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Abstract

The (standard) randomization method is an attractiveratere for the transient analysis
of continuous time Markov models. The main advantages ofrtathod are numerical stabil-
ity, well-controlled computation error and ability to sjfgche computation error in advance.
However, the fact that the method can be computationally @epensive limits its applicability.

In this paper, we develop a new method cakgtit regenerative randomizatiomhich, having
the same good properties as standard randomization, cagrbgcantly more efficient. The
method covers reliability-like models with a particulart lowite general structure and requires
the selection of a subset of states amelgenerativestate satisfying some conditions. For a class
of continuous time Markov models, model cl&ss, including typical failure/repair reliability-
like models with exponential failure and repair time distitions and deferred repair, natural
selections are available for both the subset of states amtfenerative state and, for those nat-
ural selections, theoretical results are available asggtise efficiency of the method in terms
of “visible” model characteristics. Those results can bedus anticipate when the method can
be expected to be competitive. We illustrate the applicatibthe method using a large class
C2 model and show that for models in that class the method cazethbe significantly more
efficient than previously available randomization-basethods.



1 Introduction

Homogeneous continuous time Markov chains (CTMCs) areugatly used for performance, de-
pendability and performability modeling. The transierdlgmsis of those models can be significantly
more costly than the steady-state analysis, and very dasilysolute terms when the CTMC is large.
This makes the development of efficient transient analgsibriiques for CTMCs a research topic
of great interest. Commonly used methods are ODE solversarmibmization. Good reviews of
these methods can be found in [25, 26, 33]. The randomizatiethod (also called uniformization)
is attractive because it is numerically stable and the caatiom error is well-controlled and can
be specified in advance. It was first proposed by Grassmarafi®has been further developed by
Gross and Miller [20]. The method is offered by well-knowrrfpemance, dependability and per-
formability modeling packages [2, 13, 16, 18]. The randatian method is based on the following
result [22, Theorem 4.19]. LeX’ = {X(¢);t > 0} be a CTMC with finite state spade, let )\; ;,
i,j € 2,1 # j be the transition rate ot from statei to statej, and let\; = >~ ;cq ;3 Aij, i €

be the output rate oK from statei. Consider any\ > max;co A; and define the homogeneous
discrete time Markov chain (DTMCX = {X,:n = 0,1,2,...} with same state space and initial
probability distribution asX and transition probabilitie®[X,, 1 = j | X, = i] = Pi; = \ij/A,

i €Q,j#4, P[Xpy1=1i| Xp=1il=P;=1-X\/Ai€Q. LetQ = {Q(t);t > 0} be a Pois-
son process with arrival raté independent ofX. We haveP[Q(t) = n] = e~*(At)"/n!. Then,
X = {X(t);t > 0} is probabilistically identical thQ(t);t > 0}. We call this therandomization
result

Assume that a reward rate structute> 0, ¢ € ) is defined over the state spaceXf The
quantityr; has the meaning of “rate” at which reward is earned whilés in statei. Then, a useful
measure to consider is the expected transient rewardEidRRt) = E[rx ;)] We will review next
a typical implementation of the randomization method fer¢bmputation of the measue RR).
Using the randomization result, we can expreSRR¢) in terms of the transient regime of as

ETRRt) = Y nPlX(t) =i = riP[Xqu =i

i€Q i€Q

= Yn Y PR, =i]Q@) = nP[Q() =n] = Y Y PIX, = iP[Q(t) = n]
1€ n=0 i€ n=0

- i > riPIX, =P Z d(n)e (At)n :
n=04i€Q

with d(n) =3 ,cq riP[X,, = i]. In the randomization method, an approximate valuefoRR),
ETRR (t), is obtained by truncating the summatory:

At)"

ETRR(t) Z d(n

Using0 < d(n) < rpax = max;eq 73, We have

0 < ETRRt) — ETRR (£) < Fmax Z e_At
n=N+1



A usual accuracy requirement is to limit the absolute trtinoaerror to a value< . Then, N is
chosen as

[o¢]
o , _ae (A"
N—mln{mZO.rmax §+le ] §€}.
n=m

-~

Let q(n) be the row vecto(P[X,, = i])icq and letP = (P, ;); jcq be the transition probability
matrix of X. Computation ofETRR, (¢) requires the knowledge af(n), 0 < n < N. Vector

q(0) is known, since it is the initial probability row vector &f. Vectorsq(n), 0 < n < N can be

computed fromy(0) using

q(n+1) =q(n)P. @

Stable and efficient computation of the Poisson probadslitir **(At)™ /n! avoiding overflows and
intermediate underflows is a delicate issue and severahattees have been proposed [8, 17, 23,
31]. Our implementation of all randomization-based meshadll use the approach described in
[23, pp. 1028-1029] (see also [1]), which has good numesieddility.

For large models, the computational cost of the randonaaatiethod is roughly due to the
N vector-matrix multiplications (1). The truncation pardereV increases with\¢ and, for that
reason,A is usually taken equal tmax;c A;. Using the well-known result [35, Theorem 3.3.5]
thatQ(t) has forAt — oo an asymptotic normal distribution with mean and varianceit is easy
to realize that for largé\t ande < 1 the requiredN will be ~ At. Then, if the model is large and
has to be solved for values ofor which At is large, the randomization method will be expensive.

Several variants of the (standard) randomization methwd haen proposed to improve its ef-
ficiency. Miller has used selective randomization to sobl@bility models with detailed represen-
tation of error handling activities [29]. The idea behintestéve randomization [27] is to randomize
the model only in a subset of the state space. Reibman anedT{fB3] have proposed an approach
based on the multistep concept. The idea is to comPdteexplicitly, where)M is the length of the
multistep, and use the recurrengén + M) = q(n)PM to advanceX faster for steps which have
negligible contributions to the transient solutionXfat time¢. Since, for large\t, the number of
q(n)’s with significant contributions is of the order gfAt, the multistep concept allows a signifi-
cant reduction of the required number of vector-matrix iplittations whenAt is large. However,
whenP is sparse, significant fill-in can occur when computtf . Adaptive uniformization [30] is
a method in which the randomization rate is adapted depgratirthe states in which the random-
ized DTMC can be at a given step. Numerical experiments hawers that adaptive uniformization
can be faster than standard randomization for short to mediission times. In addition, it can be
used to solve models with infinite state spaces and not umifobounded output rates. Recently,
it has been proposed to combine adaptive uniformizationstéadard randomization to obtain a
method which outperforms both for most models [31]. Stestdye detection [25] is another pro-
posal to speed up the randomization method. A method bassady-state detection which gives
error bounds has been developed [38]. Steady-state agtdstiuseful for models which reach
their steady-state before the largest time at which the uneasust be computed. Another recently
proposed randomization-based method is regenerativemsrdtion [9, 10]. That method covers
rewarded CTMC model&X with finite state spac® = SU{ f1, fo,..., fa}, A > 0, satisfying some



conditions. In the method, a truncated transformed modabtained having the same measure as
the original model with some arbitrarily small error and thencated transformed model is, then,
solved by standard randomization. The method requiresdileetfon of a regenerative state= S
and its performance depends on that selection. The truht@esformed model is constructed by
characterizing with enough accuracy the behavior of thgirmal model fromS’ = S — {r} up to
stater or a statef; and fromr until next hit of » or a statef;, and its size depends on how fast
the randomized DTMCX of X with a randomization rate slightly larger thamx;cq A; hits with
high probabilityr or a statef; starting at a state if’. For large enough models and large enough
t, regenerative randomization will be significantly moreadfint than standard randomization. Fur-
thermore, for a class of models, class C’, including typfedlre/repair models with exponential
failure and repair time distributions and repair in evestestvith failed components, a natural selec-
tion for the regenerative state exists and theoreticaltseate available assessing approximately the
performance of the method for that natural selection in seofiivisible” model characteristics. The
bounding regenerative randomization method [11] allowsdmpute inexpensively tight bounds
for a certain class of models, class C”, including typicaluf@/repair reliability-like models with
exponential failure and repair time distributions and nepaevery state with failed components.
Randomization with quasistationarity detection [12] isther recent randomization-based method.
The method is applicable to CTMC models with state spgce{ fi,..., fa}, A > 1, where the
statesf;, 1 < i < A, are absorbing and all statesShare transient and reachable from each other.
The method exploits the existence of a quasistationaryilaligion in the subset of transient states of
DTMCs with a certain structure, and, for larggeean be significantly more efficient than the standard
randomization method.

In this paper, we will consider CTMCX with finite state spac€ such that (C1Y) = S U
{fi,fa,-- -, fah IS| = 3, A > 1, wheref;, 1 < i < A, are absorbing states and, either all
states inS are transient, oiX has a single recurrent clags C S, and (C2) all states if2 are
reachable (from some state with nonnull initial probapjlitand will develop a method, callexplit
regenerative randomizatigrfor computing the measure:(t) = Z?zlrfiP[X(t) = fi], where
ry, > 0,1 <1 < A, and allry, are different. The method requires the specification of aatb
E C S and a regenerative statec E. It will be assumed thak’ andr are selected so that, being
E' = E—{r}andE = S — E, the following conditions hold: (C3) if{ has a single recurrent
classC C S, r belongs to that class, (C4F| > 2, (C5) |E| > 1, (C6)r can only be entered from
E (N, =0,i€ E'), (C7)risthe only entry pointirE (\; ; = 0,i € E, j € E'), (C8)\,; > 0 for
somej € E'. LetZ, Z' andZ"” be the DTMCs to be defined next. Fulfillment of conditions Cd an
C3is sufficient for all states i of Z to be transient (Proposition 5 in the Appendix) and all state
S’ =S —{r} of Z’ to be transient (Proposition 6 in the Appendix); fulfilmeftonditions C1, C3,
and C7 is sufficient for all states i of Z” to be transient (Proposition 7 in the Appendix); that all
states inS of Z, all states inS’ of Z’ and all states iy of Z” are transient guarantee the “benign”
behavior of the method (see Section 3). Condition C8 can bityed@rcumvented in practice by
adding, in case\,; = 0 for all j € E’, a tiny transition rate\ < 107 /(2rmaxtmax) from r
to some state irE’, wheree is the allowed errory,,c = maxi<;j<a 7y, andimax iS the largest
time at whichm (t) must be computed, introducing an errorl0=1% in m(t), t < tmax (See [9]).



Also, if X has a single recurrent claés C S, by conditions C3 and C8¢C'| > 2, since|C| = 1
would imply through condition C3 that would be absorbing, in contradiction with condition C8.
Therefore, when the method is applicabfe, f», . .., f4 have to be the only absorbing states. This
makes it easy to check whether the method is applicable tokdinaay finite CTMC with a given
subset of stateg’ and a given regenerative state E.

The assumed class of models and the measug have important applications. Thus,
could include the operational states of a fault-tolerasteay and entry into a single absorbing state
f1 could model the failure of the system. Then, with = 1 and P[X(0) = fi] equal to the
probability that initially the system is failed, the(t) measure would be the unreliability of the
system at time. “Bounding” models are also covered. Thuscould include a proper subset of
the set of operational states of a fault-tolerant systertny émto an absorbing statg could model
system failure, and entry into another absorbing staeould model entry into an operational state
notinS. Then, withry, = 1,r, = 0, P[X(0) = f1] equal to the probability that initially the system
is failed, andP[X (0) = f] equal to the probability that initially the system is in arecgtional state
outsidesS, m(t) would be a lower bound for the unreliability of the systemiwtett. Also, .S could
include a proper subset of the set of operational states afil&tblerant system and entry into a
single absorbing statg; could model either entry into an operational state outsider system
failure. Then, withr; = 1 andP[X(0) = f1] equal to the probability that initially the system is in
an operational state outsideor failed, m(t) would be an upper bound for the unreliability of the
system at time.

Later, we will consider a class of CTMC models, model cléss including typical fail-
ure/repair reliability-like models of fault tolerant sgsts with exponential failure and repair time
distributions and deferred repair, for which the split regrative randomization method is applicable
with natural selections foE’ andr and, for those natural selections, will obtain theoretresults
assessing the performance of the method in terms of “visibtedel characteristics. Repair defer-
ment is an interesting approach in fault-tolerant systeamatiich actions of replacement of failed
components are expensive, for instance, because the sigdtmrated at a remote site. To illustrate,
Figure 1 gives a small failure/repair reliability model ofaault-tolerant system with deferred repair
using the pair-and-spare technique [21] which belongsdestls, in which active modules have
failure rate)\,;, the spare module does not falil, the failure of an active reothu‘soft” with prob-
ability Sy and “hard” with probabilityl — Sy;, and whether soft or hard, the failure of an active
module is covered with probabilit§y;. Modules in soft failure are independently recovered & rat
1s and modules in hard failure are repaired by a single repairahaaten;. Repair is deferred till
two modules are failed and, when that condition is reachehir proceeds till reaching the state
1 without failed components. In the pair-and-spare teamighree redundant copies (channels) of
the same module are available and when no channel is failedoftthem are active and the third
one is in the spare state. Upon failure of an active chanhelspare channel is activated and the
system continues working with two active channels. Faitfra second channel leaves the system
with a single active channel. Failure of that channel caggsem failure. System failure can also
occur due to a coverage fault. The states with deferredrapaihe states 2 and 3.



