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ABSTRACT

In the realm of Computer-Aided Engineering applied to fast solid dynamics, the intricate
mechanical behaviours exhibited by materials when subjected to strong dynamic forces,
high speed impacts and complex interactions is modelled e�ciently and with high �delity.
Employed in diverse �elds such as aerospace, automotive, defence and more, the principal
interest is to simulate and comprehend the responses of solids, providing insights into
stress propagation and deformation patterns. However, the pursuit of such ambitious goals
faces inherent limitations: the accurate representation of material behaviours is an ongoing
challenge, and the intricate interplay between simulation accuracy and computational
e�ciency demands thoughtful insights. More speci�cally, the chosen kinematics paradigm
and the discretisation of the continuum often restrict numerical frameworks in the array
of problems they can simulate. Simulations in fast solid dynamics may feature locking,
numerical instabilities, checker-boarding, or other di�culties related to the nonlinear nature
of the equations at stake.
In the objective to address the aforementioned shortcomings, this thesis will build on
the set of equations introduced in [280, 193] by developing a new mixed formulation
based on �rst-order hyperbolic equations and written with the Arbitrary Lagrangian-
Eulerian viewpoint. That approach, used here to describe solid bodies and studied by [188,
18, 187, 15], aims at circumventing bottlenecks of Lagrangian and Eulerian methods by
distinguishing the behaviour of the mesh from the evolution of the continuum. Moreover,
an intuitive aspect of the ALE method is to have the mesh move in such a way that
large distortions are reduced (numerical advantage) while maintaining a representation
of the material’s physical behaviour that is either comparable or surpassing the results
obtained with classical methodologies (better simulation outcome). A key feature will be
the presentation of an ALE computational framework where the mesh motion relies on a
conservation law, and the geometry is therefore automatically updated without the need of
an ad hoc procedure.
An acoustic Riemann solver based on upwinding stabilisation, as well as a linear gradient
reconstruction, will be used to counteract instabilities brought by the Vertex-Centred
Finite Volume Method employed in the framework, and to enhance the overall accuracy.
The nonlinear hardening laws will be solved using a Newton-Raphson algorithm. The new
framework introduced in this work will be implemented from scratch on the open-source
platform OpenFOAM, a tool of choice in industrial and academic environments. The time
integration will be tackled by the multi-stage Total Variation Diminishing Runge-Kutta
method. Eventually, the robustness and accuracy of the novel computational framework
will be examined through a series of challenging numerical examples involving complex
body deformations, as well as plastic and thermal considerations.
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r� Gradient operator with respect to �
r
X

Gradient operator with respect to X
rx Gradient operator with respect to x
J�K Jump operator
Lv(be) Lie derivative of be with respect to v



CHAPTER 1

INTRODUCTION

\Tant que vous ne savez pas d�ecrire correctement un probl�eme, ce
que vous croyez être une solution, en fait sera tir�e au hasard; et

quand vous tirez au hasard, la probabilit�e que vous atteignez votre
cible est extrêmement faible. "

| Jean-Marc Jancovici, 2019
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1.1 Motivation

High-energy impact or stretching problems are dynamic events involving large deformations
where a high amount of energy is imparted onto a structure in a very short period of
time [236, 149, 82, 45, 146]. They are encountered in a broad array of areas including
aerospace, defence, metal forming and transportation. These events can occur in various
situations, such as explosions, collisions, or the penetration of a projectile. In the context
of large deformations, the material response can exhibit a variety of physical phenomena
such as a large accumulation of plastic deformation[239, 58], shear banding [190, 72, 301],
fragmentation [282, 182], and failure [182, 251, 254]. Additionally, important 
uctuations
of the temperature magnitude can also a�ect the material response [199, 112, 50], leading
to thermal softening [72, 62, 262, 171] or even melting [221, 201]. A careful study of these
events is crucial to better understand the behaviour of materials under extreme loading
conditions, and for the development of improved structures.

Another challenge in simulating high-energy impact problems is to obtain the solution of
the nonlinear equations of primary variables. These problems require advanced numerical
methods that are able to accurately capture complex dynamics at stake such as the
propagation of shock waves [65, 203, 244, 189]. Shock waves are intense compression
waves that can cause signi�cant deformation and damage in a material. In commercial
software, the simulation of problems involving shocks is traditionally based on the �nite
element method and the governing equations are expressed in Lagrangian form. Extensive
research [5, 272] is dedicated to better comprehend the underlying mechanisms behind
wave propagations in solid dynamics, to improve the computational technologies. Our
research group contributed to this endeavour with, for instance, the works of Lee et al. [193],
Aguirre et al. [7], Haider et al. [132], Campos et al. [55], by notably using Riemann-based
stabilisation technology borrowed from CFD.

However, commercial actors propose turnkey software solutions whose technology can be
limited in complex situations such as large deformations and thermal phenomena. Since
industries rely on this practice, denoted as Computer-Aided Engineering (CAE), to analyse
and optimise their activity, it is crucial to propose enhanced techniques. Software in CAE is
typically composed of a wide range of tools (e.g. 3D geometry tool sets, mesh generators [108,
111]) and numerical frameworks to solve complex engineering problems [36]. Concretely,
these programs can be utilised to identify potential design 
aws early in the development
process, to check that products meet speci�c reliability and performance requirements, or
as a common working platform for which no laboratory testing is conceivable. They can
also be used as a mean of comparison in lieu of analytical solutions [254, 132, 304, 57].
Commercial solutions (ABAQUS [2], ANSYS [10], ALTAIR RADIOSS [162], COMSOL
[77], PAM-CRASH [93]) are versatile development platforms widely used in industries,
but can be rather limited in the development of new features because of their in
exible
implementation. On the other hand, open-source software (OpenFOAM [124, 166, 235],
SALOME [261], FREEFEM [138]) o�ers great extensibility capacities when used and
improved by a large community. OpenFOAM has originally been developed as an explicit
CFD package based on the cell-centred �nite volume method. However, it o�ers limited
solutions for solid mechanics and for using the Vertex-Centred Finite Volume Method,
which motivated its use in this work.

1.2 State of the art in solid dynamics

A myriad of real-life applications involving structural bodies have been computationally
simulated in the past years by academic and industrial actors. Novel numerical strategies
play a crucial role in the industrial and academic progress. In the �eld of biomedical
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engineering, the study of blood vessels [300], shock-wave therapy [254]. heart valves [118]
and stent-like structure [130, 163] are of growing interest. Additionally, the numerical
simulations of implosions [50, 95], blast propagation [65] collapse of a beryllium shell [8],
and fast projectile impacts [150] are of concern in defence. In the context of FSI, it is
common to use visual frameworks on notorious problems such as water slamming in a hull
[178] and tank sloshing [229], free oscillating cantilevers [222, 109], spacecraft parachutes
[287, 286], or turbomachinery [168]. Visual examples of various applications can be viewed
on Figure 1.1.

(a) Spacecraft atmospheric entry. (b) Penetration of a projectile.

(c) Car crash testing. (d) Friction Stir Welding.

Figure 1.1: Applications of high-strain CSM: (a) Aerospace1, (b) Defence2, (c) Automotive
industry3, and (d) Metallurgy4.

1.2.1 Tetrahedral meshes

Tetrahedral meshes are made of polyhedral elements enclosed by four triangular faces. In
Computational Solid Mechanics (CSM), and more especially in commercial software, the
use of linear tetrahedral elements has grown in popularity in the past years due to their
ability to accurately represent complex geometries with mature widespread technologies
such as automated Delaunay and advancing front algorithms [111, 74].
Tetrahedral meshes have the ability to provide high-quality elements, which leads to more
accurate solutions and reduced computational time (see for instance the work of Schneider
et al. [265]). They are robust and typically allow for more accurate representation of curved
surfaces and better modelling of complex geometries [268]. However, the evaluation and
storage of solved variables is substantially costly in the case of elaborate constitution laws
such as inelastic materials due to their high order. This motivates the use of simpler linear
tetrahedra. Nevertheless, they present a number of other shortcomings. First, tetrahedral-
based �nite element methods are typically not easy to implement, and may su�er from

1Credits: https://www.esa.int/Science_Exploration/Human_and_Robotic_Exploration/Exploration/

Aerothermodynamics_of_aerocapture_and_high_speed_Earth_re-entry.
2Credits: https://commons.wikimedia.org/wiki/File:Challenger_2_Tank_Firing_a_Shell_at_Night_MOD_

45157416.jpg.
3Credits: https://www.globalncap.org/news/car-to-car-test-demonstrates-zero-star-double-standard.
4Credits: https://www.globalncap.org/news/car-to-car-test-demonstrates-zero-star-double-standard.

https://www.esa.int/Science_Exploration/Human_and_Robotic_Exploration/Exploration/Aerothermodynamics_of_aerocapture_and_high_speed_Earth_re-entry
https://www.esa.int/Science_Exploration/Human_and_Robotic_Exploration/Exploration/Aerothermodynamics_of_aerocapture_and_high_speed_Earth_re-entry
https://commons.wikimedia.org/wiki/File:Challenger_2_Tank_Firing_a_Shell_at_Night_MOD_45157416.jpg
https://commons.wikimedia.org/wiki/File:Challenger_2_Tank_Firing_a_Shell_at_Night_MOD_45157416.jpg
https://www.globalncap.org/news/car-to-car-test-demonstrates-zero-star-double-standard
https://www.globalncap.org/news/car-to-car-test-demonstrates-zero-star-double-standard
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a lack of robustness and accuracy [268]. Second, the order or convergence for stresses
is usually reduced in comparison with the displacements [241]. Third, tetrahedra can
perform poorly in some situations (such as bending) due to spurious pressure oscillations
[245], and volumetric [25] and shear locking [234]. This is especially witnessed in near
incompressibility scenarios (where the Poisson’s ratio is close to 0:5) [296]. Eventually,
high frequency noise can be witnessed in the vicinity of shocks and sharp gradients [129]
when using Newark-type schemes [120].

Recent works have addressed some of the aforementioned issues. Gil et al. [120, 116, 119]
and Lee et al. [193, 195, 196] paved the way for a new mixed formulation that was used
in conjunction with a tetrahedral mesh to recover equal order of convergence for stresses
and displacements. That investigation was further continued in the research group by
Aguirre [6], Hassan et al. [137], and in this work. Alternatively, Abboud et al. [3] was able to
recover the convergence of stresses by means of a variational multiscale method. Moreover,
the use of tetrehadral elements [62, 3, 69] can be compared to using hexahedra [230, 81,
249, 144] in the context of plasticity. Rectangular elements usually allow for deformations
of better quality, and tetrahedra may struggle in near-incompressibility scenarios but they
usually require a signi�cantly smaller amount of computational resource and storage [248,
233].

The progress in mesh generation techniques has led to the development of new algorithms
for higher-quality tetrahedral meshes [223]. The use of parallel computing has made it
possible to solve large-scale problems using tetrahedral meshes, which was previously
hindered by the high computational cost. The reader is invited to refer to [265, 3, 89, 59]
for a more exhaustive insight on tetrahedral meshes.

1.2.2 Finite Volume Methods

The Finite Volume Method (FVM) consists in the partition of a continuous domain into
a set of discrete volumes, or cells, and uses the conservation laws to relate the 
ux of a
quantity across the boundaries of each cell. There are numerous extensive studies on this
class of methods (the reader could refer to Eymard et al. [94] for a recent study of the
convergence of Finite Volume Methods). Its main advantages reside in the conservation of
primary variables over distorted geometries at the discrete level, and in its easy application
on unstructured grids.

The Cell-Centred Finite Volume Method (CCFVM) is a type of Finite Volume Method
traditionally used in Computational Solid Mechanics. It is based on the idea of dividing
the continuous domain into a collection of small, discrete control volumes or cells [132,
59, 213]. In the CCFVM, the primary variables are de�ned at the centroid of cells, and
constitute the approximation of the solution throughout the entire cell. One of the main
advantages of the CCFVM is its ease of implementation. Material properties are assumed
to be constant within each control volume and the integration of the PDE is performed
over the control volume.

The Vertex-Centred Finite Volume Method (VCFVM) is a numerical method used to solve
a set of PDE that constitute the behaviour of materials, and where unknown variables are
located at mesh vertices, or nodes [163, 8, 6, 137, 299]. One of the main advantages of
the VCFVM is its 
exibility in mesh use. It can be applied to unstructured meshes, which
allows for more freedom in the geometry of the domain being modelled. This can make it
easier to handle complex boundaries and shapes, such as those found in engineering and
geophysical applications. Additionally, the VCFVM is robust with respect to the choice
of mesh, meaning that the solution will not change signi�cantly if the mesh is re�ned or
coarsened. Moreover the use of high order interpolation and reconstruction techniques
allows for more accurate solutions and faster convergence. Furthermore, the VCFVM is
relatively easy to implement compared to other methods, as it does not require the use
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of a matrix solver or the solution of a system of equations, with regards to the node
per element ratio [268]. Nonetheless, it can be di�cult to parallelize the VCFV method
[133] in comparison to the other methods, which can limit its ability to take advantage of
high-performance computing resources.

1.2.3 Mixed methodologies

Mixed formulations originate from the Hu-Washizu variational principle [289] and initially
relied on the simultaneous use of displacement-based and stress-based variables to describe
deformation of a continuum. The main advantage of mixed formulations is that they
allow for a more accurate modelling of the behaviour of a solid body under di�erent
loading conditions, particularly for problems with large deformations or nonlinearities.
The mixed formulations in solid mechanics require the solution of both kinematic and
equilibrium equations, which can be challenging to implement. However, they can handle
large deformations and nonlinearity more e�ectively than other traditional methods, which
can lead to more accurate and reliable solutions. An early mixed formulation was used on
a system of two dimensional �rst-order conservation laws in Wilkins [309] with a staggered
approach. Later, a fp;F g mixed system [293, 295, 294, 292] was introduced for two
dimensional CCFVM small strain problems in the linear elastic regime. In the past few
years, extended research has been produced on a new type of mixed methodology for solid
dynamics:

1. 2D HDG [228],

2. 2D upwind CCFVM [193],

3. 2D 2TG FEM [175],

4. 3D JST VCFVM [6],

5. 3D stabilised PG FEM [195],

6. 3D upwind VCFVM [8]

7. 3D upwind CCFVM [132, 129, 133,
131],

8. 3D JST SPH [196],

9. 3D SUPG SPH [198],

10. 3D JST VCFVM [163, 137, 198],

11. 3D upwind-SPH [197],

12. 3D VMS PG [50],

13. 3D URL SPH [254, 55],

14. 3D explicit VCFVM [259].

This methodology consists in a system of �rst-order nonlinear conservation laws, including
balance laws and geometric conservation equations. Initially, the linear momentum-
deformation gradient fp;F g mixed formulation [193] showcased the same order of accuracy
for velocities and stresses, which permitted the use of low order elements without exhibit-
ing volumetric locking in nearly incompressible scenarios. It was supplemented by the
conservation of the Jacobian J [48], the cofactor H [119], uncoupled energy E [6] and
coupled entropy � [50]. In the work of [145], a mixed fp;F ; Eg formulation of hyperbolic
conservation was presented for thermo-visco-plastic applications.

1.2.4 Arbitrary Lagrangian Eulerian formulations

Arbitrary Lagrangian-Eulerian (ALE) methods are a class of numerical methods that are
widely used in solid mechanics. These methods provide a way to model the motion of
a solid body by describing it in an Eulerian frame of reference while using Lagrangian
coordinates to describe the internal deformation of the body [87, 96]. The ALE method is
particularly useful in the simulation of problems that involve large deformations such as
those encountered in elastodynamics [18], when plasticity is involved [15, 3]. The basic
principle of the ALE method is to use a �xed background grid, denoted as reference and
used to discretise the spatial domain, in which the material points move. The motion of
the solid body is described by a set of Lagrangian coordinates, which are de�ned in terms
of the initial positions of the material points. These coordinates are then mapped to the
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Eulerian grid, where the equations of motion are solved. The displacement and velocity
�elds are �nally used to update the Lagrangian coordinates.

One of the main advantages of the ALE method is its ability to handle large deformations
and topological changes. Because the method uses a �xed background grid, it is suitable
for problems where the geometry of the domain changes dramatically over time, such
as transient multiphysics or Fluid-Structure Interactions [270]. Additionally, the ALE

method can be used in problems with strong shocks and high-speed impacts, where
large deformations and topological changes may occur. ALE algorithms are also known
to be compatible with non-conforming meshes, which are seen in problems involving
contact, friction, free surfaces or moving boundaries. However, the ALE method can be
computationally expensive, particularly for large deformation problems, because it requires
the solution of a set of equations at each time step. Moreover, the ALE method can be
sensitive to the choice of background grid and the quality of the mesh, which can a�ect
the accuracy of the solution.

A relatively recent and thorough meta-analysis of the ALE method in Computational
Solid Dynamics (CSD), Computational Fluid Dynamics (CFD) [23] and Fluid-Structure
Interactions (FSI) [270], is done in Donea et al. [87]. ALE methods most prominently consist
in giving an expression to a material velocity W so that it can be combined with a physical
velocity v or a spatial velocity v̂. The most cost-e�ective method is to prescribe the mesh
motion by means of an analytical function, or to compute it with user-de�ned strategies
[158]. However, complex and more versatile approaches rely on mesh regularisation, which
is done in two phases. First, the position of nodes belonging to the material boundaries
has to be determined. The material boundary surfaces can be known a priori [206, 161]
via the velocity by using a Lagrangian approach. This methodology was used by Kohl et
al. [182, 181] and applied to crack propagation problems where the crack path is known in
advance. Otherwise, boundaries with unknown motion need to be tracked. In the works of
Haber et al. [127, 128, 183], the initial con�guration was treated as an unknown in the
same way as the current deformed state, and mixed-like formulation was implemented on a
Finite Element solver. In the work of Hughes et al. [158]), the same idea that initial and
current con�gurations are solved separately is taken to a transient Finite Element solver.
Moreover, important numerical considerations must be enforced for stability, such as the
symmetry condition W �NX = 0 along the material surface brought to light by Huerta
et al. [156]. After boundaries are characterised, the second phase is dedicated to the interior
mesh motion and is denoted as interior mesh rezoning. Trans�nite mapping methods [123,
126, 92], originally used for mesh generation, can describe also simple surfaces at a low
computational cost, but are highly restricted on mesh topologies [246, 315, 106, 104, 105].

Throughout the development of ALE frameworks [67], several mesh motion techniques with
roots in physical considerations emerged. Laplacian Smoothing6, used for the �rst time
by Winslow et al. [312, 311] and Hansbo [135], consists in solving a Poisson equation for
the nodal mesh velocity �eld, resulting in lines of equal potential. That can lead to poor
performance in nonconvex domains and a high computational cost. Hermansson et al. [140]
proposed a similar approach focused on avoiding element folding. On the other hand, the
Laplacian smoothing technique with variable di�usivit ywas applied to mesh velocity on
unstructured grids in L�ohner et al. [211] in the context of Fluid-Structure interactions.
In Masud et al. [218] and Kanchi et al. [173], constraints were added to improve element
quality in boundary layers. Further works such as Brackbill et al. [51] were dedicated to
improve Winslow’s stencil but little bene�ts were obtained, and problems such as mesh
overlapping were not completely addressed. A mesh deformation technique based on the
biharmonic operator was presented in Helenbrook [139], and showed great interest as the

6Also referred to as elliptic mesh generation, or equipotential relaxation, the technique of Winslow is
among the oldest mesh motion technique and originally sed for mesh generation.
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motion was not relying on a second-order operator and had a better tolerance to large
deformations despite a higher computational cost. The use of explicit-implicit mesh update
technique is reportedly used by Hughes et al. [159] and Belytschko et al. [30] in an attempt
to reduce the computational cost, but it has received little success to the di�erence of
behaviour concerning the advection of material points across the domain regarding time
integration. Alternatively, in the works of Ghosh et al. [115], Hughes et al. [160], Argyris
et al. [13], and Ortiz et al. [237], the use of unconditionally stable implicit methods yielded
second-order accuracy and uniformity of the mesh motion over the entire domain but was
extremely costly. Mesh motion based on a fractional-step method were used in explicit
quadrilateral Finite Element formulations in Benson et al. [32, 34, 33] and Liu et al.
[310, 207] for elasto-plastic applications. An interior mesh smoothing approach relies on
geometric quality measures, such as iterative averaging procedures [85, 26, 297, 114, 21] or
on the local minimisation of element squeezing and distortions. Ahn et al. [9] uses weighted
residuals between element shapes and desired size. The advantage of this rezoning lies in
its simplicity and its general character. Mesh adaptation is another type of strategy used in
ALE frameworks during the mesh correction step [244, 157]. Notably, Askes et al. [16] used
r-adaptive spatial mesh relocation where the mesh motion is controlled by local plasticity
indicators. that technique was later coupled with h-adaptive mesh re�nement in [17, 19].
In the work of Cescutti et al. [63], an adaptive mesh re�nement based on the minimisation
of a functional of the mesh distortion is used. More recently, the local mesh rezoning was
employed by Shashkov [271] and [23] with Voronoi tessellation.

Due to the presence of permanent and complex deformations, the ALE has seen an interest
in plasticity applications. Among the numerous examples, one can cite the simulation
of forming processes [161, 246, 104, 21, 266, 68, 88, 31] and impacts [15, 60]. In the
relatively recent works of [15, 320], a conservative approach is employed on a Finite
Element framework to solve the convection of mesh particles where the conservation law of
the material velocities depend on an associated material stress �eld. As it is the case for
physical balance laws in Lagrangian approaches, the new material equations of motion can
be numerically treated in the following distinct ways [33]:

� unsplit method (also denoted as direct ALE, particle tracking or particle-based
method), where the evolution equation for stresses is integrated in time and imple-
mented in the weak form of the balance of momentum [313, 27]. This approach is
utilised by Liu et al. [206] in an explicit time-stepping algorithm, and by Ghosh
et al. [115] who used an implicit unsplit formulation.

