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Resumen

Geometric constraint solving is a growing field which playgasamount role in industrial applications and that
is deeply rooted in automated deduction in geometry. Inwligk we report on an algorithm to solve geometric
constraint-based problems by decomposing biconnecteghgral he algorithm is based on recursively splitting
the graph through sets with three vertices located on fureddat circuits of the graph. Preliminary practical
experiments suggest that the algorithm runtime is at woustdgatic with the total number of vertices in the
graph.

Categorias y Descriptorgge acuerdo con ACM CCS)1.3.5 [Computer Graphics]: Computational Geometry and
Object Modeling—subcategorias

1. Introduction straint graph. The output is a constructive plan, that is, a
sequence of basic steps that describe how to build a solu-
tion to the constraint-based geometric problem. Basicsstep

correspond to elemental operations which are solved with
dedicated algorithms.

Constraint-based parametric geometric models are data
structures designed to represent and describe objects-by en
coding geometric shape and topological properties. They ar
at the core of a number of paramount industrial applications
say computer-aided design, robot path planning, molecular In this paper we introduce a new algorithm based on the
design, user interaction with virtual reality systems. tree decomposition technique reported JASRVMVPO04.

The algorithm directly computes a graph decomposition

A central issue found in parametric geometric modeling from which a constructive plan can be easily derived

is the constraint solving problem which can be roughly sum-
marized as follows: Given a set of geometric elements and  In what follows we assume the reader is familiar with
a set of constraints between them, place each geometric ele-basic terminology of graph theory, the concept of geo-
ment in such a way that the constraints are fulfilled. metric constraint graph associated to a geometric prob-
lem defined by constraints, and some definitions related
to geometric constraint graphs. For more information we
refer the reader to the works by EverEve79, Gao et

al., [GLZ06€], Hoffmann et al., HJA0Y, Joan-Arinyo et al.,
[JASRTPVMO07JASRVMVP04,0wen [Owe9], Thulasir-
aman and Swamy[T[597. and Whitney, Whi31],

In this work, we consider 2D geometric constraint prob-
lems defined by a set of geometric elements like points,
lines, line segments, circles and circular arcs, along with
set of constraints like distance, angle, incidence andetang
cy between any two geometric elements. The algorithms that
solve geometric constraint problems are named solvers. The
reader is referred to the work ilD[ir98 HJA05 JASV03
SR9§ for an extensive review on geometric constraint solv- 2. Previouswork

ing algorithms. Many attempts to provide general, powerful and efficient

Among the existing solving methods we focus on con- constructive graph-based techniques to solve geometric co
structive techniques. In these techniques the input is a geo straint problems have been reported in the literature. Ror a
metric constraint problem represented as a geometric con- extensive review see the works iRH97, HLS01a HLS01h
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Owe9]. These techniques decompose the geometric con-
straint graph into a set of basic subgraphs where each basic
subgraph represents a standard problem which can be solve
by a fixed algorithm or an equational solver.

In [Owe9] itis described a top-down algorithm for com-
puting a decomposition of an arbitrary constraint grapte Th
algorithm recursively splits the graph into split compatsen
The algorithm terminates when the graphs cannot be split
further. At the end of the analysis the original graph hasibee
decomposed into a set of basic subgraphs. The algorithm
closely follows the triconnected components decompasitio
of [HT73]. In [JASRVMVPO04, it is proved that the worst
case running time complexity of this aIgorithm@:énz).

[FH97] reported on two graph-based constructive ap-
proaches to solve systems of geometric constraints. The
top-down method is roughly equivalent to the method by
[Owe91. The bottom-up method, named reduction analysis,
begins by computing a s8bof basic subgraphs. Then graphs
in Sare iteratively merged until a unique graph which con-
tains all the geometric elements in the problem is obtained.
Fudos and Hoffmann claim the algorithm to hav@©a?)
runtime complexity in the worst case.

[HLS01g HLS01H described a flow-based method for
decomposing the graph of a geometric constraint problem
based on degree of freedom calculations. The method first
introducesdense graphswvhich are considered the basic
graphs that will not be further split. The algorithm decom-
poses a given constraint graph into a set of dense subgraph
using a network flow algorithm. This approach is general
however, operations needed to solve dense graphs can be ar
bitrarily complex and not necessarily have geometric mean-

ing.