STATE LEGEND
1: no channel failed
2: one channel in soft failure, recovery deferred
3: one chaneel in hard failure, repair deferred
2': one channel in soft failure, recovery underway
3’: one channel in hard failure, repair underway
4: two channels in soft failure
one channel in soft failure, another in hard failure

5:
6: two channels in hard failure
I

system failure

Figure 1: CTMC reliability model of a repairable fault-tcdat system with deferred repair using
the pair-and-spare technique.

The poor performance of both the standard randomizatiorttendegenerative randomization
methods for typical failure/repair reliability-like moldewith deferred repair (illustrated by the small
reliability model described in Figure 1) and largis what has motivated the development of the split
regenerative randomization method. The poor performahstandard randomization is due to the
fact that, for large, max;cqA;t will be large. The poor performance of regenerative randation
is due to the fact that all transition rates from states watteded repair (states 2 and 3 in the example
of Figure 1) are much smaller than the output rates from statth repair, causing the transition
probabilitiesP; ;, j # i of the DTMCX from states with deferred repair to be very small and, then,
causing)? to go very slowly from those states to either the regenezatiate (a sensible selection for
the regenerative state in regenerative randomizationdvoelthe state without failed components
—state 1 in the example) or an absorbing state (statethe example). To overcome the problem,
the new split regenerative randomization method usesrdifteandomization rates for the states in
F and the states it — F, where, for failure/repair reliability-like models witheterred repairf
should be selected so that it includes the states withoairrégates 1, 2, and 3 in the example) and
r should be selected as the state without failed componemts (5in the example). This will cause
the probabilitiesP; ;, j # i from stateg with deferred repair to be significantly larger and the new
randomized DTMC to go faster from the states with deferrguhireto either the regenerative state
or an absorbing state.

As in regenerative randomization, the basic idea in sglienerative randomization is to char-
acterize, using a truncated transformed model, the behaf/i& from S’ up to state or a statef;
and fromr until next hit of either- or a statef; and, then, solve the truncated transformed model by
standard randomization. The truncated transformed maugltiowever, a more complex structure
than the truncated transformed model used in regeneranagomization. That structure includes,
in the more general case, besides the absorbing states an absorbing statecapturing the trun-



cated behavior, a comb of states having as a back a stringtestharacterizing the non-truncated
behavior ofX from r till the time X exits E, a comb of states having as a back a string of states
characterizing the non-truncated behaviorXoffrom E’ till the time X exits £/, and a string of
states characterizing the non-truncated behaviak dfom FE till the time X exits E. The teeth

of the combs characterize non-truncated behavioX of E. The new method has the same good
properties as standard randomization: numerical stgbiiell-controlled computation error, and
ability to specify the computation error in advance, andldoget can be significantly faster than
other randomization-based methods.

The rest of the paper is organized as follows. Section 2 dpgehe method. Section 3 proves
the so-called benign behavior of the method, discussestatiwadly the efficiency of the method
compared with that of standard randomization, and, forsdlasmodels, for which the method is
applicable with natural selections fér andr, obtains theoretical results assessing the efficiency of
the method with those natural selections in terms of “vesilphodel characteristics. Using a large
classC, model, Section 4 analyzes the performance of the method amgares it with that of
standard randomization, regenerative randomization dag@tive uniformization (which has been
shown [30] to improve significantly the performance of s&mtdrandomization for failure/repair
models with deferred repair for short to medium mission gjrend randomization with quasista-
tionarity detection. Finally, Section 5 concludes the papbe Appendix includes some proofs and
some technical results.

2 Split Regenerative Randomization

The split regenerative randomization method combines aeintoansformation step with the so-
lution of the transformed model by standard randomizatibhe model transformation step can,
conceptually, be further decomposed into two steps. Thesliep obtains a model/, with infi-

nite state space such that thg¢) measure can be expressed in terms of the transient regime of
V. The second model transformation step obtains a model wiitie f§tate space by truncating the
state space df so that the truncated transformed model gives with someruppended, arbitrarily
small error then(t) measure. The method uses computationally inexpensive iypeds for the
model truncation error.

In this section, we will develop and describe the split regative randomization method. The-
oretical properties of the method will be investigated irctédm 3. The rest of the section is orga-
nized as follows. Section 2.1 will derive and describe tlamdformed model” with infinite state
space. Section 2.2 will deal with the truncationlof Finally, Section 2.3 will give an algorithmic
description of the method, including some implementatietaits.



2.1 Transformed model with infinite state space

Leta; = P[X(0) = i], ap = Yepai, B C Q,and\ip = > ;e iy, B C Q — {i}. Let
Ap > maxjep A; > 0 andAz > max, .z A; > 0, where the inequalities- 0 come from the
fact that the only absorbing states &fare f1, fo,..., fa, and letX be the DTMC obtained by
randomizingX with rateAg in E'and rateAz in Q — £ = EU{f1, fa,-.., fa}. X will have the
same state space and initial probability distributiodkaand transition probabilitie®; ; = \; ;/Ag,
i€ B, j#i Pi=1-X/Ap,i € E,Pj=X\;/Ag, i€ EU{f1,fo,....fa}, J # i,
Py =1—=X/Ag i€ EU{f1,f2....fa}. LetPp = > ,cp Pij, B C Q. Given a DTMC
Y ={Y,;n=0,1,2,...}, we will use the notatiofy,,,.,,c to indicate the predicate that is true when
Y;. satisfies conditior for all k£, m < k < n (by convention, the predicate will be true for > n)
and by#(Y,,.,c) the number of indiceg¢, m < k < n, for whichY}, satisfies conditiorr. We
can interpretX as the composition of a state visiting procéAstith independent visit durations
with exponential distributions with paramet&y: in the states i’ and parameteA in the states
in EU {f1, fo,..., fa}. The correctness of that interpretation can be checked tiygnthat states
are absorbing inX if and only if they are absorbing itX and, for non-absorbing statésc S,
computing the kernel of the composite process seen as aMarkev process [14] and checking
that the kernel probabilities arg ;(t) = A; ;/\i(1 — e~*t),i € S, j # 4, which coincide with the
kernel probabilities ofX, seen as a semi-Markov process. The check is done in Lemmahe of
Appendix. We will say thafX is the randomized DTMC ok with randomization raté ; in E and
Az in EU{f1, fo,..., fa} and thatX is the derandomized CTMC of with randomization rate
Agin EandAgin EU{f1, fa,..., fa}-

In order to simplify the description and the implementatminthe method, we will assume
that the randomization ratesy and A4 are taken slightly larger than, respectivelyax;c g A; and
max; 5 A; (e, Ap = (1 +0)maxicp Aiy Az = (14 0) max, 7 A;, Whered is a small quantity,
say,10~%). Note that this implies®;,; > 0, i € Q.

To derive the transformed modEgl and to justify the theoretical properties of the method, we
will introduce three DTMCsZ, Z’, andZ".

The first DTMC,Z = {Z,,;n = 0,1,2,...}, follows X from r till re-entry inr. Formally, Z
can be defined from a versioiX,, of X with initial stater as

ZO =T,
i X, ArAXL =i, i€ S U{fi,fo..., fa) I )
a if #(X], =7)>0 ’ '
Z has state spac& U { f1, fa,..., fa,a}, wheref;, 1 < i < A, anda are absorbing states and all

states inS are transient (see Proposition 5 in the Appendix), and s<jbly) nonnull transition
probabilities are

P[Zn+1:j|Zn:Z]:H,ja iGS,jGS/U{fl,fg,...,fA},

PlZpi1=a|Zy=i]=P,, i8S,



PlZy1=filZn=fi|=PlZny1=a|Zy=a]=1,1<i< A.
The second DTMCZ' = {Z/;n =0,1,2,...}, follows X from E till its first visit to r. Formally
Z' can be defined fronX as

g Xo € EANXym#rAX, =i, i€ S U{f1,for....fa}
a otherwise

®3)

Z' has state spac® U {f1, f2,..., fa,a}, wheref;, 1 < i < A, anda are absorbing states and
all states inS’ are transient (see Proposition 6 in the Appendix). Theahgrobability distribution
of Z/'is P[Z), = i] = oy, i € E', P[Z}, =i = 0,i € EU{f1,fa,-..,fa}, P[Z} = a] =
Falr and its (possibly) nonnull transition probabilities are
P[ 1/’L+1 :] ‘ Z;L :Z] :PLja ZG S/7j E S/U{fl7f27"'7fA}7

PlZy . =al|Z, =i =P, ics,
PlZyo=filZy=fil=PlZyyy=alZ,=a =1, 1<i< A,
The third DTMC, Z” = {Z";n = 0,1,2,...}, follows X from E till its first visit to stater.

Formally, Z” can be defined fronX as (note that, by condition C7, the only entry pointi’)ﬁn E
is stater and, thereforeZ” cannot visitE)

Y WEBU{f1, foreens

[ Xo€EANXimZrANXy =i, i€ EU{f1, fo,...,fa} @
" | a otherwise
Z" has state spack U { f1, fa,..., fa,a}, wheref;, 1 <i < A, anda are absorbing states and all

states inE are transient (see Proposition 7 in the Appendix). Theahfirobability distribution of
Z"isP|Z) =il =a;,i € E,P[Z} = fi] =0,1<i < A, P[Z] =a] = QEU{f1,fa,fa}» AN ItS
(possibly) nonnull transition probabilities are
P[Z//+1 =7 | Z _Z] :Pi,j> iGE,j GEU{flvf%"'va}v
Pz}, =a|Z] =i =Py, icE,
PlZy = filZy=fil=PlZy 1 =alZ =al=11<i< A,

Let P = (P,;)i jeq be the transition probability matrix of . Denoting byP g g, B', B" C
Q, the submatrix ofP collecting the transition probabilities from statesm to states inB” and
letting P’EE the matrix identical td g g except that the elements of the column corresponding to
stater are 0, the transition probability matrix ¢f restricted to its subset of transient statéshas,
with the ordering of state®, E, the form

/! P _
PZ - EE B.E 5 (5)
where0 is a matrix of all zeroes of appropriate dimensions. Theiagn of the transition prob-
ability matrix of Z’ to its subset of transient stateS, has with the ordering of statds’, E the

form
Prprp P+
Py=|( 2F “BEF 6)
0 PE,E



The transition probability matrix af” restricted to its subset of transient staigsP ,, is
PZH = PE,E 5 (7)

Let mi(n) = P[Z, = il,i € E, m(n,l) = P[Zy € EA Zpiims1 € EN Znyy =i, €
mi(n) = P[Z], =i, i € E,7jnl) = P[Z, € ENZ, 1, € ENZ,, =i],ic¢€
and7/(n) = P[Z!! = i],i € E, and consider the row vectorsn) = (m;(n))icg, ©(n,l) =
(mi(n.1)) s @ (0) = ()(0))icpr, 7' (n,1) = (w(n, 1)), @nda” (n) = (x (1)), ASsuming
that, within I, stater is numbered first, those vectors, can be computea for0, [ > 1 using

E,
E

7(0)= (100 --- 0), 8)
m(n+1) =m(n)Py g n>0, (9)
w(n,1) =x(n)Pyg, n >0, (10)

w(n,l+1) =x(n,)Pgp 1 > 1, (11)
7'(0) = (@)iem , (12)

7' (n+1)=7'(n)Pr g, n>0, (13)
' (n,1) =7’ ()P 5, n >0, (14)
w'(n,l+1) =='(n,)Pgg 1 > 1, (15)
7(0) = ()i - (16)
m(n+1) =7"(n)Pgg n>0. (17)

To derive the transformed mod€l, we will consider first the discrete-time stochastic preces
V ={V,;n=0,1,2,...} defined fromX as