� split method (fractional-step/mesh-based method), which consists in resolving the
ALE equations in two di�erent phases: a material (Lagrangian) phase followed by
a convection (Eulerian/transport) phase. This method is suitable for upgrading
Lagrangian formulation to ALE as only the addition of the convection step is required.
A non-exhaustive list of examples includes the works of Hu�etink et al. [161] (implicit
split formulation for metal-forming processes), Huerta et al. [155] (fast-transient
explicit split formulation), Rodr��guez-Ferran et al. [255] (hyperelastic split), and [320]
(ALE operator split applied to thermomechanical inelastic materials).

� Hybrid methods. For instance in [15], an advection problem is solved exactly (unsplit)
whereas plastic internal variables are split.

One can also mention [307], where three FE-based methods were tested in geotechnical
engineering: Remeshing and Interpolation Technique by Small Strain (RITSS) [152, 306],
E�cient ALE (termed EALE) [32, 227, 225, 226] and Coupled Eulerian{Lagrangian (CEL)
[317, 151, 247, 250]. This mixed methodology motives the use of mixed formulations. The
CFD community mainly uses Eulerian frameworks, but ALE methods have also been used
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in complex problems [269] and in the study of FSI [270], and since it is beyond the scope
of this work, the reader is directed to [87] as well as [84, 97].

1.3 Scope and outline of the thesis

This thesis delves into the fundamental principles of ALE conservation laws in Compu-
tational Solid Mechanics (CSM). Di�erent inelastic models will be examined, and the
hyperbolicity of the system will be studied. A mesh motion solver, based on the con-
servation of the material linear momentum, will be presented and di�erent models for
solving mesh equilibrium will be proposed. Then, numerical methods used to solve the
ALE equations will be discussed. They have two facets: the VCFVM will be applied to ALE

equations in the context of solid mechanics, together with the use of an acoustic Riemann
solver; the multi-stage Total Variation Diminishing Runge-Kutta (TVD-RK) method will
be used as time integrator of the scheme. The open-source platform OpenFOAM was chosen
for the implementation of the novel set of ALE conservation laws. The challenges that arise
in their implementation will be addressed. By the end of this thesis, the reader will have
an understanding of the fundamental principles of the ALE method, their application in
various problems, and the numerical methods used to solve the governing equations. This
knowledge will provide a strong foundation for further research and practical applications
in the �eld of solid mechanics.

Outline of the thesis

� Chapter 2: Arbitrary Lagrangian Eulerian Formulation for Isothermal Hyperelasticity
This chapter introduces ALE conservation laws and how they can be derived from a
Total Lagrangian formulation, together with their jump conditions.

� Chapter 3: Isothermal Inelasticity
For closure of the ALE problem, polyconvex hyperelastic and elasto-plastic constitutive
models are presented. Hyperbolicity is also discussed via the ALE eigenproblem.

� Chapter 4: Extension to thermal inelasticity
This chapter presents how the framework can be adapted to include the laws of
thermodynamics. This includes the conservation of energy in the ALE framework, con-
stitutive thermo-mechanical volumetric coupling, and isotropic strain-rate hardening
with thermal softening.

� Chapter 5: Material motion
This chapter presents the conservation law governing the mesh motion.

� Chapter 6: Numerical discretisation
In this chapter, the vertex-centred �nite volume method is applied to discretise the
ALE conservation law. The time integration by means of a multi-stage Runge-Kutta
method is also presented.

� Chapter 7: OpenFOAM implementation
This chapter presents the implementation of the ALE mixed formulation on the
open-source platform OpenFOAM.

� Chapter 8: Numerical simulations: Isothermal Cases
The ALE formulation is used in this chapter to solve numerical cases in an isothermal
elasticity and elasto-plasticity context.
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� Chapter 9: Numerical simulations: Thermoelasticity and thermoplasticity
In this chapter, the ALE formulation is used to solve numerical cases where thermal
e�ects are considered.

� Chapter 10: Concluding remarks
The novelties and the future research opened-up by this work are presented in this
chapter.

� Appendix A: Mathematical foundations
This appendix contains a recollection of the main de�nition and properties useful for
the understanding of the ALE formulation.

� Appendix B: Fundamentals of solid mechanics
A brief summary of the basic concepts of solid mechanics, and some additional results
are presented in this appendix.

� Appendix C: Second law of Thermodynamics
This appendix is dedicated to the study of the Ballistic energy to prove the second
law of thermodynamics for an ALE system.

� Appendix D: OpenFOAM components
This appendix contains additional information about the numerical framework.



CHAPTER 2

ARBITRARY LAGRANGIAN EULERIAN FORMULATION FOR
ISOTHERMAL HYPERELASTICITY

\We have to remember that what we observe is not nature herself,
but nature exposed to our method of questioning."

| Werner Heisenberg, Physics and Philosophy, 1658

10
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2.1 Introduction

In the �eld of solid mechanics, the study of conservation laws is an essential aspect
for the understanding of the behaviour of materials under various loads and conditions.
Speci�cally, the study of conservation laws in the context of the Arbitrary Lagrangian-
Eulerian framework is crucial for modelling problems involving large deformations and/or
moving boundaries [87]. This chapter delves into the fundamental ALE conservation laws,
including the balance of mass and the geometric mappings, and the balance of linear
momentum.

The ALE method is a powerful tool for modelling problems involving large deformations
and/or moving boundaries, as it allows for a clear separation between the Lagrangian
and Eulerian descriptions of the deforming solid body, which allows for a clear and
intuitive understanding of the physical phenomena occurring inside, and also allows for the
application of powerful numerical techniques for solving the governing equations. The ALE
method for computational dynamics was extensively studied for CFD and CSM problems
[87], and its theoretical description is elegantly and thoroughly presented in [18, 187]. The
Lagrangian description is used to track the motion of individual particles within the solid,
while the Eulerian description is used to describe the deformation of the solid as a whole.

This chapter �rst provides an overview of the tools needed to understand the ALE method-
ology, including the quantities used to describe the continuum and the kinematics of a
deforming solid. The balances quantities and the geometric mappings will be presented and
provided with a conservation equation. The main objective of this chapter is to provide a
comprehensive understanding of the inner mechanism of the ALE framework, including the
continuum description and kinematics, as well as giving the set of basic conservation laws
to be used in the context of solid mechanics.

2.1.1 Notation and useful properties

The notation used in this thesis plays an important role in the attempt to convey the key
concept of the ALE formulation in a clear manner. This work stems from the works of
Armero [15, 14], Steinmann [188, 18, 187], Huerta and Donea [87, 155], Rodriguez and
Ferran [255], Lee [199, 195, 196, 198, 197], Gil [120, 116, 119, 117] and Bonet [45, 46, 44,
49, 41], and the concepts borrowed from these previous works will be combined under the
notation of this work.

First and second order tensors will be respectively written in lower case and upper case
bold font (i.e. v, P ). Scalar quantities will be written in normal weight font (e.g. k).
The mathematical operators and properties used in this thesis are shown in the Appendix
A. The reader is invited to refer to the literature (e.g. [215]) for a more exhaustive list
of properties, as well as the previous publications of the group [193, 254, 129, 6, 137].
In particular, the tensorial cross product [44] and the thermodynamics in [112, 259] are
utilised in this work.

2.2 Continuum description and kinematics

The description of particle motion and kinematics in solid mechanics typically resorts to
using a material and a spatial domain that interact with each other using deformation
mappings. Refer to Figure 2.1 for a visual description of the following. The two classical
approaches [188, 15] to describe a particle’s motion are: a) the Lagrangian framework,
where �xed material positions X are followed through the ambient space as the solid
deforms in the spatial domain and, b) the Eulerian framework, where material positions
X are followed through the ambient material at �xed spatial positions x.
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Particles in the material domain are mapped to the spatial domain by the mapping ’,
denoted as natural, and de�ned as

’ : 
X ! 
x

X 7! x = ’(X; t):

(2.1)

Its corresponding velocity v7, and deformation gradient F are de�ned as

v =
@’

@t

����
X

; F =
@’

@X
: (2.2a,b)

The deformation gradient F , or �bre map, is a two-point tensor mapping line quantities
and the Jacobian is used to map volumes. Areas can be mapped with the cofactor tensor H ,
de�ned using the tensorial cross product (see the works of Boer [38] and Bonet et al. [44])
as

H =
1

2
F F ; (2.3)

Alternatively, the cofactor can be de�ned as

H = JF�T : (2.4)

As for volumes, the geometric map that relates a material volume with a spatial volume is
the Jacobian J , expressed as

J = detF : (2.5)

The ALE formulation is characterised by the consideration of an additional independent
and �xed reference domain [188], where objects can be bijectively mapped to the material
and spatial domains. Particles are mapped from the referential domain to the material
domain by means of the mapping 	 de�ned as

	 : 
� ! 
X

� 7!X = 	(�; t):

(2.6)

Its corresponding material velocity W , and material deformation gradient F	 are de�ned
as

W =
@	

@t

����
�

; F	 =
@	

@�
: (2.7a,b)

Particles can also be mapped onto the spatial domain with the mapping � de�ned as

� : 
� ! 
x

� 7! x = �(�; t):

(2.8)

Its corresponding spatial velocity v̂, and spatial deformation gradient F� are de�ned as

v̂ =
@�

@t

����
�

; F� =
@�

@�
: (2.9a,b,c)

7The material time derivative is a di�erential notation widely used in solid mechanics and corresponds
to the time derivative with �xed material coordinates. It is denoted as [87]

_v =
dv

dt
=

@v

@t

����
X

:

Using the above notation, the time rate of the natural deformation gradient can be written as _F = rXv.
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The material and spatial cofactors are de�ned as

H	 =
1

2
F	 F	; H� =

1

2
F� F�: (2.10a,b)

They can alternatively be de�ned as

H	 = J	F
�T
	 ; H� = J�F

�T
� : (2.11a,b)

The material J	 and spatial J� Jacobians are respectively de�ned as [44]

J	 =
1

3
H	 : F	; J� =

1

3
H� : F�; (2.12a,b)

and can be alternatively expressed as

J	 = detF	; J� = detF�: (2.13a,b)

Both Jacobians ensure J	; J� > 0, hence the existence of an inverse for their respective
deformation gradient. It is important to emphasize that the natural mapping ’ can be
de�ned as a composition of the material and spatial mappings as

’ = � �	�1: (2.14)

Following Equation (2.14), similar relations can be outlined for the natural velocities,
gradients and Jacobians as

v̂ = v + FW ; F = F�F
�1
	 ; H = H	H

�1
	 ; J = J�J

�1
	 : (2.15a,b,c,d)

Tensorial objects are mapped from one con�guration to the other due to the geometric
mappings (Refer to Figure 2.1 for a visual representation). The deformation gradients (or
�bre maps) are two-point geometric tensors that map edges/vector elements. Consider d�,
dX and dx, respectively elemental vectors in the referential, material and spatial domains,
are therefore linked as

dX = F	d�; dx = F�d�; dx = F dX: (2.16a,b,c)

Similarly, the Jacobians, or volume maps, are linked as

dV = JJ	dV�; dv = J�dV�; dv = JdV: (2.17a,b,c)

Area maps are the cofactor of their respective deformation gradients, and are responsible
for mapping geometric surfaces from one domain to another. For the three mappings, they
state

NXdA = H	N�dA�; (2.18a)

ndAx = H�N�dA�; (2.18b)

ndAx = HNXdA: (2.18c)

Additional quantities such as the right Cauchy-Green tensor C = F TF , as well as their
useful properties, are discussed in Appendix A.
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Remark 2.2.1 The mixed formulation that is presented in this work includes geometric
conservations laws that are represented by the deformation gradient and its minors (the
area map H and the volume map J), for the three mappings. As a consequence, these
geometric mappings are considered independent from each other. Nonetheless, they are
related through geometric compatibility conditions [44] that are strongly satis�ed in the
continuum and that can be expressed for the three mappings as

F = r
X
’; H = [det (r

X
’)] (r

X
’)�T ; J = det (r

X
’) ; (2.19a,b,c)

F	 = r�	; H	 =
�
det
�
r�	

�� �
r�	

��T
; J	 = det

�
r�	

�
; (2.20a,b,c)

F� = r��; H� =
�
det
�
r��

�� �
r��

��T
; J� = det

�
r��

�
: (2.21a,b,c)

2.3 ALE transformations

This section presents the steps to transform a conservation law from a Total Lagrangian
viewpoint to an Arbitrary Lagrangian Eulerian viewpoint, in global and local form. The
transformation will be shown for a scalar and a tensorial generic quantity. It consists
of the following steps: a) the re-parametrisation of the right-hand side, composed of
time-independent quantities, from the material to the referential domain, b) the use of
Reynold’s transport theorem on the left hand side to convert the time derivative with
respect to material coordinates to a time derivative with respect to referential coordinates,
and c) the presentation of the corresponding local forms.

In the following section, it is practical to de�ne the change in a di�erential operator between
a material and a referential con�guration. For a vector v, and using the Nanson’s rule and
the divergence theorem8, it givesZ


X

r
X
� v dV =

Z
@
X

v �NX dA =

Z
@
�

v �H	N� dA� =

Z

�

r� �
�
HT

	v
�
dV�: (2.22)

2.3.1 Total Lagrangian Scalar Conservation law

Considering a scalar primary variable UR, a 
ux vector FR, a source term SR, and a �xed
control volume 
X measured with an in�nitesimal volume quantity dV and a material
surface vector NXdA. A generic conservation law in global form is de�ned as

@

@t

����
X

Z

X

UR dV +

Z

X

FR �NXdA =

Z

X

SR dV: (2.23)

For a smooth solution, the divergence theorem can be applied to Equation (2.23) to obtainZ

X

�
@UR
@t

����
X

+ r
X
�FR � SR

�
dV = 0; (2.24)

8The divergence theorem is presented in Appendix A.4.1.
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where r
X
� is a divergence operator with respect to the material coordinates. That equation

holds for every enclosed and �xed material control volume 
X . By considering the boundary
of 
X as an interface (with other control volumes or with the exterior), it is customary to
de�ne the corresponding local form stated for 
X as

@UR
@t

����
X

+ r
X
�FR = SR; (2.25)

paired with the jump condition

cJURK = JFRK �NX : (2.26)

Note that Equation (2.26) features the speed c at which the interface (or discontinuity
surface), represented by its normal vector NX , is propagating in the medium. Also, the
jump operator J�K represents the di�erence between the two states of the primary variable
on either side of the interface and will be discussed in Chapter 6. That jump equality is
denoted as the Rankine-Hugoniot condition for the primary variable UR, expressed here in
the Lagrangian form.

2.3.2 Total Lagrangian Tensorial Conservation law

Considering a tensor variable UR, a 
ux tensor FR, a source term SR, and a �xed control
volume 
X measured with an in�nitesimal volume quantity 
X and surface vector NXdA.
A generic conservation law in global, or integral form, is de�ned as

@

@t

����
X

Z

X

UR dV +

Z

X

FRNXdA =

Z

X

SR dV: (2.27)

For a smooth solution, the divergence theorem can be applied (see Section A.4.1) to
Equation (2.27) to obtainZ


X

�
@UR

@t

����
X

+ r
X
� FR � SR

�
dV = 0; (2.28)

where r
X
� is a divergence operator with respect to the aforementioned system of coordinates.

As for the scalar case, the global form leads to an equivalent local form, for the volume

X stated as

@UR

@t

����
X

+ r
X
� FR = SR; (2.29)

with which the Rankine-Hugoniot condition reads

cJURK = JFRKNX : (2.30)

2.3.3 Arbitrary Lagrangian Eulerian Scalar Conservation law

A generic Total Lagrangian global scalar conservation equation can be stated as

@

@t

����
X

Z

X

UR dV = �
Z
@
X

FR �NXdA+

Z

X

SR dV: (2.31)

In the generic Equation (2.31) of a conservation law expressed in the Lagrangian form,

uxes and source terms (featured in the right hand side) can be re-parametrised9 in terms
of referential coordinates, using the de�nition of the material mapping X = 	(�; t), as

@

@t

����
X

Z

X

UR dV = �
Z
@
�

�
HT

	F?
R

�
�N�dA� +

Z

�

(J	S?R) dV�; (2.32)

9Note that for a scalar conservation law, the Nanson’s integration rule (2.18a) can be rewritten as shown,
making use of the scalar product transpose property.
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where the notation [�]R (X; t) = [�]?R (	(�; t); t) is used to emphasise the change from
material to the referential coordinates. Using Reynold’s transport theorem10 on the
material time derivative, the left hand side of Equation (2.31) can now be expressed in
terms of referential coordinates as

@

@t

����
X

Z

X

UR dV =
@

@t

����
�

Z

�

(J	U?R) dV� �
Z
@
�

U?R
�
HT

	W
�
�N�dA�: (2.33)

Equations (2.32) and (2.33) can now be used to express the generic Total Lagrangian
conservation law (2.31) in the referential domain, as

@

@t

����
�

Z

�

(J	U?R) dV� +

Z
@
�

�
HT

	 (F?
R � U?RW )

�
�N�dA� =

Z

�

(J	S?R) dV�: (2.34)

The above equation represents the Arbitrary Lagrangian Eulerian (denoted as ALE)
equivalent of said generic Equation (2.31). The equivalent Arbitrary Lagrangian Eulerian
local conservation law, associated to the global law (2.34), is

@ (J	U?R)

@t

����
�

+ r� �
�
HT

	 (F?
R � U?RW )

�
= J	S?R; (2.35)

and because the magnitude remains constant when the con�guration is changed, the
notation [�]R (X; t) = [�]?R (	(�; t); t) can be dropped to yield

@ (J	UR)

@t

����
�

+ r� �
�
HT

	 (FR � URW )
�

= J	SR: (2.36)

The associated jump condition is

c�JJ	URK = �JFR � URW K �H	N�: (2.37)

2.3.4 Arbitrary Lagrangian Eulerian Tensorial Conservation law

In this section, the previous development is generalised to second and third order tensors.
The variables UR;SR can either be �rst- or second-order tensor �elds, and FR are conse-
quently either second- or third-order tensor �elds. The notation UR (X; t) = U? (	(�; t); t)
is used to specify a change of variable from the material to the referential con�gurations.
A generic Total Lagrangian global tensorial conservation equation can be stated as

@

@t

����
X

Z

X

UR dVX = �
Z
@
X

FR N�dAX +

Z

X

SR dVX : (2.38)

The Equation (2.38) is then re-parametrised using referential coordinates, as

@

@t

����
X

Z

X

UR dVX = �
Z
@
�

(F?
RH	)N�dA� +

Z

�

(J	S?
R) dV�: (2.39)

Making use of the Reynolds’ transport theorem, the left hand side is re-written as

@

@t

����
X

Z

X

UR dVX =
@

@t

����
�

Z

�

(J	U?
R) dV� �

Z
@
�

(U?
R 
W )H	N�dA�: (2.40)

The generic Total Lagrangian vectorial conservation law 2.38 is now expressed in the
referential domain, as

@

@t

����
�

Z

�

(J	U?
R) dV� �

Z
@
�

[F?
R � (U?

R 
W )]H	N�dA� =

Z

�

(J	S?
R) dV�: (2.41)

10See Appendix A.4.2 for development of Reynold’s transport theorem (RTT).
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By dropping the notation [�]R (X; t) = [�]?R (	(�; t); t) as done for the scalar variable in
the previous section, the equivalent Arbitrary Lagrangian Eulerian local conservation law,
associated to the global law (2.41), is given as

@ (J	UR)

@t

����
�

+ r� � ([FR � (UR 
W )]H	) = J	SR; (2.42)

and the associated jump condition is de�ned as

c�JJ	URK = �JFR � (UR 
W )KH	N�: (2.43)

2.3.5 Non-conservative ALE transformations

The transformations used in the above help to obtain an ALE equation from its Total
Lagrangian form. Using the same algebra, it is possible to obtain ALE equations in a
non-conservative form11[188, 18, 187]. For a scalar quantity U , the relationship between
the material and the referential time derivatives can then be written as

@UR
@t

����
X

=
@UR
@t

����
�

�
�
r�UR

�
�
�
F�1

	 W
�
: (2.44)

For completeness, the same development can be followed for a tensorial quantity, and it
gives that

@UR

@t

����
X

=
@UR

@t

����
�

�
�
r�UR

� �
F�1

	 W
�
: (2.45)

In this case, note that the conserved variable obtained is not scaled by the material Jacobian,
and is equivalent to the conserved variable of the associated Lagrangian conservation law.
When solving for a set of ALE conservation laws, it is practical to also compute all the
intermediate quantities such as volume sizes, gradients or the mapping velocities on the
referential 
�. That being said, it is possible to solve material variables, that is to say UR
instead of U . Using Equations (2.22), (2.44) and (2.45), conservation laws can be written
in a non-conservative form.

