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ABSTRACT Anewmethodology based on the shadow projection has been developed to study anymultipulse
rectifier’s dynamic behavior under balanced and unbalanced conditions. The proposed methodology
calculates the DC average voltage and instantaneous values under balanced and unbalanced supply voltage
conditions for multiphase Transformer Rectifier Units (TRUs). The calculation of the developed algorithms
is more practical than the classical methods and other approaches based on Fourier series or symmetrical
components that are difficult to apply under unbalanced conditions. Furthermore, classical methods are not
simple to determine the limits of the integrals and calculate them to obtain the average value, so a more
friendly and practical methodology has been developed to analyze rectifiers operating under supply voltage
sags. This new methodology has been validated by simulation for a 12-pulse TRU in series and parallel
connections, and it has also been validated for a 36-pulse TRU in parallel connection using interphase
inductors. The accuracy of the calculations is validated by the experimental results for 12-pulse TRUs, series,
and parallel connection, and 18-pulse TRU in series connection.

INDEX TERMS Multipulse rectifier, shadow projection, transformer rectifier unit, unbalanced voltage
condition, sags.

I. INTRODUCTION
Multipulse rectifiers (MPR) have become essential in
many applications such as medium-voltage variable speed
drives [1] or fast-charging batteries [2], [3] to comply
with the harmonic standard requirements [4]. Transformer
Rectifier Units (TRUs) and Auto-Transformer Rectifier
Units (ATRUs) are powered by a phase-shifting transformer
with many secondary windings that depend on the number of
pulses since each secondary winding feeds a six-pulse diode
rectifier [5]. Other numbers of pulses can be used, such as a
ten-pulse diode rectifier is applied in the case of five-phase
generators [6]. The reduction of the harmonic distortion is
due to the cancelation of the low-order harmonic currents
generated by the rectifier [3], [7]. Moreover, multipulse
rectifiers can operate at a near-unity power factor by
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increasing the number of pulses, and line current harmonic
distortion is also reduced [8].

MPR has six-pulse diode rectifiers connected in series or
parallel depending on the application. A series connection
is usually used in High Voltage Direct Current (HVDC)
power systems [9] and a parallel connection in electrical
aircraft systems [10]. In the last century, the performance
of different topologies has been presented and compared
with each other [11], [12]. Some of these techniques to
improve the converter systems are shown in [13]–[19]. They
increase the number of pulses using different coil connection
configurations. The reliability and maintenance are essential
points to study in the converters to guarantee the power supply
continuity [20], [21].

The dynamic behavior of a 6-pulse rectifier can be
analyzed through its differential equation. As far as p-pulse
rectifiers are concerned; they can also be easily studied as
long as the supply voltage system is balanced because the
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commutation time instants are identical within a period, and
the analytical expressions are well known [22]. However,
when the supply voltage of the system is unbalanced, the
analytical study gets complicated, and there are different
ways in the literature to solve it. One way is to use
symmetrical components and phasor approach [23], [24],
while another way is to combine the Fourier’s series and
phasor approach [25]–[27]. In [23], a new approximated
way to model unbalance voltage for ideal rectifier is
shown, without AC and DC-side inductors, by introducing a
deviation voltage superimposed on balanced three-phase line
voltages and using symmetrical components. However, the
method is only for three-phase and six-pulses, the validity of
the analysis is confirmed by simulation, and no experimental
results are presented. In [24], analytical expressions based
on symmetrical components are used to calculate voltage
and current. Moreover, the harmonics have been studied for
ideal rectifiers without AC and DC-side inductors. However,
the experimental results are presented only for a three-phase
rectifier considering slightly unbalanced grid voltage. In [25],
a systematic analytical method to calculate the harmonic
components of uncontrolled single and three-phase rectifiers
using Fourier series, with interphase inductors, during the
continuous and discontinuous mode, has been presented.
However, the analytical method is limited to single-phase
and three-phase rectifiers. Also, the validity of the analysis
is confirmed by simulation, and no experimental part has
been presented. In [26], a fast and detailed calculation based
on the Fourier series for balanced and unbalanced operation
with interphase inductors has been given. Besides, themethod
is easy to adapt with harmonics. However, several Fourier
series terms must be considered to obtain high accuracy.
The validity of the analysis is confirmed by simulation,
and the method is limited to a three-phase system. In [27],
an average-value model of a line commutated converter-
based HVDC system using Fourier series has been presented,
with the advantage of lower computational requirements than
a conventional electromagnetic-transient program. However,
the validity of the analysis is confirmed only by simulation
for a controlled twelve-pulse rectifier. In [28], the dynamic
phasormodel of asymmetrical 12 and 18-pulse parallel ATRU
is proposed based on the switching functions expressed in the
dynamic phasor domain. The presented formula calculates
only the approximate value of the DC voltage, not the actual
value, as not all Taylor expansion terms are used. In [29],
a generalized average model is presented based on the vector
concept in the dq frame. The model has been developed for
the asymmetric 18 pulses parallel ATRUs. The developed
functional models are validated through simulation and
experimentally. However, a complicated process is needed to
obtain the DC middle voltage.

