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Encoding a topological gauge theory on a ring-shaped Raman-coupled Bose gas
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Topological gauge theories constitute a framework for understanding strongly correlated quantum matter
in terms of weakly interacting composite degrees of freedom. Their topological properties become evident
when these theories are realized on a space of nontrivial topology. Here, we propose a scheme to realize a
one-dimensional topological gauge theory, the so-called chiral BF theory, on a ring geometry. We obtain such
a theory by dimensionally reducing Chern-Simons theory on a disk to the chiral BF theory defined on the ring.
Then, we encode the theory into a Hamiltonian with a coupling between angular momentum and density, and we
propose and numerically benchmark its realization in an optically dressed Bose gas confined in a ring-shaped
trap. There, the topological properties of the underlying theory manifest themselves through a magnetic flux
variable that is density dependent. We quantify such density-dependent magnetic flux in terms of the ground-state
angular momentum and the chiral properties of the system through a Bogoliubov analysis. Our proposal enables
the observation of topological features of the chiral BF theory that become manifest due to the nontrivial topology
of the ring geometry.
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I. INTRODUCTION

Topological gauge theories (TGTs) are a special class of
gauge theories with no “photons,” that is, at the classical level,
the gauge field is not propagating in the vacuum [1,2]. The
classical action is a topological invariant and assigns a set of
local conservation laws that determine gauge field configura-
tions in terms of the matter ones, up to global solutions, i.e.,
related to the topology of spacetime. In this paper, we propose
a simple ultracold atom [3] setup to investigate experimen-
tally the role of spacetime topology in a textbook example of
topological gauge theory, namely, the chiral BF theory [4–6].

In high-energy physics, topological contributions to gauge
theory actions are included to provide a nonperturbative com-
pletion of the standard model (such as the so-called θ term)
[7–9] or to describe physics beyond the standard model
[10]. In condensed matter, topological gauge theories provide
low-energy descriptions of strongly correlated quantum mate-
rials through effective weakly interacting models [11–13]. A
prominent example of this is fractional quantum Hall systems.
There, fractionalized Hall conductance is explained through
quasiparticle excitations that can be described as electrons in
a plane with an emerging magnetic field attached to them, the
famous flux attachment [14,15]. In the continuum limit, the
flux attachment condition implies that the magnetic field is
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proportional to the charge density and can be interpreted as the
conservation law of Chern-Simons theory [16–18], the topo-
logical gauge theory for the emergent gauge field generating
the magnetic flux. Instead of Chern-Simons theory, here we
consider the chiral BF theory, a one-dimensional (1D) gauge
theory that can be thought of as a dimensional reduction of
Chern-Simons on its edge [4–6,19,20]. The name “chiral BF
theory” has the following origin. The term “BF” originates
from the topological coupling between a bosonic field and
the gauge-field strength, which in 1 + 1 dimensions takes
the form of a scalar field B multiplied by εμνFμν . The term
“chiral” reflects the fact that the kinetic term of B is equivalent
to that of a chiral boson.

As first proposed by Rabello [4] and clarified by Kundu
[21], the chiral BF model provides a gauge theory description
of a one-dimensional anyon gas and, as shown by Bonkhoff
et al. [22], it corresponds to the continuum formulation of the
anyon Hubbard model [23,24]. Recently, the chiral BF theory
on a line was realized in Ref. [25] with a two-component
Raman-coupled Bose-Einstein condensate (BEC) by experi-
mentally demonstrating the existence of chiral solitons and
the asymmetric expansion of the gas. Moreover, the anyon
Hubbard model was realized in Ref. [26] for two particles
and their asymmetric transport was observed. Anyonic cor-
relations have also been observed through the momentum
distribution of an impurity traveling in a Tonks-Girardeau gas
[27]. These experiments observed the chirality routed in 1D
anyons and in their field theory description, the chiral BF the-
ory. However, these experiments could not access topological
invariants characterizing it because the topology of the space
was trivial.

In this work, we address the lack of topological effects by
considering the chiral BF theory on a ring. The ring hosts
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topological configurations of the gauge field, i.e., extra, zero
magnetic field configurations with an integer-valued magnetic
flux that exist also in the absence of matter. We show the
emergence of the chiral BF theory from Chern-Simons theory
on a disk by making two consecutive observations. First, the
boundary term required to restore gauge invariance on a finite
domain [28,29] is the BF term with an extra degree of freedom
B. Then, the integration of the Chern-Simons disk along the
radius returns the chiral boson action for B, thus recovering
the full chiral BF theory in the absence of matter. After
including the coupling to matter, we reformulate the theory
into a Hamiltonian by means of the Faddeev-Jackiw proce-
dure [30–32], which removes the redundant gauge degrees of
freedom by encoding them into matter. This encoded Hamil-
tonian features chiral interactions in the form of a coupling
between angular momentum and a magnetic flux propor-
tional to the matter density. To engineer such a coupling, we
propose to use a ring-shaped Bose-Einstein condensate that
is Raman-coupled via a Laguerre-Gauss beam [33,34] and
employ the same description as in Ref. [32] for the Raman-
coupled system. Ultracold gases in a ring trap have been
extensively studied for inspecting the properties of persistent
currents in quantum gases, as well as for atom interferom-
etry and atomtronics [35–43]. Laguerre-Gauss beams have
been also proposed to selectively excite and detect edge and
collective modes in fractional Chern insulators engineered
with ultracold atoms [44,45]. In turn, Raman coupling in
simply connected geometries has become a key tool to en-
gineer synthetic vector potentials [46], spin-orbit coupling
[47–49], and tunable interactions [50]. Recent experiments
have also realized spin-orbital–angular-momentum coupling
in ultracold gases, demonstrating azimuthal gauge potentials,
controlled vortex creation, and ground-state phase transitions
[51–53]. Here, we propose to exploit Raman coupling on
a ring geometry to achieve emergent gauge fields that are
azimuthal. Consequently, their circulation along the ring is a
magnetic flux variable. We show that the chirality of inter-
actions achievable in Raman-coupled Bose gases leads to a
magnetic flux that is density dependent, resulting in a system
that realizes the chiral BF theory on a ring. By demonstrating a
feasible scheme to realize density-controlled magnetic fluxes,
our work bridges the gap between realizations of one- and
two-dimensional topological gauge theories.

In order to formulate the chiral BF theory in a ring in a
form amenable to quantum simulation, discuss its emergence
in Raman-coupled Bose gases, and propose realistic protocols
for observing the density-controlled magnetic fluxes associ-
ated with it, this work is organized as follows. In Sec. II,
we review the connection between the chiral BF model and
Chern-Simons theory, and deduce the former as a dimensional
reduction of the latter. In Sec. III, we apply the Faddeev-
Jackiw formalism to the chiral BF Lagrangian and obtain
a Hamiltonian in second-quantized and encoded form. In
Sec. IV, we detail the implementation of this Hamiltonian in a
Bose gas with imbalanced interactions coupled by Laguerre-
Gauss Raman laser beams. In Sec. V, we investigate the
validity of the mapping to the chiral BF model for realistic
experimental parameters by means of numerical simulations.
Finally, in Sec. VI we present our conclusions and discuss the
perspectives opened by this work.

II. CHIRAL BF THEORY ON A RING

In this section, we will derive the topological modes of the
gauge field by solving the flux attachment condition in a non-
trivial space. The space with nontrivial topology is the plane
without the origin, and the topological modes are produced
by an infinitesimal solenoid that is placed at the origin. Then,
we will argue that the Chern-Simons Lagrangian on a disk
requires an additional boundary degree of freedom to be gauge
invariant and show how this extended theory is dimensionally
reduced to obtain the chiral BF Lagrangian on a ring.

To derive the topological modes, we first introduce the flux
attachment condition, i.e., the Chern-Simons local conserva-
tion law in the absence of matter [17,18]:

εi j∂iA j = BCS = 0. (1)

Here, εi j is the Levi-Civita symbol, Ai is the (two-
dimensional) Chern-Simons gauge field ith spatial component
with i = 1, 2, and BCS is the Chern-Simons magnetic field.
Then, a gauge field configuration AT is topological when it
solves Eq. (1) but exhibits a nonzero magnetic flux �, which
is independent of the shape of the surface S that is used to
compute it [54]. As sketched in Fig. 1(a), this condition can be
fulfilled ∀x �= 0, with x denoting a point in the infinite plane,
by placing an infinitesimal solenoid at the origin, and, if S
encloses the origin, it follows from Stokes’ theorem that

� =
∮

∂S
AT ds = 2πω, ω ∈ Z. (2)

Noticeably, ω is the Chern number of the gauge field. We set
S to a disk D of radius r0 and look for a way to fulfill Eq. (2)
on the ring ∂D. We choose AT

φ that is constant along ∂D and
evaluate the circulation as 2πr0AT

φ , finding

AT
φ (r0) = ω

r0
. (3)

We prolong this solution to the whole disk, excluding the
origin, by letting r0 → r. If this configuration satisfies Eq. (1),
we infer that AT

r (r, φ) = 0, as expected. In fact, there are no
windings along the radial coordinate since it is not a compact
dimension.

This solution also results from the flux attachment in the
presence of a point matter source at the origin [55]. With
this construction, we observe that the nontrivial topology of
the space, i.e., R2\{0}, implies an additional flux variable
but no corresponding magnetic field. We will call AT

φ the
solenoid solution, and we will absorb it in the definition of the
angular component of the gauge field. This is the only spatial
component of the gauge field that remains when the theory is
dimensionally reduced to a ring.