2.4 ALE conservation laws

Using Total Lagrangian to Arbitrary Lagrangian Eulerian transformations established
in the previous section, the typical conservation laws used in solid mechanics and based
on material coordinates can be transformed and be expressed in referential coordinates,

11Considering the RTT form stated in Equation (A.19), and the following development:

@

@t

����
X

Z

X

UR dV =
@

@t

����
�

Z

X

UR dV �
Z
@
X

URW �NX dA

=
@

@t

����
�

Z

�

J	UR dV� �
Z
@
�

UR
�

HT
	W

�
�N� dA�

=

Z

�

"
J	

@UR
@t

����
�

+ UR
@J	

@t

����
�

�r� �
�
URHT

	W
�#

dV�

=

Z

�

"
J	

@UR
@t

����
�

�r�(UR) �
�

HT
	W

�#
dV�

=

Z

X

"
@UR
@t

����
�

�r�(UR) �
�
F�1

	 W
�#

dV;

In the above development, the conservation law on the material Jacobian is used to go from the third to
the fourth line. It will be de�ned in the next Section in Equation (2.50).
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thence constituting a set of equations expressed in the ALE viewpoint. The global form
will be presented, as well as the local form and its associated jump condition. The
equations will all be combined in a mixed system of conservation laws. The involutions, or
compatibility conditions, will also be presented. They are mathematical constraints [193,
130] inherited from the extensions of elasticity theory into the realm of thermodynamics
and electrodynamics [79], ensuring deformations are smooth and free of discontinuities12.
The compatibility condition for the deformation gradient is based on the fact that in a
body, the deformation is determined by the displacement �eld, and states that F must
be a gradient �eld13. Mathematically, it means that the curl of the deformation gradient
must be zero. Furthermore, the cofactor is the gradient of the determinant and thence
is divergence-free. Naturally, these involutions are valid for tensors along the referential,
material and spatial mappings. Their satisfaction is not necessary to close the system but
they are crucial for the robustness of the numerical framework, as they let oscillations in
certain directions be suppressed and they regulate wave amplitudes [79].

2.4.1 Material Geometric Conservation Law

The principle of mass conservation in a material con�guration states that the total time
derivative of the density of a system must remain constant, and can be formulated in
Lagrangian description as

@

@t

����
X

Z


�R dV = 0; (2.46)

where �R is the material density of the body. In this work, the density �R will be considered
uniformly constant in time and space. This conservation law is generally omitted in solid
mechanics single-material frameworks. It can however be used to yield conservation of
alternative variables in this Arbitrary Lagrangian Eulerian framework. The Geometric
Conservation Law (denoted as GCL, and discussed in [87, 202, 185, 125, 98]) is crucial
for the stability and accuracy of the ALE framework and can be obtain directly from the
above conservation equation (2.46). Using the ALE transformation technique, a scaling is
operated from the material domain to the referential domain as

@

@t

����
�

Z

�

J	�R dV� �
Z
@
�

�
�RH

T
	W

�
�N�dA� = 0: (2.47)

Remark 2.4.1 In the general case of a multi-material domain, Equation (2.47) can be
used as a continuity equation for an non-uniform density distribution. The corresponding
local form is

@J	�R
@t

����
�

�r� �
�
�RH

T
	W

�
= 0; (2.48)

and its associated jump condition is de�ned as

c�JJ	�RK = J�RW K �H	N�: (2.49)

12The compatibility conditions are important in computational mechanics because they ensure that
geometrical tensors are smooth and free of singularities or discontinuities. This is important for the accurate
modelling and simulation of complex systems, such as materials under di�erent loading conditions.

13In other words, F = rXx. The deformation gradient must be a single-valued tensor �eld, which means
that it must be de�ned at every point in the body without any discontinuities
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For a constant density �R, Equation (2.47) can be expressed as a conservation equation in
global form for the material Jacobian with an Arbitrary Lagrangian Eulerian viewpoint.
That equation reads

@

@t

����
�

Z

�

J	 dV� �
Z


�

r� �
�
HT

	W
�
dV� = 0; (2.50)

and the equivalent local conservation law is

@J	

@t

����
�

= r� �
�
HT

	W
�
: (2.51)

The associated jump condition is

c�JJ	K = �JHT
	W K �N�: (2.52)

2.4.2 Conservation of Linear Momentum

The balance of linear momentum per unit of undeformed volume in Lagrangian description
can be expressed in integral form as

d

dt

Z


p dV =

Z
@

PN dA+

Z


fR dV; (2.53)

where p = �Rv is the linear momentum per unit of undeformed volume 
X in the material
con�guration, fR are the body forces in the material con�guration, P is the natural �rst
Piola Kirchho� stress tensor, N is the unit material outward normal and dA is the surface
area of the boundary @
X in the material con�guration. By using the ALE transformation
technique, the equivalent Arbitrary Lagrangian Eulerian global conservation equation for
(2.53) is thence

@

@t

����
�

Z

�

p� dV� �
Z
@
�

[P + (p
W )]H	N�dA� =

Z

�

f dV�; (2.54)

where the notation p� = J	p denotes the linear momentum scaled by the material Jacobian
J	 and that is now expressed in referential coordinates. The body forces f = J	fR have
also been scaled by the material Jacobian. An equivalent stress tensor P� is de�ned as

P� = [P + (p
W )]H	; (2.55)

and the corresponding local form of Equation (2.54) is

@p�
@t

����
�

= r� � P� + f ; (2.56)

Its associated jump condition can be expressed as

c�Jp�K = �JP�KN�: (2.57)

2.4.3 Geometric conservation laws

As presented in [41, 39, 42], the deformation gradient can be treated as an independent
variable (as opposed to the classical displacement-based formulations). The conservation of
the natural deformation gradient F was studied in [193, 163, 129, 6]. In low order discreti-
sation, the conservation of the deformation gradient aims at avoiding locking (especially
in a nearly-incompressible scenario). This work uses a multiplicative decomposition of F
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into a material and spatial components, as presented in Equation (2.15b). The spatial
deformation gradient F� relates vector quantities from the referential domain to the spatial
domain. The time rate of F� can be obtained from its de�nition in Equation (2.9b), as

@F�

@t

����
�

= r� � (v̂ 
 I) ; (2.58)

and it can be provided with an appropriate jump condition

c�JF�K = �Jv̂K
N�; (2.59)

to yield a corresponding global form

@

@t

����
�

Z

�

F� dV� �
Z
@
�

v̂ 
N�dA� = 0: (2.60)

On the other hand, the material deformation gradient F	, which corresponds to the
deformation gradient of the material motion (see Equation (2.7b)), can also be regarded as
a conserved quantity, whose time rate is expressed as

@F	

@t

����
�

= r� � (W 
 I) ; (2.61)

its associated jump condition is

c�JF	K = �JW K
N�; (2.62)

and the corresponding global form reads

@

@t

����
�

Z

�

F	 dV� �
Z
@
�

W 
N�dA� = 0: (2.63)

Remark 2.4.2 The compatibility contraints associated to the geometric deformation gra-
dients are stated as

r� F� = 0; r��F	 = 0: (2.64a,b)

2.4.4 Conservation of other geometric mappings

Although this work makes use of a restricted set of conservation laws, it is possible to extend
that set to comprise all material fF	;H	; J	g and spatial fF�;H�; J	g geometrical
mappings. As material and spatial deformation gradients are already stated in Equations
(2.63), it is possible to bring out conservation equations for the material and spatial
cofactors stated in global form. They can be respectively stated as

@

@t

����
�

Z

�

H	 dV� �
Z
@
�

F	 (W 
N�) dA� = 0; (2.65)

and
@

@t

����
�

Z

�

H� dV� �
Z
@
�

F� (v̂ 
N�) dA� = 0: (2.66)



2.5. ALE MIXED FORMULATION 22

The local forms are

@H	

@t

����
�

� F	 r�W = 0;
@H�

@t

����
�

� F� r�v̂ = 0; (2.67a,b)

and the corresponding jump conditions are

c�JH	K = �F	 JW 
N�K; c�JH�K = �F� Jv̂ 
N�K: (2.68a,b)

Additionally, the spatial Jacobian can also be treated as an variable [41, 42, 110] independent
from the displacements, to provide extra 
exibility. This Geometric Conservation Law
(GCL) [118, 120] was introduced to improve the quality of the solution. An analogous law
is yielded for the spatial mapping from the continuity Equation (2.47) as

@J�

@t

����
�

= r� �
�
HT

�v̂
�
; (2.69)

and its associated jump condition is

c�JJ�K = �JHT
�v̂K �N�: (2.70)

The corresponding global conservation equation is

@

@t

����
�

Z

�

J� dV� �
Z
@
�

�
HT

�v̂
�
�N�dA� = 0: (2.71)

2.5 ALE Mixed Formulation

A general system in global form can now be given for the ALE conservation laws, where
the global conservation Equations (2.50), (2.54), (2.60) and (2.63) are assembled into a
system of �rst-order equations de�ned as

@

@t

����
�

Z

�

U dV� +

Z
@
�

FN� dA� =

Z

�

S� dV�; (2.72)

where U is the vector of conserved variables, FN� is the vector of corresponding 
uxes,
and S� is the vector of corresponding source terms. A general local form can also be
provided for the conservation laws in ALE form. Noticing that the system of Equations
(2.72) in global form can be written asZ


�

"
@U
@t

����
�

+

3X
i=1

@FI

@�I
� S�

#
dV� = 0; (2.73)

where FI is the vector of corresponding 
uxes in the I-th direction, represented by
the Cartesian vector EI (de�ned in Equations A.1), and verifying FN� = FIN�I with

N� = (N�1 ; N�2 ; N�3)T . The set of �rst-order local equations that is obtained corresponds
to the assembly of local forms (2.51), (2.56), (2.58) and (2.61), written as

@U
@t

����
�

+

3X
i=1

@FI

@�I
= S; (2.74)

The terms featured in the ALE mixed formulation (2.74) can be expressed as

U =

26666664
p�

F�

F	

J	

37777775 ; FI = �

26666664
P�EI

v̂ 
EI
W 
EI
HT

	W �EI

37777775 ; S =

26666664
f

0

0

0

37777775 ; (2.75a,b,c)
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with the spatial velocity vector v̂ de�ned in Equation (2.9a), the stress P� de�ned in
Equation (2.55). The associated jump conditions, de�ned in Equations (2.52), (2.57), (2.59)
and (2.62), can be written in the compact form c�JUK = JFN�K [193, 221, 163, 129, 4] as

c�Jp�K = �JP�KN�; (2.76a)

c�JF	K = �JW K
N�; (2.76b)

c�JF�K = �Jv̂K
N�; (2.76c)

c�JJ	K = �JHT
	W K �N�: (2.76d)

The ALE formulation is a generalisation of the Total Lagrangian and the Eulerian formula-
tions. It is shown in Appendix B.5 how ALE equations can degenerate to their Lagrangian
and Eulerian counterparts.

2.6 Conclusion

This chapter introduced in Section 2.2 the concept of referential domain and the consequent
new mappings and quantities to relate that domain to the classical material and spatial
domains, and all this constitutes the based of the ALE method that will be applied in this
work. Using the aforementioned notation, Section 2.3 presented how to transform a generic
conservation law based on the Lagrangian approach to a conservation law involving scaled
variables, new advection terms, and expressed on the referential domain. In Section 2.4,
the ALE transformation has then been applied on conservation laws of quantities of interest,
namely the balance principles and the geometric mappings. This new set of conservation
laws constitute the basis of an ALE framework and is summarised in Section 2.5. To close
the system, a constitutive model has to be de�ned, which is the purpose of Chapter 3.



CHAPTER 3

ISOTHERMAL INELASTICITY

\Le savant doit ordonner ; on fait la science avec des faits comme
une maison avec des pierres ; mais une accumulation de faits n’est

pas plus une science qu’un tas de pierres n’est une maison."

| Henri Poincar�e, La science et l’hypoth�ese, 1902

24
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3.1 Introduction

For closure of system (2.74), conservation laws must be supplemented by a constitutive
material law for stresses, that satisfy the objectivity requirements14 and the law of thermo-
dynamics [193, 129, 6]. This work utilises hyperelastic models, which are used to describe
elastic materials experiencing large deformations [215, 147, 76, 22, 214, 73, 122, 47], where
the �rst Piola Kirchho� stress P must verify a distortional-volumetric decomposition. The
polyconvexity condition will also be discussed for the ALE mixed system, and will be
used to determine strain energy potentials [112, 129]. Then the constitutive equation is
presented using work conjugacy [28], and examples of general material models are provided.
The general ALE mixed system will eventually be extended to isotropic von-Mises plasticity
[193, 87, 31, 46, 40].

3.2 Polyconvex elastic models

In hyperelastic materials, di�erent constitutive restrictions on the strain energy potential
were established for well-posedness15 in the sense of Hadamard of the Cauchy problem
(2.75). Rank-one convexity (equivalent, for twice di�erentiable �elds, to strong Legendre-
Hadamard ellipticity [129, 6, 216, 186, 279]) leads to material stability. Moreover, the
existence and propagation of real wave speeds in the material (or Hyperbolicity [224]) is an
useful condition for the stability of the formulation. The condition of polyconvexity16 is also
crucial as it facilitates the transformation of the mixed formulation into a symmetric system
of conservation laws via the introduction of a convex entropy function [50]. Polyconvexity
of the constitutive model results in local stability of the system [177]. Ellipticity di�culty
holds after the onset of localized deformations, such as in the presence of high plastic
strains [216, 113, 80], and this is the reason why the satisfaction of the stronger requirement
of polyconvexity is clearly important.

It has been extensively mathematically studied in [149, 215, 22, 214, 136, 43, 101]. Previous
works also emphasised the importance for the material model to be thermodynamically
consistent (see for instance [112, 50, 8, 214, 224, 208, 56]), that is to say to establish the
second law of Thermodynamics ensuring the production of entropy.

As it is well-known, the satisfaction of polyconvexity guarantees a) Rank-one convexity17

and b) Hyperbolicity in the dynamic regime [50].

To guarantee the principle of Hyperbolicity, which is equivalent to the existence of real
wave speeds for any deformation, the constitutive laws to close the mixed formulations will
need to satisfy the principle of tensor objectivity, and the second law of Thermodynamics
will have to be established. In this context and if polyconvexity is also required, the strain
energy potential can be formulated as a function of the geometric mapping denoted as
X = fF ;H; Jg via a (non strictly) convex18 multivariate functional E [122]. As a result,

E (r
X
’) = E(X ); (3.1)

14Also called frame-indi�erence, it states that stress components do not fundamentally change due to
rigid body motions including rotations and translations (see [149, 6, 46, 298]).

15See Equivalence theorem of Lax [253]: For a well-posed linear initial value problem, stability is the only
necessary condition for convergence provided that the numerical method is consistent.

16For an extensive study of the concept of polyconvexity, the reader is invited to refer to [298, 22, 66,
281, 141].

17Also denoted as the condition of ellipticity: A strong elliptic system ensures a strict continuous solution
well-suited for describing equilibrium states.

18The strain energy density is convex with respect to its 19 variables.
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Remark 3.2.1 Isotropic hyperelasticity describes the behaviour of isotropic materials
exhibiting large deformations. In this theory, the material is modelled as a continuum and
the strain energy is a function of the stretches, or equivalently of the stress invariants,
which can be stated as

E = Ê(�1; �2; �3) = ~E(IC ; IIC ; IIIC); (3.2)

where the invariants are de�ned as

IC = trC; IIC = C : C; IIIC = detC: (3.3a,b,c)

Consequently P is a function of the natural deformation gradient F 19 that derives from a
strain energy potential, describing the amount of energy required to deform the material,
as

P (r
X
’) =

@E

@r
X
’
: (3.4)

Work conjugate stresses �F ;�H ;�J , de�ned for the three strain measures used to describe
the energy potential in Equation (3.1) as

�F (X ) =
@E
@F

; �H(X ) =
@E
@H

; �J(X ) =
@E
@J

; (3.5a,b,c)

can be used to express P , the work conjugate [45, 129, 119, 44, 49] of the rate of the
deformation gradient, as

P : _F = _E(X ) = (�F + �H F + �JH) : _F ; (3.6)

where the term P : _F refers to the total amount of mechanical work, and the expression of
P naturally emerges as

P (X ) = �F + �H F + �JH (3.7)

3.3 Nearly incompressible constitutive models

Nearly incompressible materials are de�ned by a Poisson’s ratio � > 0! 0:5 or a bulk to
the shear modulus20 ratio �=�!1, and therefore experience little volume change under
signi�cant load. They constitute a fundamental device to numerically model materials
that are notably resistant to compression (e.g. rubbers, soft tissues), and consist in
complementing the distortional strain energy with a penalty volumetric potential. This
deviatoric-volumetric additive decomposition21 [129, 119, 49, 43, 100, 263] of the total
strain energy functional is denoted as

E(X ) = E 0(X ) + U(J); (3.8)

19By extension, P may also depend on temperature, plastic internal variables and other state variables
(See Section 3.5 and Chapter 4)

20The Lam�e coe�cients comprise the shear modulus and the bulk modulus, are expressed in [Pa] or
[N=m2] and are respectively de�ned as

� =
E

1 + �
; � =

�E

3(1� 2�)
=

�E�

(1 + �)(1� 2�)
;

where �E is the Young’s modulus and � is the Poisson’s ratio.
21For hyperelastic models, P can also be expressed in terms of the invariants of C.
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where E 0 is the distortional/deviatoric component and U(J) is the volumetric component.

The decomposition of the �rst Piola-Kirchho� tensor

P (X ) = Pdev(X ) + Pvol(J) (3.9)

is then obtained, using Equation (3.7), as

Pdev = �F + �H F + �̂JH; Pvol = pH; �J = �̂J + p; (3.10a,b,c)

where the hydrostatic pressure p and �̂J being de�ned as

�̂J =
@E 0
@J

; p =
@U

@J
: (3.11a,b)

For instance, a quadratic volumetric energy potential is de�ned as

U(J) =
�

2
(J � 1)2; (3.12)

where � = �+ 2�=3 is the bulk modulus of the material. Further eligible volumetric energy
potentials are presented in Appendix B.3.2.

3.3.1 Isochoric Mooney Rivlin model

The nearly incompressible polyconvex Mooney-Rivlin strain energy potential is de�ned as
[129]

E 0(X ) = �J�2=3 (F : F ) + �J�2 (H : H)
3=2 � 3� � 3

3=2�: (3.13)

where �; � are positive material parameters de�ned in terms of the shear modulus as
2� + 3

p
3� = � [43]. The conjugate stresses are

�F = 2�J�2=3F ; �H = 3�J�2 (H : H)
1=2H; (3.14a,b)

and

�̂J = �2

3
�J�5=3 (F : F )� 2�J�2 (H : H)

3=2 : (3.15)

More speci�cally, the neo-Hookean model can be obtained by choosing � = �=2 and
� = 0 [280, 236, 163, 129, 208], and represents the hyperelastic model of choice for non
thermally-coupled materials in this work. In this case, the strain energy potential is
expressed as

E 0(X ) =
�

2

�
J�2=3F : F � 3

�
; (3.16)

the expression of the conjugate stresses becomes

�F = �J�2=3F ; �H = 0; �̂J = ��
3
J�5=3 (F : F ) ; (3.17a,b,c)

and consequently the deviatoric stress is

Pdev = �J�2=3F � �

3
J�5=3 (F : F )H: (3.18)
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3.3.2 Nearly incompressible Hencky model

The Hencky model [208, 314] is a hyperelastic model based on logarithmic strains and
constitutes the basis to the plasticity algorithm presented in 1. The strain energy in
Equation (3.1) is de�ned in terms of the distortional elastic principal stretches �̂e;� =
J�1=3�e;�, as

Ê 0
�
�̂e;1; �̂e;2; �̂e;3

�
= �

 
3X

�=1

h
ln �̂e;�

i2
!

= �

 
3X

�=1

[ln��]2
!

+
1

3
� (ln J)2 � 2

3
� (ln J)

 
3X

�=1

ln�e;�

!
: (3.19a)

The �rst Piola-Kirchho� stress tensor P can �nally be reconstructed22 as

P = �F�T ; (3.20)

and the decomposition in principal components of the symmetric Kirchho� stress is given
as

� =

3X
�=1

�0��n� 
 n�; �0�� = �0�� + Jp: (3.21a,b)

For hyperelastic materials, the Hencky-based internal energy consists de�ned in Equation
(3.8) in the sum of the deviatoric potential in Equation (3.19) and a volumetric potential.
For a logarithmic volumetric energy potential (used in [276] and listed in Table B.1), it
reads

E(X ) =

"
�

 
3X

�=1

h
ln �̂e;�

i2
!#

+

�
1

2
� (ln J)2

�

= �

 
3X

�=1

[ln��]2
!

+
1

3
� (ln J)2 � 2

3
� (ln J)

 
3X

�=1

ln�e;�

!

= �

 
3X

�=1

[ln��]2
!

+
1

2
� (ln J)2 ; (3.22a)

by noticing that in Equation (3.22), the Jacobian can be expressed in terms of the
logarithmic elastic principal stretches �e;�, and that the bulk modulus � can be expressed
in terms of Lam�e ’s parameters as

ln J =

3X
�=1

ln��; � = �+
2

3
�: (3.23a,b)

3.4 Hyperbolicity

A system of conservation laws is hyperbolic if its Cauchy problem23 is well-posed. In
numerical analysis, a set of hyperbolic conservation laws can be represented by a mixed
formulation, as in Equations (2.74) and (2.75), where the 
ux matrix is diagonalisable

22Note the relations between stress tensors:

� = P F T ; ��� = J��� = �0�� + Jp:

23In particular, an Initial Value Problems (IVP), as found in the literature [193, 54, 291].
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with real eigenvalues24. It is also worth mentioning that hyperbolicity is preserved under a
change of gauge, which is analogous to considering a constant energy under orthogonal
transformations. It su�ces to consider the homogenous variant of the system of conservation
laws to prove hyperbolicity [203, 291, 204]. The following will thence brie
y remind
hyperbolicity for the Total Lagrangian formulation, and present it for the Arbitrary
Lagrangian Eulerian mixed formulation.

