
Abstract

In this work a stabilized formulation of the finite element method for solving the incom-
pressible Navier-Stokes equation and Lighthill’s tensor for calculation of acoustic sources are
presented. The important feature of this formulation resides in the design of the stabilization
terms, which serve several purposes. First, convective dominated flows in the Navier-Stokes
equation can be dealt with. Second, there is no need to use interpolation spaces subject to
an inf-sup condition for the velocity-pressure pair and therefore linear interpolation spaces
can be used. Finally, this formulation allows a more accurate computation of Lighthill’
tensor and a better representation of acoustics sources.

Key words : Navier-Stokes equation, Aeroacoustic, Litghill’s tensor, stabilized finite element,
variational multiscale method, monolithic scheme.

1



Contents

1 Introduction and objectives 4

2 Proposed methodology to solve aeroacoustics sources 5
2.1 First step: Computational Fluid Dynamics Simulation . . . . . . . . . . . . . . 5
2.2 Second step: The source term . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

3 Problem statement 6
3.1 Weak form of the Navier Stokes equation . . . . . . . . . . . . . . . . . . . . . 6
3.2 Time discretisation and linearization of the Navier-Stokes equations . . . . . . 7

3.2.1 First order schemes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
3.2.2 Second order schemes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

3.3 Galerkin finite element approximation of the Navier-Stokes equations . . . . . . 8

4 LES: Large Eddy simulation 8
4.1 Filtered Navier-Stokes equation . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
4.2 Some drawbacks of LES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

5 Subgrid Scale (SGS) stabilised finite element methods 10
5.1 Outline of the SGS stabilisation approach . . . . . . . . . . . . . . . . . . . . . 10
5.2 SGS with quasi static and dynamical subscales stabilised finite element method

for the Navier-Stokes equations . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
5.3 Some physical properties of the formulation . . . . . . . . . . . . . . . . . . . . 14

5.3.1 Conservation of momentum . . . . . . . . . . . . . . . . . . . . . . . . . 14
5.3.2 A door to turbulence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

6 Dissipative structure and backscatters 16
6.1 Energy balance equation for the Navier stokes problem . . . . . . . . . . . . . . 16
6.2 Energy balance equation for a Large Eddy Simulation model . . . . . . . . . . 17
6.3 Energy balance for the orthogonal subgrid scale with quasi-static and dynamical

subscales finite element approach to the Navier-Stokes problem . . . . . . . . . 18
6.4 Local kinetic energy balance equations . . . . . . . . . . . . . . . . . . . . . . . 20
6.5 Backscatters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

7 Fourier Transform 22
7.1 Discrete Fourier Transform . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

8 The acoustics sources 23

9 Numerical experimentation 24
9.1 CFD simulation of generic landing gear struts with horizontal angle α = 0o using

LES model and SGS stabilisation method with dynamical subscales . . . . . . 24
9.2 CFD simulation of generic landing gear struts with horizontal angle α = 15o

using LES model and SGS stabilisation method with dynamical subscales . . . 32
9.3 Acoustics sources generated by a single cylinder at Re=500 . . . . . . . . . . . 39
9.4 Acoustics sources generated by parallel cylinders at Re=1000 . . . . . . . . . . 42

10 Conclusions 45

2



11 Future work 45

3



1 Introduction and objectives

With the constant need to travel faster, better and safer through air the industry of aeronautics
became one of industries with the highest progression in the last century. From the first flight
of Wright’s brothers until now, men have produced powerfull aircrafts. With these aircrafts
people can travel very fast and safe from one point on earth to another, but like everything
else, when there is some progress there is the need to pay some costs. One of this costs is the
sound generated from aircrafts. In one long period of aviation history, scientists and engineers
thought that sound generated from aircraft was only produced in the engine. During the 1960’s
and 1970’s Lighthill noticed that flow around aircrafts (aerodynamics) also produce some part
of sound. With this discovery a new field emerged, Aeroacoustics. This field has emerged from
the fields of acoustics and fluid mechanics and is concerned with sound generated by unsteady
and/or turbulent flows and also by their interaction with solid boundaries. This type of sound
is comonly known as aerodynamic sound. In contrast to classical acoustics, forces and mo-
tions inside the flow are the sources of sound rather than the externally applied ones. On the
other hand Computational Aeroacoustics (CAA) is a relatively new computational field that
aims at simulatig and predicting aerodynamically generated noise. With constant developing
of computers CAA has become nowdays an active research field due to its applications in the
aeronautics, railway, automotive and underwater industrie. The objective of this work is to
present a finite element method for the approximation of incompressible Navier-Stokes equa-
tion and calculation of Lighthill’s tensor which arise in Aeroacoustics as acoustics sources.
These sources are the source for the inhomogeneous Helmholtz equation which calculate pres-
sure fields to predict sound in domains. Lighthill showed how the compressible Navier-Stokes
equation could be reordered in the form of an inhomogeneous acoustic wave equation with
a source term built from the double divergence of what is now known as Lighthill’s tensor.
This tensor involves combination of the flow variables and their derivatives (velocity, pressure
and density), and under certain hypothes it acquires a simple, treatable expression. This work
will show how different methods of stabilization for the Navier-Stokes equation gives different
solution of calculation of Lighthill’s tensor. The stabilization technique presented in this work
is developed in the variational multiscale framework. It is based on a two-scale decomposition
of the unknowns in the finite element component and a subgrid scale or subscale which corre-
sponds to the unknown component that cannot be captured by the finite element space. The
idea followed was first presented in [4]. In particular, the version for systems of equations was
introduced in [2] .The key point is the approximation of the subgrid scales. In this work it has
been chosen the simplest approach that consists of taking them proportional to a projection
of the residual of the finite element approximation multiplied by a matrix of stabilization pa-
rameters. Among the several options to select the projection and the structure of the matrix of
stabilization parameters, the identity and a diagonal structure have been chosen, respectively.
Up to this point, the only missing issue to close the formulation is the design of the stabilization
parameters. It has been done based on the stability and convergence analysis of the method.

The usual approach for solving the Navier-Stokes equations like a part of the Aeroacoustic
problem is to use LES (Large Eddy simulation) to simulate turbulent flows which arise in high
Reynolds numbers. LES performs a spatial scale decomposition equations for the velocity and
pressure. (û, p̂) stands for large scales that are expected to be computationally resolvable, while
(u

′
, p

′
), stands for the small scales, which are not expected to be captured. The goal of this

work is to show how these small scales can be modelled and how these small scales afect the
simulation of turbulent flow problems.

The paper is organized as follows. In Section 2 methodology for solving aeroacoustics sources
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of sound is proposed. In Section 3 the first step problem (Computational Fluid Dynamics) is
stated both in its continuous and its variational form. Issues regarding the time integration
and the linearization of the non-linear term are discussed in this section, leading to a time
discrete and linearized scheme. After that there is a short presentation of Large Eddy simulation
(LES) in Section 4. Next, the subgrid scale framework is explained in section 5 for quasi-
static and dynamical subscales. After proposing the stabilization method, there is a discussion
energy balance for Navier-Stokes equation using LES and SGS approach in Section 6. Short
introduction to Fourier transform is presented in Section 7. Way how to calculate Litghill’s
tensor is presented in Section 8. Numerical experiments verifying the theoretical results are
explained in Section 9 and finally some conclusions are drawn in Section 10 and future work
in Section 11.

2 Proposed methodology to solve aeroacoustics sources

2.1 First step: Computational Fluid Dynamics Simulation

The CFD(Computational Fluid Dynamics) computation aims at obtaining the flow velocity
vector u, from the solution of the time evolving incompressible Navier-Stokes equation. The
mathematical problem consists in solving the latter equation in a given computational domain
Ω ⊂ Rd (where d=2 or 3 is the number of space dimensions) with boundary Γ = ∂Ω and
prescribed initial and boundary conditions. The boundary Γ = ∂Ω can be split into two disjoint
sets (∂Ω = ΓD ∪ ΓN ) respectively accounting for those boundaries with prescribed Dirichlet
and Neumann conditions. The problem can be derived as:

∂tu+ u · ∇u− ν∆u+∇p = f in Ω, t > 0, (1)

∇ · u = 0, in Ω, t > 0 (2)

u(x, 0) = u0(x) in Ω, t = 0, (3)

u(x, t) = uD(x, t) on ΓD, t > 0, (4)

n · σ(x, t) = tN (x, t) on ΓN , t > 0, (5)

with ν representing the kinematic flow viscosity, f the external force and tN the reaction on
the boundary.
In the case of high Reynolds number problems we will be faced with the difficulty to simulate
turbulent flows. There exist mainly three options to do so [9], namely the RANS (Reynolds
Avereged Navier-Stokes equation) approach and the DNS ( Direct Numerical solution approach
and the LES (Large Eddy Simulation) approach. In general, the RANS approach turns to be not
appropriate for aeroacoustic simulation because it cannot properly capture time fluctuations.
On the other hand, DNS computational cost scales Re9/4, which makes it not feasible for typical
high Reynolds number problems found in aeronautics, railway, or automotive application. Hence
the right option seems to be LES, that performs a spatial decomposition u = û+u

′
, p = p̂+p

′

for the velocity and the pressure in (1) − (5). (û, p̂) stands for some large scales that are
expected to be computationally resolvable while (u

′
, p

′
) stands for the small scales, which are

not expected to be computable.
In the standard LES approach, the scale decomposition is carried out by convolving (1)− (5)
with a filter function. As it is known, this gives place to a closure problem because an extra
term of the type R = u⊗ u− u⊗ u, which has to be modeled, appears in the equation . This
term is known as the residual stress tensor. Once having a model for R, the resulting LES
equations can be discretised and a numerical solution attempted. However, there is another
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possible strategy that consists in performing the scale decomposition by means of a projection
onto the finite element space. In this case large scales represent those scales that can be directly
captured with the computational mesh . An advantage of a such a procedure is that avoids
some of the typical problems encountered in standard LES such as the merging of errors arising
from the closure model and from the adopted numerical strategy.
This alternative approach to LES has been developed in the framework of Subgrid Scale (SGS)
stabilized finite element methods [13] and constitutes a reliable alternative to the standard
LES simulation of turbulent flows [11]. In the following section the SGS method adopted in
this work [1] will be presented in full details.