Since Chern-Simons theory gives a description for a
two-dimensional anyon field, during the past decade there
was interest to dimensionally reduce it to consistently de-
scribe one-dimensional anyons. Indeed, the first dimensional
reduction of Chern-Simons theory was formulated in the
Hamiltonian framework and it yielded the chiral BF Hamilto-
nian [4]. Note that alternative reductions of the Chern-Simons
Hamiltonian have also been developed, resulting in one-
dimensional models different from the chiral BF one [56–63].
The Lagrangian formalism has also been employed to achieve
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FIG. 1. Chiral BF theory on a ring: derivation from Chern-Simons theory, experimental scheme, and signatures. (a) A winding number
ω ∈ Z is equivalent to placing an infinitesimal solenoid in the origin; outside, the magnetic field is everywhere zero but there is a flux 2πω.
(b) Lagrangian on a disk and its encoded Hamiltonian. Chern-Simons theory is represented as a purple solenoid in the bulk and the BF term as
the red-shaded half of the solenoid outside the boundary. It restores gauge invariance by completing the solenoid cut by the edge. Integrating
Chern-Simons theory in the bulk gives rise to a chiral boson term on the boundary (skipping orbits). Coupling the theory to a scalar field
(black sphere) yields a Hamiltonian with chiral interactions, i.e., the angular momentum coupled to a density-dependent magnetic flux (green
solenoid), which manifest in different sound velocities for right and left movers (V±). (c), (d) Experimental implementation of the encoded
Hamiltonian. (c) A Laguerre-Gauss (orange) and a Gaussian (green) beam produce a Raman transition between internal states |↑〉 and |↓〉 of a
Bose gas with single-particle detuning δ and a two-photon Rabi coupling �. The laser scheme simultaneously produces a scalar ring potential.
(d) Density profile of the gas with an angular momentum transfer �, together with the beams’ direction of propagation and the quantization axis
given by a bias magnetic field B = B0x̂. (e) Chiral BF theory as effective Hamiltonian. Dispersion bands of the single-particle Hamiltonian
as a function of the quasiangular momentum q. The colormap shows the spin polarization P of the eigenstates. A Taylor expansion of the
lower band around a center momentum q0 yields a static gauge AS (the slope of the tangent) and an effective mass M∗ (the curvature). Chiral
interactions arise from imbalanced intrastate interactions of |↑〉 and |↓〉, producing a density-dependent displacement of the lower band, which
is depicted by particles repelling with different strengths at different momenta of the band (sketches with spheres and arrows). (f) Experimental
signatures of the theory. Change of the angular momentum Q (upper panel) and the chiral sound velocities V± (lower panel) as a function of
the density-dependent magnetic flux variable (see Sec. V).

the dimensional reduction, but it requires either the introduc-
tion of the kinetic energy for the B field by hand [6,19] or
to couple Chern-Simons theory to a background gauge field
[64,65] in order to yield the chiral BF model.

Here, we use the same Lagrangian formalism and introduce
a boundary term to the Chern-Simons action to restore gauge
invariance, which is broken by a finite spatial domain. This
boundary term contains an additional degree of freedom, the
B field, and turns out to be the BF action itself [29]. We
show that the system’s boundary conditions allow to match
B with the field in the chiral boson action, with such an action
resulting from the Chern-Simons one evaluated for pure gauge
solutions [28]. In this way, we obtain the chiral BF theory in
vacuum, which can be then coupled to a one-dimensional mat-
ter field. One can also couple the two-dimensional matter from
the start and execute the same procedure, but an additional
condition is required to obtain the matter-coupled chiral BF
theory. Here, we provide the key steps of the reduction. We
refer the interested reader to Appendix A for further details.

To start our procedure, we first assign the spatial domain to
be D and consider the (2 + 1)D Chern-Simons Lagrangian

LCS = 1

2κ
εμνρAμ∂νAρ, (4)

where εμνρ is the Levi-Civita tensor for μ = t, r, φ, Aμ =
(A0, Ai ), and i = r, φ the covariant gauge field, and the

coupling constant κ is known as the Chern-Simons level.
While this constant can have any value in classical field the-
ory, in the quantum theory it can assume only rational or
integer values, depending on matter being coupled to the field
or not [18]. Here, we consider the dimensional reduction of
the Chern-Simons theory to chiral BF at the classical level, so
κ is real number. In Sec. III, however, we will see how κ gets
restricted by requesting periodicity of the phase accumulated
by the wavefunction of the chiral BF theory under a closed
loop. Lagrangian (4) is invariant only under restricted gauge
transformations [28], i.e., field redefinitions Aμ → Aμ + ∂μ f ,
where f is a regular function that is zero on the boundary
f (r0) = 0. Otherwise, the transformation of Aμ yields LCS →
LCS + Dκ [Aμ, f ]; i.e., it adds a total derivative Dκ , which
cannot be discarded because the boundary is not at spatial
infinity. To restore gauge invariance [29], we introduce the
extension LCS+BF[B, Aμ] = LCS[Aμ] − Dα[Aμ,B], with B an
additional degree of freedom, and assign the transformation
Aμ → Aμ + ∂μ f , B → B + α f /κ . Then, the full action reads

SCS+BF =
∫

dt

(∫
D

dxLCS + 1

2α

∮
∂D

BεμνFμν

)
, (5)

where
∮
∂D = r0

∫
dϕ, μ, ν = t, φ, and thus Fμν = Eφ . The

total Lagrangian is schematically depicted in Fig. 1(b). Notice
that the piece we add is the BF action itself living on ∂D.
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Such a term is a total derivative for the bulk; therefore, it does
not alter the equations of motion (e.o.m.) for Aμ in D, but it
modifies their boundary conditions.

To obtain the chiral BF theory on the ring, we need to
integrate Chern-Simons theory in the disk along the solutions
of the flux attachment condition (1), in order to obtain an
exact boundary term that we can express as a function of
B. We consider a pure gauge configuration in the temporal
gauge [28]

A0 = 0, Ai = ∂iβ + δi,φ
ω

r
. (6)

Here, β is a regular function and the second term accounts
for the topological mode. We substitute the solution (6) in the
Lagrangian LCS, and recast the action (5) evaluated for this
solution through Stokes’ theorem

SCS+BF
sol= 1

2

∫
dt

∮
∂D

1

κ
∂tβ

∂φ

r
β + 1

α
BεμνFμν, (7)

where all fields are implicitly evaluated at r0. The first term in
Eq. (7) is the chiral boson action for the function β, and it is
represented in Fig. 1(b). Then, such a term can be recast with
the boundary condition

κB(t, φ; r0) = αβ(t, φ; r0), (8)

thus recovering the (1 + 1)D chiral BF theory
[6,19,20,32,64,65] on a ring

SCS+BF
sol= 1

2

∫
dt

∮
∂D

κ

α2
∂tB

∂φ

r
B + 1

α
BεμνFμν, (9)

after we rename the couplings as κ → λ and α → κ .
This theory can then be minimally coupled to one-

dimensional matter. Alternatively, we can couple the extended
Chern-Simons theory to matter in a disk; i.e., one can start
from the extended Jackiw-Pi action [17]

SJP = SCS+BF + SM

SM =
∫

dt
∫
D

dx�∗(i∂t − A0)� + 1

2m
�∗(∇ − iA)2�,

(10)

and execute the same procedure, i.e., integrating the bulk
along the equations of motion. We arrive at a chiral BF theory
coupled to one-dimensional matter on the ring, together with
two additional terms. The first is nonzero in the bulk and
can be set to zero on the ring by requesting that the total
particle number on the ring is conserved. The second term
is the covariant, radial kinetic energy on the ring. It can be
set to zero by requiring zero radial covariant momentum on
the ring. These two requirements translate into boundary con-
ditions for the bulk equations of motion which are ∂rJr = 0
and (∂r + iAr )� = 0, respectively, with Jr the radial covariant
current. Then, the integration of the Jackiw-Pi action along
the e.o.m., supported by these boundary conditions, and the
renaming of the couplings yields the chiral BF action

ScBF =
∫

dt
∮

∂D

λ

2κ2
∂tB

∂φ

r
B + B

2κ
εμνFμν

+ �∗(i∂t − A0)� + 1

2mr2
0

�∗(∂φ + ir0Aφ )2�. (11)

To sum up, this section shows that the chiral BF action on
a ring emerges from the gauge-invariant extension of Chern-
Simons’ Lagrangian on a disk, when the latter is integrated
along the bulk solution and boundary conditions are pre-
scribed.

III. ENCODED HAMILTONIAN DERIVATION

In this section, we will express the chiral BF Lagrangian
coupled to a matter field in its encoded form. With the term
encoded, we refer to a Hamiltonian formulation where the
gauge degrees of freedom are expressed in terms of matter
through the local conservation law. For instance, the gauge
field in the Schwinger model [66,67] (1D lattice model of
electromagnetism) contains no dynamical degrees of freedom;
thus, it can be fully eliminated and gives rise to Coulomb
interactions [68]. In the case of the chiral BF theory, the
dynamical gauge degrees of freedom are absent from the
Hamiltonian because the action (9) is topological. When cou-
pled to matter, instead of Coulomb interactions, this gauge
field provides statistical interactions, as shown in Fig. 1(b).
On a line, such interactions have the form of a coupling
between density and current density; thus, they are chiral.
On a ring, the corresponding Hamiltonian features the same
chiral interactions but in the shape of a coupling between
angular current and a density-dependent magnetic flux, which
are represented in Fig. 1(b). Such an encoded Hamiltonian
will be the target of the proposed quantum simulation with
Bose-Einstein condensates.