3.4.1 Hyperbolicity of the ALE system

In this section, the system (2.74) and (2.75) is considered in the context of a prescribed
material motion, where the geometric material subset X	 = fF	;H	; J	g is assumed to
be given. Consequently, the system (2.75) can be reduced to

U =

24p�
F�

35 ; FI = �

24 P�EI
v̂ 
EI

35 ; S =

24f
0

35 ; (3.24a,b,c)

and using the characteristic equation25

DF [UR
� ] = c�;�UR

� ; (3.25)

the ALE right eigenproblem is stated as

c�;�

24pR�;�
FR

�;�

35 = �

24 D (P�N�)
h
pR�;�;F

R
�;�

i
D (v̂ 
N�)

h
pR�;�;F

R
�;�

i
35 : (3.26)

The second line of Equation (3.26) is then pre-multiplied by F	

�c�;�FR
� =

�
D (v̂)

�
pR�;�;F

R
�;�

�

N�

�
F�1

	 ; FR
� = F �

�;�F
�1
	 : (3.27a,b)

Using the coe�cient �H	
de�ned as

�H	
NX = H	N�; �H	

=
p
H	N� �H	N�; (3.28a,b)

and some algebra on Equation (3.27a), the decomposition of v̂ = v + FW yields, for the
�rst term, �

D(v)
�
pR�;�

�

N�

�
F�1

	 =
�
J�1

	 ��1
R 
N�

�
F�1

	

=
�
vR�
�
F�1

	

=
�
vR� 
H	N�

�
J�1

	

=
�H	

J	
vR� 
NX ; (3.29)

and for the second term�
D(FW )

�
FR

�;�

�

N�

�
F�1

	 =
�
FR
�W 
N�

�
F�1

	

=
�
FR
�W 
H	N�

�
J�1

	

=
�H	

J	
FR
�W 
NX : (3.30)

24When the eigenvalues are also distinct, the hyperbolicity is said to be strong or strict. When the 
ux
matrix is symmetric, the hyperbolicity is symmetric.

25To obtain eigenvectors, the characteristic equation can be solely used instead of the 
ux Jacobian
matrix [193, 215] which depends on the orthogonality condition RT

�L� = ���.
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Combining Equations (3.29) and (3.30) gives

�c�;�FR
� =

�H	

J	
v̂R� 
NX : (3.31)

By using the characteristic equation of the corresponding system in the Total Lagrangian
formulation

c�F
R
� = �vR� 
NX ; (3.32)

and by pre-multiplying Equation (3.31) by the inverse of FR
� , followed by multiplying by

and pre-multiplying by NX , an ALE characteristic relationship can �nally be drawn, as

c�;� =
�H	

J	

�
c� �W �NX

�
: (3.33)

Equation (3.32) can be introduced in the �rst line of Equation (3.26), and with the help of
Equation (3.28), it yields

�c�;�pR�;� = �H	
D
�
P�N�

� �
pR�;�;F

R
�;�

�
: (3.34)

Due to Equation (3.32), the fourth-order constitutive material tensor C [193, 7, 129, 215]
emerges as

�Rc�;�
�H	

vR�;� =
1

c�
C : (v� 
NX)NX �

�R
J	
vR�;� (W �NX) ; C =

@2E
@F @F

: (3.35a,b)

Rearranging Equation (3.35a) and multiplying it by a generic virtual velocity �v gives

�R

�
c�;�
�H	

+
1

J	
W �NX

�
J	

�
vR� � �v

�
=

1

c�
(�v 
NX) : C :

�
vR� 
NX

�
; (3.36)

and, by choosing �v, using the newly obtained characteristic relationship (3.33), and
because Equation (3.36) holds for any �v and in particular �v = vR� , the ALE eigenproblem
(3.26) can be reduced26 to the notorious generic symmetric eigenvalue problem [193, 112,
129] that reads

�Rc
2
� = vR� �

�
CNXNXv

R
�

�
> 0; [CNXNX ]ij = CiIjJN�;IN�;J ; (3.37a,b)

where the symmetric second-order tensor CNXNX is the so-called acoustic tensor. A brief
development on the relationship between Lagrangian and ALE eigenvalues is presented in
Appendix B.4.1. The six non-zero real eigenvalues are organised in two pressure/volumetric
waves (also denoted as p-waves) cp. For nearly incompressible materials, they take the
following values [6]

c1;2 = �cp; cp =

s
�p�

�2
p + �p + 2
p

�R
; (3.38a,b)

and four shear/longitudinal waves cs

c3;4 = c5;6 = �cs; cs =

s
�p
�R
: (3.39a,b)

26It is worth noting the following algebraic properties of the 4th-order tensor C:

(�v 
NX) : C :
�

vR� 
NX

�
= �v �

�
CNXNXvR�

�
=
�
�v 
 vR�

�
: CNXNX :
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with ��1 = jjF�TNX jj and

�p =
5

9
�J�2=3 (F : F ) + �J2; �p = �J�

2
3 ; 
p = �2

3
�J�2=3: (3.40a,b,c)

The corresponding eigenvectors are

UR
1;2 =

24 n

���1
R c�1

p n
NX

35 ; (3.41a)

UR
3;4 =

24 t1

���1
R c�1

s t1 
NX

35 ; (3.41b)

UR
5;6 =

24 t2

���1
R c�1

s t2 
NX

35 ; (3.41c)

where NX is assumed to be a principal direction of deformation, so that m = FNX and
n are colinear and therefore ti �m = 0, with ti arbitrary tangential vectors orthogonal to
N . Moreover, the left eigenvectors are given as

UL
1;2 =

24 n

�c�1
p C : (n
NX)

35 ; (3.42a)

UL
3;4 =

24 t1

�c�1
s C : (t1 
NX)

35 ; (3.42b)

UL
5;6 =

24 t2

�c�1
s C : (t2 
NX)

35 : (3.42c)

3.5 Multiplicative plasticity

Elasto-plasticity is a widely used theory to model a variety of metals, metal powders and
other plastic bodies. This section presents the main components of the isotropic von-
Mises plasticity used in this work. Then, the necessary considerations to integrate plasticity
yielding in the ALE framework will be shown. Permanent deformations occur when energy
is locally dissipated, and constitute a plasticity phenomenon. In the following, isothermal
plastic materials [129, 47, 40] is considered. Moreover, this work utilises multiplicative
plasticity, a common assumption in hyperelastoplastic materials [87, 31, 46] which assumes
that the natural deformation gradient F can be decomposed into an elastic and a plastic
components in a multiplicative [193, 8, 129, 40] manner, as

F = FeFp: (3.43)

For a more exhaustive insight on the plasticity theory in solid mechanics, the reader is
invited to refer to the work of O~nate et al. [239] and Zienkiewicz et al. [319], as well as [280,
208, 143, 172, 209, 99, 274, 164]. Additionally, the works of [87, 85] are of great interest by
their use of the ALE approach in the concept of plasticity.
The stress-strain relationship is altered when a body undergoes plastic deformation, usually
after signi�cant loading. The present plasticity theory is used to predict these permanent
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deformations, and in particular, hardening laws models the new stress-strain curve therefrom
after plasticity is yielded, and give an expression for the inherent stress �y yielded due to
plastic deformation. There are several types of hardening laws. An isotropic isothermal
hardening law is generally de�ned as

�y(�"p) = �0
y +H �f(�"p); (3.44)

where �f(�"p) is a function of the equivalent plastic strain �"p that is de�ned, respectively for
linear [64] and nonlinear [305] hardening, as

�f(�"p) =

8<:
�flinear(�"p) = �"p

�fnonlinear(�"p) = �"p +
�1 � �0

y

H

�
1� exp���"p

� ; (3.45)

where the initial yield stress �
y
0, the hardening modulus H, the limit stress �1 and the

exponent � are parameters of the material. Note that in Equation (3.45), the nonlinear
hardening function �fnonlinear can degenerate to the linear hardening function �flinear when
the �1 = �0

y. Beyond the scope of this work, kinematic hardening (the material’s hardening
modulus changes in response to both the magnitude and rate of the plastic strain), and
combined hardening can also be considered in �ner models. Plastic behaviour is yielded
after satisfaction of the loading condition

0 < �f (�; �"p) = ��(�0)� �y(�"p); (3.46)

where the �f is the yield criterion function, and the non-hydrostatic von Mises yield
criterion is de�ned as

��(�0) =

r
3

2
�0 : �0: (3.47)

In particular, the plasticity yield criterion is determined by a change of sign of the yield
function �f (�; �"p) in Equation (3.46), which is numerically carried on by a Newton-Raphson
iterative method (described in Section 3.5.3).

3.5.1 Work conjugacy in traditional work-hardening approach

The total rate of work per unit initial volume _w can be decomposed into elastic and inelastic
components27 as [47]

_w = _we + _wp: (3.48)

Moreover, using the principle of virtual work, it is shown that the Kirchho� stress � and
the velocity gradient l = _FF�1 are conjugate with respect to _w as

_w = � : l; _we = � : le; _wp = � : lp = � : (l� le) : (3.49a,b,c)

The evolution of � is described in closed form as [87]

� = 2
@w

@be
be; (3.50)

which, combined with Equation (3.49a) relates28 the total rate of work _w to the time
derivative of the left Cauchy Green tensor be

l =
1

2

@be
@t

����
X;Cp=const

b�1
e : (3.51)

27The elastic component is sometimes denoted as recoverable, and the inelastic component can be referred
to as the plastic component.

28The proof is discussed in [46].
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The plastic 
ow is given by the 
ow rule, which relates the Lie derivative29 Lv(be) of be
with respect to v to the 
ow direction

@�f
@� as [87]

Lv(be) =
@be
@t

����
X

� (r
X
v) be � be (r

X
v)T = �2 _


@�f (�; �"p)

@�
be: (3.52)

Moreover, the constitutive behaviour of isotropic inelastic materials in the spatial domain
can be expressed by means of the left be and right Cp Cauchy-Green tensors as

be = FeF
T
e

= FF�1
p F�Tp F T

= FC�1
p F T ; (3.53)

or

C�1
p = F�1beF

�T : (3.54)

The rate of the right Cauchy-Green stress tensor is characterised by the 
ow rule, which will
be shown in Equation (3.58a). Solving that rate is the purpose of the plasticity Algorithm
1 presented in the next section.

More speci�cally, with regards to Equations (3.50) and (3.51), the Hencky constitutive
model will be conveniently expressed in terms of the invariants of be as seen in Equation
(3.19). It follows that the velocity gradient, that is related to the elastic �nger tensor, can
also be related to the 
ow direction as [87, 47]

lp = �1

2

dbe
dt

����
F=const

b�1
e = _


@�f (�; �"p)

@�
: (3.55)

In the above equation, the rate of be with constant deformation gradient F is considered.

The plastic strain rate _�"p is conjugate to the von Mises equivalent stress ��(�0) with respect
to the plastic work rate wp, which gives

_wp = �� _�"p; _�"p = _
; (3.56a,b)

as a result, the plastic dissipation wp can be computed via the increment �wp, using the
equivalent von Mises stress (3.47) based on the deviatoric Kirchho� stress, de�ned as

�wp = ��(�0)�
; �0 = �� pJI: (3.57a,b)

The internal plastic variables will updated via an implicit Euler time integrator as discussed
in Chapter 6. Their time integration relies on a return mapping class of procedure, which is
featured in the plasticity algorithm 1. This algorithm makes use of a) an elastic prediction
step (lines 2-4), b) a check for plasticity loading via the threshold condition at line 5, and
c) a plasticity correction based on the so-called radial return method [213, 309, 46, 276,
143] at lines 6-10. The terms accompanied with their equation (at lines 1, 5, 7 and 19) are
model-dependent.

A situation in which plasticity develops is characterised by an evolution of the plastic
internal variables, consisting in a strictly positive in�nitesimal plastic increment, and non
trivial plastic stresses. The von-Mises plasticity theory relies on the evolution of two plastic
internal variables: the plastic multiplier ��"� p = �
 and the inverse of the plastic right

29This is possible due to the contravariant nature of the left Cauchy Green tensor be [20, 184, 192]. A
brief introduction to the Lie derivative for covariant and contravariant tensors is shown in Appendix B.3.3.
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Cauchy-Green stress C�1
p . The conservation of C�1

p follows from Equation (3.55) and the
evolution of ��" is obtained via a Backward-Euler integration of the 
ow rule (3.56b), as

@C�1
p

@t

�����
X

= �2 _
F�1@�f
@�

beF
�T ; (3.58a)

@�"p
@t

����
X

= _
: (3.58b)

Algorithm 1: Hencky-based von Mises plasticity with isothermal hardening.

Data: Fn+1; Jn+1;C
�1
p;n; �"p;n; wp;n

1 Pressure Correction pn+1 (Equation (3.11b));

2 Elastic �nger tensor btriale;n+1 = Fn+1C
�1
p;nF

T
n+1;

3 Principal components decomposition btriale;n+1 =
P3

i=1(�triale;i )2ntriali 
 ntriali ;

4 Trial deviatoric Kirchho� �0trialn+1 = 2� ln
P3

i=1

�
J�1=3�triale;i n

trial
i 
 ntriali

�
;

5 if �f (�0trialn+1 ; �"p;n) > 0 (Loading Condition (3.46))

6 Derivative of yield function �n+1 =
�0trialn+1q

2=3�0trialn+1 :�0trialn+1

;

7 Plastic Multiplier �
n+1 (linear or nonlinear (3.45) hardening rule);

8 Logarithmic Elastic stretches �e;i;n+1 = exp
�

ln(�triale;i )��
�i;n+1

�
;

9 Deviatoric Kirchho� �0i;n+1 = �0triali;n+1 � 2��
n+1�i;n+1;

10 Reconstruction of elastic �nger be;n+1 =
P3

i=1 �
2
e;n+1n

trial
i 
 ntriali ;

11 else

12 �0n+1 = �0trialn+1 ;

13 be;n+1 = btriale;n+1;

14 Plastic strain update �"p;n+1 = �"p;n + �
n+1;

15 Inverse of plastic right Cauchy C�1
p;n+1 = F�1

n+1be;n+1F
�T
n+1;

16 Kirchho� update �n+1 =
3P
i=1

�
�0ii;n+1 + Jn+1pn+1

�
ntriali 
 ntriali ;

17 Piola Kirchho� update Pn+1 = �n+1F
�T
n+1;

18 von-Mises equivalent stress ��n+1 = ��(�0n+1) =
q

3
2�0n+1 : �0n+1;

19 Plastic dissipation wp;n+1 = wp;n + ��n+1�
n+1 (Equation (3.57b)).

Result: Pn+1;C
�1
p;n+1; �"p;n+1; ��n+1; wp;n+1

3.5.2 ALE framework for plasticity

By using the non-conservative ALE transformations established in Equations (2.44) and (2.45),
the governing Equations (3.58a) and (3.58b) in Lagrangian form can be expressed on a
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referential domain as

@C�1
p

@t

�����
�

�
�
r�C

�1
p

� �
F�1

	 W
�

= �2 _
F�1@�f
@�

beF
�T ; (3.59a)

@�"p
@t

����
�

�
�
r��"p

�
�
�
F�1

	 W
�

= _
; (3.59b)

These equations can be incorporated to the ALE mixed formulation by considering their
respective right hand side terms as source terms solved in an implicit manner. This will be
discussed in Section 6.7 dedicated to the time integration.

3.5.3 Newton-Raphson iterative procedure

Consider Equation (3.46) in Section 3.5, that can be rewritten as

�f (�0; �"p + ��"p) = ��(�0)� �y(��p + ���p) = 0: (3.60)

In order to update the plastic strain to the new value �"n+1
p , a Newton-Raphson procedure

is utilised. It is described in Algorithm 2 and serves the purpose of �nding the root ��"n+1
p

of the following

�f (�0; �"np + ��"n+1
p ) = 0; �"n+1

p = �"np + ��"n+1
p : (3.61a,b)

With the use of some algebra, the von Mises stress �� featured in Equation (3.60) can be
re-expressed as

��(�0) = ��(�0trial)� 3��
; (3.62)

The Newton-Raphson iterative process is initialised using a linearised hardening function
(see Equation (3.45)) �flinear(�"p) = �"p, and using the fact that the plastic multiplier �

equates to the work-hardening variable �"p,

��(�0)�
�
�0
y +H(�"np + ��"0

p)
�

= 0 (3.63)

so that Equation (3.60) can be rewritten as

��"0
p =

�f (�0;trial; �"np )

3�+H
; (3.64)

For every other iteration, the algorithm’s objective is to solve

��"k+1
p = ��"kp �

Res(��"kp)

Res0(��"k)
(3.65)

with

T (��"kp) = 3���"kp + �0
y +H(�"np + ��"kp) + (�1 � �0

y)
h
1� exp��(�"np+��"kp)

i
(3.66a)

F = �f
trial
n+1 + ��0

y +H�"p +
�
�1 � �0

y

� h
1� e���"p

i
(3.66b)

Res(��"kp) = T (��"kp)� F (3.66c)

Res0(��"kp) = 3�+H + �
�
�1 � �0

y

� h
1� exp��(�"p+��"kp)

i
(3.66d)

As featured in Algorithm 2, it is common to use an error tolerance TOL parameter, as
well as a maximum number of iterations.
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Algorithm 2: Newton-Raphson procedure.

Data: �f (�0;trial; �"np ); �"np

1 Compute F (Equation (3.66b));

2 Compute ��"0
p (Equation (3.63));

3 while Err > TOL do

4 Compute R = Res
Res0

(Equation (3.66d));

5 Update ��"k+1
p = ��"kp � R;

6 Compute Err = jjRjj;

7 Set ��"n+1
p = ��"k+1

p

Result: ��"n+1
p

3.6 Conclusion

In this chapter, the concept of polyconvexity was introduced in Section 3.2 as a constitutive
restriction implying the Legendre-Hadamard condition (existence of travelling waves in the
material in the vicinity of a stationary point). It is of paramount importance because it
is strongly related to material stability and to the development of areas where ellipticity,
and therefore well-posedness of the governing equations, no longer hold. Large strain
elastic and inelastic isotropic materials are described by means of a hyperelastic model, and
characterised by a stored energy functional which depends on the deformation gradient of
the natural mapping. In Section 3.3, nearly incompressible nonlinear constitutive models are
presented for modelling deformations with very little to no change in the volume of a body.
They are characterised by a Poisson’s ratio close or equal to 0:5. Nearly incompressible
models o�er the possibility to decompose the energy potential and stresses within a body
in a distortional and volumetric components. In Section 3.4, an eigenvalue analysis is
performed on the mixed system of the ALE formulation to demonstrate hyperbolicity of the
problem. It is an important property that is necessary before any discretisation method is
applied. Eventually, the general ALE formulation presented in Chapter 2 has been extended
to plasticity in Section 3.5 with the integration of two additional conservation laws on
internal plastic variables. In the next Chapter, the ALE mixed system will be further
enhanced with the introduction of thermal considerations.



CHAPTER 4

EXTENSION TO THERMAL INELASTICITY

\Rien ne se cr�ee, ni dans les op�erations de l’art, ni dans celles de la
nature, et l’on peut poser en principe que, dans toute op�eration, il y a

une �egale quantit�e de mati�ere avant et apr�es l’op�eration; que la
qualit�e et la quantit�e des principes est la même, et qu’il n’y a que des

changements, des modi�cations."

| Antoine Lavoisier, Trait�e �el�ementaire de chimie, 1789

37
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4.1 Introduction

Materials subjected to high temperatures and high loads (e.g. in aerospace, automotive,
welding or casting processes), or materials sensitive to temperature-based 
uctuations can
experience thermal-based deformations, such as thermal expansion. Thermal expansion can
cause internal stress, generated within the material by temperature gradients, which may
eventually lead to signi�cant additional large deformations. Moreover, plastic properties of
the material can also be a�ected by internal temperature 
uctuations. (e.g. temperature
annealing). This section extends the present ALE formulation to thermal considerations
with the introduction of the laws of thermodynamics. The conservation of energy is
presented, and with the use of Calorimetry relationships, the link between the entropy,
the temperature and the energy is outlined. Then, the Mie-Gr�uneisen equation of state is
introduced and the implications on energy and stress components are discussed, as well as
additional requirements for polyconvexity. Eventually, the considerations for visco-plasticity,
including a thermally-coupled volumetric energy potential and a Johnson-Cook hardening
law, are presented.

