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Abstract 7

In the existing literature, some studies have observed an increase 8

in the elastic modulus of human cortical bone with strain rate, which 9
has been described as a consequence of the viscoelastic properties 10
of the bone. However, these results contradict the findings of other 1
studies, in which an independence or decrease of the elastic modulus 12
with strain rate is observed, which could be explained by other non- 13
viscoelastic mechanisms. This research studies the dynamic behavior 14
of human cortical bone specimens and investigates their mechanical 15
properties. A full and objective strain rate dependent model is pro- 16
posed and used to describe the experimental results obtained from 17
uniaxial tensile tests of twenty-one human rib cortical bone speci- 18
mens from twelve male post mortem human subjects (average age of 19
68.5 + 12.3 years). In addition, a general discussion of some fami- 20
lies of viscoelastic models is given and the caution with which they 21
should be used when dealing with complex materials such as bone. 2
The main experimental finding is that in the range of strain rate an- 23
alyzed (¢ = 0.10 — 0.60), there is a significant decrease in Young’s 2
modulus (E ~ 18 GPa for ¢ =0.10 s and E ~ 8 GPa for ¢ = 0.50 s71), 2
which is not of viscoelastic origin. Moreover, the most frequently used 2
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viscoelastic models analyzed in this study predict how the elastic mod-
ulus should not vary markedly with strain rate for small strains. In
fact, the observed behavior seems related to the findings of other re-
searchers who observed that the microcraking damage depends on the
strain rate in the same sense found in our work. This allows us to
interpret the qualitative results as a consequence of the microcracking
that takes place within the cortical bone, and not related to viscoelas-
tic effects.

KEYWORDS: Strain rate dependent materials, Bone, Constitutive
model, Tissue Characerization, Viscoelasticity.

Nomenclature
DIC - Digital Image Correlation
QLVE - Quasi-Linear Viscoelastic
ROI - Region of Interest
SEDF - Strain Energy Density Function
YM - Young’s modulus

1 Introduction

Like many other materials, human cortical bone exhibits some variation in
its mechanical properties when measured over a wide range of strain rate.
In particular, many researchers have found evidence of apparent viscoelastic
behavior in bone [1, 2, 3, 4, 5, 6, 7, 8] and, consequently, some viscoelasto-
plastic models [9, 10, 11] have been proposed for compact bone. Although
the viscoelastic/viscoplastic models are a particular case of strain rate de-
pendent constitutive models, these types of models do not exhaust all the
possible strain rate dependent behaviors.

Several authors assumed that in a viscoelastic model the YM should in-
crease with strain rate following pioneering works such as those of McEI-
haney [1] or Wood [2]. However, many contemporary researchers did not
find any evidence that the tangent YM increases significantly with strain
rate in some tissues, even when other mechanical properties did change
[4, 6, 12, 13, 14, 15, 16, 17]. Other researchers only have found that YM
increases very slightly [18] and some authors even noticed in their experi-
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mental data that in certain specific strain rate ranges YM seems to decrease
5, 8, 19, 20], as shown in figure 1. This is consistent with a detailed calcula-
tion which shows that in a wide class of viscoelastic models, extensively used
in the literature, YM should be constant or highly insensitive to strain rate.
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Figure 1: Comparison of literature studies reporting YM of cortical bone at different
strain rates within the range of the present study. This comparison shows that there is
no consistently monotonic increase in YM with strain rate, which has been corroborated
computing the p-values [Wright & Ayes, 1971( p = 0.436), Kirkpatrick & Brooks, 1997 (p =
0.447), Adharapurapu et al., 2006 (p = 0.613), Currey, 1975 no Haversian reconstruction
(p = 0.337), Haversian reconstruction (p = 0.494), all specimens (p = 0.448)].