To get the encoded Hamiltonian, we will use a proce-
dure established by Faddeev and Jackiw [30] to quantize
constrained theories without adopting a choice of gauge. By
using field redefinitions (canonical transformations) at the
level of the Lagrangian and the local conservation law (Gauss’
law), one eliminates the unphysical degrees of freedom. The
resulting Lagrangian for the physical degrees of freedom
only can be Legendre transformed into a Hamiltonian, the
encoded Hamiltonian, and the theory canonically quantized.
This procedure is known to be equivalent to other quantization
methods, like Dirac quantization, or to covariant quantization
schemes when available [31]. In the latter situation, eliminat-
ing the unphysical degrees of freedom from the Hamiltonian
leads to the encoded Hamiltonian in both classical and quan-
tum theories. From a quantum simulator’s perspective, the
use of encoded Hamiltonian is convenient because it mini-
mizes the degrees of freedom needed and can simplify the
interactions [67,69–71]. The Faddeev-Jackiw procedure has
already been used for obtaining the chiral BF Hamiltonian on
a line [32]. Here, the difference is that there is a topological
component of the gauge potential that remains independent
of matter, therefore remaining in the encoded Hamiltonian
formulation.

We start the quantization procedure from Eq. (11) and
consider the presence of interactions V (n), which depend
polynomially on the local density n = |�|2. From here on,
time derivatives are denoted with a dot ∂t� ≡ �̇. Then,
since there are no boundaries along the time and polar
coordinates, we discard total derivatives with respect to
these variables and write the Lagrangian in the first-order

023242-4



ENCODING A TOPOLOGICAL GAUGE THEORY ON A … PHYSICAL REVIEW RESEARCH 8, 023242 (2026)

formalism

LcBF = − A0

(
n − ∂φ

κr0
B

)
+ BȦφ

κ
+ λ

2κ2r0
Ḃ∂φB

+ AφJφ + i�∗�̇ + 1

2mr2
0

�∗∂2
φ� − V (n). (12)

This expression shows that the conjugate momenta �Aφ
=

B/κ and �B = λ∂φB/2κ2r0 are not functions of the fields’
time derivatives; therefore, the latter cannot be expressed in
terms of the momenta and the Legendre transform cannot
be used. Further, in this formalism, A0 acts as a Lagrange
multiplier, because no spacetime derivatives of this field ap-
pear. Therefore, A0 can be treated as a constant multiplying
the local conservation law of the theory. Independently of
discarded total derivatives, the Euler-Lagrange e.o.m. of the
system read

i�̇ + 1

2mr2
0

(∂φ + ir0Aφ )2� − δV (n)

δn
� = 0, (13)

∂φB = r0κn, (14)

Ḃ = κJφ, (15)

r0κEφ − λ∂φḂ = 0. (16)

Here, Eφ = Ȧφ − ∂φA0 and Jφ is the angular covariant current.
The first is a Schrödinger equation for the � field under
the presence of a gauge potential Aφ , and the other three
are differential equations for the gauge field components. To
obtain a Hamiltonian for the independent field �, we start the
encoding with a U (1) field redefinition

�(t, φ) → exp

{
i

(
−

∫ φ

φ0

dϕ r0(Aφ − AT
φ )(t, ϕ)

+
∫ t

t0

dτ A0(τ, φ0) − λ

2κ
B(t, φ0)

)}
�(t, φ),

(17)

which brings the problem in a frame where the potential E =∫ φ

φ0
dϕ Eφ (t, ϕ) is the Lagrange multiplier

LcBF = E
(

n − ∂φ

κr0
B

)
+ λ

2κ2r0
Ḃ∂φB − λ

2κ
Ḃ(t, φ0)n

+ i�∗�̇ + 1

2mr2
0

�∗(∂φ + ir0AT
φ )2� − V (n), (18)

while the local conservation law (14) stays the same. The
transformation (17) has the effect of decoupling the La-
grangian in a dynamical part, given by the chiral boson action
and Schrödinger Lagrangian, and the conservation law of the
theory, which is multiplied by E . Also, we cannot absorb
the solenoid solution AT

φ (3) in the field redefinition without
executing a large gauge transformation, which changes the
winding sector of the theory. Next, we notice that the local
conservation law (14) implies

B(t, φ) = B(t, φ0) + κ

∫ φ

φ0

r0dϕ n(t, ϕ). (19)

By substituting Eqs. (3) and (19) in Eq. (18), we find

LcBF = i�∗
(

∂t − i
λ

2

∫ φ

φ0

r0dϕ ṅ(t, ϕ)

)
�

+ 1

2mr2
0

�∗(∂φ + iω)2� − V (n). (20)

A final Jordan-Wigner transformation

�(t, φ) → exp

(
i
λr0

2

∫ φ

φ0

dϕ n(t, ϕ)

)
�(t, φ) (21)

brings the Lagrangian in canonical form

LcBF = i�∗�̇ − Henc
cBF, (22)

Henc
cBF = − 1

2m
�∗

(
∂φ + iω

r0
+ i

λ

2
n

)2

� + V (n), (23)

where the Hamiltonian can be identified.
Notice that the gauge transformations (17) and (21) change

the boundary conditions of � throughout the encoding. That
is, if the matter field in Eq. (12) obeys periodic boundary
conditions, then the one in Eq. (23) generally obeys twisted
boundary conditions �(0) = eiA�(2π ), with A the phase
accumulation. Such boundary conditions are not desirable for
an experimental proposal. However, we are free to push the
twisted conditions back into the original Lagrangian to absorb
such a phase accumulation. To trace this back, we can write
the total phase redefinition as a function of the density and
initial conditions only. Indeed, the azimuthal component that
appears in Eq. (17) is equal to Aφ − AT

φ = λn, which results
by composing the e.o.m. (14) and (16) in the temporal gauge.
Likewise, A0 in Eq. (17) is zero in such a gauge choice.
Therefore, the total phase that relates the matter field in Eq.
(12) and the one in Eq. (23) is

A(t, φ) = −
∫ φ

φ0

r0dϕ
λ

2
n(t, ϕ) − λ

2κ
B(t, φ0). (24)

Therefore, the phase jump is A(t, 2π ) − A(t, 0) ≡ A =
−λN/2, with N = ∫ 2π

0 r0dϕ n(t, ϕ). This number is generally
not a multiple of 2π . The accumulated phase A thus reflects
the nontrivial gauge connection of the chiral BF theory on a
ring. As a further consequence of the change of phase (24),
the density-dependent gauge field in Eq. (23) is equal to λn/2
and corresponds to half of the field in the Lagrangian (12), i.e.,
Aφ − AT

φ = λn. As a final remark, to ensure that observables
are well defined everywhere in the quantum theory [72], we
must require that the phase λN/2 + 2πω accumulated by �

around a closed loop is a multiple of 2π . Since the topological
winding ω ∈ Z, this condition restricts the values of λ, i.e.,
the Chern-Simons level κ introduced in Sec. II, to obey the
relation λ = 4πk/N , with k ∈ Z. Such a condition also allows
the phase accumulated through the encoding procedure to
be a multiple of 2π . However, this restriction can be safely
neglected in the limit of large particle numbers N , which is
coherent with the numerics of Sec. V, where λ is treated as a
continuous parameter.

A key result of having the theory on a ring is the presence
of a density-dependent magnetic flux, for the mere fact that the
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gauge potential is now azimuthal. The total flux per particle is
given by

ω̃ =
∫ 2π

0
r2

0dϕ�∗
(

λ

2
n + ω

r0

)
� = r0λ〈n〉

2
+ ω. (25)

The detailed form of the chiral BF encoded Hamiltonian is
obtained by expanding the covariant derivative

Henc
cBF = − 1

2mr2
0

�∗∂2
φ� +

(
ω

r0
+ λn

2

)
jφ

+ n

2m

(
ω

r0
+ λn

2

)2

+ V (n), (26)

where jφ = Re(�∗(−i∂φ )�)/mr0 is the angular current and
V (n) is an interaction term polynomial in density. The main
property of Eq. (26) is the chiral current-density term pro-
portional to λ, as all other terms coming from the covariant
derivative (i.e., the two-body and three-body terms scaling as
λω and λ2, respectively) could be absorbed in V (n) because of
its definition, while the three-body interactions could also be
discarded in the low-density regimes. At the end of next sec-
tion, we will leverage the freedom in the definition of V (n) to
match the chiral BF Hamiltonian (26) with an experimentally
feasible Bose gas Hamiltonian.

Hamiltonian (26) can be quantized canonically by promot-
ing � to a field operator with bosonic commutation relations,
so that the computation of the quantum Heisenberg equa-
tion of motion is equivalent to the classical Euler-Lagrange
e.o.m. of Eq. (22). Notably, the quantized version of the ki-
netic energy in the Hamiltonian (23) is connected to a free
Hamiltonian system of anyonic field operators:

Ĥ = − 1

2mr2
0

η̂†∂2
φη̂, (27)

η̂(φ1)η̂†(φ2) − ei λr0
2 sgn(φ2−φ1 )η̂†(φ2)η̂(φ1) = δ(φ2 − φ1), (28)

via the Jordan-Wigner transformation

�̂(t, φ) = e−i
∫ φ

φ0
r0dϕÂω η̂(t, φ), (29)

where Âω = ω/r0 + λn̂/2. From this last expression, we no-
tice that λn̂/2 relates both the boundary conditions of �̂ and η̂

as well as their total angular momenta. Therefore, if the Bose
field is periodic and with integer-valued angular momenta, the
corresponding anyonic field can obey twisted boundary condi-
tions and have a fractionalized angular momenta depending on
the particle number. Importantly, the strength λ of the chiral
interaction for the Bose field controls the statistical angle of
one-dimensional anyons in the continuum and coincides with
twice the sine of the lattice anyon statistical angle [22].