4.2 First Law of thermodynamics

In an irreversible process, a thermal coupling is considered where the mixed system (2.74)
must include a conservation law on a new thermal variable. This work is dedicated to
solving the conservation of the total energy of the system, which is represented by the �rst
law of thermodynamics [149, 203, 291, 86]. The global form of the conservation of total
energy E(X; t) using a Lagrangian framework is given by

@

@t

����
X

Z


E dV �

Z
@

P Tv �N dA = �

Z
@

Q �N dA+

Z



(s+ fR � v) dV; (4.1)

with body forces fR, external heat source s, and the material heat 
ux30 Q de�ned in
terms of thermal conductivity h and temperature � as

Q = �Kr
X
�; K = J�1HTkH; k = hI; (4.2a,b,c)

where k is the isotropic thermal conductivity tensor, based on the scalar conductivity h.
Locally, the conservation of the total energy is expressed, in Total Lagrangian form, as

@E

@t

����
X

�r
X
�
�
P Tv

�
+ r

X
�Q = s+ fR � v: (4.3)

The �rst law of thermodynamics, in global form, can be expressed on the referential domain
by using ALE transformations on Equation (4.1), which yields

@

@t

����
�

Z

�

E�dV� �
Z
@
�

h
(PH	)T v + EHT

	W �Q�
i
�N�dA�

=

Z

�

(f � v + s�) dV�; (4.4)

where E� = J	E is the referential energy, f = J	fR is the referential body forces

30The expression of the heat 
ux is obtained via Fourier’s law [112, 50].
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s� = J	s is the referential heat source and Q� is the referential heat 
ux obtained asZ
@
X

Q �N dA =

Z
@
�

(HT
	Q) �N� dA�

= �
Z
@
�

(HT
	�r

X
�) �N� dA�

= �
Z
@
�

(HT
	�F

�T
	 r��) �N� dA�

=

Z
@
�

Q� �N� dA�; (4.5)

with r
X

= F�T	 r��, and consequently

Q� = ���r��; �� = J�1
	 HT

	�H	 = hJ�C
�1
� ; (4.6a,b)

where C� = F T
�F� is the right Cauchy-Green tensor related to the spatial deformation

gradient. The local form of Equation (4.4) is

@E�
@t

����
�

�r� �
�
(PH	)Tv + EHT

	W �Q�
�

= f � v + s�; (4.7)

together with the jump conditions

c�JE�K =
�
HT

	JP Tv + EW K� JQ�K
�
�N�: (4.8)

4.3 Thermo-elasticity

The strain energy, originally expressed for an isothermal hyperelastic model in Equation
(3.1), is postulated here as a quantity that depends on thermal variables, and potentially
additional state variables that are represented by �. This is denoted as

E (r
X
’; �;�) = E(X��); X�� = fX ; �;�g; (4.9a,b)

As the �rst Piola Kirchho� tensor is work conjugate with the deformation gradient, the
time rate of the energy potential can be analysed using the mechanical conjugates stresses31

�F ;�H ;�J de�ned as

�F (X��) =
@E(X��)

@F
; �H(X��) =

@E(X��)

@H
; �J(X��) =

@E(X��)

@J
:

(4.10a,b,c)
Moreover, the temperature is introduced by means of an energy dual conjugacy established
between the entropy density as

�(X; t) =
@E(X��)

@�(X; t)
= �(X��); (4.11)

where � and � both denote the temperature magnitude expressed with di�erent variables.
By taking advantage of Calorimetry relationships 32, the speci�c heat33 at constant volume
cv > 0 is a coe�cient that can be de�ned as

cv =
@ ~E(X��)

@�(X; t)
; (4.12)

31Conjugate stresses are de�ned in Equation (3.5) for an isothermal framework, and the corresponding
analysis of the time rate of the energy potential is shown in Equation (3.6).

32Extensive development of the results obtained with the Calorimetry relationships can be found in [193,
149, 45, 112, 50, 55, 164].

33The speci�c heat can also be expressed per unit undeformed volume cv can be expressed in terms of
the material density �R and the speci�c heat per unit mass Cv as cv = �RCv.
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where the internal energy density ~E and the entropy density ~� are expressed as

~E(X��) = E(X ; ~�(X��);�); ~�(X��) = �(X; t); (4.13a,b)

and where the system of coordinates X�� = fX ; �;�g now involves the temperature �.
Equation (4.12) can be integrated, with respect to the temperature and between a reference
temperature �R and a current temperature � (see the Appendix Section B.3.1 for more
detailed development), to yield a relationship between the entropy at current temperature
~� and the entropy ~�R at reference temperature, stating

~�(X��) = ~�R(X ;�) + cv ln

�
�(X; t)

�R

�
; ~�R(X ;�) = ~�(X ; � = �R;�): (4.14a,b)

A direct consequence of Equation (4.14a) is to outline an expression for the current
temperature magnitude, involving the di�erence between the entropy density � and the
entropy at constant temperature ~�R, as

�(X��) = �R exp
��~�R(X ;�)

cv : (4.15)

In a similar fashion, Equation (4.11) is integrated between temperatures �R and �(X ;�)
[112], and after a development detailed in Appendix Section B.3.1, a relationship for the
internal energy E expressed with respect to the triplet X , the entropy density �(X; t), and
the internal variable �, is obtained as

E(X��) = ~ER(X ;�) + cv�R

�
exp

~�(X ;�;�)�~�R(X ;�)

cv �1

�
(4.16a)

= ~ER(X ;�) + cv (�(X��)� �R) ; (4.16b)

where the change of entropy in Equation (4.14a) was used to obtain the explicit expression
of thermal contributions in the internal energy potential [112]. In Equation (4.16b),
the internal energy ~ER(X ) represents the energy caused by the deformation after the
temperature � returned to the reference value �R. In this thermo-mechanical framework,
the fact that the Cauchy problem is well-posed [112, 50] results that both ~ER(X ) and
�~�R(X ) are polyconvex34. Using the chain rule, the time rate of the energy is expressed
as [199, 112]
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: _F + �
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@t

����
X

+
@E
@�

:
@�

@t
: (4.17)

Since the thermal coupling is exclusively featured in the volumetric stress contributions,
the �rst term of Equation (4.17) corresponds to a mechanical work P : _F .

4.3.1 The Ballistic energy

The total energy E of a system is obtained as the sum of the kinetic energy, the internal
energy E , the force resulting of an external work, to which is subtracted energy related to

34That is, convex with respect to their geometric variables X = fF ;H; Jg.
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thermal dissipation. Considering a body under an adiabatic process and not subjected to
external work, the expression of the total energy can be stated as

E(X; t) = K + E(X��); (4.18)

where the kinetic energy is de�ned in terms of the linear momentum as

K =
p � p
2�R

: (4.19)

Substituting Equation (4.16b) in the de�nition of the total energy (4.18) gives

�(X; t) = �R +
1

cv

h
E(X; t)�K � ~ER(X ;�)

i
: (4.20)

Furthermore and as in CFD [153], the so-called Ballistic free energy B [199, 91] (also denoted
as the Lyapunov function of the thermo-mechanical process), de�ned as a generalised
convex entropy function35 [50] and whose expression is

B (X; t) = eB (p;X�) = K(p) + E(X�)� �R; (4.21)

where eB is another expression of the Ballistic energy with the same magnitude. It can
be regarded as a minimum stable quantity constituted of the total energy (the kinetic
energy K and the internal energy density ~ER) and thermal contributions (or thermal heat
component) �R� per unit undeformed volume. In Appendix (C), it is shown how the
Ballistic energy is utilised to obtain an expression of the second law of thermodynamics.

4.3.2 Second Law of thermodynamics

The total energy is related to the other thermal variables (entropy, temperature) with
closed-form relationships. The irreversibility of the process can be characterised by the
production of entropy, according to the second law of thermodynamics. This law, sometimes
referred to as Clausius-Duhem inequality, states that the rate of the total entropy of a
system must be greater than or equal to the transfer of entropy into the system. For a
plastic internal variable �, the rate of physical dissipation Dint introduced by the physical
model due to plasticity is de�ned as [45, 199]

_Dint =
@wp
@t

����
X

= �@E(X��)

@�
:
@�

@t

����
X

; (4.22)

where wp is de�ned in Equation (3.57). Under the simple assumption that heat 
ows from
hot to cold regions of a continuum, it is stated by convention that

Dint �
1

�
Q �r

X
� � 0; Dint = P : _F + � _� � _E : (4.23a,b)

where Dint is denoted as the internal dissipation. Further independent conditions can also
be stated as

Dint � 0;
1

�
Q �r

X
� � 0: (4.24a,b)

Additional contribution to the dissipation may be taken into account by further expressing
the energy with other state variables �, for which the Equation (4.23b) becomes

Dint = P : _F + � _� � _E(X��)

= P : _F + � _� � [�F + �H F + �JH] : _F � � _� � @E(X��)

@�
: _�

= �@E(X��)

@�
: _�: (4.25)

35Hence enabling the use of the total energy density as the thermal unknown.
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For instance, in the context of thermoplasticity, the internal energy can also be expressed
in terms a plastic stress with � = C�1

p . Note that the term P � @E
@F in Equation (4.25)

vanishes in a thermoelastic regime, where no internal variable is considered.

4.3.3 Conservation of internal energy and entropy

With the de�nition (4.18) of the total energy, the conservation law of E in Equation (4.7)
can be subtracted with the linear momentum balance principle that is multiplied by v to
yields

@E(X��)

@t

����
X

+ r
X
�Q = P : r

X
v + s: (4.26)

The above equation corresponds to the conservation law of the internal energy. As shown
in [199], the �rst law of thermodynamics can also be expressed in terms of the entropy per
unit undeformed volume �(X; t), by combining Equation (4.17) and (4.26), as

�(X; t)
@�(X; t)

@t

����
X

+ r
X
�Q = s+ _Dint; (4.27)

where the rate of physical dissipation _Dint is de�ned in Equation (4.22). After dividing
Equation (4.27) by � and applying a conservative ALE transformation, the conservation of
scaled entropy in conservative form is expressed as
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= J	

�
s+ _Dint
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�r� �
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�
� �HT

	W

�
; (4.28)

with �� = J	�. Alternatively it is interesting to consider a non-conservative ALE transfor-
mation, which leads to the following ALE form

@�
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����
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+
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�
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�
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�
r��
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�
F�1

	 W
�

+
s+ _Dint

�
: (4.29)

The above equation will be used in the numerical framework presented in Chapter 6.

4.4 Nearly-incompressible thermo-mechanical constitutive
models

The near-incompressibility assumption (as they were established in the isothermal case in
Section 3.3) lets the internal strain energy potential at reference temperature be expressed
as an additive distortional-volumetric decomposition, which can be stated as

~ER(X ;�) = ~E 0R(X ;�) + ~UR(J): (4.30)

In Equation (4.30), ~E 0R is the distortional or deviatoric component and ~UR is the volumetric
component of the strain energy, and both only depend on deformation measures. For
hyperelastic materials with thermal-volumetric coupling, a pure volumetric entropy density
~�R(X ;�) � ~�R(J;� = 0) is considered. This is motivated by the intuitive expectation
that changes of temperature will only lead to changes in volume. Mathematically, this
corresponds to a decomposition of the internal energy E in an entropy-dependent volumetric
component U and model-dependent isothermal deviatoric component ~E 0R that is analogous
to its isothermal counterpart. Using the aforementioned decomposition and the expression
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in Equation (4.30), the Equation (4.16a) is then rewritten as

E(X��) = ~ER(X ;�) + cv�R

�
exp

�(X;t)�~�R(J)

cv �1

�
= ~E 0R(X ) + U(J; �)

= ~E 0R(X ;�) + ~UR(J) + cv�R

�
exp

�(X;t)�~�R(J)

cv

�
; (4.31)

where the volumetric potential U is itself de�ned as the sum of a non-thermally coupled
volumetric component ~UR and a thermal contribution, stated as

U(J; �) = ~UR (J) + cv(� � �R); ~UR (J) = U (J; � = ~�R(J)) : (4.32a,b)

The �rst line of Equation (4.31) corresponds to the isothermal-thermal decomposition of
E , and the second line corresponds to the deviatoric and (thermally-coupled) volumetric
decomposition of E . Equation (4.31) gives the expression of E in terms of model-dependent
potentials.

Remark 4.4.1 The work conjugates featured in Equation (4.17) are then expressed as

�F =
@ ~E 0R
@F

; �H =
@ ~E 0R
@H

; �J = �̂0J + p: (4.33a,b,c)

As ~E 0R corresponds to the isothermal distortional energy potential, these work conjugates
correspond to those of the isothermal case.

It follows from Equation (4.31) that the volumetric contribution is decomposed in a
isothermal mechanical part �̂0J and a thermally coupled hydrostatic pressure p as

�̂0J =
@ ~E 0R
@J

; p(J; �) =
@U

@J
= ~pR + p�; (4.34a,b,c)

with

~pR(J) =
@ ~UR (J)

@J
; p�(J; �) =

@U� (J; �)

@J
: (4.35a,b)

With this notation at hand, similar derivations can be done to obtain the components of
the �rst Piola Kirchho� stress tensor as for isothermal considerations in Equation (3.7).
It can be seen that the �rst Piola Kirchho� stress receives a thermal contribution via its
volumetric component, while the conjugate stress �0J featured in the deviatoric component
is equivalent to that of the isothermal case.

4.4.1 Mie-Gr�uneisen Equation of state

The Mie-Gr�uneisen hydrodynamic equation of state [149, 45, 50] provides an expression for
volumetric thermal coupling. It relates pressure and thermal internal energy as

@p

@E

����
J=const

= ��0J
q�1; (4.36)

where 0 � q � 1 is a dimensionless positive parameter (for solid materials, q = 1), and
�0 > 0 is a positive material constant. This model can also be stated using the thermal
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expansion coe�cient � = cv�0=3�. Using the de�nition of the pressure (4.35), the relative
entropy ~�R is given an expression depending on the geometric volume map de�ned as

~�R(J) = cv�0
Jq � 1

q
; (4.37)

whose convexity can be proven analytically by noticing that

�d
2~�R(J)

dJ2
= (1� q)cv�0J

q�2 � 0: (4.38)

This relation completes an appropriate polyconvex isothermal deviatoric potential (de�ned
in Section 3.2; see for instance Mooney-Rivlin material 3.3.1), and an appropriate volumetric
potential (based, for instance, on a potential listed in Appendix B.3.2)

~UR(J) =
�

2
(J � 1)2 + cv�0�R (J � 1) : (4.39)

The Mie-Gr�uneisen model is provided by an universally polyconvex strain energy potential
~E 0(X ) that is de�ned, for a general Mooney-Rivlin material (as presented in Section 3.3.1
for a non-thermally coupled material), as

~E 0R(X ) = �
�
J�2=3IIF � 3

�
+ �

�
J�2II

3=2
H � 3

p
3
�
: (4.40)

For a general hyperelastic deviatoric potential, material parameters can be formulated as

� = 2� + 3
p

3
; � = � + cv�R�0(1� q); � =
cv�0

3�
: (4.41a,b,c)

In the case of solid materials, the thermal coe�cient q is equal to 1. Moreover, a neo-
Hookean model type is recovered by setting 
 = 0. The strain energy potential (4.40) for a
Mie-Gr�uneisen model can then be expressed as

~E 0R(X ) =
�

2

�
J�2=3IIF � 3

�
+ �

�
J�2II

3=2
H � 3

p
3
�
: (4.42)

If �0 = 0, it results that � = 0 and Equation (4.42) degenerates to the neo-Hookean model
for non-thermally coupled material, de�ned in Equation (3.16).

4.5 Thermal visco-plasticity

In high-energy impact or penetration problems, large deformations are not only induced
by the material’s plasticity, but also by viscous e�ects and temperature 
uctuations.
Numerically, it means that plastic deformations depend on strains, strain rates and thermal
softening. In addition to this, the generated heat also has e�ects on the hyperelastic
behaviour. In this work, a thermo-hyperelastic-viscoplastic solid material, as presented in
[146], is considered. It is characterised by a volumetric hyperelastic energy potential coupled
with thermal e�ects (4.37), and by a rheological rate-dependent Johnson-Cook hardening
law [171].

4.5.1 Extension to thermo-plasticity

There is a wide variety of complex models to describe the plastic deformation and failure of
metals under dynamic loading conditions (e.g. Zerilli-Armstrong model, Gurson-Tvergaard-
Needleman Model [262]). In this work, the isotropic nonlinear Johnson-Cook hardening
law [171, 170] is considered, and can be expressed as

�y(�"p; _�"p; �) =
�

�0
y +H�"q

0
p

� 
1 + C ln

 
_�"p
_�"0
p

!!�
1� �̂m

�
; (4.43)
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which accounts for isotropic hardening (for an initial yield stress �0
y, a hardening modulus

H, and a power exponent q0), strain rate _�"p dependency (for an initial strain rate _�"0
p), a

material parameter C, and thermal softening (for a material-dependent exponent m)

�̂ =

8><>:
0 if � < �transition;
���transition
�melting��R if �transition � � � �melting;

1 � > �melting

(4.44)

as three independent phenomena. In Equation (4.44), the transition temperature �transition,
and the melting temperature �melting are material parameters. Accordingly, the loading
condition for plasticity is

0 < �f (�; �"p; _�"p; �) = ��(�0)� �y(�"p; _�"p; �): (4.45)

As for isothermal plasticity, the internal plastic variables are updated with an implicit
Euler time integrator, and the procedure is described in Algorithm 3.

Algorithm 3: Hencky elasticity model with von-Mises plasticity and Johnson-

Cook hardening.

Data: Fn+1;C
�1
p;n; �"p;n; �n

1 Pressure Correction pn+1 (Equation (4.34c));

2 Elastic �nger tensor btriale;n+1 = Fn+1C
�1
p;nF

T ;

3 Principal components decomposition btriale;n+1 =
P3

i=1(�triale;i )2ntriali 
 ntriali ;

4 Trial deviatoric Kirchho� �0trialn+1 = 2� ln
P3

i=1

�
J�1=3�triale;i n

trial
i 
 ntriali

�
;

5 if �f (�0trialn+1 ; �"p;n; _�"p;n; �n) > 0 (Loading Condition (4.45))

6 Derivative of yield function �n+1 =
�0trialn+1q

2
3

�0trialn+1 :�0trialn+1

;

7 Plastic Multiplier �
 (Johnson-Cook hardening (4.43));

8 Logarithmic Elastic stretches �e;n+1 = exp
�
ln(�triale )��
�n+1

�
;

9 Deviatoric Kirchho� �0n+1 = �0trialn+1 � 2��
�n+1;

10 Reconstruction of elastic �nger be;n+1 =
P3

i=1 �
2
en

trial
i 
 ntriali ;

11 else

12 �0n+1 = �0trialn+1 ;

13 be;n+1 = btriale;n+1;

14 Plastic strain update �"p;n+1 = �"p;n + �
;

15 Inverse of plastic right Cauchy C�1
p;n+1 = F�1

n+1be;n+1F
�T
n+1;

16 Kirchho� update �n+1 = �0n+1 + JpI;

17 Piola update Pn+1 = �n+1F
�T
n+1;

18 von-Mises equivalent stress ��(�0)

Result: Pn+1;C
�1
p;n+1; �"p;n+1; ��n+1
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Note that in absence of thermal expansion (�0 = 0), the reference entropy is null. Addition-
ally, a constant temperature � = �R implies that the entropy (4.15) is also constant, the
volumetric potential U in Equation (4.37) degenerates to its pure isothermal counterpart,
and the thermal softening in Equation (4.43) vanishes.

4.6 Conclusion

In this Chapter, the two laws of thermodynamics were introduced and incorporated in
the numerical framework; �rstly, the �rst law of thermodynamics, featured in Section
4.2, provided a conservation law on the total energy that can be used to measured the
evolution of the energy distribution of a system, whether the considered body account for
thermal e�ects or not. In Section 4.3, the Calorimetry relationships were used to outline
relations between the energy, the temperature and the entropy, and the second law of
thermodynamics provided an expression for the evolution of the numerical dissipation under
the Clausius-Duhem inequality. Nearly incompressible models are established for thermo-
mechanical models, and more especially the volumetric coupling is presented therein, and
the Mie-Gr�uneisen Equation of state was described in Section 4.4. Eventually, and following
the development of Chapter 3, the extension of the present ALE formulation to thermo-
visco-plasticity is conducted in Section 4.5 with the association of the energy conservation
equation, the thermo-mechanical volumetric coupling and the Johnson-Cook rate-dependent
visco-plastic hardening law.
So far, the ALE formulation has been extended to a mixed system incorporating the
equations of thermo-visco-plasticity. The scope of this present work is restricted to using
the energy equation, a volumetric coupling and a Johnson-Cook hardening law, but the
numerical framework can be easily adapted to di�erent considerations in many aspects.
For instance more complex kinematic hardening law, thermo-mechanical coupling or the
entropy equation could be taken into account without real implementation issue, due to
the clear modularity of the pieces constituting this ALE framework. In fact, those are
physical considerations that will not any impact on the mesh motion technique presented
in the following Chapter.



CHAPTER 5

MATERIAL MOTION

\A mathematician who is not somewhat of a poet, will never be a
perfect mathematician."

| Karl Weierstrass, 1883

47
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5.1 Introduction

The choice of the kinematical description of the continuum is crucial in numerical simulations
where the mesh plays a major role36. In an attempt to handle greater distortions than with
a Lagrangian method and with more resolution than with an Eulerian method, those two
approaches are generalised as the ALE method where the mesh displacements are solved as
an independent quantity. Inherently, the re-meshing technique is the main determinant of
the success of the ALE framework. A thorough review of ALE mesh-update techniques in
Computational Mechanics was done by [87]. Implicit methods are traditionally used to
update the mesh: Mesh re�nement trade coarse mesh granularity for higher local resolution
and higher computational cost [19, 271], while Lagrangian smoothing [32] or mid-area
averaging [179] is a simple technique that may fail on complex geometries. The mesh-update
technique presented in this work is based on an explicit split approach, and on a mechanical
interpretation of the mesh. As presented in Chapter 2, the natural deformation gradient is
obtained via a multiplicative decomposition F = F�F

�1
	 , and the material gradient F	

will be solved together with material velocities using a hyperelastic constitutive model
[15]. The aim of this technique is to better accept mesh distortions, thence focusing on
the quality of the spatial mesh [255], and propose mesh motion equations that can be
integrated into the mixed formulation (2.74).