In light of the disparate trends observed between YM and strain rate in
previous studies. this research focuses on the dependence of YM on strain
rate in human cortical bone. Specifically, this study aims to demonstrate
that viscoelasticity is not the primary mechanism underlying the observed
increase in YM with strain rate, but rather another strain-rate dependent
phenomenon, which could explain the observed decrease in YM in some stud-
ies. To do this, the present research is divided in an experimental part and
a theoretical analysis part. In our experimental work, we found that over a
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reduced strain rate range, YM decreased significantly, and it is supposed to
be related to microcracking damage. We conjectured that this experimental
finding was due to the fact that microcraking is strain rate dependent, as
some researchers established [22]. So, this microcracking effect could explain
why some decreasing trends of YM with strain rate are observed in some
ranges. This effect is obviously not of viscoelastic origin, although it requires
a strain rate dependent model. For this reason, a phenomenological full con-
stitutive model of this type is proposed in this paper, which adequately fits
the data of experiments with cortical bone samples from human ribs. The
model satisfies the objectivity requirements and can be easily generalized to
three-dimensional load cases, although we have applied it lately to uniaxial
tensile tests.

In addition, an analysis of the behavior of widely known models, summa-
rized in [21], is provided to justify rigorously that no significant increase in
the YM can be expected for low strain regime with these models. This sug-
gests that, in certain cases, the modest apparent increase in YM may well
be an experimental artifact due to the use of an inappropriate strain range
to estimate YM, thus taking into account a widest curve area to compute
YM. Estimating YM with data near the origin of coordinates allowed us to
obtain a well defined tangent YM, while when data far from the same origin
are considered, a secant YM is obtained. The tangent YM does not vary
with strain rate, although its approximation, the secant YM, would show a
modest increase. The approximation of intrinsic/tangent YM for the appar-
ent/secant YM could account for the apparent increase in modulus observed
in some pioneering work based on analog data rather than digital data. All
those aspects are treated along the present research.

2 Data and Methods

2.1 Material and specimen preparation

The material used in this study consisted of a sample of human rib speci-
mens harvested from forensic autopsies conducted at the Forensic Pathology
Service of the Legal Medicine and Forensic Science Institute of Catalonia
(FPS/IMLCFC). All the specimens were initially removed for complemen-
tary medical-legal investigation. This study was approved by the Research
and Ethics Committee of the IMLCFC. Subjects whose cause of death was
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trauma or precipitation, as well as those with known bone pathology, were
excluded.

Thirteen healthy 4th ribs were obtained from autopsies of twelve male cau-
casian post mortem human subjects (PMHS) with an average age of 68.5+12.3
years and a BMI of 26.0+5.8 kg/m?. From these ribs twenty-one coupons were
machined following the same methodology described in previous work of the
authors of this study [23, 24, 25]. The specimens were classified according to
the anatomical region of the rib in anterior (A), lateral (B) or posterior (C).
Each coupon specimen was subjected to an uniaxial tensile test to complete
fracture.

Once received, the ribs were wrapped in saline soaked gauze and stored in air-
lock plastic bags in a freezer at a temperature of —20°C. Then, bone coupons
were machined from entire ribs (Figure 2(a)), following the method described
in previous studies [23, 24].

(a) (b)

e o
1 o R

> *‘ &

+ b b gt
-

Figure 2: (a) Coupon dimensions for the specimens machined from rib cortical bone.
(b) The initial grid used for defining a collection of material points which will be tracked
during the elongation of the sample. Points are separated between them 50 pixels.

2.2 Tensile tests, data processing and Digital Image
Correlation

The tensile tests were performed with a ZwickRoell ProLine® and applied
load was measured using a load cell HBM SOIM® of 500 N coupled to a data
acquisition system Spider 8-30 from HBM®. The strain rate of the differ-
ent tests ranged from ¢ = 0.08 to 0.60 s~! (within this range, a constant &
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could be ensured throughout the test, and tests were performed at different
strain rates to analyze its influence on YM, see Table 1). Special fixtures
were used which had longitudinal slotted holes to allow the machine to reach
the intended speed before exerting the load, and displacement was carefully
measured to ensure that the strain rate was constant. The strain was com-
puted from a high-speed video recording of the ROI (gauge length of the
coupons) during the whole test, see figure 2(b). The recording was made
with a high-speed camera PCO 1200s (around 1000 fps), according to the
procedure of [24, 25]. This video was analyzed using a Digital Image Corre-
lation (DIC) motion tracking software from MATLAB® to obtain the strain
in each moment of the test. To do this, a mesh of points was generated on
the ROI in the gauge length.

