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Abstract— Reducing the large sidelobes of multicarrier signals
is crucial to prevent adjacent channel interference. Spectral
precoding is an effective approach toward this goal, at the expense
of throughput loss due to precoder redundancy; thus, it is of
interest to explore alternative precoder designs with improved
performance at lower redundancies. We present a novel pre-
coder which minimizes radiated power within a user-selectable
frequency region. The structure of the precoding matrix is chosen
to allow efficient mitigation of in-band distortion at the receiver
by means of iterative and successive interference cancellation,
while completely avoiding distortion to protected and pilot
subcarriers. By exploiting the low-rank properties of constituent
blocks, computational complexity can be significantly reduced
with little impact on sidelobe reduction. Simulation results show
the benefits of the proposed design, which is particularly effective
in redundancy-limited settings targeting high spectral efficiency.

Index Terms— Orthogonal frequency division multiplexing
(OFDM), spectrum shaping, spectral precoding, out-of-band
radiation.

I. INTRODUCTION

RTHOGONAL  frequency division multiplexing

(OFDM) has been adopted as the main signaling format
in many wireless communications standards, including 5G
New Radio [1] and IEEE 802.11ax (Wi-Fi 6) [2], due to
its inherent advantages: it is spectrally efficient, provides
robustness against channel dispersion, and is well-matched
to multiple input-multiple output (MIMO) operation. Despite
these advantages, the power spectral density (PSD) of
OFDM signals suffers from large sidelobes, causing high
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out-of-band radiation (OBR) which results in significant
levels of adjacent channel interference. Inserting guard bands
by turning off subcarriers is a simple but very inefficient
means to address this problem due to the slow decay of
sidelobes. Signal filtering [3] and windowing (pulse shaping)
[4], [5], [6], [7] are also straightforward, but they reduce
the effective length of the cyclic prefix (CP), whereas
multiple-choice sequence techniques [8], [9] require the
transmission of side information with each symbol, increasing
system overhead. Data-dependent techniques have also been
proposed, including constellation expansion [10], subcarrier
weighting [11], [12], and phase adjustment [13]; they suffer
from high online complexity, since they require solving an
optimization problem for each OFDM symbol.

Spectral precoding, by which the active subcarriers are
modulated by a suitable function of the information symbols,
is another approach to reduce OBR [14], [15], [16], [17], [18],
[19], [20], [21], [22]. Since it generally introduces in-band
distortion, some appropriate decoding may be required at
the receiver to mitigate symbol error rate (SER) degradation.
Active interference cancellation (AIC) [23], [24], [25], [26],
[27], [28], [29], [30] constitutes an exception, as a partic-
ular case of spectral precoding in which data symbols are
directly mapped to their subcarriers, whereas a few additional
cancellation subcarriers, computed as a linear combination
of data symbols, are reserved and used for OBR reduction.
Although this process is distortionless and hence transparent
to the receiver, which merely discards cancellation subcarriers,
its effectiveness is limited. In contrast, orthogonal precoders
[31], [32], [33], [34] use a precoding matrix with orthonormal
columns which does introduce in-band distortion, although its
effect can be readily corrected at the receiver without noise
enhancement due to the orthonormality property of the pre-
coding matrix. Orthogonal precoders significantly outperform
AIC schemes in terms of OBR reduction, but at the price of
increased computational complexity at both transmitter and
receiver.

With spectral precoding, the difference between the total
number of modulated subcarriers and the number of informa-
tion symbols per block can be thought of as the redundancy
of the precoder (e.g., the number of cancellation subcarriers
in AIC). Increasing this redundancy results in more degrees of
freedom available for OBR reduction, but with the correspond-
ing penalty in spectral efficiency since fewer data symbols
per block can be transmitted. At the other extreme, neither

© 2024 The Authors. This work is licensed under a Creative Commons Attribution 4.0 License.
For more information, see https://creativecommons.org/licenses/by/4.0/


https://orcid.org/0000-0002-6734-2107
https://orcid.org/0000-0003-2876-4099
https://orcid.org/0000-0003-3615-7627
https://orcid.org/0000-0002-6879-1991
https://orcid.org/0000-0001-5701-9819







3158

III. PRECODER STRUCTURE

The structure of the precoder impacts both sidelobe suppres-
sion capability and in-band distortion. The latter may lead to
SER degradation, depending on the decoding strategy applied
at the receiver. In this section we present a decoding scheme
which, although suboptimal, has low complexity and suggests
a suitable structure for the precoder matrix.