To summarize, this section shows that the chiral BF La-
grangian on a ring can be encoded into a Hamiltonian for a
matter field coupled to a density-dependent and a topological
gauge field.

IV. CHIRAL BF ON RING-SHAPED BECS

The second-quantized form of the chiral BF Hamiltonian
(23) describes a bosonic field coupled to a density-dependent
gauge field with a winding number. Since the theory involves

only local interactions, ultracold atoms can provide a suit-
able platform for its quantum simulation. Indeed, the first
mean-field proposal was given by Edmonds et al. [33] for
both linear and ring geometries. Their approach is based on
a two-component Raman-coupled Bose-Einstein condensate
with synthetic spin-orbit coupling, where the full system is
described by the lowest eigenstate of the atom-photon system
as a position-dependent dressed state. In that framework, a
density-dependent gauge field emerges from contact interac-
tions, which act as a many-body detuning of this eigenstate.

In this section, we leverage the same experimental platform
but follow a more powerful approach based on the micro-
scopic momentum picture initially developed in Refs. [73,74]
and further refined in Ref. [32]. This method allows us to
derive the mapping between the chiral BF Hamiltonian and
the Bose gas Hamiltonian directly at the quantum level, before
any mean-field approximation. In this momentum-space pic-
ture, the coupling to the density-dependent gauge field is more
naturally understood in terms of chiral interactions. At the
same time, the mapping holds for lower values of the Raman
coupling than in Ref. [33], which is crucial for reducing atom
loss due to photon scattering and, thus, enables experimental
realizations.

Specifically, we consider two electronic states within the
lowest-lying hyperfine manifold of a Bose gas that we label
σ = ↑,↓. The system is described by the bosonic field op-
erator �̂σ = [�̂↑ �̂↓]T. The two internal states are Zeeman
splitted by a bias magnetic field B = B0x̂, and further cou-
pled by a pair of Laguerre-Gauss and Gaussian laser beams
copropagating along the ẑ axis, as shown in Fig. 1(d). The
Laguerre-Gauss beam carries an orbital angular momentum
2h̄�, where � is the quantum of angular momentum that is
transferred to the gas. A sketch of the two-level system is
depicted in Fig. 1(c). Differently from the experimental re-
alization on the line [25], we conveniently choose the Raman
transition to be red detuned to both D1 and D2 lines, so that
the same pair of beams can be employed to generate a scalar
ring potential of radius r0. We also add a light-sheet potential
for boxlike confinement along the vertical z direction, with
walls at ±zT . We name the total potential VT. For −zT < z <

zT , it takes the form VT = Mω2
r (r − r0)2/2, where M is the

atomic mass and ωr the radial trapping frequency. The gas
takes the shape of a hollow cylinder, as depicted in Fig. 1(d).
Its noninteracting properties are described in the laboratory
frame by the one-body Hamiltonian [51]

Ĥ0 =
∫

dx
∑
σ1,σ2

�̂†
σ1

(x)H0,σ1,σ2�̂σ2 (x), (30)

H0 =
(

− h̄2

2M
∇2 + VT

)
⊗ I

− h̄δ

2
σz + h̄�

2
(e+i2�φσ+ + e−i2�φσ−). (31)

Here, x labels the position in the three-dimensional space, φ

is the polar coordinate, � and δ indicate the two-photon Rabi
frequency and single-particle detuning, respectively, and I,
σz, and σ± = (σx ± iσy)/2 are the identity and Pauli matrices
in spin space. Analogously to the linear case [47,73,75], this
Hamiltonian can be made manifestly rotationally invariant by
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a local spin rotation

�̂ → diag[e+i�φ, e−i�φ]�̂, (32)

which leads to

H0 =
(

− h̄2

2M
∇2 + VT + h̄2�2

2Mr2

)
⊗ I

+
(

2h̄�
−ih̄∂φ

Mr2
− h̄δ

2

)
σz + h̄�

2
σx. (33)

In this rotating frame, the Hamiltonian shows the spin-
orbital angular momentum coupling Lzσz, for Lz = −ih̄∂φ ,
plus a scalar potential ∝ r−2. To diagonalize the Hamil-
tonian [76], we can disregard the transverse directions,
because the experimental setup involves tight confinement
around r0 in the radial direction and homogeneity ẑ direc-
tion. Since Hamiltonian (33) commutes with Lz, we look
for eigenstates of the type �̂σ (m) = eimφ�̂σ . Here, m is the
quasiangular momentum, i.e., the angular momentum number
in the rotating frame, and this form allows the substitution
−i∂φ → m in Eq. (33).

Until the end of this section, we work in units of the recoil
energy ER = h̄2�2/2Mr2

0 and length r0/� to simplify notation.
The momentum-dependent rotation[

�̂↑
�̂↓

]
(m) = R̂(m)

[
�̂+
�̂−

]
(m), (34)

R̂(m) = exp i
θ (m)

2
σy =

[
cos θ (m)

2 − sin θ (m)
2

sin θ (m)
2 cos θ (m)

2

]
, (35)

brings the Hamiltonian (33) in diagonal form

H0 =
∑

m

R̂(m)HmR̂†(m), Hm�̂± = E±�̂±. (36)

Here, we introduced the rotation angle θ (m) = tan−1 �/δ̃,
with δ̃ = δ − 4m�/r2, as well as the dressed basis �̂± and
dressed bands

E±
(m

r

)
= m2 + �2

r2
± 1

2

√
�2 +

(
δ − 4m�

r2

)2

, (37)

from which we identify the band gap �̃ =
√

�2 + δ̃2. Notice
that for every (quasi)angular momentum number m, we intro-
duce a family of momenta m/r. Similarly, there is a family of
Raman momenta �/r with value of unity when r = r0. These
bands have a spin composition that is momentum dependent
through a spin polarization parameter P(m) = δ̃/�̃, a property
that is depicted with the bands’ spin texture in Fig. 1(e). When
the interaction energy is small with respect to the band gap, we
can truncate the Hamiltonian to its lower band. We can also
Taylor expand this lower band with respect to the quasiangular
momentum by writing m/r = (m0 + q)/r, with m0 the center
of the expansion. The expansion stays accurate at low order
as long as m0 is close to the center of mass momentum and if
the momentum spread of states we consider is not too large.
Moreover, we only need one center of expansion if the band
has only one minimum, which is true when � > 4. Up to third

order in q�/r2�̃, we find

E−
(q

r

)
= E−

(
m0

r

)
+ (q/r − AS )2

M∗ + W0 + O

(
�q

r2�̃

)4

.

(38)
We then interpret the dressed state as a particle with a larger
effective mass M∗ under a synthetic vector potential AS , of the
form

M∗ =
(

1 − 4

(
�

r

)2
�2

�̃3

)−1

, (39)

AS = −M∗
(

m0

r
+ �

r

δ̃

�̃
− 8

(
�

r

)3
�2δ̃

�̃5

q2

r2

)
, (40)

as depicted in Fig. 1(e). The particle also feels and additional
scalar potential W0 = −A2

S/M∗. These results coincide with
the ones for linear spin-orbit coupling [32] for m0/r → k0,
�/r → kR, and q/r → q. The static gauge potential cannot
be gauged away since it is a space-dependent function and
its reabsorption can lead to a multivalued field [77]. Instead,
we keep it, as it maps into the solenoid solution (3), as we
shall see later. We can write the Taylor-expanded lower-band
Hamiltonian back in position space by applying the inverse
Fourier transform FT−1 as Ĥ0 = ∫

dx FT−1(�̂†
−E−�̂−)(x).

This corresponds to taking the dressed field back to position
space and replacing q → −i∂φ , so that we obtain

Ĥ0 =
∫

dx

[
�̂

†
−

(
E−

(
m0

r

)
− ∇2

⊥ − ∂2
φ

r2M∗

+ O

(−i�∂φ

r2�̃

)4)
�̂− + AS (m0) ĵφ

]
, (41)

and we recognize the definition of the normal ordered cur-
rent operator ĵφ = (�̂†

−∂φ�̂− − (∂φ�̂−)†�̂−)/(iM∗r). This
concludes the treatment of the noninteracting term. To trans-
form the single-particle Hamiltonian (41) into the chiral BF
Hamiltonian (26), we have to couple the bosons to the density-
dependent field Âω. In fact, for small λ, this coupling reduces
to current-density and density-density interactions. While the
latter are naturally present in a condensate, the former arise in
a Raman-coupled Bose gas with imbalanced interactions [32],
as we show below. We first regard the single-particle Hamil-
tonian as the dominant term and density-density interactions
as perturbation

Ĥlab = Ĥ0 + Ĥint. (42)

In this way, we restrict to the lowest-energy band, and at lead-
ing order project the s-wave interactions on the corresponding
basis, the dressed basis. To this end, we take the condensate
s-wave contact interactions

Ĥint = 1

2

∫
dx�̂†(x)

[
g↑↑�̂

†
↑�̂↑ g↑↓�̂

†
↑�̂↓

g↓↑�̂
†
↓�̂↑ g↓↓�̂

†
↓�̂↓

]
�̂(x), (43)
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express them in quasimomentum space