2.2 Second step: The source term

The second step of the method consists in obtaining the acoustic source term or Lighthill’s
tensor, i.e ρ0(∇⊗∇) : (u⊗u), from the flow velocity vector, u, which has already been computed
in the solution of the Navier-Stokes equation. As the source term involves a double divergence
it cannot be directly computed using finite elements of class C0, unless it is integrated by parts
transferring one derivative to the test function. However, there also exists the possibility to
approximate the source term with first order derivative terms thanks to the incompressibility
constraint. Efectively,

(∇⊗∇) : T ≈ ρ0(∇⊗∇) : (u⊗ u) = ρ0∇ · [(∇⊗ u) · u+ u(∇ · u)]
= ρ∇ · [(∇⊗ u) · u] = ρu · ∇(∇ · u) + ρ0(∇⊗ u) : (∇⊗ u)T

= ρ0(∇⊗ u) : (∇⊗ u)T = s(x, t), (6)

where ∇ ·u = 0 has been used twice and we have defined s(x, t) in the last line. This approxi-
mation allows the direct visualization of the source term while keeping the advantages of using
C0-class finite elements. The second step of the method finishes by performing the time Fourier
transform of s(x, t) to get ŝ(x, ω).

3 Problem statement

3.1 Weak form of the Navier Stokes equation

Let us consider in what follows the case of homogeneous Dirichlet conditions and use Vd
0 and

Q0 to designate the functional spaces

Vd
0 = H1

0(Ω) = {u(x) ∈ H1(Ω)d|u = 0 on ΓD} (7)

Q0 = {q(x) ∈ L2(Ω)|
∫
Ω
qdΩ = 0 if ΓN = ∅} (8)

The weak or variational form corresponding to (1)− (5) is then found as usual by multiplying
these equations by the test functions v ∈ Vd

0 , q ∈ Q0 and integrating over the whole domain Ω.
Hence, the variational problem consists e.g in finding [u, p] ∈ L2(0, T ;Vd

0 )×L1(0, T ;Q0) such
that ∫

Ω
v · {∂tu+ (u · ∇u)}dΩ + ν

∫
Ω
∇v : ∇udΩ−

∫
Ω
p∇ · vdΩ =

∫
Ω
v · fdΩ (9)∫

Ω
q∇ · udΩ = 0 (10)
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for all v ∈ Vd
0 , q ∈ Q0 . In order to shorten the notation in (9)− (10) and subsequent equations,

we will use

l(v) = 〈v,f〉 (11)

Note that the brackets in (11) corresponds to duality pair between H1/2(ΓN ) and
H−1/2(ΓN ) . The weak form can then be rewritten as

(∂tu,v) + 〈u · ∇u,v〉+ ν(∇u,∇v)− (p,∇ · v) = l(v) (12)

(q,∇ · u) = 0 (13)

3.2 Time discretisation and linearization of the Navier-Stokes equations

To find a numerical approximation to the Navier Stokes equations (1) − (5) we will have to
discretise in time and space. The time discretisation scheme that has been used in this work is
the generalized trapezoidal rule. Let us consider a partition of the computational time interval
0 < t0 < .... < tN = T with a constant time steps size δt = tn+1 − tn and let us introduce the
following notation for a generic time-dependent function ϕ(t)

δϕn = ϕn+1 − ϕn (14)

δϕn+α = αϕn+1 + (1− α)ϕn (15)

δtϕ
n = δϕn/δt (16)

Where α ∈ [0, 1] and ϕn stands for the value of ϕ at time tn. The time discrete version of the
Navier Stokes (1)− (5) for homogeneous Dirichlet conditions can be written as

∂tu
n +N n(u)− ν∆un+α +∇pn+1 = fn+α in Ω, (17)

∇ · un+α = 0, in Ω, (18)

u0 = u0 in Ω, (19)

un+α = 0 on ΓD, (20)

n · σn+α = tn+α
N on ΓN , (21)

with N n(u) representing an approximation to the convective term. Depending on the value of
α in (17) − (21) we will have a first or second order accurate in time scheme for the solution.
The most widely used schemes are.

3.2.1 First order schemes

Using α = 0 we will obtain Forward Euler scheme. This scheme is conditionally stable i.e. δt
has to be small enough. In this case the convective term is given explicitly N n(u) = (un ·∇)un

Using α = 1 the Backward Euler scheme is obtained. Backward Euler is unconditionally stable.
In this case the convection term is given implicitly N n(u) = (un+1 · ∇)un+1. A linearization
process is needed at each time step.
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3.2.2 Second order schemes

From another side using α = 1/2 we will get Crank-Nicolson scheme which is unconditionally
stable. The convection term is implicit and given by N (u) = (un+1/2 ·∇)un+1/2. A linearization
process is needed at each time step. Also if α = 1/2 we will obtain Adams-Bashforth/Crank-
Nicolson schemewhich is conditionally stable i.e. δt has to be small enough. Instead of using
α = 1/2 for the convective term, this term is explicitly obtained from N n(u) = 1

2 [3(u
n ·∇)un−

(un−1 · ∇)un−1]
In this work we have used Backward Euler (first order scheme) and Crank-Nicolson (second
order scheme).
The time discrete spatial continuous weak form of the Navier-Stokes problem can then be
stated as: from known un, find un+α ∈ Vd

0 , p
n+1 ∈ Q0 such that

(δtu
n,v) + 〈un+α · ∇un+α,v〉+ ν(∇un+α,∇v)− (pn+1,∇ · v) = l(v) (22)

(q,∇ · un+1) = 0 (23)

After time discretisation and linearization of convective term with Picard method, final equation
stated

(
1

δt
(un+1,i+1 − un,i+1,v) + 〈un+1,i · ∇un+1,i+1,v) + ν(4un+1,i+1,v)

−(∇pn+1,i+1,v) = (f ,v) (24)

(∇ · un+1,i+1, q) = 0 (25)

3.3 Galerkin finite element approximation of the Navier-Stokes equations

Proceeding to the spatial discretisation of (22) − (23). Given a finite element partition of Ω
with ne elements, nu nodes for the velocity, np nodes for the pressure and the finite dimensional
subspaces Vd

h,0 ⊂ Vd
0 and Qh,0 ⊂ Q0 to respectively approximate the velocity and the pressure,

the Galerkin finite element approach to (22) − (23) can be stated as: from known un
h find

un+α
h ∈ Vd

h,0, p
n+1
h ∈ Qh,0 such that

(δtu
n
h,vh) + ν(∇un+α

h ,∇vh) + 〈un+α
h · ∇un+α

h ,vh〉
−(pn+1

h ,∇ · vh) + (qh,∇ · un+1
h ) = l(vh) (26)

for all vh ∈ Vd
h,0, qh ∈ Qh,0

Galerkin formulation (26) suffers from several numerical problems. There are problems related
to numerical instabilities for high Reynolds numbers, when the non-linear convective term
in the equation dominates the viscous term. Also, a compatibility condition (inf-sup or LBB
condition) is required to control the pressure term. This condition does not allow to use equal
order interpolations to approximate the velocity and pressure fields. Further we can mention
that also there are instabilities when small time steps are used. All these difficulties turn the
Galerkin formulation (26) useless in practice.