The previous work of the author [30] is focused on the
average DC voltage calculation through the perimeter of the
polygon named as phasorial convex hull method, while in this
paper, not only the average voltage is calculated because the
instantaneous voltage is also calculated. In [30], a comparison

FIGURE 1. The integration limits of unbalanced supply voltages.

between analytical equations and the proposed method is
evaluated for ATRUs (12 and 18 pulses), and in this paper,
the new method is evaluated for several TRUs (12, 18 and
36 pulses) analyzing the sag influence on the instantaneous
DC voltage.

The present work develops a new methodology to get
the output DC voltage in any p-pulse rectifier fed by an
N -phase unbalanced voltage system. A simple methodology
to calculate the time evolution of DC-bus voltage is given
using the Shadow Projection (SP) voltage. The proposed
methodology can be used for maintenance, as only the
supply voltages are needed to calculate the shadow projection
voltage. Measuring the DC voltage of the rectifier and
comparing it with the shadow projection voltage can detect
if there is a problem in the system. This problem could be
orginated in the rectifier or could be an internal issue of the
TRU or ATRU [21]. The method can be used to determine
the elements required to reduce the effects of faults (such as
voltage sags) or determine the ‘‘soft start’’ pre-boot elements
required based on the output filter.

Furthermore, the analytical study is validated through
experimental tests in the laboratory for 12 and 18-pulse
rectifiers.

II. CLASSICAL MATHEMATICAL METHODS
The average value of the DC-link output voltage, VDC,
characterizes the behavior of the multiphase uncontrolled
bridge rectifiers. This value can also be determined from the
average value of the diode bridge output voltage, VDC. There
are different methods to calculate the voltage VDC: numerical
methods and analytical methods.

A. NUMERICAL METHODS
These methods use discrete values of vDC(ωt) during a semi-
period T /2 of the AC phase voltages to numerically obtain
the value of VDC. The main approaches are Fourier series and
numerical integration. For the Fourier series, the voltage VDC
is obtained from the first term of the Fourier series of vDC(ωt).

vDC(ωt) = VDC +
∞∑
k=1

VDCk cos(kωt + βk ) (1)
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For numerical integration, the voltage VDC can be numeri-
cally obtained dividing the numerical integration of vDC (ωt)
over a period

VDC =
1t
T

to+T∑
t=to

vDC(ω(t +1t))+ vDC(ωt)
2

(2)

In unbalanced conditions, there is no expression, and
then a numerical integration has to be done. VDC voltage
is obtained by dividing the defined integration of vDC(ωt),
taking into account that the vDC(ωt) is a continuous function
and in intervals corresponds to all possible phase-to-phase
voltages in one period [0 ∼ T], as shown in Fig. 1. The
difficulty arises in determining the intersections (tk, tk+1) to
identify each interval’s integration limits, as shown in Fig. 1.
By determining each interval [tk, tk+1] (corresponding to each
pulse), the equivalent expression of vDC(ωt) is determined
depending on the input voltages of the rectifier.

VDC =
1
T

T∫
t=0

vDC (ωt)dt =
1
T

Nbp∑
k=0

 tk+1∫
t=tk

vij(ωt)dt

, (3)

However, when the change of the voltage or the phase (or
both) is unknown, as seen in Fig. 1, then (3) is one of the
few numerical expressions that can calculate the average VDC
accurately, but it requires a lot of computing power.

