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Abstract—The Majorization-Minimization (MM) framework is
widely used to derive efficient algorithms for specific problems
that require the optimization of a cost function (which can be
convex or not). It is based on a sequential optimization of a
surrogate function over closed convex sets. A natural extension
of this framework incorporates ideas of Block Coordinate Descent
(BCD) algorithms into the MM framework, also known as block
MM. The rationale behind the block extension is to partition the
optimization variables into several independent blocks, to obtain
a surrogate for each block, and to optimize the surrogate of each
block cyclically. However, known convergence proofs of the block
MM are only valid under the assumption that the constraint sets
are closed and convex. Hence, the global convergence of the block
MM is not ensured for non-convex sets by classical proofs, which
is needed in iterative schemes that naturally emerge in a wide
range of subspace-based signal processing applications. For this
purpose, the aim of this letter is to review the convergence proof
of the block MM and extend it for blocks constrained in the
Grassmann manifold.

Index Terms—Non-convex Optimization, Majorization-
Minimization, Riemannian Optimization, Grassmann Manifold,
Geodesically Convex Optimization, Convergence.

I. INTRODUCTION

TH Majorization-Minimization (MM) framework is an
optimization paradigm that is capable to meet the require-

ments of emerging applications [1], which often necessitate
that the algorithms are capable to handle multimodal datasets,
provide integrity to the final solution, be computationally fast,
and scale efficiently. This framework is based on the iterative
minimization of a surrogate function (also referred to as the
majorant [2]) of the original cost. This surrogate is a tight
upperbound of the cost function at the current iterate and it
is often selected such that the variables are separable (for
parallel computing) and that it is easy to find an optimal
solution of the surrogate problem [3]. The MM framework
is often considered to be a generalization of other well-known
algorithmic frameworks such as the Expectation-Maximization
[4], [5], the Concave-Convex Procedure [6], and the Proximal
algorithms [7], among others.
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In relation to the separability of the optimization variables, a
common approach is to combine the Block Coordinate Descent
(BCD) procedure [8] with the MM framework. This approach,
also termed as block MM in the literature, consists on the par-
tition of the variables into independent blocks with the aim of
employing the MM framework in each block. The motivation
behind the block MM framework is that, in some cases, the
original cost function can be better approximated using several
blocks [3]. However, classical convergence theorems of block
MM algorithms assume that each block is constrained in a
closed convex set [2], [9] and thus they do not ensure the
global convergence for non-convex sets.

Examples of widely used non-convex sets in optimization
are the Stiefel and Grassmann manifolds [10]. Those manifolds
appear in problems with orthogonality constraints, which are
commonly faced in signal processing applications, such as
Principal Component Analysis (PCA) [11], [12], Subspace
Learning [13]–[15], Matrix Factorization [16], [17] and Non-
Coherent Communications [18], to name a few.

Although the convergence of the MM framework on Stiefel
(tightly related to the Grassmann manifold) constrained vari-
ables is proven in [19], no rigorous proofs exist for the block
MM case. For this reason, the main goal of this letter is to
revisit the convergence proof of the block MM in [9] and to
extend it for blocks constrained in the Grassmann manifold.
Despite the non-convexity of the Grassmanian, we show that
the compactness, the geodesic convexity of subsets and the
geodesic quasiconvexity [20] of the surrogate functions are
sufficient conditions to ensure the convergence of a block
MM algorithm involving the Grassmannian. Examples of the
theoretical need for this convergence proof are found in any
algorithm that combines PCA with the estimation of additional
parameters or in the blind deconvolution problem [21]–[26].
Additionally, the theoretical study in this paper serves as an
alternative way to proof the convergence of the Proximal
Gradient method on the Grassmann manifold (see [27] for
more insights).

II. MATHEMATICAL PRELIMINARIES AND DEFINITIONS

We next review some of the necessary concepts involved
in the convergence proof without the necessity to delve into
differential geometry. We refer to [10] for an in-depth treat-
ment of the Grassmann manifold geometry for optimization
algorithms and to [28], [29] for an overview on geodesically
convex optimization.
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A. Grassmann manifold definitions and concepts
1) Grassmann manifold: The Grassmann manifold,

Gr(N,D), is the set of D-dimensional subspaces in RN .
We consider that each point is represented by the following
equivalence class:

[X] = {XR ∈ RN×D : XTX = ID,R ∈ O(D)}, (1)

where X ∈ RN×D and O(D) denotes the set of matrices
that satisfy RTR = RRT = ID. We identify the entire
equivalent class with a particular representative, X, while a
subindex is used to represent any related matrix that spans the
same subspace, e.g. Xr = XR. This approach of representing
points in the Grassmann manifold is often referred to as the
Orthonormal Basis (ONB) perspective [30]. In other words, we
represent a point in the Grassmann manifold with a variable
constrained in the Stiefel manifold [10].