Sk if nggn/\Xn_k:T/\Xn_k_,_l;nGE/
Sk, if 0<k<n-—1A 1§l§n—k‘/\)?n_k_l:’l"
A Xpkotrin1 € BEANXni11m €F
Vo={ s, if Xo., € F/ . (18)
Sg,n—k if Oﬁkﬁn—l/\)/&():kGEl/\Xk_HmGE
sy if Xo,€F
fo i Xu= 1

In words,V,, = s if, by stepn, X has visitedr, the last time it visited wask steps before and has
not left £ since then;f/n = 55 If X has visitedr, the last time it visited- wask + steps before
and, since then, has been fikst- 1 steps inE and, after that] steps inE; V, = s, if, by stepn,
X has not leftl’; V,, = s, ,_,. if, by stepn, X has been i’ the firstk + 1 steps and, after that,
has been it n — k steps:V,, = s’ if, by stepn, X has not leftE; andV,, = f; if, by stepn, X has
been absorbed int. Using the fact that is the only entry point of in E, itis possible to check



that the definition of/, is correct, i.e. that it assigns a single state to every plessiajectory ofX,

Xo, X1,..., Xn. Note thatV,, = s if and only if X,, = r. Let

a(k) =Y mi(k),

icE
a(k,l) => mi(k,1),
i€E
a'(k)=">_ mi(k),
icE
a (k1) =>_ mi(k,1),
i€l
a"(k) = Y7 (k),
i€E
i > jenmi(k)Pj
wn = 2iceTi(k) PiEr
k (1(]{7) ;
by — dieE Wi(k)Pz‘,E
k - a(k) )
i — >k P g,
Rl a(k,1)
- Ziefﬂ-i(kyl)Pi,r
gkl = a(k:,l)
wr, . i€E mi(k, )P, 5
Rt = a(k, 1)
ol — ZjEE’ W;(k)Pj,fi
g a (k)
W — Zz’eE’ Wg(k)})LE’
g a’ (k)
W 2iep ﬂ-g(k)Pi,E
T A
i 2ie T DB g
o a'(k, 1)
r Zieﬁﬂz{(kJ)Pi,r
BT
o _ icE mi(k, )P, 5
M dkD
v//i _ ngf ﬂ.;'/(k)Pjvfi
k a”(k‘)
n__ ZZEE ﬂ-?/:/(k)Pi,T’
qx = a”—(k;)’
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(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)

(27)

(28)

(29)

(30)

(31)

(32)

(33)

(34)

(35)

(36)

37)



ol = T 7;2-’(/6)13@ (38)
a” (k)

The following proposition shows thaf is a DTMC and gives its state space (including only reach-

able states), initial probability distribution and trami probabilities for the caser: > 0, az > 0.

Note that, beingP, - > 0 (by condition C8) and?;; > 0, i € E', (k) > 0, for all k > 0, for

somei € E anda(k) > 0 for all K > 0. Also, for k£ such thaiu(k,1) > 0, m;(k,1) > 0 for some

i € F and, sinceP;; > 0,i € F, m;(k,l) > 0, for alll > 1, for somei € E anda(k,l) > 0 for all

[ > 1. In addition, ifag: > 0, 7;(0) > 0 for some:i € E" and, sinceP,; > 0,7 € E', mi(k) > 0,

for all k > 0, for somei € E' andd/(k) > 0 for all k > 0. Assumingag: > 0, for k such that

a'(k,1) >0, 7i(k,1) > 0 for somei € F and, sinceP,; > 0,i € E, w}(k,l) > 0, forall l > 1, for

somei € E andd/(k,1) > 0 forall / > 1. Finally, if az > 0, 7//(0) > 0 for somei € E and, since

P,;>0,i€ E,n/(k) > 0, forall k > 0, for somei € E anda”(k) > 0 for all £ > 0. All this

guarantees that all transition probabilitiesﬁ’)fare well-defined, i.e. that there are not divisions by

0.

Proposition 1. Assumexg: > 0 and az > 0. Then,V is a DTMC with reachable state space
Ey UEVu{fl,fg,...,fA},EV = {sg,k > O}U{Sg,k‘ > 0},EV ={sp;:k>0Aa(k1) >
OANL>1}U{s; :k>0Ad (k1) >0A1>1}U{s,k > 0}, initial probability distribution
P[Vo = so) = ay, P[Vp = sh] = ap, P[Vy = s§] = ap, P[Vo = fi] = as,1 < i < A,

~

PVo=1i]=0,i ¢& {s0, 8y, 80, [1, f2, ..., fa}, and (possibly) non-null transition probabilities

i

+1:30|‘7n:30]:Pr,ry

Vs
PlVns1 = fi | Vo = si] = v},
P[Vn+1 = Ski1 | V, = S = wy,
PVt = s11 | Vi = si] = hie,
PV = fi| Vi = sig] = viy
PVt =50 | Vi = sl = qru s
PlVni1 = skis1 | Vo = sp0] = wpy
P[Vn+1:fi|‘7n:3;c] :U/,civ
P[‘A/n-i-l = St | V, = Sk = W ,
P[‘A/n-i-l = 32,1 ’ Vo = sl = My
PlVis1=fi| Vo= Spal = Uﬁ,z,
P[Vpi1 =50 | Ve = Sit) = Qg s
PlVpi1 = Sttt | V, = Spal = Wiy
PVni1 = fi | Vo = s{] =",
P[‘A/n-i-l:SO“?n:S/k/]:qg?
P[vn+1 = 5%4—1 | ‘7n = S/k/] = w;f/v
PV =filVa=Ff]=1,

wherea(k), a(k,l), d'(k), a(k,1), " (k), vi, w, hg, fu,i’l, Qe 1y W 1, O, W), R, fu,/f’l, o1 Wi 1> vy,
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qr, andwy are given by (19)-(38) (Figure 2 illustrates the state tritios diagram ofV for the case
A=1).

Proof. See the Appendix. O

The state transition diagram of has, for the caseg > 0, ag >0 considered in Proposi-
tion 1, two combs and a string of states. The first comb has aslathe states; and as teeth the
strings of states;, ; with k fixed. The second comb has as a back the stgtaad as teeth the strings
of statess;, , with k fixed. The string includes the states Whenag = 0, V looses the second
comb. Whem = 0, V looses the string of state§. Formally, the state space Bfcan be defined
in the general case d@, U Ey U {f1, fa,..., fa}, where, whemvg = 0, Ey does not include the
statess;, and By does not include the statef; and, whemy; = 0, Ey does not include the states

Sp.

The transformed model with infinite state space is the CTME {V'(¢);¢ > 0} obtained by
derandomizingV with rate A in Ey and rateA in Eyv U{fi,fo...,fa}. The CTMCV has
the same state space and initial probability distributisi’ aFigure 3 illustrates the state transition
diagram ofV’ for the casexy: > 0, a > 0 and A = 1. The following theorem establishes that
m(t) can be expressed in terms of the transient reginié.of

Theorem 1. m(t) = X4, v, P[V (t) = fi].

Proof. It is enough to prove?[V (t) = fi] = P[X(t) = fi|, 1 < i < A. Let Fyya,a_(t) be
the probability that the sum d@f exponential random variables with parameterand! exponential
random variables with parameté, being all random variables independentis. SinceX is the
randomized DTMC ofX with randomization raté  in £ and A in EU{f1,f2,...,fa}and the
statesf; are absorbing inX, it is clear that, grouping paths i according to the number of visits
that X makes to states iif andE before enteringf;,

PIX(t) = fi] =
SN P#(Xokiio1 € E) = kA #(Xokgi-1 € B) = 1A Xyt = fil Franpag (1)
k=0 1=0

Similarly, sinceV is the randomized DTMC o’ with randomization raté\p in By andAF in
Eyv U{f1, fo,..., fa} and the stateg; are absorbing iV, we have

PV (t) = fi] =
SN PH#Vosrio1 € By) =k A#(Vousi—1 € Ev) =LA Viyy = Fil B n 0 (t) -
k=0 1=0

But, since (18)V,, € Ey ifonly if X,, € E, V,, € Ey ifand only if X,, € E andV,, = f; if and
only if X,, = f;,

P#(Vowsi-1 € By) =k A#Vorsi1 € Ev) =LA Viyr = fi]
= P[#(Xow+i-1 € E) = k A (Xowpi—1 € B) =LA Xy = fi],

12



Figure 2: State transition diagram of the DTMCfor the casexvy > 0, ap > 0,andA =1 (there
can exist transitions tg; from any state and transitions g from any statesy, ;, s} ;, andsy).
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and the result follows. O

2.2 Truncation of the transformed model

Using Theorem 1, we could compute(t) by solving V. However, deriving an exact solution for
P[V(t) = f;] does not seem feasible. In this section, we will construcuiacated transformed
model, Vi, from whichm(¢) can be computed with upper bounded, arbitrarily small eriidre
CTMC Vp is obtained froml/ by introducing an absorbing staiecapturing the truncated behavior
and: (1) keeping the stateg up to sy, K > 1, and directing taz the transition rates fromy;
(2) for eachk, 0 < k < K — 1, for whicha(k,1) > 0, keeping the states, ; up tol = Kj > 1
and directing tou the transition rates frorsy, g, ; if ag > 0, (3) keeping the stateg. up to s,

L > 1, and directing ta: the transition rates frorg, , and (4) for eaclt, 0 < k < L — 1, for which
a'(k,1) > 0, keeping the stateﬁﬁ,l up tol = L > 1 and directing ta: the transitions rates from
Sk,L,.> and, ifaz > 0, (5) keeping the stateg up to s}y, M > 1, and directing ta: the transition
rates froms’;,;. V can be defined formally frorir as

V(t) if, by timet, V has not exited statex, a states, g, ,
Vr(t) = states, a states), , , or states}, : (39)
a otherwise

The initial probability distribution ofi; is the same as that df, i.e. P[Vy(0) = so] = ay,
PVr(0) = sp] = ap, PVr(0) = sg] = ag PVr(0) = fi] = ay, 1 <i < A, P[Vp(0) =
i| = 0,4 ¢ {so,sh,50, f1,f2,-..,fa}. Let EL denote the set of states iy, kept in V and
let E‘T/ denote the set of states Ity kept in V. Note that the state space &f is £l U ET/ U
{f1, fo,..., fa,a}. Figure 4 illustrates the state transition diagrameffor the casexy: > 0,
ap >0andA = 1.

Using Vi, we can obtain an approximate value foft) as

A

me(t) = ZrﬁP[VT(t) = fil.
i=1
The following theorem upper bounds the model truncatioarerr
Theorem 2. 0 < m(t) — m*(t) < rmax P[Vr(t) = a] = m(t), wherery. = maxi<j<ary,.

Proof. Noting thaty". . —r P[Vy(t) = i] + 24, P[Vr(t) = fi] + P[Vr(t) = a] = 1, that,
i€eb, ULy,

according to (39)P[Vr(t) = i] < P[V(t) =i],i € EL U B, thatEl C Ey andE,, ¢ Ey, and

14



whAg wiAg
l lh%/\b'

l wiAg

Figure 3: State transition diagram &ffor the casevy > 0, ai > 0, andA = 1 (there can exist
transitions tof; from any state and transitions &g from any statesy, ;, s ;, ands}).
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Figure 4: State transition diagram &} for the casevz > 0, a; > 0, andA = 1 (there can exist
transitions tof; from any states;, 0 < k < K — 1, any states;,;, 1 <1 < K, — 1, any states},
0 < k< Ly any states;:,l, 1 <1< Lp—1,and any state), 0 < k < M — 1, there can exist
transitions tosg from any states;, ;, 1 <1 < K, — 1, any states;,l, 1 <1< L, —1,and any state
sp,0<k<M-1).
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thaty,. 5, PIV(t) =il + XL, P[V(t) = f;] = 1, we have

PVp(t)y=a] = 1—- Y. PVp(t)=i->Y PVr(t)= fi
ieE@uE@ =1
A
> 1— Y PWV@E)=i-> PVr(t) = fi
ieE$uE€ =1
A
> 1— Y PWV@E)=i-Y PVr(t) = fi
i€EyUEy i=1

A

A
= Y PV(t)=fil = > PVr(t) = f]
=1

i=1
and, then, since according to (3®)[V (t) = fi] > P[Vr(t) = fi] andry, > 0,1 < i < A,

A

0<m(t)~m@) = Yoo (PIV(O) = £ - PVe(t) = £)

i=1

A

< a3 (PIV(O) = £ = PV (t) = £1)
i=1

< TrmaxPVr(t) = a) =mf(t). O

Exact computation of the model truncation error upper boufi¢t) given by Theorem 2 seems
to be expensive. In this section, we will derive an upper loofan m°(¢) made up of several terms
which can be computed inexpensively. Split regeneratimelomization will use that inexpensive
upper bound to control the model truncation error. It is imigat that the upper bound be inexpen-
sive, since the method may have to compute the terms of ther lnpgoind many times. We will also
discuss how the truncation paramet&rsKy, L, L, andM are selected. To derive the upper bound,
we will use the set of results collected by the following prsition.

