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Abstract

This thesis seeks to advance the understanding of convective mixing in heterogeneous porous
media, a topic that remains comparatively underexplored compared to its homogeneous coun-
terpart. Through the combination of high-resolution numerical simulations and laboratory
experiments, we explore how spatial variability in permeability influences the onset, develop-
ment, and efficiency of convective mixing processes, with applications to thermal convection,
CO2 dissolution and reactive transport.

First, we begin by investigating thermal convection in the classic Horton-Rogers-Lapwood
(HRL) configuration, where permeability fields are modeled as two-dimensional, log-normally
distributed random fields with varying variance and correlation lengths. These serve as quan-
titative measures of the underlying heterogeneity. Our conducted parametric study shows that
increasing the variance and/or the correlation length of the log-permeability field enhances
segregation, sharpens thermal interfaces, and leads to more irregular flow structures. While
the dissolution flux decreases with Rayleigh number in both homogeneous and heterogeneous
systems, its sensitivity to permeability variance becomes more pronounced at longer correlation
lengths. In highly heterogeneous cases, high-permeability zones near boundaries coincide with
stagnation points that influence the formation of temperature plumes and localised strain rates,
while the interface width decreases, indicating enhanced stretching and deformation due to the
underlying structure.

Next, we study CO2 convective dissolution in heterogeneous Hele-Shaw cells, via a combined
experimental-numerical approach. Heterogeneity is introduced through variations in the cell
gap width, corresponding to a log-normal distribution of permeability with fixed variance and
correlation lengths. Results show that heterogeneity advances the onset of instability, increases
the amplitude and growth rate of convective fingers, and causes more distorted and dispersive
flow patterns. However, the dimensionless wavenumber of the instability remains similar to that
in homogeneous cells. A comparison of the autocorrelation functions of the fingering patterns
and the permeability field shows that heterogeneity increases the dimensionless correlation
length of the fingering pattern, which in turn slows down its growth once the finger size
becomes comparable to the heterogeneity scale.

Finally, we investigate reactive convective dissolution involving the bimolecular chemical reac-
tion A ‚ B! C, across four permeability configurations: homogeneous, horizontally layered,
vertically layered, and multi-Gaussian log-normally distributed fields. Key metrics such as prod-
uct mass, reaction rate, front position and width and mixing length are all substantially affected
by the structure of the permeability field. Vertically layered and log-normal configurations pro-
mote more efficient mixing and faster front progression. In contrast, horizontal layering impedes
vertical flow, producing broader slower-moving reaction fronts. In cases where the reaction
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stabilises the density profile, flow stagnation occurs near the extremum of the non-monotonic
density distribution, even in vertically favourable configurations, highlighting the complex in-
terplay between chemical reactions and convective transport. In log-normally distributed fields,
shorter horizontal correlation promotes vertically aligned shorter-wavelength structures. Over-
all, when horizontal correlation length is small relative to the vertical, convective transport and
mixing efficiency are maximised.

Collectively, these findings demonstrate that it is not simply the presence of heterogeneity,
but the specific structure of the permeability, particularly its variance and spatial correlation,
that fundamentally governs convective behaviour. The insights gained show the necessity
of incorporating geologically realistic heterogeneity into predictive models of mixing-driven
processes in porous media, with significant implications for applications such as subsurface
carbon storage, geothermal energy extraction, and groundwater remediation.
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Resumen

Esta tesis tiene como objetivo avanzar en la comprensión de la mezcla por convección en medios
porosos heterogéneos, un problema que está relativamente poco explorado en comparación
con su contraparte homogénea. A través de la combinación de simulaciones numéricas de
alta resolución y experimentos de laboratorio, exploramos cómo la variabilidad espacial en
la permeabilidad influye en el inicio, desarrollo y eficiencia de los procesos de mezcla por
convección, con aplicaciones a la convección térmica, disolución de CO2 y transporte reactivo.

En primer lugar, investigamos la convección térmica en la configuración clásica de Horton-
Rogers-Lapwood (HRL), en la que los campos de permeabilidad se modelan como campos
aleatorios bidimensionales con distribución log-normal, y diferentes varianzas y longitudes
de correlación. Estos parámetros sirven como medidas cuantitativas de la heterogeneidad
subyacente. El estudio paramétrico muestra que aumentar la varianza y/o la longitud de
correlación del campo de log-permeabilidad intensifica la segregación, agudiza las interfaces
térmicas y genera estructuras de flujo mas irregulares. Si bien el flujo de disolución disminuye
con el número de Rayleigh tanto en sistemas homogéneos como heterogéneos, su sensibilidad a
la varianza de la permeabilidad se vuelve más marcada para longitudes de correlación mayores.
En casos altamente heterogéneos, las zonas de alta permeabilidad cerca de los contornos
coinciden con puntos de estancamiento que influyen en la formación de penachos térmicos y
la tasa de deformación local, mientras que la anchura de la interfaz disminuye, indicando un
mayor estiramiento y deformación debido a la estructura de flujo subyacente.

A continuación, estudiamos la disolución dominada por convección de CO2 en celdas de Hele-
Shaw heterogéneas, mediante un enfoque combinado experimental y numérico. La heterogenei-
dad se introduce a través de variaciones en el ancho del espacio de la celda, correspondiente
a una distribución log-normal de permeabilidad con varianza y longitudes de correlación fijas.
Los resultados muestran que la heterogeneidad adelanta el inicio de la inestabilidad, incrementa
la amplitud y la tasa de crecimiento de las digitaciones convectivas y produce patrones de flujo
más distorsionados y dispersivos. Sin embargo, el número de onda adimensional de la inesta-
bilidad permanece similar al de las celdas homogéneas. Una comparación entre la funciones
de autocorrelación de los patrones de digitación y del campo de permeabilidad muestra que la
heterogeneidad incrementa la longitud de correlación adimensional del patrón, lo cual ralentiza
su crecimiento una vez que el tamaño de las digitaciones se vuelve comparable con la escala de
la heterogeneidad.

