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Abstract 7

The strength of soft tissues is due mainly to collagen fibers. In 8
most collagenous tissues, the arrangement of the fibers is random, but 9
has preferred directions. The random arrangement makes it difficult 10
to make deterministic predictions about the starting process of fiber 11
breaking under tension. When subjected to tensile stress the fibers 12
are progressively straighten out and then start to be stretched. At the 13
beginning of fiber breaking, some of the fibers reach their maximum 14
tensile strength and break down while some others remain unstressed 15
(this latter fibers will assume then major stress until they eventu- 16
ally arrive to their failure point). In this study, a sample of human 17
esophagi was subjected to a tensile breaking of some fibers, up to 18
the complete failure of the specimen. An experimental setup using 19
Acoustic Emission to detect the elastic energy released is used during 20
the test to detect the location of the emissions and the number of 21
micro-failures per time unit. The data were statistically analyzed in 2
order to be compared to a stochastic model which relates the level of 23
stress in the tissue and the probability of breaking given the number 2
of previously broken fibers (i.e. the deterioration in the tissue). The 2
probability of a fiber breaking as the stretch increases in the tissue 26
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can be represented by a non-homogeneous Markov process which is
the basis of the stochastic model proposed. This paper shows that a
two-parameter model can account for the fiber breaking and the ex-
pected distribution for ultimate stress is a Fréchet distribution.

KEYWORDS: Collagenous Tissues, Acoustic Emission, Stochastic Fail-
ure Models, Esophagus.

1 Introduction

The non-linear elastic behavior of collagenous soft tissue is well understood,

and complex models based on fiber arrangement have been developed [Natali et al., 2009,

Kroon & Holzapfel, 2008]. On the other hand, soft tissue failure shows a
much more complex behavior. It is not so well understood and needs ad-
ditional research [lonescu et al.,2006]. The experimental data needed to de-
velop models of failure are scarce and the adaptation of existing failure for-
mulations for common engineering materials to soft tissues is difficult because
of the micro-structure existing in soft collagenous tissues.

There are different types of soft tissue failure modes. The geometrical de-
scription of the last stages of failure has proved to be elusive with high degree
of randomness. Reliable failure models is important for some medical pro-
cedures such as esophageal dilatation [Fernandez-Esparrach et al., 2011] and
some other more unusual practical situations involving penetrating trauma
injuries. This kind of injuries represents a high socioeconomic cost and rep-
resent a significant source of morbidity [Gugala & Lindsey,2003]

The present work focuses on the understanding of the cumulative effect of
internal micro-failures before macroscopic failure. For this purpose a stochas-
tic cumulative damage model based on inhomogeneous renewal-rewarded
process is used (an inhomogeneous Markov process measures the number
of micro-failures and the ”"reward” variables control the damage occurred
in such a failure). The model presented here differs from other interesting
probabilistic models found in the literature [Pradhan & Chakrabarti, 2003,
Kabir et al.,2006] and is innovative in that it provides the distribution of the
ultimate stress. On the other hand, another important innovation is the use
of Acoustic Emission (AE) to detect experimentally almost all of the relevant
micro-failures in soft tissues.

In section 2 the experimental setup is described and the two-parameter



stochastic model is explained. Section 3 contains the results of the model
applied to a human esophagus sample (the distribution for the ultimate stress
is computed and the dissipated energy are given). Section 4 discusses the
implications of the results.

2 Methods

A typical specimen of human esophagus from a donor (PMHS) was used
for the experimental work. The age of the PMHS was 63 years-old, and
its decease cause was not associated with any esophageal disease (biometric
data: male; Body Mass Index, 25.5 kg-m~2). This single sample produced N
= 472 microfailures, which statistically is an adequate medium-size sample.
A tensile test was conducted for the sample in order to obtain the stress-strain
curve (the acoustic emission measurements and the strain-stress measures of
the tensile test were simultaneous). A conventional servo-hydraulic testing
machine (microtest EM2/20) was used for the measurement of force. The
strain was computed from the data of a camera using motion tracking (see
figure 1).

Figure 1: Experimental setting for the uniaxial tensile tests. Right: sample
in place for testing, with clamps and acoustic sensors, the upright face is the
muscularis externa layer. Left: detail of the acoustic sensors in the close-up
face is the mucosa layer.

