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Introduction

1. In stochastic simulations, must decide on input
probability distributions from which to

generate random variates
— Random variates = observations or draws or
realizations of random variables from specified
input distributions/processes.
— Queueing Systems: interarrival and service times
2. Once these input probability distributions are
specified, must have a way to generate random

variates from them
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Specifying Univariate Input Distributions

e Univariate distribution: a single (scalar) random
iInput
— May have many across simulation

e Typically have real-world observed data on a
simulation input
— Want to fit a probability distribution to the data

— Then use this fitted distribution to generate random
variates to drive the simulation

e Why not just drive simulation with actual

observed data?
— Seems more direct than fitting/generating
— Useful for validation, but there are problems
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Choosing Probability Distributions

e There are many probability distributions; some common
ones:
— Continuous: normal, exponential, logistic, continuous uniform,

triangular, Weibull, gamma, Pareto, lognormal, loglogistic, Erlang
k, Gumbel, etc.

— Discrete: discrete uniform, binomial, Poisson, geometric, negative
binomial
e Lists of probability distributions and their
properties/relationships:
— Many books and web sites
(
)
— Beware: different sources may parameterize the same

distribution differently, important to mesh with our current
definition.
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https://www.itl.nist.gov/div898/handbook/eda/section3/eda366.htm
http://www.statsoft.com/Textbook/Distribution-Fitting

Choosing Probability Distributions - Qualitative

e How do you choose one distribution from among
hundreds?

e Some qualitative criteria:

— Continuous vs. discrete inputs — choose according to
situation

— Range (a.k.a. support) of the distribution — finite on both
ends or infinite on right or left ends? Match with the real
situation

— Make a histogram of the observed data, match it to shapes
of known probability density functions (continuous) or
probability mass function (discrete) ... Formulate hypothesis,

— But still need to estimate distribution parameters (“fit”), test
the goodness of fit. Descriptive statistical tools are a ‘must’.
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Fitting Distributions to Data — Preliminaries

Select a possible distribution form, estimate
parameters, test goodness of fit ... repeat as necessary
... With your working sample.

Final validation of selected model with test sample.

Several distribution-fitting packages, or modules
provided in MINITAB.

Or statistical resources in R.

Use Stat::Fit ( ) ... free student
version, plus a “textbook” (Law and Kelton) and
website
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http://www.geerms.com/

Fitting Distributions to Data — Preliminaries

e Or statistical resources in R (fitdistrplus, vcd,
moments packages).

e Law and Kelton., “Simulation Modeling and
Analysis”, 1991, second Edition, published by
Mc Graw Hill Inc.

e Ricci 2005 Fitting Distributions with R.

e Karian Z. A. et al., “Handbook of Fitting statistical
Distributions with R”, 2011 Chapman and Hall (anyway
| do not like the approach)
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http://cran.r-project.org/doc/contrib/Ricci-distributions-en.pdf

®

Fitting Distributions to i.i.d univariate data @

Formulation of hypothesis once descriptive data analysis is performed: Histograms,
Box Plots, etc. List of candidate distributions. Empirical moment calculation. Split
data into working-test samples (75-25 or 80-20).
Estimation of parameters with working sample: location, scale and shape parameter
for each candidate distribution.

Goodness of fit for each possible distribution (working/validation samples): Quartile
and Probability Plots, X’ Test, Kolmogorov-Smirnoff Test,... Theoretical vs Empirical
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Fitting Distributions: Practical rules (i)

« Coefficient of variation for random variate X: ¢ T

* Intuitively is a mesure of how far the selected distribution for the sample
data relies from the exponential distribution ( with C,=1)

A. Candidate distributions for nonnegative sample data shows C,<1:
Gamma family distributions (shift parameter = 0):

fe_%

—— B °x*" parax>0 et —a
f(X)=1 T (a) M(a) = [y*'e °dy

0 parax =10

acR, ,peR, Ha=keZ =T(k+1)=k
o shape parameter, 3 scale parameter. F,(x) has an analytical expression

when a is integer: ) .
)
1—e 55 Z / >0

Fy (x) =

0 otherW|se
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* Particular case: when a. =1, I'(1) = exponential distribution scale 3.

fy(x) - {

Mean x =af

Ja

=C,=—<1ifa>

Variance o = ap’ o

1

» Fora =kinteger and B=1/(kn), I'(k, 1/(knt)) is Erlang distribution with
shape k and mean 1/u, sum k L.1.D. exponentials with mean 1/(kp),
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Fitting Distributions: Practical rules