Finalmente, investigamos la disolución dominada por convección en presencia de una reacción
quimica binaria A ‚ B ! C, en cuatro configuraciones de permeabilidad: homogénea, estrat-
ificada horizontalmente, estratificada verticalmente y campos log-normales multi-Gaussianos.
Métricas clave como la masa del producto, la tasa de reacción, la posición y anchura del
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frente de reacci�on, y la longitud de mezcla se ven sustancialmente afectadas por la estructura

del campo de permeabilidad. Las con�guraciones estrati�cadas verticalmente y log-normales

promueven una mezcla m�as e�ciente y una progresi�on del frente m�as r�apida. En contraste, la

estrati�caci�on horizontal di�culta el 
ujo vertical, produciendo frentes de reacci�on m�as anchos

y de movimiento m�as lento. En los casos donde la reacci�on estabiliza el per�l de densidad

se observa un estancamiento del 
ujo cerca del extremo de la distribuci�on de densidad no

mon�otona, incluso en con�guraciones verticalmente favorables, lo que resalta la compleja in-

teracci�on entre las reacciones quimicas y el transporte convectivo. En el caso de los campos de

permeabililad log-normales, una menor correlaci�on horizontal promueve estructuras m�as cortas

alineadas verticalmente. En general, cuando la longitud de correlaci�on horizontal es peque~na

en relaci�on con la vertical, se maximiza el transporte convectivo y la e�ciencia de mezcla.

En conjunto, estos hallazgos demuestran que no es simplemente la presencia de heterogenei-

dad, sino la estructura espec���ca de la permeabilidad, en particular su varianza y correlaci�on

espacial, lo que gobierna fundamentalmente el comportamiento convectivo. Los conocimientos

obtenidos muestran la necesidad de incorporar heterogeneidades geol�ogicamente realistas en los

modelos predictivos de procesos impulsados por mezcla en medios porosos, con implicaciones

signi�cativas para aplicaciones como el almacenamiento subetrr�aneo de carbono, la extracci�on

de energ��a geot�ermica y la remediaci�on de aguas subterr�aneas.
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Resum

Aquesta tesi t�e com a objectiu avanc�ar en la comprensi�o de la mescla per convecci�o en mitjans

porosos heterogenis, un problema que est�a relativament poc explorat en comparaci�o amb la seva

contrapart homog�enia. A trav�es de la combinaci�o de simulacions num�eriques d'alta resoluci�o i

experiments de laboratori, explorem com la variabilitat espacial en la permeabilitat in
ueix en

l'inici, desenvolupament i e�ci�encia dels processos de mescla per convecci�o, amb aplicacions

a la convecci�o t�ermica, dissoluci�o de CO2 i transport reactiu.

En primer lloc, investiguem la convecci�o t�ermica en la con�guraci�o cl�assica de Horton-Rogers-

Lapwood (HRL), en la qual els camps de permeabilitat es modelen com a camps aleatoris bidi-

mensionlaes amb distribuci�o log-normal, i diferents vari�ancies i longituds de correlaci�o. Aque-

sts par�ametres serveixen com a mesures quantitatives de l'heterogene•�tat subjacent. L'estudi

param�etric mostra que augmentar la vari�ancia i/o la longitud de correlaci�o del camp de log-

permeabilitat intensi�ca la segregaci�o, aguditza les interf��cies t�ermiques i genera estructures

de 
ux mes irregulars. Si b�e el 
ux de dissoluci�o disminueix amb el n�umero de Rayleigh tant

en sistemes homogenis com heterogenis, la seva sensibilitat a la vari�ancia de la permeabilitat

es torna m�es marcada per a longituds de correlaci�o majors. En casos altament heterogenis, les

zones d'alta permeabilitat prop dels contorns coincideixen amb punts d'estancament que in-


ueixen en la formaci�o de plomalls t�ermics i la taxa de deformaci�o local, mentre que l'ampl�aria

de la interf��cie disminueix, indicant un major estirament i deformaci�o a causa de l'estructura de


ux subjacent.

A continuaci�o, estudiem la dissoluci�o dominada per convecci�o de CO2 en cel·les de Hele-Shaw

heterog�enies, mitjanc�ant un enfocament combinat experimental i num�eric. L'heterogene•�tat

s'introdueix a trav�es de variacions en l'ample de l'espai de la cel·la, corresponent a una dis-

tribuci�o log-normal de permeabilitat amb vari�ancia i longituds de correlaci�o �xes. Els resultats

mostren que l'heterogene•�tat avanc�a l'inici de la inestabilitat, incrementa l'amplitud i la taxa

de creixement de les digitacions convectivas i produeix patrons de 
ux m�es distorsionats i

dispersius. No obstant aix�o, el nombre d'ona adimensional de la inestabilitat roman similar

al de les cel·les homog�enies. Una comparaci�o entre la funcions d'autocorrelaci�o dels patrons

de digitaci�o i del camp de permeabilitat mostra que l'heterogene•�tat incrementa la longitud de

correlaci�o adimensional del patr�o, la qual cosa alenteix el seu creixement una vegada que la

grand�aria de les digitacions es torna comparable amb l'escala de l'heterogene•�tat.

Finalment, investiguem la dissoluci�o dominada per convecci�o en pres�encia d'una reacci�o

qu��mica bin�aria A ¸ B ! C, en quatre con�guracions de permeabilitat: homog�enia, es-

trati�cada horitzontalment, estrati�cada verticalment i camps log-normals multi-Gaussians.

M�etriques clau com la massa del producte, la taxa de reacci�o, la posici�o i ampl�aria del front de

reacci�o, i la longitud de mescla es veuen substancialment afectades per l'estructura del camp
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de permeabilitat. Les con�guracions estrati�cades verticalment i log-normals promouen una

mescla m�es e�cient i una progressi�o del front m�es r�apid. En contrast, l'estrati�caci�o horitzontal

di�culta el 
ux vertical, produint fronts de reacci�o m�es amples i de moviment m�es lent. En els

casos on la reacci�o estabilitza el per�l de densitat s'observa un estancament del 
ux prop de

l'extrem de la distribuci�o de densitat no mon�otona, �ns i tot en con�guracions verticalment fa-

vorables, la qual cosa ressalta la complexa interacci�o entre les reaccions qu��miques i el transport

convectiu. En el cas dels camps de permeabilitat log-normals, una menor correlaci�o horitzontal

promou estructures m�es tales alineades verticalment. En general, quan la longitud de correlaci�o

horitzontal�es petita en relaci�o amb la vertical, es maximitza el transport convectiu i l'e�ci�encia

de mescla.

