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We perform a qualitative and thermodynamic study of two models when one takes into account
adiabatic particle production. In the first one, there is a constant particle production rate, which
leads to solutions depicting the current cosmic acceleration but without inflation. The other one has
solutions that unify the early and late time acceleration. These solutions converge asymptotically
to the thermal equilibrium.

1. INTRODUCTION

Several astronomical observations at the end of last century suggested that nowadays the universe is in an accelerated
regime [1–7]. There are basically three theoretical ways to explain this behavior. The first one introduces some fluid
or scalar field, generally known as dark energy, with a large negative pressure that violates the strong energy condition
(see for a review [8, 9]). This includes a large number of models, in which the simplest candidate to unify inflation
with the current cosmic acceleration is to mix an inflaton field with the cosmological constant [10, 11]. The second
one consists in going beyond Einstein cosmology and considering modified gravity theories such as teleparallelism,
f(R) gravity or scalar field theories (see for instance [12–14]). One of the main goals of the works that deal with this
kind of modified theories is to unify inflation with the current cosmic acceleration [15]. However, one of their basic
defaults is that sometimes the proposed models are very involved and contain too many parameters.

The last way opts for considering adiabatic particle production, i.e., when the specific entropy (the entropy per
particle) is conserved. This effect was treated for first time in 1989 by Prigogine et al. in [16], where the authors
successfully insert this macroscopic particle production by adding a negative pressure term into Einstein’s field equa-
tions. Later, a covariant approach was proposed in [17], showing that [16] was a particular case of a more general
treatment, i.e., when the specific entropy is considered non constant. Returning to the adiabatic case, despite being
the perfect fluid particles produced isentropic, the increase of its number induces an enlargement of the phase space
of the system and, hence, a total entropy production [18]. The main interest of this approach is that there are some
models leading to a current cosmic acceleration that succeed in matching with the available observational data [19–31]
and even sometimes it is possible to mimic the ΛCDM model [22]. Due to its simplicity, adiabatic particle production
is generally studied in the flat Friedmann-Lemâıtre-Robertson-Walker spacetime and only in few works the non flat
case is considered [32–35]. In particular, in [36] the authors have studied the dynamics and thermodynamics of a
spatially flat universe when the particle production rate is constant. Moreover, in [37] the dynamics of a model with a
non constant rate, which leads to an early accelerated epoch that mimics inflation and a current cosmic acceleration,
has been studied. Even a kinetic formulation for this model has been discussed [38].

For this reason, the aim of the present work is to generalize, at spatially curved cosmologies, the results obtained
in those papers. The problem is more involved because in the flat case the dynamics decouples in the sense that it is
given by an autonomous first order differential equation of the form Ḣ = F (H), where H is the Hubble parameter,
which in general could be solved analytically. This does not happen when the spacetime is spatially curved because in
this case the differential equations for the scale factor, namely a, and the Hubble parameter do not decouple, obtaining
a two dimensional autonomous dynamical system given by Ḣ = F (H, a), ȧ = Ha, which in general is impossible to
solve analytically and needs to be studied using the mathematical techniques of dynamical systems, the so-called
qualitative analysis.

The work is organized as follows. In section 2 we deduce for a Friedmann-Lemâıtre-Robertson-Walker spacetime the
equations that model the dynamics of the universe when adiabatic particle production is allowed. Section 3 is devoted
to the dynamical study of the universe when the particle production rate is constant. Here we see that for a closed
universe the bounces are not allowed, in contrast with what happens when there is not particle production. In fact,
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instead of a bounce, the scalar curvature diverges when the Hubble parameter vanishes. The remarkable property is
that in the expanding phase all the solutions, at very late time, have an effective Equation of State parameter that
converges to −1, meaning that all of them depict a universe that at late times enters in a de Sitter regime, which
could model the current cosmic acceleration. The case of variable production rate is studied in section 4, where we
basically show that for all the cases there are orbits unifying inflation with the current cosmic acceleration, that is,
solutions of the dynamical equations that depict a universe with an early and late time acceleration. Finally, in last
section we study the thermodynamical properties of the models studied in the previous sections.

We will use natural units: c = ~ = 8πG = kB = 1.

2. COSMOLOGICAL MODELS DRIVEN BY PARTICLE PRODUCTION

Assuming homogeneity and isotropy at large scales, our universe is well described by the so-called Friedmann-
Lemâıtre-Robertson-Walker (FLRW) metric, which is given by

ds2 = −dt2 + a2(t)

[
dr2

1− κr2
+ r2(dθ2 + sin2 θdϕ2)

]
, (1)

where a(t) is a scale factor that parametrizes the relative expansion of the universe and the curvature κ is -1,0 or 1
when we are dealing respectively with an open, flat or closed universe.

