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Abstract. High-temperature superconducting artificially structured bulk samples, such as bulks
with slanted drills or welds of different pieces along the c-axis with holes drilled in different
asymmetric positions, pose a challenge for the computation of critical current maps able to spot
the position of inhomogeneities, as they combine a current map in every ab-plane adapted to
the drill/welding structure with the dependence of this structure on the position along the c-
axis.

We improve and adapt our technique of Hall probe field measurement, discretization and QR
inversion to this problem by measuring the magnetic field on top and bottom of the bulk
sample to obtain some spatial resolution of the current. To test our technique we apply it to
both simulations with asymmetrical geometry and a real artificially structured bulk samples.

1. Introduction

It is well known the importance of the understanding of current patterns in the use of YBCO melt-
textured blocks for engineering applications. Resolution of the inverse Biot-Savart problem requires
computing the current circulation on some given domain, using as input measurements of the magnetic
field it induces. While the inverse Biot-Savart problem is not solvable for general 3-dimensional
domains, it is solvable on 2-dimensional domains [1] with various algorithms.

The aims of the work reported in this note are mainly focussed in: (i) to probe the limits of
what can be determined about the critical current in a bulk sample by inversion of the Biot-Savart
problem using any procedure, (ii) to show that the inverse Biot-Savart computation on a bulk sample
with planar crystallization and a non-OZ-homogeneous current dehgiglds a computed current
which is the average along the OZ-axis of the real cudreasibeit the calculated current is a weighted
average in which the layers closer to the measurement grid have a greater weight. We propose a
modified process to obtain an average current in two layers along OZ-axis of the samples.

2. Feasibility of current computations in YBCO bulk samples

From a mathematical viewpoint, the Biot-Savart operator yielding the magnetiBfiattliced by a
current densityl on the sample becomes invertible once it is restricted to currents that are: (a) planar
(i.e., 3=(%,J3,,0)), and (b) homogeneous along the OZ-axis (i.e., J(X,y,z)=J(X,y)). Several inversion
procedures have been used to find the critical cuddndbm measurements of the vertical component

of the magnetic field Bx,y) above the sample, measured either with a Hall probe [2] (use available
through the web http://jaumetor.upc.es/caragol) or magneto-optically [3]. The authors have previously
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applied their inversion algorithm, based on linearization and QR-inversion, thus very robust in the face
of measurement errors [4], both to YBCO thin films and to bulk samples with planar crystallization. In
the latter case the above hypotheses (a) and (b) were the only regularity assumptions made in order to
determine the critical current on the sample. The algorithm of linearization and QR-inversion is thus
able to detect irregularities such as multiple domains or weldings [5,6], but doubts have lingered about
the meaning of the results of this computation in bulk samples [7].

We begin by establishing the limit to the computability of critical currents in bulk samples
from magnetic field measurements. Eisterer argues in [7] that it is impossible to obtain 3-dimensional
distributions of] from measurements & outside the sample. His argument rests on the discussion of
the condition number for the linearized inverse Biot-Savart problem once measurement points for the
magnetic field B have been selected. The choice of position for these points by Eisterer is sensible, but
it leaves open the question whether the study of the magnetic field in a 3-dimensional region wrapping
the bulk sample may determine a planar current J. In our work we have developed a more refined test
for non-invertibility. First, we set up a simulated bulk sample with a regular geometry and a layer of
points wrapping the sample in which to compute the magnetic BieM/e then apply the singular
value decomposition [8](SVD) to the linearization of the inverse Biot-Savart problem on this
simulated sample, and determine the curdethat yields the least singular values. In this way we
obtain current distributions in our prescribed circuits that, for a given average current density,
approximately minimize the magnetic fieRl outside the sample. Our conclusions further support
Eisterer's argument. A typical instance of this analysis is the simulated sample 1: a cylinder with
diameter 16 mm and height 6 mm, subdivided in rings of height and width 1 X 1Vderapply the
SVD decomposition to the linearized inverse Biot-Savart problem determined by this ring
decomposition and a choice of measurement point8 garch that its rotation will wrap the cylinder.

Then we distribute an average current density 8fAlth? among these rings according to the least
singular value of the linearized Biot-Savart problem matrix SVD decomposition, and find that in a
mesh of points around the sample, much finer than the one used for the SVD and completely wrapping
the sample at a distance of 0.2-0.3 mm, the inducedBislals a maximal intensity of 5x2a.

This phenomenon may be reproduced in other common sample geometries (orthoedric, annular) by the
same technique of linearization and SVD decomposition, provided that the sample be subdivided in at
least 3 horizontal layers. The obtained current distributions are not physical realistic critical currents
(e.g., they must involve opposite direction circulations in neighbouring rings to achieve the magnetic
cancellation that we here optimize), but they are valid perturbations of the critical current that will be
missed by any inverse Biot-Savart computation simply because of the margin error in the
measurement of B. In the above example, a perturbation of the critical current with averag size 10
A/m? induces a variation of the magnetic field comparable to the measuring accuracy of a Hall probe
or magneto-optical measurements.

