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Abstract

The study of sensory pathways, particularly in the auditory domain, holds

paramount importance in neuroscience. Understanding tonotopy (the spa-

tial arrangement of frequency representation) and topographical propagation

(the spatial distribution of neural activity) within the auditory pathway is

essential for unravelling the mechanisms underlying sound perception. In

this work, we present a mathematical and computational framework aimed

at modelling these spatial properties.

Our model establishes a link between tonotopy and topography using

the topological concept of continuity. Through computational simulations,

we demonstrate how this framework accurately replicates some known be-

haviours observed in the primary auditory cortex, furthering our understand-

ing of how tonotopy is represented. By providing both a theoretical foun-

dation and practical simulations, our study contributes to a deeper under-

standing of the spatial characteristics of auditory processing in the brain.

Keywords: Tonotopy, topography, auditory cortex, cochlea, topology, conti-

nuity

Mathematics subject classi�cation: 92-10, 92C20, 92C42



Abstract

L’estudi dels sistemes sensorials, particularment en el domini auditiu,

t�e una import�ancia primordial en neuroci�encia. Comprendre la tonotopia

(la disposici�o espacial de la representaci�o de les freq�u�encies) i la propagaci�o

topogr�a�ca (la distribuci�o espacial de l’activitat neural) en el sistema auditiu

�es essencial per entendre els mecanismes subjacents a la percepci�o del so. En

aquest treball, presentem un model matem�atic i computacional per a modelar

aquestes propietats espaials.

El nostre model estableix un vincle entre la tonotopia i la topogra�a

mitjan�cant la noci�o topol�ogica de continu��tat. Mitjan�cant simulacions com-

putacionals, demostrem com aquest model replica amb precisi�o alguns com-

portaments coneguts observats en el c�ortex auditiu primari, aprofundint en la

nostra comprensi�o de com es representa la tonotopia. En proporcionar tant

una base te�orica com simulacions pr�actiques, el nostre estudi contribueix a

una comprensi�o m�es profunda de les caracter��stiques espacials del processa-

ment auditiu en el cervell.

Paraules clau: Tonotopia, topogra�a, c�ortex auditiu, c�oclea, topologia, con-

tinu��tat

Abstract

El estudio de los sistemas sensoriales, especialmente en el dominio au-

ditivo, tiene una importancia primordial en neurociencia. Comprender la

tonotop��a (la disposici�on espacial de la representaci�on de las frecuencias) y

la propagaci�on topogr�a�ca (la distribuci�on espacial de la actividad neuronal)

en el sistema auditivo es esencial para desentra~nar los mecanismos subya-

centes a la percepci�on del sonido. En este trabajo, presentamos un modelo

matem�atico y computacional para modelar estas propiedades espaciales.

Nuestro modelo establece un v��nculo entre la tonotop��a y la topograf��a uti-

lizando el concepto topol�ogico de continuidad. Mediante simulaciones com-

putacionales, demostramos c�omo este marco replica con precisi�on algunos

comportamientos conocidos observados en el c�ortex auditivo primario, pro-

fundizando en nuestra comprensi�on de c�omo se representa la tonotop��a. Al

proporcionar tanto una base te�orica como simulaciones pr�acticas, nuestro

estudio contribuye a una comprensi�on m�as profunda de las caracter��sticas

espaciales del procesamiento auditivo en el cerebro.

Palabras clave: Tonotop��a, topograf��a, c�ortex auditivo, c�oclea, topolog��a,

continuidad



Acknowledgments

First and foremost, I would like to thank Professor Alex Reyes for his advice and guidance

during the development of this project. His warm welcome to the Center for Neural

Science at New York University has introduced me to the world of neuroscience and

provided me with the tools and knowledge for the interdisciplinary approach that this

work aims to pursue. I also appreciate Professor Gemma Huguet for her suggestion

that I undertake this project and her supervision from the Polytechnic University of

Catalonia.

I am also very grateful to the Interdisciplinary Higher Education Centre (CFIS-UPC)

for the education I received during my Bachelor’s degree in Mathematics and Computer

Engineering and for funding and supporting this research stay and project.

Lastly, I would like to thank my family and friends for their constant encouragement

and support during this year abroad.



Contents

1 Introduction 2

1.1 Synaptic mechanisms of neural transmission . . . . . . . . . . . . . . . . . 3

1.2 Tonotopy and topographical organization . . . . . . . . . . . . . . . . . . 5

2 Objectives and project planning 8

2.1 Objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.2 Timeline and planning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

3 General model 11

3.1 Layers of neurons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

3.2 Network . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

3.3 Synaptic �elds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

3.4 Propagation of activity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

3.5 Audible frequencies and tonotopic axis . . . . . . . . . . . . . . . . . . . . 15

3.6 Neural codi�cation of frequencies . . . . . . . . . . . . . . . . . . . . . . . 17

3.7 Framework overview and deformations . . . . . . . . . . . . . . . . . . . . 19

4 Continuity analysis 22

4.1 Proofs of continuity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

4.2 Impacts on propagation of tonotopy . . . . . . . . . . . . . . . . . . . . . 25

5 Simulation methodology 27

5.1 Implementation of the general model and parameters . . . . . . . . . . . . 27

5.2 Best frequency calculations . . . . . . . . . . . . . . . . . . . . . . . . . . 28

5.3 Tuning and di�erential entropy . . . . . . . . . . . . . . . . . . . . . . . . 30

6 Complexity and sustainability analysis 34

7 Simulation results 36

7.1 Synaptic �eld enlargement . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

7.2 Synaptic �eld reduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

7.3 Neural tuning and specialization . . . . . . . . . . . . . . . . . . . . . . . 44

8 Discussion and limitations 49

8.1 Discussion on results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

8.2 Limitations and future lines of work . . . . . . . . . . . . . . . . . . . . . 50

References 52

1



1 Introduction

The foundation of all modern science lies in asking questions: it all began with seemingly

simple questions about things we could clearly quantify, giving birth to disciplines of

science such as physics, biology, and chemistry. But for much of recent history, interest

has shifted from these well-de�ned disciplines to broader structures of knowledge in which

the answers we have been discovering over the centuries are shared amongst �elds. When

shared, links between unrelated issues start to emerge, methods begin to converge, and

even new questions can be posed, giving birth to entirely new areas of science.

This has been the case with the recent discipline of neuroscience. Aiming to study

how the brain works, it draws from knowledge in biology, chemistry, mathematics,

physics, and many others to o�er a comprehensive approach to understanding the basic

mechanisms propelling our neurons throughout the brain. This interdisciplinary ap-

proach has been successful in the last decades in providing great leaps of understanding

in how neurons communicate and form complex networks capable of processing great

amounts of information.

Since Ramon y Cajal’s discovery of the neuron and its morphology in 1899 [1], giving

birth to the formal discipline of neuroscience, it has continued to draw from beyond

biology to grow as a science. Hodgkin and Huxley inferred from physical interactions the

fundamental model to explain how neurons �re in a network in 1952 [2], while only a few

years later in 1957, Christian Skou published his discovery of one of the most important

mechanisms for these physical interactions of electrical neural transmission: the sodium

and potassium pump [3]. The great value of these interdisciplinary approaches was

recognized with Nobel Prizes for all three discoveries during the 20th century, cementing

neuroscience as a new booming discipline.

In this context of deep collaboration between �elds of science, mathematics, with its

ability of abstraction and as the basic framework shared by most sciences, can become

the natural tool to generalize knowledge from all these disciplines into general models

for new approaches to questions in neuroscience.

The study of how information propagates through the brain, employing electrical

impulses sent between a myriad of neurons, has always been a key area of interest in

this �eld. However, di�erent brain areas present very di�erent organizations and neural

structures, which essentially a�ect how this process is carried out.

Speci�cally, given their importance in our ability to relate with the outer world and

their centrality for most tasks we pursue daily, the sensory pathways have always been

of great interest to neuroscience. Understanding how di�erent sensations such as touch,

taste, or sight are processed in di�erentiated and intertwined regions to o�er us a full

picture of our reality remains a broad objective of neuroscience.
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This project focuses speci�cally on the auditory pathway: the neural structures

starting in our ears and going up to the brain that allow us to hear sounds [4]. The

auditory cortex is most important for this task: the region in the brain receiving inputs

from the auditory pathway and which is responsible for our fundamental perception of

sound tunes [5].

