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Abstract—In this paper we consider two models of
concatenated convolutional codes from the perspective of
linear systems theory. We present an input-state-output
representation of these models and we study the conditions
for control properties as controllability, observability as
well as output observability.

Index Terms—Convolutional codes, linear systems,
output-observability

1 Introduction
In coding theory, concatenated codes form a class
of error-correcting codes that are obtained by com-
bining an inner code and an outer code. They
were conceived in 1966 by Dave Forney as a
solution to the problem of finding a code that
has both exponentially decreasing error probability
with increasing block length and polynomial-time
decoding complexity. Concatenated codes became
widely used in space communications in the 1970s.
More Concretely t he concatenation of convolutional
codes is used for deep-space transmissions, includ-
ing also bar codes, the ISBN code for books, and the
ones used for credit cards or identity cards. It is well
known that the code with the correction capacities
that best fit the reliability of the physical devices

is used in each instance of information processing.
One of these classes of codes are Turbo Codes
(which combine two convolutional codes), they are
used in mobile telecommunications standards and
its variation for internet access. In this paper we
study two kinds of concatenated convolutional codes
(serial and parallel) using linear systems theory.

It is well known that convolutional codes can be
described using a quite more general theory, the
linear systems theory over finite fields (see [19],
[20], [21] for example).

Following the work initiated in [14], the aim of
this article is to give a input-output representation
of a concatenated (serial and parallel) convolutional,
and deduce conditions for control properties as
controllability, observability as well output observ-
ability. The control properties are relied to the
minimality of strict equivalent encoders.

2 Preliminaries
Throughout the paper, we denote by F = GF (q)
the Galois field of q elements and F̄ the algebraic
closure of F.

A convolutional code C of rate k/n and degree δ,



called an (n, k, δ)-code, can be given by the input-
state-output representation (see [16], [19], [21])

x(t+ 1) = Ax(t) +Bu(t),
y(t) = Cx(t) +Du(t),

v(t) =

(
y(t)
u(t)

)
, x(0) = 0,

(1)

where for each instant t , x(t) ∈ Fδ is the
state vector, u(t) ∈ Fk is the information vector,
y(t) ∈ Fn−k is the parity vector and v(t) is a
codeword of C. In that case, C is said to be generated
by the quadruple of matrices (A,B,C,D) and we
will denote it by C(A,B,C,D).

Here A, B, C and D are matrices of sizes δ× δ,
δ×k, (n−k)× δ and (n−k)×k, respectively, that
is, (A,B,C,D) is a minimal representation and it
is characterized through the condition that the pair
(A,B) is controllable, i.e.,

rank
(
B AB . . . Aδ−1B

)
= δ

or equivalently (see [17]),

rank
(
zI − A B

)
= δ, ∀z ∈ F.

A pair (A,C) is said to be an observable pair if
(At, Ct) is a controllable pair, i.e.,

rank


C
CA

...
CAδ−1

 = δ

or equivalently (see [17]),

rank
(
zI − A
C

)
= δ, ∀z ∈ F.

We define a convolutional code C(A,B,C,D) to
be observable if one and therefore every encoder
G(z) is right prime. If G(z) is an encoder of an
observable convolutional code, then G(z) is neces-
sarily a non-catastrophic encoder, which means that
any finite sequence of information, encoded by G(z)
will remain finite. The following result shows that
if (A,B) is controllable, then the observability of
the pair (A,C) ensures that the linear system (1)
describes a non-catastrophic convolutional encoder.

Lemma 2.1 (Lemma 2.11 of [21]): Assume that
the matrices (A,B) form a controllable pair. The
convolutional code C(A,B,C,D) defined through

(1) represents an observable convolutional code if
and only if (A,C) forms an observable pair.

Ch. Fragouli and R. D. Wesel [10] give the
following definition of output observability.

Definition 2.1: The system (A,B,C,D) is said
to be output observable if the state sequence
{x0, x1, . . . , xn−1} is uniquely determined
by the knowledge of the output sequence
{y0, y1, . . . , yn−1} for a finite number of steps
n− 1.
Taking into account that

yk=CA
kx0+CA

k−1Bu0+. . .+CABuk−2+CBuk−1,

the output observability is characterized by the
following proposition.