4 LES: Large Eddy simulation

In general it is not possible to solve the Navier Stokes equation for turbulent flow analytically.
Numerical methods have become a very useful tool to understand several aspects of turbulent
flow such as the transition process to chaos or the complex physics of fully developed turbulent
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flow. Numerical methods have become also an indispensable tool to address many engineering
problems involving turbulence. We have already commented in section 2 that there exist three
main possibilities to perform Computational Fluid Dynamics (CFD) of turbulent flows in the
spatial domain [9] namely RANS, DNS and LES methods. It has been argued that the later
turns to be the appropriate approach for the kind of problems we aim to solve and we will
concentrate on it in this section. We remind that the key idea of standard LES is to decompose
the velocity and pressure fields at the continum level, so that [u, p] = [u, p]+ [u

′
, p

′
] with [u, p]

representing the large scales of the flow that can be computed, whereas [u
′
, p

′
] accounts for the

non-resolvable small scales. The key point in LES consists in properly modeling the effects of
the non-computable small scales into the large ones

4.1 Filtered Navier-Stokes equation

The scale decomposition between large and small scales has been done traditionally by means
of a filtering process [9]. Without detailing the possible low-pass filter operations and assuming
that the filter (·) : v 7→ v commutes with the differential operators, we can filter the Navier
Stokes equations (1)− (5) to obtain the system

∂tu+ u · ∇u− ν∆u+∇p = f −∇ · R in Ω× (0, T ) (27)

∇ · u = 0, in Ω× (0, T ) (28)

u = 0 or u periodic on Γ, (29)

u(x, 0) = u0(x) in Ω, (30)

In (27) the tensor R = u⊗ u − u ⊗ u is known as the residual stress tensor, subscale tensor
or subgrid scale tensor, In order for (27) − (30) to be a closed system of equations for [u, p]
it is need to express R in terms of u. This question is known as closure problem. The various
choices for R give place to different LES models. Once a model has been chosen, the last
step of LES consists in the discretisation of (27) − (30) and in finding its numerical solution.
One could wonder about the possibility of finding an exact closure for (27) − (30) so that R
could be expressed in terms of u, without making any approximation. This is in fact possible
if we make use of Helmholtz filter that obtains u from the solution of the Helmholtz equation
u− ε24u = u. It follows that u = (I − ε24)−1u, with ε > 0 standing for the cut-off scale [3].
Taking into account that u⊗ u = (u− ε24u)⊗ (u− ε24u) and applying the filter to u⊗ u
we get u ⊗ u = u⊗ u − ε24u⊗ u. Inserting these relations into the subgrid scale tensor we
obtain

Rij = (ui − ε24ui)(uj − ε24uj)− uiuj

= uiuj − ε2uj4ui − ε2ui4uj + ε44ui4uj − uiuj

= ε24(uiuj)− ε2uj4ui − ε2ui4uj + ε44ui4uj

= 2ε2∇ui · ∇uj + ε44ui4uj (31)

The expression effectively allows to write R in terms of u without making any approximation or
adding some hypotheses. However, it is to be remarked that the Helmholtz filter establishes an
isomorphism between L∞(0, T ;H(Ω)) and L∞(0, T ;H(Ω)∩H2(Ω)), and betwen L2(0, T ;V (Ω))
and L2(0, T ;V (Ω) ∩H3(Ω)) . Consequently the exact closure (31) has only served to build an
isomorphism between the weak solution of (1) − (5) and the weak solution of (27) − (30) [5].
Hence, the number of degrees of freedom needed to solve both problems remains the same. This
result can be generalised to any exact closure of equation (27) − (30), so making LES under
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these circumstances is as much involved as performing DNS. At the first sight this may look
as a paradox fact given that finding an exact closure seems a reasonable goal. However, this
is not the case and LES is only meaningful for a non exact closure so that flow information is
lost in the subscale modeling.

4.2 Some drawbacks of LES

LES presents several problems and unsolved questions. The key subject still concerns in finding
a good model for the subgrid scale tensor. However, it has just been pointed out that achieving
an exact closure is a pardox program, so this cannot be a motivation to find subscales models.
On the other hand, many of the existing LES models are based on physical and numerical
approximations and heuristic arguments, which perform more or less well depending on the
problem where they are applied. Generalizations are difficut to find although it is recomended
that the subscales satisfy certain properties such as to conserve the invariance under trans-
formations of the original Navier-Stokes equations. However, it is not fully clear which should
be characteristic of a good LES model (apart from the obvious fact that it should properly
reproduce experimental data) Another important question concerns the relation/ interaction
between arising from the physical LES model and from numerical methods used to solve the
discretised problem. It is also not clear which should be the relation between the filter support
ε and the characteristic mesh element size h. In addition, the problem of the commutation error
of the filtering and differentiation operations needs also to be addressed. In summary, we could
say that nowdays a satisfactory mathematical theory of LES still does not exist although steps
towards this direction are being carried out.

5 Subgrid Scale (SGS) stabilised finite element methods

5.1 Outline of the SGS stabilisation approach

In the past two decades, several stabilization strategies have been developed to circumvent the
numerical instabilities that arise in the Galerkin finite element solution of partial differential
equations. We will concentrate here on the Subgrid Scale (SGS) approach (also termed Vari-
ational Multiscale Method (VMM) or Residual-Based stabilization) originally developed by
Hughes [13] for the scalar convection-diffusion-reaction equation and letter extended to other
equations by many authors. for the sake of clarity, the main ideas of the method will be first
outlined for an abstract stationary variational problem and then explicitly presented in detail
for problems (12) − (13) and in subsequent sections. Let us consider the abstract variational
continuous problem of finding y ∈ Y such that

m(y, z) = n(z) (32)

for all z ∈ Z m and n respectively represent (for simplicity) bilinear and linear continuous
weak forms, while Y and Z are infinite dimensional spaces. The subgrid scale approach to
find numerical solution to (32) consists in first splitting Y and Z into Y = Yh ⊕ Ỹ and
Z = Zh ⊕ Z̃. Yh Yh and Zh stand for the finite dimensional spaces (continuous spaces) to
respectively complete Yh, Zh in Y and Z. Variables y and z can then be decomposed as
y = yh + ỹ, z = zh + z̃ and substituted in (32) to obtain

m(yh, zh) +m(ỹ, zh) = n(zh) ∀zh ∈ Zh (33)

m(yh, z̃) +m(ỹ, z̃) = n(z̃) ∀z̃ ∈ Z̃ (34)
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Consequently, (32) has been transformed into two equations (33) governing the dynamics of the
resolvable “large“ scales and (34) governing dynamics of the ”small” subgrid scales. The key
idea consists in finding an approximate solution or model for the subscales equation , substitue
in large scales equation and solve for them. In other words, the subgrid approach aims at
simulating the influance of those small scales of the numerical solution. The influance of these
small continous scales is what is not taken into account in the Galerkin numerical approach to
the problem.

5.2 SGS with quasi static and dynamical subscales stabilised finite element
method for the Navier-Stokes equations

To apply the SGS stabilised finite element method to (22) and (23), we will decompose the
velocity and velocity test functions as

u = uh + ũ, v = vh + ṽ (35)

which correspond to the space splitting Vd
0 = Vd

h,0 ⊕ Ṽd
0. The velocity time derivative can be

split as

∂tu = ∂tuh + ∂tũ (36)

The first term in (36) would be the only one kept if the time derivative of the subscales is
neglected. In this situation, the subscales were termed as quasi-static [11]. In another case, if
the second term is kept, the subgrid scales are termed as dynamical subscales.
We will also decompose the pressure and the pressure test function as

p = ph + p̃, q = qh + q̃ (37)

corresponding to the space splitting Q0 = Qh,0+ Q̃0, where uh, ph belong to the finite element
spaces and ũ and p̃ are what we will call the subgrid scales. We can identify the finite element
components of the solution as the resolved scales, whereas the subscales are the unresolved
scales. Before we are inserting the above decomposition in (22) and (23) we will analyze which
are the implications of keeping the nonlinear terms involving ũ in the Navier-Stokes equations.
Using (35) the convective term will lead to

∇ · (u⊗ u) = ∇ · (uh ⊗ uh) +∇ · (uh ⊗ ũ) +∇(ũ⊗ uh) +∇ · (ũ⊗ ũ) (38)

= (I) + (II) + (III) + (IV )

Obviously (I) would be the only term appearing in a Galerkin approximation, whereas the
rest are contributions from the velocity subscales. It can be shown that when this subscale is
modeled, the term that provides numerical stability is (II), in the sense that it gives control
on the convective derivative and the pressure gradient, allow to deal with convection dominant
flows. (III) leads to global momentum conservation [10]. (IV) in (38) arose the question of
whether keeping the contribution from the subscales in the convective term could be viewed as
a turbulence model or not. By analogy with LES models, the different terms appearing in (38)
could be termed as follows

(II) + (III) = uh ⊗ ũ+ ũ⊗ uh Cross stress (39)

(IV ) = ũ⊗ ũ Reynolds stress (40)

(II) + (III) + (IV ) = uh ⊗ uh − u⊗ u Subgrid scale tensor (41)
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Let us consider a finite element partition K of the computational domain Ω. As explained earlier,
the starting point of the formulation to be presented is the splitting velocity and pressure. For
simplicity, we will not consider pressure subscales. Thus, if ũ is a certain approximation to the
exact velocity subscale, the splitting we consider is u ≈ u∗ = uh+ ũ, p ≈ ph . When inserted
into (12) and (13) this yields:

(∂tuh,vh) + 〈u∗ · ∇uh,vh〉+ ν(∇uh,∇vh)− (ph,∇ · vh) + (qh,∇ · uh)

+(∂tũ,vh)−
∑
K

〉ũ,u∗ · ∇vh + ν4vh +∇qh〉K

+
∑
K

〈ũ, νn · ∇vh + qhn〉∂K = 〈f ,vh〉, (42)

(∂tũ, ṽ) +
∑
K

〈u∗ · ∇ũ− ν4ũ, ṽ〉K +
∑
K

〈νn · ∇ũ, ṽ〉

+
∑
K

〈∂tuh + u∗∇uh − ν4uh +∇ph, ṽ〉

+
∑
K

〈νn · ∇uh − phn, ṽ〉 (43)

where equation (42) correspond to the large scales and equation (43) correspond to the small
scales. First term in equation (43) give information if we are following subscales in time or not.
Appearance of this term will lead in difference between method with dynamical subscales and
method with quasi-static subscales. Assuming that that the velocity subscales will be zero at
the element boundaries as well as on ∂Ω. This allows to understand the velocity subscales as
bubble function vanishing on inter element boundaries. Applying these assumptions in equation
(42) leads to equation for large scales