It should be noted that, for the numerical methods, in order
to have more accurate results, the calculation of the average
VDC voltage strongly depends on the discretization of the
vDC(ωt).

On the other hand, numerical methods for unbalanced
cases require more computing power that will increase with
the number of phases of the rectifier, mainly because many
definite integration intervals must be calculated.

B. ANALYTICAL METHODS
These methods are helpful to have closed-form analytical
expressions for determining VDC as a function of the rectifier
variables to investigate their influence further. In general,
Continuous Conduction Mode (CCM) is considered, and
voltage drops in the AC line inductors are neglected, which
allows the expression for VDC calculation to be obtained from
the AC phase voltages.

The analytical formula is a well-known expression for
the calculation of VDC in multiphase uncontrolled bridge
rectifiers, which are fed by AC phase balanced sinusoidal
voltages,

VDC = 2
N

_

V s

π
sin(

π

N
) (4)

where
_

V s =
√
2Vs is the peak value of the AC phase balanced

sinusoidal source voltages (Vs), andN is the number of phases
of the rectifier.

Each configuration has a specific equation for balanced
and symmetrical conditions. Some of the most typical are

shown in the following equations. In the case of three-phase
systems, N = 3 phases and VL =

√
3Vs:

VDC = 2
√
2
3VL
√
3π

sin(
π

3
) = 1.35VL (5)

This is the most commonly used expression for three-phase
and balanced systems where VL is the RMS value of line
voltage.

In the case of 12-pulse ATRU with parallel interphase
inductors connection, the average DC voltage equals:

VDC = 2
3
√
2Vs

/
cos(15◦)

π
sin
(π
3

)
= 2.42Vs. (6)

In the case of the asymmetric 18-pulse delta-type ATRU
described in [28], the average voltage can be determined by
applying the following formula:

VDC =
√
6Vs

sin (π
/
18)

π
/
18

= 2.437Vs. (7)

It is clear that the calculation of the average VDC voltage is
much easier with equations (4) or (5), but it is only possible in
balanced cases (amplitudes and phases). Previous equations
are some examples, but for other configurations, an analytical
equation can be obtained for each of them operating only in
balanced conditions.

III. SHADOW PROJECTION PROPOSED METHODOLOGY
The shadow projection method is a new concept that
accurately predicts the output voltage of the bridge rectifier;
that is, the voltage at the input of the filter, the shadow
projection is based on the frequency domain. In addition,
in order to calculate the average value, it is not necessary
to calculate the integrals and the corresponding integration
limits. A similar idea is used in image processing to determine
the bone image in 2-D or 3-D, but in reverse, the projection
is determined through a known polygon. Both shadow
projection and image processing are based on the Cauchy
formula.

A. SHADOW PROJECION VOLTAGE SIGNATURE
Fig. 2 shows N -sources in star configuration connected to the
bridge rectifier. The N -phases system is represented using a
phasor system.

The voltage phasors are ordered by the value of the angle
from the minimum to the maximum.

ϕ1 < . . . . < ϕi < . . . . < ϕn

V
→i
=

∣∣∣_V i

∣∣∣
ϕi
,

where
_

V i is the maximum value of the i-phase,
An imaginary polygon is constructed by the ends of two

consecutive voltage vectors, as seen in Fig. 3, and every side
of the polygon are defined by (Li),

L
→i
= V
→i+1

− V
→i

(8)
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FIGURE 2. (a) Bridge rectifier with N phases, with L-C filter and a load,
(b) signature of the rectifier voltage vSP(ωt), and the average value VDC.

which can be defined by a magnitude and an angle as follows:

L
→i
=

∣∣∣∣ L
→i

∣∣∣∣
λi

(9)

The interval tk and tk+1 must be identified by the instant
when the side of the phasor representing the composite
voltage is perpendicular to the straight line, as seen in Fig. 3.
Using this concept, (10) is obtained, and thus the time of
commutation change is determined. As it is shown in Fig. 1,
tk is the end of the pulse (k) and the start of the new pulse
(k + 1), and Np is the number of pulses in a period (T),
as presented by the following equation:

tk =


0 k = 0
1
ω
tan−1

(
Vi cos(ϕi)− Vj cos(ϕj)
Vi sin(ϕi)− Vj sin(ϕj)