Under the hypothesis that the FLRW spacetime is filled by a perfect fluid with energy density ρ and pressure PT ,
Einstein’s field equations lead us to the following Friedmann equation

H2 =
ρ

3
− κ

a2
, (2)

where H = ȧ
a is the Hubble parameter.

Note that this equation is only a constraint that relates the scale factor, the Hubble parameter and the energy
density. Thus, in order to obtain the dynamical equations we will use the first principle of thermodynamics d(ρV ) =
−PT dV , with V = a3. Therefore, the conservation equation becomes

ρ̇ = −3H(ρ+ PT ) (3)

where the total pressure is PT = P + Pc with Pc = − Γ
3H (ρ+ P ), being P the pressure of the matter content and Pc

the pressure related to the gravitationally induced adiabatic particle production with a creation rate Γ (see for details
[19–23, 25, 28]).

Remark: Equation (3) could be obtained as follows: Particle production is modeled by:

Ṅ = NΓ⇐⇒ ṅ+ 3Hn = nΓ, (4)

where N = na3 is the number of created particles and n its density. Then, from Gibbs equation [16]

nT ṡ = ρ̇+ 3H

(
1− Γ

3H

)
(p+ ρ), (5)

where T is the temperature of the fluid and s the specific entropy (i.e., the entropy per particle), if one assumes that
the specific entropy is constant (particle creation happens under adiabatic condition [17, 39]), one obtains (3).

Differentiating Friedmann equation and using the conservation one, we derive the so-called Raychaudhuri equation

Ḣ = −ρ+ P

2

(
1− Γ

3H

)
+

κ

a2
. (6)

From now on, we suppose that the perfect fluid satisfies a linear Equation of State (EoS) P = (γ− 1)ρ, considering
γ > 0, which models a non-phantom fluid. The corresponding effective Equation of State, using (3), is given by

ωeff =
P − Γ

3H (ρ+ P )

ρ
= −1 + γ

(
1− Γ

3H

)
. (7)
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In order to perform the dynamical analysis in both κ = 0 and κ = ±1 cases, it will be useful to change to

conformal time τ , defined by the relation dτ = dt
a , and to use the conformal Hubble parameter H = a′

a = ȧ where the
prime denotes the derivative with respect to the conformal time and the dot with respect to the cosmic one. Hence,
Friedmann equation and Raychaudhuri equations will become

H2 + κ = a2 ρ

3
H′ = − 1

2H
[(3γ − 2)H− aΓγ](H2 + κ). (8)

Consequently, in the plane (H, a) the dynamical system is given by a two dimensional autonomous first order
differential system: {

H′ = − 1
2H [(3γ − 2)H− aΓγ](H2 + κ)

a′ = Ha , (9)

and the energy density of the universe by

ρ =
3

a2
(H2 + κ). (10)

3. CONSTANT PRODUCTION RATE

In this section we will study the case Γ = Γ0 with Γ0 > 0, whose dynamics was firstly introduced in the seminal
paper [16] and has recently been studied, for the flat case, in [36].

3.1. Flat universe

For κ = 0, equation (6) becomes

Ḣ = −γ
2
H(3H − Γ0), (11)

which means that, in this case, the dynamical system decouples and we have a first order autonomous one dimensional
dynamical system. Therefore, the dynamical analysis is very simple. We have two fixed points: H = 0, which is a
repeller, and H = Γ0

3 , which is an attractor, as we show in Figure 1:

FIG. 1: Dynamics of the flat universe in the plane (H, ρ).

To study the singularities, we note that for large values of |H| equation (11) becomes the same as in classical Einstein

Cosmology, i.e., Ḣ = − 3γ
2 H

2. Thus, we have a Big Bang singularity for H > Γ0

3 and a Big Crunch singularity in the
contracting phase.

Now, we will do the same dynamical analysis but in the plane (H, a), because for the case κ 6= 0 it is mandatory to
perform it in this plane. From equation (9), we obtain

dH
da

= −3γ − 2

2

H
a

+
Γ0γ

2
=⇒ H =

Γ0

3
a+ Ca−

3γ−2
2 . (12)
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Consequently, the axis H = 0 is a repeller rect of critical points and, thus, we have no bounces. The axis H =
Γ0

3 ⇐⇒ H = Γ0

3 a, which corresponds to ωeff = −1, is an attractor in the expanding phase, in the sense that all

solutions satisfy Ha →
Γ0

3 , at late times, i.e., the slope of the curves converges to Γ0

3 . When H → ∞, equation (8)

becomes H′ = − 1
2 (3γ−2)H2. Therefore, as we have already explained, for cosmic time there is a Big Bang singularity

when H > Γ0

3 and a Big Crunch in the expanding phase.