B. Approximation of distributions with coefficient of variation is significantly
greater than 1: C,>1.

Example: Hiperexponential distribution (Combination of exponential
distributions)

fo(x) =) mue™ (ni >0, Vi, Zk:ni = 1)

k k
Fx(x):Zni(1—e‘“"‘):1—2nie‘“i" x>0
i=1 i=1
Mean Variance:
2
k k k
. , 1 1 1
X=) '=— Oy = .+ | ——
i=1 ”| * IJZ ;J_Z'| l(pi “Jj

Coefficient of Variation

11



Service times in a queueing system : Minitab

output
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kurtosis

Service times in a queueing system : fitdistrplus 0
package in R output

descdist(dsample,discrete=T,boot=50) descdist(sample,boot=500)
summary statistics ------ summary statistics ------
min: 2 max: 24 min: 10.00011 max: 26.70881
median: 10 median: 11.40808
mean: 9.9828 mean: 12.04515
estimated sd: 3.194643 estimated sd: 2.036611
estimated skewness: 0.3344852 estimated skewness: 1.963552
estimated kurtosis: 3.109237 estimated kurtosis: 8.420342
Cullen and Frey graph Cullen and Frey graph
N #® Observation Theoretical distributions -7 # (Observation Thearetical distributions
bootstrapped values # normal . Fi bootstrapped values * normal
— O negative binomial A & yniform
oisson i Fuxpi:gtr;gntial
N '*‘-HH > 7 *""—».}_\ = geta
e ¢ 4 e ~ lognormal
1 h'“'“-u,_ﬂ_h_ + ‘x‘“‘*\.__ Meibull?sagnazgamgsmms and lognormal)
— h T - ? 1 ; . T
e ) . \\*:n
—_ T ) _| T ~g
_ s
N — ‘E“n
[wn] | _ -\-h-\-“’\.
' ' ' ' ! i I I I I I I ‘]
0 1 2 3 4 0 1 2 3 4 5
square of skewness square of skewness
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Descriptive Statistics methods in R ()

Variate type: discrete variate (with few values) or continous
variate (also, discrete one with many values).

Numerical description: moments; i.e. mean, variance
(standard deviation), kurtosis, etc. Classified as:

— Centrality Trend: Mean (not average), Median, Mode.

— Diversion Trend: Variance (Standard Deviation), Quantiles, IQR (Q3-
Q1l), etc.

Rough description in R: summary( dataframe)

Use library moments in R and compute first fourth sample
moments, including skewness and kurtosis.

Check correlation in sample (acf(), pacf())
Remove shift for exponential, gamma, weibull type data
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Descriptive Statistics methods in R (Il)

Discrete variate (with few values or cathegorical) :
pie (table( variable ) ), barplot( table( variable ) ) .

Continuous variates: Classified as:

— Histogram: hist(variable, freq=T). Draw theoretical
distributions adding a curve()

— Boxplot: use Boxplot(variable) in library(car) instead
that boxplot(variable).

Default description in R: table( var ), summary(var).

Possible tools increase when 2 simultaneous
variates are considered (not the case in this unit).
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Auxiliary Graphic Tools: Probability Plot - PPlot

A probability plot can be thought as a graphical comparison of an
estimate of the true distribution function of the available data X,
X5, ...., X, with the distribution function of the fitted distribution.

A probability-probability plot (P-P) is a graph of the model
probability F(Xi)versus the sample probability
- 1—0.5
Fn (Xi): 9% =

If F(X)and an (X) are close togeher then the P-P plot will also be
approximately linear with an intercept 0 and a slope 1.

1=1,2,....,n

The lineal correlation coefficient of the fit of the P-P points is a
measurement of the goodness-of-fit of the proposed distribution.
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A probability plot can be thought as a graphical comparison of an estimate of the true distribution function of the available data X1, X2, …., Xn with the distribution function of the fitted distribution.







A probability-probability plot (P-P) is a graph of the model probability versus the sample probability 





If and  are close togeher then the P-P plot will also be approximately linear with an intercept 0 and a slope 1.



The lineal correlation coefficient of the fit of the P-P points is a measurement of the goodness-of-fit of the proposed distribution. 
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Auxiliary Graphic Tools: QQPlot

A quantile-quantile plot can be thought as a graphical comparison
of the quantiles of the available data X;, X,, ...., X, with the
guantiles given by the standardized fitted distribution.