The DIC procedure provided the position of the mesh points (Figure 2) in
each frame and, thus, the elongations of the specimen could be determined
and the Finite Strain Theory can be applied [27], see equation (1). In par-
ticular, the components of the material or Green-Lagrange strain tensor can
be computed by means of the following equation:

2\0x; Oz; 4 Ox; Oz,
for i,j € {1,2} [being x; = x and x5 = y|]. In practice, the values of the
derivatives Ou;/Ox; are obtained by means of regression analysis at each
step, computing the slope of the curves of displacement w;(z,y,z). This
procedure provides both longitudinal and transversal strain values during
the whole test, which were related to the stress values applied. Specifically,
stresses were computed as the force divided by the initial area, since the
low deformation of bone, usually under 4%, does not significantly affect the
cross-section. Moreover, from the stress-strain curves, the maximum stress
and maximum strain were determined, as well as Young Modulus (YM) which
was computed as the slope of the initial linear region of the stress-strain curve.

2.3 The proposed strain rate dependent model

To explain the experimental data of this study, a strain rate dependent model
is proposed that aims to describe the experimental results (see next section).
This model cannot be considered as viscoelastic, because it does not repre-
sent an increase of stress with strain rate as the usual viscoelastic models
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12 do. Instead of this, the model uses the assumption that the axial stress is

163 a sum of a purely elastic contribution of the type o = g¢(e) + g4(g,€), only
depending on the longitudinal strain e, and a strain rate dependent contri- 1
bution also depending on the strain rate €, see equation (2). Here we present 16
the particularization of the full 3D model to the uniaxial tensile test; the full 1
3D model is summarized in appendix 8. 167
Following the standard procedure of Coleman and Noll [26, 27], it can be 16
found a Strain Energy Density Function (SEDF) that also admits the de- 160
composition w(e, ) = wo(e) + wy(e,€), and thus the stress o can be found o
as: 171

o= 2—1: = 8w§€(5) + (9wd6(§,5) =0o(e) + 04(e,€) (2)
A convenient mathematical form for w(e,é) is obtained from the objectiv- w2
ity principle, which requires that this SEDF is a function of the algebraic 17
invariants of the strain tensor E which are compatible with the symmetry 17
of the material [27, 28]. Essentially, the objectivity principle and material s
symmetry considerations lead to a SEDF which can be expressed as a func- 1
tion of certain algebraic invariants, as equation (3), which guarantees that 17
the constitutive laws retain the same general form for different reference 1
frames. More specifically, the above considerations lead to a mathematical 17
form w = wo({1,}) + wa({L,, J,}) where I,(¢) are invariants of the deforma- 1
tion tensor and J,(e,€) are invariants formed from the deformation tensor 1
and its time derivative (see section 8). Since the human rib can be adequately 1
modeled as a transversely isotropic material, its symmetry group is SO(2) 1

and the descriptions in [28] led to the following elastic invariants: 184
I =3+2(1+2vp)e, Iy=1+2e,
I =3+ (4-8up)e+ (4vp — 8) vpe?, I = (1+2¢)°, (3)

I3 = (1+2¢) (1+2uge)’

These invariants are the reduced forms of the invariants in equations (16), 1
explained in the appendix (section 8), Iy, I5, I3 are compatible with any ro- 1ss
tation, while I, I5 are compatible with any rotation around the material 1s
symmetry axis. By studying the general three-dimensional case it is easy 1ss
to see why these are precisely the required forms. To find the strain rate 1so
dependent invariants of equation (4), combination invariants of the strain 10

01 tensor and its time derivative must be considered [28, 29]. The use of these

12 invariants led to the following strain rate dependent invariants:

7
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Jy=2(1+2u7) ¢, Jo=2[(2+42) e+ (1-2up)] ¢,

Jy=2(1+202)¢2, Jr=4[(1+2¢) +2 (1 - 2wpe) V2] €2,
J3=8V%53, J10:2(]_+2€)é, (4)
J4=2<€L, J11:4(1+2€)52,