[JASRVMVPO04 defined the tree decomposition of a con-
straint graph. We review this concept in Sect®riree de-
compositions has been specially useful from a theoretical
point of view. Moreover, they are also a suitable represen-
tation for constructive plans. Tree decomposition is ticlte
nique underlying the graph-based geometric constraimt sol
ing framework SolIBCN, $RVMSFO07, that has been used
to develop the technique reported here.

In general, the graph decomposition is carried out by split-
ting it into three subsets of vertices that pairwise shase ju
one element. We denote these shared verticebirages
Since current algorithms identify hinges by an almost ex-
haustive search in graphs, it is a time consuming computa-
tion. Therefore, devising efficient algorithms based oedtir
computation would be a great accomplishment.

In this paper we present a new algorithm to compute the
tree decomposition of a constraint graph. The algorithm is
based on the decomposition of a graph in the set of bridges
induced by a fundamental circuit. It is inspired in the work
of [MR92], developed with the aim of finding the set of tri-
connected components of a given graph.
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3. Preliminaries

In this section we recall basic terminology of graph the-
ory, the concept of geometric constraint graph associated
to a geometric problem defined by constraints, and some
definitions related to geometric constraint graphs. Foremor
information we refer the reader to the works by Hoff-
mann et al., [HJAOY, Joan-Arinyo et al., JASRVMVP04
JASRTPVMOT, Whitney, [Whi31], Even, [Eve79Y, and
Thulasiraman and Swamyl $93.

3.1. Graph concepts

A graphG = (V,E) consists of a set of verticas, also
called nodes, and a set of edgesAn edgee € E is a pair
of verticese = (v;,vj) such thatvj,vj € V. Verticesy; and
vj associated with and edgeare called theend verticef
e. In generalV (G) will denote the set of vertices arte|G)
the set of edges of a grah A graph can be represented by
a diagram in which a vertex is symbolized by a dot and an
edge by a line segment connecting two dots.

The number of edges incident on a verteis called the
degreeof the vertex, and is denoted loyv).

A walk in a graphG = (V,E) is a finite alternating se-
quence of vertices and edgps,e1,v1,€, ..., Vk_1, &, Vk|
beginning and ending with vertices such tiat; andyv; are
the end vertices of edge, 1 <i < k. A walk is a trail if all
its edges are distinct. Note that any trail is itself a grajph.
trail is open if its end vertices are distinct. An open traibi
pathif all its vertices are distinct. A closed trail is@rcuit
if all its vertices except the end vertices are distinct.

A graphG = (V, E) is connectedf there exists a path be-
tween every pair of vertices i, otherwiseG is discon-
nected The maximal connected subgraphs of a disconnected
graphG are theconnected component$ G.

Let G = (V,E) be a connected graph. According to
[TS93, we say that a vertex € V is anarticulation vertex
if the subgraph induced i@ by {V (G) — v} is disconnected.
A vertexv € V is an articulation vertex if and only if there
are verticesi,w € V, with u # v andw # v such that is on
everyu—w path.

A non-separabler biconnectedyraphG = (V. E) has no
articulation vertices, otherwise it &parable See Whi31].

A biconnected componemwf a connected grapks is a
maximal biconnected subgraph®f A connected graph can
be decomposed into biconnected components. For any bi-
connected grap® = (V, E), given a pair of verticeg,v eV
with u # v, there are, at least, two disjoint paths- v.

The connectivityof a graphG is the minimum number
k of vertices that must be removed to disconn@ctf the
connectivity ofG is k, we writek (G) = k. For a disconnect-
ed graphG, k(G) = 0. For a connected graph, we have
K(G) > 1. A separable grapB hask(G) = 1. For a bicon-
nected grapl hask(G) > 2. A graphG with k(G) > 3 is
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calledtriconnectedBiconnected graphs can be decomposed
into triconnected components.

A graph is said to bacyclicif it has no circuits. Atree of
a graphG is a connected acyclic subgraph®fA spanning
tree T for a graphG is a tree that connects all the vertices in
V. The edges of a spanning tréere called thdranchesof
T. The edges of that are not ifil are called thehords

Let G = (V,E) be a graph withHV| = n and letG’ be a
graph such tha®’ c G. Following [TS92, G’ is said to be
aspanning treeof G if and only if G’ is acyclic, connected,
and hasr— 1 edges.