At the receiver end, after time and frequency synchroniza-
tion, the CP is removed and an N -point FFT is applied. From
these N samples, those corresponding to the K. cancellation
subcarriers are discarded. Of the remaining ones, the subset
of pilot subcarriers can be used for channel estimation and
synchronization, since its elements d¢ are known and have
not been distorted by the precoding operation. After applying
frequency-domain equalization, the vectors rp 2 CKe and
ry 2 CKu of protected and unprotected data subcarriers,
respectively, are available, and the data vectors dp, dy must
be recovered from themp. Partition P as 4

5)

P = | P
fa [
Ky Kp Ky
so that Pd = P d,+P pdp+P d¢. For convenience, we also
define
Pptz Pp Pt ; Rptz Rp R¢ (16)
Then, assuming perfect channel estimation and zero-forcing

equalization, one has

rp =dp + Wp; (17)
ro=Pd+w,
=Pudu+dep+Ptdt+Wu, (18)

where Wp, Wy are the corresponding noise vectors.

Let DECT g be an entrywise operator returning for each
entry its closest point in the constellation. Noting from (17)
that the protected data symbols can be readily estimated as
d\p = DECfrpg, we can substract the effect of the protected
and training data from (18) to obtain

e.=r, P,d,
P udy +wy;

P ¢d¢

(19)
where it was assumed that d\p dp. The receiver needs to
recover d, given €, in (19); to this end, the structure of the

precoding matrix P  has to be conducive to efficient decoding.
Thus, we propose to constrain P to be of the form

Pu= (IKL.+

with , , 2 CKu Kugych that:
is a permutation matrix;
is a strictly lower triangular band matrix [38, Sec.

+ ) (20)

1.2.1] with bandwidth b K, 1,ie., k- =0if“ Kk
or “<k b

is a full matrix with small elements (as described
below).

The above structure is motivated by the following iterative
decoding procedure, which exploits the finite-alphabet prop-
erty of data. Let I hax be the maximum number of iterations,
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we first compute the intermediate variable

40 D.

u ’

s® = Heg, 1)

and then, since is strictly lower triangular, apply SIC to

0]

obtain the next estimate au

as

o) " ®°
1) _ 1 .
d®, =pec s ; .

] n . .
&, =DEc s 60

C Ky >
@ =DEC s@ A (22)
o

The choice of permutation  sets the decoding order in the
SIC process (21)-(22), and is assumed fixed. Note that, by the
band property of , products k‘d‘ﬁ'.)‘ are zero for * <k b,
and need not be computed in (22). B’y selecting b, complexity
can be traded off against OBR reduction performance: larger
values of b result in more degrees of freedom for , but also
increase the number of complex products required in (22).
We denote the set of strictly lower triangular K, K, band
matrices with bandwidth b by L.

The effect of the distortion matrix is substracted in
step (21) based on the estimates from the previous iteration;
thus, in order to limit error propagation, the size of the
elements of  should not be too large, as discussed in Sec. I'V.

IV. PRECODER DESIGN

To avoid unacceptable SER degradation at the receiver when
the decoding scheme of Sec. III is adopted, some constraint
must be placed on the size of the distortion matrix . To this
end, note that the normalized inter-carrier interference (ICI)
power in the K-th unprotected subcarrier due to this distortion
matrix is given by the squared norm of the k-th row of

Efjel! duj’g _

=k exk:
Efjel'd,j2g Bk

(23)
Then, it is reasonable to constrain the normalized ICI on a
per-subcarrier basis: we set a maximum normalized ICI of
k 1 for the K-th unprotected data subcarrier.