Proposition 2.1 ([10]): The system (A,B,C,D)
is output observable if and only if the matrix T ∈
M(n−k)δ×(δ(k+1))(F) defined as

C D
CA CB D
CA2 CAB CB D

...
...

... . . . . . .
CAδ CAδ−1B CAδ−2B . . . CB D


has full row rank.

If we want to preserve the delay condition we
need to add the condition that the matrix D has full
rank.

Example 2.1: Given

(y(0), y(1), y(2), y(3), y(4), y(5), y(6)) =
(1, 0, 0, 0, 0, 0, 1),

solving the system


C D
CA CB D
CA2 CAB CB D
CA3 CA2B CAB CB D
CA4 CA3B CA2B CAB CB D
CA5 CA4B CA3B CA2B CAB CB D
CA6 CA5 CA4B CA3B CA2B CAB CB D




x1(0)
x2(0)
u(0)
u(1)
u(2)
u(3)
u(4)
u(5)
u(6)


=

 1
0
0
0
0
0
1

 .



Concretely:

 1 0 1 0 0 0 0 0 0
0 1 1 1 0 0 0 0 0
1 0 0 1 1 0 0 0 0
0 1 1 0 1 1 0 0 0
1 0 0 1 0 1 1 0 0
0 1 1 0 1 0 1 1 0
1 0 0 1 0 1 0 1 1




x1(0)
x2(0)
u(0)
u(1)
u(2)
u(3)
u(4)
u(5)
u(6)

 =

 1
0
0
0
0
0
1

 .

The solution is

x1 = 0u(5) + 1u(6) + 1
x2 = 1u(5) + 0u(6) + 1

u(0) = 0u(5) + 1u(6) + 0
u(1) = 1u(5) + 1u(6) + 1
u(2) = 1u(5) + 0u(6) + 0
u(3) = 0u(5) + 1u(6) + 1
u(4) = 1u(5) + 1u(6) + 1

that for x1(0) = x2(0) = 0 we obtain:

(u(0), u(1), u(2), u(3), u(4), u(5), u(6)) =
(1, 1, 1, 0, 1, 1, 1) =
1 + s+ s2 + s4 + s5 + s6 =
Q(s)m(s) = (1 + s2)m(s).

Then m(s) = 1 + s+ s3 + s4.
Finally, in terms of the input-state-output represen-
tation (1), the free distance of a convolutional code
C, that is, the minimum Hamming distances between
any two code sequences of C, can be characterized
as (see [16])

dfree(C) = lim
j→∞

dcj(C), (2)

where

dcj(C) = minu(0)6=0

{
j∑
t=0

wt(u(t)) +

j∑
t=0

wt(y(t))

}
is the j-th column distance of the convolutional

code C, for j = 0, 1, 2, . . ..

3 Concatenation
In this section we introduce the following models
of concatenation of two convolutional codes.

The first model considered is the following.
Let Co(A1, B1, C1, D1) and Ci(A2, B2, C2, D2) be

convolutional codes, called outer code, and inner
code respectively. Let x1(t), u1(t), and y(1)(t) be

the state vector, the information vector and the
parity vector of Co(A1, B1, C1, D1), and let x2(t),
u2(t), and y2(t) be the state vector, the information
vector and the parity vector of Ci(A2, B2, C2, D2),
respectively.

The outer code Co and the inner code Ci are
serialized, one after the other, so that the input
information u2 = y1(t). Consequently

x1(t+ 1) = A1x1(t) +B1u1(t)
x2(t+ 1) = A2x2(t) +B2C1x1(t) +B2D1u1(t)

y2(t) = C2x2(t) +D2C1x1(t) +D2D1u1(t)

That is to say the concatenated code is
C(A,B,C,D) with

A =

(
A1 0
B2C1 A2

)
, B =

(
B1

B2D1

)
,

C =
(
D2C1 C2

)
, D = D2D1.

If C0(A1, B1, C1, D1) is a (m, k, δ1)-code and
Ci(A2, B2, C2, D2) is a (n,m − k, δ2)-code, then
C(A,B, ,D) is a (n−m+ 2k, k, δ1 + δ2)-code.

