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ABSTRACT

In this paper a procedure to approximately cdculate the mean waiting time in the M/H,/s queue is
presented. The gproximation is heuristic dthough based in the intuitive symmetry between the
deterministic and kalanced hyperexporential-2 dstributions. The three parameters which fully
describe the H, distribution are considered, so the goproximation can also be used for the M/G/s
gueue when the first three moments are known. If only the first two moments of the halding time
distribution are known, the estimation can also be gplied acceting a lesser acaracy. The
estimation proposed is a dosed formula extremely easy to compute and the results are very
acarate. This feaures makes it helpful in the design of mobile telecommunicaion systems with
more than ore channel and queueing allowed (like trunking Private Mobile Radio PMR systems),
where halding time distributions with coefficients of variation higher than ore may appea.

As asemndstage, the posshility of cdls owning a cetain level of priority is gudied. Two service
classes are onsidered acording to a nonpreemtive priority scheme (also knowvn as Heal Of the
Line or HOL). This priority fedure is often required in mobile telecommunicaions g/stems to
improve the accesdelay of some speda cdls by degrading the delay suffered by the rest. If the
propation d cdls owning priority is kept low, the degradation is ared by many cdls and then
kept small. In this paper a procedure to estimate the mean waiting time in queue for ead priority
classis presented. This procedure is aso very easy to compute.

The environment for which the results of this paper are intended suggests medium or heavy overall
load and light priority load (priority propartion is kept low). This is the situation unaer which the
acaragy of the proposed methodis chedked. Although simulations are necessary in the final phase
of the design, the procedure presented here is helpful as a first quick insight into the system
performance
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ABSTRACT

In this paper a procedure to approximately cdculate the mean waiting time in the M/H,/s queue is
presented. The gproximation is heuristic dthough based in the intuitive symmetry between the
deterministic and kalanced hyperexporential-2 dstributions. The three parameters which fully
describe the H, distribution are considered, so the goproximation can also be used for the M/G/s
gueue when the first three moments are known. This paper introduces a slight modification that
improves the gproximation given in [1]. Two service dasses are considered acording to a non
preemtive priority scheme (also knavn as Head Of the Line or HOL). This priority fegure is often
required in mobile telecommunicaions g/stems. The situation d medium or heary load unde
which the acarracy of the proposed method is chedked is the natural condtion d evauation for
these systems: under light load the system must always work corredly. A way to estimate the
mean waiting time or accessdelay for both type of cdlsis presented in this paper as an extension
of [2, 3.

INTRODUCTION

The M/G/s queue is very useful to model mohbile telecmmunicaions g/stems because the genera
servicetime dlows the designers to include the measured dstribution d the dvannel halding time
in the mmputation d the system Grade of Service (GoS). The distribution o the arival processis
in most cases more difficult to measure, and the Poisoon arrival process is a reasonable
asumption. As the exad solution for the M/G/s queue does not exist the designer must rely on
computer simulations to estimate the system GoS. For the M/H,/s queue an exad solution exists
[4] which can be goplied to estimate the delay in the M/G/s model when the squared coefficient of
variation d the servicetime distribution is higher than 1; but the degreeof complexity to compute
this lution is extremely high and it could be quicker to simulate the system than to oltain the
mentioned exad solution. This paper is concerned with systems in which the service time is
distributed with a wefficient of variation hgher than ore, giving an approximate formula to
estimate the mean waiting time in queue (or the mean queue length related to the waiting time by
Little's formula). The propaosed approximation is extremely easy to compute and very predse.
Although the results obtained by using the method presented must be cmmpleted with simulation
results in the final phase of the system design, the gproximation is very helpful as a first quick
insight into the system performance

In telecmmunication systems, service time distributions with coefficient of variation higher than
one ae often found. Squared coefficients of variation as high as 4.8 are common in fix telephory
[5]. When vaceis multiplexed at talk-spurt level the squared coefficient of variation reades 2.5
[6]. In Private Mohile Radio (PMR) systems which integrate dispatch cdls (with atypicd duration
of 20 seands) and interconnedion to pubic telephore network (120 seconds), the efficient of
variation d the service time can be ay, depending on the propations of the cdl mixture. The
same can be said abou the cmbination a integration d voice (dispatch o interconredion) and
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data cdls (much shorter) in the same PMR system. Some of these systems can be evauated
acording to a ‘Blocked Calls Lost’” basis (no qieue) and are obviously out of the scope of this
paper, bu others, primarily PMR systems, shoud be evaluated under the ‘Blocked Call s Delayed’
basis and the results for the M/G/s queue gply. If the mentioned systems are evaluated as a M/M/s
queueing model which assumes a halding time distribution less disperse than the adua one, the
GoS (mean accessdelay) is underestimated and the system tends to be undersized.