Proposition 2. (a) Fork > 1,
k—1
H w; = a(k) .
i=0

(b) Fork > 0,

(c) For k > 0 such thata(k, 1) > 0,

(d) Assumingyg > 0, for k > 1,

k-1 /

k
I wf = 21
i=0 ap

17



(e) Assumingvg > 0, for k > 0,

(f) Assumingx g > 0, for k£ > 0 such thata’(k, 1) > 0,
a'(k,1)

-1
/

Ilwhi::_____-

ol a'(k, 1)

(9) Assumingyz > 0, for k > 1,

Hw ey

Proof. See the Appendix. O

To obtain the inexpensive upper bound fof(¢), we will decomposen®(t) into several terms.
Letyg = {k : 0 <k < K—1Aa(k,1) > 0}, and, assumingz: > 0, lety;, = {k : 0 <
k<L-1Ad(k,1) > 0}. The setyx collects the indiceé for which the comb of/ having as a
back the states; has a tooth hanging from statg and, assuming.z: > 0, v}, collects the indices
k for which the comb ofi’ having as a back the stateshas a tooth hanging from statg. The
first term,m§;(¢), only exists whervg; > 0 and isry.y times the probability that, by timg Vi
will have entered: throughs’y,. The second termn$’(¢), only exists whenvg: > 0 and iSryax
times the probability that, by time Vr will have entered: throughs?. The third termsm{”, (¢),
k € ~7, only exist whemg: > 0 and arerp,,x times the probabilities that, by tinte V7 will have
entereds throughs;, ; . The fourth termm§’; )/(t), IS Tmax times the probability that, by timg
Vr will have entered: throughsy. Finally, the fifth termsm%’LﬁM’k(t), k € vi, arerya.y times
the probabilities that, by timg V7 will have entered: throughsy, x, .

Assumingag > 0, an expression fom{ () can be easily obtained by considering that there
is only one path through which; can entew throughs’y,. That path i9, = (sg, s, ..., s}, a).
Vr is initially in s with probability a4 and, then, the probability thag- will follow that path is
(note that all states} have output rate\) a [Th2," wy. In addition, since all states of the path
have output ratdz, the duration of the path (time tili entersa) is Erlang withM + 1 stages and

paramete\. Summarizing all this, we have, using Proposition 2g,

. =)k
m%(t = TmaxOF ( H w ) duratlon Ofp/](/[ < t] = Tmaxa Z e_Af ) (40)
k M+1
Assumingo gy > 0, a similar derivation applies t@%”(¢). Denoting byp’; the path(sy, s, ..., s}, a)

and using Proposition 2d,

-1 .
i Agpt
m7'(t) = rmaxep <H w@) Plduration ofp}, < ] = ryaxa’ (L) Y e {2t 5,) N C
k=0 k=L+1

18



Assumeap > 0. Letk € 5}. The only path through whicl can entera through
Sk, 1S Phr, = (5058153 8ks Sk 11 Sk1,,a). The probability thatz will follow p; ; is
ap (T8 wh g (T4 wy. ;). Then, using Proposition 2d, e, and f,

=0

a'(k,1) a'(k, L)
a(k) d(k,1)

= 7maxd (k, Ly,) P[duration ofpj, ; < 1].

k-1 Li—1
M (t) = TmaxQpr (H w§> h), ( 11 w;m) P[duration ofp}, ; < ]
=1

= Tmaxa' (k) P|duration ofp}, , < 1]

An exact expression foP[duration ofp;, ; < ] is complex due to the fact that the stategijry,
beforea have different output rates. An easy-to-compute upper tdonP [duration ofpg, Ly < t]
can, however, be obtained by neglecting the holding timesénstatess; ,, ..., s ;. Since all
statessy, s1, . . . , 53, have output raté g, this gives the upper bound

. / — —Agt (AEt)l
P[duration ofp}, , <] < Y e tEtir,

|
I=k+1 i

yielding

> Agpt)!
mi/,/k(t) <Tmaxa/(kaLk) Z e_AEt( ﬁ) ’

I=k+1

ke . (42)

Deriving easy-to-compute upper bounds fof’; ,,(t) andmg’; ,,,.(t), k € vk, is more
complex. The following propositions give such upper bounds

Proposition 3.

00 At k
M0t (0) < (s — o (M)a(K) S (k— K)ot B
k=K+1 :
Proof. See the Appendix. O
Proposition 4.
el f < —d"(M K - [— & —AEt(AEt)l 2
mK,L,M,k( ) < rmax(as — a"(M))a(k, Ky) Z ( )e T € IK -
I=k+1 :
Proof. See the Appendix. O

Denoting by!. the indicator function returning the value 1 if conditions satisfied and the
value 0 otherwise, we can summarize the results obtainear s the following theorem.
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Theorem 3.

m(t) = Io_>omy(t) + Lo, >0 ( 7))+ D mi( ) +mi () + Y mE k()

kE“{L kevk
wherem§; (t) is given by (40)m¢’(t) is given by (41), upper bounds fauf”, (), k € ~;, are
given by (42), an upper bound f@n%’,’L,M( ) is given by Proposition 3, and upper bounds for
m%'r v x(t), k € Vi, are given by Proposition 4.

In the split regenerative randomization methed) is computed with erroK . The trun-
cation parameters(, L, M, Kj, k € vk and L, k € ~} are selected so thau®(t) < £/2
and an error portiorz/2 is still available to account for the truncation error asstl with the
solution of the truncated transformed model by standardaanization. A sensible approach is to
distribute the allowable model truncation errof2, equally among the applicable components, de-
pending on whethetvyy > 0 andag > 0, of m§;(t), the sum ofm$’(t) and the upper bounds
for m¢".(t), k € ~7, and the sum of the upper bound fai";, ,,(t) and the upper bounds for
m%", v k(t), k € i, to distribute equally the allocated error portion for thensof the upper
bound form%”; ,,(t) and the upper bounds fet%"; ), ,(t), k € vk, between the upper bound for
m¥"y, ,(t) and the sum of the upper bounds fof’; ,,,.(t), k € vk, in caseapr > 0, to distribute
equally the allocated error portion for the sumvef’(t) and the upper bounds fer7”, (t), k € 77,
betweenm{’(t) and the sum of the upper bounds fef”,(t), k € 77, to distribute equally the
allocated error portion for the sum of the upper boundsﬁ@(’LﬁM,k(t), k € vx, among the upper
bounds, and; finally, itvpr > 0, to distribute equally the allocated error portion for tiwensof the
upper bounds fom{’, (¢), k € ~;,, among the upper bounds. This leads to a valug/offor the
caseay > 0,

t k
M = min {m > 1 rpaxa’( Z e_A_ ) < 51} ) (43)
k m+1

wheree; = ¢/6 if apr > 0 ande; = ¢/4 if apr = 0. The truncation parametét can, then, be
chosen using

K = min {m > 1 : ryax(as —a”’(M))a(m) i (k — m)eAet (Aglt)k < 52} , (44)
k=m-+1 :

wheree; = /12 if apr > 0 andagz > 0, &2 = ¢/8if apr > 0 andag = 0 or apr = 0 and
ap > 0, andey = ¢/4if apr = 0 anday = 0. The truncation parameters;, k € vk, can be
chosen using

Kp=min{m > 1 : rpax(ag —a”(M))a(k,m) i (I—k)e —Apt (Apt)’ < 22 (45)
I=k+1 ! ”YK’

Finally, for the casevg: > 0, the truncation parametércan be chosen using

(A
L = min {m > 1 1 rpaxd( Z 6_AEt Et) < 53} ) (46)
k m+1
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whereez = £/12 if az > 0 andez = ¢/8 if a; = 0, and, also for the casex: > 0, the truncation
parameterd, k € ~}, can be chosen using

> Apt)
Ly =min{m >1 : ryaca’ (k,m) Z e‘AEt( ot) < = U 47
! 7Ll
I=k+1 L

The quantity>-22,,,.., e~ (At)* /k! is the probability that in the time intervé, ¢] there have
been more thanm arrivals in a Poisson process with arrival rate and, therefore,
S a1 e M(ADR /K is increasing witht. Regardingy 32, (k — m)e 2 (At)k /k!, we can
write

_ac (AR _a (A _ae (A
PR GO i D DD Dy D DI Dl v
k=m+1 k=m+1i=m+1 i=m+1 k=1

and, since each terf 2, e~At(At)F /k! is increasing witht, S22, .1 (k — m)e M(At)F/k! is
also increasing with. Then, in casen(t) has to be computed for several values,af , to, . .., t,,
suitable truncation parameters for all values @fn be chosen using (43)—(47) with= ¢, =
max{ty,ta,...,tn}.

2.3 Algorithmic Description and Implementation Details

A C-like algorithmic description for the split regeneraivandomization method is given in Fig-
ures 5 and 6. The algorithm has as inputs the CTMCthe number of absorbing statés the
reward rates s, ,r¢,,...,rs,, an initial probability distribution row vectak = («;);cq, the subset

E C S, the regenerative statec F, the allowed errog, the number of time points at whichm(¢)
must be computed, and the time poinists, ..., t,. The algorithm has as outputs the estimates
for m(t), m(t1), m(t2),...,m(t,), at the given time points. It is assumed that conditions G1-C
regarding the structure of and the selections of the subgetind the regenerative statec F are
satisfied. The truncated transformed model is callenh the algorithmic description. That model
is built using the proceduresid_state(V, s, p) andadd_transition(V, s, s', ). The first procedure
adds tol” states with initial probability p; the second procedure addsltoa transition rate\ from
states to states’. The algorithm makes two traversals of the backs of the corfigsfirst one to
determine the truncation parametéfsand L, and the second one to build the teeth. During the first
traversal of the comb having as a back the statgeghe algorithm determines, through condition
hi > 0, which, by Proposition 2b, is equivalent @k, 1) > 0 the subsetyx and records in the
variablen_k the number of teeth of the comb. Similarlyqdf; > 0, during the first traversal of the
comb having as a back the stat¢sthe algorithm determines, through conditip > 0, which, by
Proposition 2e, is equivalent td(k, 1) > 0 the subset/; and records in the variable_k the num-
ber of teeth of the comb. The algorithm requires the comjmurtafor increasingn, of summatories

of the forms

S(m,\) = Z e~ T
k=m-+1 :
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/ = A
S'(m, \) = Z (k—m)e )‘H.

k=m-+1
Efficient and numerically stable procedures to performehmemputations which can be embedded
in the algorithmic description are described in [9].

We note that, onc&® has been computed, the transition rates of the truncatedftraned
model are obtained without subtractions. Thus, the sgligmerative randomization method has the
same excellent numerical stability as the standard rarziiion method. In addition, in the method,
the computation error is well-controlled and can be spetifieadvance.

The storage overhead of split regenerative randomizatitmnespect to standard randomiza-
tion includes basically the storage required to h8ig, i € E, P, , i € S and the storage required
to hold V.

3 Theoretical properties

Note that, using (9)r(n) = w(O)P}Q{E. Also (5), P’EE is the restriction of the transition prob-
ability matrix of Z to E and all states inF are transient inZ. Then [37, Theorem 4.3};(n),

i € FE decrease geometrically fast. Thd{n), i € E’ also decrease geometrically fast can be
proved similarly using (13)'(n) = n'(0)P%, /. the fact that (6)P g g is the restriction tof’

of the transition probability matrix o7’ and that all states i’ are transient inZ’. Finally, that
7/(k), i € E decrease geometrically fast can be proved using £Y7)) = ﬂ”(O)P%E, the fact
that (7) Pz 7 is the restriction taz' of the transition probability matrix of” and that all states in
FE are transient irZ”. Then, since the upper bound for”’; /() given by Proposition 3 is upper
bounded by maxasa(K) S5 s i1 (k—K)e £ (Agt)* /k!, which is analogous to the upper bound
for the model truncation error term§ ; (¢) used in regenerative randomization [9] and (A& (¢)
and (40)m§;(t) are analogous to the model truncation error tenffi(¢) used in regenerative ran-
domization [9], we can extend Theorem 3 of [9] and sfdte- O(log(Agt/¢)), L = O(log(1/¢)),
andM = O(log(1/¢)). Regarding the lengths of the teeth of the combs, letig= >, ., Kx
andLE = Zke% L;., we have the following result.