The auditory cortex is particular in its spatial organization and properties because it

preserves a tonotopical organization as information on sound frequencies is propagated

through its layers. This work sets out to study and model this property by proposing

a topological model of how this propagation takes place informed by the topographical

organization od the auditory cortex.

While much research has been pursued to justify the existence of this organization

pattern and explain how the functional interactions between neurons could relate to this

phenomenon on a local scale, there has not been as much inquiry into how tonotopy is

represented in a larger network and layer scope.

Therefore, aiming to contribute to the understanding of tonotopy through its less

often considered spatial properties, this project will focus not on the functional inter-

actions between individual neurons in the auditory cortex but on the broader network

structure. Taking the auditory pathway and the auditory cortex as our primary area of

study, we will study the implications of tonotopy propagation in this region through a

mathematical abstraction of how this process takes place.

In this work, by modelling this spatial neural transmission of information in the

auditory cortex and abstracting it through topological structures, we o�er a theoretical

framework to abstract and generalize how this propagation of activity may behave.

Implementing an instance of this model to computationally simulate some networks will

also o�er a better understanding of how our theoretical model works, and by comparing

these simulations with empirical results, we will be able to draw parallels from the

abstract results back to the particularities of the di�erent neural phenomena of interest.

1.1 Synaptic mechanisms of neural transmission

The basic functional unit of the brain is the neuron, acting as the fundamental piece of

complex networks. The neuron, though biologically a cell, has three clearly di�erentiated

morphological parts that set it apart from generic cells: namely, the cell body (or soma),

the dendrites and the axon.
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Figure 1: Structure of a basic neuron adapted from Kazi Mejbaul Islam [6].

Functionally, the cell body is the central unit of the cell, which encompasses its

nucleus, containing almost all of its mass and biological and chemical elements it needs

to survive and carry out its tasks, including the neural �ring [7]. This part is analogous to

the generic cell’s body. When a neuron �res, it sends electrical impulses through its axon

to other neurons, which receive them and integrate them through their dendrites back

to the cell bodies of the neurons receiving the impulses [8]. The membrane surrounding

and separating the neuron’s body from the extracellular space is also crucial for this

task.

Within this space outside of the cell membrane, the particular region between one

neuron’s axon and another dendrite in which this electrical interaction happens is called

the synapse. The synapse acts as the means of transmission of the electrical and chemical

impulses between the �ring cell and the receiver by exchanging ions between them. The

electrical impulses transmitted through the axons, synapses and dendrites when a cell

�res are called action potentials.

Figure 2: Schematic biological neurons connected by two synapses adapted from Debasis

Das [9]

.
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Action potentials are generally of a �xed amplitude [10] and for them to happen a

neuron has to become polarized enough to �re. Neurons have a resting polarization state,

which can be changed by receiving action potentials from other cells either in the form

of excitation or inhibition. Once a threshold potential is reached, the cell depolarizes

by issuing an action potential. The electrical activity of a neuron before it emits an

action potential is called sub-threshold activity and is also a subject of interest for some

functional interactions.

This process of polarization and depolarization happens using ions present in the cell

body and outside it, and their di�erence in concentration and charge creates polarization

in the cell’s body. The neuron’s membrane has several channels allowing for di�erent ions

to enter or exit the cell’s body. By opening and closing such channels, polarization and

depolarization occur [11], generating currents with their inward and outward movements.

The organization of neurons and how their axons and dendrites form synapses gives

the auditory pathway and cortex a layered structure which can be simpli�ed in a hier-

archical computation model [12] though some more recent studies point towards that

organization may be more complex than a purely layered hierarchy can convey, this

cortical shared structure remains of value to understand general processes [13].

This circuit of layers feeding into one another, with synapses transmitting information

between presynaptic layers and postsynaptic layers, is what we will refer to as a feed-

forward organization and will be taken as the network structure for our model. In these

organizations the axons of the neurons in one layer branch only towards the dendrites

of the neurons in the following layer.

1.2 Tonotopy and topographical organization

The fundamental property of interest for this project is tonotopy. Tonotopy can be de-

�ned as a spatial arrangement of responses in neurons in the auditory cortex in which

nearby areas of the cortex represent nearby sound tones, mirroring the distribution of

receptors in the cochlea [14]. Therefore, in a tonotopically organized auditory cortex,

one should be able to construct a map between sound frequencies starting in the cochlea

throughout the di�erent layers of the auditory cortex so that higher and lower frequen-

cies are propagated in opposite sides of the structure, with a continuous gradient of

frequencies in between [5].

A neural organization in which tonotopy couldn’t be found when a continuous map of

frequencies to active regions of the cortex couldn’t be reconstructed is sometimes referred

to as a salt-and-pepper organization or distribution [15]. This organization implies that

there is no gradient pattern between high and low pitch frequencies in the inner layers

of the auditory cortex, and there is no restriction implying that nearby neurons in that
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region have to react to nearby tones.

Figure 3: Tonotopy propagation diagram adapted from Francesco Pavani’s and Davide

Bottari’s Handbook of Clinical Neurology [16].

Tonotopy has its origin in the cochlea, where, due to its mechanical structure, di�er-

ent areas vibrate when presented with sounds comprised of di�erent frequencies. This

spatial arrangement is preserved as the auditory signals travel from the cochlea through

the auditory nerve to various processing centres in the brain, in the auditory cortex [17].

In these structures, neurons are organized such that those responsive to high-frequency

sounds are located next to those responsive to other high-frequency sounds, and the

same for low-frequency neurons. This organization allows the brain to process and in-

terpret the frequency content of sounds in a spatially organized manner, facilitating the

perception of tones [18].

Another property of interest in cortical neural circuits is its topographical organi-

zation, a slightly less strong characterization for the spatial propagation of information

in the brain’s cortical regions. A topographically organized system is de�ned as one in

which an active neuron only projects itself into adjacent neurons in a bounded area [19,

20].

Figure 4: Topographic projections from MGBv from a mouse. Adapted from Hackett

2011 [21].
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Topography also introduces the concept of the synaptic �eld of a neuron, as the

bounded region of the cortex a neuron projects its synapses into [22, 23, 24]. The

synaptic �eld of a neuron is generally given by its axon, as it is the morphological

part of the cell which carries out the task of propagating the axon potentials. The

propagation of activity through the synaptic �elds, being bounded and limited by the

maximum length of those axons, can be referred to as axonal spread.

The concepts of tonotopy and topographical organizations seem to bear a resem-

blance, and some studies have been carried out trying to link both [21]. This project

will pursue a mathematical approach to these two concepts of cortical organization to

help provide a better understanding of their relationship.
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2 Objectives and project planning

2.1 Objectives

Having introduced the context in which this work will develop, the goal of our project will

be to o�er a mathematical approach to relate the notions of tonotopy and topography

in the auditory cortex aiming to explore their theoretical relationship and how they

impact the spatial representation of frequency codi�cation on its neurons. Through a

combination of mathematical abstraction and simulations, we aim to contribute to the

understanding of these important auditory properties.

We will proceed by developing a mathematical framework to model the spatial prop-

agation of sound inputs in the auditory cortex using tools and structures from topology.

The de�nitions and structures of the model will be grounded on a biological under-

standing of the basic constraints of the cortical structures we are representing and will

o�er a framework for the rest of the work. The proposed framework will provide an

abstraction of the di�erent processes involved in the representation and propagation of

frequency codi�cation through the auditory pathway which will allow us to elaborate on

the topological properties of such propagation.

A theoretical study of this model based on these aforementioned topological prop-

erties will o�er a schematic analysis of the theoretical model and insight into how and

why it preserves the tonotopical representation of frequencies. Relating both tonotopy

and topography through topological notions of continuity will aim to o�er a better un-

derstanding of how both are related.

Finally, the general model will be computationally implemented and we will run

several simulations on di�erent instances of our general framework to compare its results

to empirical studies on a similar scope to that of our project. We will focus on qualitative

layer-wide results and patterns and relate them to previous literature on the subject of

synaptic �eld deformation in the auditory pathway. Interpretations of these results and

comparisons with previous experimental work in tonotopy will also be o�ered to further

understand both the proposed model and the di�erent phenomena it can be linked to

through these simulations.