Ĥint = 1

2

∫ ∏
i

dki⊥
∑

σ1,σ2,{mi}4
1

gσ1,σ2

× δ(m4 + m3 − m2 − m1)�̂†
k4σ2

�̂
†
k3σ1

�̂k2σ2�̂k1σ1 ,

(44)

where ki = mk̂φ + k⊥, and apply the transformation in Eqs.
(34) and (35). Under the same assumptions used to manipulate
the noninteracting term, we first truncate the interactions to
the term describing scattering in the lower band only:

Ĥint ≈ 1

2

∫ ∏
i

dki⊥
∑
{mi}4

1

g−

× δ(m4 + m3 − m2 − m1)�̂†
k4−�̂

†
k3−�̂k2−�̂k1−, (45)

where

g− = g↑↑S1−4 + g↓↓C1−4 + g↑↓(S1S3C2C4 + C1C3S2S4),
(46)

with

Si = sin
θ (mi )

2
, Ci = cos

θ (mi )

2
, (47)

S1−4 =
4∏

i=1

Si, C1−4 =
4∏

i=1

Ci. (48)

Notably, the two-body coupling that describes the intra-lower-
band interactions depends on both the angular momentum
and the Raman parameters. This property confers a degree
of tunability to the dressed state interactions, in analogy with
previous works on different geometries [25,32,50,78–80]. We
can expand the lower band scattering strength (46) up to first
order in powers of q�/r2�̃ around m0/r to find

g−({qi}; m0) = g0(m0) +
∑

i �qi

r2�̃
g1(m0) + O

(
�qi

r2�̃

)2

, (49)

where

g0(m0) = 1

4
(g↑↑(1 + P)2 + g↓↓(1 − P)2 + 2g↑↓(1 − P2)),

(50)

g1(m0) = 1

2

(
4δ̃

�̃
g0 + g↓↓(1 − P)2 − g↑↑(1 + P)2

)
, (51)

with P = P(m0). Finally, we transform the Taylor-expanded
interactions back to position space and collect them together
with the noninteracting term to find the effective atomic
Hamiltonian

Ĥeff
lab = �̂

†
−

(
E−

(
m0

r

)
− ∇2

⊥ − ∂2
φ

r2
0M∗

)
�̂−

+ 1

2
g0n̂2+ : ĵφ

(
AS (m0) + λ

2
n̂

)
: . (52)

Here, λ = 2M∗g1/� is the coupling between current ĵφ and
density n̂ = �̂

†
−�̂− and : : denotes the normal ordering.

In Fig. 1(e), this current-density interaction is depicted at
the mean-field level by a density-dependent displacement of
the lower band, which arises from imbalanced interactions

between bare spin states. As shown in Fig. 1(f), these interac-
tions are manifest in the density-dependent shift of the angular
momentum in the ground state and in having different left and
right speeds of sound (see Sec. V). The Hamiltonian now dis-
plays the same density-dependent gauge potential Âφ = λn̂/2
and topological one ω/r0 = AS (m0) as defined in the chiral
BF Hamiltonian (26) we obtained in the previous section, with
the distinction that r0AS is not bounded to integer values while
ω is. Comparing this lower-band Hamiltonian with the chiral
BF one (26), we see that the two models are equivalent up to
powers of the density squared. The effective three-body term
∝ n3, which comes from expanding the covariant derivative in
chiral BF Hamiltonian (26) but absent in the lower-band one
(52), can be absorbed in the definition of V (n) of the former
Hamiltonian, because V (n) is allowed to be any polynomial
in the density. Even if this was not the case, the strength of
three-body interactions is negligible in the low-density regime
considered in this work, that is,

ĤcBF = Ĥeff
lab + O(λ2n3). (53)

Therefore, to our level of approximation the Raman-dressed
gas experiences the same density-dependent flux defined for
the chiral BF theory (25).

V. PROPERTIES OF THE RAMAN-DRESSED GAS

The mapping that links the two-component Raman-
coupled gas to the chiral BF model is based on two
approximations. Namely, we require that the band gap is large
compared to the interband scattering processes, and that the
momentum spread of the wave packet is not too large. In this
section, we check the predictions of the lower-band Hamil-
tonian (52) at the level of experimental observables. We do
so with numerical simulations of the mean-field equations of
the dressed gas (42) and of the lower-band Hamiltonian (52).
Since we are interested in the low-density regime in which
three-body losses in a Bose mixture are negligible, we study
the Hamiltonians in the mean-field limit by solving Gross-
Pitaevskii equations.

We perform effective two-dimensional simulations using
the XMDS package [81]. To reduce the dimensionality of the
problem, we remove the radial direction and rescale the two-
body interaction couplings with the mean transverse density.
Such a mean density is given by (

√
2πr0ar )−1, assuming a

Gaussian profile with standard deviation ar = √
h̄/Mωr , with

ωr the radial trapping frequency. This assumption is well
justified given the strong transverse confinement we consider.
The simulations are run using an adaptive-step Runge-Kutta
algorithm in a rectangular domain [−π, π ] × [0, z0], corre-
sponding to the φ̂ and ẑ directions, the latter with boundary
z0 > zT . We use a 512 × 32 grid with periodic boundary con-
ditions along φ̂ and mirror symmetry along ẑ.

As parameters for the simulations, we compute the two-
photon effective couplings as detailed in Ref. [82] for 39K at
a bias magnetic field B0 = 386 G, where the s-wave scatter-
ing lengths are a↑↑/a0 = −2.2, a↓↓/a0 = 63.1, and a↑↓/a0 =
−10.7. We set the wavelength of the Raman beams to
773 nm, and choose their frequency difference to have δ = 0.
We investigate two Laguerre-Gauss modes 2� = 40, 80 and
compare their results by keeping the relevant experimental
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cm

FIG. 2. Density-dependent angular momentum. (a) The density-dependent magnetic flux ω̃ is depicted as a solenoid extended in the ẑ
direction. When its value increases by a unit, which is depicted as an anticlockwise current in the xy plane, the ground state picks up a
phase winding in the same plane, so that its circulation follows the opposite direction of the current. (b), (c) The angular momentum Q as
a function of the mean density n̄ in the ground state for both the chiral BF (52) (green circles) and the two-component Raman-coupled (42)
(blue crosses) models. We scan it by varying the particle number for fixed trapping configurations with two different Laguerre-Gauss modes
2� = 40 [panel (b)] and 80 [panel (c)]. The points where the momentum changes are marked with vertical dotted blue (dashed green) lines for
the Raman-coupled two-component model (chiral BF model), and they are measured in terms of ω̃ (25).

parameters matched between the two situations. Specifically,
we consider different laser powers for the two Laguerre-Gauss
modes in order to achieve the same radial trapping frequency
ωr/2π ≈ 0.5 kHz and the same Rabi frequency �/2π ≈
2.9 kHz at the trap centers r0 ≈ w

√
� = 35.7, 50.6 µm de-

fined by the two modes, with w = 8 µm the Laguerre-Gauss
laser beam waist. Furthermore, in order to achieve the same
mean densities at a given particle number for both Laguerre-
Gauss modes, we compensate the change of radius r0 by
adjusting the box confinement along the ẑ axis to a distance
of zT ≈ 30, 21 µm for 2� = 40, 80, respectively. We will
keep this choice of parameters throughout the remainder of
the section, and scale them in the system’s natural units for
the numerical simulations. As a final remark, we notice that
λ enters in the Hamiltonians (26) and (52) only through its
product with the density. Since lambda can be always taken
positive by properly labeling the two atomic states as spin-up
and spin-down, it is physically equivalent, and more conve-
nient experimentally, to vary the mean density rather than λ.
Thus, we benchmark numerically this situation.

A. Quantized currents

The first key property of the Laguerre-Gauss dressed gas in
a ring geometry we examine is that it sustains self-generated
persistent currents in its ground state; i.e., no external po-
tential is required to achieve them. In order to characterize
these currents, we quantify the dependency of the ground-state
angular momentum on the density in terms of the magnetic
flux ω̃ (25) arising from the encoded Hamiltonian (23). We use
imaginary time evolution of the Gross-Pitaevskii equation for
both the chiral BF model (52) and the Raman-dressed gas (42)
to retrieve the ground state of the systems in both situations.
From this, we compute the angular momentum Q, i.e., the
mean-field phase winding, as well as the magnetic flux ω̃.

We illustrate their relation in Fig. 2. In the chiral BF model
(23), every time that ω̃, which is a continuous quantity, is
increased by a full unit, the ground-state angular momentum,
which is quantized and integer-valued, also changes by a unit.
The system current circulates in a direction that is opposite
to the one of the ideal external currents, which would
generate the magnetic flux, as depicted in Fig. 2(a). In this
way, the chiral gas effectively screens the magnetic flux that
is piercing through the ring. As this flux is density dependent,
we detail this relation in Figs. 2(b) and 2(c) for zero AS (40),
where we show Q as a function of the mean density

n̄ = 2N√
2πr0ar

∫ z0

0

∫ π

−π

dzdϕ|�(ϕ, z)|4, (54)

where � is the ground-state mean-field wavefunction nor-
malized to unity, for both the chiral BF model and the
Laguerre-Gauss-dressed gas. Both systems show a good qual-
itative agreement, with the angular momentum decreasing in
a steplike pattern as the density is increased. Similar to the
change of momentum discussed in Ref. [83], we associate the
jumps in Q to a variation of a unit of flux, which here is density
dependent instead of being an external variable. For the chiral
BF model, this flux is given by ω̃ (25), shown in the top
horizontal axis figure. In the Raman-dressed gas, this behavior
is qualitatively the same and we also observe jumps in Q as a
function of the density. The density values where the jump in
momentum takes place are, however, shifted from those of the
chiral BF in a density-dependent way. Such density-dependent
corrections to the effective flux arise from two-body interac-
tions coupling lower and higher dressed states, thus renormal-
izing its value. These corrections become stronger at higher
density, as detailed in Appendix B by means of a perturbative
calculation. Here, we note that by increasing the angular mo-
mentum carried by the Laguerre-Gauss beam, higher values
of magnetic fluxes can be realized at lower densities, where
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the higher-band corrections are negligible. This numerical
analysis shows that the angular momentum is unchanged
under substantial density variations, thus demonstrating the
robustness associated with the nontrivial topology of the ring
geometry and the topological nature of the chiral interactions.