Let G = (V,E) be a graph withV| = nand|E| = m. Let
T be aspanning trego G with by,...,by_1 branchesand
C1,...,Cm—n+1 chordsof T. The graph resulting from adding
to T the chordc; contains exactly one circu@@ which con-
sists of the chord; and those branches @f that lie in the
unique path ifl between the end vertices gf The circuit
C is a fundamental circuibf G with respect to the chord
of the spanning tre€.

The m — n + 1 possible fundamental circuits
Ci,...,Cn_ns1 Of G with respect to the chords of the
spanning treel of G is known as aset of fundamental
circuits.

Consider a grapls = (V, E). We say thaG is embeddable
in a surface 3f G can be drawn irsin such a way that: (1)
each vertex € V is represented by a point & (2) each edge
e € E is represented by a continuous cuove Sconnecting
the two points which represent its end vertices, and (3) no
two curves share any point but the vertices.

Such a drawing is called ambedding of G in.SA graph
G embedded in the Euclidean plane is said tplamar.

Let G be a graphS the Euclidean plane and an em-
bedding ofG in S. A face F of D is a maximal region o8
bounded by edges @ such that for any pair of poin{, y)
in F, there is a continuous curwethat connects to y with
ceF.

3.2. Thebasic constraint problem

In this paper we focus otiie basic constraint probleihe-

fined as follows. Given a set of geometric elements and a set ¢
of constraints between them, place each geometric element

in such a way that the constraints are fulfilled. We consider
2D geometric elements like points, lines, line segments or
circles, along with constraints, like distance, incideacel
tangency between any two geometric elements.

The geometric constraint problem can be represented by

means of egeometric constraint graph & (V,E), where
the nodes iV are geometric elements with two degrees of
freedom and the edges i are geometric constraints such
that each of them cancels one degree of freedom.
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Once a geometric constraint problem has been translat-
ed into a geometric constraint graph, solving the geometric
constraint problem amounts to decompose the graph until
basic configurations, are found to which standard equdtiona
solvers are applied. Therefore, devising feasible algorst
that efficiently decompose constraint graphs is paramount.

As reported by JASRTPVMOT, the concept ofset de-
compositiorrefers to a way of partitioning a given abstract
set. LetShe a set with at least three different members, say
a,b,c. LetS, S, S3 C S We say thal{S;, S, 3} is aset de-
compositionof Sif S USUS; =Sand§ NS = {a} and
$NS = {b}and$ NS = {c}.

We say that vertices, b,c are thehingesof the set de-
composition, an;, S, andS; areclusters Notice that a set
decomposition is not necessarily unique.

In an analogous way, leG = (V,E) be a graph and
V1,V2,V3 C V. ThenVy,V, andV3 is aset decompositionf
Gif itis a set decomposition of and for every edge € E,
V(e) CV, for somei, 1 <i < 3.

Roughly speaking, aet decomposition of a graph &
(V,E), is a set decomposition of the set of vertitesuch
that does not break any edgeln

Finally, we define the concept tfee decompositiomf
a graph. LetG = (V,E) be a graph. A 3-ary tre@ is a
tree decompositionf G if: (1) V is the root ofT, (2) each
nodeV’ C V of T is the father of exactly three nodes, say
{V{,V3,V4}, which are a set decomposition of the subgraph
of Ginduced byv’, and (3) each leaf node contains exactly
two vertices oiV.

Geometric constraint graphs for which there is a tree de-
composition will be calledree decomposablehat is, the
associated geometric constraint problem is solvable by the
tree decomposition approach.

4. TheAlgorithm

Let G = (V,E) be a geometric constraint graph whéfe
represents the set of geoms dhdhe set of constraints de-
fined between them. Given a set of hindesb,c} CV, a set
decomposition of5 can be trivially computed. Moreover, a
recursive application of set decompositions yields a teee d
omposition ofG.

The goal is now to compute a set of hinges of a con-
straint graphG. We consider two distinct cases according
the connectivity ofG. For 0 and 1 connected graphs, there
is a smooth approach. We refer ttASRTPVMOT for the
details. For biconnected graphs, the approach is far more
difficult. In what follows we focus on this class of graphs.
Figurel outlines our algorithm.