Therefore, we can classify the objectives of this project in three main lines: a mod-

elling of the propagation of activity and frequency codi�cation, a theoretical analysis

of the model and its biological implications and a computational implementation of

the model allowing for simulations and comparisons with known biological phenomena

a�ecting tonotopy.

These three lines provide an interdisciplinary approach to the study of tonotopy and

topographically organized networks, starting from the biological mechanisms from which
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the topological model is inferred, moving through the topological implications of such

model and �nally utilizing the power of computation and simulations to instantiate the

model and draw speci�c results from it.

2.2 Timeline and planning

To e�ciently pursue these objectives within the project’s time scope, nine months from

September to May in the academic year 2023-2024, the research necessary to achieve

them has been organized in a mostly linear way following the three lines of work previ-

ously mentioned.

A �rst introductory phase was required in order to become familiar with the basics of

neuroscience. Research based on the neural transmission of information through chemical

and electrical interactions was conducted during this stage, as well as familiarization with

the larger network scale organization in the cortex. During this �rst phase, the problem

to tackle was also identi�ed, centering the scope of the project on the study of tonotopy

in the auditory cortex.

Once the project had been de�ned in scope, more basic research on the biological and

empirical fundamentals of tonotopy and topography was conducted in order to grasp the

necessary understanding of these mechanisms to model them. With this understanding

and intuition of how information 
ows in the auditory pathway, we started to develop

the theoretical model to convey the elements of this propagation that were of interest

to this project: namely those a�ecting its spatial representation. While developing the

model, special attention was also devoted to analyzing how continuity was present in

the structures being used.

Having �nalized the theoretical model and its implication on continuity, we moved

on to its computational implementations to assess and validate it against empirical

results. This step also involved simplifying the model and selecting parameters. The

�rst implementation of the model allowed for the propagation of the best frequency

through the two layers of our model.

Noticing the need for a better understanding of tuning and a way to measure the

specialization of neurons in our simulations, we added to the model the ability to spatially

reconstruct tuning curves and a measure of entropy in a second iteration of the model’s

implementation. Due to the growing complexity of the model, optimizations were also

conducted to improve its e�ciency.

With the results of the model simulations in hand, we went back to the literature to

analyze them and compare them with previous empirical studies. After �nalizing this

analysis, we �nally moved on to writing this dissertation and presenting the results.

The total timeline and work distribution of the project can be overviewed in the
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following diagram:

Sep Oct Nov Dec Jan Feb Mar Apr May

Background research
Basics of neuroscience

Project and goals identi�cation

Model de�nition
Research on auditory pathway

Model formalization

Analysis of continuity

Model implementation
Implementation of model

Debugging and �rst simulations

Addition of tuning and entropy

Complexity optimizations

Second round of simulations

Project conclusion
Analysis of results

Dissertation writing

Figure 5: Gantt diagram of project timeline and planning.

The planned timeline for the project has covered the nine months of the academic

year allowing for the proper development of the full project and the ful�lment of all

our initial goals. Identifying the di�erent sub-problems and objectives and linearly

organizing them to provide an accumulative approach to this work has been useful in

achieving our objectives and �nalising the project in the desired time scope.
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3 General model

For the �rst goal of the model, we set out to study the theoretical propagation of tonotopy

in the auditory cortex. For this purpose, we have developed a mathematical model

based on di�erent topological spaces and maps to analyze how the spatial distribution

of neurons a�ects the propagation of inputs to a following layer. Several biological

assumptions are incorporated in these spaces and maps to structure the model: most

notably a topographical organization.

This model is based on the one proposed by �Alex Tudoras and Alex D. Reyes [25].

While their model focused on the conditions for the propagation of activity between

two layers in the auditory cortex, the model in this work aims to study how the spatial

codi�cation of frequencies is preserved under such propagation. Some concepts, however,

are adapted and expanded from their proposal in 2021, especially the modelling of how

activity is propagated between two layers of the auditory cortex through synaptic �elds.

The simplicial structures and conditions for the propagation of activity characterized in

their model could be replicated for the present work with some minor changes.

In this chapter, we will de�ne all spaces and maps between them that shape our

model while providing explanations of what intuitive part of the process of hearing in

the auditory pathway they are modelling.

3.1 Layers of neurons

De�nition 1. We consider a layer as a not-empty closed and bounded topological space

S � R2 with euclidean topology.

De�nition 2. We consider the set of neurons in a layer as N � S a �nite set of points

in S.

De�nition 3. We consider a layer of neurons as the pair L = (S;N) with the topology

given by S.

These de�nitions aim to represent static layers of neurons in the brain. We will be

working with compact layers within the euclidean plane, to represent the biologically

bounded nature of the brain.

We interpret neurons to be �xed points within the layer. We could have considered

a continuous network of neurons within the layer (N = S) however, a discrete subset of

points within it more accurately represents the biological structure of the brain where

there is not so much a continuum of neurons but their morphology and synaptic structure

through axons and neurons requires some amount of physical space between them where

synapses form.
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For convenience, we will usually take S as a square in the euclidean plane (i.e.

S = [0; 1] � [0; 1]) and the neurons as a homogeneously spaced grid of points in S (i.e.

N = f(x; y) 2 S j x = 0:1 � �; y = 0:1 � �; � 2 Zg).
We will generally use the notation h 2 N to refer to a generic neuron. We may also

refer to a layer in which those neurons are as its neural space.

Figure 6: Schematic generic layer of neurons.

These layers of neurons are the most basic structure of the model and contain the

framework’s topological information. They will be the basic space in between which

transformations and propagation will take place.

3.2 Network

With these layers of neurons as the basic building we draw and build from them to form

a more complex network.

De�nition 4. We consider a network of neurons as a �nite succession of layers of

neurons N = fL1; : : : ; Lng and the respective active neurons of each layer, being A =

fA1; : : : ; Ang with Li = (Si; Ni) a speci�c layer and Ai � Ni its active neurons.

To model an entire network, we consider a strictly feed-forward system in which each

layer i propagates its inputs to the consecutive layer i+ 1 until the end of the network

is reached. In these interactions, the layer Li feeding into Li+1 will be considered the

presynaptic layer, while Li+1 will be postsynaptic in their interaction. They may also

be referred to as source and target layers.

Figure 7: Schematic generic network with active neurons in red.
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We will typically work with networks in which all layers are identical in terms of S

and N , only distinguished by their order of appearance. This indicates their position in

the propagation of inputs through the network due to the spatial similarities between

di�erent nearby layers of neurons in the brain.

In this network model, we do not allow for the possibility of interactions between

neurons in the same layer. As important as these interactions can be for a functional

model of neural interactions, this work aims to focus only on the impact of spatial

distribution in the propagation of information, in which we assume that interactions

between neurons in the same layer will not have the same importance.

We will represent the subset of active neurons of each layer with Ai, which will

provide us with a structure to keep track of how the information is propagating through

the network. We will generally use the notation a 2 Ai to refer to a generic active

neuron. These active neurons shall be interpreted as propagating excitatory activity.

3.3 Synaptic fields

Having a network structure with active neurons, we now consider how neurons in a

presynaptic layer project to their counterparts in the postsynaptic layer.

De�nition 5. Given a network N and one of its layers of neurons (Ss; Ns) with respec-

tive active neurons As which we will call source layer and its successor (St; Nt) target

layer and active neurons At we de�ne the synaptic �eld of an active neuron a 2 As

denoted SFa a closed ball SFa = �B�(a) \ St on euclidean topology.

We de�ne the mapping between the source layer and the target one as  : Ss ! B(Ns)

such that  (a) = SFa. We also de�ne the composite synaptic �eld SFs =
S
a2As

SFa

such that  (As) = SFs.

In this de�nition, we are incorporating the �rst notion of a topographical organization

of the brain’s cortical regions into how the information propagates in our feed-forward

network. This notion is given by the fact that the synaptic �eld of an active neuron

must be a bounded set in its target layer.

For convenience, we might refer to the map directly as its image SFa, ignoring  for

simplicity. When working with this map and to properly and intuitively, and topologi-

cally re
ect the adjacency notions observed in studies of topographical organization, we

will use SFa = �B�(a)\St, the closed ball centre in the active neuron with a �xed radius

� (restricted to the bounds of our target layer in the case exceeded).

This caped radius would biologically correspond to the maximum distance the synap-

tic �eld of a neuron could reach [26, 27], though its exact value will not be relevant for

this work as far as we take it to be bounded.