An important technical issue was the design of the clamps. The clamps
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were made out of non-porous polymeric material (Nylon 6) for two main
reasons: (1) a porous material would have produced adherence and local
dehydration in the sample, (2) in addition, being less rigid the polymeric
material allows a better fit to the soft tissue. As it can be observed in
figure 2, the planar clamps are formed by two sets of twin plates, each set
is located at the edge of the rectangular sample of tissue. The clamps used
for all tests were specifically designed for the occasion. The thickness and
dimensions were adjusted in order to ensure that deformations of the clamps
are completely negligible and the application of pressures and forces is fairly
uniform. Preventing the creeping of the tissue was specially difficult because
of the existence of water and moisture in the tissue; which in some cases
acted as lubricant. After some preliminary testing and the addition of some
extra drills the pressure was increased.

This pressure ensures no significant sliding and, thus, the strain mea-
sures are correct (if there had been any sliding, the strain measure would
have been distorted). The experimental setting is the same described in
[Sénchez-Molina et al., 2014]. For the esophageal tissue, a stress-strain rela-
tion of type:

T=Aee (1)

was obtained the measured parameters were A = 5385 kPa and b = 864.2
(here 7 is the [Piola] axial stress, and ¢ is the [Green-Lagrangian| strain). This
relation 1 is deduced from the Yang-Gregersen-Deng constitutive equation
[Deng et al.,1994, Yang et al.,2006], and it was found quite accurate (r? =
0,9977) for the data. For the purposes of this study, the exact constitutive
equation used is not very important, as long as the model approximates well
the stress-strain curve (all adequate models lead to a distribution function for
the ultimate stress of the same type). The relation (1) is needed to calculate
the stress when a failure is detected because the camera measures the strain,
not the stress.

In addition, the experimental setup included four acoustic emission sen-
sors (see Fig. 1) that detected the occurrence of micro-failures inside the
sample (each micro-failure releases a certain amount of elastic energy which
can be detected by sensors).
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Figure 2: Planar clamps for uniaxial tensile tests: Top (a) the pair of clamps
in position for holding the sample, (b) Exploded assembly. Bottom Details
of the fluted surface.

2.1 Acoustic Emission Setup

The Acoustic Emission (AE) technique is a Non-Destructive Testing (NDT)
method based on stress wave detection. Micro-structural damages or changes
in an elastic material generate elastic waves that can be detected by AE
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[Scruby, 1987, Drouillard,1996]. This technique has widely been used as an
NDT in engineering applications and materials research, including use in
biological tissue [Kohn, 1995, Paschos et al., 1984]. AE is a very sensitive
passive technique that does not interfere in the test. This makes it a specially
useful technique and has been used for predicting failure of different types of

materials, including composites and materials whose micro-structure contains
fibers [Giordano et al.,1998, Huguet, et al.,2002].
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Figure 3: Main features of a stress wave detectable by acoustic emission. The threshold
is used to discriminate relevant AE signals. The duration, the amplitude and the number
of counts allow both the calculation of energy and the filtering of signals.

AE signals emitted during the tensile test were detected and recorded
with a Vallen System Gmbh. Four miniature AE sensors were magnetically
attached to the esophagus specimen (see Fig. 1). The sensors applied in the
middle of specimen act as signal sensors while upper and lower sensors act
as guard sensors to filter the signals from the grips. All four are of resonant
type (VS700D, Vallen System Gmbh) with a frequency range between 100 —
800 kHz and a peak frequency of 600 — 800 kHz (flat range). Four 34 dB pre-
amplifiers (AEP4) and four channel system (AMSY-5) were used. The AE
system provides frequency filtering in the pre-amplifiers and on the AMSY-5
board. The filter is a band-pass type, and it was set to 95 — 850 kHz. The AE
measurements were filtered using a low threshold of 34 dB, and signals with
zero duration and/or zero rise time were removed (the AE signal features are
shown in Fig. 3).

In this study, a detected signal whose energy exceeds the energy threshold

6



and is almost “punctual in time” is called a micro-failure. It has been checked
that visible breaking of fibers produces such a signal. We do not claim
that every signal is the breaking of a single fiber. It could be that some of
the micro-failures detected involve the breaking of groups of fibers. In fact,
we have found that the micro-failures differ significantly in energy as it is
reflected in equation (12).