The algorithm proceeds as follows. First a spanning tree
for the graphG is computed by applying a depth-first search.
Then the associated fundamental circyi&,...,Cn} are



4 M. Tarrés-Puertas & S. Vila-Marta & R. Joan-Arinyo / GCD Degposition Based on Computing Graph Circuits

INPUT: biconnected constraint gragh= (V,E), [V| > 3 Aq Ao

OUTPUT: a set of hinge$vi, vp,v3} CV, if one exists / / J Az
Compute a spanning trdeof G / / /]
Compute the set of fundamental circu@®f G A

according tor / / ,N/ '

Tavg (ms)

foreach C; € C do
Compute the set of bridgdsof G with respect t; / // /
Compute the collapsed gragh / / ///
Compute the merged graj@i’

H u
Compute the planar embeddibgof G W Ay

foreach F € D do R R T T
foreach {vq,vo,v3} CF do

if {v1,v2,v3} € G then Figura 2: Behavior of the algorithms A A, Ag, and A on
return {va,vy,vs} the dataset B.
endif
endfor
en df?;dfor All the graphs were under-constrained but not necessarily
return 0 tree-decomposable.

We also defined four versions of the decomposition algo-

Figura 1. Decomposition of a biconnected graph. fithm:

1. Az this is abrute-forcealgorithm that performs an ex-
haustive search for hinges.

2. Ao: In this version first vertices of degree two are re-
moved. Then the brute-force algorithm is applied.

3. Az: This version is an improvement éf with specific
treatment for 0-connected and 1-connected graphs.
The search is performed in a planar embeddnhgf a 4. Ay:is the algorithm presented in this work.

graphG’ resulting from transforming the given graghac- _

cording to thebridges [JASRTPVMO07TS93, defined inG L.‘Et SG denote the set of grapl@ssuch thais._ |V(G)|'.

S . . Notice that 3< s < 200. We applied each algorithm version
by the fundamental circuit under study. If the algorithnidfai . -
to each dataset. For each algorithm and each graph in a data

f|nd|ng_ a fundamental circuit with a set of hinges, the input set, we recorded the algorithm runtin&). Then for each
graph is not decomposable. . .
graph sizes, we averaged the runtime values as

_ Jveesal(G)
s
To gain insight on the algorithm behavior and to perform  thg results yielded by these tests are represented in Figure
a preliminary assessment of the algorithm runtime behavior ¢, dataseD; and in Figures for dataseD;.
we have implemented it in th8ol BCN framework which

can be downloaded under a GNU General Public License These results show that for both datasets the algorithm
(see BRVMSFO7). Ay introduced in this paper exhibits a noticeable improved

behavior. For graph& with |V (G)| ~ 200, the runtime for

The tests have been conducted on a standard desk comype algorithmAy is of about 200ms what allows interactive
puter with a Pentium IV at 3GHz processor and 1GB of |,ca in the SolIBCN framework.

core memory. The algorithm is implemented in Java using
the Sun JDK. The tests were planned as follows. Using the
methodology defined inJASRVMO] to generate random
geometric constraint graphs, two datasets were defined: This research has been partially funded by the Spanish
1. D1: A set of 1000 randomly generated geometric con- Ministerio de Educacion y Ciencia and by FEDER under

straint graphs with sizes ranging from 3 to 200 vertices. 9rant TIN2007-67474-C03-02.

All the graphs were well-constrained but not necessarily

tree-decomposable, that is not necessarily solvable by the Referencias

tree decomposition approach. [Dur98] DuURAND C. B.: Symbolic and numerical techniques for

2. D2: A set of 1000 randomly generated of geometric con- ~ constraint solving PhD thesis, Computer science department,
straint graphs with sizes ranging from 3 to 200 vertices. Purdue University, 1998. Major Professor-C. M. Hoffmann.

identified. From previous work JASRTPVMOT, we know
that any set of hinges @ must be a subset of the vertices of
some fundamental circu@; of G. Therefore we restrict the
search for hinges to the set of fundamental circuits.

5. Experimental Results T(s)

6. Acknowledgments
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Figura 3: Behavior of the algorithms A A, Az, and A; on
the dataset B.
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