A quantile-quantile plot (Q-Q) is a graph of the standard model

1-0.5 Ji=1,2,....,n versus

quantiles -1 (qi) where q; =
n

I
data.

x(.),i =1,2,....,n s.t. X(1) S X(g) ... S X the ordered sample

If I5'1(qi) and X, are close togeher then the Q-Q plot will also

be approximately linear with an intercept meaning location and a
slope meaning scale. Also, it is a measurement of the goodness-of-
fit of the proposed distribution.
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A quantile-quantile plot can be thought as a graphical comparison of the quantiles of the available data X1, X2, …., Xn with the quantiles given by the standardized fitted distribution.







A quantile-quantile plot (Q-Q) is a graph of the standard model quantiles  versus  the ordered sample data.







If  and  are close togeher then the Q-Q plot will also be approximately linear with an intercept meaning location and a slope meaning scale. Also, it is a measurement of the goodness-of-fit of the proposed distribution. 
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Descriptive Statistics methods in R: example

e How to avoid the distorsion effect of non standard
distributed sample data? HO: Weibull a=2

e Plot theoretical standard quantiles for the
theoretical distribution vs sample data quantiles.

That’s a QQPlot.

— Compute the coefficient of determination R2 of the

linear regression fit for QQPlot: this is a goodness of
fit indicator as closer to 1 than better is the fit to HO.

— Intercept and slope of regression are estimates of
shift and scale parameters for HO.
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Descriptive Statistics methods in R: example

e Sample data from Weibull location (shift) 5, scale 1 and shape
2.

e HO: Weibull distribution with shape a= 2.
e Plot QQPlot and estimate simple linear regression line.

Histogram of m.shape2

= Z[\ =

06
|
T
15
|

Density
04
ﬁ
sort{m shape2)
70
| |

00
|
25
|

UNIVERSITAT PO .0 5.0 T.0 5.0 0.0 1.0 2.0 3.0
AAAAAAAAAAAAA
Departament d'Es m.shape2 ogwweibullippoints{m . shape2), shape = 2]

||||||||||||||||
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Descriptive Statistics methods in R: example

e HO: Weibull: @ = 2. Shape parameter known.

> # Sample m.shape2 5+rweibull (5000, shape=2, scale = 1)
> # Compute standard weibull shape 2 for probability points
in the sample

par (mfrow=c(1,2))

hist( m.shape2, freg=F )
x<-seq(min (m.shape2) ,max (m.shape2) ,100)

curve (dweibull (x-5, shape=2,scale=1) ,col=2,add=T)

# QQPLOT

xx <- gweibull( ppoints( m.shape2 ) , shape=2)
yy<- sort( m.shape2)

mm <- Im( yy ~ xx )

> cor(yy,xx) # Squared correlation coeff is R2

[1] 0.9998977

>plot( xx, yy, main="QQPlot”) # plot std theo vs obs ptiles
> lines( xx, mm$fitted.values, col=2 )

VVVVVVVYV

> mm

Coefficients:

(Intercept) XX
5.002425 0.986965
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Descriptive Statistics methods in R: example

e HO: Weibull a = 2. Shape parameter known.
e Sample data W(0=5,0=2,A=1).

Histogram of m.shape?2

° Intercept is a shift (Iocatlon)

< %ﬂi pararfieter estimate.
X( e SlopeSisia scale paramegér
S estimate.
Z ST i é i
570 | BTD | ?TD | STD DTD | ’170 | ETD | 370

m.shape? Owreibbull{ppoints{m . shape2), shape = 2)

....................................
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Fitting Distributions to i.i.d univariate data

e For each chosen distributions, Fit Distribution
Parameters Moments method

— Maximum Likelihood
e fitdistr() in MASS
e fitdist() in fitdistrplus
e Once distribution parameters are estimated
then: Goodness of Fit with Working Sample

e Numeric tools: moments comparison (skewness,
kurtosis, mean, variance).

e Graphics (based on overlapping theoretical
distribution to empirical histogram).

e Tests for goodness of fit
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Fitting Distributions to i.i.d univariate data e

* Hipothesis: Observations X, X,, ..., X, are L.I.D.
« Method: Maximum likelihood estimation

— Let Py(x) be a univariate probability function, depending
on O parameter. We infer an estimate @ of 6 parameter
calculate from sample data X, X,, ..., X..

— Maximum Likelihood Fungtion L(6) is defined as:

L(6) = Po(Xy) Pg(Xy).... Po(X,)

— The estimate 0 of 0 parameter maximizes L(0) being the

one the “one that better explain sample data”.