)
1 ≤ k ≤ Np

T k = Np + 1.
(10)

The shadow projection is based on the projection of all the
sides of the polygon on the straight line. The straight line can
be defined with a unitary vector as:

α
→
= 1θ−ωt = ej(θ−ωt) (11)

Usually, the initial angle of the straight line is θ = 0◦.
As shown in Fig. 3, a cinematic graph has been presented.
Due to the closed polygon, the addition of the side vectors
equals zero, as seen in (12).

n∑
i=1

L
→i
= 0 (12)

The straight line divides the polygon into two sides
(projection up (black color in Fig. 3) and projection down
(orange color in Fig. 3)). The following scalar product defines
the projections on the straight line for every side of the
polygon〈

α, L
→i

〉
= pipi+1 = |α|

∣∣∣∣ L
→i

∣∣∣∣ cos(θ − ωt − λi) (13)

where |α| = 1 at every projection depends on ωt.
The upper projection of the polygon on the straight line is

in one way, and the down projection of the polygon is on the
opposite way, but the absolute values of both projections are
equal, as shown in Fig. 3 and (14).

{|p1p2 + p2p3|}up = {|p3p4 + p4p5 + p5p1|}down (14)

All the polygon vertex points must be in the inferior
and superior positions during one period (one turn). If not,
the phase voltage that defines this vertex is not considered
because the polygon is not convex, as shown in Fig. 4. This
idea is used to define the polygon, which must be convex.
If the absolute values of the up and down projections are
added, all the projections are included twice.{∣∣Projection∣∣}up + {∣∣Projection∣∣}down = n∑

i=1

|pipi+1| (15)

As the up and down projection are the same, then only one
projection is needed, therefore:

{∣∣Projection∣∣} =
n∑
i=1
|pipi+1|

2
(16)

The advantage of (16) is that it is not required to identify the
limits calculated using (10), saving the computation time. The
projection is the actual instantaneous value of vSP(ωt), then
the shadow projection methodology is represented by (17),
with that the numerical process is determined the DC voltage
signature in a period. As shown in Fig. 2, vSP(ωt) is the
voltage at the output of the rectifier and before the filter,
in CCM.

vSP(ωt) =

n∑
i=1
|pipi+1|

2
=

n∑
i=1

∣∣∣∣ L
→i

∣∣∣∣ |cos(θ − ωt − λi)|
2

vSP(ωt) =

n∑
i=1

∣∣∣∣Re( L
→i
α
→

)∣∣∣∣
2

(17)

B. AVERAGE VALUE CALCULATION
Another way to demonstrate the average value different
from [30], which is based on the Phasorial convex hull
method, is presented in this section. In order to know
the average projection of the polygon, first, the average
projection of one side of the polygon needs to be calculated.
The upper and lower limits of the integration need to be
identified for every projection. Every side of the polygon
starts the projection when it is perpendicular to the straight
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FIGURE 3. A convex polygon defined by phase voltages and a straight
line rotating in clockwise.

line in the inferior position of the straight line and finish after
a π radians when the side vector is again perpendicular in the
opposite way on the upper position of the straight line, that
means the side voltage vector is at 90◦ from the straight line
in the inferior position, and at −90◦ in the superior position.
These limits are based on this idea and calculated using:

θ − ωti inf − λi = −
π

2
, θ − ωti sup − λi =

π

2
(18)

The average projection per turn of the segment equals the
average value.

pipi+1 =
1
π

∫ ωtsup

ωtinf
pipi+1dωt

=
1
π

∫ θ−λi−
π
2

θ−λi+
π
2

∣∣∣∣ L
→i

∣∣∣∣ ∗ cos (θ − ωt − λi) dωt (19)

The solution of the definite integral is:

pipi+1 =
1
π

∣∣∣∣ L
→i

∣∣∣∣ (sin(π2 )− sin(−
π

2
)) (20)

By operating and simplifying, the following equation is
obtained:

pipi+1 =
2

∣∣∣∣ L
→i

∣∣∣∣
π

(21)

The average projection of the polygon is the addition of all
the average projections of every side divided by two:

VDC=

n∑
i=1

pipi+1

2
=

n∑
i=1

2

∣∣∣∣ L
→i

∣∣∣∣
2π
=

Polygon perimeter
π

(22)

The following conclusions are summarized:
• The perimeter of a polygon divided by π is equal to the
average projection of the polygon over the straight line.