Theorem 4. K% = O((log(Agt/¢))?) and Lz = O((log(1/¢))?).

Proof. See the Appendix. O

In summary,K, L, M, K% and L are all smooth functions of bothande. That property is
calledbenign behavioland implies that, for large enougti and large enough split regenerative
randomization will be significantly less costly than stad@andomization. This is because: (1) the
cost of the first phase of split regenerative randomizatgenération of the truncated transformed
model) is made up of components approximately proportitmatespectively /s, L, M, K+ and
L4, while the cost of standard randomization is for larg@proximately proportional tmax;cq \;t,
and (2) being the maximum output rate of the truncated teamsfd model at mostl + 6) times
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Inputs: X, A, rp,rp,. . 0 B re,n,ty,te, o 1,
Outputs: m(t1), m(t2), ..., m(t,)

Pmax = MAaX{Tf, Ffyy .o, Tfa}s

tmax = max{ty, ta, . .. 1y}

Ap = (1+ 107 maxiep Ai; Ag=(1+ 1079 max; .z Ai;
ObtainP;

R = iem Qi OF = 9 i Qis s = ap + apr + af;
for (i € E) Pip = ZjEE’,P,,,J>0 P for (i € S) Pi,E = ZjEE,P,,J>O P,
Build CTMC V including states, with initial probability «v,., statea with initial probability 0 and
statesf;, 1 < i < A, with initial probabilitiesa 7, ;
if (ag > 0){

if (ag: == 0)tol = ¢/4; elsetol = ¢/6;

add _state(V, sq, ag); n" = (ai);cq a” = ags M = 0;

do{

for (i = 1; ¢ < A; i++){
v = ZjeEPj,f)O i/ Pyt /a"; if (v > 0) add_transition(V, sy, fi,v""Ag);

w' =3 w5 P/’ " =Y iem i Pir/a”
_add-state(V, %41, 0)s add _transition(V, sy, siip 4, w' Ag);
if (¢” > 0) add_transition(V, s'y;, so, ¢ Af);
,nTr// — W//PEE; 1l_// — 'an”; M++; a// — E/LEE TF;/;
) )
until (ryaxa” ZZO:M.H e~ MBtmax (At oy )F k! < Ho0l);
add _transition(V, sy, a, Ag);

elsea” = 0;
if (ap > 08&& agz > 0)tol =¢/12;elseif(ag > 0| ag > 0) tol = ¢/8; elsetol = ¢/4;
T = (Li=r)iem;a=1, K =0;nk =0;
do{
for(i=1;i < A; i++){
\ vl = ZjeE,PJ,fl>0 7 Py 1./ a; if (v0 > 0) add _transition(V, sk, fi, V' Ag);
h =3 sepmbPig/asw =73 cpmibPip/a;
add_state%V, SK+1,0); add_transition(V, sk, Sk +1, WAE);
if (hg > 0) n_k++;
nw =Py pim =nw K++ a = ZieE Fion

until (rpax(as — a”)ay 02 gy (k— K)em Aetmex (A gty ) /k! < tol);
add _transition(V, sk, a, Ag);
T = (li=)icEs
for(k=0;k < K —1; k++){
if (h > 0){
rf = TP, K'=1,a= ZieE 71'?; add_state(V, sy 1,0); add _transition(V, sg, si 1, hiAg);
Whi|8(7”max(oz5 —ad")a ngkﬂ(l — k)e ABtmax (A gtmay )t /1! > tol/n_k){
for (i =1;i< A i+ ' '
vt = ZjeF,Pj,pr TrjEP]-:f,/a; if (v' > 0) add_transition(V, sg k-, fi, v' Ag);

w= Zz’eE ﬂ'iEPiE/a; q= Ziei ﬂiEPitr/a;
add _state(V, s g141,0); add_transition(V, sy g1, sk k41, WAE);
if (¢ > 0) add_transition(V, sk &, s0, ¢Ag);

E_,Ep__rE o Ee iy, _ _ . E.
nrt =1 PE,E'" =nnwt K ++,a_zi€Eﬂ'i,

}

add _transition(V, s i, a, Az);

if (k< K — 1){n7r:1erE:E;1r:n7r;}

Figure 5: Algorithmic description of split regenerativandammization.

23




if (agr > 0){
if (azr > 0) tol = ¢/12; elsetol = ¢/8;
add_state(V, s{, ap); ® = (a;)iep; d = EieE’ a;; L=0;nk=0;
dof
for (i = 1; ¢ < A; i++){
V't = EjeE’,P]',pr TPy /a; if (v > 0) add_transition(V, s, fi, V' Ag);

w' =3 ep mPip/d h =3 ﬂ'fpij/a'?
gdd_state(V, S/L_I_l ,0); add _transition(V, s7 . 5/L+17 w'Ag);
if (A}, > 0) n_k++;

nrx' =7'Pp g’ =nx'; L++,d =, 5 7,

until (raxa’ Z;O:LH e~ ABtmax (A pt,, . ) k! < tol);
add_transition(V, s, a, Ag);
= (Oti)ieE';
for(k=0;k <L—1; k++){
if (A}, > 0){
P = TPyl =1d = Zz’eE 71'?; add_state(V, 5271, 0); add_transition(V, s} s|, 1, hi,AR);
while(rmaxa’ Zfik_l_l e~ Astmax (A pt )b /1 > tol/nk){
for(i = 1;1 < A; i++){
vt = ZjeF,PJ,,«po FJEP]'JI/G/; if (v > 0) add_transition(V, s, ;., fi,v"Ag);

— E Lo E .
W =3epT Bipldid =) icE i Pi/d;
_(zdd,state(V, Sl L4 ,‘0_); add_transition(V, s}, 1., s} 1141, W' Ag);
if (¢' > 0) add_transition(V, s}, ;,. 50, ¢'Ag);
} nwf = "EPF,E; P =nxf L'++,d = Y icE 7E;

add _transition(V, s}, 1, a, Ag);

if(k<L—-1){nw=aPp p;n =n=x';}

A = max{Ag, Ag}; N = min{m > 0 : ryax Zzozm+1 e_Atm“(Atmax)k/k! <e/2);

Let V' be the randomized DTMC df with randomization raté;

Give N steps to/ and compute(k) = S0 v P[Vi = fil, k= 0,1,....., N;

for (i = 1;¢ < myi++) for (k = 0, m(t;) = 0; k < N; k++) m(t;) +=d(k)e " i(At;)* /k!.

Figure 6: Algorithmic description of split regenerativand@mmization (continuation).
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the maximum output rate of the original model, the cost ofsbeond phase of split regenerative
randomization (solution of the truncated transformed rhbglestandard randomization) will scale
with the cost of standard randomization at most as the siteedfuncated transformed model scales
with the size of the original modek'.

The performance of split regenerative randomization depeof course, on the selections for
E and the regenerative statesince those selections influence the behaviat(éf, o' (k), a” (k),
a(k,l), andd’(k,1) and the required values for the truncation paramekerd., M, Ky, k € vk
andLy, k € ~;. ldeally, E andr should be chosen so thatk), o’ (k), o’ (k), a(k,1), andd’(k, 1)
decrease as fast as possible. For general models, aut@®laiition ofy andr does not seem to be
easy in general, and, then, the method relies on the uséuition to make appropriate selections
for £ andr. We will consider next a class of models, cldss for which natural selections faf
andr exist, and, for models in that class and those natural $efectwill obtain stronger theoretical
results than the “benign” behavior.

The model clas€’; includes all CTMCsX with finite state spac® = S U {f1, f2,..., fa},
|S] >3, A>1,wheref;, 1 <i< A, are absorbing states and, either all states ame transient, or
X has a single recurrent claésC S, in which all states are reachable (from some state with non-
null initial probability), and in which there exists a pain SopUS1U. ..USn, US1US2U...USE,
for S satisfying the following properties:

(P1) Sy = {o} (i.e.|So| = 1).

(P2) if X has a single recurrent cla€sC S, 0 € C.

(P3) [SpUS1U...USN.| >2,and[S; USU...USy [ > 1.
(P4) Aos,0...08,, > 0.

(P5) foreach € Sy, 0 < k < N¢, A syu...us,—{it = 0-

(P6) foreach € Si, 1 <k < N¢, Ai s,u.-.usy, = 0.

(P7) max, <, nax A is significantly smaller than

= i,§k—{i}u§k+1umugﬁc

My < <N M, )\i,SoU§1U"'U§k71U{f1,f2,~~~7fA} > 0.

The class includes typical reliability-like failure/répanodels with exponential failure and repair
time distributions in which repair is deferred until somendibion on the subset of failed compo-
nents is fulfilled and, then, proceeds till the state in wimohcomponent is failed is reached, when
failure rates are significantly smaller than repair rates.tRose models, a partition fof for which
properties P1—P7 are satisfied is the partition in whighincludes the operational states without
repair and the same number of failed components, with theets$y, sorted by increasing number
of failed components, anfl;, includes the operational states with repair and the saméeuof
failed components, with the subseis similarly sorted by increasing number of failed components
As an illustration, a partition foS = {1,2,2/,3,3',4,5,6} showing that the CTMC reliability
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model depicted in Figure 1 belongs to cl&swould beSy = {1}, S1 = {2,3}, 51 = {2/,3'},

So = {4,5,6}. Similar models with exponential failure time distributg and repair times with
acyclic phase-type distributions [32] (which can be uséefit distributions of non-exponential posi-
tive random variables [7]), are also covered by model dlasprovided that failure rates are signifi-
cantly smaller than the rates of the CTMCs defining the pligsedistributions. With the selections
E = SyUS1U---USy, andr = o models in clas€’, satisfy the conditions C1-C8 making the split
regenerative randomization method applicable. Furtheepwaith those selections, because of prop-
erty P7, the models move “fast” from statedirio either state or a statef;, making those selections
natural ones. Consider a claSs model and a partitioy U S; U... U Sy, US;USaU. .. U S¥,

for S satisfying properties P1—P7. Then, we have the followirsylt&

Theorem 5. For classC; models and the selectiods = Sp U S; U ... U Sy, andr = o, a(k) <
hg(k) andd' (k) < aghg(k), where, fork — oo, hp(k) ~ C’(pﬁl)(J%, C > 0, p integer> 1,
h (k) ~ C’(p,’il)qg, C’ >0, p integer> 1, and

ming<i<n, Minjeg, A;
(14 0) maxo<p< N, MaXes, Ai

ge =1—

Proof. In the proof, we will denote byA”' the transpose of a vector or matik and byp(A) the
spectral radius of a square mati From (13), fork > 0, «'(k)” = (P%, )’ (0)T. Using,
then, (21)x/(k) > 0,4 € E' and (12)};cp 75(0) = apr,

d'(k) =D mi(k) = [la' (k)" |l = [[(PLr )7 (O < eql|(PLr p)*Ililln’ (0)T [

i€E’
T \k T \k
= |(Pr.2) "Il D 7i(0) = apr [|(PE )"l -
i€E’
With the ordering of stateSi, ..., Sn,, the elements in the upper triangular portionRﬁ, p are

0 and the diagonal elements BE, ., have values

Ai .
1— , 1€ 8,0<k<N¢g,
(1 + 9) maxo<k< N, MaXies, i F

andp(P%,E,) = ¢qg. Then [41, Theorem 3.1]there existC’ > 0 andp’ integer> 1 such that, for
k= 00, [Py p)Flh ~ €', )k

From (9), fork > 0, w(k)" = (P%)"n(0)". Using, then, (19)mi(k) > 0 and (8)
>iermi(0) =1,
a(k) =Y mi(k) = [[a (k)" |l = ||(PE ) =(0)]]x
i€E

< IPE ) 1llw () 1l = [I(PE )11 D mi(0) = |(P%E )"[I1
S

Y2 (k) ~ y(k) for k — oo denotedimy, o (k) /y(k) = 1.
2Strictly speaking, Theorem 3.1 of [41] asserts the resultfe Euclidean norm, but the results easily extends to the
considered 1-norm.
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With the ordering of stateS, 51, ..., Sn.., P%  has the form:

0 0
PgE' = < ) ’
’ B Php

where0 denotes a row vector with all its components equal to 0 Amtnotes a column vector.
According to Lemma 2 in the Appendin(P7% ;) = p(P%, /) and, thereforep(P% 1) = g¢x.
Then, applying again [41, Theorem 3.1], there ekist 0 andp integer> 1 such that, fok — oo,
IPE o)kl ~ CF )l O

Theorem 5 tells that, for clagS, models with the selection& = Sy U S; U --- U S,
andr = o, botha(k) andd’(k) are upper bounded by something which decays asymptotically
by a factor with valuegr. For small enougtz, the K and L required by split regenerative ran-
domization will be mainly determined by how fastk) and «’(k) decay and, then, Theorem 5
suggests that the truncation parametéisand L for classC, models with the natural selec-
tions for E andr can be roughly upper bounded usigfj instead of, respectively;yax (s —
a"(M))a(m) 72 i1 (k — m)e L (Agt)F /! in (44) andrmaxa’ (m) S5, 41 e 2B (A pt) k!
in (46). Let Rp = maxo<k<n, MaX;es, Ai/ Mingcr<n, Mineg, A; > 1. We haveqrp =
1-1/((1 +60)Rg) ~ 1 —1/Rg. For Rg > 1 close to 1,qr will be small and the required
K and L will be small and, asRp gets apart from 1lgz will get closer to 1 and the required and
L will increase.