Another issue that needs to be considered is the potential
generation of undesirable spectral peaks in the signal passband.
This effect is well known for AIC [25], [39], and results from
the optimal precoder giving too much gain to the cancellation
subcarriers. Hence, to avoid spectral overshoot in our design,
we introduce regularization terms to the cost function Pyy
in (13), penalizing large values of the power of the precoded
vector components due to the precoding matrices P p¢, Q and

. Specifically, letting dpy = [d";| d{" 7, these power values
are computed as follows:

EFKSP pelpek?g = trfP peCptP bty = kP peCre k2 (24)

EfkT Qdk?g = trfQC Qg = kQC™2KkZ ; (25)
EfkS duk’g=trf Hg=k k&: (26)
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Thus, the following problem is obtained:

min o trfGHAWGCg+ kP CrhikE

PpiQ; A Pt

5 kQC¥™KkZ + k k2

2G=S[ (I+ + ) Pp]+TQ+R;
s. to 2L

=

"k k Pek?
(27)

where , , 0 are regularization parameters. Their values
should be chosen sufficiently large to effectively limit in-band
spectral peaks, but not so large as to result in excessive
performance loss in terms of OBR. Note that it is not necessary
to introduce a regularization term for , as its Frobenius norm
is already effectively 1imit?_g by the per-subcarr'isr normalized
ICI constraints: k k&2 = [ k Heyk? ke

The objective and the K inequality constraints in (27) are
convex quadratic, whereas the remaining constraints are linear.
Hence, problem (27) is convex, and it could be tackled with
any suitable convex solver. However, this approach quickly
becomes impractical as the number of subcarriers increases:
the large number of optimization variables and constraints
would result in very high computational complexity. This is
of particular relevance in dynamic spectrum access (DSA)
systems which must reconfigure their transmission parameters
as spectrum availability changes over time, so that precod-
ing matrices may have to be frequently recomputed. Due
to this, we seek alternative reduced-complexity approaches
to approximately solving (27). In particular, we propose to
cyclically minimize the objective w.r.t. each of TP 5t; Qg,

and  while keeping the remaining variables fixed, as follows.
Initialize o =0and o =0, and then for j 1 do:
P pej; Qjg =arg min Pw(Ppt; Q; j 17 j 1)
Ppe:Q
+ kP ptC;iz k|2:
+ kQC'™?KE; (28)
j =arg mAin Pw(Pptj;: Qs+ j 1)
st i Medi? w1k Ky (29)

j:argmgnPW(Ppt;j;Qj; v )+ K I(|2=

s.to 2L (30)

At each iteration, the tuple (P pt;j; Qj ; ji j) is feasible for
problem (27); therefore, any convergent point must be feasible,
since the feasible set is closed. In addition, the regularized cost
function in (27) is decreased (or at most, does not increase)
at each of the steps (28)-(30); since this cost function is
nonnegative, the sequence of its values necessarily converges.

Each of the three subproblems (28)-(30) is addressed in turn
in the following subsections.

A. Optimization of TP pt; Qg

For convenience, let us partition Q = Qu Qy ,
where Q, 2 CKe Ku and Q, 2 CKe (Ko,
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Let P wuj 1=
1S rewritten as

IggtinQ J , trfGTAWGCg+ trfP P ,:Cpig

+ trfQ"QCg
0 G=S[Pyj 1Pp]+TQ+R:

(Ik,+ j 1+ j 1) be fixed, so that (28)

€1y

This is a convex quadratic problem, whose solution can be
found in closed form as follows. Let us partition the precoding
matrix as G =[Gy Gpe ], where Gy, = SP;j 1+TQ, and
Gpt =SPpe+T th +Rpt. In view of (6), the first and third
terms of the cost J in (31) can be written respectively as

trfGH AWGCg = trfG/] AwG.g

+trfGRLAWGHCpd;  (32)
trfQ"QCg = trfQ'Q,g
+  trfQLQpCptd: (33)