(∂tuh,vh) + 〈uh · ∇uh,vh〉+ ν(∇uh,∇vh)

− (ph,∇ · vh) + (qh,∇ · uh)

−
∑
Ωe

〈ũ, ν4vh + uh · ∇vh +∇qh〉Ωe

+ (δtũ,vh) + 〈ũ · ∇uh,vh〉
− 〈ũ · ∇vh〉 = l(v) (44)

The first two lines contains the Galerkin terms stated in equation (26). The third line cor-
responds to terms that are already obtained in stabilization of the linearised and stationary
version of the Navier Stokes equation. It is well known that the inclusion of these terms in the
formulation allow to circumvent the convection instabilities and to use equal interpolations for
the velocity and the pressure fields. The fourth and fifth lines contain terms arising from the
effects of the velocity subscales ũ in the material derivative of the equation. The first term in
the fourth line accounts for the time derivative of the subscales and appearance of this term
will distinguish method with dynamical subscales from method with quasi-static subscales,
while we will justify that the second term provides global momentum conservation which is
not satisfied in the Galerkin finite elemnt approach. The fifth line corresponds to a Reynolds
stress for the subscales ( note that 〈ũ, ũ · ∇vh〉 = −〈ũ ⊗ ũ,∇vh〉. It will explained that this
term may be identified with the direct effects of the subscale turbulence onto the large scales.
The key point of formulation in (44) that distinguish it from the standard SGS approach that
resulted in the apparence of the additional fourth and fifth lines in (44) has been to keep all
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terms associated to the effects of the velocity subscales u in the material derivative of the exact
velocity field. Effectively,

D

Dt
u =

D

Dt
(uh + ũ) = ∂uh + ∂tũ+ ũ · ∇uh + uh + ũ · ∇ũ+ uh · ∇ũ (45)

Note that ∂tuh and uh ·∇uh (once discretised in time) appear in the Galerkin formulation and
that the last term in (45) contributes to the standard SGS stabilisation in (44). The remaining
terms ∂tũ, ũ·∇uh and ũ·∇ũ are the new terms respectively accounting fo the time dependence
of the velocity subscalses, momentum conservation and the subscale Reynolds stresses. Our aim
is to find now the solution uh, ũ and ph in (44). Obviously to do so we first need a value for
the subscales ũ that has to be obtained from the solution of the small subgrid scales equation
of the problem. This equation can be written in differential form as

δtũ+ (uh + ũ) · ∇ũ− ν4ũ+∇p̃ = ru,h (46)

with ru,h representing residual of the finite element components uh given by

ru,h = −P[δtũ+ (uh + ũ) · ∇ũ− ν4ũ+∇p̃h − f ] (47)

We will refer to the case P = I (identity) [11] as the Algebraic Subgrid scale (ASGS) method,
whereas P =

∏⊥
h = I−

∏
h,
∏

h standing for the L2 projection onto the appropriate velocity or
pressure finite element space leads to the Orthogonal Subscale stabilisation (OSS) approach.
Using arguments based on a Fourier analysis for the subscales [11], the system of equation
(46)− (??) can be approximated as

∂tũ+
1

τ1
ũ = ru,h (48)

where the stabilisation parameter τ1 have the expression

τ1 = (c1
ν

h2
+ c2

|uh + ũ|
h

)−1 (49)

c1 and c2 in (49) are algoritmic parameters with recomended values of c1 = 4 and c2 = 2
for linear elements, while h stands for a characteristic mesh element size. From the physical
point of view, the approximation (49) to problem (46) ensures that the kinetic energy of the
modeled subscales resembles the kinetic energy of the exact subscales. Before we are writing
final equation we will obtain essential approximation which state∑

K

〈u∗ · ∇ũ− ν4ũ, ṽ〉K ≈
∑
K

τ−1
1 〈ũ, ṽ〉K (50)

The approximations described allow us to formulate a method that can be effectively imple-
mented and that is the formulation we propose. It consists in finding uh ∈ L2(0, T ;Vh) and
ph ∈ D(0, T ;Qh) such that

(∂tuh,vh + 〈u∗ · ∇uh,vh〉+ ν(∇uh,∇vh)− (ph,∇ · vh) + (qh,∇ · uh)∑
〈ũ,u∗ · ∇vh + ν4vh +∇h〉 = 〈f ,vh〉, (51)

(∂tũ, ṽ +
∑

τ−1
K 〈ũ, ṽ〉

+
∑

〈u∗ · ∇uh − ν4uh +∇ph, ṽ〉 = 〈f , ṽ〉 (52)
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These equations must hold for all [vh, qh] ∈ Vh × Qh and ṽ ∈ Ṽ . A complete numerical
analysis of (51)−(52) would include stability and convergence estimates as well as a qualitative
analysis of the associated dynamical system. Moreover, in the context of stabilized finite element
methods this analysis should be conducted in norms that do not explode as ν → 0 and allow for
any velocity-pressure interpolation. Whereas the second requirement could be considered not
essential by those that favor the use of inf-sup stable velocity-pressure interpolations, the first is
a must. From the numerical point of view, estimates that explode with ν are completely useless
if the formulation is intended to be applied to large Reynolds number flows and, obviously, to
model turbulence.

5.3 Some physical properties of the formulation

In this section we will focus on the physical meaning of the two additional terms that have
appeared in the formulation (44) . It has been advanced that these terms play the role of
conservation of momentum and of subscales turbulence ( subscale Reynolds stresses) In order
to see this and to simplify the notation, we will consider (44) prior to its time discrtisation i.e
u, ũ, p, p̃ will be now time continuous functions and ∂tϕ

n will be replaced by the time derivative
∂tϕ

5.3.1 Conservation of momentum

Let us start by analysing the effect of 〈ũ · ∇uh, vh〉, let Vd
h be the velocity finite element space

without imposing Dirichlet boundary conditions, that is with degrees of freedom also associated
to the boundary nodes. Let be the stress vector (traction) on the boundary Γ and consider
the following augmented problem instead of (44)

(∂tuh, vh) + ν(∇uh,∇vh) + 〈uh · ∇uh, vh〉
−(ph,∇ · vh) + (qh,∇ · uh)− (vh,f〉 − 〈vh, t〉Γ

+(∂tũ, vh) + 〈ũ · ∇, vh〉 − 〈ũ, ũ · ∇vh〉
−
∑
K

〈ũ, ν4vh + uh · ∇vh +∇qh〉K = 0 (53)

where now vh ∈ Vd
h (not just Vd

h,0). Considering d=3 and taking for example vh = (1, 0, 0) and
qh, this equation yields∫

Ω
[∂t(uh,1 + ũ1)− uh,1∇ · uh]dΩ +

∫
Ω
ũ · ∇uh,1dΩ +

∫
Γ
uh,1un · ndΓ

=

∫
Γ
f1Γ +

∫
Γ
t1Γ (54)

where now the zero Dirichlet condition for the velocity is not explicitly required. This statement
provides global momentum conservation if

−
∫
Ω
uh,1∇ · uhdΩ +

∫
Ω
ũ · ∇uh,1dΩ = 0 (55)

This is implied by the continuity equation obtained by taking vh = 0

(qh,∇ · uh)−
∑
K

〈ũ,∇qh〉K = 0 (56)
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provided Vh/R ⊆ Qh,0, that is to say, the velocity component uh,1 belongs to the pressure
space (uh,1 can be considered modulo constants, since they do not affect neither the first nor
the second terms in (55). This holds for the natural choice Vh/R = Qh,0 that is to say, equal
velocity-pressure interpolations. For the standard Galerkin method, this condition is impossible
to be satisfied, since equal interpolation does not satisfy the inf-sup condition. As a conclusion
the term 〈ũ ·∇uh, vh〉 provides global momentum conservation, since without it in the discrete
momentum equation, we would have obtained −

∫
Ω uh,1∇ · uhdΩ = 0 instead of (55) which is

not implied by (56)

5.3.2 A door to turbulence

Let us made now some speculative comments on the possibility to simulate turbulent flows using
the formulation in (44) and on the role of the remaining term −〈ũ, ũ · ∇vh〉. In the standard
LES approach to solve turbulent flows [9] an equation is obtained for the large, filtered scales
of the flow, which we will denote with an over bar. This equation includes an extra term when
compared with the incompressible Navier-Stokes equations (1)− (5): the divergence of the so-
called residual stress tensor or subgrid scale tensor R = u⊗ u − u ⊗ u. Tensor R has to be
modeled in terms of u to obtain a self-contained equation, a problem known as the closure
problem, and, once this is done, the resulting LES equation can be solved numerically. The
residual stress tensor, R, is often decomposed into the so-called Reynolds, Cross and Leonard
stresses to keep the Galilean invariance of the original Navier-Stokes equation in the LES
equation. This invariance is automatically inherited by the formulation presented above and
we observe that analogous terms to the various stress types are recovered in a natural way from
our pure numerical approach [12]. Let us have a look at this point. We first consider the last
four terms in the material derivative (45) as they appear in the variational equation (44). The
term −〈ũ, ũ · ∇vh〉 = −〈ũ⊗ ũ,∇vh〉 can be rewritten as

−〈ũ, ũ · ∇vh〉 = −〈ũ⊗ ũ,∇vh〉 (Reynolds stress) (57)

while the addition of the other three terms becomes, after integration by parts

〈uh · ∇uh,vh〉 − 〈ũ,uh · ∇vh〉+ 〈ũ · ∇uh,vh〉 =
−〈uh ⊗ uh,∇vh〉 (Convection of the large scales) (58)