13



Similarly, the codomain of the map will be set in the space B(Ns) the ball space

given by the metric euclidean topology induced in Ss from R2. This space is made

�nite by considering only the balls centred on neurons, that is, on points in Ns. This

construction of a ball space has a topological structure where open sets are given by open

balls (and analogously closed sets by closed balls) [28, 29, 30]. Given our construction

of the synaptic �elds, we will take points or singletons in the ball space to represent

synaptic �elds and, therefore, closed balls.

Note that when we are writing B(Ns) we are restricting it to our layer: for precision,

we should use the notation (B(Ns)\Ss) � P(R2) to refer to the space we will be working

with. For simplicity in notation, however, we will refer to this construction merely as

B(Ns) and take the intersection with the neural space that contains it as implicit.

Figure 8: Schematic generic network with active neurons in red and composite synaptic

�elds in orange.

3.4 Propagation of activity

The projections of neurons between layers through synaptic �elds allow us to incorporate

into our model the propagation of activity to propagate between layers by considering

how the synaptic �elds of active neurons overlap.

De�nition 6. Given a network N and one of its layers of neurons (Ss; Ns) with respec-

tive active neurons As, which we refer to as source layer and its successor (St; Nt) target

layer, and neurons Nt we will consider a target neuron active if it is at least n� distinct

synaptic �elds emerging from active neurons in the source layer.

That is given h 2 Nt, then h 2 At if and only if #fa 2 As j h 2 SNag � n�, where #

represents the cardinality or number of elements of the set. We de�ne � : B(Ns) ! St

as the map that represents this process of counting and assigning neurons as active such

that �(SFs) = At.

This de�nition and map are responsible for the propagation of information between

di�erent layers. Note that we are considering activity to propagate in a deterministic

manner so that each source active neuron sends inputs to each neuron within its synaptic
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�eld in the target layer. This yields an approximation by excess in functional terms, due

to considering more neurons to be receiving activity than would probably happen in

more complex functional simulations modelling electrical activity. As we are mainly

interested in this activity’s spatial distribution, we assume that this limitation will not

lead to qualitatively di�erent results at a large network scale.

The parameter n� is meant to represent the threshold for excitation of a target

neuron when receiving action potentials from several sources: once a neuron receives and

integrates n� action potentials, it will become depolarized and �re an action potential

itself. The exact threshold value is not of interest for this work, as we are considering

neurons only in a binary state of active or not. For the same reasons, we are not taking

into account sub or super-threshold activity.

Since this model, though with some divergence on the de�nitions, is analogous to the

one presented in [25], we follow from their conclusion that conditions for this propagation

of information can be represented through simplicial Cêch complexes.

Figure 9: Schematic generic network with active neurons in red and composite synaptic

�elds in orange.

Note that the synaptic �elds are distinguishable by their centre (the neuron in the

source layer causing the activation). Despite a single neuron not being able to produce

more than one synaptic �eld in our model construction, only the ones generated by

distinct neurons are taken into account in the counting process, which de�nes � to

ensure no double counting takes place.

3.5 Audible frequencies and tonotopic axis

With the network structure and maps moving between its di�erent structures de�ned,

we move to incorporate into the model the �rst building block of the auditory pathway:

the cochlea and how it reacts to frequencies.

De�nition 7. Given fmin > 0, fmax > fmin and �f we consider the set of audible

frequencies as F = ff = fmin + i�f j i 2 N; f � fmaxg
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This set of audible frequencies is given to represent the di�erent frequencies the

cochlea can register, being fmin the lowest one possible, fmax the highest one, and

�f the minimum di�erence in frequencies we can di�erentiate as we are not able to

discriminate between the continuous frequency spectrum [31, 32]. As with previous

parameters representing biological constraints, their exact value is not of interest to this

work as we consider it a given constant.

De�nition 8. We consider a tonotopic axis a one-dimensional not-empty closed interval

S � R with a discrete subset of neurons N � S, analogous to a layer of neurons in the

real line instead of the plane.

This tonotopic axis is meant to represent the cochlea. Even as a neuron in the cochlea

can be activated by di�erent sounds, physiologically each neuron in the cochlea has a

best or characteristic frequency, referring to the frequency to which it activates with

the highest �ring rate [33]. The same happens in the opposite direction, as with each

frequency identi�ed, an area of higher �ring activity in the cochlea can be identi�ed [34].

Therefore, we can map each neuron in our tonotopic axis, modelling the cochlea to a

frequency we will refer to as its best frequency.

De�nition 9. Given F an audible set of frequencies and (S0; N0) � R a tonotopic

axis we get � : F ! S0 an injective continuous map between neurons and their best

frequency.

Imposing continuity to this map is what gives us tonotopy in the tonotopic axis,

which mirrors the known tonotopy of the cochlea [35]. Moreover, if we take neurons in

N0 to be equally spaced in S0 = [a; b] by a di�erence of �x the map becomes of the form

�(fmin + i�f) = a + i�x. As with the layers of neurons, we generally will be working

with this equally spaced tonotopic axis and map for convenience.

Figure 10: Schematic generic tonotopic axis activated by two frequencies.

Note that for � to be injective, the number of neurons in the tonotopic axis must

be equal or greater than the number of audible frequencies. This conveys the notion of

each neuron in the cochlea specializing in a single frequency (its best frequency) and is

biologically consistent since both the number of frequencies we can hear and the number
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of neurons (or close enough functional areas we are interpreting to operate as a single

neuron) is a �xed constant.

Finally, we need to consider how frequencies activate neurons in this tonotopic axis.

To represent this activation we simply draw from the previous map to project the fre-

quencies into the tonotopic axis.

De�nition 10. Given f 2 F a frequency in an audible set and a tonotopic axis (S0; N0),

we consider the set of active neurons in the axis A0 = �(f).

We model this activity from the map between frequencies and the tonotopic axis,

reproducing the mechanical behaviour of how sound stimulates the di�erent areas of the

cochlea, giving its neurons their best frequency.

3.6 Neural codification of frequencies

As activity propagates through the previously de�ned elements of our network starting

in the tonotopic axis, this work also aims to study how the information represented by

such activity is distributed and preserved. Speci�cally, we will keep track of tone or

frequency information.

We consider a given neuron’s best frequency to be the frequency it is specialized

in recognizing. As there is no magnitude of �ring rate in this model, which is usually

what determines a neuron’s best frequency, we will derive the best frequency of a neuron

spatially and similarly approximate or reconstruct a notion of its tuning curve.

By inferring the tuning curve by the incident frequencies producing activations in a

neuron, we intend to track how these neurons represent and codify information about

those frequencies in their curves.

That is if a neuron �res to frequencies ff1; : : : ; fng we will take its best frequency as

the arithmetic mean of f1; : : : ; fn. Assuming that frequencies follow a uniform probabil-

ity distribution, with this construction we would get that the probability distribution of

the best frequency of a neuron follows a Bates distribution.

De�nition 11. The Bates distribution is the continuous probability distribution of the

mean, X, of n independent, uniformly distributed, random variables on the unit interval,

Uk such that X = (
Pn

k=1 UK)=n.
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Figure 11: Probability density function of the Bates distribution.

It has been observed that the basic tuning curve of a neuron resembles a Gaussian

distribution when comparing its �ring rate and frequency presented [36, 37], with the

best frequency being at the maximum �ring rate. To better reproduce this distribution

and still base the best frequency peak on a mean which gives rise to a Bates probability

distribution, we will use a modi�ed version of the Bates distribution (which can also

be derived from the Irwin-Hall probability distribution [38]) to reconstruct the tuning

curves. This new probability distribution will be referred to as the adapted Bates dis-

tribution. Similar adaptations to the one employed in this work have been previously

used in other �elds such as communication engineering to model bandwidth behaviour

in distributed antenna arrays [39].

We obtain this adapted Bates distribution by partially applying the Central Limit

Theorem to the original Bates distribution in the following way:

De�nition 12. The adapted Bates distribution is the continuous probability distribu-

tion obtained by scaling and re-centring the Bates distribution to asymptotically repro-

duce a Gaussian distribution. It corresponds to, given Uk random variables on the unit

interval, X = (
Pn

k=1 UK)=
p
n�
p
n=2.