We recall the following properties of the complex gradient':
for constant matrices A, B, it holds that rx terHAg =
A, rxtrfA"Xg=0, and rx trffFX"AXBg = AXB.
Then one has

rp,J =S"AWSP 5Cpt + S"AW(T Q¢ + Rpt)

+ PptCpt; (34)
+ QpCot; (35)

roJ =TTAWTQ,+THAWSPj 1+ Q. (36)

Since Cyy is invertible, equating (34)-(36) to zero yields the
solution to (31):

Quj = (TAWT + I.) 'TPAWSP; 1
(37)
Pp:;i (Z"AwZ + D) 1ZHAWR; (38)
where \?v; have introduced the matrices
Z=S T ; D= 'k (39)

Ik

Note that (38) is in fact independent of the iteration index j,
so it only has to be computed once.

c

B. Optimization of

For fixed Ppt = Pprj, Q = Q; and = i
problem (29) becomes
mintrfGHAWwGCg (40)
A8
=k k ekt k=1:K
s.to>G=S[ (I, + j 1+ ) Ppyjl (41)
TOHTQ;+ R

The main hurdle towards efficiently solving (40)-(41) is the
large number of inequality constraints related to the per-
subcarrier normalized ICI power. Noting that each of these

"Writing the complex-valued matrix X = [®1 -+ @n ] columnwise, the
gradient of a scalar, real-valued function f w.r.t. X is defined also columnwise
as Vxf=[Va,f + Vanf], With Vo f = 2[Vreof + i Vim = f]-
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Fig. 3. Scenario 1: K. = 6, ¢ = 0.005. (a) PSD envelope; (b) Convergence of the proposed precoder design.
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Fig. 4. Scenario 1: K. = 6, b = 10. (a) PSD envelope; (b) Symbol error rate of the proposed decoding scheme with QPSK and 16-QAM in AWGN channel.

OBR reduction of 14:4 dB with respect to EOP; however, with
16-QAM the decoder takes about 3-4 iterations to converge,
and it presents a 1-dB gap at SER= 10 # with respect to the
baseline unprecoded system. Thus, for a given OBR level, the
pair (b; ) can be selected depending of the target SER and
TX/RX complexities.

Fig. 5 shows the complementary cumulative distribu-
tion function (CCDF) of the Peak-to-Average Power Ratio
(PAPR) of the multicarrier signals generated in this scenario.
The PAPR degradation for the EOP scheme with respect
to the unprecoded case with null subcarriers is 0:1 dB, and
for the proposed scheme it remains within 1 dB. For fixed b
the PAPR seems to be almost insensitive to the choice of |,
whereas for fixed PAPR degradation becomes worse for low
values of b > 0. For b = 0 (not shown for clarity) the PAPR
degradation of the proposed scheme is less than 0:1 dB.

Next, the number of cancellation subcarriers is reduced to
K¢ = 2 (redundancy % = 0:8%). We fix b = 10, whereas
now g = 2 f0;0:005;0:01;0:0159, and r = 10 is
adopted for > 0. The resulting PSD and SER curves are
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Fig. 5. Scenario 1: K. = 6. PAPR with 16-QAM symbols.

shown in Fig. 6. In this low-redundancy setting, the orthogo-
nal precoders cannot substantially improve performance with
respect to simply turning off the cancellation subcarriers.
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available results in poor performance of the orthogonal pre-
coders, whereas the proposed design shows much better
behavior. In all cases, a low-rank approximation of  with
r = 8 was adopted without noticeable degradation. Larger
values of yield better OBR reduction, but with more decoding
iterations needed at the receiver, and with an increasing gap
with respect to the unprecoded reference system.