2.2 Stochastic models

The fiber breaking process can be represented by means of two random vari-
ables (N, D) where N, represents the number of micro-failures (or number
of “broken” fibers) and D, the cumulative damage when the level of stress
is given by 7. The number of micro-failures N, is a [non-homogeneous|
renewal process, i.e. a stochastic process constructed from a simple [non-
homogeneous| Markov process [Whitt,1982]:

1. Let S1,9,...,5, be a sequence of increases in stress, Sy, represents
the stress increase between kth micro-failure and (k + 1)—th micro-
failure (we assume the expected values E(Sy) of the stress increases Sk
are finite, 0 < E(Sk) < o0).

2. Define for each n:

T, =Y 5, (2)

n
i=1
then T, is the cumulative stress level at which the nth micro-failure
occurs.

3. Finally the variable N, = sup{n|T, < 7} the number of micro-failures
up to the stress level 7.

Assume that the 7th micro-failure involves a damage d; (in practice, this is
evaluated by the amount of energy released and detected by the AE sensors).
Then the cumulative damage is given by

=

T

D, = dy (3>

T
i
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The D, satisfies the conditions for being a [non-homogeneous| “renewal-
reward process” (here the “reward” at kth step is the damage dy), alterna-
tively, some authors call this type of stochastic process a “shock process”
[Aven & Jensen,1999, Klefsjo,1981]. In this study, the total damage D, is
the total dissipated energy recorded by the AE sensors.

Some assumptions about the pair (N;, D;) are needed. First we assume
that the random variables S) are not identically distributed. The expected
values of the variables satisfy:

]E[Sk+1] < E[Sk] (4)

This is so because after some micro-failures have occurred in a tissue
there is some internal deterioration and the risk of an additional micro-
failure increases. In addition, we assume that the stress increase between
two successive micro-failure is due the so called “memoryless property”:

P(Sk>7'2+7'1|5k>7'1)ZP(Sk>T2) (5)

where P(+) denotes the probability measure. We can satisfy the condition
(5) if for each k the random variable Sy follow an exponential distribution
[Breuer & Baum,2005]. To deal with the condition (4), we introduced a
feature used in the problem of machine maintenance developed in [Yeh,1988],
where the time between two successive breakdowns decreases. The idea is
to consider a deterioration parameter a = exp(f) [where 5 > 0 represents the
“deterioration rate”] and to assume that “undeteriorated” random variables

Skl

Sy i= Spat 1 = PG« Exp(N) (6)

are identically random variables distributed according to an exponential
distribution: Sy ~ Exp(\) (i.e. all the variables Sy are distributed accord-
ing to an exponential distribution of parameter 0 < A < co0). Thus, in this
study, the occurrence of micro-failures in time is modeled by a stochastic
process with two parameters: A and 5. The exponential factor in (6) ensures
a series of successive micro-failures with increasingly shorter “times” (stress
increases) between micro-failures. These assumptions are qualitatively sug-
gested by the observed behavior.

For the distribution function of the damage dj; associated with the kth
micro-failure, the empirical distribution function is used. Therefore, the pro-
posed model of failure is a stochastic process of type:

8



{(N-, D;, F7)|r € R, (N7, D) e R?} (7)

where 7 = 7(0;;) is the “equivalent stress” (i.e. a scalar function of the
component of the stress tensor o;;), N, as defined above and D, given by
(3). In the present case we used 7 = the first principal stress. Formally, for
each 7 the triplet (N,, D,;F,) is a random variable on R? (here, F, is the
associated o—algebra).

The experimental data are used to estimate the parameters of the model
by comparing the current stress 7 and the previous damage (the number
of micro-failures N, and the cumulative damage D). Obviously, as the
stress and the cumulative damage increase, the stress span between any two
consecutive micro-failures diminishes. The increasing probability per unit
of time implies that we have a non-homogeneous continuous-time stochastic
process. Note that in this model no hypothesis about the nature of fiber
breaking is done.

2.3 Parameter Estimation

The proposed stochastic model has two defining parameters 5 and A. The
best fitting for these two parameters is computed by minimizing a penalty
function ¢(5,\). The penalty function is a sum of squares. This penalty
function has a minimum and the minimum is achieved for the best-fitting
parameters. The procedure for finding the minimum of the penalty function
is indeed a least-squares non-linear regression. The penalty function is given
by the differences between expected values and sample values:

G(B, ) = (1o (B, N) = Tu]? + 1[Mi,z‘+1(57 A) = (i1 —00)]? (8)

where ;41 is the expected value of the stress increase between the i-
th failure and the (i + 1)-th failure, the o; are the corresponding actual
experimental stresses. And n = 470 is given by the number of stress increasses
between microfailures. Additionally, u. is the expected value of the stress
increase between the first detected micro-failure and the ultimate stress; and
0, is the corresponding observed increase.