En conjunt, aquestes troballes demostren que no�es simplement la pres�encia d'heterogene•�tat,

sin�o l'estructura espec���ca de la permeabilitat, en particular la seva vari�ancia i correlaci�o

espacial, la qual cosa governa fonamentalment el comportament convectiu. Els conocimen-

tos obtinguts mostren la necessitat d'incorporar heterogene•�tats geol�ogicament realistes en els

models predictius de processos impulsats per mescla en mitjans porosos, amb implicacions sig-

ni�catives per a aplicacions com l'emmagatzematge subterrani de carboni, l'extracci�o d'energia

geot�ermica i la remediaci�o d'aig•ues subterr�anies.
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Chapter 1

Introduction

1.1 Background

The study of convective mixing in porous media has gained signi�cant momentum in recent

years, due to its involvement in a variety of natural and industrial applications. A major driver for

this research is Carbon Capture and Storage (CCS), which is estimated to mitigate approximately

14% of total global greenhouse gas emissions [93, 73]. Despite advances in modelling and

experimental studies, our understanding of convective mixing in heterogeneous porous media

remains limited. Mixing refers to the transformation of a disordered concentration �eld into

a uniform distribution by reducing concentration gradients. It di�ers from spreading, which

primarily deforms and elongates concentration interfaces [44, 3]. While mixing occurs majorly

due to di�usion at small scales, it is greatly enhanced by convection. The latter forms vortices

and stagnation points that increase 
uxes across interfaces [41, 40].

This thesis aims to investigate the complexities of convective mixing in such environments,

considering factors like permeability variations and reactive transport.

1.2 Convective mixing and its importance

Convective mixing arises from 
ow instabilities induced by unstable density strati�cations.

These instabilities deform concentration interfaces, compress and stress them, which sharpens

gradients and enhances di�usive 
uxes [40]. Furthermore, it is widely observed in a large

assortment of natural and industrial processes, such as seawater intrusion in coastal aquifers

[97], transport of contaminants and agricultural salts in groundwater [81], geothermal energy

extraction, high-level radioactive waste disposal [12], and carbon sequestration in saline aquifers,

where CO2 dissolves into brine, increasing density and reducing convection [43, 24]. Unlike

pure di�usion, convective mixing dramatically accelerates mass and energy transport. Despite
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its importance, research on convection in heterogeneous porous media is relatively scarce

compared to homogeneous cases [25]. Several key insights have emerged from studies in

homogeneous porous media, which help establish a reference point for understanding more

complex, heterogeneous systems. In controlled laboratory experiments where saline plumes

were injected steadily into homogeneous porous media, it was observed that quasi-2D systems

tend to produce lateral �ngering instabilities which enhance mixing, whereas fully 3D systems

modify these instabilities by developing vertical convective rolls and plume sinking. Numerical

simulations of these setups con�rmed that increasing the 
ow velocity stabilises the plume,

while stronger density contrasts intensify gravitational instabilities, leading to faster vertical

migration and plume deformation [98]. Complementary 3D experimental work using high-

resolution imaging demonstrated that accurately capturing the detailed structure and evolution

of convective �ngers requires numerical models that resolve the coupled dynamics of advection,

di�usion, and buoyancy. These models must also account for initial perturbations that grow

into coherent 
ow structures over time [63]. In simulations focused on CO2 dissolution in

saline aquifers, it was found that hydrodynamic dispersion plays a nuanced role: it can enhance

mixing by broadening �ngers laterally but, under certain conditions, delay or suppress the onset

of convection by smearing out initial instabilities, particularly when dispersion dominates over

buoyant forces [62]. Darcy-scale simulations investigating solute mixing driven by Rayleigh-

Taylor instability further revealed that anisotropic mechanical dispersion signi�cantly in
uences

�nger morphology; higher dispersion ratios result in broader, less coherent �ngers and in

some cases, increase scalar dissipation beyond what buoyancy-driven convection alone achieves

[14]. Together, these �ndings illustrate that convective mixing arises from a complex interplay

between buoyant forcing, dispersive transport, and geometric constraints, all of which must be

accurately represented to predict solute behaviour in subsurface environments.

1.3 In
uence of heterogeneity on convective mixing

Unlike the uniform conditions of homogeneous porous media, heterogeneous systems introduce

structural complexity that fundamentally alters transport behaviour. Heterogeneous porous

media are often characterised by variations in permeability, which can create preferential 
ow

paths and lead to variable solute velocities, impacting both mixing and spreading dynamics

[71]. These permeability structures govern how and where convective instabilities develop.

Recent numerical investigations have illustrated the e�ects of heterogeneity. Studies by [81]

considering structured and random permeability �elds demonstrated that continuous high-

permeability regions (such as fracture and conduits) enhance vertical mixing and instability

growth, while disordered heterogeneity tends to dissipate convection though increased disper-

sive mixing. A subsequent study, which further emphasizes the impact of heterogeneity on

convective mixing, conducted by [94] showed that heterogeneity and anisotropy signi�cantly

2



in
uence gravity-driven CO2 dissolution. They found that dissolution rate scale with vertical

permeability and �nger-tip velocity, while strong horizontal strati�cation inhibits convection

and reduces mixing e�ciency.

These behaviours contrast with the predictions of classical theories known for homogeneous

porous media. The classical Rayleigh number (Ra), which measures the balance between

buoyancy forces and di�usion, often fails to predict instability onset in heterogeneous media [76].

In contrast, recent studies have proposed modi�ed versions of Ra that incorporate permeability

variability and spatial correlation structures [72]. Using multi-Gaussian permeability �elds,

[76] identi�ed three dominant convection regimes: (1) �ngering, where instabilities follow

high-permeability channels, (2) channeling, where mixing occurs preferentially along high-

permeability pathways, and (3) dispersive patterns, where mixing is dominated by di�usion

when heterogeneity is strong. Focusing on structured, layered heterogeneity, [93] further

showed that �ngering velocities depend non-linearly on permeability, with high-permeability

layers suppressing vertical growth and altering convective dynamics.