é@L(e):O
de
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Example 1: Exponential distribution @

1 _X
. Mean 0=p>0,f(x)=—¢ x>0
« Likelihood function :
X4 X, X, n
L(“):(1e 4](19 4 (1 /j exp£_1lej
M M M W M s
« Log-likelihood function:

() = In|L(p —nlnp——Zx

« Determine the value of |.I maximizing L(p) for p=>0:
MAX L(1) = MAX I(p
M M

di)__n R
TR .f;" n

* According to
.y . 2 n
KKT conditions: dlI (21): n2 B 232Xi <0 for p=ji
dy M M o
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Example : Weibull distribution W(0,0.,3)

Pay attention to the functional form, that is meaning of model
parameters.

Instead W(0=0,0,,A=1/pB), widely used in engineering.
Modeling of fatigue in mechanical or electronic components

F(t) = Aat@—Le= M F(t)=1 _e M

-2} s G(Eer)

a shape parameter and A is rate parameter, related to scale
parameter B, A =1/P.

Previously to the use of any statistical package, the distribution
functional form must be checked.
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ML parameter estimates for HO Model

e HO: Weibull. Shift should be estimated externally.

e ML Estimation in R: fitdistr() in MASS or fitdist() in fitdistrplus
package on your working sample.

> # Maximum likelihood estimation shape and scale (rate),
package MASS. Shift (location) estimated externally.Keep in
mind m.shape2 is 5+rweibull (5000, shape=2, scale = 1)
> fitdistr( m.shape2-5, "weibull")
shape scale
2.008910258 0.990032096
(0.022126097) (0.007340344)
Warning messages:
1l: Se han producido NaNs in: dweibull (x, shape, scale, 1log)
2: Se han producido NaNs in: dweibull (x, shape, scale, 1log)
3: Se han producido NaNs in: dweibull (x, shape, scale, log)
4: Se han producido NaNs in: dweibull (x, shape, scale, 1log)
> fitdistr( m.shape2-5, "weibull",lower=0.001)
shape scale
2.008909637 0.990030803
(0,,022126093) (0.007340332)




ML parameter estimates for HO Model

e HO: Weibull. Shift should be estimated externally.

e ML Estimation in R: method fitdistr() in library MASS or
fitdist() in fitdistrplus package on your working sample.

> ussampe <- m.shape2 - 5 + 0.001
> fitw<-fitdist(ussample,"weibull™)
> plot(fitw)
> summary (fitw)
Fitting of the distribution ' weibull ' by maximum
Tikelihood Parameters :

estimate Std. Error
shape 1.007415 0.01108972
scale 2.051546 0.03032513

Loglikelihood: -8577.138 AIC: 17158.28 BIC: 17171.31
Correlation matrix:
shape scale
shape 1.0000000 0.3131122
scale 0.3131122 1.0000000

UNIVERSITAT POLITECNICA DE CATALUNYA
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Fitting Distributions to i.i.d univariate data

e For each chosen distributions, Fit Distribution
Parameters Moments method

— Maximum Likelihood
e fitdistr() in MASS
e fitdist() in fitdistrplus
e Once distribution parameters are estimated
then: Goodness of Fit with Working Sample

e Numeric tools: moments comparison (skewness,
kurtosis, mean, variance).

e Graphics (based on overlapping theoretical
distribution to empirical histogram).

e Tests for goodness of fit
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Goodness of fit — Check theoretical vs simple

moments
Assume a sample from W(0=5,0=2,A=1),

F(t)=1—e =0 t+>¢9

Sample moments for W(0=0,a=2,A=1) are not the
same: pay attention.

Theoretical moments for Weibull; i.e., X~W(06=0,0=2,\=1).

Mean BF(“Z") Variance ﬁz{r(G:Zj{r(Tﬂz}
T(c+1)=c(c), T(0)=T()=1, T)=+II
ExX|=T((a+1)/a)B=T(3/2)=z/2 E[Y]=5+Jz/2

Compute sample statistics: check moment consistency.
Pay attention if non-null shift/location applies

AAAAAAAAAAAAA
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Fitting Distributions to i.i.d univariate data

e For each chosen distributions, Fit Distribution
Parameters Moments method

— Maximum Likelihood
e fitdistr() in MASS
e fitdist() in fitdistrplus
e Once distribution parameters are estimated
then: Goodness of Fit with Working Sample

e Numeric tools: moments comparison (skewness,
kurtosis, mean, variance).

e Graphics (based on overlapping theoretical
distribution to empirical histogram).

e Tests for goodness of fit
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ML parameter estimates for HO Model

e HO: Weibull. Shift should be estimated externally.

e ML Estimation in R: fitdist() in fitdistrplus package on your
working sample, graphical output.