J5=4é2, J12=2(1+2€)2é

Being the SEDF expressible in terms of the above invariants: w(e, &) =
w({I,,J,;}). Then, the equation (2) can be expressed as (5):

ow 01, ow 0J,
7" Z(az ag) Zl(a,]q 85) (5)
From the preliminary fittings with different polynomial function degrees, it
was concluded that the experimental data is more adequately modeled with
a polynomial function of fourth degree in € and degree two in €, these results
agree with the results of [10]. Because of this, the specific choice for the
SEDF selected for modeling the data is:

we(e) = ay (I =3)" + az (I5 - 1), (©)
wv(e,é) = (b1J1 + szg)(Il - 3)2 + ng5([5 - 1)2
where the constitutive parameters are ai,as, by, by and bs. Introducing the

above SEDF(6) into equation (5), the following explicit equations (7) are
obtained:

oc = [8(1 +2v)ay Je + 24[2b3 + das ]e? + [64(ag + b3)]e® = Bye + Bye? + Bse®

oy =16 [ba(1+202) (1 +20)262 + 21 (1 + 2v)3¢] e (7)
Therefore, clear viscoelasticity effects would only be found in this model in
the linear term, as indeed the data show. In addition, the data manifest that
in all cases one has 2b3 + 4a, ~ 0. With these observations, the above two
equations (7) can be put together in a more convenient form simply as the
following expression (8):

o=E(¢)e(1-ae?) (8)

where the effective Young’s modulus E(¢) and oy are given by (9):

B(¢) = [8(1+ 2)ar] + 16[by(1+202) (1 + )22 + 2by (L+ 20)%¢],
a1=192a2/E(5’) ( )
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3 Results

The stress-strain curves obtained from the tensile tests are shown in figure
3. Table 1 contains the anthropometric variables gender, age and body mass
index (BMI), as well as the values obtained for the ultimate stress (o),
maximum strain (€max), the tangent YM and the fitted parameter «; (see
equation (9)) for all the specimens. Moreover, figure 4 illustrates two typical
experimental stress-strain curves resulting from the tensile tests, and the
fitted curves obtained with the model proposed in section 2.3. As observed,
an excellent good fitting to the model expressed in equation (9) was obtained
for all specimens (r2? > 0.99 in all cases, see table 1).
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Figure 3: Collection of stress-strain curves for the sample arranged in groups of strain
rate.

Figure 5 shows an scatter plot of the YM obtained as a function of the
strain rate for each specimen, where a decreasing trend in the values obtained
for YM with increasing the strain rate is observed. Statistical analysis of this
data set, using the statistical package XLSTAT® showed that the observed
decrease was highly significant (p—value < 0.001).
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Table 1: Measured values, fitted parameters and anthropometrical variables for all the

specimens.
Rib Oy Emax £ YM [GPa] o Gender  Age BMI r2
Rib [MPa]  [%]  [s7'] (GPal - [yo]  [kg/m?]
231-LB1 50.7 0.96 0.35 8.74 0.437 M 85 29.6 0.998
231-LB2 67.7 1.02  0.42 7.48 0.091 M 85 29.6 0.998
235-RA 122 1.65 0.30 14.40 0.553 F 60 32.5 0.997
236-LA 123 0.83 0.08 19.02 0.246 M 79 20.5 0.997
255-LB1 1142 1.81 0.60 10.35 0.411 M 7 25.0 0.999
255-LB2 1572  1.03 0.25 20.14 0.235 M 7 25.0 0.999
255-LC 103.4 1.3 0.44 9.46 0.286 M 7 25.0 0.999
257-RA 25.8 0.52 0.31 4.93 0.000 M 71 32.9 0.999
257-LB 40.9 0.98 043 6.21 0.331 M 71 32.9 0.999
261-LB 126.6 4.44 0.36 7.69 0.764 M 66 19.8 0.999
299-LA 156.5 1.37 0.12 17.37 0.387 M 56 16.4 0.999
350-LA 103.3  0.77 0.24 16.34 0.183 M 62 29.1 0.999
350-LB 1184 1.22 044 11.91 0.185 M 62 29.1 0.999
351-LA 55.7 1.23  0.51 6.44 0.298 M 89 28.0 0.999
351-LB1 54.6 0.73 0.36 8.50 0.138 M 89 28.0 0.999
351-LB2 63.4 1.17  0.44 9.39 0.456 M 89 28.0 0.999
367-LB 70.0 0.90 0.22 8.52 0.000 M 58 33.4 0.999
417-RB1 91.1 1.20 0.37 12.76 0.448 M 70 21.2 0.998
417-RB2 84.2 1.20  0.39 11.51 0.414 M 70 21.2 0.999
417-LB1 146.8 1.90 0.31 13.22 0.443 M 70 21.2 0.999
417-LB2 100.2 091 0.32 15.46 0.307 M 70 21.2 0.999
489-RA 1389 1.09 0.21 15.93 0.201 M 49 23.3 0.999

10
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Figure 4: Two examples of fittings of the experimental data to the model. Black lines:
measured stress-strain curves, red lines: fitted curves using the proposed model.
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Figure 5: A scatter plot using data of table 1 shows a significant decrease trend with
strain rate (p-value < 0.001).