• Any non-convex polygon can be transformed to a
convex one, removing the non-convex (vertex) ends by
connecting the two consecutive convex (vertex) ends,
forming a new side, and eliminating the concave sides.
In this case, the polygon will be losing one side,
as shown in Fig. 4.

• If the system is single-phase or two-phases, it can be
considered as a rectangle of zero width, consisting of
two faces, thus

FIGURE 4. Conversion of non-convex to convex polygon.

VDC =
|VAN | + |VNA|

π
VDC =

|VAB| + |VBA|
π

(23)

• Only (22) is needed to calculate the average value for
different configurations.

• The shadow projection method is ideal for calculating
the DC voltage. The voltage drop can be introduced to
calculate the actual values, as follows

VDC real = VDC composed −
∑

Vdrop (24)

Usually, the voltage drop is represented with an equivalent
resistor and an equivalent inductor, as in (25),

VDC real = VSP − Req · iDC − Leq
diDC
dt

(25)

There are different ways to connect the rectifiers, series,
parallel, and adding interphase inductors. In these cases, the
shadow projection comprises the formulas (26) for series
connection and (27) for parallel connection.

vDC composed_S (ωt) =
ns∑
i=1

vSPi (ωt). (26)

vDC composed_P (ωt) = max
(
vSP1 (ωt) , . . . .vSPnp (ωt)

)
(27)

When n rectifiers are connected in parallel, and interphase
inductors are used, the DC voltage (vDC composed_L) can be
calculated using the following equation:

vDC composed_L (ωt) =
ns∑
i=1

vSPi (ωt)
n

. (28)

Table 1 compares the shadow projection methodology
and classical methods, and the advantages of the shadow
projection are highlighted.

IV. SHADOW PROJECTION METHODOLOGY APPLIED TO
TRUs UNDER SUPPLY VOLTAGE SAGS
This section will apply the shadow projection method for
different TRUs in series and parallel connections under
supply voltage sags.

A. GENERAL METHOD
Three-phase systems have been extensively studied; however,
nowadays, more applications require a more secure supply
and torque as military applications, ships, airplanes, and wind
generators.

This section presents an example of a six-phase system to
explain the proposed method, as shown in Fig. 5, where a
sag occurs in phase ‘‘e’’. Fig. 5(a) shows the classical method
to determine the average voltage for multiphase systems in
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FIGURE 5. The flowchart of a general process to obtain the shadow projection voltage (a) classic process, (b) shadow projection process.

unbalanced conditions. First, the supply phases are presented,
and as seen, the Ve does not be considered because its value
is less than the values of other phases. Then equation (10) is
used to calculate the instant when begins the new interval. The
integration limits are the beginning and the end of the interval.
Themaximum andminimum voltages in each interval have to
be determined, and then their difference is the instantaneous
DC voltage in each interval (vij = vi-vj), as seen in Fig. 1.
Finally, all the partial integrations of theDC voltage are added
and divided by the period to calculate the average DC value.
As seen, the method is complicated and needs many steps to
obtain the average DC value.

In Fig. 5(b), the shadow projection method is shown.
Firstly, the supply phases are presented. Secondly, the convex
hull function is applied, then the non-convex phases are
eliminated. In this case, as the initial polygon is not convex,
the Ve voltage is discarded, and the rest of the voltages are
ordered by their angle. In the next step, the sides of the
convex polygon are calculated. The addition of all the sides
calculates the perimeter of the convex polygon and then is

divided by π ; this value equals the average value, as shown
in (22).

In Fig. 5(b), the instantaneous value is also calculated using
shadow projectionmethodology. First, the projection of every
side of the polygon to the straight line is calculated. Finally,
the instantaneous value is obtained by adding all of them
and dividing them by two, as shown in (17). The previous
step is performed in every instant to construct the signature.
In (17), only ωt is changing, and the rest of the parameters
are constant.