2) Tangent Space of the Grassmann manifold: Let X ∈
Gr(N,D), then:

TXGr(N,D) = {∆ ∈ RN×D : XT∆ = 0}, (2)

denotes the tangent space at X.
3) Principal angles between two subspaces: In Gr(N,D),

the principal angles between any two points [X] and [Y]
are defined as the minimal angles between all possible sub-
space basis of those two points [31]. They can be computed
efficiently using the Singular Value Decomposition (SVD)
of XTY. Indeed, the SVD of XTY can be expressed as
U cos(Θ)VT where Θ is the diagonal matrix containing
the D principal angles and cos(·) is the cosine function
applied element-wise on the main diagonal of its input matrix.
Provided that the singular values are all positive, the matrix
containing the principal angles is such that [Θ]d,d ∈ [0, π

2 ] for
all d = 1, ..., D where [·]i,j is the (i, j)-th entry of its input
matrix. From the aforementioned SVD, one can obtain clean
expressions using the following lemma (see [17, Proposition
1] for more details):

Lemma 1. For any two points [X], [Y] ∈ Gr(N,D), one
can find two aligned representatives Xa and Ya such that
XT

aYa = cos(Θ).

4) Grassmann geodesics: A geodesic in the Grassmann
manifold is defined as the shortest path between two sub-
spaces. In fact, it is only when the principal angles between
[X] and [Y] are all (strictly) smaller than π

2 that the geodesic
that joins them is unique [32]. Consider the direction vector
H ∈ TXGr(N,D) pointing to Y and its compact SVD,
H = UhΘVT

h , such that Θ ⪯ π
2 I where Θ is the matrix

containing the principal angles between [X] and [Y]. Then,
the expression of the geodesic that connects X with Y is:

Γ(t) = XVh cos(Θt)VT
h +Uh sin(Θt)VT

h , (3)

where sin(·) is applied element-wise on its input matrix main
diagonal and t ∈ [0, 1] parameterizes the geodesic. Note
that the previous geodesic must be such that Γ(0) = X,
Γ(1) = Y and dΓ(t)

dt

∣∣
t=0

= H. Given Lemma 1, there exists
an orthonormal matrix ∆a such that the geodesic connecting
the aligned representatives, Xa and Ya, yields:

Γa(t) = Xa cos(Θt) +∆a sin(Θt), (4)

where ∆a is such that Γa(1) = Ya. The intuition behind (4)
can be grasped from the following expression:

XT
aYa = XT

aΓa(1) = cos(Θ) +XT
a∆a sin(Θ), (5)

from where ∆a must comply with the following constraint so
that Lemma 1 holds:

XT
a∆a = 0, (6)

which means that ∆a belongs to TXGr(N,D).
5) Canonical distance of the Grassmann manifold: The

canonical distance between any two points [X], [Y] ∈
Gr(N,D), also known as the arclength, is given by the
following expression:

dc(X,Y) = ||Θ||F , (7)

where || · ||F is the Frobenius norm and Θ ⪯ π
2 I are the

principal angles between [X] and [Y].

B. Geodesically convex optimization concepts

1) Geodesically convex set: A set G ⊆ Gr(N,D) is
geodesically convex if there exists a geodesic joining any
two points of G that lies entirely on G. An example of a
geodesically convex subset of the Grassmann manifold can
be found in [17]. This concept is a particularization of totally
convex sets [28].

2) Geodesic quasi-convexity: A function f(X) is geodesi-
cally quasiconvex in the geodesically convex set G ⊆
Gr(N,D) with respect to the geodesic Γ(t) if [20]:

f(Γ(t)) ≤ max(f(X), f(Y)) ∀X,Y ∈ G, (8)

for t ∈ [0, 1]. Note that (8) is a particularization on Riemannian
Manifolds of the definition of connected functions in [2].
Convexity implies quasiconvexity:

(1− t)f(X) + tf(Y) ≤ max(f(X), f(Y)) ∀t ∈ [0, 1]. (9)

3) Lower directional derivative: For any function f(X),
the lower directional derivative at a point X in the direction
∆ is defined as:

f ′(X;∆) = lim
h−→0

inf
f(X+ h∆)− f(X)

h
, (10)

which is an alternative definition of a derivative that encom-
passes a wider range of functions than the classical definition
of derivative. This definition is independent of whether X is
constrained to the Grassmann manifold or not.