4 Discussion

25 In this study, the dynamic behavior of human rib cortical bone was investi-

26 gated, with a focus on analyzing its mechanical properties and proposing a
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strain rate dependent model. The most commonly used viscoelastic models
were also analyzed. To achieve this, uniaxial tensile tests were conducted on
human rib cortical bone specimens at different strain rates. The strain was
determined using a Digital Correlation and Tracking (DIC) procedure, which
enabled precise strain computation along the entire test without contact with
the specimens. Additionally, the real strain rate of each test was determined.
From the obtained stress-strain curves, the mechanical properties, including
the ultimate stress (o), maximum strain (€,,,x) and Young’s Modulus (YM),
were determined.

The results indicate that YM decreases significantly with increasing strain
rate (p-value< 0.001), as observed in some previous studies [5, 8, 19, 20].
However, other studies found no influence of strain rate in YM [14, 15|, and
moreover older literature indicates that YM increases with strain rate [1, 2].

The occurrence of strain rate dependent phenomena in cortical bone,
such as damage or strain rate dependent microcraking, as reported in [22],
suggests that purely viscoelastic or viscoplastic models would be insufficient
to model the mechanical behavior of cortical bone, and that more complex
models that include damage need to be considered, such as the one developed
by Schwiedrzik & Zysset [11]. Therefore, under certain conditions, it seems
plausible that strain rate dependent factors may exert a greater influence
than viscoelastoplastic factors. This possibility could explain the downward
trend of YM with strain rate depicted in Figure 5. Zioupos et al. (2008)
postulated that the occurrence of microcracks prior to macroscopic failure,
which could cause the sample to lose rigidity [22], could be a potential cause
of the observed decreasing trend.

Furthermore, as this paper notes, the most frequently used quasi-linear
viscoelastic models, such as the standard Maxwell-Wiechert viscoelastic solid
model (which is a generalization of the Maxwell model), the Kelvin-Voight
model or the Burgers model (which generalizes it) predict that for small
strain, the YM should not vary significantly with strain rate as it is shown
in Figure 6(b) and appendix 7. Indeed, this seems to be compatible with
studies that either do not detect a significant variation [12, 6, 13, 14] or only
find very slight variations of YM with the increase of the strain rate [4, 13].
On the other hand, this same figure 6(b) shows that at moderate to large
deformations, the slopes of the stress-strain curves do differ more markedly.
In fact, since the stress-strain curves for a constant strain rate are concave,
the slope of each curve decreases when the strain increases. As observed in
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Figure 6: Expected behavior for a generalized Maxwell-Wiechert viscoelastic model: (a)
Stress-strain curves at three strain rates (¢ =0.01, 1 and 10 s7!), (b) YM as a function of
strain for the same values of strain rate (for & — 0 all three YM are the same). All the
curves are based on equations (12) and (13) given in the appendix 7, where the values
used are Fg=7.6, E1 =0.4, By =2, F5 =10 [GPal], 71 = 0.5, 72 =0.05 and 73 = 0.005 [s].

the aforementioned figure, this effect is more noticeable for lower than for
higher strain rates, so if YM is computed as the average slope over a wide
strain range (instead of strictly calculating the tangent YM) it could appear
that YM is higher with strain rate, as some articles report [1, 2, 5]. When YM
is computed using a wide strain range of the stress-strain curve, it provides
a secant YM, not the intrinsic or tangent YM.