Empirical and theoretical dens. Q-Q plot
= LT
=1 7
= 3 o -
2 o =
o = = w
£
— L _
= T T | ° [ T T T
0 5 10 15 0 5 10 15
Data Theoretical quantiles
Empirical and theoretical CDFs P-P plot
w
- H -
=l 2 o
0
'S — =] —
S = 5 =
[am} m [am}
RE:
_ = _
o | E o |
o T T | w o [ T T | T T
0 5 10 15 0.0 0.2 04 0.6 0.8 1.0
Data Theoretical probabilities
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Goodness of fit — Graphical Assessment: Overlap

theoretical distribution
e Weibull:a=2 and A =1

# Exemple Weibull: shift 0 - scale 1 - shape 2
par (mfrow=c(1,1))

Histogram of m.shape2

m.shape2<- rweibull (5000, shape=2, scale = 1)

mean ( m.shapeZ2) ;stdev ( m.shapéZ);va?A m.shape2)
hist( m.shape2, freg=F )

x<-seq(0,max (m.shape2) ,100) <s-

curve(dweibull(x,shape=2,scale=1)7pol=2,ad&=T)

=

# Exemple Weibull: shift 5 - scaﬁﬁ L |- |shape ‘2
m.shape2<- 5 + m.shape2 o

# How would the new histogram_heg? .

| | | T | |
0.0 05 1.0 15 20 25

m shape?
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Fitting Distributions to i.i.d univariate data

e For each chosen distributions, Fit Distribution
Parameters Moments method

— Maximum Likelihood
e fitdistr() in MASS
e fitdist() in fitdistrplus
e Once distribution parameters are estimated
then: Goodness of Fit with Working Sample

e Numeric tools: moments comparison (skewness,
kurtosis, mean, variance).

e Graphics (based on overlapping theoretical
distribution to empirical histogram).

e Tests for goodness of fit
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Fitting Distributions to i.i.d univariate data

e For each chosen distributions, Fit Distribution
Parameters = Goodness of Fit with Working Sample

— Several Goodness of Fit tests: Chi Squared (most
popular test, df must be provided), K-S
(Kolmogorov-Smirnoff), A-D (Anderson-Darling).

— Minitab: Table with all distributions, all goodness-of-
fit tests’ test statistics

e Smaller test statistics = better fit

— Detail report on each chosen distribution, and each
goodness-of-fit test applied to it

— Validation of selected distribution with test sample
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Fitting Distributions: Inferential Issues

e HO: “Sample Data distributed as ...”

e Each test provides a p value that means “probability of HO to be
true”

How to interpret p value:

e |f pvalue is less than the selected confidence level (usually 5 or
10%) then “REJECT HO”, meaning that the proposed distribution
does not fit available data.

e |f pvalue is greater than the selected confidence level (usually 5
or 10%) then there is no evidence to reject HO”, thus “DO not

REJECT HO” (->“ACCEPT HO”), meaning that there is no evidence
against the proposed distribution fitting available data.
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Goodness of fit - Inferential Issues: Chisq Test, KS

Test, Anderson-Darling Test, etc.
e HO: Weibull 6=5, a =2 and A =1.

e General goodness of fit Kolmogorov-Smirnoff (no shift parameter). Not
available: Chi Squared Test.

> chisqg.test( m.shape2-5, "pweibull", shape= 2, scale=1l )
# Non existent: Not authomatically provided by R

# Count samples in interval defined as percentiles of
theoretical distribution: Weibull (shape= 2, scale=1,
shift=5): how to do this? Practical lab session.

> ks.test( m.shape2-5, "pweibull", shape= 2, scale=1 )
One-sample Kolmogorov-Smirnov test data: m.shapeZ2

D = 0.015, p-value = 0.2131
alternative hypothesis: two.sided

> # library(nortest): several normality tests
> shapiro.test( m.shape2)
Shapiro-Wilk normality test data: m.shape2
W = 0.9717, p-value < 2.2e-16
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Interarrival times to a queueing system (ll): sample moments @

60 — —
50 —
§, 40 — -
L 30 —
g
- 20 —
10 —
0 — —
T T T T T
0 20 40 60 80
tiempos

Histogram 240 observed inter arrival times

Mean and standard deviation of the sample :

b =16.398179

o =15.855114
Coefficient of Variationcv = 0.966882 ~1.0 —

Hipothesis : exponentialinter arrival times : f(x) = 0.060982¢ ****
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Histogram  240 observed inter arrival times
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Interarrival times to a queueing system (lll):
chisquared test of the theoretical distribution