Next, we consider a multipath block-fading channel with
exponential power delay profile. Specifically, channel taps are
generated asc[n] =e 2Ner e[n[,0 N Ngp 1, with €[n]
1.1.d. realizations of a circularly symmetric zero-mean complex
Gaussian random variable. In this way, Nc¢p corresponds to
both the mean delay and the rms delay spread of the channel.
The corrgsponding frequency-domain channel is normalized
to yield 5 JC[K]j? = K. Fig. 8 shows the SER curves
for the proposed decoder corresponding to a design with =
0:005 and b = 4, assuming perfect channel knowledge and
zero-forcing equalization; a different channel realization was
independently drawn for each OFDM symbol. The proposed
decoding scheme is seen to converge in a single iteration with
QPSK with a gap smaller than 1 dB with respect to the baseline
unprecoded system; with 16-QAM convergence is achieved in
1-2 iterations, and the gap is under 2 dB. SER performance is
seen to degrade with increasing delay spread, as expected.

C. Scenario 3

Lastly, we consider a scenario with non-contiguous
K = 193 active subcarriers, with indices in K =
f 1, 2, ; 63g[f 64, 655 ; 128g. The protected
subcarriers are at K, = f 80; 100g (K, = 4), and the
training subcarriers are at K¢ = T 72; 84; ;1209 [
f 12; 24; ; 60g (K¢ = 15). Thus, in this case K, =
174 K. The OBR region is now B = Bgyt [ Bin, with

fs f - fs )
a2t Mo
f,

fF = _f
8 2

NI
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Scenario 3: K. = 4, b = 4, ¢ = 0.005. (a) PSD envelope; (b) Symbol error rate of the proposed decoding scheme with QPSK and 16-QAM in

The K; = 4 cancellation subcarriers (redundancy
Ke = 2:1%) are placed at the spectrum edges: K. =
f 128; 1;64;128g. We set h = 4 and = = 0:005 for
all k, and consider two different spectral weighting functions:
Uniform weight: W (f) = 1 for all f 2 B. Regularization
factors =0:1, =0, =0:08.
Non-uniform weight: W(f) = 1 for f 2 Bgy: and
W (f) = 10 for T 2 Bj,. In this way, more priority is
given to low PSD levels over Bj,. Regularization factors
=10, =0, =02
Results obtained with a low-rank approximation r = 10 are
shown in Fig. 9. The orthogonal precoder designed with a
uniform weight yields little OBR reduction over either Boyt
or Bjn; with a nonuniform weight, the PSD over Bjy, is lowered
by 10 dB. Nevertheless, the proposed design provides much
better performance in this setting. It is seen that OBR reduction
over Bj, and Bgyt can be traded off by selecting the spectral
weighting function. Regarding SER performance, the gap to
the unprecoded reference system in AWGN channel is within
0:3 dB and 1 dB for QPSK and 16-QAM, respectively, with
convergence taking place in two iterations in both cases.

VII. CONCLUSION

By allowing in-band distortion, the performance of spectral
precoders can be significantly improved. Orthogonal precoders
exploit this fact, providing satisfactory performance if suf-
ficient redundancy can be afforded. However, in scenarios
targeting high spectrum utilization, this may not be the case,
and the proposed precoder design constitutes an alternative.
The structure of the precoding matrix is selected with the
operation of the decoder in mind, in order to allow compen-
sation of in-band distortion. In this way, sidelobe reduction
can be traded off against spectral redundancy, computational
complexity, in-band spectral peaks, and error rate degradation,
particularly with denser constellations.

The proposed decoding method targets low-complexity
implementation and hinges on successive interference cancel-
lation feeding back hard decisions on the data symbols, which
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is not necessarily optimal. The development of alternative
designs based on more sophisticated decoding schemes has the
potential to reduce error rate degradation for spectral precoders
aiming at aggressive sidelobe reduction, and constitutes an
interesting line for future work.

APPENDIX A
SOLUTION TO (43)-(44)

In view of (6) and (7), one has JC = J and JcaH =

I k.. Using these, and introducing B = HSHAWS and
F = JGEKAWS , the objective in (43) reads as
—H —_
trfG™ AwGCg = trfG; , AwG;«Cyg
+trf el!Bex |9
+2RetrfFex g (52)

éj;k does not depend on , so (43)-(44) can be rewritten as
min elBe)( ' k) +2Ref 'Fexg s.to |k k

k
(53)

The unconstrained minimizer of the cost in (53) is 2given
_ Fey . . . . . kFekk

by k = T Bex- If it is feasible, i.e., if @ Bew?

k, then it also constitutes the solution to the constrained

problem; otherwise, the constraint must hold with equality.