In figure 2 we have represented the corresponding phase portraits where we have used colour green for the expanding
phase and colour red for the contracting phase. Dotted lines correspond to the set ωeff = −1. Black lines are the

sets where H′ = 0, i.e., H = 0 and, for γ 6= 2/3, H = a Γ0γ
3γ−2 . We can see that for γ > 2/3 there are solutions, in

the expanding phase, with a Big Bang singularity that at early times depict a decelerating universe that at late time
enter in an accelerated regime. On the contrary, for γ ≤ 2/3, in the expanding phase, all the solutions depict, all the
time, an accelerated universe.

FIG. 2: Evolution of a flat universe (κ = 0) in the plane (H, a) with γ > 2/3 (left), γ = 2/3 (center) and γ < 2/3 (right). In
the accelerated region H′ > 0, while in the decelerated region H′ < 0.

3.2. Closed universe

For κ 6= 0, we cannot solve analytically the system for all the values of the parameter γ > 0. However, we can do it for

the case γ = 2/3. In this case, from (9) we have dH
da = Γ0

3
H2+1
H2 and, thus, orbits have the form H−arctanH = Γ0

3 a+C.
Therefore, all the orbits in the expanding phase, as in the flat case, satisfy H/a→ Γ0/3, meaning that ωeff → −1.

In this case, the orbit H− arctanH = Γ0

3 a, which corresponds to C = 0, plays the role of the curve H = Γ0

3 a⇐⇒
ωeff = −1. However, since they differ for small values of H, there are orbits which cross the curve ωeff = −1, which
means that for those orbits the universe goes from a phantom to a non-phantom regime. The phase portrait for
γ = 2/3 is plotted in Figure 3, where we have used the red colour for the contracting phase and the green colour for
the expanding phase. The dotted line is the curve C = 0 and the dashed line is the curve ωeff = −1, which is an
attractor in the same sense as in the flat case. Finally, H = 0 and a = 0 (in the expanding phase) are repeller axis of
singularities.
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FIG. 3: Evolution of a closed universe (κ = 1) in the plane (H, a) with γ = 2/3.

To show these singularities, let Hs be the value of H in the singularity corresponding to a = 0, which is 0 for the
orbit with C = 0 and finite otherwise. Hence, from dt = da/H, we have that the time needed to reach the singularity

is t =
∫ a0

0
da
H =

∫H0

Hs
3HdH

Γ0(H2+1) , which is finite. Hence, according to Friedmann equation H2 = ρa2

3 − 1, the density of

energy diverges for a finite cosmic time. Therefore, we have a Big Bang singularity for those orbits in the expanding

phase such that H − arctan(aH)
a > Γ0

3 and a Big Crunch singularity in the contracting phase.

In the same way, we also observe some sort of singularity at H = 0. It occurs at finite time since t =
∫H0

0
3HdH

Γ0(H2+1)

does not diverge. Hence, H′ diverges at H = 0, which means that the scalar curvature R = 6
a2 (H′ +H2 + κ) diverges

at finite time.

For γ 6= 2/3, we also have another orbit, that we have represented in a dotted line, which plays the role of the curve

ωeff = −1, i.e, Ha = Γ0

3 (dashed line). The other black line refers to Ha = Γ0γ
3γ−2 , where H′ = 0. And the axis H = 0 is

a repeller rect of singularities (the scalar curvature diverges on it).

FIG. 4: Evolution of a closed universe (κ = 1) in the plane (H, a) with γ > 2/3 (left) and γ < 2/3 (right).

We observe that the behavior in terms of singularities is the same as the one for γ = 2/3. We only need to verify
that they occur for a finite cosmic time. Regarding the Big Bang and Big Crunch singularity, it is trivial since in these
cases when H → ±∞ the dynamics is the same as for κ = 0. Finally, near H = 0, equation (9) becomes H′ = aΓγ

2H ,
and hence, the time to reach H = 0, i.e. R =∞, does not diverge.

In the phase portrait, we have also plotted an orbit that crosses the line ωeff = −1, i.e., going from a phantom to a

non-phantom phase. Anyway, in the expanding phase all the orbits satisfy Ha →
Γ0

3 =⇒ ωeff → −1, and as in the flat
case, when γ > 2/3 there are orbits depicting, at early times, a decelerating universe that accelerates at late times.
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3.3. Open universe

Analogously as in the closed case, we obtain for γ = 2/3 the equation dH
da = Γ0

3
H2−1
H2 , which could be integrated

obtaining orbits of the form H + 1
2 ln H−1

H+1 = Γ0

3 a + C. Therefore, all the orbits in the expanding phase satisfy that

H/a→ Γ0/3 and, thus, ωeff → −1. We note that in this case, from the Friedmann equation ρ = 3
a2 (H2 − 1), one can

deduce that the region |H| < 1 is forbidden because the energy density ρ must be positive. The behavior of the orbits
is depicted in Figure 5.