Analogously, let B follow a Bates distribution, X =
p
nB �

p
n=2 leads to the same

adapted Bates distribution.

Note that the Gaussian distribution, the adapted Bates distribution, tends to, by

its construction, to a normal distribution with mean 0 and standard deviation
p

1=12.

Another re-scaling by this standard deviation would lead, again by the Central Limit

Theorem, to the usual normal distribution with mean 0 and variance 1.
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Figure 12: Probability density function of the adapted Bates distribution and the Normal

it asymptotically tends to.

With this new distribution, we will proceed by giving a presynaptic layer (Ss; Ns)

with its respective active neurons As connected in a network to (St; Nt) we will con-

sider a neuron h 2 At after we have propagated the information to encode frequency

representation in the following way:

De�nition 13. Let f1; : : : ; fn be the best frequencies of the neurons whose synaptic

�elds overlap with a 2 At, producing its activation. We will encode the tuning curve of

a with the adapted Bates distribution centred on the mean of f1; : : : ; fn of parameter n

and with the variance given by the di�erence between the maximum incident frequency

fmax = maxfi and the minimum incident frequency fmin = minfi modelling the neuron’s

tuning curve.

Therefore we will assign a neuron its best frequency through a Bates distribution and

and its tuning curve with the adapted Bates distribution. Despite not having a notion

of �ring intensity built into our model as neurons only codify a binary state of being

active or not, we will interpret the probabilities given by the tuning curves we get from

these distributions as an analogue to �ring intensity.

This process will be explained in more detail in a later section of this work when the

methodology employed to implement this model computationally is discussed.

3.7 Framework overview and deformations

Having de�ned and modelled all necessary structures to consider the spatial propagation

of tonotopy, we can describe how the entire framework works, and the di�erent pieces
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go together.

Given a set of audible frequencies F , its tonotopic axis modelling the cochlea (S0; N0)

and a network of neurons modelling the auditory cortex with topographical organization

N = fL1; : : : ; Lng with the maps modelling their interactions  0 and  we can simulate

the 
ow of information between them in the following manner:

F
�:F!S0�����! A0

 :S0!B(N0)��������! SF0
�:B(N0)!S1��������! A1

 :S1!B(N1)��������! : : :
�:B(Nn�1)!Sn����������! An

To add even more realism to this framework, however, we will introduce a notion of

deformations in each transition between layers, to account for how the network might not

only serve the purpose of identifying frequencies and all behaviours not directly taken

into account in our previous modelling e�orts such as structural asymmetries, plasticity,

inhibition or noise and randomness.

De�nition 14. Given a network N and one of its layers of neurons (St; Nt) we con-

sider 
t : B(St) ! B(St) an injective and compactness-preserving transformation or

deformation on the layer and neurons.

This new deformation or transformation functions 
t : B(Nt)! B(Nt) merely trans-

form the closed balls representing the synaptic �elds in the neural space in an injective

manner (SFx 6= SFy =) 
t(SFx) 6= 
t(SFy)) to avoid for activity to be duplicated

or lost, breaking the topography of the network. With this restriction, we can always

be able to identify to which neuron any synaptic �eld belongs. Injectivity in these

transformations does not disallow overlap of synaptic �elds in space (required for the

activity to propagate) but ensures that two synaptic �elds from di�erent neurons will

not completely overlap in a way that we cannot distinguish between their underlying

active neuron.

The only mathematical restriction imposed on these deformation functions so that

they preserve the topographical organization of the network is that they have to preserve

the compactness of the synaptic �elds, however deformed they may be by the noise.

With the inclusion of these transformations, our complete general framework takes

the following form:

F
�:F!S0�����! A0

 :S0!B(N0)��������! SF0

0:B(N0)!B(N0)�����������! 
0(SF0)

�:B(N0)!S1��������! A1
 :S1!B(N1)��������!

SF1

1:B(N1)!B(N1)�����������! 
1(SF1)

�:B(N1)!S2��������! A2
 :S2!B(S3)��������! : : :

�:B(Nn�1)!Sn����������! An

A summary of the process represented would be the following: a set of frequencies
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is presented to a tonotopic axis, producing activation in some of its neurons which are

propagated through a network via layers of neurons. The activations between layers are

modelled in terms of synaptic �elds which can be deformed to accommodate for di�erent

cortical behaviours while the information of frequency codi�cation in the active neurons

is preserved using best frequencies and tuning curves.

This general model proposed o�ers a robust framework informed by di�erent bio-

logical and chemical spatial properties of the neurons in the auditory cortex a�ecting

how they codify and propagate frequency. Furthermore, the model o�ers great 
exibil-

ity in several of its maps, especially in this lastly introduced deformations between the

synaptic �elds which can accommodate for the addition of behaviours not considered in

the scope of this work while maintaining the topographical structure of information 
ow

through the cortical layers we are representing.
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4 Continuity analysis

Using the previously de�ned structures of our general model, we want to study whether

tonotopy will be propagated from the tonotopic axis representing the cochlea to the fol-

lowing layers of our network when the information is transmitted following a topographic

organization. On top of our proposed model, we can o�er a schematic set of mathemat-

ical proofs to show that tonotopy will indeed be conserved and the representation of

frequencies will propagate continuously through the layers of the network.

This explanation is rooted in the topological notion of continuity, which our model

captures through the maps between structures previously de�ned. This part of our

project aims to show that all maps involved in our model are continuous in terms of

propagating frequency forwards and analyze the theoretical impact of these behaviours

in our understanding of tonotopy and topographically organized networks.

4.1 Proofs of continuity

To show that tonotopy will be preserved, we will proceed by showing the continuity of

each map previously outlined in the general model to propagate activity and frequency

representation. General knowledge of topology is assumed in this section. Basic de�ni-

tions of topological concepts and results referenced can be found in detail in the 2004

book on general topology by Pere Pascual and Agust��n Roig [40].

F
�:F!S0�����! A0

 :S0!B(N0)��������! SF0

0:B(N0)!B(N0)�����������! 
0(SF0)

�:B(N0)!S1��������! A1
 :S1!B(N1)��������!

SF1

1:B(N1)!B(N1)�����������! 
1(SF1)

�:B(N1)!S2��������! A2
 :S2!B(S3)��������! : : :

�:B(Nn�1)!Sn����������! An

This section will show the continuity of all maps involved in the framework in order.

Observation. The map � : F ! S0 moving from a set of frequencies to active neurons

in the tonotopic axis is continuous.

Due to the construction of the tonotopic axis, which aims to represent the cochlea

and its tonotopic properties, this �rst map of our model has been de�ned as continuous.

It assigns each tone to a neuron, encoding it as its best frequency in a continuous and

bijective manner.

Lemma 1. Let f : X ! Y a map such that 8K a closed set in Y it holds that f�1(K)

is a closed set in X.

Then, f is continuous.
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Proof. Equivalences between di�erent de�nitions of continuity and the necessary proofs

in terms of closed and open sets can be found in General Topology by Stephen Willard

in Theorem 7.2 [41].

Proposition 1. The map  : Si�1 ! B(Ni) moving from a set of active neurons in the

presynaptic layer to its synaptic �elds is continuous.

Proof. Let h 2 Si�1 be a neuron (meaning that also h 2 Ni�1 � Si�1), we model its

synaptic �eld as speci�ed in the general model as  (h) = SFh = �B�(h) \ Si the close

ball centred in it and adjusted to the target layer.

Note that �B�(x) serve as a topological base of the closed sets in the euclidean topology

of B(Ni�1) [30] as per the construction of the ball spaces. We can therefore apply the

previous Lemma to the map  noting that for every closed subset of B(Ni�1), which can

be written as a union of closed balls in the same space, its preimage will be a discrete

subset of the points in Si�1 which as we are taking the euclidean topology of Si�1 will

also be closed.

Note that for balls such that its centre is a point in Si�1 but not part of Ni�1 we are

simply considering their image to be the empty set. That is  (Si�1 nNi�1) = ;
Thus we can apply the previous Lemma to conclude that  is continuous.

Lemma: ISTV�AN JUH�ASZ AND JAN VAN MILL [42]. Assume that f : X !
Y is a compactness-preserving map with compact �bers such that both X and Y are T2

and X is compact. Then f is continuous.

Proposition 2. The map 
i : B(Ni) ! B(Ni) moving from a composite synaptic �eld

to a transformed version of the same composite synaptic �eld is continuous.