The priority feaure is widely spread in PMR systems: it is found in trunking systems like
MPT1327and TETRA. We consider only the non-preamptive priority or Head Of the Line (HOL)
case: if the priority cdl arrives when all the dhannels are busy, it does not interrupt a cdl in
progressbut it is placel in the queue before the non-priority cdls. The emergency cdls also found
in the dove mentioned systems are of the preemptive type: a priority cdl i nterrupts a non-priority
cdl in progresswhen there is no channel avail able. Only priority (HOL) is considered in this paper,
being emergency cdlsignored.

NOTATION AND REVIEW OF PREVIOUSRESULTS

The foll owing notation is used in the paper:

A = offered traffic,
b(t) = ape” M +(1- &) poe” M2 = service hyperexporentia-2 p.dfunction.
Yu=a/u+(1-a)/u2 = mean hdding time,
p=A/s = offered load,
m =i th ordinary moment (m; = 1/p = mean),
c = coefficient of variation,
2
= mz2 Skt = relative 2nd moment,
2m 2
W(M/G/s) = mean waiti ng time in the queue M/G/s,
w(m/G/s) | I
G = —F = relative mean waiting time,
w(m/M/s)
a
r= HE = propartion d time serving short-type cdls.

The threevalues chosen in this paper to describe the servicetime aemy, c andr. In the cae of H,
servicetime they fully describe the halding time distribution. In the general case (M/G/s) the three
first moments of the halding time distribution can easily be related to my, ¢ and r. Note that the
definition o r implies py = L.

Due to the excessve complexity of the exad solution for the M/H,/s queue, many approximations
are described in the literature for the mean waiting time in the queue (see[8] for a very complete
list of references). In the environment that we onsider with medium or heavy load the
approximation introduced by Boxma, Cohen and Huffles [7] takes into acourt the first three
moments and gives excdlent results while the wefficient of variation d the hading time keegs
reasonably low (i.e. ¢® < 3). The drawbad of this approximation is that the cmputation is
cumbersome and must be programmed.
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The gproximation poposed by Kimura [8] is much simpler to compute but only takes into
acourt the first two moments of the service time distribution: it does not depend onr. This fad
makes it very predse and helpful when the service time is nea to be balanced (r J 0.5 but the
approximation is inacairate for other values of r. This approximation is used below in this paper
and states that the relative mean waiting time can be estimated as:

2R,
2R, +(1-c?)

where Rp stands for the relative mean waiting time of the M/D/s queue.

1)

PROPOSED APPROXIMATION FOR THE MEAN WAITING TIME

When c is high and assuming that the first threemoments of the service distribution are known, the
approximation given by Boxma is more predse than Eq. (1), bu much harder to compute. For
values of ¢® > 3 bath approximations gart to be inacaurate. In this case the goproximation given in
[1] provides an excdlent trade-off between acaracy and simplicity as it is extremely easy to
compute. Here adlight modificaion to the formula given in [1] is proposed which improves the
acarragy of the goproximation. The propcsed estimated value of the relative mean waiting time in
queueis.

2(k-05)(1- p)(s-1)(Va+5s-2) L

RAa(r) =k rC 2

)= El 16ps+(k - 1k)(1- p)(s- 1)( 4 +5s 2) : @
In Table | some numericd results of Ry4(0.5) are shown for different values of load, coefficient of
variation and nunber of channels; Kimura gproximation d Eq. (1) is used for comparison. In

Figure 1 the proposed formula is compared with simulation results and the gproximation
propacsed by Boxmafor two dfferent values of r = 0.25andr = 0.75.

Table I: Numerical results for the relative mean waiting time Ry in the M/H,/s queue

S 5 12 20
Load | Exad Kim. New | Exad Kim. New | Exad Kim. New
0.6 117 119 119
c2=15 0.7 120 122 121| 116 117 117| 113 115 114

08 | 122 123 123| 119 120 120| 117 119 119
09 | 123 124 124| 122 123 122| 121 122 122
06 | 151 152 154
2=25 | 07 | 158 159 161| 144 147 149| 135 139 140

0.8 164 165 167 155 156 159| 148 150 153
0.9 170 170 171| 165 166 167| 162 163 165
0.6 197 191 202
c2=4 0.7 212 209 217| 184 181 191| 166 162 174

0.8 226 223 230| 206 202 211| 192 189 199
0.9 239 237 240| 229 225 231 221 217 224

THE M/H2/sQUEUE WITH PRIORITY

It is common in mobile telecommunicaion systems the use of priority schemes to improve the
performance for some speada cdls. Obviously this improvement will cause alonger accessdelay
toregular cdls, bu if the propation d priority cdlsis kept small, the longer accessdelay is ared
among many cdls and the degradation is insignificant for pradicd purposes. Here an easy way to
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estimate the mean waiting time is presented as an extension d [2, 3 where the deterministic
servicetime and coefficients of variation lower than ore ae mnsidered.
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Figure 1: Comparative results for load = 85% and c=5. The proportions of time spent in short-
typecallsarer = 0.25andr = 0.75.