Let
A

max, -, -, Max,; g

>\i7SOU§17U"'U§k71U{f17---7fA} '

The parametef can be seen as a “rarity” parameter measuring how strongpyepty P7 is satisfied.
In terms of the rarity parameté; we can model the transition rates from states ), to states
j€SE—{i}USg1U...U §NC, 1 < k < Ngash; = A0, whereA; ; are constants
< 1, and the remaining transition rates as constants and shedipdhavior of split regenerative
randomization for clas§’s models with the selectionf8’ = Sy U S1 U --- U Sy, andr = o as

d — 0. Let P ;(6) denote the transition probabilities of as a function of the rarity parameter
¢ and letPz 5 (6) denote the transition probability matikz;  as a function of. Note that, for

i € Sy, j €Sk —{i} USk1 U---USy 1 <k < N, limso Pij(9) = 0 and that, using
property P6,

z’,?k—{z‘}u@“umugﬁc

5 =

min, ., 77, Min, g,

Ai,SoUglU---ngﬂU{fl7~~~,fA}
(14 0) max, o, w max; 5 A

lim P; ;(8) = 1— i€ Sk1<k<Nc.
6—0

1€Sk 7i,S0US1U-USk_1U{ f1,ees fa}

Denoting byA7 the transpose of a vector or matex we have the following result:

Theorem 6. For class C, models and the selections = Sy U S; U --- U Sy, andr = o,
a(k,l) < hg(l — 1), d' (k1) < aphgp(l — 1) anda”(l) < agphg(l), where, forl — oo,
hz(1) ~ C(6) (p(gé_l)P(PE,E(CS)T)l, C(6) > 0, p(9) integer> 1, withlims_o p(P5 5(9)") = ¢z,
A

mlnlgkgﬁc min.

i€y, 7\i,50US1 U US_1U{f1,....fa}

A

qF:l_(l—k@)max . nax, = < = ’
1<k<Nc i€Sk 7,S0US1U-USk 1U{f1,....fa}
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Proof. Note that, using (10) and (11), far> 0 andl > 1, w(k,1)” = (P55(6)")' " 'PL _m(k)T.
Then, using (20)i(k, 1) > 0,7 € E, [[PT ~|[1 <1, and|lx(k)"||; <1, for

i€E
<[Pz IPL gl k) Il < 1Pz 50)) -
Similarly, using (14) and (15), fok > 0 andl > 1, «/(k, )T = (PEE(é)T)l—ng,E 7' (k)T

and using (22)7}(k,1) > 0,4 € E, ||PT,E||1 < 1 and, from (12) and (13), taking into account
PL il < 1[I (B)" [l = [[(PTy )" (0)T [l < [P w|Illw’(0)T |11 < [|7'(0)" 1 = ap,

a (k1) = mi(k,1) = ||n'(k,1)" || = II(PEE(5)T)1_1P§,E (k)" ||y
i€E
< |IPgx(®)") Mk IIPT,Elllllﬂ’(k)Tlll <ap [[(Pgg®)") -

Finally, noting that (17" ()" = (Pg 5(6)")'a”(0)" and using (23)x/(l) > 0, € E and (16)
7" (0)" |l = ag,

a’(l) =3/ () = [l=" )"l = |(P5 ) ") =" ()|l < [|((Pg 7))l [l (0) 1
el

= ag ||(P556)")' |l

Letp(PE’E(é)T) denote the spectral radiustEE(é)T. We have [41, Theorem 3.1] that there exist
C(8) > 0, p(8) integer=> 1 such that, foi — oo, [|(P5 5(8)")![l1 ~ C(8) ()1 P(PEE())"
Also, since the eigenvalues of a matrix are continuous fonstof the elements of the matrix
[36, Theorem 3.13]lims 0 p(P55(0)") = p(Pp7(0)7). But, with the ordering of states
31,...,§NC, the elements in the lower triangular portion BfEE(O)T are 0 and the diagonal
elements have values

Ai,SoUglU---ngﬂU{fl7~~~7fA}

1— ,i1€8,,1<k<N¢

(1 + 9) max, «p<nN, MaxX; g, )\i,SOUglu"'ngflU{fl7---7fA}
and, thereforep(P% 5(0)7) = ¢5. O

Theorem 6 tells that, for clags, models with the selections’ = Sp U S; U--- U Sy, and
r =o,d"(l), a(k,l) andad’(k, 1) are upper bounded by something which decays asymptotiopliy
factor with valuqu for § — 0. For small enough, the M, K, k € vk, andLy, k € ~}, required
by split regenerative randomization will be mainly detered by how fast” (1), a(k, 1) anda’(k, 1)
decay withl and, then, Theorem 6 suggests that the truncation paraidtek’;, k € vx, andLy,
k € +}, for classCy, models with the natural selections faBrandr can be roughly upper bounded
using ¢ instead of, respectivelyrmaxa’”(m) 332,41 e "B (Agt)" /Kl in (43), rpax(as —
a"(M))a(k,m) 372 1 (L — k)e 2B (Agt) /11 in (45), andrmaxa’ (k,m) 372,41 e 2B (Apt)! /1!
in (47). LetR; = max, -, 77, Max,; 5, 5, o= 1L We haveq; ~
1 -1/((1 +0)Rgz) =~ 1 - 1/Rg. As Ry gets largergg gets closer to 1 and the requiréd,
Ky, k € vk, andLyg, k € ~}, should get larger. According to the discussion and the migaie

Ai/ min, ;7 min
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experiments in [9], for small enoughand Rz > 1, M, Ky, k € vk and Ly, k € ~} can be
roughly upper bounded B0 R+.

Note that bothRr and Ry are “visible” model characteristics (they can be easilynested)
and, then, the truncation parametéfs L, M, Ky, k € vi, andLy, k € +; can be, in practice,
roughly upper bounded, and those rough upper bounds canebetapredict the performance of
split regenerative randomization and anticipate when tbthod can be expected to be significantly
faster than standard randomization for cl@ssmodels with the natural selections fbrandr.

4 Numerical Analysis

In this section, using a clags, model of al6 x 16 ASEN-MAX interconnection network [24]
under a non-backtracking routing protocol, we will analylze performance of split regenerative
randomization and will compare it with that of standard @mnézation, regenerative randomization
[9], adaptive uniformization [30], and randomization witbasistationarity detection [12]. The de-
pendability analysis of interconnection networks of thatlkis challenging and has been the subject
of intensive research (see, for instance, [3, 4, 5, 15, 284@P. All that research is concerned
with reliability analysis in a non-repairable context ceady-state availability analysis using (quite
sophisticated) combinatorial techniques.

The architecture of thé6 x 16 ASEN-MAX interconnection network is depicted in Figure 7.
The interconnection network includes a stage of multipigxthree stages of switches, and a stage
of demultiplexers. Links are assumed perfect (they do nitit ffhe network is assumed to be
operational if the set of unfailed components is such tmathé presence of a single request from
any source to any destination, the non-backtracking rgupirotocol used by the interconnection
network succeeds in routing the request. That assumptiguasanteed to be pessimistic [34].
In addition, we will consider that faults in multiplexersyitches and demultiplexers may not be
covered and that an uncovered fault leads to system failline structure of the interconnection
network is such that, assuming perfect fault coverage, nterdonnection network tolerates the
failure of any single component. Multiplexers and demigters fail with rate\y;; switches fail
with rate \g. Multiplexer and demultiplexer faults are covered withlability C'yr; switch faults are
covered with probabilityC's. There is a single repairman. Repair starts when the nunfifailed
components gets 2 and, then, proceeds till all failed components have beesinegh Multiplexers
and demultiplexers are repaired at ratg; switches are repaired at ratg. The repair of switches
has priority over the repair of multiplexers and demultigles. Failed components with same repair
priority are chosen at random by the repairman. There isrepeemption. Thus, if a switch fails
when a multiplexer or demultiplexer is being repaired, #gair of the multiplexer or demultiplexer
is interrupted and the repairman starts immediately theirey the failed switch. We will use the
model parameter valuesy = 4 x 1076 h=!, A\g = 1.2 x 107> h™!, Oy = 0.995, Cs = 0.99,
pv = 2h~!, and forpug two values:0.4 h—! and0.08 h—'. Regarding the initial state of the system
we will consider two cases: case (1) the initial state is thieswithout failed components, and case
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Figure 7: Architecture of th@6 x 16 ASEN-MAX interconnection network.

(2) with probability 0.5, the initial state is the state inialinthe only failed component is the switch
0 of stage 0, and, with probability 0.5, the initial statehis state in which the failed components are
switch 0 of stage 0 and the top multiplexer.

The measure of interest is the unreliability at titner(¢). That measure could be computed us-
ing a CTMC with an absorbing state representing that thesysias failed and a subset of transient
states including all states in which the system is operatiddowever, the interconnection network
has a large number of components (56) and such CTMC is eXydarge, making an exact nu-
merical computation ofir(¢) unfeasible. The problem can be circumvented by using “bimgid
models such as those described in Section 1. A model yieldiogier bound fowur(¢) would have
a state spac& U {f1, fo}, whereS is a subset of operational states afidand f, are absorbing
states and a model yielding an upper bounduigt) would have a state spaceuU {f;}, where
S is a subset of operational states afidis an absorbing state. Including i the operational
states with up to 4 failed components gives very tight bouidhais, forus = 0.4 h~!, case 1 and
t = 100,000h, we obtain a lower bound farr(¢), ury, () = 0.652058783, and an upper bound for
ur(t), urys(t) = 0.652058789. With that selection|S| = 315,045 and both bounding models have
manageable sizes. All statesSrare transient and both bounding models belong to model €lass
We will compare the performance of the methods using the diognmodel yieldingur,;(¢). For
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split regenerative randomization we will take fBrandr the natural selections, i.2 will include
the states irb without repair and- will be the single state without failed components. Case 1 will
illustrate the case = 0, az = 0. Case 2 will illustrate the more general casg/( > 0, az > 0).
The model also belongs to the model class C considered imfB]far regeneration randomization,
we will take the selectiom = o. For all methods we set an absolute error requireraeat10~°.
All CPU times are measured running the methods with a sirglget timet on a workstation with
a Sun-Blade 1000 processor and 4 GB of memory .

We will start by illustrating the performance of split regeative randomization. In particular,
we will illustrate the behavior of the truncation paramstefrthe transformed model as a function of
t. Table 1 givesk’ and K for case 1 and both values fag as a function of. Table 2 givesk’, L,
M, K+, andLF for case 2 and both values fog as a function of. We can note that all truncation
parameters grow smoothly with The truncation parametefs and . have very small values in all
cases. This is due to the fact that, having the system manpaoemts with quite similar failure
rates, the output rates from stateshirare very similar and, them?z is only slightly larger than 1
andqg is very small gz = 0.0289). The rough upper bounds fét and L. suggested in Section 3
are quite good. Thus, for case/2; = 0.4 h—! andt = 100,000h the rough upper bound fak
is 7, quite close td{ = 9 and the rough upper bound féris 7, identical to the actual value &f.
The truncation parametefd, K, k € vk, andLy, k € ~;, have small values foug = 0.4 h—1,
since in that case the output rates from stateB @re very similar andi; is not large 7 ~ 5).
For us = 0.08 h~!, those truncation parameters have higher values, sinceutpert rates from
states inE are not so similar andiz is larger (R ~ 25). The truncation parametersy, k € vk,
andLy, k € ~;, decrease ak increases. Thus, for case2; = 0.4 h~! andt = 100,000h we
have K| = 145, Ky = 128, K3 = 112, K, = 95, K5 = 78, K¢ = 60, K7 = 43, andKg = 25
(a(0,1) = 0 and, then, the comb having as a back the stajes, . .., sx does not have any tooth
hanging from state,), andLy = 126, Ly = 109, L, = 92, Ly = 75, Ly = 58, Ls = 41, and
Lg = 22. We can also note that the rough upper bodft; for the truncation parametend, K,

k € vk, andLy, k € ~}, is satisfied and is a little loose. Thus, fo§ = 0.4 h~! the rough upper
bound would have a value 150, which is a bit larger than the values &%, k € v, Ly, k € 7},
and M for case 2.5 = 0.4 h~! andt = 100,000 h. This seems to confirm the applicability of that
rough upper bound.