−〈uh ⊗ ũ+ ũ⊗ uh,∇vh〉 (Cross stress) (59)

If we now pay attention to the convective term of the residual in the subscale equation (48)
and take, for simplicity, P = I, we observe that

〈(uh + ũ) · ∇uh, ṽ〉 =
−〈uh ⊗ uh,∇ṽ〉 (Leonard stress) (60)

−〈uh ⊗ ũ,∇ṽ〉 (61)

Hence, we can effectively conclude that the modifications introduced by the presence of the
divergence of R in the LES equations are somehow automatically included in our subgrid
scale stabilised finite element approach. So far we have given an interpretation to (58) − (60)
as contributions from the Galerkin, stabilisation and conservation of momentum terms and
also from the equation driving the dynamic evolution of the subscales (48).In the present
formulation, the remaining Reynolds stress term (57), is then considered to account for the
direct subscale turbulent effects onto the large, resolvable, scales. How good our formulation
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will work as a turbulent model will mainly depend on the validity of the approximation made to
derive the evolution equation for the subscales (48), being the ASGS or the OSS methods two
available possibilities. In order to check this performance, benchmark problems for turbulent
flows should be used. The model should be able to reproduce the Kolmogorov energy cascade

in the wave number Fourier space that displays an inertial range where E(k, t) ∼ Ckε
2/3
molk

−5/3

(εmol) being the energy dissipation rate, k the wave number modulus, Ck the Kolmogorov
constant in energy [6] [8]. space and E the kinetic energy. Analogously , the pressure spectrum

fulfills Epp(k, t) ∼ CP ε
4/3
molk

7/3. The model should be also able to capture the appropriate decay
in time of the kinetic energy, the entrophy and other related statistical variables. Another
standard test for turbulence is the turbulent channel flow. In this case the model should be
able to approximate the turbulent boundary layer that, according to Prandtl theory, exhibits
a log behavior after the laminar sublayer. Finally, we should mention that in an attempt to
find a more mathematical foundation for the LES approach to turbulence. It is expected that
approximate solutions converge (in a weak sense) to suitable solutions. This seems to be the
case for low order finite elements and the standard Galerkin method. Hopefully, the above
presented enhanced formulations will have this property. Let us conclude noting that the term
−〈ũ, ũ · ∇vh has been identified with the direct contribution of the subscale turbulent effects
onto the large scales. However, all terms involving the subscales are indirectly affected by the
turbulence effects because the subscales are obtained from the non-linear equation (48) that
involves (60)−(61). In fact, −〈ũ, ũ · · ·vh has a little influence in the results. Let us also mention
that instead of using an expression of ũ in terms of the residual, turbulence modeling can be
attempted by giving directly an expression of ũ⊗ũ in terms of uh in the spirit of Smagorinskys
model [12].

6 Dissipative structure and backscatters

In this section we describe the dissipative structure of the formulation proposed. First, a local
balance of energy will allow us to see how is the flow of energy between the finite element
component and the subscales (that is to say, between the resolved and the unresolved scales).
We will then present a global balance of energy which shows that it is not necessary to use
a LES model apart from the one inherent to the numerical approximation described. Finally,
we will discuss the possibility to model backscatter and show in a numerical example that it
can effectively take place. In order to highlight the importance of taking Ṽ orthogonal to Vh

, we will also consider the possibility of using (50) in (42) − (43) without this orthogonality
enforcement.

6.1 Energy balance equation for the Navier stokes problem

The strong formulation of the Navier-Stokes equations has been stated in (1)−(5). This problem
can be rewritten in conservative form for the case of homogeneous Dirichlet conditions on the
boundary (∂Ω = ΓD) ,using rate of strain tensor S(u) = 1

2(∇u+∇uT ). We can formulate the
weak form as: find [u, p] ∈ L2(0, T ;H1

0 (Ω))× L1(0, T ;L2(Ω)/R) such that

(∂tu,v) + 2ν(S(u),S(v)) + 〈∇ · (u⊗ u),v〉 − (p,∇ · v) = 〈f ,v〉, (62)

(q,∇ · u) = 0 (63)

for all [v, q] ∈ H1
0 (Ω) × L2(Ω)/R, and satisfying the initial condition in a weak sense. In

what follows we will assume the solutions to be classical, which allows setting v = u, q = ct
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(constant) in (62) − (63) for each t ∈ (0, T ). Taking into account that we have limited the
analysis to homogeneous Dirichlet boundary conditions, we obtain the energy balance equation

d

dt
(
1

2
||u||2) = −2ν||S(u)||2 + 〈f ,u〉 (64)

Equation (64) states that the time variation of the flow kinetic energy depends on two factors,
namely, the molecular dissipation due to viscosity (which is clearly negative) and the power
exerted by the external force that can be either positive or negative. Identifying the pointwise
kinetic energy as k = u · u

2 , the pointwise molecular dissipation as εmol = 2ν[S(u) : S(u)] and
the pointwise power of the external force as Pf = f · u we can rewrite (64) as∫

Ω

dk

dt
d Ω = −

∫
Ω
εmol d Ω+

∫
Ω
Pf dΩ (65)

According to the Kolmogorov description of the energy cascade in turbulent flows, the flow
can be viewed as driven by the external forces acting at the large scales (low wave numbers)
and generating kinetic energy, which is transferred to the low scales (high wave numbers) by
non-linear processes. When the Kolmogorov length is reached, the viscous dissipation, εmol ,
in the r.h.s of (65) takes part transforming the flow kinetic energy into internal energy (heat is
released).

6.2 Energy balance equation for a Large Eddy Simulation model

We have shown in section 4 that in the standard Large Eddy Simulation (LES) of turbulent
flows, a scale separation between large and small scales for the velocity and pressure fields in the
Navier-Stokes equations is carried out. This yields [u, p] = [u, p] + [u, p], with [u, p] standing
for the large, filtered, scales and [u, p] representing the small, residual, ones. Considering the
same assumptions used to derive (27-30),
we get the filtered incompressible Navier-Stokes equations in conservative form:

∂tu− 2∇ · [νS(u)] +∇ · (u⊗ u) +∇p = f −∇ · R in Ω⊗ (0, T ), (66)

∇ · u = 0 in Ω× (0, T ) (67)

u(x, 0) = u0(x) in Ω, t = 0, (68)

u(x, t) = 0 on ΓD × (0, T ), (69)

The weak formulation of problem (66)− (69) can be stated as: find [u, p] ∈ L2(0, T ;H1
0 (Ω))×

L1(0, T ;L2(Ω)/R) such that

(∂tu,v) + 2ν(S(u),S(v)) + 〈∇ · (u⊗ u),v〉 − (p,∇ · v)
= 〈f ,v〉+ 〈R,∇v〉, (70)

(q,∇ · u) = 0 (71)

for all [v, q] ∈ H1
0(Ω) × L2(Ω)/R, and satisfying the initial condition in a weak sense. Taking

into account that R is symmetric, we can rewrite the second term in the r.h.s of 70)− (71) as
〈R, v〉 = 〈R,S(v)〉 . In addition, and without loss of generality, we will consider R deviatoric,
its volumetric part being absorbed in the pressure term. If we next set v = u, q = ct, for each
∈ (0, T) in (70)− (71) we can obtain an energy balance for the filtered Navier-Stokes equations:

d

dt
(
1

2
||u||2) = −2ν||S(u)||2 + 〈R,S(u)〉+ 〈f ,u〉 (72)
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We can now define the filtered pointwise kinetic energy k = u · u
2 , the pointwise filtered

molecular dissipation εmol = 2ν[S(u) : S(u)], the rate of production of residual kinetic energy
P r = −R : S(u) and the pointwise power of the external filtered force P f = f · u, so that we
can rewrite (72) as

d

dt

∫
Ω
k d Ω = −

∫
Ω
εmol d Ω−

∫
Ω
P r d Ω+

∫
Ω
P f d Ω (73)

For a fully developed turbulent flow with the filter width in the inertial subrange, the filtered
field accounts for almost all the kinetic energy of the flow. Thus,

∫
Ω k d Ω ≈

∫
Ω k d Ω and

the first terms in (65) and (73) become nearly equal. If the external force mainly acts on
the large scales of the flow, it will also happen that

∫
Ω P f d Ω ≈

∫
Ω Pf d Ω. On the other

hand, the energy dissipated by the filtered field, εmol is relatively small and can be neglected.
Consequently, comparing equation (65) with equation (73), we observe that in order for the
LES model to behave correctly it should happen that

∫
Ω P r d Ω ≈

∫
Ω εmol d Ω. That is, the rate

of production of residual kinetic energy should equal, in the mean, the energy dissipated by
viscous processes at the very small scales (Kolmogorov length), which is point of view expressed
by Lilly [7]. In the case of some celebrated LES models, such as the Smagorinsky model , P r

is always positive and there is no backscatter, i.e., the energy is always transferred from the
filtered scales to the residual ones, but not vice versa. It is quite customary then to term P r

as subgrid or residual dissipation and to denote it by εSGS .