The second model presented is the par-
allel concatenation. Let C1(A1, B1, C1, D1) and
C2(A2, B2, C2, D2) be convolutional codes. Let
x1(t), u1(t), and y(1)(t) be the state vector,
the information vector and the parity vector of
C1(A1, B1, C1, D1), and let x2(t), u2(t), and y2(t)
be the state vector, the information vector and the
parity vector of C2(A2, B2, C2, D2), respectively.

Both codes are concatenated in a parallel form,
so that the input information u2(t) = u1(t) = u(t)
and the final parity vector y(t) = y1(t) + y2(t).
Consequently

x1 = A1x1(t) +B1u(t)
x2 = A2x2(t) +B2u(t)

y(t) = C1x1(t) + C2x2(t) + (D1 +D2)u(t)

A =

(
A1 0
0 A2

)
, B =

(
B1

B2

)
,

C =
(
C1 C2

)
, D = D1 +D2.

If C1(A1, B1, C1, D1) is a (n, k, δ1)-code and
C2(A2, B2, C2, D2) is a (n, k, δ2)-code, then
C(A,B,C,D) is a (n, k, δ1 + δ2)-code.



4 Control properties

In this section, we establish conditions on the linear
systems with matrices (Ai, Bi, Ci, Di) of the inner
convolutional code Ci in order to obtain an observ-
able convolutional code with a minimal represen-
tation from the different models of concatenation
introduced in Section 3, that is, a representation
with the pair (A,B) controllable and the pair (A,C)
observable.

4.1 Serial concatenated case

Following Hautus theorem

a) the concatenated system (A,B,C,D) is con-
trollable if and only if the matrix

(
zIδ1 − A1 0 B1

−B2C1 zIδ2 − A2 B2D1

)

has full row rank (= δ1 + δ2), for all z ∈ F.
b) the concatenated system (A,B,C,D) is ob-

servable if and only if the matrix

zIδ1 − A1 0
−B2C1 zIδ2 − A2

D2C1 C2


has full column rank (= δ1 + δ2, for all z ∈ F).

Therefore we have the following propositions.
Proposition 4.1: A necessary condition for con-

trollability of concatenated code is that the pair
(A1, B1) be controllable.

Proposition 4.2: A necessary condition for ob-
servability of concatenated code is that the pair
(A2, C2) be observable.
Suppose now that k ≥ δ1 + δ2, then we get to the
proposition

Proposition 4.3: If the matrix
(

B1
B2D1

)
has full

rank, then the system (A,B,C,D) is controllable.
Corollary 4.1: With the same hypothesis than

4.3, if the matrix
(
B1
B2

)
has full rank, then the system

(A,B,C,D) is controllable.

Proof: Because of k ≥ δ1 + δ2, rank
(
B1

B2

)
=

δ1 + δ2, so:

δ1 + δ2 =

rank
(

B1

B2D1

)
= rank

(
B1 0
0 B2

)(
Ik

D1

)
≤

rank
(
B1 0
0 B2

)
= rank

(
B1

B2

)
= δ1 + δ2.

Suppose now that n − k ≥ δ1 + δ2, the we have
the following proposition.

Proposition 4.4: If the matrix
(
D2C1 C2

)
has

full rank, then the system (A,B,C,D) is observ-
able.

Example 4.1: Over the field F = Z5, we consider
the codes C(A1, B1, C1, D1), and C(A2, B2, C2, D2),
with

A1 =
(
0
)
, B =

(
1 2

)
, C =

(
4
)
, D =

(
1 3

)
and

A2 =

(
0 4
1 0

)
, B2 =

(
1
0

)
,

C2 =
(
1 0

)
, D2 =

(
1
)

The serial concatenated code considered is
(A,B,C,D) with

A =

0 0 0
4 0 4
0 1 0

 , B =

1 2
1 3
0 0

 ,

C =
(
4 1 0

)
, D =

(
1 3

)
It is easy to show that the system and

(A,B,C,D) is output observable:
And

rank


C D
CA CB D
CA2 CAB CB D
CA3 CA2B CAB CB D

 =

rank


4 1 0 1 3
4 0 4 0 1 1 3
0 4 0 4 3 0 1 1 3
1 0 1 4 2 4 3 0 1 1 3

 = 4.