It is quite possible, particularly in older studies with analog data acquisition
systems, that the YM provided is in fact a secant YM, which could result
in an apparent increase in YM with velocity. With more accurate digital
acquisition systems and a large number of measurements per second, it is
possible to calculate YM with greater precision as a tangent modulus in
modern research. This hypothesis would explain why many papers following
to the seminal work of McElhaney or Wood did not find such pronounced
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s differences in YM. Previously, other researchers have found inconsistencies
2o or difficulties in McElhaney’s work [1]; for instance, in Grames et al. [8] it is
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explicitly noted that:

By contrast, the azial constant strain rate results of McFElhaney [1] imply
tand » 0.15 at 1.6 Hz, an order of magnitude too high. Such stress-strain
curves are graphically appealing; nevertheless, they are inconsistent with the
present results as well as with other literature. The discrepancy may result
from nonlinear viscoelastic behavior not accounted for in the transformation
process, from differences in the bone, or from experimental artifacts.

Note also that in the review provided by Johnson [9], the two authors who
find the most notable and always monotonic YM variations are precisely
McElhaney [1] and Wood [2], and it turns out that both use strain gauges
mounted directly on the specimens, although this is potentially problematic
as other works of the time already indicated [4, 30, 31].

The enormous influence that several of the pioneering papers on strain

rate effects in bone [1, 2, 5] had on later literature may explain, in part, why
many later researchers who did not find clear or consistent increasing trends
in Young’s modulus did not explicitly point this out or downplayed those ob-
servations. However, there appears to be a wide range of evidence suggesting
the existence of flaws, experimental artifacts, or flaws in the way Young’s
modulus was measured in some of that early work. Thus, when researchers
find trends inconsistent with the idea that Young’s modulus should increase
with strain rate [5, 8, 19, 20|, they might have downplayed that finding, so
it could be underrepresented in the literature.
Moreover, the prevailing role that the viscoelastic model has had in the study
of the mechanical properties of bone should not make us forget that, in fact,
there are other strain rate dependent effects that would actually point out
that Young’s modulus can decrease, although not in certain specific ranges.
For example, the strain rate dependent microcracking found by [22] is a phe-
nomenon of this kind which, although it is strain rate dependent, would not
fit within the purely viscoelastic or viscoelastoplastic models, see Figure 6).
In addition, it is also known that in metallic materials there are phenomena
in which the YM can decrease with the strain rate due to alterations in the
microstructure, which are favored by the rapid application of loads [34].

Finally, it has to be taken into account, leaving aside the variation of
Young’s modulus discussed above, that there are other strain rate dependent
phenomena which are important for understanding the mechanical properties
of bone. For example, another strain rate dependent phenomenon is involved
in that the ultimate stress can be affected by the rate of load application.
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In fact, the Johnson-Holmquist model represents the mechanical failure of s
materials that exhibit that characteristic. A case of how these strain rate s
dependent factors can affect failure is the case of bones subjected to compres- 32
sion, for example in [33], it is analyzed how the fracture of human clavicles sz
subjected to compression present higher failure loads for low load application s
rates, while in dynamic regime the failure loads tend to be higher in value. 3

324

5 Conclusion -

Strong experimental evidence has been presented that Young’s modulus of 3
cortical bone can decrease with strain rate for some strain rate ranges. This s
conclusion is supported by those of other authors who found similar results, s
although due to the lack of an appropriate model and the weight attributed to s
viscoelastic factors, a systematic explanation has not been attempted. In this 33
paper a phenomenological strain rate dependent model is presented that fits sa
the data, and it has been conjectured that the loss of material stiffness with 33
strain rate within a certain range could be associated to well-characterized 33
phenomena related to the dependence of microcracking on strain rate. The 33
findings of this study may motivate future research to clarify the true mech- 33
anisms involved in the decrease of bone Young’s modulus with strain rate s
for small strains, and the development of alternative models that take these 33
mechanisms into account. 338
The main limitations of this study are given by the limited range of strain s
rates given by the performance of the testing machine as well as the experi- 340
mental design, for which a constant maximum strain rate has been ensured sa
throughout the test, and the availability of biological material that meets s
the established requirements has marked the number of samples as well as 3
their characteristics. As future studies, it would be appropriate to perform s
the tests with a wider range of strain rates, as well as a larger number of s
samples with different ages. 346
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7 Appendix: Viscoelastic computations