6.3 Energy balance for the orthogonal subgrid scale with quasi-static and
dynamical subscales finite element approach to the Navier-Stokes prob-
lem

The subgrid scale finite element stabilisation method applied to the present problem has been
already described in section 5 and now we will use equation (44) and rate strain tensor we will
get the equation which correspond to the large scales

(∂tuh,vh) + 2ν(S(uh,S(vh)) + 〈∇ · (uh ⊗ uh),vh〉(ph,∇ · vh) + (qh,∇ · uh)

−
∑
e

〈ũ, 2ν∇ · S(vh) +∇ · (uh ⊗ vh) +∇qh〉Ωe + (∂tũ,vh) + 〈∇ · (ũ⊗ uh),vh〉

+〈ũ · ∇ũ,vh〉 = 〈f ,vh〉 (74)

To solve (74) we need expressions for the velocity subscales. These expressions can be found
from the solution of the small subgrid scale equation (projection onto the finite element com-
plementary spaces). We will use here the orthogonal subgrid scale (OSS) approach, which is
based on choosing the space orthogonal to the finite element ones as the complimentary spaces
in the above formulation. Moreover quasi-static subscales will be considered (this correspond
to neglecting time derivatives of subscales in (36)) leading to the approximations [1]

ũ ≈ τ1ru,h (75)

where ru,h represent the orthogonal projection of the residuals of the finite element component
uh

ru,h = −Π⊥
h [∂tuh − 2ν∇ · S(uh) +∇ · (uh ⊗ uh) +∇ph − f ] (76)

= −Π⊥
h [−2ν∇ · S(uh) +∇ · (uh ⊗ uh) +∇ph] (77)
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Π⊥
h in the above equation for the orthogonal projection, Π⊥

h = I−Πh, with I being the identity
and Πh the L2 projection onto the appropriate finite element space. The stabilisation parameter
in (75) can be obtained from arguments based on a Fourier analysis for the subscales, that yield,

τ1 = [(c1
ν

h2
)2 + (c2

|uh|
h

)2]−1/2 (78)

c1 and c2 in (78) are algorithmic parameters with recommended values of c1 = 4 and c2 = 2 for
linear elements, while h stands for a characteristic mesh element size. The choice of (78) for the
stabilisation parameter guarantee that kinetic energy of the modeled subscales approximate
the kinetic energy of the exact subscales. In order to find an energy balance equation for the
OSS numerical approach to the Navier-Stokes equations we can now set vh = uh and qh = ct
in (74). This yields

1

2

d

dt
||uh||2 = −2ν||S(uh)||2 −

∑
e

〈ũ, 2νS(uh) +∇ · (uh ⊗ uh)〉+ 〈f ,uh〉 (79)

where Ωe denotes the domain of the e-th element. Here and below, the summations with index
e are assumed to be extended over all elements. If we now consider the subscale approximation
(75)− (77) in (79) we obtain

1

2

d

dt
||uh||2 = −2ν||S(uh)||2 + 〈fh,uh〉 −

∑
e

τ1(Π
⊥
h [−2ν∇ · S(uh) +∇ · (uh ⊗ uh)∇ph],

2ν∇ · S(uh) +∇ · (uh ⊗ uh))Ωe (80)

Since we are interested in high Reynolds numbers, all the stabilisation terms multiplied by the
viscosity will be neglected, from where we obtain the following energy balance equation for the
OSS stabilised finite element approach to the Navier-Stokes equations:

1

2

d

dt
||uh||2 = −2ν||S(uh)||2 + 〈fh,uh〉 −

∑
e

τ1(Π
⊥
h [∇ · (uh ⊗ uh) +∇ph],∇ · (uh ⊗ uh))Ωe

(81)

Let us define the pointwise numerical kinetic energy of the flow as kh = 1
2 |uh|2 , the pointwise

molecular numerical dissipation for the large scales as εhmol = 2νS(uh) : S(uh) and the pointwise
numerical power for the external force as P h

f = fh · uh . We will also identify P hτ
r within each

element with

P hτ
r = τ1P

hτ1
r (82)

where

P hτ1
r = Π⊥

h [∇ · (uh ⊗ uh) +∇ph] · [∇ · (uh ⊗ uh)] (83)

Equipped with these definitions, equation (81) can be rewritten as

d

dt

∫
Ω
kh d Ω = −

∫
Ω
εhmol d Ω−

∑
e

∫
Ωe

P hτ
r d Ωe +

∫
ω
P h
f d Ω (84)

It is clear that kh will account for nearly the whole pointwise kinetic energy of the flow so that∫
Ω kh dΩ≈

∫
Ω k dΩ. On the other hand, it will also occur that

∫
Ω P h

f dΩ≈
∫
Ω Pf dΩ, given that
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the force only acts at the large scales. In addition the numerical molecular dissipation of the
large scales will be negligible, so that

∫
Ω εhmol dΩ≈ 0. The next, crucial, question is if it should

happen that
∑

e

∫
Ωe

P hτ
r dΩ≈

∫
Ω εmol dΩ for the OSS formulation to be a good numerical

approach for the Navier-Stokes equations, in the case of fully developed turbulence. Actually,
this should not be necessarily the case for all the terms in P hτ

r , given that they have arisen
in the equation motivated by pure numerical stabilisation necessities. However, it is clear that
at least some of these terms should account for the appropriate physical behavior and their
domain integration should approximate the mean molecular dissipation in (64). It will be one
of the main outcomes of this thesis to show, by means of heuristic reasoning, that actually the
whole P hτ

r satisfies this assumption.

6.4 Local kinetic energy balance equations

In this section we will explain why is important that space of subscales Ṽ is orthogonal to the
finite element space Vh. Let R be a region formed by a patch of elements, and let tR be the
flux on ∂R, which may include both the flux of stresses (tractions) and convective fluxes. For
simplicity, suppose that τ is constant. If Luv = u∗ · ∇v − ν4v, taking vh = uh , qh = ph and
v = u in (42)− (43), using (50) and neglecting the subscales on the inter element boundaries,
we get:

1

2

d

dt
||uh||2R + ν||∇uh||2R + (∂tũ, P̃ )(uh))R +

∑
〈ũ, P̃ (L∗

u −∇ph)〉K = WR(uh) (85)

1

2

d

dt
||ũ||2R + τ−1||ũ||2R + (P̃ (∂uh), ũ)R +

∑
〈ũ, P̃ (Luuh +∇ph)〉K = 〈f , ũ〉R (86)

where WR(uh) = 〈f ,uh〉R+〈R,uh〉∂R and L∗
uv = −u∗ ·∇v−ν4v. In (85) we have neglected the

term 〈u∗ · ∇uh,uh〉. If u∗ is not divergence free (and it is not in the approximated problem),
the 〈u∗ · ∇uh,vh in (42) can be replaced by the skew-symmetric form

1

2
〈u∗ · ∇uh,vh〉 −

1

2
〈u∗ ⊗ uh,∇vh〉

= 〈u∗ · ∇uh,vh〉+
1

2
〈∇ · u∗,uh · vh〉 −

1

2
〈n · u∗,uh · vh〉Γ (87)

without altering the stability and consistency of the formulation. The last term in this expres-
sion has been kept to show that only the definition of the flux tR will change if the integral is
performed in a region R interior to Ω. From (85)− (86) we may draw the first important con-
clusion. Suppose that ν4uh is negligible (because uh is linear within each element or because
ν is very small or because P̃ (4uh) ≈ 0, as we will see below). Let us define

Kh =
1

2
||uh||2R, K̃ =

1

2
||ũ||2R

Kinetic energy of uh and of ũ

Mh = ν||∇uh||2R, M̃ = τ−1||ũ||2R
Disipation of uh and of ũ

Ph = WR(uh), P̃ = 〈f , ũ〉R
External power on uh and on ũ

T =
∑
K⊂R

〈ũ, P̃ (L∗
uuh −∇ph)〉K
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Energy transfer
Note that the energy transfer term T , when considered in the equation for the finite element
component, can be thought as the numerical dissipation of the formulation. From (85)− (86)
we see that only if Ṽ is a subspace of the energy balance in region R can be written as

d

dt
Kh +Mh + T = Ph (88)

d

dt
K̃ + M̃ − T = P̃ (89)

Therefore, there is a scale separation in the kinetic energy balance only if the subscales are
orthogonal to the finite element space. We have to stress that equation (89) state for dynamical
subscales and first term is not present in this equation if we are considering quasi-staic subscales

6.5 Backscatters

In this subsection we use again a heuristic reasoning to analyze the possibility to model
backscatter by our numerical formulation. Using the notation introduced heretofore, backscat-
ter can be defined by condition T < 0, where T is the energy transfer term appearing in (88).
This means that energy is supplied from the unresolved (small) scales to the re- solved (finite
element) scales. Physically, it is known that this can happen only at isolated spatial points and
time instants. Numerically, the model should be such that T can be negative only if region R is
small enough (possibly a single element) and at a few time steps of the time discretization. As
before, we will consider the subscales orthogonal to the finite element space and that f ∈ Vh.
From (52) we have that

ũ = −τ [∂tũ+ P̃ (Luuh +∇ph)]

which upon substitution in the expression of T ) yields

T =
∑
K⊂R

τ〈(P̃ (Luuh +∇ph), P̃ (−L∗
uuh +∇ph)〉K +

∑
K⊂R

τ〈∂tũ, P̃ (−Luuh +∇ph)〉K (90)

If viscous terms are negligible (or 4vh is approximated by the discrete Laplacian 4hvh and
r = −P⊥

h (u∗ · ∇uh +∇ph) we have

T =

∫
R
εnum +

∫
R
βnum =

∑
K

τ(〈r, r〉K − 〈∂tũ, r〉K) (91)