1.4 Reactive Transport and Convective Mixing

Chemical reactions also in
uence convective mixing in porous media and are relevant to

applications such as petroleum recovery (e.g. acid simulation), groundwater remediation (e.g.

in situ oxidation of contaminants), and chromatographic separations [19, 83]. The interplay

between reaction kinetics and transport is commonly described by the Damk•ohler number (Da),

which compares the reaction rate to the rate of advective or di�usive transport. When Da� 1,

the system is reaction-limited and reactions occur only where mixing is e�ective [5]. When

Da � 1, reactions are almost instantaneous, and the overall rate is controlled by how well the


uids mix. At intermediate values (Da=1), reaction and mixing occur on similar timescales and

directly in
uence each other, resulting in more complex dynamics that will be examined in this

thesis.

In homogeneous porous media, reactive transport tends to follow convective 
ow patterns,

particularly under mixing-limited conditions. Reaction zones frequently emerge near regions of

elevated scalar dissipation, such as inter-�nger boundaries or stagnation zones. where mixing

is most intense and reactants are brought into close contact [16, 56, 18].

Besides, [31] studied instability of CO2 dissolution-driven convection in reactive settings and

showed that reactions consuming CO2 can stabilise the di�usive boundary layer by reducing

the density gradient, thereby delaying the onset of convection. In porous media with spatially

variable permeability, the interaction between geochemical reactions and 
ow patterns depends

on the local structure. Reactions may suppress convection in low-permeability regions while

enhancing instability in high-permeability zones by increasing increasing density contrasts
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[84, 37, 85].

Reactions such as mineral precipitation and dissolution can also modify permeability over time.

Precipitation along convective �ngers may obstruct 
ow paths and trap CO2 a�ecting long-term

storage e�ciency in carbon capture and storage scenarios [24].

Some studies also analysed reactive 
ow under classical instabilities such as [41] who considered

a Rayleigh-Taylor-type instability in miscible 
uids. Their study shows that dissolution patterns

do not follow the geometry of the convective �ngers but instead form dome-shaped, hierarchical

structures. The reaction zones align with regions of maximum mixing and 
ow stagnation

points, where the interfacial mixing layer is compressed and deformed. The deformation near

stagnation points controls global dissipation and reaction rates. This behaviour explains why,

in the convective regime, the mixing rate becomes independent of the Rayleigh number and

highlights the importance of localised 
ow and mixing dynamics in determining the evolution

of reactive transport.

1.5 Knowledge Gaps and Research Challenges

Despite these advances, substantial knowledge gaps remain. Most studies focus on homogeneous

media or assume simpli�ed forms of heterogeneity, with the impact of porosity variations often

neglected, regardless of their recognised importance in instability growth [87]. Hydrodynamic

dispersion e�ects are rarely incorporated into large-scale simulations, and experimental studies

remain limited due to challenges of replicating �eld-scale heterogeneity. Recent laboratory work

by [8] revealed signi�cant discrepancies between experimental observations of CO2 convective

mixing and theoretical predictions, emphasizing the need for integrated numerical-experimental

approaches to improve our understanding of convective mixing in heterogeneous porous media.

A more recent research by [99] on mixing-limited reactive transport in heterogeneous media

highlights the importance of accounting for stagnant zones in future models. These zones

signi�cantly prolong both the mixing and reaction times compared to homogeneous media,

suggesting a need for more accurate models that can capture these complex interactions.

Altogether, key knowledge gaps include the insu�cient understanding of how porosity and

permeability variations jointly in
uence instability, the limited integration of hydrodynamic

dispersion in numerical models, and the limited availability of experimental validation under

realistic conditions. Additionally, current models often oversimplify or neglect the role of

complex chemical and geochemical reactions, which can signi�cantly alter 
ow and transport

dynamics. Closing these gaps is essential to advance predictive capabilities for 
ow and

transport in complex porous systems.
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1.6 Objectives

Main objective. The primary objective of this thesis is to investigate the e�ects of heterogene-

ity in porous media on convective mixing through both numerical simulations and experimental

methods and in the presence or absence of a bimolecular reaction.

To address these main objective, this thesis outlines the following speci�c objectives:

ˆ To conduct high-resolution numerical simulations that assess the relationship between

heterogeneous permeability �elds and scalar distribution patterns, 
uid deformation,

convective concentration structures, and mixing e�ciency in the case of the HRL problem.

ˆ To study CO2 dissolution in heterogeneous porous media by conducting experiments with

Hele-Shaw cells and comparing the characteristics of the gravitational instability between

the experimental and the numerical results.

ˆ To examine the interaction between bimolecular reactions and 
ow instabilities in het-

erogeneous porous media. This involves a numerical study of a bimolecular reaction

A ¸ B ! C within strati�ed and multi-Gaussian permeability �elds.

1.7 Layout

Overall, this thesis is structured around �ve Chapters:

ˆ Chapter 1 gives the background and objectives of this work.

ˆ Chapter 2 details the methodology and results of the numerical study of the Horton-

Rogers-Lapwood in heterogeneous multi-Gaussian porous media.

ˆ Chapter 3 details the methodology and results of the experimental and numerical study

of CO2 dissolution in heterogeneous porous media.

ˆ Chapter 4 details the methodology and results of the numerical study of the e�ect of

heterogeneity on convective reactive dissolution.

ˆ Chapter 5 gives concluding remarks and potential future work.

5



Chapter 2

The Horton-Rogers-Lapwood problem in

heterogeneous porous media

2.1 Abstract

In this chapter, we study the e�ect of the heterogeneity of a porous medium on convective mixing.

We consider a system in which a Rayleigh-B�enard instability is triggered by a temperature

di�erence between the top and bottom boundaries. Heterogeneity is represented by multi-

Gaussian log-normally distributed permeability �elds. We explore the e�ect of the Rayleigh

number, the variance and correlation length of the log-permeability �eld on the �ngering

patterns, heat 
ux, mixing state, and 
ow structure. Heat 
ux increases for all heterogeneous

cases compared to the homogeneous ones. When heterogeneity is weak and the horizontal

correlation length small, 
ux exhibits minimal sensitivity to the variance of the log-permeability.