We will compare next the performance of split regeneratamedomization (SRR), standard
randomization (SR), regenerative randomization (RR)ptda uniformization (AU), and random-
ization with quasistationarity detection (RQD). To be faithe comparison, for AU we use the AU
layered uniformization variant for AU processes with cageel rate described in [30]. This ensures
for AU the same numerical stability as all other three methioave. Figure 8 gives the CPU times
for all four methods as a function offor case 1ug = 0.4 h~! andug = 0.08 h—!. Figure 9 gives
the CPU times for case 2. We can note that for case 1, i.e. wigeimitial probability distribution
is concentrated in the stasevithout failed components, AU is less expensive than SRrfaalkand
medium times and slightly more expensive for large timesis Thrroborates the known behavior
for AU [30]. However, for case 2, i.e. when the initial prolié distribution is not concentrated
in stateo, AU is about as expensive as SR for small and medium times i$hiue to the fact that
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Table 1: K and K7 as a function of for case 1 and both values fpg.

ps =0.4h7t | ug =0.08h~!

t(h) |K Kg | K K&
10| 3 69| 3 359

20| 3 87| 3 463

50| 3 110| 3 592
100| 3 128| 3 686
200| 4 167| 4 896
500| 4 208 | 4 1,120
1,000| 5 262| 5 1,414
2,000| 5 306| 5 1,658
5,000| 6 395| 6 2,148
10,000 7 474| 7 2,572
20,000| 8 544| 8 2,955
50,000| 8 592| 8 3,226
100,000/ 9 641| 9 3,499

Table 2: K, L, M, K+, andLE as a function of for case 2 and both values fog.

ps = 0.4h~! ps = 0.08 h~!
thy |K L M Ky Lz | K L M Ky Lgp
10| 3 2 43 81 141 3 2 51 421 760
200 3 2 63 99 151 3 2 81 524 81§
50/ 3 3 98 121 189 3 3 155 651 1,023
100 3 3 100 138 210 3 3 263 745 1,137
200 4 3 100 183 231 4 3 444 988 1,249
500/ 4 4 100 223 284 4 4 554 1,209 1,541
1,000/ 5 4 100 283 316 5 4 554 1,535 1,717
2,000 6 5 100 347 372 6 5 554 1,877 2,024
5000 7 6 100 441 44 7 6 554 2,398 2,415
10,000 7 6 100 505 481 7 6 554 2750 2,609
20,000 8 7 100 583 521 8 7 554 3,166 2,817
50,0000 9 7 100 664 523 9 7 554 3,556 2,835
100,000 9 7 100 686 523 9 7 554 3,738 2,835
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Figure 8: CPU times in seconds under split regenerativeoraimition (SRR), standard randomiza-
tion (SR), regenerative randomization (RR), adaptivearniization (AU), and randomization with
quasistationarity detection (RQD) for case 1 and= 0.4 h~! (left), us = 0.08 h~! (right), as a
function of¢.

the adapted randomization rate in AU is large since thealrstiep. Regarding the behavior of RR
with respect to SR, for case 1, RR is about as expensive asr3fost allt. Ast increases, RR
becomes less expensive than SR, but the time at which RR lesclass expensive is very large
(about 100,00@). For case 2, RR is significantly more expensive than SR éxXoepery larget
(about 100,000 h). RQD is more expensive than RR for case leaadxpensive than RR for case
2. For larget, SRR is by far the less expensive method. For cagg & 0.4 h~! andt = 100,000h
SRR is 180 times less expensive than the less expensive afttlee methods (RR). For case 1,
ps = 0.08 h—! andt = 100,000h SRR is 33.8 times less expensive than the less expensive of th
other methods (RR). For case/2, = 0.4 h~! andt = 100,000h SRR is 128 times less expensive
than the less expensive of the other methods (SR). For case 2,0.08 h—! andt = 100,000h
SRR is 23.0 times less expensive than the less expensive oftier methods (SR). These speedups
make the CPU times required by SRR for larggé = 100,000h) reasonable, ranging froRir9 s

for case 1 angis = 0.4 h to 3,145 s for case 2 angs = 0.08 h—!. The timet beyond which
SRR becomes attractive seems to increase as repair ratgaéetore differentR4 increases) and

is larger when the initial probability distribution is nobrcentrated in the statewithout failed
components. Both tendencies are due to the increase ofzihefsihe truncated transformed model
and, thus, the increase of the computational cost of botkgzhaf the method (generation of the
truncated transformed model and solution of that model éydsrd randomization).

5 Conclusions

Motivated by the poor performance of both standard randatioia and regenerative randomiza-
tion for typical failure/repair reliability-like models ih deferred repair, we have developed a new
numerical method, called split regenerative randomipatfor the transient analysis of a class of
CTMC models with a particular but quite general structurbe Thethod has the same good proper-
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Figure 9: CPU times in seconds under split regenerativeoraimition (SRR), standard randomiza-
tion (SR), regenerative randomization (RR), adaptivearniization (AU), and randomization with
quasistationarity detection (RQD) for case 2 and= 0.4 h~! (left), us = 0.08 h~! (right), as a
function of¢.

ties as the well-known standard randomization method: migadestability, well-controlled compu-
tation error, and ability to specify the computation ermrdvance, and, for large enough models
and large enough times, will be significantly faster than thathod. The method requires the se-
lection of a subset of statds and a regenerative state= F and its performance depends on those
selections. For a class of models, cléss including typical failure/repair reliability-like mode
with exponential failure and repair time distribution arefatred repair, natural selections fGrand

r exist and, for those natural selections, theoretical tehdve been obtained assessing approxi-
mately the performance of the method in terms of “visible"d®locharacteristics. We have shown
that, for clasC, models, the method can indeed be significantly faster thiaer sandomization-
based methods and allows the transient analysis of soneramgels of that type in affordable CPU
times.

Appendix

Proof of Proposition 1. The initial probability distribution ofi” follows from its definition (18).
It is also clear from the definition of that Vn can only be a statg;, 0 < k < n, a statesy,
0<k<n-11<1<n-—k, states,, astates; , ;,0 < k < n — 1, statesy, or a statef;,
1 < i < A. Furthermore)V, can be state;; if and only if X,, 4 ; = 7, X, 1411 € E’
and X,,_;,1., € E with nonnull probability and this requires that, for the sien of X, X’, with
initial stater, X/, € E' andX}_ ., € E with nonnull probability, which requirex;,, € £’ and
X,;H € E with nonnull probability, and, taking into account the défam of Z (2), this is equivalent
to Zy.,, € F andZ;,, € E with nonnull probability, which, taking into account thewstture (5) of
the transition probability matrix of restricted to its transient states, this is equivalenfjoc E
and Z,, € E with nonnull probability, i.e.a(k,1) = >, zmi(k,1) > 0. In addition, V,, can
be statesgf’n_,‘C if and only if X., € E' and X, 1., € E with nonnull probability, which requires
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Xox € F' and X1 € E with nonnull probability, and, taking into account the difam of Z’
(3), this is equivalent td7),, € E' andZ;,, € E with nonnull probability, which, taking into
account the structure (6) of the restriction of the traasifprobability matrix ofZ’ restricted to its
transient states, this is equivalentp € £’ andZ;, , € E with nonnull probability, i.ea’(k,1) =
Y eET 7i(k,1) > 0. In summary, we have, ¢ {55 :0<kE<n}U{sp; :0<k<n-1IN1<I<
n—kna(k,1) >0 U{s,tU{s},,  : 0<k<n—1Ad (k1) >0}U{sp}U{f1, f2,..., fa}.
This implies that the reachable state spac@’drﬁ a subset of that stated by the proposition.

It is also clear from the definition df (18) that: (1) from state,, V can only jump to states
fi, 1 <4 < A, s0, 51 andsg 1, (2) from statesy, £ > 1, by condition C6, which implieg’; , = 0,
i€ E',Vcan only jump to stateg;, 1 < i < A, s, andsy, 1, (3) from statesy, ;, by condition C7,
which impliesP; ; = 0,17 € E,jeF, V can only jump to stateg;, 1 < i < A, so andsy 11, (4)
from states) , by condition C6,V can only jump to stateg;, 1 < i < A, s}, ands;,l, (5) from
states;”, by condition C7,V can only jump to stateg;, 1 < i < A, sp ands), 1+1> and (6) from
states/, by condition C7)V can only jump to stateg;, 1 < i < A, sp andsj,_ ;.

SinceVn = f,ifand only if X,, = f; and f; is absorbing inX, from statef;, V can only jump

tof,andP[ n+l — fz’V—fz/\an—xnl/\ /\‘70:1'0] [n—i—l fz‘V—fz]_l
To completely verify that/ is a DTMC we must show that: (EB[ el = Y | Vi = s AVp_1 =
Tn1 A AV =x0] = P[Vpy1 = y |V, = si] for all feasible path$zg, 21, . .., 2p_1, s3) of V,

(b) P[‘Afnﬂ =y V, = Sk A Vil = 1 A~ AVp = xo] = P[‘Afnﬂ =y V, = sy, for all
feasible path$zo, z1,. .., 2n_1,551) Of V, (€) P[Voe1 = 4| Vi = Sy AVi_1 = 21 A-- AVO =
z9] = P[Vpy1 = y |V, = o] for all feasible pathgz,z1,...,2n_1,5,) of V, (d) P[Vpi1 =
Y1V = 8h ik AViet = Tn1 A+ AV = @] = PlVyy1 = y| Vi = s, ,,_,| for all feasible paths
(X0, T1y v oy Ty 1,s§€n %) of V, and (e)P[AnH = yHA/n = sl AVpey = Tpa A AVy = xo] =

PlVpy =y |V, = s for all feasible pathszg,x1,...,2,-1,s)) of V. To prove (a) note that
V, = Sk |mpI|esV k= sO,Vn k41 = S1,-- .,V _1 = s,—1 and, given the definition oF (18),
the behavior ol after the stepsn at which ¥ hits states is independent OKO,Xl, . Xm 1

and, therefore, of, V4, ..., Vin_1, and, thenP[ 1l = y\Vn = s A AV—g = 80A Vi1 =
Tn g1 A AV = x0] = P[Vn+1—y|‘7n—8k/\ AV k—SO] P[Vn+1=y|‘7n=8k]-
To prove (b) note that;, = s;,; implies V,, . = 50, .-, Vot = Sk Viois1 = Sty -+ -
Vn 1 = Sk,1—1, and, since, as previously showi, looses its memory at the steps at which it hits
states, P[Vn—i-l = y[Vn = Sp N\ '/\Vn—l+1 = Sk,l/\Vn—l = SE/N\-- ’/\Vn—k—l = 30/\Vn—k—l—1 =
Tp—k—1— 1/\"'/\‘702330] ZP[‘A/nH =y|‘7n=«9k,z/\"'/\‘7n—l+1 ZSk,l/\Vn—z =S N A
Vb1 = s0] = P[Vni1 = y| Vi = s1..]. To prove (c) note thalt,, = s/, impliesVp = s, V1 = s},
V1 =s, and, thenP[V,, 1 =y |V, = s, A- A%_sg] P[Vn+1_y]Vn_s ]. To

prove (d) note that,, = Sk impliesVy = s, ...,V = sk, Virr = Sty e Vo1 = k1
and, thenP Vi1 =y [V =8, o A AV —skl/\Vk —sk /\VO —so] PVt =
Yy | Vi = s} ,_]- Finally, to prove (e) note that, = s” implies 1, = 50y - - - Vit = = s_, and,

then,P[Vyy1 =y |V =8/ A AVo=s] = P[Vpy1 =y |V, = sn].