4) Regularity of a function: Let the partition of X into
N blocks of variables be X = (X1,X2, ...,XN ) where the
dimensions of the n-th block of variables are denoted by Nn

for n = 1, ..., N . In addition, we denote ∆n as the vector
that contains all zeroes except in the n-th block containing the
direction Dn (of dimensions Nn), i.e. ∆n = (0, ...,Dn, ...,0).
Then, f(X) is regular in X if:

f ′(X;∆) ≥ 0 ∀X ∈ X ,∀∆
and f ′(X;∆n) ≥ 0 ∀X ∈ X ,∀∆n, n = 1, ..., N,

(11)

where ∆ and ∆n are such that any path emanating from
X in those directions remains on X . In other words, every
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coordinate-wise local minimum of f(X) is also a stationary
point. A simple case in which a function is regular is a
differentiable function, but the regularity of a function can
also be proven for some non-differentiable functions as well.
We refer to [33, Lemma 3.1] for more details on this definition
of regularity.

III. BLOCK MM CONVERGENCE PROOF FOR VARIABLES
CONSTRAINED IN THE GRASSMANN MANIFOLD

Consider the following optimization problem:

X̂ = argmin
X

f(X) s.t. X ∈ X , (12)

where f(X) is any continuous function, X = G × C, C is
any closed convex set and G ⊆ Gr(N,D) is any geodesically
convex subset of the Grassmann manifold. The reason of
choosing only two blocks, one constrained in the Grassman-
nian and the other being a classical convex constraint set, is to
emphasize the novelty of our convergence proof (block MM
with Grassmann blocks) without any loss of generality.

Given the structure of the constraint set, X , the optimization
variables are split into two independent blocks, X = (G, c)
where G ∈ G and c ∈ C. Accordingly, we rewrite f(X) as
f(G, c) from now on. Note that since the optimization variable
is a function of a Grassmann variable block, the cost function
in (12) must satisfy the following homogeneity condition [10]:

f(G, c) = f(GR, c), (13)

for any D × D orthonormal matrix R. The block MM
rationale applied to (12) consists on finding the solution
(global minimum or stationary point) of (12) by the successive
minimization of the following problems:

Gi+1 = argmin
G

gG(G|Gi, ci) G ∈ G, (14a)

ci+1 = argmin
c

gc(c|Gi+1, ci) c ∈ C, (14b)

where gG(G|Gi, ci) and gc(c|Gi, ci) are the majorant func-
tions of f(G, c) for each respective block constructed using
the i-th iterates. As a result of the update equations in (14), a
sequence of iterates is generated, denoted as {Gi, ci}i∈N. We
assume the following properties of the majorant functions:

(A1) The surrogates must have the same value as the original
cost at the current iterate:

gG(G|G, c) = f(G, c) ∀G ∈ G,∀c ∈ C,
gc(c|G, c) = f(G, c) ∀G ∈ G,∀c ∈ C.

(A2) The surrogates must majorize the original cost function:

gG(H|G, c) ≥ f(G, c) ∀G,H ∈ G,∀c ∈ C,
gc(d|G, c) ≥ f(G, c) ∀G ∈ G,∀c,d ∈ C.

(A3) The first (lower) directional derivatives of the surrogates
and of the original cost must agree:

g′G(G|G, c;∆) = f ′(G, c;∆,0),

for all tangent directions ∆ ∈ TGGr(N,D) whose
resulting geodesic remains on G and:

g′c(c|G, c; δ) = f ′(G, c;0, δ) s.t. c+ δ ∈ C.