When the correlation length increases, 
ux increases proportionally to the log-permeability

variance.

The mixing state is evaluated through the temperature variance and the intensity of segregation.

Both take higher values, compared to their homogeneous analogues, when the correlation length

and the variance of the permeability are increased. This indicates that even if heat 
ux increases,

the system is less well mixed.

The 
ow structure shows that in homogeneous and weakly heterogeneous cases there is a relation

between the location of high strain rates and stagnation points, while for strongly heterogeneous

cases, high strain rate zones are linked to high permeability areas near the boundaries, where

temperature plumes originate. The interface width tends to decrease as the variance and

the correlation length of the permeability �eld are augmented, suggesting that the interface

undergoes greater stretching in heterogeneous porous media.
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2.2 Introduction

Convective mixing is a critical process in a wide range of natural and engineered systems, in
u-

encing phenomena such as seawater intrusion in coastal aquifers, leachate in�ltration in waste

disposal sites, salt transport in agricultural practices, groundwater movement in salt formations

for radioactive waste storage, geothermal energy extraction, and carbon capture and storage

(CCS) [81]. Recent advancements in this �eld, however, indicate the complexity of convective

dynamics and the need to take other factors into account such as permeability heterogeneity and

anisotropy [37, 11]. At its core, convective mixing arises from density gradients between two

miscible 
uids, where the destabilising e�ect of the gradient leads to convective 
ows. These


ows signi�cantly accelerate mass and energy transfer, outperforming di�usion-based processes

[12]. The resulting convective structures, such as vortices and stagnation points, enhance mixing

through mechanisms like stretching and compression of 
uid interfaces [42, 41].

Much of the existing research on convective mixing has focused on homogeneous media,

where material properties such as permeability and porosity are assumed to be uniform. In

such systems, convection typically manifests through well-de�ned patterns, with the instability

driving the formation of convection rolls, �ngers, and plumes. However, real-world systems are

rarely homogeneous, and understanding how heterogeneity, whether in permeability, porosity,

or other material properties, a�ects convective dynamics is still an open challenge. While the

dynamics of convective mixing in homogeneous media are well-established, the in
uence of

heterogeneity on these processes is less understood and requires deeper examination.

Heterogeneity in porous media is known to fundamentally a�ect convective instability, altering

the onset of convection, the 
ow dynamics, and the e�ciency of heat and mass transport.

Numerical studies have shown that variations in permeability can reduce the onset time for

convection, especially in high-permeability regions, and lead to complex 
ow regimes such as

�ngering, channeling, and dispersive 
ows, all of which depend on the statistical properties of

permeability, such as correlation length and variance [28, 76, 37, 94]. These e�ects can change

the interaction between convective structures, leading to variations in �nger width, 
ow patterns,

and the extent of mixing. Importantly, while the role of permeability is well-studied, the impact

of other factors, such as the anisotropy of the medium or the presence of geometric constraints,

on convective behaviour remains underexplored [61]. Despite the recognised signi�cance of

heterogeneity in natural systems, research directly addressing how it impacts Rayleigh-B�enard

convection in porous media is still limited.

Studies examining the e�ects of heterogeneity in speci�c applications, such as CO2 sequestra-

tion, have provided valuable insights into how variations in permeability can in
uence processes

like CO2 trapping and dissolution 
uxes. For example, anisotropic sedimentary rocks have been

found to exhibit enhanced CO2 dissolution due to better connectivity of permeability structures
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[15, 26, 100]. However, the in
uence of permeability correlation length on 
uxes remains

poorly investigated with the exception of [76] who numerically studied that in the context of

CO2 storage. In spite of the growing body of research in these applications, the majority of

studies on density-driven 
ows have focused on Rayleigh-Taylor instabilities, with relatively few

addressing Rayleigh-B�enard instability, especially in heterogeneous porous media. For instance,

numerical studies of the Horton-Rogers-Lapwood (HRL) problem [45, 55], a Rayleigh-B�enard-

like convection problem in porous media, have revealed that scalar dissipation rates and the

e�ciency of mixing in homogeneous porous media are sensitive to interfacial processes [40].

Meanwhile, experimental and numerical investigations have provided important insights into

convection in con�ned geometries. [59] used numerical simulations in Hele-Shaw cells to show

how geometric constraints such as sidewall conduction and �nite aspect ratio alter classical

Rayleigh-B�enard scaling, reducing heat transport e�ciency at high Rayleigh numbers. [89]

further extended this work by analysing energy transfer and mixing e�ciency in thermally

driven 
ows, identifying how geometric con�nement in
uences boundary layer development,

protoplume formation, and the organisation of convective structures. These studies, along

with recent imaging-based experiments such as those by [82, 7], highlight the critical role of

geometry in shaping the dynamics and transport properties of convection in porous media.

One of the key challenges in the study of convective mixing in heterogeneous media is under-

standing how the geometric and material heterogeneities alter classical scaling laws and mixing

behaviours. Nevertheless, a critical gap remains in our understanding of how heterogeneity in

porous media a�ects the scaling laws and convective dynamics of Rayleigh-B�enard convection.

In this Chapter, we hence propose to address this gap by investigating convective mixing in

heterogeneous porous media within the context of the HRL problem. This problem models

heat transport driven by Rayleigh-B�enard instability, in which convection is triggered by a

temperature (or density) di�erence between the top and bottom boundaries of a porous medium.

We compare simulations in homogeneous and heterogeneous media, focusing on key metrics

such as 
uxes, the mixing state, and the segregation intensity.

2.3 Methodology

We numerically study convective mixing in the case of the HRL problem in heterogeneous

porous media. The HRL problem examines the variable-density heat transport and the convec-

tive patterns which arise due to a Rayleigh-B�enard instability caused by the density di�erences

between the top and bottom boundaries where the scalar temperature is constant.