The expected values jo and p;; can be derived from (2)-(6). A com-
putation of the expected values is presented in the Appendix [see equations

(17) and (19)]:
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et = R

The best-fitting parameters were obtained by solving the system of non-
linear equations:

Hoo =

0¢ Oltoo Ot iv1

75;=0= oo = Oul i+ Xict[Hiiv1 = Ois1 + 0 —=0

0P  Oleo " Ot iv1
=0= [,uoo—Uu]WJr Zk:l[ﬂi,i+1_0'i+1+0-i]—:0

N O\

3 Results

The solution of the nonlinear system 10 provides an estimation of the param-
eters A and (. For solving it a Mapple 17 script was used. The procedure
involves estimate initial values for \p # X\ and e % ~ ¢=# and then a Newton-
Raphson procedure was applied to compute A and 3. For both pre-estimation

the equation (17) was used putting fie = te, thus for the initial values Ag
and Sy:

Mo = 1_75:50 (11)
Then equation d¢(\g, 5p)/0B = 0 is solved and a value [3y is computed
this also provides a value for Ay according to (11). These values were used
to find solutions for 5 € [0,100] and A € (0,10\g]. This procedure had been
tested for computed data with previously known values, and had proven to
be robust for all the range of values.
The computed parameters for the sample of this study are 5 = 0.0774 and
A =0.0196 [kPa™'].

3.1 Number of micro-failures

The AE equipment provides a list of detected micro-failures or “hits” versus
time. We can plot the number micro-failure versus measured stress (see Fig.
4).

10
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Figure 4: The number of micro-failures or hits versus the strain level, for a stress 7 < 100
kPa no micro-failures are observed (red spots). From this threshold, we observe some
hits, and around 7 ~ 720 kPa an exponential increase in the number of micro-failures is
observed. The dotted line correspond to a simulated curve using the computed parameters
A, B. The observed data and the simulated curve show high resemblance.

In figure 4, we see that a chain of successive micro-failures begins for
7 > 100 kPa, and then, the rate of micro-failures accelerates abruptly for
7 ~ 720 kPa, when the number of hits increases exponentially. Then, the
cumulative effect of all these micro-failures around 7 » 720 kPa implies the
rapid deterioration of the tissue and the final macroscopic failure. Thus in
this model, the macroscopic failure is interpreted as a situation when a huge
number of micro-failures are produced for a specific value of stress. The
graphic for the number of micro-failures presents a vertical asymptote for
the value at which macroscopic failure occurs. Namely, the ultimate stress if
of the form o, = 09 + T (Where oy is the threshold stress below which there
is no fiber-breaking, and 7T, is the limit random variable given by (2) when
n — oo). This kind of catastrophic behavior is also found in other type of
probabilistic models in the literature [Pradhan, & Hansen, 2005], although
the probabilistic basis of these other models is different.

The next section shows that the “damage” or dissipated energy attains
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an arbitrarily high value when the number of micro-failures increases expo-
nentially. Thus, after some prefixed level of damage, the tissue finally breaks
down.

3.2 Distribution of dissipated energy

The same tendency can be seen for energy or damage (see Fig. 5). This
figure shows the elastic energy lost in form of broken fibers. Around o ~ 720
kPa. The tissue is unable to resist such an increase of damage and all the
energy supplied by the test machine is occupied in breaking fibers. This
finally causes the complete failure of the tissue.
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Figure 5: The dissipated energy in inelastic failures or breaking of fibers: red dots are
the measured energies, and the dashed line is a simulated curve with the same parameters
than the measured data.