The corresponding Lagrangian, with Lagrange multiplier , is

L=(el'Ber)( & W) +2Ref 'Feg+ (' k)

(54
. . . — Fek
Equating the gradient of L to zero yields k = FBeyt -
Substituting this in | k = . one finds that (e}l Bey +
2 — .
)2 = kFL‘fk; thus, x =S kkf:g';k, with s 2 f 1;+1g.

To remove the sign ambiguity, substitute this expression of
in the objective of (53) to obtain

(el'Bex)( | k) +2Ref ['Fexg

= (e'Bex) « + 257 WkF exk; (55)
which is minimized over s 2 ¥ 1;+1g when s = 1. Thus,
the solution to (53) can be compactly written as

1 _
K= ﬁFek; m = maxfe} Bey; kF ekk:p Kg: (56)
APPENDIX B
SOLUTION TO (45)-(46)
The component of G independent of is given by
6 =S[ (k,* j) Pprjl+TQ; +R; (57)

sothat G=6&;+S  J.Since CI™ =J3" and JCI™ =

I «,, one has
trfG" AwGCg = trf€; Aw€;Cg
+2Retrf 7 HsHaAy&;3 g
+trf 7 HsHans g (58)
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Let us write = 1 2 Kk, columnwise. The con-
straint 2 Lt'f” Ku can be made explicit in terms of the
columns f g as x = Ex®€x, where fork =1;2;:::K, b,

2 3
Ok b

Ek:4 Ib
Oy b k) b

Sacke b oge2ch (59

whereas for kK = K

Ok (ku W

2CKu (Ku k),
Ik,

Ex = & 2Ck K (60)
0. Thus, ©x comprises the
o and one can write
= - kekH = L<=ul 1 Ekekef. Note that
H
trf "Bg= |I(<=“1 te El'Bey for any B 2 CKu Ku_ For
ease of notation, let us introduce

and lastly g, =
nonzero ements  of
_ r§lKu

M =E}l "sPAwS Er2C™ Nk
Vjk = EE HSHAngJHek 2 an;

(61)
(62)
where ng = b for 1 k Ky b ne =K, Kk for

Ky b+1 k K, 1isthe number of columns of Ey.
Then we can rewrite problem (45)-(46) as

<t <t <t

H H H
min € M€ +2Re € Vik + e &
k9 =1 k=1 k=1
(63)
which is convex quadratic. Its solution is given by
&= (Mik+ In) ‘i k=LK 1 (64)
APPENDIX C

ORTHOGONAL PRECODER DESIGN

Let R and Z be as in (4) and (39) respectively. Consider a
precoder G = ZF + R, where F 2 C(Ku+Ke) (Ku+Kp+Ke)
is to be optimized. This structure does not distort the protected
and pilot subcarriers: with X = Gd, one has RpHX = dp,
RE'x = dy. Let us partition F = [F, Fp F¢], where F 2
CKu+Ke) Ky Fp2 C(Ku+Ke) Kp and F:2 C(Ku+Ke) Ky

A. Plain Orthogonal Precoder

In this design we fix Fp, = 0 and F¢ = 0. Then, at the
output of the receiver’s zero-forcing equalizer, the vector of
Ky + K¢ samples at unprotected and cancellation subcarriers
satisfies ryc = F dy + wyc, with wyc the noise term. Thus,
if Fy has orthonormal columns, FE‘ruc = dy + FE'Wuc
approximately recovers d,. The weighted power in (13)
becomes Py = trfGH AwGCg = trfF | ZH AwZF ,g +
trprHtAWRpthtg, which is minimized over the set of
semiunitary matrices when F, comprises the K least eigen-
vectors of ZHAWZ. Since F  has orthonormal columns, the
products F ,dy (at the transmitter) and F E' ruc (at the receiver)
can be efficiently performed by resorting to Householder
reflectors [41], taking 2K K. + Kg complex multiplications
each.
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