8



2.4 Governing equations

Under the assumptions of incompressible 
uid and the Boussinesq approximation, the dimen-

sionless governing equations for variable-density single-phase 
ow in a porous medium are

[79]

r � q = 0 (2.1)

q = � :
�
r ? � dê6

�
(2.2)

m)
mC

¸ q � r ) ¸
1

'0
r 2)– (2.3)

whereq is Darcy velocity,? a scaled pressure referred to a hydrostatic datum,d is the 
uid's

density and a function of) , temperature,̂e6 is a unit vector pointing in the direction of gravity,

: is the medium's permeability,'0 the Rayleigh number, andCis time. The Rayleigh number

is de�ned as

'0 =
@1�
q� <

– (2.4)

with � a characteristic length taken as the domain height,q porosity,� < the thermal conduc-

tivity coe�cient and @1 = : 6� d6• ` a buoyancy velocity, wherè is the 
uid's viscosity,6 the

gravity acceleration,� d the maximum density di�erence in the system and: 6 the geometric

mean of the permeability �eld. We assume a linear dependence of density with) so thatd = � )

in dimensionless form.

This problem is solved within a rectangular 2� 1 domain. All boundaries are no 
ow, zero

temperature gradient (q � n = 0; r ) � n = 0) except the top and bottom boundaries where

) = 0, ) = 1 is prescribed respectively. The maximum density di�erence is, therefore, given

by � d = d¹) = 0º � d¹) = 1º.

The porous media heterogeneity is represented by a multi-Gaussian log-normally distributed

random �eld with zero mean and variancef 2
log : , with a Gaussian variogram

W¹Gº = f 2
log :

h
1 � 4� ¹� G•_Gº2� ¹� I •_I º2

i
– (2.5)

where� 8, _8 is the separation and correlation length in direction8with 8= G– I.

A parametric study is conducted considering di�erent values for the Rayleigh number¹142 �

'0 � 144º, the permeability �eld variance¹f 2
log : = 0•25–1–2–3º and correlation length. We
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take_G= 2_I = 0•02–0•2–0•7 and_G= 7_I = 0•7. For each case, �ve realisations are performed.

Additionally, the homogeneous cases (f 2
log : = 0) are simulated to provide a comparative basis

for the heterogeneous cases.

Numerical simulations were performed using the variable-density 
ow and transport solver

rhoDarcyFoamopen-source computational framework SECUReFoam [46], based on the �nite-

volume library OpenFOAM [96].

2.5 Results and discussion

In this section, we explore convective mixing in the HRL problem in heterogeneous media from

both qualitative and quantitative perspectives. Qualitatively, we examine the temperature �eld

under varying correlation lengths and variances of the permeability �eldf 2
log : . Quantitatively,

we analyse heat 
uxes as a function of the Rayleigh number'0 andf 2
log : , investigate the �xed

interface dynamics through the interface width, and assess the mixing state by examining the

temperature probability density functions and the intensity of segregation.

2.6 Instability patterns

We analyse the in
uence of heterogeneity on temperature patterns, �rst by investigating the

impact of convective instability through'0 , and then by examining the role of heterogeneity at

a �xed '0 .

The homogeneous simulations (�gure 2.1a) reveal that for'0 Ÿ 2000, the instability patterns

extend throughout the entire domain, forming stable convection cells in agreement with previous

observations in squared [35] and rectangular [40] domains. As'0 increases, the system

transitions into a chaotic convection regime characterised by columnar patterns [39]. In the

heterogeneous cases (�gure 2.1b { e), the patterns become more dispersive. For a givenf 2
log : ,

the higher the'0 , the stronger the dispersion. For low'0 , when the instability is organised

into convective cells, heterogeneity distorts the shape of the cells (especially for high_G) but

the overall shape of the pattern remains unaltered. As'0 increases, the characteristic size

of the pattern decreases and becomes more similar to the heterogeneity structure making the

interaction between the instability and heterogeneity stronger. This interaction modi�es the

temperature pattern reducing the number of convection cells or columns with respect to the

homogeneous case, although the trend is not always monotonic. At intermediate values of_G,

an increase in the convection cells is observed for'0 = 542–143.

From �gure 2.1a and b, it is apparent that whether the permeability is homogeneous or strongly

heterogeneous, the number of �ngers increases with'0 , with the interface becoming more

stretched at higher'0 . However, for larger_G (�gure 2.1c to e), the merging of �ngers occurs
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Figure 2.1: Log-permeability �eld (leftmost column) and time-averaged temperature maps at
convective regime (60Ÿ C Ÿ250) for the homogeneous (a) andf 2

log : = 1 cases (b{e) with
varying '0– _G, and_I . Increasing'0 increases the number of patterns in the homogeneous
(a) and heterogeneous case (b) thus increasing the interfacial area between the two 
uids in
contact, unlike in the other heterogeneous cases where merging occurs faster and �ngers become
distorted and dispersive (particularly in cases (c) and (d))

earlier as'0 increases. Interestingly, the merging is less rapid when the anisotropy ratio (_G•_I )

is big (compare �gure 2.1d to �gure 2.1e), suggesting that small anisotropy ratios accelerate the

merging process. For small anisotropy ratio (�gure 2.1d), merging occurs even at lower'0 ,

and the �ngers assume a mushroom-like shape.

�gure 2.2 illustrates the temperature patterns for'0 = 143 and varying_G– _I andf 2
log : . It

is observed that asf 2
log : increases, the number of columns decreases. The reduction in the

number of columns is faster for longer_G, which means that the barrier e�ect of the heterogeneity

induces a faster merging of the plumes. As seen earlier in �gure 2.1, the patterns also become

more dispersive, except for small_G (�gure 2.1b) for which the dispersive e�ect is weaker.

This behaviour aligns with the �ndings of [76] for a Rayleigh-Taylor instability, who noted that

increasingf 2
log : with a small_Ginduces 
ow dispersion, whereas increasingf 2

log : with a large

_Gpromotes channeling. For a given, su�ciently large_G(�gure 2.1d, e), a smaller anisotropy

ratio has a less distorting e�ect. Thin horizontal barriers (�gure 2.1e) modify the pattern more

than thick short ones (�gure 2.1 d) for all thef 2
log : values considered.