B. 12-PULSES TRUs SERIES AND PARALLEL CONNECTION
The systems in Fig. 6 have been studied during a sag. The
connection of the transformer Dy11d0 is shown in Fig. 6,
in series and parallel connections. In this case, there are three
phases connected to each rectifier at the secondary of the
transformer, which means there are two polygons, one for
every rectifier. The two polygons are shown in Fig. 7, and the
projection to the straight line can be observed in Fig. 8 when
they are positioned in the same center of rotation.

20204 VOLUME 10, 2022
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FIGURE 6. Dy11d0 transformer with 12 pulses bridge connections
(a) parallel, (b) series.

FIGURE 7. Delta-star polygon connection at the secondary of the
transformer Dy11d0 after a sag type B, and h = 0.3 (a) delta connection,
(b) star connection.

The system has been tested in the lab, but previously,
in order to understand how to apply the shadow projectcion
methodology, it is considered a 15 kV voltage applied to the
primary (in the second step of Fig. 9), and then 400 V are
available in the secondaries (in the third step of Fig. 9). A sag
type B was applied to the supply voltage, with h = 0.3 for
parallel and series connections, the parameter h is related
to the sag depth, defined according to Table 1 from [31],
as follows for type B sag.

VA = h∗V , VB = −V (
1
2
+ j

√
3
2

), VC = −V (
1
2
− j

√
3
2

)

(29)

In the fourth step of Fig. 9, the shadow projection is
calculated for star and delta connections, and the signature
depends on the degree shifting of the transformer. These
projections are equivalent to the instant voltage on every
rectifier, the blue projection to the rectifier connected to the
delta, and the red projection to the rectifier connected to the
star (Fig. 8). In serial connection (26), both projections are

FIGURE 8. Polygon of delta and star bridges, the straight line and the
instant value of shadow projection.

TABLE 1. Comparison between classical process and shadow projection.

TABLE 2. Conduction intervals during a sag in parallel connection.

added, but in parallel connection (27), only the maximum
value must be considered. The instantaneous vSP(ωt), shown
in Fig. 9 (steps 5 and 6), is represented in green, the projection
from the output of the rectifier connected to the Y secondary
is in red, and the corresponding to the1 secondary is in blue.
The same system considering ideal diodes has been simulated
in MATLABTM, and the results match perfectly.

This system has been implemented in the lab using a
4 kVA, 400/230/230 V transformer, and in Fig. 10, the
experimental results are compared with the results obtained
using the shadow projection methodology for parallel and
series connections.

Fig. 10 (a) shows how the experimentally signature
corresponds to the green signature obtained in step 5 of
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FIGURE 9. Flowchart of 12 pulse rectifier during unbalanced process to
obtain the shadow projection voltage.

Fig. 9, calculated as the maximum value of the two voltages
projected by the Star and triangle rectifier. It can also be
observed that the inflection points correspond to the points
where the projected voltages vSPY (ωt) and vSPD (ωt) are
intersected, but do not correspond to the change in normal
conduction of the diodes of one rectifier, because at each time
only one rectifier is operating.

Fig. 10 (b) shows how the experimentally signature
corresponds to the green signature obtained in step 6 of Fig. 9,
calculated as the sum of the two voltages projected by the Star
rectifier and the Triangle rectifier. It is also observed that the
changes of inflection points being the sum are the moments
of change of normal conduction of direct and inverse diodes
in both rectifiers.

TABLE 3. Conduction intervals during a sag in series connection.

In Table 2, the limits of integration are presented for the
parallel connection used in the classic model, representing
the change of diode conduction (10). Also, in Table 3, the
limits of integration are presented for the series connection.
In Table 2 and Table 3, only one period is represented, but
other periods can be represented by adding n∗ωT, where n
is the number of the period, ω is the pulsation, and T is the
period. The values of the Table 3 are calculated using equation
(10) to localize the intervals, taking into account that in a
series connection, the commutation instant in the 12 pulses
case is composed adding the 6-pulse commutations of star
and delta. As shown in the right part of Fig. 10, the notch in
the 12 pulses case is lower than in the six pulses case because
the voltage difference is reduced due to the increase in the
number of pulses.