5.1.1 Geometrical requirements

A �rst series of geometrical requirements was developed in Chapter 2, taking the form of a
rate-form conservation equation for the material deformation gradient F	 and the material
Jacobian J	. Note that as it is was done in Lagrangian in [163, 129, 48], it is also possible
to derive a conservation law for the material area map H	, leading to a potentially more
accurate compressible mesh motion [119, 48].

In this work, the material mesh motion will be assumed constitutively hyperelastic and
solved in an advection problem. Henceforth, a conservation law will govern the evolution
of the material linear momentum pW = �RW using a material stress PW deriving from a
hyperelastic potential [188, 18, 187, 15]. The new conservation law will be presented in
Section 5.2, and appropriate constitutive models will be presented in Section 5.2.1

5.2 Material Balance law

Following the constitutive approach in [15], the mesh motion can be solved via a conservation
law on the material linear momentum pW . The local form and the associated jump condition
are expressed as

@pW
@t

����
�

�r� � PW = 0; (5.1)

with the jump condition

c�JpW K = �JPW KN�: (5.2)

Arti�cial damping is a technique often used [2, 169, 231, 212] to reduce high-frequencies
oscillations and improve stability of the computation in the context of explicit dynamic
frameworks. The conservation of the material linear momentum (5.1) can be provided with
arti�cial damping coe�cient as

@pW
@t

����
�

�r� � PW = ��	pW ; (5.3)

36For instance, large mesh distortions, material interface tracking and mobile boundaries.
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where 0 � �	[s�1] < 1 is a viscosity-like coe�cient controlling the amount of numerical
damping for the conservation of pW . This conservation law can be stated in global form as

@

@t

����
�

Z

�

pW dV� �
Z
@
�

tW dA� = �
Z


�

�	pW dV�; (5.4)

and can be incorporated to the mixed system (2.74).
To ensure accurate tracking of the body’s moving boundaries, they are necessarily treated
as Lagrangian surfaces [87]. Consequently boundary nodes have to physically remain on
these boundaries and are only allowed to move tangentially which leads to the boundary
condition W �NX for the mesh velocity. To alleviate spatial mesh distortions, the mesh
motion machinery must take into account spatial geometric variables X�. The keystone of
the ALE methodology in this work is to use an energy potential Wsm de�ned as a convex
sum of a material and a scalar potential

Wsm(X	; ~X�) = (1� �ALE)W (X	) + �ALEW ( ~X�); (5.5)

with 0 � �ALE � 1 the averaging parameter, W a hyperelastic strain energy potential, ~F
a linear function of the natural deformation gradient F , and with the material and spatial
triplets respectively de�ned as

X	 = fF	;H	; J	g; ~X� = f ~F�; ~H�; ~J�g: (5.6a,b)

The spatial mappings are reconstructed from the natural deformation gradient F and the
material mappings as

~F� = ~F (F )F	; ~J� = det
�

~FF	

�
; ~H� = ~HH	: (5.7a,b,c)

The time derivative of Equation (5.5) enables the de�nition of a speci�c material stress
tensor that, using the general relationships of a hyperelastic model presented in Equation
(3.6), reads

PW : r�W =
@Wsm

@t

����
X

=
h
(1� �ALE)P (X	) + �ALE

~F TP ( ~X�)
i

: r�W ; (5.8)

which yields an expression for the material �rst Piola-Kirchho� stress tensor

PW = (1� �ALE)P (X	) + �ALE
~F TP ( ~X�)

= (1� �ALE)
�
�F	

+ �H	
F	 + �J	

H	

�
+ �ALE

~F T
�
� ~F�

+ � ~H�

~F� + � ~J�

~H�

�
: (5.9)

Algorithm 4: Update of PW

1 Construction of natural deformation gradient ~F (F )

2 Reconstruction of the spatial deformation gradient ~F� = ~F (F )F	 (Equation (5.7a))

3 Choice of material potential Wsm (Equation (5.5)) and computation to the

corresponding stress PW (Equation (5.9))

An appropriate constitutive model for the deviatoric stress Pdev is presented in Section
5.2.1. The volumetric stress component Pvol can be modelled by one of the potentials
shown in Appendix B.3.2.
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5.2.1 Neo-Hookean mesh model

The nearly incompressible neo-Hookean energy potential presented in Section 3.3.1 is used
for the modelling the material �rst Piola Kirchho� stresses in the material balance law.
The strain energy potential W (X	) = W (F	) for the material deformation, and the strain
energy potential W (X�) = W (F�) for the spatial deformation are de�ned as

W (F	) =
�

2

h�
J�2=3(F	 : F	)

�
� 3
i

; W (F�) =
�

2

h�
J�2=3(F� : F�)

�
� 3
i
:

(5.10a,b)

The stress tensors respectively associated to W (X�) and W (X	) are de�ned as

Pdev(F	) = �J�2=3F	 �
�

3
J�5=3 (F	 : F	)F	 (5.11a)

Pdev(F�) = �J�2=3F� �
�

3
J�5=3 (F� : F�)F�: (5.11b)

Note that the stress tensors de�ned in Equations (5.11a) and (5.11b) are purely deviatoric.
If the mesh motion is considered hyperelastic, a volumetric potential can be used to
complete the model as for the �rst Piola Kirchho� stress P applied to the physical body.
Candidates for volumetric potential are shown in Appendix B.3.2. In the case where the
potential W is neo-Hookean , the conjugate stresses required for the expression of the �rst
Piola Kirchho� stress de�ned in Equation (5.9) are expressed as

�F	
= 2�J�2=3F	; (5.12a)

�H	
= 3�J�2 (H	 : H	)

1=2 F	; (5.12b)

�̂J	
= �2

3
�J�5=3 (F	 : F	) ; (5.12c)

and

�F�
= 2�J�2=3F�; (5.12d)

�H�
= 3�J�2 (H� : H�)

1=2 F�; (5.12e)

�̂J�
= �2

3
�J�5=3 (F� : F�) : (5.12f)

5.3 Conclusion

The core of the ALE numerical framework resides in the mesh motion technique, as it is
built around the conservation law of the material linear momentum pW . The most common
di�culties usually encountered when using a Lagrangian formulation and a static mesh are
outstanding distortions. The conservation law of pW , or material balance law, presented
in Section 5.2 of this Chapter, resorts to a material stress tensor PW that is computed
via a conservative law and expressed in terms of the material deformation gradient F	.
The new material balance law is hyperbolic and can be integrated to the ALE mixed
system. Additionally, arti�cial damping can be added to the mesh motion to alleviate
potential spurious oscillations in the material motion. The magnitude of the mesh motion
is characterised by the coe�cient 0 � �ALE � 1. If �ALE = 0, the material momentum
becomes null, the material geometric mappings verify fF	;H	; J	g = fI; I; 1g. In the case
of �ALE always equal to 0, the ALE mixed formulation degenerates to its Total Lagrangian
equivalent. Eventually, the balance laws, geometrical conservation laws, conservation
laws for plastic internal variables, the conservation of the spatial volume map and the
entropy-related equation are all combined into the set of ALE conservation laws de�ned in
the following:
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U =
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Alternatively, the energy-based ALE mixed formulation is de�ned as

U =
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5.3.1 Di�erent ALE frameworks

In the following, di�erent mixed system incorporating ALE conservation laws are presented.
Each p� F formulations correspond to diverse phenomena, with a material mesh motion
that is prescribed analytically (see Table 5.1), or solved numerically (see Table 5.2).

p-F formulation
with prescribed
mesh motion

U =

24p�
F�

35 ; FI = �
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0
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p-F formulation
with thermal
variables and
prescribed mesh
motion and mate-
rial F-J formulation
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Table 5.1: Di�erent types of ALE mixed formulation in regard to a prescribed material motion.
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p-F formulation
with thermal vari-
ables and material
p-F-J formulation
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;

Table 5.2: Di�erent types of ALE mixed formulation in regard to a solved material motion.



CHAPTER 6

NUMERICAL DISCRETISATION

\In mathematics as in other �elds, to �nd one self lost in wonder at
some manifestation is frequently the half of a new discovery."

| Johann Peter Gustav Lejeune Dirichlet, Werke, 1897

54



6.1. INTRODUCTION 55

6.1 Introduction

In Chapter 5, the complete set of �rst order hyperbolic equations that constitute the ALE

formulation was introduced in the continuum, including the conservation of the internal
plastic variables and of the energy, and the conservation and model of the mesh motion.
The work makes use of the Vertex Centred Finite Volume Method (VCFVM) which gives a
methodology to spatially discretise the equations for the numerical solver. This chapter
will introduce the main concepts utilised in VCFVM, including the use of a dual mesh (see
Section 6.2), the general �nite volume method (see Section 6.3), the Riemann solver based
on a Godunov-type upwinding stabilisation technique (see Section 6.4), and the linear
reconstruction procedure [129, 24] used in the gradient operator (see Section 6.5).
Furthermore, the set of semi-discretised equations will be presented in Section 6.6, together
with the di�erent boundary conditions [163, 6] in Section6.6.1. Eventually, this chapter
will also shed light on the time integrator in Section 6.7.

6.2 Dual mesh

In this work, the (overlapping-free) median dual tessellation [6, 285, 303, 37] will be used on
a tetrahedral mesh. Edge midpoints are connected to face centroids and elements centroids.
This work will use the notation featured in [7, 285]. For a given node a, the set of nodes
connected to it through an edge is denoted by �a, and the subset of nodes connected to a
through a boundary edge is denoted by �Ba . The mean area vector Cab associated to the
edge ab connecting a and b is de�ned as

Cab
� =

X
k2�ab

AkN
k
� = �Cba

� ; (6.1)

where �ab is the set of facets belonging to edge ab, Ak is the area of facet k and Nk the
normal vector of k.

a

b1
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b3

b4

b5

b6

N i
�N j

�

Cab3
�


�;a

b1; b2; b3; b4; b5; b6 2 �a

@
�

(a) Interior nodes.

N i
�

N j
�

Cab2
�

a

b1

b2

b3

b4


�;a

b1; b2; b3; b4 2 �a
b1; b4 2 �Ba

@
�

(b) Boundary nodes.

Figure 6.1: Control volumes for (a) an interior node and (b) a boundary node for a median dual
tessellation visualised in 2D.

A two dimensional depiction of the construction of the dual mesh is shown in Figures 6.1,
where both the case of an interior node and a boundary node a (red) is considered. The
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a

b

a

b2

Cab2
�

Nk
�

Ak

Figure 6.2: Area vector and its local contribution, for an edge ab2 of a three dimensional
tetrahedral mesh.

interior nodes associated to a, or in the �rst layer of the vicinity �a of a, are shown in blue
while the boundary nodes associated to a are shown in red. Note that the neighbours of a
are nodes in the �rst layer of the vicinity of a (i.e. connected to a by one edge) regardless
of their position in the interior of on the boundary. As a consequence, nodes b1 and b4
in Figure 6.1b belong to the set of boundary nodes �Ba of a and to the set of interior
neighbours �a of a, and they will be used to compute boundary face values as well as the
interior face values.
It can be seen on Figure 6.1a that control volumes associated to node a and b2 are connected
via a face whose area vector Cab2

� is reconstructed using Equation (6.1). A three dimensional
visualisation of the reconstructed area vector is shown in Figure 6.2.

6.3 Finite Volume Method

In the Finite Volume Method (FVM), a set of conservation law is integrated on a continuum
partitioned in arbitrary control volumes [303, 148] and is often the method of choice in CFD

due to its 
exibility (it can be applied to many types of complex structured/unstructured
grids) and easiness of implementation, and its local discrete conservation properties [203].
It is based on conservative discretisation of conservation laws in integral forms, which
ensures the local conservation of solved variables at discrete level.
A set of conservation laws (2.72) is integrated onto an arbitrary volume 
�;a as

@

@t

����
�

Z

�;a

U dV� = �
Z
@
�;a

FN� dA� +

Z

�;a

S dV�; (6.2)

where @
�;a is the boundary of 
�;a. The combination of all non-overlapping control
volumes recover the integral form (2.72) on the whole domain asX

a

@

@t

����
�

Z

�;a

U dV� = �
X
a

Z
@
�;a

FN� dA� +
X
a

Z

�;a

S dV�; (6.3)

and the conservative property requires FN� = �F�N� . The average value of U and S at

�;a is given by

Ua =
1


�;a

Z

�;a

U dV ; Sa =
1


�;a

Z

�;a

S dV: (6.4a,b)
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6.3.1 Godunov-type approach

Godunov-type methods are used to give an expression to numerical 
uxes and are stated
on a Riemann problem, which is composed on a system form (2.72) with discontinuities.
These problems are linearised and solved by means of approximate Riemann solvers (e.g.
Roe [240, 257, 256], Osher [238]) using the eigenstructure of the system (2.72) and designed
for less di�usive solutions in the context of discontinuity/wave propagation phenomena. In

the discretised form (6.3), the 
ux term
�

FC
N�

�
k

passing through facet k can be expressed,

using dual control volumes, as a summation over interior edges together with a sum over
boundary faces, as


�;a
@Ua

@t

����
�

= �

24X
b2�a

X
k2�ba

�
FC
N�

�
k
Ak +

X

2�Ba

F

aN



�

A

3

35+ 
�;aSa; (6.5)

with
�

FC
N�

�
k

= FC
N�

(U�k ;U
+
k ;N

k
�) represents the numerical 
ux at facet k and based

on reconstructed left and right values/states of U . Mean area vectors (6.1) emerge in
Equation (6.5) as


�;a
@Ua

@t

����
�

= �

24X
b2�a

�
FC
N�

�
ab
jjCab

� jj+
X

2�Ba

F

aC


�

35+ 
�;a
X
b2�a

Sa; (6.6)

with C

� = N


�
A

3 the area vector at the boundary face 
, and where

�
FC
N�

�
ab

=

FC
N�

�
U�ab;U

+
ab;N

ab
�

�
is the numerical 
ux at midpoint of edge ab, expressed in terms of

the normal Nab
� associated to this 
ux, and U�ab;U

+
ab the reconstructed left and right values

of U at edge ab (discussed in the next section). Moreover, the contribution of node a for
the 
ux over the three-dimensional surface 
 (composed of three nodes a; b; c) will be given
by a weighted average stencil [210]

F

a =

6Fa + Fb + Fc

8
: (6.7)

To avoid checker-boarding errors37, the expression of 
ux terms can be obtained through
several methodologies. For instance, the Jameson-Schmidt-Turkel (JST) scheme is very
popular in CFD and was also implemented for solid mechanics [6, 137]. Moreover, Rhie-
Chow [58, 252, 83, 232] stabilisation provides a way to detect high-frequency oscillations
by adding a term to the divergence of stresses.

The framework presented in this work makes use of a central di�erence scheme [219],
together with numerical dissipation. This arti�cial dissipation is required to circumvent
numerical instabilities and in particular the appearance of numerical modes [148]. In the
conservation of linear momentum p� and of the material linear momentum pW , traction
terms emerge in the right hand side as the product of a stress-like tensor with a surface
norm vector, and are de�ned as

t� =

�
P + (

p�
J	

W )

�
H	N�; tW = PWN�: (6.8a,b)

The contact 
uxes of the discretised Riemann problem (6.6) can be generalised to the case
where elastic, thermo-mechanical and plastic variables are considered together with the

37Also referred to as zero-energy modes or hour-glassing.
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conservation of the mesh motion (presented in Equation (5.3)), as

FC
N�;ab = �

266666666666666666666664

tC�;ab

v̂ave
ab 
Nab
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ab 
Nab
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ab �Have

	;abN
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C�1;ave
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J�1
F	;a

HT
	;aWaN

ab
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�
�"ave
p;ab

�
J�1
F	;a

HT
	;aWaN

ab
�

�
0

Have
�;av̂

C
ab 
Nab

�

tCW ;ab

377777777777777777777775

; (6.9)

where the average operator is de�ned as [�]ave
ab = 1

2 ([�]a + [�]b) and corresponds to a central
di�erence scheme. Contact 
uxes components in the above equation will therefore be
composed of an unstable (average) term and a stabilisation term. It has to be noted that
due to the satisfaction of involutions, the 
uxes corresponding to the deformation gradients
F	 and F� (second and third components) do not include stabilisation. Moreover, as
remarked in [62], the use of a mixed formulation outperforms any stabilisation technique,
and thence no stabilisation is required for the plastic internal variables, which is the reason
why the 5th and 6th component of the contact 
ux in Equation (6.9) does only feature
averaging38.

6.4 Godunov upwinding stabilisation

Solutions of hyperbolic equations39 can be visualised as propagating waves. Hence in
nonlinear systems, discontinuities are propagated or generated, and uniqueness of the
solution is lost, and it is therefore necessary for the numerical framework to include a
dissipation term40 to single out admissible weak solutions. Upwinding stabilisation (also
known as high order correction) has extensively been used with the Godunov approach
(see for instance [254, 129]) and will be used in this work. Using this technique enables
the numerical framework to recover second-order accuracy, ipso facto circumventing the
inf-sup Ladyzhenskaya-Babu�ska-Brezzi (LBB) condition [69, 75], and it motivates the use
of linear tetrahedral elements.

6.4.1 Contact scenario

In this section, the impact between two bodies is considered, where two types of elastic shock
waves originate from the contact point and propagate through both bodies. More especially,
a frictionless impact will result in a surface traction with no tangential component, and
the corresponding wave speeds will travel with a volumetric speed c�;p. In addition, under
in�nite friction contact, shock waves will propagate with a shear wave speed c�;s. In this
work, normal vectors will be assumed collinear on either surfaces of the interface, as well as

38Upwinding stabilisation could be considered also in this case but it is not in the scope of this work.
39Hyperbolic conservation laws are denoted as quasilinear hyperbolic systems in divergence forms (see

the work of [203, 214, 121, 12, 78] for extended studies). Conservative symmetric hyperbolic equations (in
the sense of Einstein-Friedrich [102, 103, 29]) describe wave propagation phenomena.

40Incorporating the second law of Thermodynamics, or an arti�cial numerical dissipation, are a classical
technique hitherto.
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tangential vectors. Following the development in the works of Kluth et al. [180] and Maire
et al. [213], the normal and tangential operators are applied to the jump of linear momentum
(2.57) which, at the interface edge ab, yields, in linear elasticity (c�;p = c+

�;p = c��;p and
c�;s = c+

�;s = c��;s)

c�;p�� (nab 
 nab) JvKab = � (nab 
 nab) Jt�;abK; (6.10a)

c�;s�� (I � nab 
 nab) JvKab = � (I � nab 
 nab) Jt�;abK; (6.10b)

where �� = �RJ	 is the density projected to the material domain, and where the normals
n are simply a push-forward mapping of the referential normal vectors as

nab =
F�T;ave

�;ab Nab
�

jjF�T;ave
�;ab Nab

� jj
: (6.11)

Following the work of [193, 129, 137], linear momentum and traction contact 
uxes are
expressed as

vCab = vave
ab + vstab

ab ; tC�;ab = tave
�;ab + tstab

�;ab: (6.12a,b)

The �rst term on the right hand side in Equations (6.12b) and (6.12a) constitute an
unstable 
ux41 whose expression is given by a simple central di�erence scheme as

vave
ab =

1

2
(va + vb) ; tave

�;ab =
1

2
(t�;a + t�;b) : (6.13a,b)

On the other hand, the second term on the right hand side of Equations (6.12b) and (6.12a)
constitute the upwinding stabilisation terms and, in the context of a homogeneous material
where properties are uniform across the continuum, are de�ned as

vstab
ab =

1

2�ave
�

Sabv
�
p+
ab � p�ab

�
(Hpsi)ave

ab N
ab
� ; (6.14a)

tstab
�;ab =

1

2
�ave
�;abS

ab
t

�
v+
ab � v�ab

�
; (6.14b)

and with (positive de�nite) stabilisation matrices de�ned as

Sabv =
1

c�;p
(nab 
 nab) +

1

c�;s
(I � nab 
 nab) ; (6.15a)

Sabt = c�;p (nab 
 nab) + c�;s (I � nab 
 nab) : (6.15b)

Equation (6.12b) represents the stabilised 
ux term in the conservation of linear mo-
mentum, and Equation (6.12a) represents the stabilised 
ux term in the conservation of
the deformation gradient. Under the same considerations as in the previous section, the
Rankine-Hugoniot condition (5.2) for the conservation of pW is projected normally and
tangentially. The contact 
ux is then proposed to be built following the same structure as
Equation (6.12b) as

tCW ;ab = tave
W ;ab + tstab

W ;ab; (6.16)

where the tave
W ;ab is an average value corresponding to the central di�erence scheme, and

where tstab
W ;ab is a stabilisation term sharing its structure with the contact 
ux in Equation

(6.15b), which yields

tave
W ;ab =

1

2
(PW ;a + PW ;b)N

ab
� ; tstab

W ;ab =
1

2
(�R)ave

ab S
ab
W

�
W+

ab �W�
ab

�
; (6.17a,b)

41The referred terms can be seen as a FE discretisation of a linear tetrahedral mesh [129, 59].
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based on the stabilisation term

SabW = c�;p

�
Nab
� 
Nab

�

�
+ c�;s

�
I �Nab

� 
Nab
�

�
: (6.18)

A stabilisation procedure is also proposed for the spatial velocity v̂ based on the stabilisation
term (6.12a) as

v̂Cab = v̂ave
ab + v̂stab

ab ; (6.19)

where each term is de�ned as

v̂ave
ab =

1

2
(v̂a + v̂b) ; v̂stab

ab =
1

2�ave
�

Sabv
�
p+
ab � p�ab

�
Have

�;abN
ab
� : (6.20a,b)

In the context of homogenous linear elasticity, and taking into consideration the ex-
pression of the linear momenta p� = �Rv and pW = �RW and the contact 
uxes
t� = (P + pR 
W )H	 and tW = PWN�, the contact 
uxes can be stated in the
following compact forms

pC� =
1

2

�
p+
� + p��

�
+

1

2J	
Save
v

�
p+ � p�

�
(H)aveNX ; (6.21a)

v̂C = v̂ave +
1

2�ave
�

Sv
�
p+ � p�

�
Have

� N�; (6.21b)

tC� = [(P + pR 
W )H	]ave +
1

2
�ave
� St

�
v+ � v�

�
; (6.21c)

tCW =
1

2
P ave
W N� +

1

2
�ave
R SW

�
W+ �W�� : (6.21d)

Equations (6.21a{6.21d) can be integrated in the discretised ALE formulation, and can
degenerate to TLF contact 
uxes already presented in [193, 129].