Proof. To prove this proposition, the previous Lemma will be applied to 
i.

The spaces involved in the map B(Ni) are T2 separable spaces due to their topological

structure inherited from euclidean balls in the topology of R2 [28]. Note that B(Ni) �
P(R2) the parts of subsets of R2 which also inherits a separable structure from the

euclidean plane.

Since Ni has also been de�ned to be closed and bounded and within a closed and

bounded subset Si � R2, it has the properties characterizing compacity in spaces drawing

from R2 and P(R2) that follow from the Ni and that fall within Si also draw from this

characterization: being closed and bounded because of their inclusion in Si and �nite

number of elements (Ni is �nite).

To verify that 
i has compact �bers we need to consider the preimage of singletons in

B(Ni) (sets consisting of a single point which in our synaptic �elds space are single closed

balls). That is, we need to verify that for SF 2 B(Ni) it holds that 
�1
i (SF ) is compact.
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Note that to ensure that the 
i transformation preserves the amount of information in

its deformation of the synaptic �elds, obeying a topographic propagation of activity, we

de�ned these maps as injective. That means that the preimage of the singleton SF will

either be the empty set ; which is trivially compact or another singleton (single synaptic

�eld), which is compact too as per its de�nition. Therefore 
i veri�es the condition of

having compact �bers.

Finally, again because of our construction of 
i to adjust to the topographical orga-

nization of the cortex, we imposed on them that they must be compactness preserving,

ful�lling the last hypothesis of Juh�asz and Van Mill’s Lemma, from which it follows that


i is continuous.

Proposition 3. The map � : B(Ni�1)! Si moving from the composite synaptic �elds

to activations in a postsynaptic layer is continuous.

Proof. To see that this map is also continuous, we will apply Lemma 1 again. The

map takes the union of several transformed synaptic �elds and returns a set of points in

Ni � Si.
Let V be a closed set in Si. As per the construction of � if V \ Ni = ; then

��1(V ) = ; which is trivially closed. Otherwise, the preimage of V consists of a �nite

reunion of distinct synaptic �elds overlapping in V \ Ni. This set is �nite because per

our construction of the ball space, there is a �nite number of combinations of distinct

balls (distinguished by their centre) in B(Ni�1) that can overlap in a single point to

produce its activation.

As the synaptic �elds, or closed balls in B(Ni�1), are topologically closed in that

space and the �nite union of closed sets is still closed, ��1(V ) =
Sk
i=1 SFi with k � n�.

Thus we can apply Lemma 1 again to conclude that � is continuous.

Theorem 1. The proposed model of a topographical feed-forward network beginning

at a tonotopical axis preserves tonotopy through all layers of the network.

Proof. Having proved the continuity of all maps involved in our model, the topological

notion of continuity in euclidean spaces is known to be equivalent to the analytical

de�nitions in terms of "� � continuity.

Therefore by composing all the previous maps from an original topographical point

based on the cochlea, we have a continuous map from frequencies to active populations

of neurons in di�erent layers of the network representing the auditory pathway through

the cortex.

This continuity, reformulated in terms of an "� � language, can be characterized as
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the following.

8" > 0 9� > 0 such that jf1 � f2j < � =) j�(f1)� �(f2)j < "

Where f1; f2 2 F are two close tones and � : F ! Sn represents the composition of all

maps in the model.

This means that tonotopy, de�ned as the spatial arrangement of responses in neurons

in the auditory cortex in which nearby areas of the cortex represent sound tones, is

conserved in this propagation.

4.2 Impacts on propagation of tonotopy

These results show that in our modelling of a topographically organized network starting

from a tonotopical axis, this tonotopy will be preserved. This doesn’t disqualify the pos-

sibility of a salt-and-pepper organization in the auditory cortex but helps identify which

premises or assumptions made in our model would need to be negated to theoretically

allow continuity to break.

Understanding tonotopy as a property of the layers of the model and topography as

a property of the propagation of information between those layers. A salt and pepper

arrangement within a feed-forward layer might necessitate a deviation from the outlined

norm at some point within the network.

The modelling of synaptic �elds and the continuity in that map is di�cult not to

consider as the physiological organization of neurons in synapses through their axons

and neurons leads to some notion of continuity in moving between neurons and their

synaptic �elds. This is built into the spatial arrangement of neural layers and the notion

of continuity in this step merely implies that the axons of nearby presynaptic neurons

connected to the same postsynaptic layer follow a continuous path from the neuron’s

body.

The well-documented tonotopy in the cochlea also imposes continuity between the

original frequencies and receptive areas in the cochlea, as was outlined in the de�nition

of the tonotopic axis.

The topographical hypothesis of how synaptic �elds are transformed and perform ac-

tivations could be doubted in order to undermine tonotopy, considering the propagation

of activity that undergoes a deformation that compromises both its compactness and

injectivity. This would happen in the case that we wanted to retrieve a non-tonotopical

organization through a weaker notion of the topographical propagation of activity be-

tween the network’s layers.

In our modelling of topography, maintaining compactness, which ensures the bound-

edness and proximity of synaptic �elds, isn’t a particularly contentious assumption given
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its clear biological parallels. Injectivity, on the other hand, is crucial for preserving the

�delity of inputs transmitted between layers. Any deformations that disrupt injectivity

could arti�cially alter the input-output relationship, potentially leading to deviations

from tonotopic �delity and fostering a salt-and-pepper-like organizational pattern.

Another hypothesis which could be negated to render this result false and allow

for a salt-and-pepper organization would be the feed-forward structure of the layer. A

more intricate network architecture in which the layers become intertwined with non-

continuous information being forwarded from other areas of the brain could potentially

distort the continuity required for tonotopy to propagate from the cochlea onwards.

A not purely feed-forward network 
ow could then break the continuity of the tone

codi�cation, weakening tonotopy in either a local or full-layer scale depending on the

network structure. This behaviour is more likely to happen in the innermost layers of the

auditory cortex, in which the circuit structure of sound processing becomes less linear

and could, therefore, justify the empirical observation of not fully tonotopical behaviour

in some of those areas [43, 44].
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5 Simulation methodology

5.1 Implementation of the general model and parameters

Having completed the �rst two goals of the project: proposing a model informed by

topography and tonotopy and pursuing a theoretical study of its topological properties,

the following chapters of this work will move beyond the more theoretical part of the

project and focus on the more tangible simulations the model o�ers. While previous

sections dealt with the process of abstraction from the auditory pathway to a topolog-

ical model, we will now instantiate this model to replicate speci�c empirically observed

phenomena.

For that purpose, our general model has been computationally implemented to focus

in more detail on how it can help us explain some behaviours in the auditory cortex

linked to tonotopy or, more broadly, changes in spatial frequency representation. In

our implementation, we consider a simpli�ed version of the model for computational

complexity and data visualization simplicity. Therefore, we will consider the propaga-

tion of activity and best frequency representation only between two layers: a source or

presynaptic layer and a target or postsynaptic layer.

By composing and iterating on the same computational model, we could reproduce

the rest of the general framework, so we are restricting the simulations without loss of

generality to the simplest case of interactions between two layers of neurons in R2. We

interpret these layers in our simulations as early layers in the auditory cortex circuit, as

in those layers, the feed-forward structure and tonotopical organization are empirically

better documented.

Both layers are modelled as a square [0; 1]� [0; 1] � R2, and the neurons in them are

con�gured in a homogeneous grid, though its size may vary due to the complexity of some

of the calculations performed on the model. The size of the grid will be set at 100� 100

neurons equally spaced by default in all simulations regarding best frequencies. Our

simulations show that all results presented in this chapter are qualitatively consistent

throughout di�erent grid sizes.

Another parameter of interest of the model will be �, representing the given maximum

axon spread of a neuron bounding its synaptic �eld. By default, it will be set at � = 0:1,

and its value or multipliers applied to it will be mentioned in case necessary.

For the minimum number of incident active neurons required to consider a postsy-

naptic neuron active, represented by the parameter n� of our model, we will be setting it

to 2 by default. This is a much lower number than what would be realistic in functional

interactions between neurons, which, due to the voltages required for an action potential

to �re, would be generally greater [45].
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Due to our approximation already being at large, overestimating the propagation of

activity in our modelling of the synaptic �elds, setting this threshold at a low value will

still allow for a thorough interpretation of how transformations a�ect the spatial distri-

bution of best frequency representation. The results shown with n� = 2 are qualitatively

consistent with our simulations run with higher values for this parameter.