Having argued the impossibility
of inverse Biot-Savart computations in
bulk samples subdivided in several
horizontal layers, let us show how to
solve the problem subdividing the
sample in 2 horizontal layers, and the
physical meaning of the result as an
average. As already discussed by the
authors in [4], given a measurement of
the vertical magnetic field Bx,y) at a
suitably low height above a planarly
crystallized bulk sample, the imposition

‘ of the homogeneity of current along the
r(mm) OZ-axis and QR-resolution of the
inverse Biot-Savart problem yields a
computed current J(x,y) which is a
weighted average along the c-axis of the
actual current J(x,y,z). The weighting W
with which the average value of
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Figure 1. Simulation 2: crossection of
the current obtained by Bi&avari
inversion in the top half (continuous lir
and in the bottom half (dotted line) of 1
cylinder.
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WIQ(x,y,z) is obtained may be derived from the Biot-Baleaw: if d is the vertical distance from an
abdayer to the grid above the sample where magnetic field is measured, the weight W on this layer is
O(1/d?), with the precise value depending on the geometry of the sampling and measurement. We
have applied a refinement to this technique to obtain current distributions for the bulk sample
subdivided in 2 horizontal layers: measurg€xB/) on both faces of the sample, subdivide it in two
horizontal slices, in each of which we will assume that the current density is OZ-homogeneous, and
thus compute a current density which is the weighted average of the real dwaltemy the OZ-axis

for every horizontal slice. We discuss the feasibility of this procedure in two typical simulations before
applying it to real samples.

Simulated sample 2 is a cylinder formed by two slices, 16 mm in diameter and 6 mm thick
each, with a current density which is regular but has a value that varies linearly ftavmtQo
5x10" A/m? in each slice along the thickness. The vertical magnetic field at a distance of 0.1 mm

above and below the sample have been computed, and a Biot-Savart inversion by
decomposition in 2 horizontal slices of equal thickness, linearization and QR-inversion has been
performed. The computation yields a current map with resolution of 0.4 mm for each slice showing a
regular current. Its density is shown in figure 1. Condition number for this computation is 4, so an
error of 1% in the measure of Bives a 4% error bound in the magnetization M for this geometry [4].
Remark though that the obtained magnetization and curreneghted averages along the OZ-axis
for each slice, with the current layers closer to the measured grid having a much greater weight than
the deep ones as the results in figure 1 illustrate: in the top slice the actual current density is higher
near the surface; the opposite happens in the bottom slice.

Simulated sample 3 is again a cylinder formed by two slices, with equal diameter 16 mm and
thickness 8 mm the top one, 4 mm the bottom one. The bottom slice is assumed to be crossed by a
hole with a diameter of 2.7 mm and centered on the midpoint of a radius. A current with déhsity 10
A/m? is imposed. In the top slice the current forms a regular domain. In the bottom slice the current
still forms a single domain but must avoid the hole. The vertical magnetic field induced by this current
distribution has been computed in rectangular grids of points 0.1 mm above and below the sample.
Biot-Savart inversion by linearization and QR-decomposition has been applied to this magnetic field
on the 2 sides of the cylinder, subdividing it in two horizontal slices of equal thickness 6 mm, and
computing a current map with resolution 0.4 mm for each slice. Figure 2 shows cross sections for the
magnetization M that was imposed on the 8mm top and 4mm bottom-slices, and the magnetization
obtained by the inverse Biot-Savart computation in two 6 mm slices (thicknesses for the computation
chosen to avoid bias). Condition number of this inversion is again 4, as the geometrical conditions are
the same as in simulation 2.
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Figure 2. Imposed (dotted line) and obtained by Bsatvart inversion (continuous lin
magnetizations on the top (left) and bottom (right) slices of lsited sample 3. Note tl
agreement in the bottom layer in spite of the different thickness between the slices |
direct and inverse computation. This is a consequence of the higher weight of superfici
in the computed average magnetization.
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Although conceptually simple, this procedure for the computation of current maps subdividing
the sample in two horizontal slices and measuring the magnetic field on each side may be the
achievable limit for 3-dimensional inverse Biot-Savart computations given the current accuracy on the
measures of B If the magnetic field is measured only on one side of the sample, a SVD analysis
similar to that of Simulation 1 detects perturbations of current inducing a relative error in the 100%
range, but hardly varying B. Such perturbations may be ruled out only if every element in the grid for
the computation of J is closely covered by measures of B. For the 2-layer Biot-Savart inversion based
on 2-side measurement of B work it is not necessary to subdivide the sample in two horizontal
slices of equal thickness, but SVD analysis shows that the error margin of the computation grows as
one slice becomes finer, as a thinner slice supports bigger perturbations of its current circulation
affecting the magnetic field only up to our prescribed measurement margin of error.