6.5 Linear reconstruction

The Godunov method, de�ned in the previous section, can be computationally expensive
and prone to numerical oscillations (e.g. poor accuracy, smeared results), especially
near shocks or other discontinuities in the solution, because �rst-order schemes introduce
too much excessive numerical dissipation into the system as physical viscosity would do
but in an unrealistic manner. To overcome these drawbacks, several modi�cations and
extensions to the Godunov method have been developed. One approach is to use adaptive
mesh re�nement techniques, which can dynamically adjust the grid resolution to focus
computational e�ort where it is most needed. On the other hand, computational e�ort can
be made in the expression of contact 
uxes by using higher-order numerical schemes. One
can cite the WENO scheme and the MUSCL-Hancock scheme [193, 130], which can reduce
numerical oscillations and improve the accuracy of the solution.

In this work, a local piecewise linear reconstruction procedure is performed to obtain the
values of the solution at either side of a discontinuity or interface, thereby leading to a
second-order accurate solution. Mathematically, it reads [131, 194]

U+
ab = Ua +Ga � dea; U�ab = Ub +Gb � deb (6.22a,b)

where Ga is the gradient of U at node a, and dea = �e � �a: corresponds, for an edge e
composed of noes a an b, to the distance between the midpoint and the node a.

An advantage of this method is that gradients can all be computed together, prior to the
update of primary variables, and used in the expression of the right hand sides. Using the
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Green-Gauss procedure [37]

Ga =
1


�;a

24X
b2�a

Uave
ab Cab

� +
X

2�Ba

U
aC

�

35 ; (6.23)

where U

a is obtained via the weighted average stencil de�ned in Equation (6.7).

It is important to note that the above procedure constitutes the prediction step of the
Total Variation Diminishing Monotone Upstream Scheme for Conservation Laws technique,
or TVD-MUSCL, as originally presented in Sweby [283] and Leer et al. [200], and used
in the works of Lee et al. [194]. Because of the potential presence of overshoots and
undershoots in the computation of 
uxes [193, 203, 24], the predicted gradient operator
has to be corrected by employing a slope limiter to respect the maximum principle. In the
present work, only minor discontinuities are present, thereby preserving the quality of the
reconstituted gradient is good enough and no �lter is needed. Nevertheless, the reader is
invited to refer to the previous publication of our group [193, 129] for an implementation
of the Barth et al. [24] limiter.

6.6 Discretisation of the mixed formulation

The ALE mixed formulation, stated in Equation (5.13), can now be stated in their semi-
discretised form, featuring the unstable and stabilised 
uxes. The main equations of the
set are spatially discretised as
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Together with the above discretised system, the conservation equation for the plastic
dissipation, stated in Equation (4.22), is also required in the context of plasticity. Its
spatially discretised form is


�;a
@wp;a
@t

����
�

=
X
b2�a

(wp)
ave
ab

h
J�1
F	;a

HT
	;aWa

i
�Cab

� + 
�;a _Dint;a: (6.25)

In thermo-mechanics, and to account for possibly strong thermally-coupled scenarios, the
spatially discretised system (6.24) was provided with the �rst law of thermodynamics
written in terms of the entropy �. Alternatively, that system can instead be supplemented
with the conservation of the scaled total energy E� [199, 112]. In discretised form, it reads


�;a
@E�;a
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����
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=
X
b2�a

h
vCab � tave

�;abjjCab
� jj+
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ERH
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i
+
X
b2�Ba

v
 � t
�jjC

�jj+ 
�;a (fa � va + s�;a) : (6.26)

The discretisation of the 
ux term in the balance of linear momentum (2.54) is given
in Equation (6.24a) using the linear momentum contact 
ux (6.12b). While upwinding
stabilisation can be inserted in the discrete conservation of geometric mappings42 [163],
this work will only make use of upwinding stabilisation for the spatial volume map J�. No
numerical stabilisation in introduced in the discretisation of the material (6.24c) and spatial
(6.24b) deformation gradients. The discretisation of the conservation of � [112] is given
in Equation (6.24g). The discretisation of the material velocity W is given in Equation
(6.24i). Following the semi-discrete version of the classical Coleman-Noll 43 procedure [76,
224], the stabilisation terms in Equations (6.15a), (6.15b) and (6.18) ensure the production
of numerical entropy.

6.6.1 Boundary conditions

It is clear from Equations (6.12) that expressions need to be provided for the linear
momentum and the traction on the boundaries44. Moreover, the importance of a symmetric
boundary condition for the material velocity W was highlighted in Chapter 5. Flux terms
require enforcement of their value on boundary faces (see Table 6.1), whereas spatial and
material linear momenta can be prescribed on the boundary faces or boundary nodes (see
Tables 6.1 and 6.2). This is due to the fact that p� and W are both appearing in a 
ux
term, and are conserved quantities.
The interface along the boundary is such that the value in the interior corresponds to
the negative superscript value and the value in the outer domain corresponds to the
positive superscript. Consequently, the di�erent boundary conditions can be brought out
by applying proper values in the outer domain for contact 
uxes (6.21a{6.21d).

Moving surface

A boundary that is considered moving at a velocity vB can be mathematically stated, for
a face 
, as

v+

 = vB: (6.27)

42Although upwinding stabilisation can be given to the conservation equation of the deformation gradient
and its cofactor, those mappings are naturally curl-free and do not require stabilisation [163, 129].

43The Coleman-Noll procedure is presented for the system at a continuum level in Appendix C.
44Boundary conditions can be denoted as weak and strong when they are respectively applied on 
uxes

and on nodes). The traction is only weakly imposed while the linear momenta is weakly and/or strongly
imposed.
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Note that in the case of a �xed boundary, also denoted as sticking surface (wall or no-slip
condition in CFD), the velocity at the boundary is restricted to 0 and the above Equation
becomes p�;
 = 0. As a consequence, no local deformation is allowed in any direction and
the wave speeds tend to in�nity as

c+
p;� = c+

s;� =1: (6.28)

Substituting above equations in Equations (6.21a) and (6.21c), it yields

vC = vB; tC� = t�� + ��Sv
�
vB � v�

�
: (6.29a,b)

Traction on a free surface

When a traction tB is applied on a surface, it can be expressed as

t+�;
 = tB; (6.30)

and the wave speeds can be expressed as [193]

c+
p;� = c+

s;� = 0: (6.31)

Using the same substitution process, the contact 
uxes are

vC = v� +
1

��;

St
�
tB � t�

�
; tC� = tB: (6.32a,b)

Symmetric surface

When a surface (denoted as sliding or symmetric) is considered a roller support, the velocity
is only allowed ot slide along the boundary and is therefore restricted to its tangential
component, which can be stated as

v+

 � n = 0: (6.33)

and consequently,

c+
p;� � 1; c+

s;1 = 0: (6.34a,b)

Moreover, if a traction tB is applied on that boundary, Equation (6.30) holds and contact

uxes become

vC = (I �N� 
N�)

�
v� +

1

��;
c
�
s;�

�
tB � t��

��
; (6.35a)

tC� = (N� 
N�)
�
t� � u�p;�p��

�
+ (I �N� 
N�) tB: (6.35b)

Skew-symmetric surface

In the case of a skew-symmetric surface, the velocity is restricted to its normal component

v+

 = p+


 � n; (6.36)

and as a result

c+
p;� = 0; c+

s;1 � 1: (6.37a,b)
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Table 6.1: Facial contribution to a boundary node a for a boundary condition on spatial and
material quantities.

va Wa

Traction va

(I �N� 
N�)Wa

Moving vB

Symmetric (I �N� 
N�)va

Anti-symmetric (N� 
N�)va

Table 6.2: Nodal contribution to a boundary node a for a boundary condition on spatial and
material velocities.

Contact 
uxes are de�ned as

vC = (N� 
N�)

�
v� +

1

��;
c
�
s;�

�
tB � t��

��
(6.38a)

tC� = (I �N� 
N�)
�
t� � u�p;�p��

�
+ (N� 
N�) tB: (6.38b)

Note that in Table 6.1, the velocity v is unaltered along free boundaries while the traction is
unaltered along �xed (or clamped) boundaries. Moreover, the value of those two quantities
is only partially altered on symmetric and anti-symmetric by the appropriate normal or
tangential operator. The base value of those two quantities, at face 
, is given by the
weighted average stencil de�ned in Equation (6.12). A free boundary is a boundary where
the prescribed traction tB� = 0. A �xed boundary is a moving boundary with velocity

vB = 0. Boundary conditions can be strongly applied at boundary nodes, as presented in
Table 6.2.

6.7 Time-marching scheme

To preserve second-order accuracy o�ered by the upwinding stabilisation, the time-marching
scheme in this work will rely on an high-order explicit time integrator. This Section presents
the Total Variation Diminishing one step multistage Runge-Kutta method (TVD-RK) [191,
260] used in this work for the conservation variables U stated in Equation (5.13) and
the geometric material x	 and spatial x� positions vector, which is very well suited for
fast-transient problems where small time increments may have to be used to accurately
capture physical phenomena such as plasticity yielding and nearly incompressible materials
undergoing important load. This method has already been explored in [193, 7, 163, 129, 6,
131, 90, 243] and is overall a popular choice due to its high accuracy and implementation.
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The 2-stage Runge-Kutta time integration for a variable U is de�ned as

U?
a = Un

a + �t _Un
a (Un

a ); (6.39a)

Un+1
a =

1

2
Un
a +

1

2

�
U?
a + �t _U?

a (U?
a )
�
; (6.39b)

where U? represents an intermediate state, or stage, computed from the solution Un at
timestep n, used to obtain the result at timestep n + 1. Note that in the case of the
2-stage Runge-Kutta method, Equation (6.39a) corresponds to a classical forward Euler
time integration. Additionally, the 3-stage Runge-Kutta time integration reads

U?
a = Un

a + �t _Un
a (Un

a ); (6.40a)

U??
a =

3

4
Un
a +

1

4

�
U?
a + �t _U?

a (U?
a )
�
; (6.40b)

Un+1
a =

1

3
Un
a +

2

3

�
U??
a + �t _U??

a (U??
a )
�
; (6.40c)

where U?
a and U??

a are two intermediate stages to advance from timestep n to timestep
n+ 1. For a given stage, These integration procedures involve a weighted average both the
solution Un at original timestep n, and the sum of the solution at the previous stage45 and
their corresponding right hand side. Note that this RK integrator can easily reduce to the
forward Euler method consisting of only one stage, expressed as

Un+1
a = Un

a + �t _Un
a (Un

a ): (6.41)

The computation of the time increment �t is based on a CFL number 0 < �CFL < 1 and is
de�ned as

�t = �CFL min

�
h��

c�;p

�
; (6.42)

where h is the minimum edge length in the reference mesh, c�;p is the p-wave speed,
and �� is the spatial stretch obtained as the minimum eigenvalue of the spatial right
Cauchy-Green tensor C� at node a. This condition is crucial for explicit time integrators
as it is designed to ensure numerical stability, henceforth avoiding the appearance and
propagation of spurious oscillations.
Eventually, the update of the non-linear ALE wave speeds c�;p and c�;s is established in
Equation (3.33).

6.7.1 Implicit source terms

In the discrete set of ALE equations in Section 6.6, the terms were arranged so that the left
hand side is composed of the conserved variable and the term that is explicitly computed in
every RK iteration. That term corresponds to the convective component of each equation,
which is represented by the divergence operator in the continuum. On the other hand,
the right hand side is composed of the terms that are treated as source for each equation.
There are source terms for the plastic internal variables, the entropy equation and the
evolution of the plastic dissipation. They are treated as implicit terms in the algorithm.
For example, the conservation of plastic internal variables can be fully discretised as�

C�1
p
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a
=
�
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(6.43a)

(�"p)
n+1
a = (�"p)

n
a + �t

X
b2�a

h
(�"p)

ave;n
ab

�h�
F�1

	

�n+1

a
W n+1

a

i
�Cab

�

�
+ _
n+1

a

i
: (6.43b)

45Stage 0 corresponds to the solution at timestep n.
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For post-processing purposes, the material 	 and spatial � mappings can be obtained by
integrating their respective momenta, whose balance is solved explicitly in this framework.
That integration is herein performed by means of a backward Euler method.

6.8 Conclusion

This Chapter introduced the spatial and time discretisation methodologies used in this work
for the implementation of the numerical framework. The domain is discretised following the
Vertex-Centred Finite Volume Method (VCFVM). It is primarily characterised by a dual
mesh obtained via median tessellation, as described in Section 6.2. Then, the notation and
the discretised ALE equation were presented in 6.3. Contact 
uxes were conferred therein,
and in the context of this work, the Godunov method with upwind stabilisation was used in
Chapter 6.4 to compute those 
uxes and recover second-order accuracy. This methodology
requires the reconstruction of left and right values of quantities at the interface between two
cells, which is taken care of by a linear reconstruction procedure based on the nodal gradient
operator and shown in Section 6.5. All the previous considerations were incorporated in
the ALE framework in Section 6.6, where the semi-discretised form of every conservation
law of the ALE mixed system is presented. The boundary values require special treatment
that is featured in Section 6.6.1. Eventually, Section 6.7 presents the methodology used
to integrate the equations in time, using the TVD-RK schemes. In the next Chapter, the
implementation of the present ALE framework in a dedicated OpenFOAM package will be
presented.



CHAPTER 7

OPENFOAM IMPLEMENTATION

\Theory and practice sometimes clash. And when that happens,
theory loses. Every single time."

| Linus Torvald, 2009

67
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7.1 Introduction

OpenFOAM46 (Open-source Field Operation And Manipulation) [111, 129, 165] is an open-
source software C++ package originally designed for computational 
uid dynamics (CFD)
that is widely used in a variety of industries. It is commonly used in

� aerospace engineering, for the simulation of aircraft and rocket propulsion systems,
as well as for the design of aircraft and spacecraft components,

� the automotive industry, for the simulation of internal combustion engines, exhaust
systems, and cooling systems,

� in chemical engineering, for the simulation of chemical reactions, mixing, and heat
transfer in industrial processes,

� biomedical engineering, for simulation blood 
ows in the human cardiovascular
system,

� civil and marine engineering, electrical engineering, mechanical engineering and more.

OpenFOAM is mainly based on the Cell-Centred Finite Volume Method (CCFVM) and
provides a wide range of solvers (e.g. PISO, SIMPLE, PIMPLE) for simulating di�erent types
of 
uid 
ows, combustion, heat transfers including laminar, turbulent, and multiphase

ows, and many more. Its parallel computing component is based on the Message Passing
Interface (MPI). The software also includes a wide range of utility programs for pre-
and post-processing, including data visualization, mesh generation, and data conversion.
OpenFOAM software also comes with a extensive list of quality requirements47 such as
modularity, design patterns [107], maintainability and easy deployment.

The selection of the OpenFOAM platform as the primary tool for generating results in
this work is well-founded, owing to its myriad advantages in CFD. The foremost merit
of OpenFOAM lies in its open-source nature.which enables the scienti�c community to
scrutinize, modify, and enhance the underlying algorithms and numerical schemes, thus
fostering a collaborative and transparent research environment. OpenFOAM’s active and
extensive user community contributes to its continual development and enhancement.
Frequent updates and improvements ensure that the software remains at the forefront of
computational dynamics research.

Moreover, OpenFOAM exhibits inherent 
exibility and adaptability, rooted in its object-
oriented architecture. This feature facilitates seamless customization and extensibility,
enabling researchers to tailor the software to their speci�c research requirements. Conse-
quently, complex and novel CFD simulations are regularly implemented, while maintaining
a high degree of numerical accuracy and reliability. The software’s underlying numerical
methods and solvers are well-vetted, demonstrating robustness and accuracy across a
diverse range of 
uid dynamics problems. Its support for various turbulence models,
discretization schemes, and boundary conditions further accentuates its pro�ciency in
capturing intricate 
ow phenomena encountered in practical engineering applications.
Its validation against benchmark experiments and industrial data instils con�dence in
its applicability to real-world engineering challenges. Additionally, OpenFOAM boasts a
comprehensive suite of pre-processing and post-processing utilities, facilitating the e�cient
setup of simulation cases and the subsequent analysis and visualization of results. For all
these aforementioned reasons, OpenFOAM appeared as a tool of choice48 to implement
the ALE formulation.

This chapter will present the solver made from scratch that implements the novel ALE

formulation for fast solid dynamics, as well as the code work
ow.

46Further information about the OpenFOAM platform can be viewed in [124, 168, 133, 165].
47See OpenFOAM Foundation’s Code quality guide at https://openfoam.org/dev/code-quality/.
48The bene�ts of using OpenFOAM are in [129].

https://openfoam.org/dev/code-quality/
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7.1.1 OpenFOAM versions

It is important to keep in mind that OpenFOAM is a trademark related to an open-
source initiative. It has therefore underwent many forks in its extensive lifetime. In
other words, several projects have been releasing their own version of the OpenFOAM
code package. At the time of this work, the most outstanding contributors are ESI’s
OpenCFD49, the OpenFOAM Foundation50, and the foam-extend project. This work is
based on OpenFOAM-6, the version of the OpenFOAM Foundation that came out in
August 2018, and is compatible with OpenFOAM v1806, the version of OpenCFD that
was released in June 2018.

7.2 Simulation work
ow

In the following section, the code structure is presented, as well as the setup of a numerical
experiment and the simulation work
ow. A focus will be put on the algorithmic description
of the solver, and speci�cally how the di�erent numerical considerations mentioned in the
previous chapter are used.

7.2.1 Code structure

The solver �les are organised following OpenFOAM’s standards with the use of header �les
(.H �les), and is represented in Figure 7.1. The structure comes with 3 main elements:
python scripts to manipulate data (in scripts folder), initialConditions (in utility folder)
to set up simple or complex initial distributions, and the solver’s binary �le (vcALEFoam,
in the eponym folder). The latter contains �les representing all the necessary steps for the
algorithm51. The content of the solver’s main �le can be viewed in Listing 7.1. The

1 /*---------------------------------------------------------------------------*\

2 ========= |

3 \\ / F ield | OpenFOAM: The Open Source CFD Toolbox

4 \\ / O peration | Website: https :// openfoam.org

5 \\ / A nd | Copyright (C) 2011-2018 OpenFOAM Foundation

6 \\/ M anipulation |

7 -------------------------------------------------------------------------------

8
9 License

10 This file is part of OpenFOAM.

11
12 OpenFOAM is free software: you can redistribute it and/or modify it

13 under the terms of the GNU General Public License as published by

14 the Free Software Foundation , either version 3 of the License , or

15 (at your option) any later version.

16
17 OpenFOAM is distributed in the hope that it will be useful , but WITHOUT

18 ANY WARRANTY; without even the implied warranty of MERCHANTABILITY or

19 FITNESS FOR A PARTICULAR PURPOSE. See the GNU General Public License

20 for more details.

21
22 You should have received a copy of the GNU General Public License

23 along with OpenFOAM. If not , see <http ://www.gnu.org/licenses/>.

24
25 Application

26 vcALEFoam

27
28 Description

29 Main Algorithm

30
31 \*---------------------------------------------------------------------------*/

32
33 #include "fvCFD.H"

34 #include "solidModel.H"

35 #include "mechanics.H"

36 #include "operations.H"

37 #include "aleModel.H"

38
39 #include <chrono >

40 #include "side.H"

41 #include "labelListIOList.H"

42 #include "vectorListIOList.H"

49OpenCFD’s version is also denoted as openfoam.com.
50The OpenFOAM Foundation’s version is also denoted as openfoam.org.
51The header �les included before the main function are necessary for the solver to recognise OpenFOAM

objects as well as the custom libraries.

openfoam.com
openfoam.org
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| vcALE

| applications

| scripts

q plot functions.py

q launcher.py

| solvers

| vcALEFoam

| Make

q checks.H

q createFields.H

q rhs.H
q postPro.H

q readControl.H
q strongBCs.H

q updateVariables.H

q updateStress.H

q vcALEFoam.C

q weakBCs.H

| utilities

| initialConditions

Figure 7.1: Solver structure: �les related to the main solver; �les related to the compilation are
omitted.