To synthesize, the default parameter initialization taken as the basis for all simula-

tions will be the following:

params:
S0; S1  [0; 1]� [0; 1]

sizeGrid 100
�h 1=sizeGrid

N0; N1  f(x; y) 2 S0 j x = �h � �x; y = �h � �y; �x 2 N; �y 2 Ng
� 0:1
n�  2

Algorithm 1: Default parameters for simulations

Despite this choice of parameters being relatively arbitrary, the results of the simula-

tions following this model and parametrization have also been tested with di�erent pa-

rameter choices and remain qualitatively consistent across the tested cases. Speci�cally,

increasing n� and decreasing � generally makes the e�ects less sizeable in quantitative

terms but does not change the qualitative patterns emerging from them that will be

analyzed later. Analogously, decreasing n� and increasing � has the opposite e�ect of

making them quantitatively larger.

5.2 Best frequency calculations

On the two-layer network instantiated on the aforementioned parameters, we move on

to implement how frequencies propagate. Frequencies will be modelled as values in

the interval [0; 1]. The visualization used for the best frequencies will be a colour map

in which each point represents a neuron, and its colour represents its best frequency.

Low-range frequencies will be represented in these �gures with blue colours, mid-range

frequencies with green/yellow colours, and high frequencies with red colours.

With this network and frequency structure, we are restricting our simulations to the

following cases:

A0
 :S0!B(N0)��������! SF0


:B(N0)!B(N0)����������! 
(SF0)
�:B(N0)!S1��������! A1
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The best frequency distribution of the source layer will also be assumed to be given

by the x or horizontal coordinate of the neuron in the layer. This would correspond to

a propagation of activity from a vertically embedded tonotopic axis in a previous step

of the model. This step, however, is taken as theoretical and not directly considered in

our simulations.

With these default best frequency assignations in the presynaptic layer, the default

propagation to the postsynaptic layer without any transformations or modi�cations

would yield the following best frequency distribution in the target layer.

Figure 13: Best frequency of neurons in our default target layer on an un-transformed

simulated network.

In �gures of interest, this un-transformed default or control network will always be

shown in conjunction with the transformed one to allow for a comparison and better

visualization of the e�ects the modi�cations added to the default model have on the

frequency representation.

The algorithm used to assign best frequencies to these neurons implements the theo-

retical framework outlined in the general model section. Noticeably, best frequencies are

only assigned to neurons becoming active. Unless the opposite is stated, the full network

visualizations are obtained by considering all possible activations in the presynaptic layer

allowing for the full picture of best frequency representation in the postsynaptic layer.

With all these details considered, the full default algorithm used for the simulations

takes the following schematic form:
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input : A0 � N0 � S0 active neurons in presynaptic layer

BFN0 best frequencies of neurons in presynaptic layer

output : A1 � N1 � S1 active neurons in postsynaptic layer

BFN1 best frequencies of neurons in postsynaptic layer

begin :

for h 2 N1 do

Ahincident  fa 2 A0 j h 2 
(SFa)g

if #Ahincident � n� then

A1  A1 [ h
BFN1(h) tuningfBFN0(ai) j ai 2 Ahincidentg

end

end

Algorithm 2: General algorithm for best frequency simulations

5.3 Tuning and differential entropy

To measure how much information an active neuron is conveying in its activation, we

will measure it using the di�erential entropy calculated from its frequency tuning curve

(represented by the adapted Bates distributions). These entropy measurements will be

useful comparatively rather than because of their absolute values, seeing how di�erent

noises and transformations in the network a�ect the entropy of the neurons a�ected by

them.

De�nition 15. Let X be a continuous random variable with fX its probability density

function, whose support is the set X . The di�erential entropy of the random variable is

de�ned as h(X) = �
R
X f(x) log f(x)dx.

Entropy is a measure of uncertainty that allows us to measure how specialized a

neuron is in encoding its best frequency. We will interpret neurons whose tuning curves

have gained entropy after a transformation to become more specialized in recognizing

its best frequency due to conveying higher amounts of information than low-entropy

neurons.

Note that a distribution’s di�erential entropy is invariant to translations. This is

also consistent with interpreting it as a measurement of neural specialization, as only

di�erent shapes of the tuning curves will lead to di�erent entropies, not simply around

which frequency they are con�gured.

This method of calculating the entropy will be applied to some simulations in the fol-

lowing sections to qualitatively compare how di�erent transformations a�ect the amount
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of specialization of a neuron, measured by this di�erential entropy. First, the best fre-

quencies will be calculated using the previously outlined algorithm to use their tuning

curves later to compute their di�erential entropy.

This numerical method has been applied to the probability density function of the

Bates distribution.

De�nition 16. Let B be a random variable following a Bates distribution with support

in the interval [0; 1]. Its probability density function fB has the following form:

fB(x; n) =
n

2(n� 1)!

nX
k=0

(�1)k
�
n

k

�
(nx� k)n�1sgn(nx� k)

Where sgn indicates the sign function with the result 1 if the variable is greater than 0,

�1 if it is lesser, and 0 otherwise.

A change of variable can be used to recenter the support of the distribution to

[fmin; fmax] according to the maximum and minimum frequencies to represent the correct

support of the tuning curves:

�fB(x; n; fmin; fmax) = fB(
x� fmin

fmax � fmin
; n)=(fmax � fmin)

Applying yet another change of variable to this density function we can derive the

probability density function of our adapted Bates distribution as well following from its

de�nition as AB =
p
nB �

p
n=2.

These probability density functions have no known closed formula, so they have been

implemented in our computational model as a symbolic sum for simulation purposes

according to the previous expression.

The algorithm to determine the tuning curve of a neuron with all of these constructs

will be the following:
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input : F incident frequencies on the neuron

output : BF best frequency of the neuron

TC tuning curve of the neuron

begin :

fmin  minF

fmax  maxF

n #F

BF  bates(x; n; fmin; fmax)

TC  adaptedBates (BF )

Algorithm 3: General algorithm for neural tuning

The Bates function referenced in the algorithm outline performs the probability density

calculations following the symbolic sum form of the distribution and taking into account

the proper support given by the incident tones. Analogously, the adapted Bates function

merely reshapes the Bates distribution according to the Central Limit Theorem, as

indicated in our description of the general model. Finally, numerically integrating these

resulting probability density functions will give us the di�erential entropy of each neuron

in case it is needed.

This integration has not been included in the default algorithm due to computing and

numerical constraints as well as high time consumption in the integration process. To

ensure convergence of the numerical integration required to compute di�erential entropy,

the parameter sizeGrid of the simulations computing these entropy values will be set

by default at a lower 50 instead of the usual 100 mentioned in the previous section.

In simulations in which it will have to be even lower for the same numerical reasons,

it will be speci�ed in the related �gures. The numerical integration method used for

these calculations has been the default method in Matlab R2023B adapted from L.F.

Shampine’s method published in 2008 [46].

Due to the properties of the Bates distribution and the tuning curves, we model

through it, we will get higher entropies the fewer incident frequencies on an active

neuron are.
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Figure 14: Di�erential entropy of Bates distribution.

This is consistent with the notion that if a neuron becomes active only when a few

frequencies are presented, it is more specialized in recognizing those, while if one becomes

active for a wide number of frequencies, its activation conveys less information when it

is active. Thus, the activation of a neuron which �res to a higher number of tones will

o�er the observer less information on the tones being treated in the network than the

activation of a more specialized neuron, which �res only when the network is presented

with a few tones.
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6 Complexity and sustainability analysis

Having outlined the methodology for the simulations, we o�er an analysis of its com-

putational complexity and its sustainability implications before proceeding with the

simulations themselves. Adhering to the directives set out by Spain’s "Real Decreto

822/2021", all Spanish universities are strongly encouraged to consider the sustainabil-

ity impacts of the methodology employed in their research from an economic, social and

environmental perspective.

As this project has little to no economic and social implications, we will focus this

analysis on the environmental cost of our methodology in terms of energy consumption.

This will assessed by a brief algorithmic complexity analysis and some optimizations

implemented to save both time and energy costs when running our simulations.