FIG. 5: Evolution of an open universe (κ = −1) in the plane (H, a) with γ = 2/3.

To study the singularities, let Hs be the value of H in the singularity corresponding to a = 0, which is a finite
value satisfying |Hs| > 1. Hence, from dt = da/H, we deduce that the time needed to reach the singularity is

t =
∫ a0

0
da
H =

∫H0

Hs
3HdH

Γ0(H2−1) , which is finite. Hence, according to Friedmann equation H2 = ρa2

3 + 1, the density of

energy diverges for a finite cosmic time. Therefore, we have a Big Bang singularity for orbits in the expanding phase
and a Big Crunch singularity in the contracting phase.

The phase portraits in the case γ 6= 2/3 are:

FIG. 6: Evolution of an open universe (κ = −1) in the plane (H, a) with γ > 2/3 (left) and γ < 2/3 (right).

We observe that the behavior in terms of singularities is the same as for γ = 2/3. We only need to verify that
they occur for a finite cosmic time. With the same argument used in the closed case, the Big Bang and Big Crunch
singularity occur at a finite time because in these cases |H| → ∞ and, thus, it satisfies asymptotically the same
dynamics as for κ = 0.

In the phase portrait, we have also plotted an orbit that crosses the line ωeff = −1. In these cases, the orbits
H = ±1 (i.e. ρ = 0) are repellers, while in the expanding phase all the orbits satisfy as in the cases κ = 0, 1 that
H → Γ0

3 , i.e., ωeff → −1.
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4. VARIABLE PRODUCTION RATE

In [37], the authors considered a variable production rate given by Γ(H) = −Γ0 +mH+ n
H and studied the different

possible values of the constants. It is discussed that for some particular cases it is possible to depict, for the flat case,
a non-singular universe in cosmic time, i.e., defined for all t ∈ (−∞,∞), with an early accelerated period (inflation),
that decelerates after the end of inflation and finally enters in another accelerated regime which could mimic the
current cosmic acceleration. In this section we are going to consider one of this cases, which results when m = 3,
Γ0 > 0 and n > 0.

The viability of this phenomenological model was proved in [37] for a flat universe in the particular case in which

n =
Γ2

0

12 , verifying that the spectral index (ns), its running (αs) and the ratio of tensor to scalar perturbations (r) fit
well with the observed values.

4.1. Flat universe

For κ = 0, equation (6) becomes:

Ḣ = −γ
2

(Γ0H − n) (13)

So, we have a single fixed point, H = n
Γ0

, which is an attractor:

FIG. 7: Dynamics of the flat universe in the plane (H, ρ)

Since for H → ∞ equation (13) is Ḣ = −γΓ0

2 H, we deduce that time to reach H → ±∞ diverges and, therefore,
we have no singularities in finite cosmic time. We also observe that for H < n

Γ0
there is a bounce.

As in the former case, we will perform the dynamical analysis in the plane (H, a). The equation (13) could be
written as dH

d ln a = γ
2

(
n
H − Γ0

)
, whose general solution is given by

ln a = C − 2

γΓ0

(
H
a

+
n

Γ0
ln

∣∣∣∣Ha − n

Γ0

∣∣∣∣) . (14)

Moreover, from equation dH
d ln a = γ

2

(
n
H − Γ0

)
, we observe that all orbits approach asymptotically to Ha = n

Γ0
, i.e.,

ωeff → −1. We point out that H′ = 0 when

a

H
=
γΓ0 ±

√
γ2Γ2

0 − 8nγ

2nγ
(15)

Hence, we differ between whether these two rects in the plane (H, a) are complex (γΓ2
0−8n < 0), coincide (γΓ2

0 = 8n)
or are both real and different (γΓ2

0 − 8n > 0). In the following phase portraits we can verify the behaviour that we
have already described:
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FIG. 8: Evolution of a flat universe (κ = 0) in the plane (H, a) with γΓ2
0− 8n < 0 (left), γΓ2

0− 8n = 0 (center) or γΓ2
0− 8n > 0

(right).

We note that in the case γΓ2
0 − 8n > 0, there are orbits that depict a universe accelerating at early times and

late times, with a deceleration period between these accelerated phases. Then, these orbits could be candidates to
unify inflation with the current cosmic acceleration. We also point out that these orbits have no singularities in finite
cosmic time, since at early times H(t)→ 2nγ

γΓ0−
√
γ2Γ2

0−8nγ
and, thus, point (0, 0) in the plane (H, a) is not reached in

a finite time, which corresponds to the so-called little bang singularity [40], named in analogy to the little rip [41, 42].