4.2 Parallel concatenated case

The controllability matrix of the parallel concate-
nated code is(

B1 A1B1 . . . Aδ1+δ21 B1

B2 A2B2 . . . Aδ1+δ21 B2

)
Proposition 4.5: A necessary condition for con-

trollability of concatenated system is that the pairs
(A2, B1) and (A2, B2) are controllable

Obviously, this condition it is not sufficient as we
can see in the following example:

Example 4.2: Let Ai = (0),Bi = (1), Ci = (1)
and Di = (1) for i = 1, 2, the parallel concatenated
code is

A = 0, B =

(
1
1

)
, C =

(
1 1

)
, D = (2).

It is obvious that this code is not controllable, but
both codes (Ai, Bi, Ci, Di) are controllable.
The observability matrix of the concatenated code
is 

C1 C2

C1A1 C2A2
...

...
C1A

δ1+δ2
1 C2A

δ1+δ2
2


Proposition 4.6: A necessary condition for ob-

servability of concatenated system is that the pairs
(A1, C1) and (A2, C2) are observable
The same codes in the previous example serve to
prove that the converse of this proposition is not
true.

Consider now a parallel concatenated code
C(A,B,C,D) obtained from the concatenation of
the codes C1(A1, B1, C1, D1) = C2(A2, B2, C2, D2).

The output observability matrix of this concate-
nated code is


C1 C1 2D1
C1A1 C1A1 2C1B1 2D1

C1A2
1 C1A2

1 2C1A1B1 2C1B1 2D1

...
... . . . . . . . . .

C1A
2δ1−1
1 C1A

2δ1−1
1 2C1A

2δ1−2
1 B1 ... 2C1B1 2D1


and the rank of this matrix coincides with the rank
of


C1 D1
C1A1 C1B1 D1

C1A2
1 C1A1B1 C1B1 D1

... . . . . . .
C1A

2δ1−1
1 C1A

2δ1−2
1 B1 ... C1A1B1 C1B1 D1


Notice that the submatrix

Tδ =


C1 D1
C1A1 C1B1 D1

C1A2
1 C1A1B1 C1B1 D1

... . . . . . .
C1A

δ1−1
1 C1A

δ1−2
1 B1 ... C1A1B1 C1B1 D1


on corresponds to the output observability matrix of
the C1(A,B,C,D) code.

Therefore, is having the following proposition.
Proposition 4.7: A necessary condition for

output observability of the concatenated code
C(A,B,C,D) is that the code C1(A,B,C,D) be
output observable.

Calling Ti the matrix

Ti =


C1 D1
C1A1 C1B1 D1

C1A2
1 C1A1B1 C1B1 D1

... . . . . . .
C1A

i−1
1 C1A

i−2
1 B1 ... C1A1B1 C1B1 D1


for all i ≥ δ, we have the following theorem.

Theorem 4.1: Suppose that the code
C1(A,B,C,D) is output observable. A necessary
condition for output observability of the
concatenated code C(A,B,C,D) is that the
following eqaulity

rankTδ+1 − rankTδ = n− k

holds.
Proof: Following [13], for all i ≥ δ the relation

holds

rankTi+1 − rankTi = ` (constant).

Example 4.3: Over the field F5. Let
C1(A1, B1, C1, D1) and C2(A2, B2, C2, D2) be
two codes with

A1 =

(
0 1
0 0

)
, B1 =

(
0 0
1 1

)
,

C1 =

(
1 1
1 1

)
, D1 =

(
1 2
1 2

)



and
A2 =

(
0 0
1 0

)
, B2 =

(
1 1
0 0

)
,

C2 =

(
1 1
2 2

)
, D2 =

(
1 1
2 2

)
It is easy to observe that these codes are not

output observable:

rank
(
C1 D1

)
= rank

(
1 1 1 2
1 1 1 2

)
= 1 < 2,

rank
(
C2 D2

)
= rank

(
1 1 1 1
2 2 2 2

)
= 1 < 2.

Nevertheless, the parallel concatenated system is
output observable, for that it suffices to observe that

rank (D1 +D2) = 2

5 Conclusions
In this paper a detailed look at the algebraic struc-
ture of concatenated (serial and parallel) convo-
lutional codes using techniques of linear systems
theory has been made. Conditions for controllabil-
ity, observability and output-observability has been
obtained.
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