B. Chiral sound velocities

The second defining property of the system that we inves-
tigate is the breaking of Galilean invariance due to the chiral
interactions. As a footprint of this property, chiral asymmetric
expansion and chiral soliton formation were observed in the
experiment on the linear geometry [25], as expected from
the predictions given by the chiral BF theory. Here, we explore
the absence of Galilean invariance by perturbing the ground
state of the system with an external potential that creates a
density dip, and then analyzing the modes that are produced
when the potential is removed. In the simulations, we model
this perturbative potential with a Gaussian profile having re-
pulsive strength V = 0.01ER, focused with a waist of 1 µm at
φ = 0, which we add to the mean-field equations of systems
(52) and (42). After finding the ground state of both of the
chiral BF and Raman-dressed perturbed Hamiltonians, we let
the state evolve in real time in the absence of the potential. As
seen in Fig. 3(a), the perturbation splits in two dips traveling
in opposite directions with different velocities; i.e., they are
chiral. We connect these velocities to the speed of sound
obtained using Bogoliubov analysis on the low-density chiral
BF Hamiltonian (52), thus considering the perturbation to the
ground state to be composed of linear excitations. For the
details of the derivations, see Appendix C. As done in Ref.
[84] for zero contact interactions, we obtain the energy of the
linear excitations as

EB(q, Q)

= q(2Q − 2r0AS + λr0n̄)

M∗r2
0

±
√

q2

M∗r2
0

(
q2

M∗r2
0

+ 2

(
g0n̄ + 2λQn̄

M∗r0
+ λ2n̄2

2M∗

))
. (55)

Here, Q is the ground-state angular momentum and q is the
relative momentum of the excitations. From Eq. (55), we
obtain the right/left group velocities as

V± = ±r0(EB(±1, Q) − EB(0, Q)) − Qr−1
0 . (56)

In Figs. 3(b) and 3(c), we plot the left and right velocities as a
function of the mean density. We show both the velocities as
extracted by the simulations of the Laguerre-Gauss-dressed
gas (42) and those obtained from Eq. (56) for the chiral
BF (52) ground state. The small discontinuities in the sound
velocities occur because they depend on the ground-state an-
gular momentum (56), which changes in discrete integer steps
as the density varies, thus yielding corresponding jumps in
the velocities. We observe a good agreement between models,
with the velocities and the left/right asymmetry increasing
with both the density and the ring radius. As discussed in the
analysis of the quantized currents, the scattering processes be-
tween the two bands slightly shift the velocities of the dressed
gas with respect to the effective model in a density-dependent
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FIG. 3. Chiral sound velocities. (a) Time evolution of the per-
turbed ground-state spatial density profile as a function of r0φ for
Q = −2, and the mean density values n̄ given by the colormap. The
horizontal black lines link the time stamp to the ring-shaped density
profile for t = 0, 120 ms. The blue and red dashed angles indicate
the left and right dip velocities, respectively. (b), (c) Chiral sound
velocities as a function of the mean density, for two Laguerre-Gauss
modes 2� = 40, 80. The Raman-coupled two-component model (42)
[chiral BF model (52)] right velocity is marked with red crosses (dark
red circles), whereas the left one is marked with blue crosses (violet
circles). Inset: Linear part of the Bogoliubov energy spectrum of the
chiral BF model (52) as a function of the quasiangular momentum of
the perturbation. Violet (dark red) dashed angles correspond to the
chiral BF left (right) sound velocities.

way. This effect becomes noticeable only for densities n̄ >

3 × 1013 cm−3.

VI. CONCLUSIONS

In this work, we have proposed a scheme to realize a topo-
logical gauge theory on a manifold of nontrivial geometry.
In particular, we have shown how the chiral BF theory on
a ring arises naturally from Chern-Simons theory on a disk,
and that the former can be implemented with optically dressed
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ultracold atoms in a ring-shaped trap. The proposal leverages
the encoding of gauge degrees of freedom into a matter field,
so that the theory can be implemented with a two-component
Raman-coupled gas. We have quantified the interplay between
the topology of the model and the topology of the support-
ing space by two observables, quantized current and chiral
sound velocity. Together with the gas density acting as a
self-generated magnetic flux, these two observables uniquely
characterize the chiral BF theory on the ring. In our zero-
temperature numerical analysis, we have shown that they are
robust and accessible in realistic experimental conditions. We
expect these signatures to be robust also at finite temperature
as long as the condensate fraction of the gas is not negligible.

Our results open interesting perspectives for exploring
quantum phases with ultracold atoms induced by effective
chiral interactions. In particular, the interplay between current
and density could allow the investigation of chiral solitons in
our system, building on recent advances in the exploration of
solitons in ring geometries [85]. Our setup also provides a
concrete step toward engineering Chern-Simons-like physics
[86,87], i.e., density-dependent magnetic fields, by coupling
multiple real or synthetic rings [88–95] and exploring the
transport properties of such systems [96,97]. Lattice imple-
mentations of the chiral BF theory would also allow the
study of strongly interacting one-dimensional anyonic matter
[23,24,98–102], with synthetic dimensions providing a re-
source to engineer nontrivial topologies [103]. Furthermore,
while we have investigated here the feasibility of our proposal
for potassium atoms, experiments could also be performed
with other atomic species. Cesium, which has a rich Feshbach
spectrum to tune interatomic interactions and a larger fine
structure splitting, would allow one to implement this scheme
with reduced losses from inelastic photon scattering caused
by the Raman beams.

In addition to these experimental avenues, another interest-
ing direction is the comparison of the different 1D reductions
of two-dimensional Chern-Simons theory that, depending on
the prescription, lead to chiral BF theory [4,6,19,20,64,65],
Calogero-Sutherland [58,59], Tonks-Girardeau [57,60,61], or
cubic-quintic Schrödinger theories [62,63]. A systematic
study of the dependence of reductions on different boundary
conditions would be worth at both the classical and quantum
levels [56].

Finally, we emphasize that the ring geometry discussed
here generally does not allow phase accumulation to be
reabsorbed under boundary conditions [104]. If the phase
accumulation further depends on the internal degrees of
freedom of the matter, then subjecting such a system
to noncommuting [105], density-dependent gauge fields
in this nontrivial geometry could enable the realization
of non-Abelian anyonic statistics. Our work provides a
framework for studying anyons in quasi-one-dimensional
systems and interpolates between one- and two-dimensional
exotic statistics by implementing local conservation laws and
without relying on strong interactions.
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APPENDIX A: THE DIMENSIONAL REDUCTION

In this Appendix, we detail some passages for the dimen-
sional reduction procedure.

The total derivative produced by LCS due to a local trans-
formation Aμ → Aμ + ∂μ f reads

Dκ [Aμ, f ] = εμνρ

2κ
∂μ( f ∂νAρ ) = ∂t

2κ
( f εi j∂iA j ) − εi j

2κ
∂i( f E j ),

(A1)

with Ei = ∂t Ai − ∂iA0 minus the electric field. We can dis-
card the total time derivative because time is not bounded,
so one only needs to subtract Dα[Aμ,B] = −εi j∂i(BEj )/2α

from LCS to restore the gauge invariance with the law of
transformation Aμ → Aμ + ∂μ f , B → B + α f /κ . Then, one
can use Stokes theorem to rewrite the integral over the disk
of −Dα as a circulation along the ring of BEφ , and rename
the electric field as a one-dimensional field strength εμνFμν ,
μ = t, φ to recover the BF term as written in Eq. (5).