43 #include "gradientSchemes.H"

44
45 //#include "primitivePatchInterpolation.H"

46 //#include "symmetricPatchPointPatchField.H"

47
48 /* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * */

49 int main(int argc , char *argv []){

50 #include "setRootCase.H"

51 #include "createTime.H"

52 #include "createMesh.H"

53 #include "readControls.H"

54 #include "createFields.H"

55
56 while (runTime.loop()) { // time loop

57 /* Compute time values * * * * * * * * * * * * * * * * * * * * * * * * * */

58 stretch = mech.stretch(spatF); minStretch = gMin(stretch);

59 if (timeStepping == "variable") {

60 deltaT = mech.getNewDT(stretch , x, spatF , model.Up().value (), cfl);

61 runTime.setDeltaT(deltaT);

62 }

63 Up = model.Up().value()/minStretch; Us = model.Us().value ()/minStretch;

64 t += deltaT; tstep ++;

65 Info << nl << "Time Step =" << tstep << nl

66 << "deltaT = " << deltaT.value() << " s" << nl

67 << "Time = " << t.value () << " s" << nl;

68
69 /* check for mesh motion (isALE) * * * * * * * * * * * * * * * * * * * * */

70 meshUpdate = meshUpdateCheck(model , aleModel_ , minStretch);

71
72 #include "saveOldTime.H" /* save old variables * * * * * * * * * * * * * */

73
74 for(RKstage =0; RKstage <nbRKstages; RKstage ++) { /* RK loop * * * * * * * */

75 isLastStage = (RKstage ==( nbRKstages-1));

76 #include "gradients.H" // Compute gradients

77 #include "rhs.H" // Compute interior of RHS

78
79 #include "calculFlux.H"

80
81 #include "weakBCs.H" // Compute boundary of RHS

82
83 #include "integrator.H" // Advance conserved vars

84
85 #include "updateVariables.H" // correct ALE and F,H,J,v,vHat

86 #include "strongBCs.H" // applys BCs

87 #include "updateStress.H" // compute Piola tensors

88 } /* end RK loop * * * * * * * * * * * * * * * * * * * * * * * * * * * * */

89
90 if ((not usePstar) and meshUpdate) aleModel_.correct ();

91 W = aleModel_.wDot_noref ();

92 #include "backwardEuler.H" // only for source terms
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93
94 sprintf(percentageCompleted , "%.3f", (t.value()/endTime)*100.);

95 Info << "Simulation completed = " << percentageCompleted << "%"

96 << " - Clock = " << runTime.elapsedClockTime () << "s" << nl;

97
98 //if (FSI){

99 //u = x - X;

100 // updateCellDisp(cellDisp , u);

101 //}

102
103 if (runTime.writeTime ()) {

104 #include "postPro.H"

105 }

106
107 } // end time loop

108
109 std:: time_t end_time = getDatetime ();

110 Info << "\nExecutionTime = " << runTime.elapsedCpuTime () << " s"

111 << "  ClockTime = " << runTime.elapsedClockTime () << " s"

112 << "\nEnd \t datetime: " << std::ctime(& end_time) ;

113 return EXIT_SUCCESS;

114 } /* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * */

Listing 7.1: vcALEFoam.C

1 //if (isThermo ()) p_ -= (cv_ * Gamma0_) * (theta - thetaR_psf ());//

2 if (isThermo ()) basicThermo.correctPressure(p_ , theta);

3 P_ = (mu_ * op.pow(J_, -2./3.) * F_) // SigmaF

4 - ( ((mu_ /3.)*op.pow(J_,-5./3.)) * ((F_&&F_) * H_) ) // SigmaJ ’ H

5 + (p_*H_);

6
7 } else if ( elasticityModel.Deviatoric ().getName () == "linearelastic" ){ //(model_ == "linearelastic ") {

8 p_ = kappa_ * (J_ - op.ID()); // wrong but unused (1/3 of cauchy)

9 P_ = (mu_*(F_ + F_.T() - 2*op.IDtensor ()))

10 + (lambda_ * ((tr(F_) - 3*op.ID()) * op.IDtensor ()))

11 ;

12 } else

13 */

14 FatalErrorInFunction << "error solidModel :: correct ()" << abort(FatalError);

15 }

16
17 // * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * //

18
19 void solidModel :: correct4(

20 pointTensorField& P, // Piola tensor

21 pointScalarField& p, // pressure

22 const pointTensorField& F_ , // natural F

23 const pointScalarField& newJ_ , // natural J

24 pointTensorField& CpInv , // inverse of plastic right Cauchy

25 pointScalarField& strain_p , // plastic strain

26 const pointScalarField& T, // temperature

27 pointScalarField& eps_dot , // time rate of platic strain

28 pointScalarField& coeffTau , // coeff to scale tauDev

29 pointScalarField& vMises_ , // von Mises stress

30 pointScalarField& intDEV ,

31 pointScalarField& intVOL ,

32 bool isLastStage , // is it the last RK stage?

33 const scalar& dt

34 ){

35 const scalar sqrt15 = Foam::sqrt (1.5);

36 const scalar mu = mu_.value();

37 const pointScalarField JF = Foam::det(F_);

38 const pointTensorField Finv_ = Foam::inv(F_).ref();

39 p = elasticityModel.Volumetric ().p(newJ_);

40 if (isThermo ()) basicThermo.correctPressure(p, T); //p-=cvGamma0(T-TR);

41
42 forAll(mesh_.points (), n){

43 /* Jacobi Spectral decomposition * * * * * * * * * * * * * * * * * * * * */

44 tensor be = (F_[n] & CpInv[n]) & F_[n].T();

45 tensor eVec = op.eigenS_sqrt(be , eStretch[n]); // eigenvect and sqrteigenval

46 const tensor n0xn0 = (vector (1,0,0) & eVec) * (vector (1,0,0) & eVec); //n0*n0;

47 const tensor n1xn1 = (vector (0,1,0) & eVec) * (vector (0,1,0) & eVec); //n1*n1;

48 const tensor n2xn2 = (vector (0,0,1) & eVec) * (vector (0,0,1) & eVec); //n2*n2;

49
50 /* Trial Deviatoric Kirchoff Stress Vector * * * * * * * * * * * * * * * */

51 vector tauDev = 2.* mu * op.log(Foam::pow(JF[n],-1./3.) * eStretch[n]);

52 const scalar normTauDev = Foam::sqrt(tauDev & tauDev);

53
54 /* Yield Criterion * * * * * * * * * * * * * * * * * * * * * * * * * * * */

55 scalar plasticM_ ;

56 scalar tauY = 0;

57 // compute f and tauY

58 scalar f = plasticityModel.phi2(tauY , tauDev , strain_p[n], eps_dot[n], T[n]);

59 if ( (f > 0.0) and isLastStage ){ /* von-Mises plasticity yield * * * * * * * * * * * * * */

60 const vector directionV = tauDev * sqrt15 / normTauDev;

61
62 // Compute Plastic Multiplier

63 plasticM_ = plasticityModel.Newton3(f,mu ,strain_p[n],T[n],eps_dot[n],tauY/* sigmaY */);

64
65 // Correct elastic stretches

66 eStretch[n][0] /= Foam::exp( plasticM_*directionV [0] );

67 eStretch[n][1] /= Foam::exp( plasticM_*directionV [1] );

68 eStretch[n][2] /= Foam::exp( plasticM_*directionV [2] );

69
70 // Principle Deviatoric Kirchoff Stress Tensor

71 coeffTau[n] = 1. - ( Foam::sqrt (6.) * mu*plasticM_ / normTauDev );

72 tauDev *= coeffTau[n];

73 } else {/* end von-Mises plasticity yield * * * * * * * * * * * * * * * */
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74 coeffTau[n] = 1.; plasticM_ = 0;

75 }

76 /* Update Kirchhoff and Piola Stresses * * * * * * * * * * * * * * * * * */

77 const scalar JFp_n = JF[n] * p[n];

78 const tensor Kirch = (( tauDev [0] + JFp_n) * n0xn0)

79 + (( tauDev [1] + JFp_n) * n1xn1)

80 + (( tauDev [2] + JFp_n) * n2xn2) ;

81 P[n] = Kirch & Finv_[n].T();

82
83 /* Compute von-Mises * * * * * * * * * * * * * * * * * * * * * * * * * * */

84 const tensor devK = Kirch - (JFp_n * tensor ::I);

85 vMises_[n] = sqrt15 * Foam::sqrt( devK && devK );

86 if ( (f > 0.0) and isLastStage ) { /* Compute be , and CpInv , eps , epsdot * * * * * * * * * */

87 be = (( eStretch[n][0]* eStretch[n][0]) * n0xn0)

Listing 7.2: solidModel.C

Furthermore, the solver is accompanied by a set of libraries: the solidModels library, which
implements the necessary routines to update the physical stress. The aleModels library,
which is in charge of computing or updating all the quantities impacted by mesh motion in
the ALE formulation. The volumetricEnergy and deviatoricEnergy libraries, which entail
models of volumetric and deviatoric energy potentials together with their derived stress
tensors. The libraries implementing energy potentials are used both for the solid model
and for the ALE model due to the complex expression of the considered Piola-Kirchho�
stress P .

| vcALE

| src

| schemes

| gradientSchemes

| interpolationSchemes

| mathematics

| mechanics

| dualMesh

| operations

| models

| solid

| Make

| thermoModel

| EOS

q thermoModel.H

q thermoModel.C
| plasticModel

| elasticModel

q solidModel.H

q solidModel.C

| ale

| deviatoric

| volumetric

| tutorials

Figure 7.2: Solver structure: library sources; �les related to the compilation are omitted.

7.2.2 Setup of the numerical simulation

The description of the simulation work
ow respected by the author is described in the
following and summarised in Figure 7.3. Before conducting a numerical simulation with
OpenFOAM, a comprehensive pre-processing step involving geometry design is required.
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This stage encompasses the use of various tools and software to create a suitable geometry
for analysis. For instance, CAD software, such as SolidWorks, Autodesk Inventor, CATIA,
Salome or FreeCAD, can be employed to design the initial 3D geometry and generally o�er
user-friendly interfaces for creating complex shapes and structures, as well as to perform
geometry clean-ups. Alternatively, GMSH is a mesh generation software extensively used
within the OpenFOAM community, which enables the generation of structured or unstruc-
tured meshes, and which relies on scripts and parameters like cell size, boundary layers,
and re�nement zones to accurately represent the geometry. Furthermore, the OpenFOAM

suite comes with in-house tools such as blockMesh to create structured geometries, and
snappyHexMesh to re�ne and capture intricate geometry design.

The obtained geometry serves as the foundation for the subsequent numerical setup in
OpenFOAM and therefore requires careful attention. The boundaries will be associated
with boundary conditions for the spatial and material linear momenta and/or velocities, as
well as for the spatial and material tractions.

For commercial software, the attribution of boundary conditions is done together with the
geometry design. When both are ready, the mesh can be generated.

Accurately de�ning the physical model and material properties is a critical step for
conducting the numerical simulation. It involves specifying the governing equations, and
material properties that govern the behaviour of the system under analysis. The choice
of governing equations depends on the speci�c physics being simulated, and properties
such as density, viscosity, thermal conductivity, and speci�c heat capacity must be de�ned
based on the physical properties of the materials involved.

The numerical scheme plays a vital role in achieving accurate and stable results, and
governs how the governing equations are discretised and solved numerically. For instance,
OpenFOAM natively proposes common discretisation schemes such as �rst-order upwind,
second-order central di�erencing, third-order QUICK, and higher-order schemes like MUSCL.
OpenFOAM also employs various gradient calculation schemes such as the least squares
method, and linear or cubic Gauss methods. OpenFOAM supports di�erent time integration
schemes, such as explicit methods (Euler and Runge-Kutta methods), and implicit methods
(Crank-Nicolson).

After the solver has �nished the simulation, e�ective visualization techniques enable the
extraction of meaningful insights. For instance, post-processing tools such as Paraview can
be used to visualize simulation results. Also, time-varying plots of quantitative data such
as averages can also be conducted with the use of custom-made Python scripts.

The structure of a numerical experiment is presented in Figure 7.4. Generically, a clean
and run scripts are present to clean the folder, and prepare and run the numerical solver.
The empty �le case.foam is a mock up for Paraview to be able to read mesh information,
and the specimen.msh �le is a GMSH generated mesh �le that can be converted to OF

format. The mesh information, after being generated, is located in the constant/polyMesh
folder and usually comprises the �les boundary, pointZones, cellZones, owner, faceZones,
faces, neighbour, points, sets, volume (refer to [235] for further explanation). The �le
constant/mechanicalProperties contains the selected models and relevant parameters used
in the simulation, and the �le constant/runParameters contains technical information such
as the name of mesh�les. In 0.orig, the user includes the initial conditions and boundary
types for all relevant �elds (usually p� denoted as lm and � denoted as theta). Eventually,
the directory system contains the �le controlDict that is a �le dictionary containing data
such as start and end times of the simulation, number of timesteps or the value of the
CFL number. In classical OF solvers, that folder also contains the �les fvSchemes and
fvSolution that are used to set which numerical solver will be used for divergence and
gradient computation.
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Geometry design Initial and Boundary conditions

Mesh generationPhysical model and parameters

Opt for a numerical scheme Run the solver

Data visualisationData plots

Figure 7.3: Work
ow of an OpenFOAM simulation. The pre-processing steps are represented in
blue, the post-processing steps are represented in red and the solving step is represented in grey.

| case

q clean

q run

q case.foam
q specimen.msh

| 0.orig

q lm

q theta

| constant

q mechanicalProperties

q runParameters
| polyMesh

| system

q controlDict

q log.vcALEFoam

q log.initialConditions vcALEFoam

Figure 7.4: Case directory structure.

7.2.3 Algorithm work
ow

The algorithm work
ow is presented in Algorithm 5. The term RHS refers to the right
hand side expression of any solved conservation law. The algorithm is followed regardless
of the time integrator. The spatial �� and material �� stretches, as well as the plasticity
algorithm, features the computation of eigenstructures taken care of by the Jacobi iterative
algorithm [316].
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Algorithm 5: Work
ow of the visco-plasticity algorithm, featuring the multi-stage

Runge-Kutta time integrator.

1 Compute spatial stretch ��;

2 Compute timestep increment �t;

3 Save values of previous timestep;

4 for Runge-Kutta stage k f
5 Obtain integration coe�cients;

6 Compute gradients r�v;r�W ;r�p ;

7 Compute RHS interior and boundary;

8 Update displacements 	;� and conserved variables U ;

9 Compute intermediate variables F ;H; J;v; v̂;

10 Apply strong boundary corrections for p�;W ; v̂;

11 Update stresses P ;PW and temperature �;

12 Compute plastic dissipation wp;

13 Compute implicit convective term for plastic internal variables;

Remark 7.2.1 Generic OpenFOAM solvers usually make use of a list of commands each
performing an action on an entire �eld; for instance, pointTensorField invF = Foam::inv(F)
computes the inverse of the deformation gradient tensor tensor F at every node, and stores
the variable in invF. The author opted for a di�erent approach that is more optimised in
the case of the ALE solver because it results in minimising the loops over edges, faces and
nodes.

7.3 Conclusion

This chapter presented how the numerical schemes and the set of conservations laws are
put together in a framework for further use in numerical experiments. It encompasses the
resolution of the ALE equations presented in the previous chapters, as well as numerical
techniques adapted for fast solid dynamics, for the �rst time on the OpenFOAM platform.
The power of the C language together with the 
exibility of the formulation and an optimised
implementation, makes this framework a serious alternative in fast solid dynamics, as
demonstrated by the numerical examples in the next chapters.



CHAPTER 8

NUMERICAL SIMULATIONS: ISOTHERMAL CASES

\Qui dit pr�ejug�e dit une opinion qu’on a re�cue sans examen; parce
qu’elle ne se soutiendrait pas."

| Emilie du Châtelet, Discours sur le bonheur, 1779
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8.1 Introduction

The objective of this Chapter is to present a series of numerical examples in order to show
the applicability of the ALE computational framework as well as to prove its robustness,
its accuracy and its capability to preserve momentum. Scenarii involving polyconvex
hyperelastic isothermal constitutive models for nearly incompressible materials will be
considered. The mixed system considered in this Chapter comprises the general ALE

equations presented in Equations (2.75), and are supplemented by the plasticity equation in
the context of isothermal plasticity. The resulting framework usef in this chapter hence relies
on the isothermal elastoplastic mixed system reported in Equation (5.3.1). All examples
are simulated in a three dimensional space using the proposed ALE solid mechanics solver
vcALEFoam whose structure is presented in Chapter 7. The ALE numerical framework
can be referred to as vc-ALE.
The body forces are considered to be neglected, unless stated otherwise. The energy
components may be reported but the energy remains uncoupled from the mixed system.
In the case of material undergoing reversible (elastic) deformation, the prescription of a
mesh motion is applied unless stated otherwise. On the other hand, situation involving
permanent (plastic) deformations will demonstrate the potential of the ALE framework by
solving the material motion based on the conservation law introduced in Chapter 5.
For several numerical cases, an analytically prescribed motion is used to benchmark the
ALE formulation. That prescribed motion is composed of sinusoidal function and can
be viewed in Appendix 8.1.1. Moreover, the ALE formulation is sometimes compared
with its equivalent Total Lagrangian form. Such TLF equivalent is obtained by means of
degenerating the ALE equations, and is discussed in Appendix B.5. In the following, the
material and spatial cofactor will always be treated as intermediate variables, while the
importance to solving the other geometric mappings will be assessed in Section 8.2.

8.1.1 Analytical prescription of ALE motion

The material motion can be arti�cially prescribed by an analytical expression, provided
geometrical requirements mentioned in Section 5.1.1 are satis�ed. In the following, an
example of prescribed material mapping is represented by a plane sinusoidal-type function
de�ned for a rectangular domain of dimensions �1;R and �2;R and of centre (�C1 ; �

C
2 ) as

	� = �+

26664
�x sin2

�
�t
Tx

�
sin
� e�1

�R1

� h
cos
� e�2

�R2

�
+ sin

� e�2

�R2
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�y sin2

�
�t
Ty

�
sin
� e�2

�R2

� h
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�
+ sin

� e�1

�R1

�i
0

37775 ; (8.1)

where e�1 =
�1+�C1

2� and e�2 =
�2+�C2

2� are coordinates shifted with respect to the centre of
the domain, �x; � and �[m=s] > 0 are parameters determining the magnitude of the mesh
motion, and Tx; Ty and T are the periods52 of the sinusoid functions. Due to the sinusoidal
structure of the motion (8.1), nodes oscillate either vertically or horizontally. Note that the
symmetry condition W �NX is always ful�lled. Moreover, the conservation of geometrical
mappings X	 is satis�ed by construction. This material motion is depicted in Figure 8.1
on an unit cube for a magnitude � = 10�2m, where a selection of nodes is highlighted in
red colour so their displacements can be followed. Note that in addition to the nature of
the prescribed mesh mapping, the quality of the mesh is further impacted by the use of
tetrahedral elements, and in particular their orientation.

52Most of the numerical cases imply �y =
�R2
�R1
�x =

�R2
�R1
�, and Tx = Ty=2 = T .
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0T 0:15T 0:25T

0:50T 0:60T 0:90T

Figure 8.1: Visualisation of the analytical material motion (8.1) on a unit cube with a magnitude
� = 10�2m. A range of 8 nodes is highlighted in red so their displacements can be followed.

8.2 Satisfaction of geometric conservation laws: Patch test

Figure 8.2: Translation: Problem
setup

all faces free boundary (6.32)

Table 8.1: Summary of boundary conditions.

This �rst numerical example consists in a three-dimensional patch test in order to assess
the correctness of the computational implementation, and the importance of ful�lling
the discrete geometric conservation laws. This problem was already presented in [46,
215, 40, 43, 267]. The considered specimen is a 1 � 6 � 1m square column presented in
Figure 8.2. The polyconvex hyperelastic constitutive model considered is the neo-Hookean
model together with the volumetric potential presented in [276] and featured in Table
B.1. The material parameters are listed in Table 8.2. Velocities are uniformly initialised
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(a) Mesh S1 (b) Mesh U1

Figure 8.3: Translation:(a) Structured (S1) and (b) unstructured (U1) meshes. An overview of
the mesh is presented on the left and a crinkle clip of half of the column is presented on the right.

to v0 = [3; 1; 0]Tm=s in the body and the boundaries are all left free (see Table 8.1) so a
straight uniform displacement is expected across the whole specimen. In addition, the
natural deformation gradient F is expected to remain the identity mapping, the �rst
Piola-Kirchho� stress tensor P is expected to remain equal to 0 and the natural Jacobian
J is expected to remain equal to 1 throughout the numerical simulation. The volumetric
potential is based on the [276] model de�ned in Appendix B.3.2.

Young’s modulus E [MPa] 17

density �R [kg/m3] 1100

Poisson’s ratio � 0:45

Table 8.2: Translation: Table of physical parameters.

period T [s] 0:5

magnitude � [m/s] 0:02

Table 8.3: Translation: Table of parameters for the prescribed mesh motion in Equation (8.1).

First of all, a structured mesh S1 of 4� 24� 4 tetrahedral elements (2304 elements, 625
nodes) is compared to an unstructured mesh U1 (1864 elements, 551 nodes). The objective
is to demonstrate that the same result is obtained in both cases using the Total Lagrangian
Formulation, and therefore that the implementation of the numerical framework does not
depend on the structure of the mesh. In Figure 8.4, the error in J is and the error in the
�rst and second velocity components are presented for the L2 norm. As expected the two
meshes provide very similar results that only di�er due to machine accuracy.
Secondly, the mesh motion presented in Equation (8.1) is prescribed to the numerical
simulation with parameters listed in the Table 8.3, and the results are compared when using
a di�erent number of geometric conservation laws, on the S1 mesh. The objective is to
demonstrate that when introducing a non negligible mesh motion, the numerical framework
must account for additional (geometric) conservation laws to recover the accuracy of the
Total Lagrangian simulation. A collection of snapshots can be viewed in Figure 8.7 at
time t = 0; 0:8; 1:6; 2:4; 3:2; 4:0; 4:8s for 3 cases: a) The formulation p�;F� is used and no
geometric conservation laws are solved, b) the formulation p�;F� is solved, including the
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