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We study the totally transitive graph maps which have periodic points. In particular we show
that the cofiniteness of the set of periods characterizes these maps among transitive graph maps.

1. Introduction

The aim of this paper is to generalize the main
result of [Alseda et al., 1999b] to transitive graph
maps. To this end we have to introduce some no-
tation.

Let X be a topological space. A continuous
map f: X — X is called (topologically) transitive
if for every non-empty open subsets U, V' C X there
exists n > 1 such that f*(U)NV # (. In a con-
nected compact metric space a map is transitive if
and only if has a dense orbit. A transitive map
is called totally transitive if f* is transitive for all
s > 1. Also, f is said to be topologically mizing if
for every non-empty open subsets U,V C X there
exists N € N such that f*(U) NV # ( for each
n > N.

The study of transitive maps on compact spaces
is widely motivated. For example, the asymp-

totic dynamics of dissipative systems are the dy-
namics inherent in the attractors. Here, attractor
means a compact invariant set containing a dense
orbit (transitivity) and whose stable set (attract-
ing basin) has a non-empty interior or, at least,
positive Lebesgue measure. Due to the dissipa-
tion, the attractors have lower dimension than the
phase space has. Their dynamics often reduce to a
one-dimensional one and, despite of the low dimen-
sion, interesting questions arise. One-dimensional
dynamics also appear when the system has an in-
variant foliation of codimension one. In this way, as
it has been shown in [Williams, 1977], the iteration
of a map on a graph imitates the behavior of a flow
in a neighborhood of a hyperbolic attractor.

It is important to know if for a transitive map
there exists some iterate which is not transitive as
the following example shows. Let ¢ be the map



defined on the interval [0, 1] in the following way:

1/2+2z if0<z<1/4,
o(z) ={3/2 -2z if1/4<z<1/2
-z if1/2<z<1.

Since ¢ is transitive, it has an orbit which is dense
in [0,1] and hence, the interval is the unique in-
variant compact with non-empty interior. On the
other hand, ¢ is not totally transitive, since the
subintervals [0,1/2] and [1/2,1] are invariant un-
der ¢?. This fact agrees with Theorem 2.1 and
it may wrongly suggest that the original dynam-
ics have two different attractors. Therefore, total
transitivity is a reassuring property to discretize a
continuous dynamical systems.

As we shall see the total transitivity has a
strong relation with the notion below.

Definition 1.1. Let (X,d) be a compact metric
space. A map f: X — X is said to verify the
specification property if for any € > 0 there exists
M(e) € N such that for any collection of points
T1,%9,...,o with &k > 2, for any collection of in-
tegers a1 < by < ag < by < ... < ap < b such
that a; — b1 > M (e) and for any p € N such that
p > M (g) + b — aq, there exists a point y € X such
that fP(y) = y and d(f™(y), f™(x;)) < e for each
n,a; <n<b,1<i<k Whenk =2 we say that
f verifies the weak specification property.

A (topological) graph is a pair (G,V) where G
is a connected compact Hausdorff space and V is
a non-empty finite subset of G such that each con-
nected component of G\ V' is homeomorphic to an
open interval of the real line. A tree is a uniquely
arcwise connected graph.

Let G be a graph, let z € G and let U be an
open neighborhood of z (in G) whose closure is a
tree. The number of connected components of U \
{z} is called the wvalence of z and is denoted by
val(z). For each [ € N we set

vy = max {min{val(z): z € A} : A € F}},

where F) denotes the collection of all finite subsets
of G of cardinality .

As usual, given a map f from a topological
space to itself, Per(f) will denote the set of peri-
ods of all periodic points of f. Also, we say that
S C N is cofinite in N if N\ § is finite.

The main result of the paper is the following:

Main Theorem. Let G be a graph and let f be
a continuous transitive map from G to itself which
has periodic points. Then the following statements
are equivalent:

(a) f is totally transitive.

(b) f wverifies the specification property.

(c) f verifies the weak specification property.
(d) [ is topologically mizing.

(e) f®¥) is transitive, where p € Per(f).
(f) Per(f) is cofinite in N.

This theorem extends the main result of
[Alseda et al., 1999b] to graphs except for the exis-
tence of an orbit with no division (actually this no-
tion is not known for graphs). From [Blokh, 1987]
we know that any transitive map from a graph with-
out periodic points is conjugate to an irrational ro-
tation of the circle. Since these maps are totally
transitive the above theorem gives various charac-
terizations of the totally transitive graph maps.