A general justification of the insensibility of tangent Young’s modulus is
presented in this section. For this purpose a generalized Wiechert-Maxwell
viscoelastic model is considered (this model is commonly used in modeling
of biological tissues). It will be shown that for small strains, it would not
be possible to find appreciable differences in Young’s modulus, just as many
w3 authors find [6, 12, 13, 14, 15]. This conclusion is also valid for other types of
s viscoelastic models, including non-QLVE models, although this justification
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is more complex and will not be dealt with in this appendix.
The Wiechert-Maxwell model appears as a combination of rate-dependent
mechanisms which can be represented symbolically schematically as in figure
7. This model is a QLVE model given by a differential equation (10) of order
n in o(t) and e(t), as deduced from [35]:

oo

do Oe Je
U+O{1§+"'+Oén%=E0€+61%+”'+Bn% (10)

where the constants «; = o;({Ex/Ex}) and 5; = Bi(Eo, {Ex,nx}) are always
expressible in terms of the viscosities 7, > 0 and the stiffnesses £} > 0. For a

Figure 7: Equivalent diagram in terms of springs and dampers for Wiechert-Maxell
model. The parameters E; and n; are intrinsic parameters of the model, from they the
characteristic time scales are derived 74, = g /Ey for 1 <k < n.

deformation process where ¢(0) = 0 when £(0) = 0, the integration by Laplace
transformatin method leads to the following form (11):

o (t) = Boc(t) +§:1Ek fote-f,fdz_(f)

where 7 = 7/ Ey. This expression is equivalent to equation (3) used in [21].
For a loading process with constant strain rate t = /¢ the last expression
becomes as the following equation (12):

aé (11)

o= E05+€'Zn:Eka [1—6’5/(é7k)] (12)
k=1
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Given a certain level of strain e, the stress grows with strain rate, since
Jdo/0e > 0 (Figure 6(a)). In addition, the slope of the stress-strain curve is
given by (13):

_ 0o

E.=—=FE+ i Ej [1-e/Cm)] (13)
e k=1

Therefore, the Young’s modulus tangent FE,,, is precisely:

EtanzlinolEs:E0+E1+"'+En (14)

and, as it can be seen in (14), is independent of the strain rate.

Figure 6 shows an example of mechanical properties of the Wiechert-Maxwell
model (n = 3) with Ey = 7.6, £y =0.4, By =2, F3 =10 [GPal, 7, = 0.5, 75 = 0.05
and 73 = 0.005 [s], and the selected strain rates are £ are 2, 1 and 0.5 [s7!].
In particular, the 6(b) shows that the Young’s modulus for very small strains
tends to the same value irrespective of the velocity, i.e., the tangent Young’s
modulus does not depend on the strain rate.

8 Appendix: 3D-generalisation of the model

For the 3D generalization of the uniaxial model of section 2.3, we will use the
same procedure of Coleman and Noll [26, 27], but we will use full tensorial
forms. Instead of using ¢ as the strain measure, the right Cauchy-Green
deformation tensor C is used intead. As in the 1D case, a descomposition
of the SEDF in purely elastic and strain rate dependent parts is assumed
W(C,C) = W.(C) + W,(C,C). In this case we will use the Second Piola-
Kirchhoff stress tensor S = (.5;;) as a mesure of the stress, in equation (15).
The relation is similar to that found in equation (2):

ow
oC;;

Now, again, it is a matter of choosing the appropriate invariants, according

Sy =2 (15)

sos  to the objectivity principle. In this case, algebraic invariants formed with the
so0 tensors C and C. The purely elastic invariants are (16):

Il=tI'C, ]4:N0:C
]2=%(tr2 C-—tr CZ), ]5:N0102 (16)
]3 =det(C)—1
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where Ny := ng®n, being ny the vector direction of the preferred (longitudi-
nal) direction at each point of the transversely isotropic material. In addition
to the above invariants (16), we have the mixed strain rate dependent invari-
ants (17) [10, 29]:

Jy=1tr C, Js =N : C2, Jy = tr(C2?- C2?),

Jy = tr C?/2, Js = tr(C-C), Jio = tr(Ny - C - ©), an
Js = det C, Jr = tr(C- C2), Jip = tr(Ny - C - C2),
Ji=Ny:C, Js =tr(C2-C), Jia = tr(Ngy - C2- C)

The same argumentation that preceded the equation (6) leads now to choose

the functions W,(C) and W,(C,C) as (18):

W.(C) =a; ([, -3)* +ay(Is-1)°

W,(C,C) = (byJy +byJy) (I = 3) + b Js (I = 1)° (18)
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