Next, in order to see the change of boundary conditions
for the bulk equations of motion, we first write the extended
Lagrangian in the first-order formalism, which allows one to
identify the flux attachment as the local conservation law and
the temporal component as a Lagrange multiplier

LCS+BF = A0

κ
(εi j∂iA j ) + εi j

2κ
(∂t Ai )Aj − εi j

2κ
∂i(A

0Aj )

+ εi j

2α
∂i(BEj ). (A2)
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From this, we also identify the boundary Lagrangian

dLCS+BF[B, Aμ] = εi j

2κ
∂i

(
κ

α
BEj − A0Aj

)
, (A3)

which is the set of total spatial derivatives in Eq. (A2). We
analyze the conservation law it entails under the condition of
A0 being a Lagrange multiplier, as it is in the bulk. So, we
rewrite it in the first-order formalism

dLCS+BF[B, Aμ] = εi j

2κ
∂i

(
− A0

(
Aj − κ∂φ

αr0
B

)
+ κ

α
B∂t A j

)
,

(A4)

and read the conservation law as

κ∂φB(t, φ; r0) = αr0Aφ (t, φ; r0). (A5)

This condition for Aφ cannot be satisfied for arbitrary B; i.e.,
B must be compatible with the flux attachment (1). To see this,
one rewrites the gauge field as Aj = ε jk∂kβ0, so that the flux
attachment becomes a Poisson equation

∇2β0 = 0, (A6)

and Eq. (A5) reads κ∂φB = −αr0∂rβ0, i.e., a von Neumann
boundary condition for β0. For the Poisson equation to admit
solutions under this last condition, it must be that B is peri-
odic. Indeed, using the divergence theorem,∮

∂φB = −ακ−1r0

∮
∂rβ0 = −ακ−1r0

∫
dx∇2β0 = 0,

(A7)

from which B(r0, 2π ) = B(r0, 0). The boundary conserva-
tion law (A5) is fundamental to send the Chern-Simons
Lagrangian into the chiral boson action for B. Then, it is not
obvious that the flux attachment (1) is solved by pure gradients
Ai = ∂iβ in our case due to the presence of the boundary that
changes the shape of the solution in the bulk. Here, we show
that this is still the case. Consider Green’s second identity∫

D
dy(β0(y)∇2G(y) − G(y)∇2β0(y))

=
∮

∂D
(β0∂rG − G∂rβ0), (A8)

which holds for any β0, G ∈ C2(D). When G is the propagator
∇2

y G(y, x) = δ(y − x), then this identity represents the gen-
eral solution for Poisson’s equation in a closed manifold, so
that if the propagator is known then β0 also is. In our problem,
∇2β0 is given by the rewriting of the flux attachment (A6) and
∂rβ0 is fixed by Eq. (A5). Instead, there are no boundary fixed
conditions for the propagator, so it is convenient to ask that
∂rG = 0 to simplify the right-hand side of Eq. (A8). The con-
dition ∂rG = 0 is compatible only with a propagator satisfying
∇2

y G(y, x) = δ(y − x) − |D|−1, because the quantity ∇2G in
D and ∂rG in ∂D are related through the divergence theorem.
The propagator for a disk satisfying these conditions is known
[107]:

G(y, x) = 1

2π

(
ln |ξ − y| |x|

r0
+ ln |x − y|

)
+ 1

4πr2
0

|y|2.
(A9)

Here, ξ = xr2
0/|x|2 is the reflection of x across the boundary

of the disk. Finally, by proving the existence of a function G
such that ∂x1 G = ∂x2 G, ∂x2 G = −∂x1 G, one proves that Aj =
ε jk∂kβ0 can also be written as a pure gradient Aj = −∂ jβ0

when β0 is expressed in terms of the propagator G. This
function is

G(y, x) = 1

2π

(
arg(ξ − y) + arg(x − y)

+ 2tan−1

(
x2y1 − x1y2

−r2
0 + x1y1 + x2y2

))
. (A10)

Therefore, the pure gauge solutions of the flux attachment can
be written as in Eq. (6), with β = −β0.

We now detail the calculations that lead to Eq. (7). We plug
the solution (6) into the Chern-Simons part of the Lagrangian
(A2). All terms proportional to A0 then vanish and only the
second term survives. By means of the Leibniz rule, it can be
rewritten as

LCS
sol= εi j

2κ
∂i(∂tβ∂ jβ ) − εi j

2κ
∂tβ∂i∂ jβ. (A11)

Since the solenoid solution is time independent, all the corre-
sponding terms are either zero or proportional to a total time
derivative; therefore, they have been dropped. Also, since β is
a regular function, the second term in Eq. (A11) vanishes. The
spatial integral of the first term over the disk can be rewritten
as the chiral boson action on the boundary by virtue of Stokes
theorem, thus arriving at Eq. (7).

Now, in the case in which we start with nonrelativistic mat-
ter within the disk, we can still work out the same procedure,
with few changes. First, the flux attachment condition

εi j∂iA j = κn (A12)

can still admit solutions under the boundary condition (8).
Following the same logic as in Eq. (A7), i.e., to read the flux
attachment as the Poisson’s equation ∇2β0 = −κn, we must
then require that B fulfills∮

∂φB = αr0

∫
dxn(x). (A13)

Then, we solve the flux attachment within the bulk, again in
the temporal gauge and with the shape Ai = ∂iβ, where

β = −κ

∫
dyG(y, x)n(y). (A14)

The integration of Chern-Simons Lagrangian along this solu-
tion works in the same way, but the second term in Eq. (A11)
does not go to zero, but gives −n∂tβ. The full spatial integral
of this term can be written as∫

D
dxdyG(y, x)∂t n(y)n(x)

= κ

∫ r−
0

dxdyG(y, x)∂t n(y)n(x) + κr2
0

2π

∫
dϕxdϕy

× (−π + 2(ϕx − ϕy))∂t n(ϕy; r0)n(ϕx; r0). (A15)

By splitting the integral, we see that the second term can be
rewritten (by discarding total time derivatives) as proportional
to the total particle number on the ring. If such a quantity
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is conserved, then the second term is zero, and this energy
belongs to the bulk and does not live on the ring. In order to
have the total particle number to be conserved within the disk,
a condition must be fixed for the radial current. Indeed, if we
consider the integral of the continuity equation ∂t n = −∇ · J
over the disk, we see that the change in time of total particle
number ∂t N is related to

∮
∂D Jr by virtue of the divergence

theorem. Therefore, one must set this quantity to zero in order
for matter not to leak out of the disk. If one applies the
same rationale to the integral of the density over the ring,
we can conserve this quantity alone by fixing the boundary
condition ∂rJr |r0 = 0. Finally, we treat the matter Lagrangian
and reduce it to the ring. By assuming that the field obeys
the Schrödinger equation i∂t� = −(∇ − iA)2�/2m within
the disk, and given that A0 = 0, i.e., it can be added freely,

then

SM →
∫

dt
∮

�∗(i∂t − A0)� + 1

2m
�∗(∇ − iA)2�,

(A16)

i.e., this action is zero when evaluated on its solution. In
addition to the request that the total number of particles is
conserved on the ring, one can set (∂r + iAr )� = 0 on the
ring. This condition is a boundary condition for the matter
radial derivatives, thus it gives specifications to which Cauchy
problem the matter evolution obeys to. These conditions guar-
antee that there is no flow of matter from the ring to the disk.
With the last one, the initial two-dimensional Schrödinger
Lagrangian goes into a one-dimensional, one living on the
ring, and couples to the chiral BF Lagrangian.

APPENDIX B: HIGHER-BAND CORRECTION
TO THE DENSITY-DEPENDENT FLUX

In the main text, the derivation of the effective chiral BF model is based on a lower-band truncation of the Raman-dressed
gas. However, lower- and higher-band states are coupled by nonsymmetric interatomic interactions. Thus, a small fraction of
the atoms in the ground state populates upper-band states, leading to a correction of the effective lower-band theory. In this
Appendix, we quantify such a correction.

In the dressed frame (34) and (35), the full interaction Hamiltonian (43) reads

Ĥint = 1

2

∫ ∏
i

dki⊥
∑
{mi}4

1

∑
n′

1n′
2n1n2=±

gn′
1n′

2n1n2δ(m4 + m3 − m2 − m1)�̂†
k4n′

2
�̂

†
k3n′

1
�̂k2n2�̂k1n1 , (B1)

gn′
1n′

2n1n2 =
∑
σ1,σ2

R̂†
n′

2σ2
(m4)R̂†

n′
1σ1

(m3)gσ1σ2 R̂n2σ2 (m2)R̂n1σ1 (m1). (B2)

We now assume that the upper-band population is very small compared to the lower-band one. With this, we neglect the processes
that are quadratic or higher in the upper-band field operator and consider only the processes

Ĥint ≈1

2

∫ ∏
i

dki⊥
∑
{mi}4

1

δ(m4 + m3 − m2 − m1){g−−�̂
†
−�̂

†
−�̂−�̂− + g(1)

γ �̂
†
+�̂

†
−�̂−�̂− + g(2)

γ �̂
†
−�̂

†
−�̂−�̂+}, (B3)

with g−− already taken into account in the lower-band Hamiltonian (42), and

g(1)
γ = 2(S1S3(g↓↓S2C4 − g↓↑C2S4) − C1C3(g↑↑C2S4 − g↑↓S2C4)),

g(2)
γ = 2(S2S4(g↓↓C1S3 − g↓↑S1C3) − C2C4(g↑↑S1C3 − g↑↓C1S3)), (B4)

where the polarization coefficients are defined in Eq. (47). In order to quantify the effects of the corrections ∝ gγ to the lower-
band theory, we explicitly use a mean-field ansatz for the ground state, that is, a condensate that macroscopically occupies the
lower-band state at quasi(angular) momentum Q. Due to momentum conservation, the processes in Eq. (B3) can only couple this
condensate to upper-band population at the same momentum. Therefore, we can write the mean-field ansatz as a plane wave of
the form

(�̂†
+, �̂

†
−) → eiQφ (

√
n−eiθ− ,

√
n+eiθ+ ), (B5)

where n± is the density in the upper- and lower-band states. We substitute this mean-field ansatz into the many-body Hamiltonian
density and shift the zero of the energy to E−(Q), to obtain

Emf ≈ �̃(Q)n+ + 1

2
g0n2

− + 2
Q

r0
n−

(
AS + λ

2
n−

)
+ 2gγ (Q)n3/2

−
√

n+ cos(�θ ), (B6)

with �θ = θ− − θ+ and gγ (Q) = g(1)
γ (Q, Q, Q, Q). For simplicity, we will assume n− ≈ n is not varying significantly, and leave

n+ and �θ as the only free variables. Then, minimizing the mean-field energy yields

n+ = g2
γ (Q)n3

�̃2(Q)
, cos (�θ ) = −sgn(gγ ). (B7)
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In this way, the contribution to the mean-field energy coming from upper-band population reads as an attractive three-body
interaction

E+
mf ≈ −n3

g2
γ (Q)

�̃(Q)
, (B8)

Now, given the definition of the flux ω̃ (25) and how it contributes to the mean-field energy density with the lower-band
population (B6) as Eflux

mf = 2Qn−ω̃/r2
0 , we can derive the relationship ω̃ = (2n−)−1r2

0∂Eflux
mf /∂Q and approximate again n− ≈ n.