From this expression it immediately follows that when orthogonal subscales are used, backscat-
ter is possible only if the subscales are dynamic, since otherwise the second term in (91) vanishes
and the first one is obviously non-negative. If the time derivative of the subscales is included in
(91), nothing can be said about the sign of T , and therefore the possibility to model backscat-
ter is open. However, the numerical model will be physically admissible if T is, in a certain
average sense, non-negative. This is what we will justify now heuristically. Assume r is periodic
in t, of period T0 , and so is ũ. If

r(x, t) =
∑

(An(x)cos(ωnt) +Bn(x)sin(ωnt)), ωn =
2πn

T0
, (92)

ũ(x, t) =
∑

(Ã(x)cos(ωnt) + B̃n(x)sin(ωnt)) (93)
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imposing

∂tũ+ τ−1ũ = r(t)

Averaging over a period and assuming constant in region R we get

1

T0

∫ T0

0
T d t =

1

T0

∫ T0

0

∫
R
(εnum + βnum) dt

=
τ

T

∫ T

0

∑
(〈r, r〉K − 〈∂tũ, r〉K) dt

= τ

∫
R

∑ 1

1 + (ωnτ)−2
(A2

n +B2
n) (94)

If βnum = 0 (quasi-static subscales) the result we would have obtained is the same without
the term (ωnτ)

−2 , from where we may conclude that
∫
R βnum can be negative. However, even

though the average energy transfer is smaller with dynamic subscales, it is, on average, positive.
Thus, this physical restriction holds in the case considered, regardless of the period T0.

7 Fourier Transform

A very large class of important computational problems falls under the general rubric of Fourier
transform methods. For some of these problems, the Fourier transform is simply an efficient
computational tool for accomplishing certain common manipulations of data. In other cases, we
have problems for which the Fourier transform is itself of intrinsic interest. A physical process
can be described either in the time domain, by the values of some quantity h as a function of
time t, e.g.,h(t), or else in the frequency domain, where the process is specified by giving its
amplitude H (generally a complex number indicating phase also) as a function of frequency
f, that is H(f), with −∞ < f < ∞. For many purposes it is useful to think of h(t) and H(f)
as being two different representations of the same function. One goes back and forth between
these two representations by means of the Fourier transform equations.

H(f) =

∫ ∞

−∞
h(t)e−2πift dt (95)

h(t) =

∫ ∞

−∞
H(f)e2πift dt (96)

If t is measured in seconds, then f is in cycles per second, or Hertz (the unit of frequency).
However, the equations work with other units too. From equations (95) − (96) it is evident
at once that Fourier transformation is a linear operation . The transform of the sum of two
functions is equal to the sum of the transforms. The transform of constant times a function is
that some constant times the transform of the function

7.1 Discrete Fourier Transform

For implementation of Fourier transform in computer we have to use Discrete Fourier Transform
(DFT) which we will explain shortly in this section. We now estimate the Fourier transform
of a function from a finite number of its sampled points. Suppose that we have N consecutive
sampled values

hk = h(tk), tk = k4, k = 0, 1, 2, ...., N − 1 (97)
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so that sampling interval is 4. If the function h(t) is nonzero only in a finite interval of time,
then the whole interval of time is supposed to be contained in the range of the N points given.
Alternatively, if the function h(t) goes on forever, then the sampled points are supposed to be
at least typical of what h(t) looks like at all other times. With N numbers of input, we will
evidently be able to produce no more than N independent numbers of output. So, instead of
trying to estimate the Fourier transform H(f) at all values of f in the range −fc to fc, let us
seek estimates only at the discrete values

fn =
n

N4
, n = −N

2
, ....,

N

2
(98)

The extreme values of n in (98) correspond exactly to the lower and upper limits of the Nyquist
critical frequency range. The remaining step is to approximate the integral in (95) by a discrete
sum:

H(fn) =

∫ ∞

−∞
h(t)e−2πifnt dt≈

N−1∑
k=0

hke
−2πifntk4 = 4

N−1∑
k=0

hke
−2πikn/N (99)

In last sumation we used equations (97)− (98) to get the final form of the equation which has
to be implemented on computers to get Fourier transform.

8 The acoustics sources

In section 2 we proposed the method how to calculate Lighthill’s tensor which represent aer-
acoustics sources. In this section we will briefly explain how we done this step. Getting the
velocity field after CFD simulation we are using equation (6) to get s(x, t). Evaluating s(x, t)
we need to apply Fourier transform to obtain s(x, ω). To obtain the appropriate degree of
accuracy for ŝ(x, ω) it would be necessary to store a large amount of instantaneous velocity
fields. This requires a huge amount of computer memory resources. To avoid this problem, the
following strategy has been used. The frequencies at which the source term ŝ(x, ω) is wanted
are chosen prior to start the CFD simulation. During the evolution of the CFD computation
to s(x, t) is automatically computed at each time step as well as its contribution to s(x, ω).
At the end of simulation only ŝ(x, ω) is retained hence avoiding need to store s(x, t), except
for the steps at which a visualization of the source term is desired. Moreover, if there is a
prior knowledge of the frequency range at which the analysis is to be performed (this is often
the case in several practical engineering problems where experimental data is available) the
computations can be further reduced.
In the end of this section it would be explained what is a purpose of good evaluation of acoustics
sources. s(x, ω) represent the source term for inhomogeneous Helmholtz equation. The math-
ematical problem of Helmholhtz equation is of finfing the acoustic pressure p

′
(x, ω) : Ωac 7→ C,

being Ωac ⊂ Rd, (d=2,3) a bounded computational domain with boundary ∂Ωac = ΓD ∪ ΓB

(ΓD ∩ ΓB = ∅) such that

−(∇2 + k20)p
′

= s in Ωac (100)

p
′

= p
′
D on ΓD (101)

∇p
′ · n = M [p

′
] + g on ΓB (102)

where k0 = ω
c0

is the wave number, n stands for the normal pointing outwards the exterior

boundary ΓB, g: ΓB 7→ C represents prescribed data on ΓB and M [p
′
] is an integral operator
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defining a non-reflecting condition. s represents s(x, ω) and as we already mentioned, this is a
source term for inhomogeneous Helmholtz equation. A good approximation of the source term
will give us in the end a good approximation of the acoustic pressure.

9 Numerical experimentation

9.1 CFD simulation of generic landing gear struts with horizontal angle
α = 0o using LES model and SGS stabilisation method with dynamical
subscales

The first numerical experimentation that has been carried out is the CFD simulation of generic
landing gear struts with horizontal angle α = 0o. It corresponds to the flow around gear struts
which is imerged in an infinite uniform flow. We will concentrate here in the case where the
flow loses its steadiness as well as its up-and-down symmetry and a wake of alterning vortices is
formed behind the cylinder. The set of these shed vortices is known as the von Karman vortex
street. Vortex shedding induces lift fluctuations on the body, which lead to the radiation of
sound having a dipole pattern. The configuration of struts consists of two in-line square struts
at centre to centre distance S=0.16 m, and is tested at α = 0o. Both struts have width D=0.04
m. The disturbed flow speed is U0 = 70m/s which is imposed on left side of rectangle domain
and the fluid is air at atmospheric pressure and ambient temperature (say 20 Co). We define
the Reynolds number based on these variables as Re = ρ0U0D

µ , where ρ0 is the fluid density and
µ is kinematic viscosity. The mesh used to perform computation is showed in Figure (1). The
mesh consists of 14171 nodes and 27508 triangular linear elements. Furthermore, there have
been consider finer part of mesh around struts where we are interested to capture all behavior
of turbulent flow. The coarser part of the mesh is used in the end of domain. This is usual
picture of mesh because with this we avoid instabilities that can be appear when vortices pass
boundaries. The time step size used in the computation for first case of landing gear struts with
α = 0o is δt = 0.0001. This time step allows us to be between 10 and 100 for ratio between
time step and critical time step. In figure (2) we can see the velocity and pressure field for
different time steps. Pictures shows behavour of turbulent flows around two struts using LES
model. Getting the velocity field for current problem we applied Fourier transform of velocity
components in x and y direction which are tracked in one point between two struts. In figures
(3)− (4) we can see the velocity function for a point between two struts and Fourier transform
of that function. As we can see in the pictures LES model recovers only main frequencies of the
flow generated from large eddies and with that we cannot see the real picture of the turbulent
flow. In figure (5) we applied SGS stabilisation technique with dynamical subscales for the same
problem. We can see the velocity and pressure field in the Figure (5). Getting the velocity field
for the problem, we applied Fourier transform for the velocity (x and y component) which is
obtained tracking the point between two struts (see in Figures (6) − (7)) As we can see in
these figures the SGS with dynamical subscales include contribution from subscales and with
that gives better approximation of turbulent flow. The aim of these figures is to show how
inclusion of subscales in SGS with dynamical subscales recover much more frequencies for the
same point. This conclusion is very useful for further calculation of Litghill’ tensor where we
used velocity obtained from CFD simulation

24



Figure 1: Structure of mesh for struts with α = 0o

25



(a) Velocity field after 100 time steps (b) Pressure field after 100 time steps

(c) Velocity field after 300 time steps (d) Pressure field after 300 time steps

(e) Velocity field after 1000 time steps (f) Pressure field after 1000 time steps