In every studied case, the shadow projection can be
calculated for the half period because the other half is the
same. For the experimental results, the notch has a delay,
as seen in Fig. 10, from the calculated results, because a
voltage difference is required to do the commutation.

The output 12-pulse TRU obtained experimentally for
parallel connection agrees with the maximum instantaneous
voltages from star or delta connections obtained in (30).

vsp (wt) = max(vspY (wt) , vsp1 (wt)) (30)

The output 12-pulse TRU obtained experimentally for
serial connection agrees with the addition of the instanta-
neous voltages from the star and delta connections obtained
in (31).

vsp (wt) = vspY (wt)+ vsp1 (wt) (31)

The advantage of the shadow projection is that there is
no need to know the integration limits of the instanteous
DC voltage in each interval, that requeires the calculation of
the maximum and minimum AC instanteous voltages at each
interval.

C. 18-PULSES TRUs SERIES CONNECTION
The 18-pulse TRU with three independent secondaries is
analysed, considering that the primary is in star connection,
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FIGURE 10. Experimental and the calculated values of the DC voltage for (a) parallel connection, (b) series connection.

FIGURE 11. TRU 18-pulses Yz20◦y0z-20◦ series connection with load.

and the secondaries in, 20◦ zeta, 0◦ star and −20◦ zeta
connections, respectively (Yz20◦y0z-20◦). The transformer
winding connections are shown in Fig. 12(b), considering
0.699 V/turn. The shadow projection methodology is applied
for a Type C sag (Fig. 14).

Knowing the primary voltages (second step in Fig. 13),
the secondary voltages can be obtained considering the
winding geometry (Fig. 12(a)), what can easily done in
balanced system but is complex under supply voltage sags.
The equations to calculate the secondary voltages are shown
in the third step in Fig. 13 for the analysed transformer, where
k1 and k2 are obtained through trigonometric relations using
Fig 12(a):

|VB| k2sen(40◦) = |VA| k1sen(20◦) (32)

FIGURE 12. (a) Composition Voltage Vector VAZ1 from VA and VB
direccions (b) transformer connection and turns number.

|VA|
rt
= |VB| k2 cos(40◦)+ |VA| k1cos(20◦) (33)

where rt is the ratio transformar and is obtained using the
following equation:

|VA| = |VB| = |VC | rt =
|VA|
|VAZ1|

=
|VA|
|VAY |

(34)

So, from the previous equation, k1 and k2 are calculated:

k2 = k1
sen(20◦)
sen(40◦)

k1 =
1

rt
(
sen(20◦)
sen(40◦) cos(40

◦)+ cos(20◦)
)

k1 = 0.427, k2 = 0.227 (35)
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FIGURE 13. Flowchart of 18-pulse rectifier during unbalanced process to
obtain the shadow projection voltage.

In the fourth step, the shadow projection voltage is
calculated using (17) for every secondary. In the fifth step

FIGURE 14. The secondery voltage for 18-pulses TRUs during a sag type C
(a) Yz20◦, (b) Yy0◦, (c)Yz-20◦ (d) composed shadow projection voltage
(step 6 in Fig. 13).

is composed with the parallel connection, in this case
equation (27) is used.

In the sixth step, the voltage is calculated for serial
connection using (26) and this connection is tested in the
laboratory and the experimental signatures (red signal in
Fig. 14) are superposed with the calculated values using the
Shadow Projection methodology (blue signal in Fig. 14),
and a good agreement between them can be observed. The
average value shown in the fourth step in Fig. 13 are
calculated using (22). While in this work a new methodology
to calculate the instantaneous DC voltage for any TRU
is presented, in the previous work presented in [30] only
the average value was calculates using the convex hull
method.

D. 36 PULSES PARALLEL CONNECTION TRUs AND USING
INTERPHASE INDUCTORS
TRUs can be classified considering if the secondaries are iso-
lated or not isolated. The TRUs analysed in sections B and C
have isolated secondaries, while the TRU analysed in
this section presents non-isolated secondaries. Non-isolated
TRUs can increase the available power but serial connection
is not possible and parallel connections only can be achieved
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FIGURE 15. TRU 36 pulse with interphase inductors, in parallel connection with sag type C, h = 0.3 (a) First rectifier polygon, (b) Second rectifier
polygon, (c) Both polygons with straight line and the projection on it, (d) normal voltage and voltage during Type C sag, for both rectifiers.

using interphase inductors that allow all the secondaries can
operate at the same time.