Group observations into intervals: plot them in a histogram

N; is the number of observations in the sample belonging to j-th class, whose
lower and upper values are: [aj.1, a))

According to the theoretical distribution considered f(x) (depending on the
hypothesis), then the expected number of observation in j-th class Np;, being N
the total sample size, and p; the expected probability for j-th interval, that
according to f(x) is:

= [ f(x)dx
Compute the y?2 statistic for distribution matching, distributed as y; ,:
){2 :i(Nj _ij)z
j=1 Np,

If the fit is good enough then %2 value should be less than the theoretical
distribution of the statistic »;_,,_,,fora confidence level of a.

In the example taking equal probability for each interval p;=0.04, fiven k = 25
classes, then the theoretical number of observations should be Np; = 240 x 0.04 =

9.6. Lower and upper interval values are given by a, = -16.398179 ln(l—g) ,

lgggdmgdte@the following table .
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· Group observations into intervals: plot them in a histogram

· Nj is the number of observations in the sample belonging to j-th class, whose lower and upper values are: [aj-1, aj)


· According to the theoretical distribution considered f(x) (depending on the hypothesis), then the expected number of observation in j-th class Npj, being N the total sample size, and pj the expected probability for j-th interval, that according to f(x) is:











· Compute the  (2  statistic for distribution matching, distributed as 
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If the fit is good enough then  (2  value should be less than the theoretical distribution of the statistic 


, for a  confidence level of (. 


· In the example taking equal probability for each interval pj=0.04, fiven k = 25 classes, then the theoretical number of observations should be Npj = 240 x 0.04 = 9.6. Lower and upper interval values are given by 


, leading to the following table .
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Ensure equal number of expected obs.
according to hypothetical distribution

Equal interval length ... Quantile defined lenght...

0.05
|
——
0.06
|

0.04
|
I
0.04 0.08
l

Density
0.03
|

Density

. 0.03
|

Tt

_'_'_I__-'-"'_
0.02
|

0.00 0.01
I
0.00 0.01
I
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0 20 40 60 &80 100 120 140 0 20 40 60 80 100 120 140
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Ensure equal number of expected obs.
according to hypothetical distribution

par (mfrow=c(1,2))

hist (sample, freq=F,breaks=25,col="yellow" ,main="Equal
interval length ... ")

curve (dgamma (x, shape=1,scale=16.398179) ,col=2,add=T)

sequence<-seq(0,1,by=0.04)

# qualist<-quantile (sample,sequence) # Restricted to
when non-candidate parametric distribution is stated

qualist<-qgamma (sequence, shape=1,scale=16.398179)
qualist[1]<-0
sequence;qualist

hist (sample, freq=F,breaks=qualist,col="green" ,main="Qu
antile defined lenght... ")

curve (dgamma (x, shape=1,scale=16.398179) ,col=2,add=T)
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Interarrival times to a queueing system (lll): validation of

theoretical distribution

k [a;.1,2;) N; Np; (N;- Np)*/
Np;
1 [0,0.6694) 12 9.6 0.6
2 [0.6694,1.3673) 12 9.6 0.6
3 [1.3673,2.0962) 12 9.6 0.6
4 [2.0962,2.8591) 11 9.6 0.2041
5 [2.8591,3.6591) 7 9.6 0.7041
6 [3.6591,4.5002) 10 9.6 0.0166
7 [4.5002,5.3868) 8 9.6 0.2666
8 [5.3868,6.3242) 9 9.6 0.0375
9 [6.3242,7.3183) 10 9.6 0.0166
10 [7.3183,8.3766) 8 9.6 0.2666
11 [8.3766,9.5079) 9 9.6 0.0375
12 [9.5079,10.7232) 7 9.6 0.7041
13 [10.7332,12.0357) 7 9.6 0.7041
14 [12.0357,13.4626) 6 9.6 1.35
15 [13.4626,15.0255) 12 9.6 0.6
16 [15.0255,16.7532) 13 9.6 1.2041
17 [16.7532,18.6846) 9 9.6 0.0375
18 [18.6846,20.8743) 6 9.6 1.35
19 [20.8743,23.4021) 7 9.6 0.7041
20 [23.4021,26.3918) 9 9.6 0.0375
21 [26.3918,30.051) 12 9.6 0.6
22 [30.051,34.7865) 13 9.6 1.2041
23 [34.7865,41.4173) 13 9.6 1.2041
24 [41.4173,52.7837) 8 9.6 0.2666
25 [52.7837,00) 10 9.6 0.0166
v*=13.3324

Threshold for chi-square distribution y3, o, = 33.196 > %2=13.3324 statistic = H0 accepted
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Npj
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Goodness of fit - Inferential Issues: Chisq Test, KS

Test, Anderson-Darling Test, etc.
e HO: Weibull 6=5, a=2 and A =1.
e ChiSquared Test.