11



Figure 2.2: Time-averaged temperature maps at convective regime (60Ÿ C Ÿ250) for'0 = 143,
di�erent f 2

log : – _Gand_I . Increasingf 2
log : and_G(especially with a smaller anisotropy ratio),

promotes faster merging of the �ngers. The cases with Ra=1e2,5e2,2e3,5e3 are shown in
Appendix??

2.7 Mixing and heat 
ux

Mixing is usually assessed by the evolution of the variance of the temperaturef 2
) [53]. For the

HRL problem, the evolution off 2
) is given by

mf2
)

mC
=

m¹h) 2i � h ) i 2º
mC

= 2
�
) top� top � ) bottom� bottom

�
� 2h) i¹ � top � � bottomº � 2hj i – (2.6)

whereh�i indicates spatial integration,) top– )bottom are the temperatures prescribed at the top

and bottom boundaries,� top, � bottom the 
ux through the top and bottom boundaries and

hj i =
1

'0

¹



jr ) j2 3
 (2.7)

is the total scalar dissipation rate. Replacing) bottom = 1 and) top = 0 in (2.6) and using that at

the steady state,� top = � � bottom, we obtain

hj i = � bottom• (2.8)

Therefore, the scalar dissipation rate gives information about the 
ux through the prescribed
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Figure 2.3: Heat 
ux through the boundary versus'0 for the homogeneous case. A transition
in the scaling is observed for'0 ¡ 103 corresponding to the transition from organised patterns
to chaotic patterns

temperature boundaries once the system arrives at a steady state. Except for low'0 , for which

patterns reach a stable con�guration, the system does not attain a steady state. Total 
ux andhj i

oscillate around a mean value after convection is fully developed. Therefore, they are quanti�ed

as the temporal mean in the convection-dominated regime. To account for the heterogeneity

variablity, �ve realisations of each case were performed and the ensemble average calculated.

�gures 2.3 and 2.4 show, respectively, the behaviour of the 
ux for the homogeneous case

and ensemble average of the total 
ux for the heterogeneous cases (equivalent tohj i ). The

di�erence between the homogeneous and heterogenous cases is small for weakly heterogeneous

cases¹f 2
log : = 0•25–1º. However, asf 2

log : increases, the 
ux associated with the highest_Gand

the smallest anisotropy ratio becomes noticeably higher. A comparison between the two cases

with _G = 0•7 reveals that a lower anisotropy ratio corresponds to a higher 
ux. Furthermore,

�gure 2.4 shows that as_Gincreases, the 
uxes rise more sharply withf 2
log : . Additionally, 
ux

decreases as'0 increases. This suggests that stronger heterogeneity, represented by smaller

_Gvalues and higherf 2
log : , reduces heat 
uxes when compared to cases with larger_Gvalues.

These results align with the �ndings of [28] and [76] for one-sided instabilities in the context

of CO2 dissolution.

Regarding the 
ux scaling with'0 , the homogeneous case and the weakly heterogeneous case

with small _G present a transition to a convection-dominated regime around'0 = 1000 in

which 
ux goes from scaling as'0 � 0•45 to '0 � 0•11 for the homogeneous case (see �gure 2.3)

and, for instance, from'0 � 0•35 to '0 � 0•13 for _G = 2_I = 0•02 (orange line in �gure 2.4).

As heterogeneity increases, the convection-dominated regime is not observed and 
ux always

depends on'0 . Exponents range between� 0•38 and� 0•27 with little dependence on the

anisotropy ratio or correlation length.
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Figure 2.4: Flux versus'0 for di�erent correlation lengths and di�erent variances of the
permeability �eld. Flux is computed as the average of �ve realisations. Error bars show the
standard deviation of the ensemble average. A higherf 2

log : increases the error and causes
greater separation between cases with di�erent_G. The 
uxes are also sensitive to_G: the larger
it is, the higher the 
uxes. For the same_G, cases with a smaller anisotropy ratio have bigger

uxes than those with a larger anisotropy ratio

2.8 Interface compression and velocity structure

In convection-dominated system, there exists a relation between the 
ux, scalar dissipation rate

and the behaviour of the 
uid interface near 
ow stagnation points [41]. In the HRL problem,

this 
uid interface is located at the top and bottom boundaries where temperature is prescribed.

The thickness of the 
uid interfaceBis given by [91, 57]

1
B

mB
mC

= � W̧
1

'0
1
B2

– (2.9)

whereWis the dimensionless compression rate, which is given by the symmetric part of the

strain tensor [74]

E =
1
2

�
r q ¸ r q)

�
=

"
W 0

0 � W

#

(2.10)

At the steady state, compression and di�usion equilibrate and the interface thickness has a

lengthB� , known as the Batchelor scale [6, 90],

B� =
1

p
W'0

• (2.11)

�gures 2.5 and 2.6 show the permeability �elds, temperature, the normalised determinant of

the strain tensor (jEj• jEj, wherejEj is the spatial average) and the modulus of the velocityj@j

for two selected'0 and di�erent heterogeneous cases. The homogeneous'0 = 142–543 cases

illustrate the relation between the temperature pattern and the strain rate. The maximum strain

rate is found at the stagnation points at the top and bottom boundaries. At the stagnation points,

the interface is compressed, which increases the temperature gradient and the conductive heat


ux forming the temperature plumes. Heterogeneous cases, however, display a more complex

structure. The determinant of the strain tensor is more sensitive to the size of the heterogeneity.
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Figure 2.5: Log-permeability (log: ), temperature) and logarithm of the determinant of the
strain tensorE normalised by its mean for'0 = 142, f 2

log : = 1–3 and di�erent_G, _I . Values
are time averaged in the convective regime (60Ÿ C Ÿ250)

For small_G, the behaviour resembles that of the homogeneous cases. Fluid is highly stretched

at the stagnation points where 
ux increases and plumes originate. There is also signi�cant

stretching along the convection rolls and plumes, although it has no e�ect on heat 
uxes. For

high _G cases, the structure ofjEj no longer follows the temperature patterns but instead it

mimics the permeability structure. Maximum values ofjEj coincide with long, horizontal, high

permeability areas where 
uid 
ow changes direction and moves parallel to theGdirection.