Figure 2: CFD simulation using LES model
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Figure 3: Velocity ( x direction) tracking in point betwen two struts and Fourier transform of
velocity function for twostruts with α = 0o
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Figure 4: Velocity ( y direction) tracking in point between two struts and Fourier transform of
velocity function for twostruts with α = 0o
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(a) Velocity field after 50 time steps (b) Pressure field after 50 time steps

(c) Velocity field after 300 time steps (d) Pressure field after 300 time steps

(e) Velocity field after 1000 time steps (f) Pressure field after 1000 time steps

Figure 5: CFD simulation using SGS with dynamical subscales stabilisation method
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Figure 6: Velocity ( x direction) tracking in point and Fourier transform of velocity function
for twostruts with α = 0o
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Figure 7: Velocity ( y direction) tracking in point and Fourier transform of velocity function
for twostruts with α = 0o
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9.2 CFD simulation of generic landing gear struts with horizontal angle
α = 15o using LES model and SGS stabilisation method with dynamical
subscales

The second numerical experimentation that has been carried out is the CFD simulation of
generic landing gear struts with horizontal angle α = 15o. The configuration of struts is the
same as in previous case but only with change of horizontal angle (α = 15o). The disturbed flow
speed is the same U0 = 70m/s which is imposed on left side of rectangle domain and the fluid
is air at atmospheric pressure and ambient temperature (say 20 Co). The mesh used to perform
computation is showed in Figure (8). The mesh consists of 11241 nodes and 21719 triangular
linear elements. The same time step is used as in previous case. In figure (9) we can see the
velocity and pressure field for different time steps. These pictures shows behavior of turbulent
flows around two struts using LES model. Following the same procedure as in previous case we
are getting the velocity field for current problem and we have applied the Fourier transform to
velocity components in x and y direction which are tracked in one point between two struts. In
figures (10 − (11) we can see the velocity function for a point between two struts and Fourier
transform of that function. Applying the same procedure but for SGS with dynamical subscales
we are getting velocity and pressure fields in Figure (12). Furthermore following the procedure
we can see in the Figures (13) − (14) the velocity ( x and y component) and their Fourier
transform. As we expected we got nicer spectra using SGS with dynamical subscales, which
lead us to conclusion that in the end this method will give us better approximation of acoustics
sources

Figure 8: Structure of mesh for struts with α = 15o
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(a) Velocity field after 100 time steps (b) Pressure field after 100 time steps

(c) Velocity field after 300 time steps (d) Pressure field after 300 time steps

(e) Velocity field after 1000 time steps (f) Pressure field after 1000 time steps

Figure 9: CFD simulation using LES model
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Figure 10: Velocity ( x direction) tracking in point and Fourier transform of velocity function
for twostruts with α = 15o
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Figure 11: Velocity ( y direction) tracking in point and Fourier transform of velocity function
for twostruts with α = 15o
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(a) Velocity field after 100 time steps (b) Pressure field after 100 time steps

(c) Velocity field after 300 time steps (d) Pressure field after 300 time steps

(e) Velocity field after 1000 time steps (f) Pressure field after 1000 time steps

Figure 12: CFD simulation using SGS with dynamical subscales
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Figure 13: Velocity ( x direction) tracking in point and Fourier transform of velocity function
for twostruts with α = 15o
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(b) Fourier transform of velocity
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Figure 14: Velocity ( y direction) tracking in point and Fourier transform of velocity function
for twostruts with α = 15o
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9.3 Acoustics sources generated by a single cylinder at Re=500

We consider the case of a two-dimensional cylinder with diameter D=0.0049 m embedded in
a flow with free stream velocity in Cartesian coordinates (U0,0). We will concentrate here in
the case where the flow looses its steadiness as well as its up-and-down symmetry and a wake
of alternating vortices is formed behind the cylinder. The set of these shed vortices is known
as the von Karman vortex street. Vortex shedding induces lift fluctuations on the cylinder,
which lead to the radiation of sound having a dipole pattern. The radiated sound is known
as aeolian tone. The two-dimensional incompressible Navier-Stokes equations have been solved
using Subgrid Scale Stabilisation with quasi-static subscales. We remind that this approach
allows to use equal interpolation for the velocity and the pressure. In the Figure (15) we can
see an unstructured mesh of linear triangular elements which consists of 20032 points and 39318
elements. In the Figure (16) we can see the velocity field for different time steps which describe
behavior of the turbulent flow after the cylinder. In Figure (17) a snapshots of the acoustic
source term s(x, ω). This term rapidly decrease to zero when moving away from the cylinder.
This fact is of crucial importance because it actually justifies the acoustic analogy approaches,
which are based on a separation between an acoustic source region and a wave propagating
one. The acoustics sources field has been computed according to the methodology described in
Section 8.

Figure 15: Mesh for one cylinder
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(a) Velocity field after 200 time steps (b) Pressure field after 300 time steps

(c) Velocity field after 400 time steps (d) Pressure field after 750 time steps

(e) Velocity field after 1000 time steps (f) Pressure field after 1500 time steps

Figure 16: Velocity field for one cylinder
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(a) Acoustic source for frequency step 10 (b) Acoustic source for frequency step 50

(c) Acoustic source for frequency step 100 (d) Acoustic source for frequency steo 133

Figure 17: Representation of Acoustics sources (Litghill’s tensor) for different frequencies
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9.4 Acoustics sources generated by parallel cylinders at Re=1000

We address the computation of the acoustics sources generated by a viscous flow past two
parallel cylinders. Two cylinders of diameter D=0.0049 m are immersed in a flow moving at
speed U0=49 m/s. the characteristic Reynolds number of the problem is given by Re = ρ0U0D

µ ,
where ρ is density of air and µ is kinematic viscosity. We will show that vortices are periodically
shed behind the two cylinders. However, due to the fact that these vortices become antiphase
from one cylinder to the other, the resulting acoustics sources will considerably differ from
the single cylinder. The CFD simulation has been performed in a unstructured mesh which
is presented in Figure (18) with 22748 points and 44596 triangular linear elements. Again
we use refinment of the mesh close to cylinders and coarse part in the end of the domain to
avoid instabilities. Also the Subgrid Scale Stabilisation method with quasi-static subscales is
used for the CFD calculation. The time step size used in the computation is δt = 0.00025s.
Once the initial transients have been surpassed, an almost periodic flows is established with
vortices being sheded past both cylinders as we can see on Figure (19). It is worthwile to
comment that although the wake sometimes looses its symmetry downstream as time evolves,
the vortex shedding remains periodic and antiphase between both cylinders. In what concerns
the acoustic sources field, it has again been computed using the procedure described in Section
8. We actually do not know if the presence of the second cylinder may alter the vortex shedding
frequency when comparing with an analogous single cylinder case, but it certainly increases
the complexity of the CFD simulation and representation of acoustics sources.

Figure 18: Structure of mesh for two cylinders
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(a) Velocity field after 25 time steps (b) Pressure field after 50 time steps

(c) Velocity field after 100 time steps (d) Pressure field after 200 time steps

(e) Velocity field after 300 time steps (f) Pressure field after 750 time steps

Figure 19: Velocity field for two cylinder
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(a) Acoustic source for frequency step 335 (b) Acoustic source for frequency step 440

(c) Acoustic source for frequency step 682 (d) Acoustic source for frequency steo 900

Figure 20: Representation of Acoustics sources (Litghill’s tensor) for different frequencies
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10 Conclusions

In this paper, a numerical formulation to solve the Navier-Stokes equations that consists on
a stabilized finite element method and calculation of acoustics sources (Litghill’s tensor) has
been presented. Its design is based on the variational multiscale framework which is derived
from a splitting of the unknown into two parts, a finite element component and a subscale
that corresponds to the part of the unknown that cannot be captured by the discretization.
The crucial point in this approach resides in the subscale approximation. The most important
aspects of this formulation are that it allows to use equal interpolation for all the unknowns
without having to satisfy the inf-sup conditions. Furthermore, it is stable and optimally con-
vergent in a norm that is meaningful for any value of the physical parameters of the fluid. The
approximation of the subscales leads to the introduction of some stabilization parameters that
need to be proposed. An interesting point of this work is that these parameters have been de-
signed based on the stability and convergence analysis of the method. The time integration and
linearization of the problem considered here is the simplest possible which leads to a method
easy to implement but without losing any robustness and convergence properties. Numerical
results show our prediction that the approximation of subscales will give better representation
of turbulent flow and also better approximation of velocity field which lead to better acoustics
sourse representation. The numerical experimentation presented in this article validates these
statements and the theoretical development of the method.

11 Future work

Some type of analysis should be performed in order to know the degree of precision of the
computed acoustic field. Although the validity of Lighthills acoustic analogy has been exten-
sively analysed for the continuous case by some authors, further work is needed to asses similar
results for the herein presented and similar numerical CAA approaches. In the line of the pre-
vious point, it would be worthwhile to implement Ristorcellis closure and compare its degree
of accuracy with Lighthills acoustic analogy for some benchmark problems. It is important to
see how much the methods we presented will affect calculation of inhomogeneous Helmholtz
equation. It’s worth to try with differnet stabilisation approaches of Helmholtz equation and
results obtained in this work to get better approximation of acoustic pressure field. It would
be worthwhile to check if the various SGS methods constitute suitable approximations to the
Navier-Stokes equations. Since now it has only been proved that the Galerkin finite element
method for problems with periodic or Dirichlet boundary conditions satisfy this assumption.
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