> sequence<-seq(0,1,by=0.02)
> qualist<-
qweibull (shape=res$estimate[l],scale=res$estimate[2], seq

uence) # Percentiles defined by theoretical distribution
> qualist[51]<-max(ussample) # Tune upper/lower thresholds
> dsample<-cut (ussample,breaks=qualist)# Split your sample into
groups defined by theoretical percentiles
> iobs<-as.vector(table(dsample)) # Obs in the groups defined
by nb intervals-percentiles
> pexp<-as.vector (rep(1/50,50)) # Expected probability for
each groups: sample size/nb intervals

# iexp<-length (ussample) *pexp

# iobs;pexp;iexp

# X2<-sum( ((iobs-iexp)*2)/iexp) ;X2
> chisq.test( iobs,p=pexp ) # Works
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Goodness of fit - Inferential Issues: Chisq Test, KS
Test, Anderson-Darling Test, etc.

> ks.test(mostra72,"pgamma", shape= 1.5, scale=6.47899 )

One-sample Kolmogorov-Smirnov test data: mostra72
D =0.0159, p-value = 0.1591 alternative hypothesis: two.sided

> ks.test(mostra72,"pgamma", shape= 1.525, scale=6.30 )

One-sample Kolmogorov-Smirnov test data: mostra72
D =0.0126, p-value = 0.4018 alternative hypothesis: two.sided

# Max LK estimate: package MASS in R:
> fitdistr( mostra72, "gamma",lower=0.001)
shape rate
1.487304711 0.154110460
(0.027060660) (0.003324827)
> beta=1/rate
> 6.488852
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Goodness of fit; discrete distributions

e Use library(ved) in R

e Method: goodfit() to compute p values for discrete distributions
— binomial, poisson, neg binomial.
— Estimated parameters are attributes Spar.
— A summary of goodfit object gives p value of HO.

> sample<- rpois (3000, 10)
> gf <- goodfit(table(sample), type = "poisson",
method = "ML")
> summary (gf)
Goodness-of-fit test for poisson

distribution X*2 df P(> X*2)

Likelihood Ratio 23.36815 19 0.2215152
> gf$par
Slambda
[1] 10.045




Some useful random variates for
modeling purposes

Input Data Analysis
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Weibull distribution W(0,a.,) (i)

*  Probability Density function f,(x) and distribution function F,(x) when no
shift is considered; i.e. 6 = 0:

fi(x)= g ex e x>0 F, (x) = e B yxo
0 otherwise 0 otherwise

 Shape parameter o. > 0, scale parametef 3 > 0

Mean QF(GZU Variance B* F(Mj{r(mﬂ }

a a

T(c+1)=c(c), T(0)=T()=1, T)=+11

AAAAAAAAAAAAA
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Weibull distribution W(0,a.,)

Pay attention to the functional form, that is meaning of model
parameters.

Instead W(0=0,0,,A=1/pB), widely used in engineering.
Modeling of fatigue in mechanical or electronic components

F(t) = Aat@—Le= M F(t)=1 _e M

-2} s G(Eer)

a shape parameter and A is rate parameter, related to scale
parameter B, A =1/P.

Previously to the use of any statistical package, the distribution
functional form must be checked.
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Density

Density

®

Take a look to standard Weibull pdf’s

Histogram of m.shape1
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Gamma I'(a,=1), no location parameter
considered. Scale 3= 1.

3.0
x
X
o=0.5
o=1

o=5
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Take a look to standard Gamma pdf's

Histogram of m.shape1 Histogram of m.shape(.5 Histogram of m.shape2
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Erlang Distribution:for statisticians a particular
gamma when shape parameter is integer

4.5
-------- 3- stage

Al SR 10- stage| _|
EEETS 15- stage
25- stage

In computer science a case of hypoexponential
distribution
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HipoExponential distributions (HIPOEXP)

AAAAAAAAAAAAA

HipoExp: Serial connection of Exponentials phases
2 phase HipoExp notated as HiPO(A,, A,).
Density, distribution and hazard functions are:

f(t)—;,q (et - _,@) t >0

A2 o— A1t —At

ilf ﬁ?t)