In order to verify the accuracy of the model, the distribution of the dam-
age per micro-failure F| i.e. the energy dissipated for each hit detected was
investigated. As in other critical phenomena involving a high number of ele-
ments, the expected distribution of E was a power law or Pareto distribution
(because, log(E) is exponentially distributed, see Fig. 6). The power law is
a scale-free distribution. This kind of distributions is found in phase transi-

12
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Figure 6: Histogram of the logarithm dissipated energy per micro-failure (u), compared
to an exponential distribution with parameter o = 1.198

tions [Uchino & Nomura,1982, Panagiotou et al., 1984], economical crashes
[Laloux et al.,2009], avalanches and other critically self-organized phenom-
ena [Bak et al.,1988]. Other probabilistic models predicts the occurrence of
avalanches of fiber failure [Pradhan, & Hansen, 2005] (but formal details of
these models are different from the stochastic one presented in this paper).
An accurate account of the data showed that the energies of micro-failures
follow effectively a Pareto distribution of the form:

o EO 1+a
1e(8) = 1 (2)

where « is a decay parameter and Ej is an arbitrary constant depending
on the units of energy used. Making the change u = In(E/Ey), the equation
(12) implies that the logarithm of the energy per micro-failure u is distributed
according to an exponential law:

(12)

fu(u) = ae™ (13)

This latter form is more convenient for finding the decay parameter a.
The Fig. 6 shows a comparison the histogram for the actual observations of
energy per micro-failure and the best-fitting exponential distribution for the
observations. The fitting of the exponential distribution to the observations
is very good (Kolmogorov-Smirnov test, and x? test: p > 0.9999 ) and the
computed parameter results to be a = 1.198. This means that energy per
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20 micro-failure satisfies P(E > w) oc w119 As we pointed out in the section
200 2.1, this latter distribution refers to micro-failures and it is possible that
201 some micro-failures involve groups of fibers.

x» 3.3 Distribution of predicted maximum stress

203 It is interesting to note that even for given values of the model (3, ), the
204 maximum stress (o,) resisted by the tissue is not a fixed value, but it lies
205 within a range because it is a stochastic model. So, it makes sense to look at
206 the distribution of predicted maximum stress. A great number of simulations
207 have been done (n = 500) in order to generate the distribution of o,. We
208 define previously, , = 0, —0¢ Where 0y is the stress level for which the micro-
209 failures begin. The simulations used a Montecarlo method for estimating a
w0 great number of values for variables of type S, that are distributed according
w  to an exponential distribution [see equation (6)], the variables Sy, = e#(:-1 S,
2 were computed and the value of T, is computed. By repeating this process
33 (n=500), a good sample for 7, is obtained.
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Figure 7: Empirical distribution for stress &, and adjusted model.
304 The empirical distribution (see Fig. 7) of 7, seems to approximate pretty

w5 well to a Generalized Extreme Value distribution (GEV distribution) of
w6 Fréchet type, with cumulative distribution function:

F(3u i, K, €) = exp{— g (2 )]_1/‘5} (14)
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The empirical parameters obtained from simulated data were & = 0.146, k =
124.3 kPa and i = 637.2 kPa (Kolmogorov-Smirnov tests gives p > 0.9944).
These values were estimated with a standard statistical package. Note that
expected value is given by:

E(,) =+ g— gl“(l +&) ~693.1

" (15)
SD(5,) = g\/r(l +26) -T2(1+€) ~ 136.2

This is consistent with the expected value of the random variable T, [=
lim,, 7},]. According to the Appendix we have:

1
E(T.) T 693.62 )
1 b
W~ 135.18
The explicit derivation of the form of the equation (14) is discussed in the
appendix, but the computations are not simple. For this reason we relied on
numerical simulations.

SD(T.,)

4 Discussion

The model presented in this study can explain why the strength stress for
a soft tissue material is not necessarily a fixed value, but a random variable
with well defined distribution. The actual strength value obtained in one
experiment will depend on very fine accidents in the intertwined fibers. In
each experiment, the micro-structure is microscopically and highly random,
for this reason not all the similar specimens present the same strength value.
The best we can have is most likely a method for estimating the true distri-
bution of strength, which is the main contribution of this article.

The idea of representing the mechanical failure by means of a proba-
bility density function is not new, however the way in which such a den-
sity is introduced in this article is innovative. Other authors have tried to
explain the failure of materials (specially brittle and quasi-brittle ceramic
materials) using probabilities, mainly, the Extreme Value theory (EV the-
ory), and the Weibull distribution. Weibull distribution is a kind of Extreme
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Value distribution. Many studies assume that at small scales the strength
of the material is given by a distribution related to Weibull distribution
[Sutcu,1989, Manzato et al.,2009]. Unlike these models, we do not assume
special distributions at small scales instead we used a probabilistic machinery
based on stochastic processes (and not directly on EV theory). The type of
stochastic treatment used here allows to compute the parameters A and
characterizing the original arrangement of fibers, and therefore, we can com-
pute from them the distribution of ultimate stress by simulation. We found
that the distribution of the strength of soft tissues is a Fréchet distribution,
another type of Extreme Value distribution (indeed, Fréchet, Weibull and
Gumbel distributions are the only three possible types of EV distributions
and together they form the family of Generalized Extreme Value distribu-
tions).