To estimate the accesdelay for ead type of cdls (priority and nonpriority) the following steps
must be followed (index 1 stands for priority cals and 2for non-priority):

Stepl: The accss delay for priority cdls $oud be cdculated acording to Eq. (1). It is
asumed that the priority propationp islow so Eq. (2) isnot valid asit is heuristicdly based in an
approximation which isinconsistent for low load (see[1, 2, 3 for further details). The value of Ry
in EQ. (1) must be cdculated acwrding to the linea approximation which is not so acarate & the
below mentioned Eq. (5) but keegpsits validity for low loads (is asymptoticaly exad when p — 0):

W(M/D/s) _(1- pp)5+m
W(M/M/s)  s+1 2 3)

Rp1 =

The mean waiting time for the priority cdls in the M/M/s equivalent queue can be mmputed
acording to the exad value givenin [9]:

Wi(M / M /s) = Erlang - ¢(A, 8)——— 41 pp) (4

Step 2 The accesdelay for al cdls can be cdculated acwrding to EqQ. (2) as the overall | oad
is heavty or medium. Rp shoud nowv be cdculated acwmording to the following excdlent
approximation:
_W(M/D/9 18 (A-p)s- 1)(J4+55-2)
DPTW(M/MI/s) 2§ 16ps

2)2

O ©)
E

and W(M / M / s) can be cdculated acording to the Erlang-c formula.

Step 3 The mean access time for nonpriority cdls can be cmputed from the following
average waiting time:

W(M /Hz/s) = pWi(M / H2/ ) +(1- p)W2(M / H2/ ) (6)

where the only unknown is the mean waiti ng time for non-priority cals.
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NUMERICAL RESULTS

The proposed procedure can orly be validated by numericd tests, comparing simulation results
with the values obtained using steps 1 to 3 d the previous fdion; to this purpose extensive
numerica tests have been performed under different condtions of load (overall and miority),
number of channels, coefficient of variation and third moment (described throughr). In Figure 2 a
system consisting of 5 channels 90% loaded is assumed with priority propartion p varying between
0 and 0.5and average cdl duration namalised to ore time unit. Results of the mean waiting time
obtained by simulation and by using the procedure propaosed here to approximate the mean waiti ng
time ae plotted for both priority (Figure 1a) and nonpriority cdls (Figure 2b). The values
cdculated acording to the Erlang-c formulafor the M/M/s queue ae dso plotted for reference
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Figure 2: Mean access delay in a systemwith 5 channels 90% loaded for ¢>=3
a) Priority calls; b) Regular calls

In table Il values of the mean waiting time for priority cdls obtained by simulation are shown
along with the values obtained by using the propcsed approximation for different values of the
squared coefficient of variation,load, priority propation and number of avail able channels.

Table Il: Mean access delay for priority calls; mean call duration normalised to 1,000 time units.

5 1 2 2 0
¢ | Load D Apor.  Sim. Appr Sim. Appr Sim.
0.90 0.1 176 179 60 61 31 31
15 0.95 0.1 204 205 76 76 42 42
0.90 0.2 198 201 67 67 35 35
0.95 0.2 230 230 87 87 48 48
0.90 0.1 187 191 62 63 32 32
2.5 0.95 0.1 217 221 79 80 44 44
0.90 0.2 213 216 71 71 36 36
0.95 0.2 249 258 90 90 50 50
0.90 0.1 196 214 64 64 32 33
4.0 0.95 0.1 228 252 81 83 44 44
0.90 0.2 226 253 73 74 37 38
0.95 0.2 264 294 94 95 51 51

In Figure 3 the dependency of the mean waiting time for priority and nonpriority cdls with resped
to the squared coefficient of variation d the holding time distribution is plotted. A system with 7
channels loaded 83 with 10% of priority cdlsis considered.
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Figure 3: Mean access delay versus squared coefficient of variation

CONCLUSIONS

Due to the cmplexity of the exad solution for the waiting time distribution in the M/H,/s queue,
approximated results are helpful when they are acarate and easy to compute. In this paper a dosed
formula to estimate the mean waiting time in queue is given. The gproximation is chedked in the
environment of mobile communicaions (medium or heavy load and multi-channel) proving to be
predse. A procedure to estimate the accesdelay in the cae that the system feaures some priority
scheme is also presented. This latter estimation is also predse and simple to compute. All the
results presented are useful for quick evauation d communicaion systems with a model more
redi stic than the conventional M/M/s.
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