However, we see that the background is not past-complete analogously to the analysis done in [40]. This follows

from the fact that the maximum affine parameter λ̃max = 1
a0

∫ 0

−∞ a(t)dt is finite. Given that at sufficiently early times

ȧ ' 2nγ

γΓ0−
√
γ2Γ2

0−8nγ
a (let us consider for t < tc),

∫ tc
−∞ a(t) ' γΓ0−

√
γ2Γ2

0−8nγ

2nγ e

2nγtc

γΓ0−
√
γ2Γ2

0−8nγ < ∞ and, thus, λ̃max is

finite, i .e., any backward-going null geodesic has a finite affine length.

With regards to massive particles moving along time-like geodesics, being m its mass and p0 6= 0 its three-momentum

at time t = 0, we verify that the maximum proper time τmax ≡
∫ 0

−∞
ma(t)√

m2a2(t)+p2
0a

2(0)
dt will also be finite. Hence,

in the system of reference that a massive particle moving along a time-like geodesic is at rest, the singularity (the
divergence of the energy density) occurs at finite proper time [43], meaning that the universe is not past-complete.
Note finally that, as has been pointed out in for the first time in the seminal paper [44], this past incompleteness is a
an universal property of the scenarios that contains an early inflationary period.

4.2. Closed universe

The dynamical system associated to this case is:

H′ =

(
H2 − γΓ0

2
aH+

nγ

2
a2

)
H2 + 1

H2
. (16)

In this case, H = 0 is a repeller axis of singularities and, hence, we have no bounce. Since for H → ±∞ the behavior
is the same as in the flat case, the time needed to reach H → ±∞ will diverge again. The phase portrait for the
different cases, which we have already described for the flat case, are the following ones:
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FIG. 9: Evolution of a closed universe (κ = 1) in the plane (H, a) with γΓ2
0−8n < 0 (left), γΓ2

0−8n = 0 (center) or γΓ2
0−8n > 0

(right).

All orbits in the contracting phase contain a finite time future singularity because near H = 0 the dynamical

equation becomes H′ = nγ
2
a2

H2 , which shows that the derivative of H diverges (and, thus, the scalar curvature
diverges). Moreover, it is not difficult to see that the time to reach H = 0 is finite.

In the expanding phase, H = n
Γ0

is an attractor. Some orbits have a past singularity in which H′ diverges, as in

the contracting phase. When γΓ2
0 − 8n > 0, analogously as in the flat case, we also have orbits without singularities

in finite cosmic time which could depict the unification of the early inflationary period with the late time cosmic
acceleration.

4.3. Open universe

The corresponding dynamical system is:

H′ =

(
H2 − γΓ0

2
aH+

nγ

2
a2

)
H2 − 1

H2
(17)

As in the closed universe, for H → ±∞ we have no singularities in cosmic time. And the axis H = ±1 represents
solutions of the dynamical system. The phase portrait is:

FIG. 10: Evolution of an open universe (κ = −1) in the plane (H, a) with γΓ2
0 − 8n < 0 (left), γΓ2

0 − 8n = 0 (center) or
γΓ2

0 − 8n > 0 (right).
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Since ȧ = H, the time needed to reach the point (±1, 0) is finite. Therefore, H diverges at finite cosmic time, but
this does no mean that there is a singularity. Effectively, near (±1, 0) the dynamical equation (17) becomes

H′ = H2 − 1⇐⇒ dH
da

=
H2 − 1

aH
, (18)

whose general solution is H2− 1 = (H2
0 − 1)

(
a
a0

)2

. Then, since ρ = 3
a2 (H2− 1) and near (±1, 0) the scalar curvature

is approximately 2ρ, we can conclude that both quantities are finite at (±1, 0). Finally, once again, in the expanding
phase H = n

Γ0
is an attractor and there are orbits that could be candidates to depict our universe.

5. THERMODYNAMICAL ANALYSIS

This section is devoted to the thermodynamical study of the models presented in the previous sections. Macroscopic
systems tend toward a thermodynamical equilibrium where, according to the second law of thermodynamics, the total
entropy S = Sh + Sγ (the entropy of the apparent horizon, namely Sh, plus the entropy of matter enclosed by the

horizon, that we denote by Sγ) of an isolated system never decreases, that is Ṡh + Ṡγ ≥ 0, and should be concave

(S̈h + S̈γ < 0) near the thermodynamic equilibrium [45, 46]. Here, we will use units ~ = c = kB = 1 and now the
reduced Planck’s mass is MPl = 1√

8πG
.