Note that c+ δ is a geodesic in the Euclidean space.
(A4) gG(·|·) and gc(·|·) must be continuous on its input argu-

ments.
(A5) gG(G|G, c) must be geodesically quasiconvex on G and

gc(c|G, c) must be quasiconvex on C.
Notice that (A1) and (A2) ensure that the majorants are

tight upperbounds of the original cost while the remaining
assumptions enforce that the majorants resemble the original
cost. In fact, we generalized the assumptions presented in [9]
to equivalent expressions in terms of the geodesically convex
optimization paradigm. We generalize Theorem 2 in [9] for
blocks of variables constrained in the Grassmann manifold in
the following theorem:

Theorem 1. Supose that a sequence is generated by (14)
and that the majorant functions satisfy (A1)-(A5). In addition,
assume that (14a) and (14b) have unique minimizers, that the
sublevel set, i.e. S = {X ∈ X : f(X) ≤ f(X0)} for some
initialization X0, is compact and that f(X) is regular and
continuous in X . Then, this sequence converges to a stationary
point of (12).

Proof. The rationale of the proof consists on two steps. Firstly,
we prove that the sequence {Gi, ci}i∈N converges to the limit
point {Ḡ, c̄} and, secondly, we prove that this limit point is
a stationary point of the problem depicted in (12).

From assumptions (A1)-(A2) and (14), we have the follow-
ing series of inequalities:

f(Gi, ci) =︸︷︷︸
(A1)

gG(Gi|Gi, ci) ≥︸︷︷︸
Eq. (14a)

gG(Gi+1|Gi, ci) ≥︸︷︷︸
(A2)

(15a)
f(Gi+1, ci) =︸︷︷︸

(A1)

gc(ci|Gi+1, ci) ≥︸︷︷︸
Eq. (14b)

(15b)

gc(ci+1|Gi+1, ci) ≥︸︷︷︸
(A2)

f(Gi+1, ci+1), (15c)

where each underbrace describes the reason why each equal-
ity/inequality holds. The inequalities in (15) yield f(Gi, ci) ≥
f(Gi+1, ci+1) ∀i which, in addition to the continuity of
f(G, c) and to the compactness of the sublevel set, implies
that the sequence {f(Gi, ci}i∈N is non-increasing and thus
has at least one limit point, f(Ḡ, c̄). Since the iterates also
belong to a compact set, the generated sequence also admits
some limit point, denoted as (Ḡ, c̄).

Now, we prove that {Gi}i∈N converges to the aforemen-
tioned limit point. Consider a subsequence {Gik , cik}k∈N that
converges to the limit point (Ḡ, c̄). Without loss of generality,
we can assume that the Grassmann variable, Gik , is updated
infinitely often in {Gik , cik}k∈N, so its convergence can be
proved by contradiction. Let us assume that the Grassmann
variable does not converge and hence there exists a positive
value γ̄ such that:

dc(Gik+1
,Gik) = γik+1

≥ γ̄ > 0. (16)

Also, consider that the aligned geodesic joining Gik+1
and

Gik with arclength γik+1
is given by:

Γik+1
(t) = Ga,ik cos(Θikt) +∆a,ik sin(Θikt), (17)
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where ∆a,ik and Θik are such that Γik+1
(1) = Ga,ik+1

. With
this geodesic in mind, we obtain:

f(Gik+1
, cik+1

) ≤︸︷︷︸
(A2)

gG(Gik+1
|Gik , cik) =︸︷︷︸

Gik+1
=Γik+1

(1)

(18a)
gG(Γik+1

(1)|Gik , cik) ≤︸︷︷︸
Eq. (14a)

gG(Γik+1
(t)|Gik , cik) =︸︷︷︸

Eq. (17)

(18b)
gG(Ga,ik cos(Θikt) +∆a,ik sin(Θikt)|Gik , cik) ≤︸︷︷︸

(A5)

(18c)

gG(Gik |Gik , cik) =︸︷︷︸
(A1)

f(Gik , cik), (18d)

from where we get:

f(Gik+1
, cik+1

) ≤ gG(Γik+1
(t)|Gik , cik) ≤ f(Gik , cik).

(19)
Considering that Θik (because the principal angles belong

to [0, π
2 ]) and ∆a,ik (due to the orthonormality constraints,

see (4)) belong to closed and bounded sets, the sequences that
they generate have limit points Θ̄ and ∆̄a, respectively. As
a consequence, the geodesic defined by those limit points is
denoted as Γ̄(t) and, with some abuse of notation, can be
referred to as the limit point geodesic. By further restricting
to a subsequence that has limit points Θ̄ and ∆̄a, invoking
(A4) and letting k −→ ∞, (19) yields:

f(Ḡ, c̄) ≤ gG(Γ̄(t)|Ḡ, c̄) ≤ f(Ḡ, c̄), (20)

which is equivalent to:

f(Ḡ, c̄) = gG(Γ̄(t)|Ḡ, c̄) =

gG(Ḡa cos(Θ̄t) + ∆̄a sin(Θ̄t)|Ḡ, c̄).
(21)