Remark 1.2. The equivalence of the statements (a),
(b), (c¢) and (d) of the above theorem is, in fact,
due to Blokh since basically it is a consequence of
Theorem 1 of [Blokh, 1987].

2. Definitions and preliminary results

This section is devoted to introduce the notation
and state the results which are necessary to prove
the main result of the paper. The following result,
which was proved in [Alseda et al., 1999a] (see also
[Blokh, 1987]), plays an important role in the study
of transitive maps.

Theorem 2.1. Let X be a locally connected com-
pact metric space and let f be a continuous transi-
tive map from X to itself. Then exactly one of the
following two statements holds:

(a) [ is totally transitive.

(b) There exist k > 1 connected closed subsets
Xo,X1,...,Xg_1, of X with non-empty inte-
riors such that X = UF_J X;, Int(X;) N X; =
@, for all v # j and f(XZ) = Xi+1 (mod k)-
Moreover, fk‘XZ is transitive for each 1 =

0,1,...,k—1.



For the case of graphs we also have (see
[Alseda et al., 1999a]):

Proposition 2.2. Let G be a graph, let
f:G— G be a -continuous transitive map
such that Per(f) # 0 and it is not totally transitive.
Then the number k from Theorem 2.1 is smaller
than or equal to pv, for each p € Per(f).

The following result follows from Theorem 1 of
[Blokh, 1987].

Theorem 2.3. Let G be a graph and let f be a con-
tinuous totally transitive map from G to itself which
has periodic points. Then f verifies the specification

property.

3. Proof of the main result

We start by proving the following simple conse-
quence of the weak specification property.

Proposition 3.1. Let X be a compact metric
space and let f: X — X satisfy the weak speci-
fication property then Per(f) is cofinite in N.

Proof. Since f satisfies the weak specification prop-
erty it is easy to see that the set of periodic points
of f is dense in GG. Hence, there exists a periodic
orbit P of f of period larger than one. Let € > 0 be
such that d(x,y) > ¢ for every z,y € P, x # y. Let
M (e) be the natural number given in Definition 1.1.
We will prove that for any p > 5M(¢), f has a peri-
odic point of period p. To prove it we take 1 such
that d(xz1, P) > 2¢ and 22 € P. Let a1 = by = 0,
as = M and by = p — M. Then the weak specifi-
cation property implies the existence of y such that
d(y,z1) < e, d(f"(y),P) < e for ag < n < by and
fP(y) = y. Since f™(y) # y for ap < n < be, there is
no divisor pgy of p such that fP°(y) = y. Otherwise,
since by — a2 > p/2, there should exist s € N such
that ag < spg < by and f*P°(y) = y. Thus, y is a
periodic point with period p. |

Proof of the Main Theorem. The implication (a)
= (b) is Theorem 2.3. (b) = (c¢) is trivial and
(c) = (d) and (d) = (a) are easy to prove. Now,
(c) = (f) follows from Proposition 3.1 and (f) =
(a) follows from Theorem 2.1 (observe that in this
case UZ;:lo,i;éj(Xi N X;) is finite). Now we prove

that (a) and (e) are equivalent. Clearly (a) implies
(e). Now suppose that f is not totally transitive.
By Theorem 2.1 and Proposition 2.2 there exist a
proper subgraph G’ of G with non-empty interior
and 2 < k < py, such that f*(G') = G'. Since k di-
vides (pv,)! it follows that f(P»)'(G’) = G'. Hence,
f®vp)t is not transitive. |

4. Further comments

The Main Theorem cannot be extended to any
space different from a graph. So, let ¢ be the inter-
val map given in the introduction, let 7 be the tent
map defined in the interval 0,1], i.e.
2z if0<z<1/2,
T(z) = .
2-2z if1/2<z<1,

and let & = ¢ x 7 be the map defined in [0, 1] x [0, 1]
by &(z,y) = (p(z),7(y)). This map is transitive
but not totally transitive because [0,1/2] x [0, 1]
and [1/2,1] x [0,1] are invariant sets by ¢2. How-
ever, on the invariant segment {1/2} x [0,1], the
map ¢ has periodic points of any natural period.
In fact, Per(¢) = Per(r) = N. Notice also that,
corresponding to the Main Theorem, 7 is totally
transitive and Per(7) is cofinite, whereas ¢ is not
totally transitive and Per(p) = {1} U{2n: n € N}
is not cofinite. According to Sarkovskii Theorem
[Sarkovskii, 1964] and the Main Theorem, an inter-
val map is totally transitive if and only if it has
some odd period different from 1.
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