5.1. Constant creation rate (Γ = Γ0)

The entropy of the apparent horizon is defined as Sh = 1
4l2Pl
A, where A = 4πr2

h is the horizon area, rh = 1√
H2+ k

a2

=√
3
ρ is the horizon radius and lPl = 1√

8πMPl
is Planck’s length. Now, a straightforward calculus leads to

Ṡh =
3γ

4

A
l2Pl

(
H − Γ0

3

)
, (19)

which shows that Ṡh > 0 for the orbits that satisfy H > Γ
3 (ωeff > −1), and of course the entropy of the apparent

horizon decreases in the contacting phase, in agreement with the recent result obtained in [35]. Taking the second
derivative, we obtain

S̈h =
3γ

4

A
l2Pl

[
3γ

2

(
1− Γ0

3H

)(
H2

(
1− 2Γ0

3H

)
− κ

a2

)
+

κ

a2

]
. (20)

When the system tends to the thermodynamical equilibrium H = Γ0

3 , we have seen that a → ∞ and, thus, it is

trivial that for κ = 0,−1 it is concave (S̈h < 0) in the last stage of approaching this equilibrium. However, for κ = 1,
the study is a little more involved. First of all, we note that near the equilibrium one has

S̈h =
3γ

4

A
l2Pla

2

[
−γΓ2

0

6
f + 1

]
, (21)

where we have defined f = a2
(
1− Γ0

3H

)
> 0.

Then, we see that near H = Γ0

3 , f satisfies

ḟ =
Γ0(4− 3γ)

6
f +

3

Γ0
=⇒ f(t) = Ce

Γ0(4−3γ)
6 t +

18

Γ2
0(3γ − 4)

. (22)

Hence, lim
t→∞

f(t) =∞ if 4− 3γ ≥ 0 and lim
t→∞

f(t) = 18
Γ2

0(3γ−4)
if 4− 3γ < 0. Therefore, if 4− 3γ ≥ 0 we easily verify

that for the closed case S̈h is concave in the last stage of approaching the equilibrium. If 4− 3γ < 0, we also obtain

concavity since near H = Γ0

3 , it is satisfied that −γΓ2
0

6 f + 1→ 4
4−3γ < 0.
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Now, we need to study the entropy Sγ of the field, which arises from Gibb’s equation TdSγ = d(ρV ) +PdV , where
V = 4

3πr
3
h. Thus,

T Ṡγ = 6γπM2
Plrh

(
H − Γ

3

)
(3γ − 2), (23)

which is positive in the case we study (H > Γ0

3 ) when γ > 2
3 . On the other hand, from the equation [46, 47]

Ṫ

T
= (Γ− 3H)

∂P

∂ρ
, (24)

we obtain, using Γ− 3H =
2H(Ḣ− κ

a2 )
γ(H2+ κ

a2 )
= − 2

γ
d
dt ln rh, the general solution

T = T0

(
rh,0
rh

) 2(γ−1)
γ

, (25)

where we have introduced the notation rh,0 = 1√
H2

0+ k

a2
0

Regarding the case 0 < γ < 2/3, we need to look more carefully at the sign of the derivative of the total entropy.

Ṡ =
6πγ

(
H − Γ0

3

)
M2
Pl√

H2 + κ
a2

[
4π√

H2 + κ
a2

− 2− 3γ

T

]
(26)

According to 2015 Planck results [7], |Ωk| < 0.005 and, hence, H2
0a

2
0 > 200. Thus, k

a2
0
� H2

0 , meaning that

rh,0 ≈ 1
H0

and, since we are currently in the last accelerated phase expansion phase of the universe, H0 ≈ Γ0

3 .

Therefore, at the last stage of approaching equilibrium T ≈ T0. Hence, 4πT
(2−3γ)

√
H2+ κ

a2

> 2T0

H0
, which is of the

order 10−30 because the current temperature of the universe is T0
∼= 10−31MPl and the current value of the Hubble

parameter is H0
∼= 6× 10−61MPl. So, it turns out that for 0 < γ < 2/3 it is also fulfilled that Ṡ > 0.

Now, the second derivative of Sγ is given by

S̈γ =


18πγ(3γ−2)(γ−1)M2

Plrh
T

{(
1− Γ0

3H

) [
H2
(

1− 3γ−2
6(γ−1)

Γ0

H

)
− γ

2(γ−1)
κ
a2

]
+ 1

3(γ−1)
κ
a2

}
, γ 6= 1

6πγ(3γ−2)M2
Plrh

T

[
− 1− Γ0

3H

2

(
HΓ0 + 3 κ

a2

)
+ κ

a2

]
γ = 1.