3. Calculated currents in real samples of artificially structured YBCO
Single domain melt-textured YBCO samples were grown by top seeding growth method. Two
cylinders (A and B) of equal geometry (diameter 15 mm, height 6 mm) were extracted from those
samples. Then, two artificially structured bulk samples have been built in order to apply the previously
described method of computing the distribution currents: (i) Welded cylinder (A+B), (ii) In the welded
cylinder a hole was drilled (A+B with hole), of diameter 2.5 mm, height 4 mm, centered at the
midpoint of a radius in the bottom face ( in cylinder B).
Hall probe measurements of the remanent magnetic flux mgpg)Bat 77 K have been made after a
FC process under an applied fiel of 0.33 T, perpendicular to the sample surface (ab-plane). The probe
is rastered at a flying distance~f00 um in steps of 100 um, and for each welded sample both the
top and bottom sides of the composite cylinder are probed. Figure 3 shows the level curves of the
measured magnetic field mapg>By) in the cylinder sample (A+B), and Figure 4 shows the measured
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maps in the cylinder sample (A+B with hole).
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Figure 3. Magnetic field maps measured in sample (A+B): left: top face, right: bottom face
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Figure 4. Magnetic field maps measured in sample (A+B with hdkf}: top face
right: bottom face
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Figure 5. Maps of current density J(X,y) in sample (A+d&lculated from measured mg
of Fig. 3. (left) top face, (right) bottom face, using circulating current vectors
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Figure 6. Maps of current density J(X,y) in sample (A+B with halalculated from measur
maps of Fig. 4. (left) top face, (right) bottom face, using circulating current vectors

For each welded sample, Hall probe measurements of Bz(x,y) on two square, 16 x 16 mm
windows covering respectively the top and bottom of the composite cylinder were used to solve the
inverse Biot-Savart problem by linearization and QR-inversion, computing two critical current maps
with resolution 0.4 mm, one for each of the vertical halves of the sample, i.e. for each of the originally
welded cylinders A and B. The set of equations is coupled, albeit weakly because each slice lies at a
distance of 6.1 mm from the opposite measurement.ofFiBure 5 and Figure 6 illustrate the results
obtained for the computed critical currents in the top and bottom slices of the two samples.

In the sample (A+B) the maximal current density is found to be about 1.5A/mdin the
top slice, but only about 1.2 x 38/m? in the bottom one. The lower quality of the bottom cylinder
was already evident because the magnetic field on its side was 75% of that on the top side. Our
inversion procedure has taken into account the (weak) coupling influence of each component cylinder
on the opposite side of the welded sample, and yielded a weighed average for J on each half. Both
cylinders, top and bottom, are found to share a common aspect: the critical current has a density in the
range of 18 A/m? circulating in a ring on the outside edge of the cylinder, and the density falls to
bdow 2 x 10 A/m? in the center.

In the sample (A+B with hole) the magnetic field intensity is very similar at both sides of the
welded cylinder, with differences below 5%, but the Biot-Savart QR-inversion shows that the critical
currents on each constituting cylinder are more different: the bottom cylinder, with the hole bored in it,
has a narrower current ring and a critical current density around 1%A{ri) while the top cylinder
has its critical current circulating along an wider ring and a lower current density peaking at 107 x 10
A/m?. The different behaviour between the two constituting cylinders seems caused by the hole bored
in the bottom one. Its influence in the circulating current seems to be clearly detected in the calculated
currents of Figure 6 (right).
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4. Conclusions
Accurate magnetic field measurementéxly) on the surface of a bulk sample allow the computation
of detailed 2-dimensional critical current maps by linearization and QR-inversion of the Biot-Savart
problem.

The computation must assume homogeneity of the current distribution along the c-axis if the
vertical magnetic field is measured only on one side of the samplg(xifyBis measured on both
sides of the sample then it is possible to compute two 2-dimensional maps of the current density, one
for each half of the bulk sample along the c-axis. The 2-dimensional current maps thus obtained, by
inversion, are weighed averages along the c-axis of the real current. The weighing of the average may
be readily determined, and gives higher weight to the layers closer to the surfaces )ypheydnés
been measured. These 2-dimensional current maps suffice to detect irregularities in the sample.

It is impossible to compute current maps subdividing the bulk sample along the c-axis in more
than 2 slices from external magnetic field measurements with typical accufat@], regardless of
the inversion method employed. If B measured only on one side of the sample even a subdivision in
2 slices becomes impossible.

Application to our artificially structured bulk samples shows that, although Hall maps have
been performed over a sample with a hole in only half sample, the calculations show traces of the
presence of the hole and its influence in the circulating currents.
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