However, (21) is contradictory with the unique minimizer
assumption when the arclength of the geodesic, γ̄, is different
from 0. From (A2), we know that:

gG(Gik+1
|Gik+1

, cik+1
) ≤ gG(G|Gik , cik) ∀ G ∈ G, (22)

whose limit for k −→ ∞ is:

gG(Ḡ|Ḡ, c̄) ≤ gG(G|Ḡ, c̄) ∀ G ∈ G, (23)

so Ḡ is a minimizer of gG(·|Ḡ, c̄) and so is Ḡa. Since we
assumed that the minimizers of the majorants are unique, this
means that the limit point geodesic in (21) must remain in the
same point. As a result, (21) is only true for Γ̄(t) = Ḡa ∀t
and, given that G is a geodesically convex subset (there is only
a unique path joining two points), it means that:

lim
k−→∞

dc(Gik+1
,Gik) = 0. (24)

Considering that the above argument must be satisfied
by every subsequence, the sequence {Gi}i∈N converges to
Ḡ. Note that this limit point depends on the initialization
points, G0 and c0. Likewise, the methodology that proves the
convergence of the sequence {ci}i∈N is shown in [9, Theorem
2] and thus the joint sequence, {Gi, ci}i∈N, also converges.

Finally, we prove that the limit point of the Grassmann
variable iterates is a stationary point of the original problem.

Notice that (23) implies, after taking the lower directional
derivative from both sides at Ḡ, that:

g′G(Ḡ|Ḡ, c̄;∆) ≥ 0, (25)

for all directions ∆ ∈ TḠGr(N,D) whose respective geodesic
emanating from Ḡ stays in G. Due to assumption (A3),
g′G(Ḡ|Ḡ, c̄;∆) = f ′(Ḡ, c̄;∆,0), and thus:

f ′(Ḡ, c̄;∆,0) ≥ 0. (26)

In other words, Ḡ is a coordinate-wise minimum of
f(G, c). A similar argument is derived for the remaining
convex block, c, in [9, Theorem 2] with the given assumptions.
Since Ḡ and c̄ are coordinate-wise minimums, this limit point
is also a stationary point of f(G, c) thanks to the regularity
of f(G, c).

Corollary 1. The optimality of the convergent points gener-
ated by the update equations in (14) depends on the cardinality
of the set of stationary points of (12). If the original problem
has only one stationary point, then the previous theorem
ensures that the convergence point is its (unique) global
optimum. Otherwise, it converges to a locally optimal point.

Example 1. An example of a block MM-like algorithm is
found in the blind sparse deconvolution problem, which is
based on the following optimization [25, Eq. (6)] [26, Eq.
(2.6)]:

min
a,x

||y − a⊛ x||22 + λ||x||1 s.t. a ∈ Gr(N, 1), (27)

where a is the convolution kernel, x is the estimated signal,
⊛ denotes the circular convolution and λ is a regularizing
parameter that is related to the sparsity of the solution.
Although the approaches proposed in [25], [26] consider the
Stiefel manifold, its convergence can be verified from Theorem
1 since there is a sign ambiguity [25, Section 2.1] and thus,
(27) satisfies the homogeneity condition of the Grassmannian
[10], implying that it can also be constrained in terms of
Gr(N, 1). An intuitive approach is to optimize with respect to
each block of variables in (27) cyclically [25], [26]. In fact, the
approach proposed in [26] solves (27) by proximal gradient
methods and Riemannian gradient descent algorithms for x
and a, respectively. Both algorithms are known to be particular
instances of the MM framework [3] and, as a by-product, the
convergence of this approach is certified by Theorem 1. For
simulation results on this approach, see [26, Sections 5 and
6].

IV. CONCLUSIONS

In this letter, we have assessed the conditions in which
a block MM algorithm converges when one of its blocks is
constrained in the Grassmann manifold. Indeed, some of the
classical assumptions about the majorant functions that are
needed for the convergence of block MM algorithms are gener-
alized within the geodesically convex optimization paradigm.
The convergence theorem opens new geometric insights on
known signal processing problems such as the one shown in
Example 1. Future lines of work aim to generalize Theorem
1 to other Riemannian manifolds and to study rigorously the
convergence rate of block MM algorithms of this kind.
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