(27)

Both for γ = 1 and the rest of cases such that γ > 2/3, we trivially see that S̈γ < 0 in the last stage of approaching

equilibrium for κ = 0 and κ = −1, because 3γ−2
6(γ−1)

Γ0

H > 1 for γ > 1 and 3γ−2
6(γ−1) < 0 for γ < 1. For κ = 1, we need to

study again the function f = a2
(
1− Γ0

3H

)
near H = Γ0

3 . Performing exactly the same analysis as the one we did for

S̈h, one can conclude that for the closed case Sh is also concave in the last stage of approaching equilibrium.

Regarding 0 < γ < 2
3 , since 3γ−2

2(γ−1) < 1, an analog analysis shows us that in the last stage of approaching equilibrium

S̈γ > 0 both in κ = 0 and κ 6= 0.

Thus, we need to look at the total second derivative, which has the asymptotic form at the last stage of approaching
equilibrium

S̈ =
6πγM2

Pl

a2
√
H2 + κ

a2

(
4π√

H2 + κ
a2

− 2− 3γ

T

)[
−γΓ2

0

6
a2

(
1− Γ0

3H

)
+ κ

]
(28)

We observe clearly that the therm in parenthesis is positive as was already justified for equation (26). We also
already know that the therm in claudators is negative. Whereas it is trivial for κ = 0,−1, it is also true for κ = 1 as
was justified for equation (21). Therefore, we have proved that for 0 < γ < 2/3 it also results that S̈ < 0.
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To end the case of a constant rate, we take into account quantum corrections, which lead to the following entropy
of black hole horizons (see for instance [45])

Sh =

[
A

4l2Pl

− 1

2
ln

(
A
l2Pl

)]
(29)

Thus, we obtain that:

Ṡh =
3γ

2

(
H − Γ

3

)[
A

2l2Pl
− 1

]
(30)

which is positive for H > Γ
3 and rh >

lPl√
2π

. Taking the second derivative, one gets

S̈h = 9γ2r2
h

(
1− Γ0

3H

)[
π

2l2Pl

(
H2

(
1− 2Γ0

3H

)
− κ

a2

)
+

1

4r4
h

]
+ 3γ

κ

a2

(
A

4l2Pl
− 1

2

)
, (31)

which near H = Γ0

3 becomes

S̈h = 9γ2

(
1− Γ0

3H

)(
− π

2l2Pl
+

Γ2
0

36

)
+ 3γ

κ

a2

(
9π

Γ2
0l

2
Pl

− 1

2

)
. (32)

Then, since Γ0 � 1, in the last stage of approaching equilibrium, for κ = 0,−1 we easily deduce that Sh is concave.
For κ = 1, we again need to look at the expression a2

(
1− Γ0

3H

)
. Hence, as in the former cases, we obtain that it is

always greater than 1 and, so, in this case it will also be concave.

5.2. Variable creation rate (Γ(H) = −Γ0 + 3H + n
H
)

In this case, we proceed analogously as with constant creation rate. The derivative of the entropy of the apparent
horizon is:

Ṡh =
Aγ
4l2Pl

(
Γ0 −

n

H

)
, (33)

and the thermodynamic equilibrium H = Γ
3 takes place at H = n

Γ0
. And the second derivative of Sh turns out to be

S̈h =
Aγ
4l2Pl

[
γ
(

Γ0 −
n

H

)(
Γ0 −

3n

2H
− n

2H3

κ

a2

)
+

n

H2

κ

a2

]
. (34)

Near H = n
Γ0

, this second derivative becomes

S̈h =
AγΓ2

0

4na2l2Pl

[
−γna

2

2Γ0

(
Γ0 −

n

H

)
+ κ

]
. (35)

Consequently, once again, for κ = 0,−1, we have that S̈h < 0 in the last stage of approaching equilibrium. And for

κ = 1, we have to analyze what happens with −γna
2

2Γ0

(
Γ0 − n

H

)
+ 1 near H = n

Γ0
.