The connection of 36-pulse TRU in parallel connection
with interphase inductors is shown in Fig. 15. The transformer
is connected to the two bridges with two nine-phase rectifiers
each of them. In Fig. 15(a) and Fig. 15(b), the polygons
of the two secondaries are shown for a Type C sag. Also,
in Fig. 15(c), both polygons with a straight line and a shadow
projection are represented. The voltage in normal conditions
and during fault can be seen in Fig. 15(d). The shadow
projectionmethodology is applied to create the output voltage
signature for each rectifier during the Type C sag, and the
flowchart for this unbalanced process to obtain the shadow
projection voltage is presented in Fig. 16.

The supply phase voltages during Type C sag are defined
according to Table 1 from [31], as follows:

VA=V , VB=−V (
1
2
+ j

√
3
2
∗h), VC=−V (

1
2
− j

√
3
2
∗h)

(36)

The voltages of the fork transformer secondary are
obtained using Table 4, which depends on the vector
geometry, as seen in step 3 of Fig. 16. Then the nine sides
of the polygon are constructed in step 4 of Fig. 16, and the
shadow projection is obtained in this step. Each rectifier has
its convex polygon, as shown in Fig. 15(a) and Fig. 15(b), and
the sides of the polygons are calculated using (33).

Vaij = Vai − Vaj, Vbij = Vbi − Vbj, j = i+ 1 (37)

The shadow projection is obtained by adding the nine sides
of the polygon on the straight line and dividing them by two.
In this case, the polygon is convex but irregular, as shown

TABLE 4. Phase voltages of 36 pulses TRU.

in Fig. 15 (a) and (b). If the two polygons are represented
using the same center, as shown in Fig. 15(c), the polygon
projections are closed to each other if the straight-line rotates
with the polygons’ center.

If the interphase inductors are used, both rectifiers work
in parallel, and the vSP(ωt) in step 7 is the average value of
the two rectifiers’ output voltage, using (28). The analysed
configuration is only an example of the possible 36-pulse
TRU configurations.

The Shadow Projection Methodology can be used for
maintenance proposes, distinguishing between internal faults
and grid faults. In the case of an internal fault, due
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FIGURE 16. Flowchart of 36 pulse rectifier during unbalanced process to
obtain the shadow projection voltage, with interphase inductors.

FIGURE 17. Experimental setup.

to transformer short-circuits or open-circuit diode of the
rectifier, a not convex polygon is obtained.

V. EXPERIMENTAL SETUP
The experimental setup is shown in Fig. 17. The supply
voltage sags were obtained using a Pacific Power Source
SmartTM, 4.5 kVA. Each uncontrolled bridge rectifiers
consist of six SimicronTM ACKKD46/16 diodes.

The 12-pulse TRUwas obtained using a power transformer
400/230/230 V and 4 kVA with Dy11d0 connection and two
uncontrolled bridge rectifiers. The filter consists of a 9.8 mH
inductor and a 12µF capacitor, and the load is a 42� resistor.
The 18-pulse TRUS was implemented using a multi-

winding transformer 400/230/230/230 V and 2.4 kVA, with
connection Yz20◦y0◦z-20◦. The filter consists of 1 mH
inductor, and the load is a 108 � resistor. The signals were
recorded using the YOKOGAWATM DL850 scope.

VI. CONCLUSION
A new methodology is presented to calculate the instanta-
neous and average DC voltage for any TRU in balanced and
unbalanced conditions. The shadow projection methodology
allows to easily and quickly calculate the instantaneous
and average DC voltage without determining the diode
conduction intervals, only with the projection of the convex
voltage polygons on a straight line. This methodology
requires less compute power than other known methods.
The main advantage over other methods is that the DC
voltage signature can be accurately calculated for balanced
and unbalanced conditions with any number of phases, which
can be directly applied to any TRU.

The shadow projection methodology always presents a
convex polygon during voltage sag and unbalanced process
and it can be used to identify internal TRUs malfunctions;
then, it can be used as a tool for maintenance in real time
combined with Artificial Intelligence techniques.
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