This causes the columnar patterns to be distorted. A closer inspection of the 
uid structure near

the boundary (�gure 2.7) reveals that the formation of proto-plumes is still linked to the areas

where high strain is found. The location of the high strain areas is found at high permeability

regions where a rapid change in velocity at the stagnation point favors interface compression.

To estimate the interface widthB� , we calculate the second central moment of) ¹1 � ) º at all

Gpositions along the top boundary. The interface width is then taken as the square root of

the minimum calculated value to reduce the e�ect of the plume and stagnation points lateral

movement in the high'0 cases. It can be seen (�gure 2.8) that the interface width tends to get

steeper and to decrease as'0 andf 2
log : are increased and that the value it takes is smaller than in

the homogeneous case suggesting that the interface undergoes greater compression in presence

of a heterogeneity. As it has been previously pointed out for the 
uxes, the homogeneous and the

heterogeneous case with the smallest correlation length_G = 0•02 behave similarly. However,

the decrease in the interface width is more accentuated in the case where_G = 2_I = 0•7
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Figure 2.6: Log-permeability (log: ), temperature) and logarithm of the determinant of the
strain tensor normalised by its mean for'0 = 543, f 2

log : = 1–3 and di�erent_G, _I . Values are
time averaged in the convective regime (60Ÿ C Ÿ250). The rectangle in the temperature plot
of case (c) indicates the location of the zoomed-in region shown in �gure 2.7

Figure 2.7: Detail of the Log-permeability, temperature, logarithm of the determinant of the
strain tensorE normalised by its mean and velocity at the bottom half left part of the cell for
the case with'0 = 543, f 2

log : = 1 and_G = 7_I = 0•7 (see �gure 2.6c for the location of the
zoomed-in area). Plumes develop at stagnation points where high strain is found. The location
of the stagnation points coincides with high permeability regions
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Figure 2.8: Interface width versus'0 for di�erent correlation lengths andf 2
log : . The interface

width is smaller and decreases faster with'0 as_Gandf 2
log : increase, meaning that the interface

is more compressed in heterogeneous cases due the presence of high and low permeability
regions

and_G = 2_I = 0•2. Moreover, a higherf 2
log : further widens the gap between the plots with

di�erent _G.

In the vicinity of a stagnation point located at a 
uid interface, temperature can be modelled

with an advection{di�usion equation [77, 91, 57]. Following [41], and using the equivalence

betweenhj i and� (2.8), at the steady state we obtain

� =
l 4p
4c

¹1 � ) 1º2

B� '0
– (2.12)

wherel 4 is an e�ective interface length and) 1 the temperature far from the interface.

For homogeneous cases, (2.12) can be used to obtain the scaling of the interface width and

strain rate. In conduction-dominated systems,� / '0 � 1•2 andl 4 is weakly dependent on'0

because it is inversely proportional to the number of convection rolls. Thus, from (2.11) and

(2.12), we obtain that the interface width and strain rate scale asB� / '0 � 1•2 andW/ '0 0.

When convection dominates� / '0 0. The e�ective interface lengthl 4 is independent of'0

because it is proportional to the number of stagnation points (/ '0 ) and the individual length

associated to each stagnation point (proportional to the wavelength of the most unstable mode,

i.e., / '0 � 1). Therefore, in the convection-dominated regime, we obtainB� / '0 � 1, W/ '0 1.

The change in the scaling ofWindicates the transition from a regime in which velocity changes

happen at a scale of the size of the domain (thereforeWdoes not depend on'0 ) to a regime in

which velocity changes at the scale ofB� andWis proportional to'0 , indicating that conduction

and convection are coupled [40].

As observed for 
ux,B� presents a transition for the homogeneous case around'0 = 143 (see

�gures 2.3 and 2.8) from a conduction-dominated regime whereB� scales between/ '0 � 0•4

and'0 � 0•78 (similar to the'0 � 0•44 and'0 � 0•98 scaling found by [40], who simulated a larger

range of'0 values). The heterogeneous cases, however, do not display a distinct change in

slope except for the case with the smallest correlation length_G= 2_I = 0•02 which presents a

transition fromB� scaling between'0 � 0•55 and'0 � 0•4 (the higher the variance, the higher the
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Figure 2.9: Temperature probability density functions with di�erentf 2
log : . Increasing Ra,

narrows the pdfs whereas increasingf 2
log : 
attens their peak thus making them wider particularly

with higher_G

absolute value of the exponent) toB� between'0 � 1•2 and'0 � 0•78. The rest of the heterogeneous

cases do not display a distinct change in slope. The �tted exponents forB� range between -0.974

and -0.55 (_G = 2_I = 0•2 between -0.974 to -0.65;_G = 7_I = 0•7 between -0.78 and -0.55;

and_G = 2_I = 0•7 between -0.7 and -0.56). The scaling ofB� is more di�cult to interpret.

The variety of scaling suggests a combined e�ect of the heterogeneity on the velocity structure.

On one hand, the behaviour ofB� in the heterogeneous cases indicates that, even for high'0 ,

velocity changes do not happen at the scale ofB� but at an intermediate scale in
uenced by the

permeability structure. On the other hand, the number of stagnation points and their associated

length depends on'0 and the correlation lengths of the permeability �eld. Stagnation points

do not distribute evenly and their location depends on the local permeability structure (see, for

example �gure 2.6c and e). This coincides with the observations on the instability modes by

[69] and [78].

2.9 Mixing state

The mixing state, which shows how the temperature is redistributed within the system, is given

by the probability density function (pdf) of the temperature

?¹) º =
1
�

¹



X») � ) ¹xº¼3
 (2.13)

and the segregation intensity [13]

� =
f 2

)

) ¹1 � ) º
– (2.14)

where� is the area of the domain,X¹) º denotes the Dirac delta,) is the mean of the temperature

and f 2
) its variance. The intensity of segregation ranges between 0 and 1 and indicates the

homogeneity of a mixture. When� = 1, the system is completely segregated and when� = 0

the temperature distribution is uniform. In the following,?¹) º and� are time averages within

the convection-dominated regime of the mean of �ve realisations.
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