum value experienced during the temperature history.

The experimental tests conducted by Anderberg and Thelandersson [17] are simulated
to validate the transient creep model. The concrete specimen was loaded first and then
heated up a certain temperature level. In particular, the specimen was subjected to
different levels of compression: ζ = 0, ζ = 0.225, ζ = 0.35, ζ = 0.45 and ζ = 0.675, with
ζ being the ratio between the applied stress and the material strength. In this example,
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Figure 1: Uniaxially restrained specimen subjected to temperature cycle

the coefficient of free thermal strain is given in Eq. 21 and the following parameters for
the transient creep function are adopted: A = 0.004, B = 0.001 and C = 0.007. The
numerical results, plotted in Fig. 2, show a good agreement with the experimental data,
confirming that the free thermal expansion is well captured by the model.

4.2 Reinforced concrete beam

After the validation of the transient creep model, a reinforced concrete beam has been
simulated with the proposed model. A simply supported beam tested by Lin et. al [18] has
been selected to compare with numerical results. The beam is characterized by a 6.1 m
long span between supports and a 305×355 mm rectangular cross-section, reinforced with
4φ19 rebars on the tension side and 2φ19 rebars on the compression side. The compressive
strength of concrete is fcu = 29.5 MPa and yield strength of steel fy = 435.8 MPa. The
beam has been loaded up to certain level of load first and then exposed to ASTM E119
fire from three sides. The results of the heat transfer analysis are shown in Fig. 3, in
terms of temperature vs. time for the corner rebar. Fig. 4 shows the mid-span deflection
of the beam with respect to temperature and, numerical results are in good agreement
with experimental ones, confirming the prediction capability of the present model.

5 CONCLUSION

In this study, a damage plasticity model for concrete under elevated temperature has
been developed, where the transient creep strain are explicitly obtained. The performance
of the model is validated by a comparison with experimental results gathered from the
literature: the adopted model for transient creep model has been firstly validated for a
concrete specimen and then a 3D reinforced concrete beam has been simulated with the
proposed model. The results have shown good agreement, proving that the model can
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Figure 2: Strain upon heating under constant load levels

Figure 3: Evaluation of corner rebars temperature with time
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Figure 4: Mid-span deflection of the RC beam

capture the behavior of concrete expose to high temperatures.
In the experimental tests reported in literature, no significant spalling is observed for

normal strenght concrete (NSC), but it becomes an important issues for high strength
concrete (HSC) due to its low porosity [19]. Consequently, the moisture diffusion in the
concrete and spalling will be introduced to model.
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