The variable we will use to analyze and measure the complexity of the algorithm will

be the parameter sizeGrid, as it controls the number of neurons in the network, which

is the main source of calculations in our model. For the rest of the parameters, we will

consider the default ones mentioned during the overview of the methodology employed

to implement the model.

The basic nature of the task needed to determine whether a neuron becomes active

or not and later gives it its best frequency requires the calculation of distances between

each pair of neurons, each synaptic �eld in the presynaptic layer, and each neuron of

the postsynaptic layer of our network. Given the equivalence between synaptic �elds

in the source layer and neurons in the same layer (stemming from the identi�cation of

synaptic �elds with their centre preserved by  and the injectivity of 
) we will get at

most sizeGrid2 synaptic �elds and sizeGrid2 target neurons. Therefore, an algorithm

requiring distance calculation between each of these pairs will have a complexity of

O(sizeGrid4).

To improve this performance, some simpli�cations can be made to the algorithm to

avoid requiring pair-wise distance computations since we are only interested in the pairs

for which the distance falls below a threshold (meaning that the target neuron intersects

with the source synaptic �eld). Lexicographical sorting of the neurons by their spatial

coordinates and carrying out a binary search to narrow down the number of neurons

which can satisfy the distance conditions can help alleviate the number of calculations

required.

The sorting of sizeGrid2 points would entail a cost of O(sizeGrid2 log sizeGrid2)

but with the latter binary search and distance calculation in a reduced sample of points,

the complexity of the algorithm would still be of O(sizeGrid4) in the worst case scenario

due to the broad spectrum of potential deformations the transformations 
 can introduce

in the network, making it possible that all pairs of neurons produce an interaction.
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In practice, however, this optimization does empirically improve the performance of

our algorithms in the simulations performed for this project due to having settled on

relatively simple deformations between layers which allow for this method to prune a

noticeable number of comparisons.

Further improvements to improve the algorithm’s performance have been in terms

of pre-computing the di�erential entropies of a wide array of Bates distributions with

di�erent parameters. These pre-computations come with a memory tradeo�, as space

for the di�erent results and parameter con�gurations is taken up in memory to access

results during calculations. However, it yields a great improvement in time performance

as for most simulations carried out similar tuning curves and distributions on which

di�erential entropy had to be computed repeatedly came up.

Applying these improvements to the �rst version of our implementation of the algo-

rithms and methodology mentioned in the previous chapter yielded an average increase

in time performance of 23:4% (averaged over best frequency simulations presented in

the next chapter) and a much greater 60:1% for simulations implementing the tuning

curves and di�erential entropy calculations (averaged over tuning simulations presented

in the next chapter). This larger improvement comes from essentially removing for each

iteration of our simulations the need to compute a numeric integral on a symbolic sum

without a closed expression which gives the value of di�erential entropy for each neuron’s

tuning curve.

These improvements are signi�cant not only in terms of saving time but also consider-

ing the energy cost of running the simulations. Awareness of the energy cost incurred by

computational tasks has been on the rise during the last years, and the value of algorith-

mic optimization not only as a time saver but also for sustainable energy consumption

has to be recognised.

While due to the limited scale of this project, the energy consumption of our sim-

ulations might not have been large, the code optimization would pave the road for a

more sustainable deployment of our model and algorithms if larger-scale simulations or

expansions of our framework were to be carried out in the future.
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7 Simulation results

This section will examine di�erent results obtained from the previously described method-

ology and algorithms implemented with optimizations to save time and energy costs.

Speci�cally, di�erent deformations between the two simulated layers have been imple-

mented to assess their impact on the representation of tonotopy in the postsynaptic

layer.

The transformations modelled in the computationally implemented instance of our

network a�ect the synaptic �elds of the neurons in the presynaptic layer. That being,

the noise transformations considered in this section 
 : B(N0)! B(N0) will only modify

the synaptic �elds while leaving the rest of the space invariant.

We will proceed by taking the deformations as a�ecting the constant parameter �

(also referred to in this section as �base), representing the axon spread’s reach in the

general model. Instead of taking it as a shared constant, we will transform it according

to the map � : N0 ! R from which we derive the deformation of the synaptic �elds as


(SFh) = 
( �B�base
(h)) = �B�(h)(h) with h 2 N0 the distinct neurons in the presynaptic

layer. This allows for di�erent neurons to have bigger or smaller synaptic �elds than

their counterparts in the same layer.

In this section, we will model the axon spread reach of each neuron as the product

�(h) = mult(h) � �base with �base = 0:1 the default parameter. To avoid degenerating

synaptic �elds, we will take mult(h) > 0 for all neurons. The multiplier used will

be distance-dependent and will change between simulations. This 
 transformation

veri�es the topographical properties outlined for this transformation in the general model

(compact preserving and injectivity).

These deformations can impact both how the best frequency of neurons is encoded

and how neurons are specialized in this task. To analyze both types of e�ects, we will

present di�erent tonotopy or best-frequency representation maps to visualize how tone

recognition changes in reaction to the di�erent sizes of synaptic �elds.

To analyze and simulate neural specialization, partial best-frequency maps will also

be used (considering only how the network encodes a subset of the audible frequency

range), but they will be complemented with spatially reconstructed tuning curves (through

the adapted Bates distribution) and di�erential entropy visualizations to give a fuller

picture of the transformation’s impact.

7.1 Synaptic field enlargement

Considering the previous map and multiplier, we start by modelling a presynaptic layer in

which the central neurons have bigger synaptic �elds. The � map used for the simulations

operates as a multiplier greater than 1, with neurons closer to the centre of the layer
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(found at coordinates [0:5; 0:5] in the instance of the model) having its axon spread

multiplied by as much as a factor of 2. This e�ect decays proportionally with the

distance to the centre following a normalized Gaussian curve.

Figure 15: Doubling multiplier applied to the axon spread reach of a presynaptic neuron

depending on its distance from the network’s centre.

This transformation applied to all neurons of the presynaptic layer of our network

has the following e�ect on the postsynaptic layer:

Figure 16: Best frequency of neurons on the post-synaptic layer after a doubling mul-

tiplier of the synaptic �elds’ size of its centre. Left column for control network (no

transformation).
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Comparing the best frequency of neurons in the �rst and second columns, it can

be noted how the transformation of enlarging the synaptic �elds of source neurons in

the centre of the network has caused the total area dedicated to recognizing mid-range

frequencies to increase in the target layer, taking over some space previously dedicated

to higher and lower frequencies.

This e�ect is more notable if larger multipliers are applied to this presynaptic layer.

Applying a �ve-times connectivity gain in the centre of the network analogous to the

doubling shown in the previous �gure, the distribution of best frequencies in the target

neurons of our network takes the following form:

Figure 17: Best frequency of neurons on the post-synaptic layer after a �ve-times mul-

tiplier of the synaptic �elds’ size of its centre. Left column for control network (no

transformation).

With this bigger multiplier, the contrast between the neurons close to the centre,

and therefore being more in
uenced by the larger synaptic �elds, is much starker than

with the previous doubling e�ect. This can be explained by the multiplier being applied

to a small number of source neurons close to the centre but reaching further into the

postsynaptic layer, as we have been using the same Gaussian distribution to apply this

transformation as in the previous doubling e�ect. Increasing the width of this Gaussian

decay with distance, we get a smoother transition between areas specialized in di�erent

frequencies instead.
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Figure 18: Wide �ve-times multiplier applied to the axon spread reach of a presynaptic

neuron depending on its distance from the network’s centre.

Figure 19: Best frequency of neurons on the post-synaptic layer after a wide �ve-times

multiplier of the synaptic �elds’ size of its centre. Left column for control network (no

transformation).

A possible interpretation for these deformations is to see them as modelling a struc-

tural asymmetry in which the central source neurons have a more prominent role in the

network than those in the periphery. In these structural di�erences, the central area of

the target layer of the network receives inputs from more cells in its presynaptic counter-

part due to a higher degree of connectivity or facility to establish synapses. This means

that central postsynaptic neurons will become active by a larger number of frequencies

than in a symmetrical untransformed network.

This leads to a bigger area dedicated to recognising a range of frequencies which is

consistent with results for some animals whose auditory pathway is paired to a speci�c

frequency range. This behaviour has been well documented in bats due to their broad

use of sound and tone recognition as a mechanism for spatial orientation [47]. Maps of
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