However, it is possible that the GEV distributions are not the only type
of distributions relevant for strength of materials. For example, an influent
work in percolation models found a completely new type of distribution for
the strength of the material [Duxbury et al.,1987]. Further work is needed to
clarify how many the distributions are possible, our study shows that Fréchet
distribution is one of the relevant distributions has to be considered.

Another interesting finding of this study is that fiber breaking in soft tis-
sues present distributions of the same type found in other critical phenomena
associated with a great number of elements in interaction, namely the pres-
ence of power-law or Pareto distributions. Further work is needed in order
to interpret the decay parameter «, but it is interesting to note the presence
of such an exponent in the distribution function of “damage”.

About figures 4 and 5, it is important to highlight that we are dealing
with stochastical, not deterministic processes. Thus, a simulation consists in
a random sequence of microfailures, so the red dots represent the sequence of
real microfailures in the tissue, and the dashed line is a simulated stochastical
(random) curve using the same parameters computed for the sequence of
real microfailures. In figure 4, both the simulated process and the observed
process fit very well. In figure 5, both processes are qualitatively similar
(but remember that red dots and the dashed line depict different instances
of random processes with the same statistical parameters, so the dashed line
is not an adjusted curve but only a qualitatively similar curve).

Finally, note that in this study, all the statistics are referred to the set
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of data of one specimen. The number of micro-failures (n,,; = 285) supplied
by this specimen seems to be sufficient in order to achieve significance in
various statistical tests. In addition, the adjusted parameters are adequate to
generate a great number of different simulations (ng,, = 500). But it would
be interesting to have different instrumented specimens in order to make
inter-specimen statistics comparing the obtained parameters. Unfortunately,
the current data does not allow such a comparison. A further step would be
to obtain such data.

5 Appendix: Mean and Variance of T,

In this appendix we calculate the expected values and variances of the vari-
ables needed for the comparison with the experimental data and the fitting
of the parameters in equation (8).

First, we consider the variable T, = lim,, T,,, where the variables T}, were
defined in equation (2). The mean and the variance of this variable can be
computed directly. For the mean p =E(T,):

1

ey U

oo = E(Ti0) = E(Z e‘“’“_”gk) = 3 PR =
k=1 k=1

Second, for the computation of 02 = Var(T,), we use o2, = E(T2) -
E?(Tw). We compute previously T772:

T2 = (32, e f0-18,) =
= X2 Tk (e BUD ) (S e BUs1-D-D)

=3 e B S SiS 1

Taking now expected values:

E(T2) =Y, ety B(SSkin) =

- e—Bk-1) 1+(_1)k+1
= Xk1 \2 (k? + 5 )

1 1
TOR(1_ )2 N2(1- e 2h)
And, finally, we obtain using (17):
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1 e2f

2 _ 2 2 _
0o = B(T5) - EX(Tw) = 5 55— (18)
389 More in general, the random variables T; ; used for the fitting of param-
;0 eters have expected values given by:
pig = B(Ty) =B (T, e 7t D8)
A N e~ Bl-1) _ ¢-Bj (19)
= J . _/B(k_l)]E S =
Zk=1€ ( k?) (1—6_’5)>\
301 The above calculations are sufficient for adjusting parameters and show-

52 ing the accuracy of the model. Another interesting question is to obtain di-

33 rectly the probability density distribution of T,,. Technically, the probability

s distribution for the ultimate stress is computable but it involves infinite con-

05 volution products. In particular, some results of [Kawata, T. & Udagawa, M.,1949]
w6 can be used to obtain the characteristic function of the distribution of T4,

se7 - which is the infinite product:

oo . -1
_ 18To0 ] —_ (&
er () = EL™] =TT (1~ 57500 (20)
308 The computation necessary to write explicitly the probability function of

30 1T from the above expression is complex. For this reason, we have preferred
w0 numerical simulations to obtain the empirical distribution.
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