— ArAz(e” |
h(t) A e—ll# kle—ﬁgt

Service time for a disk, usually modeled as 3 phase
HipoExp since total access time is the sum of
searching time plus latency plus transfer timeés.
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HipoExponential distributions (HIPOEXP)

HipoExp(1,5)

0.669r

-t -5t
F(t)=1-(8/4)e '- +(1/4) e
S 0.334] (t)=1-(5i4) (114)

0 1.25 Z2.50 3.75 5.00

t t
HipoExp(1,5) density function HipoExp(1,5) Distribution function
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Erlang distribution

Particular case of HIPOEXP process: all phases are i.i.d
exponentially distributed.

ryr—1
F) =2 50,050, r=1,2,...

r—1 k
F(t)=1- ), (Akt!)

k=0

e ™M >0, A>0, r=1,2,...

Also a particular case of gamma distribution when shape

parameter is integer (meaning, number of modeling
phases).

No specific distribution in R for Erlang variates.
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Pareto variate: Density function plot

F(x)=ak®x " x>k, a,k>0

Long-tailed distribution for:

l Modeling CPU time,
Size of transferred files,

Thinking time in a Web
editor, gtc.
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Pareto variate: Distribution function plot

]_
=1, k=0.5
1 I:ltlt. : }‘1.
E.:. 5 .1'- a
E Fria)
(1. = ke
|:| 1 1 1
] [ 10 1E =0 =5
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Hipoexponential: General case

Z = ZX

variates with exponential distribution of rate A,

A #EA; fori# j

, Where X,X,, ..., X are independent

Then Z is an r~phase hipoexponential variate.

i

ElX] Z ElX] Z % Var[ X Z Var| ;] Z -.32 '
i=1 i=1 " i=1 i

i=1
XP(,) @ .................
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HiperExponential variate (HIPEREXP)

Composed Distribution for alternance of K Exponential variates
(non identical)

Ellapsed CPU Time sometimes modeled as a HiperExp.

k k
f(t) = Z Oéi)\,,;e_Ait, t>0, \; >0, o >0, Z a; = 1
1=1 1=1
Fit)=Y a;(1—e™), t>0

f'.'|."£ | / 'm_ [i: s o Ay e
J0 —1
i:”j /.x. II.-#"-LI,-.- ;-.,I.;a-l_llll:l
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Hiper Exponencial Vs. Exponencial CDF

1.0
0.8
= 0.c Hyperexponential
S
L
0.4 Exponential
0.2
I I I I I I I |
0 1 2 3 4 5 6 7 8 9 10
At

UNIVERSITAT POLITECNICA DE CATALUNYA

AAAAAAAAAAAAA IDA 60
Departament d’Estadistica

i Investigaci6 Operativa



Transformed variates:
Y pdf from X pdf since Y = ®(X)

Let X be a normal variate X - M, @)

1 (@ — p)?
fX(x)—O_\/%eXp [_ 252 ]
and let us define Y = @(X) = €%, thus

>71(y) = In() = (@) =

and
|
() = 1 (;y)
1 (Iny — p)?
— aymexp [— 52 ] : y > 0.

Y is a log-normal variate-
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Beta distribution... 2 shape parameters

e Standard defined

(O 1) alpha=1 bata=1 alpha=2 bata=2 alpha=2 bata=5
L) =y a ch
e Leta, P, be 3 N 1
shape E : -
parameters, 3t 2

th imodal ' ' '
us unl O a I 00 02 04 OB OB 10 00 0 04 OB OB 10 0o 02 04 OB 08 10

J_Sha e U_ THETA THETA THETA
p 4 alpha=0.8 beta=0.8 alpha=0.7 bata=0.4 alpha=06 bata=2
shape, ... can y .
be obtained. 3
E ) u E =
2 2 o g
g a. | g N
; | ) J L
3 Ak ..
I:IIIZI IIII.E' |:|..1 IZIIE IZIIB 1Il:l l:l.l:l I:II.E' l:l.-1 l:IIE IZIIB 1Il:l l:l.l:l I:IIE l:ll-i IZIIE l:ll-B 1.|:|
THETA THETA THETA
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Distribution-Fitting Issues

e What if nothing fits?
— Empirical distributions
e Too much data?
— “False” rejection
— Watch for bad data
e Sensitivity analysis
— Test both means and variation
e Types of inputs:
— Deterministic vs. Stochastic

— Scalar vs. Multivariate vs. Stochastic
— Time-Varying Arrival Rates
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