Defining g = a2
(
Γ0 − n

H

)
, one can check that, near H = n

Γ0
, g satisfies the equation

ġ = g

(
2n

Γ0
− γΓ0

2

)
+

Γ2
0

n
. (36)

Therefore, lim
t→∞

g(t) = ∞ if 4n − γΓ2
0 ≥ 0 and lim

t→∞
g(t) =

2Γ3
0

n(γΓ2
0−4n))

if 4n − γΓ2
0 < 0. Hence, when 4n − γΓ2

0 ≥ 0

it follows trivially that, for the closed case, Sh is concave in the last stage of approaching the equilibrium. And when
4n− γΓ2

0 < 0, we also obtain concavity, since near H = n
Γ0

one has − γn
2Γ0

g + 1 < 0 .
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If we now proceed to analyze the entropy Sγ of the matter, we obtain the same expressions as in the constant

creation rate for Ṡγ and T :

T Ṡγ = 2γπM2
Plrh

(
Γ0 −

n

H

)
(3γ − 2) and T = T0

(
rh,0
rh

) 2(γ−1)
γ

. (37)

Thus, as in the previous case, we have that for H > n
Γ0

, Ṡγ < 0 for γ > 2
3 . Analogously as in the constant creation

rate case, we need to compute the derivative of the total entropy for the case γ < 2
3 :

Ṡ =
2πγ

(
Γ0 − n

H

)
M2
Pl√

H2 + κ
a2

[
4π√

H2 + κ
a2

− 2− 3γ

T

]
. (38)

With an analogous argument to the previous case we obtain that Ṡ > 0 for the case 0 < γ < 2
3 .

Taking the second derivative, we obtain

S̈γ =
γπ(3γ − 2)2M2

Plrh
T

{(
Γ0 −

n

H

)(
Γ0 −

2(2γ − 1)n

(3γ − 2)H
− κnγ

a2H3(3γ − 2)

)
+

2κn

H2a2(3γ − 2))

}
. (39)

Since 2(2γ−1)
3γ−2 > 4

3 > 1 for γ > 2
3 , Sγ is concave for κ = 0,−1 in the last stage of approaching the equilibrium

H = n
Γ0

. For κ = 1, we need to look once again at nγa2

2Γ0

(
Γ0 − n

H

)
near H = n

Γ0
, which is greater than 1 as we already

showed for S̈h. Hence, Sγ is also concave for κ = 1 in the last stage of approaching equilibrium for γ > 2/3.

For 0 < γ < 2
3 , given that 2(2γ−1)

3γ−2 < 1, we easily verify that S̈γ > 0 for both κ = 0 and κ 6= 0. As a consequence,

we need to look again at the second derivative of the total entropy near H = n
Γ0

:

S̈ =
2πγM2

PlΓ
2
0

a2n
√
H2 + κ

a2

(
4π√

H2 + κ
a2

− 2− 3γ

T

)[
−γna

2

2Γ0

(
Γ0 −

n

H

)
+ κ

]
. (40)

With the same arguments as in the previous cases we justify that the therm in parenthesis is positive and the one
in claudators is negative and, thus, S̈ < 0 for 0 < γ < 2

3 .

When applying quantum corrections, we obtain the same expression as in constant creation rate case for Ṡγ :

Ṡh =
γ

2

(
Γ0 −

n

H

)[ A
2l2Pl

− 1

]
, (41)

which is positive for H > n
Γ0

and rh >
lPl√
2π

. And the second derivative is:

S̈h = γ2r2
h

(
Γ0 −

n

H

)[ π
l2Pl

(
Γ0 −

3n

2H
− n

2H3

κ

a2

)
+

n

4H3r4
h

]
+
nγ

H2

κ

a2

(
A

4l2Pl
− 1

2

)
, (42)

which near H = n
Γ0

becomes

S̈h =
Γ3

0γ
2

n2

(
Γ0 −

n

H

)[
− π

2l2Pl
+

n2

4Γ2
0

]
+

Γ2
0γ

n

κ

a2

(
πΓ2

0

n2l2Pl
− 1

2

)
. (43)

Then, since n
Γ0
� 1, in the last stage of approaching equilibrium, for κ = 0,−1, Sh is concave. For κ = 1, once

again we need to look at the expression nγ
2Γ0

a2
(
Γ0 − n

H

)
. Hence, as in the former cases we obtain that it is always

greater than 1 and, so, it will also be concave.
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6. CONCLUSIONS

We have studied two models in cosmologies with adiabatic particle production. The first one, introduced by the
time in [16], is the simplest one because the rate of particle production is constant. The other one contains a
variable creation rate and is important because it leads to solutions that unify the early inflation with the current
cosmic acceleration. First of all, we have performed the dynamical analysis for both models in the FLRW spacetime
(spatially flat and curved), showing that, in the expanding phase, all the solutions of both models depict a universe
accelerating at late time. The difference appears at early times, in which for a constant creation rate all the solutions
in the expanding phase present a singularity at finite cosmic time (the scalar curvature diverges). However, the other
model contains non-singular solutions in finite cosmic time that unify the early and late time acceleration. Finally, we
have performed the thermodynamical analysis, showing that all the solutions in the expanding phase with an effective
Equation of State parameter ωeff greater that −1 tend asymptotically to the thermal equilibrium.
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