The corrected magnetic flux then reads

ω̃ ≈ r0AS + nλr0

2
− n2r2

0

2

∂

∂Q

(
g2

γ

�̃

)∣∣∣∣∣
Q

, (B9)

which contains a correction proportional to n2 that stems from the upper-band contribution (B8). Given that Q is integer-valued,
the derivative should be replaced with a finite increment. Expression (B9) is in agreement with the flux retrieved by the numerical
results of the Raman-dressed gas model shown in Sec. V.

APPENDIX C: BOGOLIUBOV SPECTRUM

In this Appendix, we derive the Bogoliubov spectrum and group velocities of the lower-band Hamiltonian (42). We start by
discarding the energy offsets and the kinetic energy in the transverse directions. The Hamiltonian density evaluated at the ring
radius r0 then reads

Ĥ = �̂†(φ)

[
− ∂2

φ

M∗r2
0

+ λ

2
ĵφ + g0

2
(�̂†�̂ )(φ)

]
�̂(φ) − 2Re

[
AS�̂

†(φ)
−i∂φ

M∗r0
�̂(φ)

]
, (C1)

with �̂ ≡ �̂− the lower-band Bose field operator, M∗ the effective mass, AS the static gauge potential in Eq. (40), ĵφ =
(iM∗)−1(�̂†∂φ�̂/r0 − (∂φ�̂†/r0)�̂ ) the current operator, λ the current coupling and g0 the effective scattering strength. Before
proceeding with the standard approach to elementary excitations, we choose to first change the frame of reference, in order to
be at rest with the ground state of the system, which is assumed to have an angular momentum Q. Thus, if Û is the unitary that
defines the field operator �̂ ′ = Û �̂ for a ground state at rest, then Û = e−iQφ̂ and the Hamiltonian becomes

Ĥ = �̂†(φ)ĥ0�̂(φ) = �̂ ′†(φ)
(
Û ĥ0Û

†
)
�̂ ′(φ), (C2)

with ĥ0 the operator part in the square brackets of Eq. (C1). The computation leads to

ĥ′
0 = Û ĥ0Û

† = ĥ0 + 1

M∗

(
Q2

r2
0

+ 2
Q

r0

(
−i

∂φ

r0
− AS

)
+ λ

Q

r0
(�̂ ′†�̂ ′(φ))

)
. (C3)

We now proceed with the standard approach, of which we discuss the main passages. First, we drop the prime notation while
keeping the analysis in the rotating frame and consider the mean-field approximation to be valid, thus setting �̂ (′)(φ) = �(φ)â0,
with â0 the operator annihilating particle in the condensate state and �(φ) the condensate wavefunction. This way, we obtain a
nonlinear Schrödinger equation for �. To understand how elementary excitations behave on top of the condensate, we consider
the substitution � → ψeq + δψ , where ψeq is the unperturbed ground state and δψ describes excitations. We obtain a set of
Schrödinger equations in this rotating frame that are further manipulated by considering the ansätze

ψeq = e−iμt√n, (C4)

δψ = e−iμt (e−iEt u(φ) − eiEtv∗(φ)), (C5)

which assumes a homogeneous ground-state density n, and where μ is the chemical potential and u (v) is the amplitude of the
positive (negative) frequency E component of the excitation. Hamiltonian (C1) is locally translational invariant (although not
Galilean invariant) only if one neglects interactions with respect to the kinetic energy, i.e., in the weakly interacting regime,
which is of our interest. Together with working in the regime where the effective scattering length is positive, this allows the
choice of the ground-state ansatz ψeq to be a good representative. From this choice, we deduce the chemical potential from the
stationary nonlinear Schrödinger equation under Eq. (C4) as

μ = Q2

M∗r2
0

+ 2λQn − 2ASQ

M∗r0
+ g0n. (C6)

The nonlinear Schrödinger equation for the perturbation can be instead split into two coupled differential equations for the
amplitudes u and v. This set of equations is invariant under translations, so we consider the solutions to have the form

u(φ) = uMeiqφ, v(φ) = vMeiqφ, (C7)
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modulo some normalization. Here, q labels the (quasi)momentum of the excitation. This choice turns the system of differential
equations into a algebraic homogeneous one:(

(q + Q)2

M∗r2
0

− 2AS
q + Q

M∗r0
+ 2g0n + λn

M∗r0
(q + 4Q) − μ − E

)
uM −

(
g0n + λn

M∗r0
(−q + 2Q)

)
vM = 0, (C8)(

(−q + Q)2

M∗r2
0

− 2AS
−q + Q

M∗r0
+ 2g0n + λn

M∗r0
(−q + 4Q) − μ + E

)
vM −

(
g0n + λn

M∗r0
(q + 2Q)

)
uM = 0. (C9)

The system admits nontrivial solutions only if the determinant is zero, a condition from which we can obtain the spectrum (55).
Assuming that the perturbations are linear, the group velocities (56) are obtained as left and right finite increments of the energy
with respect to the momentum of the perturbation, evaluated at zero momentum. To get these velocities back in the original
frame, we apply a boost that is equal to the ground-state momentum.
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P. Stornati, L. Tarruell, and M. Lewenstein, Synthetic dimen-
sions for topological and quantum phases, Commun. Phys. 7,
143 (2024).

[91] M. Mancini, G. Pagano, G. Cappellini, L. Livi, M. Rider, J.
Catani, C. Sias, P. Zoller, M. Inguscio, M. Dalmonte, and L.
Fallani, Observation of chiral edge states with neutral fermions
in synthetic Hall ribbons, Science 349, 1510 (2015).

[92] B. K. Stuhl, H.-I. Lu, L. M. Aycock, D. Genkina, and I. B.
Spielman, Visualizing edge states with an atomic Bose gas in
the quantum Hall regime, Science 349, 1514 (2015).

[93] L. F. Livi, G. Cappellini, M. Diem, L. Franchi, C. Clivati, M.
Frittelli, F. Levi, D. Calonico, J. Catani, M. Inguscio, and L.
Fallani, Synthetic dimensions and spin-orbit coupling with an
optical clock transition, Phys. Rev. Lett. 117, 220401 (2016).

[94] S. Kolkowitz, S. L. Bromley, T. Bothwell, M. L. Wall, G. E.
Marti, A. Koller, X. Zhang, A. M. Rey, and J. Ye, Spin–orbit-
coupled fermions in an optical lattice clock, Nature (London)
542, 66 (2017).

[95] J.-B. Bouhiron, A. Fabre, Q. Liu, Q. Redon, N. Mittal, T.
Satoor, R. Lopes, and S. Nascimbene, Realization of an atomic
quantum Hall system in four dimensions, Science 384, 223
(2024).

[96] A. Fabre, J.-B. Bouhiron, T. Satoor, R. Lopes, and S.
Nascimbene, Laughlin’s topological charge pump in an atomic
Hall cylinder, Phys. Rev. Lett. 128, 173202 (2022).

[97] T.-W. Zhou, G. Cappellini, D. Tusi, L. Franchi, J. Parravicini,
C. Repellin, S. Greschner, M. Inguscio, T. Giamarchi, M.
Filippone, J. Catani, and L. Fallani, Observation of universal
Hall response in strongly interacting fermions, Science 381,
427 (2023).

[98] S. Greschner and L. Santos, Anyon Hubbard model in one-
dimensional optical lattices, Phys. Rev. Lett. 115, 053002
(2015).

[99] G. Tang, S. Eggert, and A. Pelster, Ground-state properties of
anyons in a one-dimensional lattice, New J. Phys. 17, 123016
(2015).

[100] C. Sträter, S. C. L. Srivastava, and A. Eckardt, Floquet real-
ization and signatures of one-dimensional anyons in an optical
lattice, Phys. Rev. Lett. 117, 205303 (2016).

[101] W. Zhang, S. Greschner, E. Fan, T. C. Scott, and Y. Zhang,
Ground-state properties of the one-dimensional unconstrained
pseudo-anyon Hubbard model, Phys. Rev. A 95, 053614
(2017).

[102] S. Greschner, L. Cardarelli, and L. Santos, Probing the ex-
change statistics of one-dimensional anyon models, Phys. Rev.
A 97, 053605 (2018).

[103] O. Boada, A. Celi, J. Rodríguez-Laguna, J. I. Latorre, and M.
Lewenstein, Quantum simulation of non-trivial topology, New
J. Phys. 17, 045007 (2015).

[104] P. Calabrese and M. Mintchev, Correlation functions of one-
dimensional anyonic fluids, Phys. Rev. B 75, 233104 (2007).

[105] A. Jacob, P. Ohberg, G. Juzeliūnas, and L. Santos, Cold atom
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