We will verify next the values of the transition probab##i from statesy, s ;, ., s;,l, and
Sp. We will useV, € {sp 1 0<k<n}U{sg; : 0<k<n—-1A1<I<n-—kAa(k1) >
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0} U{s,} U s g : 0<k<n—1Ad/(k1) >0} U{si}U{fi for.... fa}-

Case g P[V,, = so] > 0, which implies (18)P[X,, = r] > 0): Taking into account thalt,, = s if
and only ifX,, = r andV,, = f; ifand only if X,, = f;, (8), and (19)(0) = ¥_;c mi(0) = 1:
PVhar = fi |V = s0] = PV, = S0 A Vng1 = fil
P[Vn = 80]
PIX, =71 A Xpi1 = f]
P[X, =]

= PXpi1=fi| Xn=1]= Py = m(0)P,
JjeER

>iee ™ (0) P, _ i
a(0) 0

Similarly,

~ ~ P‘A/n:s /\‘A/n =5

PViy1 =50 | Vo =50] = [ P[‘% S+]1 o
n — 90

P[X'n =7rA Xn—l—l =r]

P[X,, =]

:P[Xn-i-l:T‘Xn:T]:Pr,ra

~ ~ P ‘A/n =59 A ‘A/n =s
PViy1 =51 Vy=5s0] = [ P[‘% S+]1 1
n — 50

_ D= A X €E] g g R =]
P[X,, =r]

= Pp =) m0)P g =
i€k

2icemi(0) P g
= wo,
a(0)

UV i P Vn =S /\ ‘777/ = S
P[Vn+1 = 50,1 | Vi, = 30] — [ OA +1 0,1]

P[VnZSQ]
_ P[XHZTAX"+1€E]:P[X+1GF\X :T]
P[X, = 7] "
ZieE Wi(O)P‘E
= Prﬁzzm(o)Pz‘E:—l’:hO'
) ’ a(0)

Case b(P[V,, = si] > 0,1 < k < n, which implies (18)P[X,,_, = r] > 0): Taking into
account the definition of” (18), that the DTMC{X,,, ;¥ = 0,1,2,...} conditioned toX,, = r
is probabilistically identical toX’ = {X};k = 0,1,2,...}, the definition ofZ (2), that, because of
the structure of the restriction of the transition probidpinatrix of Z to its non-absorbing states (5)
and the fact thaZy = r, Z1;, € E'ifand only if Z, € E, thatP[Zy11 = fi | Zi = j] = P}y,
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j € E,and (19):

> 5 PV = 51 ANVpy1 = fi
PlVoi1=filVa=sK = P[Vn 5]

PXp =7 AXp_pi1n € B' A Xps1 = fi]
P[Xn_k =7rA Xn—k+1:n S El]
PXp—ki1mn € B'AXpy1 = fi| Xoi = 7]
Pl Xp_ps1m € B | Xp_p = 1]

P[X{, € E /\Xllg-i-l =fil  PlZix € E' N Zyy1 = fi]

P[X], € B a PlZyy € E']
 PZy€ENZyy1=fi]  Yjer PlZx = jIPZky1 = fi| Zy = j]
- P(Zy € E| - e PlZk = jl
_ YjeE (k) Pj 1, _ Y jeE (k)P s, —
 Yermilk) a(k) o

Similarly,

o > P[‘?n =S N ‘7n+1 = Sk-i-l]
P[V+1:Sk+1|v :Sk]: =
! ! PV, = s3]
P[Xn—k =rA Xn—k—l—l:n—i—l € El] o P[Xn—k+1:n+1 eFr ‘ Xn—k = T]
P[Xn—k =7 Xn—k—i—l:n € E/] P[Xn—k-‘rl:n S | Xn—k = 7"]

P[X{:Hl € L]  PlZiy1 €E]  PlZy€ ENZyp € E'

PIX|,€FE]  PlZueFE] P[Z), € E]
_ e PlZy=iP[Zk € E' | Zk =i] _ Yiepmi(K)Pip _ Yiepmi(k)Pip _ o
Yiep PlZy = 1] Yier mi(k) a(k) ’

5 - PV, = sx A Vg1 = sp1]
P[Vn+1 = Sk,1 | Vo = Sk] = P[‘A/n _ Sk]
Pl Xp ok =7AXn_pi1m € E'ANXpiq € E]
PlXp_iy =7 AXn_pstm € B
PlXp_is1mn € EANXpi1 €E| Xy = 7]
PlXy i1 € B | Xpop = 7]
PIX|, € E'ANX}, €E) P[Zyy € E'AZj1 € E]

P[X], € E] P[Zyy € E]
P(Zy € ENZy1 € B] _ Yiep P2k = |P[Zk1 € E| Z), = ]
P(Z), € E] Yier PlZr =1
_ 2ier™i(k)P, g _ 2ieE Wi(k)Pi,E —h
T Yiepm®) ek T

Caseo(P[V, = sj] > 0,0 <k <n—1,1<1<n—ka(k1) > 0, which implies (18)
P[X,_s_; = r] > 0): Taking into account the definition af (18), that the DTMC{ X, 1 1; k =
0,1,2,...} conditioned toX,, = r is probabilistically identical toX’ = {X};k = 0,1,2,...}, the
definition of Z (2), that, because of the structure of the transition pritibamatrix of Z restricted
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to its non-absorbing states (5) and the fact that= r, Z;., € E’ if and only if Z, € E, that
PlZyy1 = fil Zn =j] = Pig.Je F, and (20):
= - PV, = s i A Vg1 = fi
P[Vn+1 = fi | Vo = SkJ] = P[Vn _ Sk,l]
PXy o1 =7 AN Xn_poipint € BN Xy 131:0 € EAXpi1 = fi]
P[Xn—k—l =7rA Xn—k—l—l—l:n—l e E'A Xn—l—l—l:n S F]
PlXp i1t € E'N X410 € EAXnj1 = fi | Xt = 1]
P[Xn—k—l—i-l:n—l SN Xn—l—i—l:n cE | Xn—k—l = 7‘]
PIX{y € B'AXf g € EAX] 40 = 1
PIX}, € B'AX} 144 € E)
P|Zyy € E' N Zyy101 € EN Zjyiy1 = fi]
P[Zy., € E' A\ Zii1.441 € B
P[Zy € E A Zyyres1 € E N Zygigr = fi
P(Z € EN Zyy1:k41 € E]
> iew P2k € EN Ziikii € EA Ziwi = jI1PZvir = fi| Ziva = ]
Y iem P2k € EN Zkyrkst € EN Ziyr = ]

Zjeﬁ (K, D) Py f, . ZjeE 7 (k, )Py,

T Ty amkD) akn R
Similarly,
5 & PV, = 81 A Vg1 = so)
PlVyi1 =50 Vi =51 = PIVs = 1]
_ P[Xn—k—l =rA Xn—k—l+1:n—l cE'A Xn—l—l—l:n eE AN Xn-i—l = T]
P[Xn—k—l =7rA Xn—k—l—l—l:n—l c E'N Xn—l+1:n € _]
_ PlXp_joi41m-1 € E' AN X310 € EA Xy =7 | Xnopoy = 7]
PlXy p—t41m1 € E' AN X141 € B | Xp_g—y = 1]
| PIX|, €EANXfg €EENXpyy = 1]
B PIX!, € E'NX}, 14 € Bl
_ PlZix € E' N Ziy1r1 € EN Zjpi41 = a
a P[Zyy € E' A Ziy1:041 € E]
 PlZy€e EAZpirps1 € ENZyii1 =
N P[Zk e EANZyi1511 € F]
w5 PlZk € ENZyprii € EN Ziy = P Zgia = a| Zyyy = 1)
a S5 PlZk € EN Zpyrky1 € EN Zpyy =i
_ epmik DB, Yiegmi(k, )Py
D DR 3 ) R (0 ) B
PlVpi1 = st | Vo = 810 = PlVa = b 1 Vo1 = 1]

P[Vn = Sk,l]
P[Xn—k—l =7 Xn—k—l—i—l:n—l € E'N Xn—l+1:n+1 € E]
P X1 =7 ANXp—k—itim—1 € E' N Xy _i41:m € E]
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P Xy b 1s1im i1 € EAXp s1m1 €E | Xk =7]
P[Xn—k—l-‘rl:n—l € E'A Xn—l+l:n S | Xpg—1= T]
PIX1, € EENXp i1 € Bl PlZyg € BN Zyjrieyi € E)

PIX!, € E'NX}, 14 € B P(Z1.k € E' A Ziy1:641 € E]
_ PlZy€ ENZysvirin €E] _ PlZy € ENZyyrkit € E N Zyyiin € B
P[Zk e EANZyi1k11 € E] P[Zk e ENZyi1511 € E]

i PlZi € EA Zisrit € E A Ziyy = i|P[Zys131 € E | Zjoyy = 4]
ZZEEP[ZIC €EEAN Zk+1:k+l e EN Zk—i—l = Z]
Yicgmik D Yigmik DB g

T T Sagmk) a(k, 1) = Whi-

Case d(P[V, = s} > 0): Taking into account the definition af (18), the definition ofZ’ (3),
that because of the structure of the restriction of the itiansprobability matrix of Z’ to its non-
absorbing states (8}, € E' ifand only if Z), € E',thatP|Z, ., = fi| Z], = j] = Pj s, j € E',
and (21):

PV, =5 AVier = fil  PlXow € B'A Xpay = f;
PlVpy1=fi|Va=5] = [ 5n +1=fi] _ PlXon € +1 = fi]

PV, = s'] P[Xo.m € E']
_ Pl € ENZy = fi] _ PlZ, € E'NZjy = fi]
P[Z|., € E'] P[Z! € E']

ZjEE’P[Z;L:j]P[ n+l — = fil Z;, = jl
Yjer PlZ], = Jj
ZjeE’ W;’(n)PJ}fi - ZjeE’ ﬂ.;(n)Pjvfi —
Yjep m(n) a'(n) o

Similarly,

% % PV, = s, A Vi1 = s, P[Xops1 €
P[Vn+1:s;+1|vz "= Ve SnA n+tl Sn—i—l]: [Xomn+1 ]

V2]

P[Vn = S;L] P[XO m € El]

_ P[Z(/]:n—l—leEl] _P[Z/ GE//\Z/_HEE]
B P[Z(/)n € E,] B P[Z/ S El]
_ Yiep P2, =iPZ, € B'| Z), =]

Yier P2}, =]
— Z’iEE' ﬂ-;(n)PZ,E’ o ZZEE’ 7T,:(7’L)PZ’E/ o

7 = ; =W, .

Yier mi(n) a'(n)

0 5 PV, =8, AVor1=5,1] P[Xon€E AXpp1 €F
P[Vn+1:8271|Vn:s§L] _ [V n n+1 n,l]_ [Xo:mn € nt1 € F]

P[V, = 5] B P[Xom € E']
_ PlZh,€ENZ,  €E| P|Z,cENZ, , €E
P[Z|., € E'] P[Z! € E']
_ Yiem PIZ, =iPZ,, €E| Z, =]
a Yier P2, =]
_ Yk Wi(”)P,E _ dicE! Wi(”)P,E _
ien mi(n) a'(n) "
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Case gP[V, = Skt > 0,0 <k <n—1,ad(k1) > 0): Taking into account the definition
of V (18), the definition ofZ’ (3), that because of the structure of the restriction of thasition
probability matrix of Z’ to its non-absorbing states (&), € E’ if and only if Z € FE’, that
PZ} = fi| 2} = j) = Py, j € B, and (22):

PV =} pu—i A Vg1 = fi]
PV, = s},
P[Xox € F’ A Xk—l—l:nAe EAXpi1 = fi]
P[Xox € E' N X110 € F]
 PZywe€ENZpy,, €ENZy=fi] PlZ,eENZ ., € ENZ] = fi]
PlZy,. € E'NZ; ., € E] PlZ, e E'NZ} ., € L]
> PlZk € E'NZjiyy € ENZ) = §IP(Z) 1 = fil Z), = ]

P[An-i-l fZ‘Vn—Skn K =

ZjeEP[ZI/c € El/\Zlic—i-ln € ENZ], =
zjeE ](k: n— k) (k,n—k) Ukn—k -

Similarly,

PV, = Sk Vi1 = 0]
PV, = s}, 4]
P Xoi € E' A Xjy1mn € EA Xpy1 = 1]
P X0 € E' A Xjpi1im € E
PlZy € E'NZj 1 € ENZyy=a]  PlZL, e E'NZ € ENZ], =ad]
€ E|

P|Z),€E NZ, ., €E Z, € E"NZ} 4.,

ZiEEP[ZI/ﬁGE//\Zk+1:n€E/\ZT/1:i]P[ ;H-l :a‘ZrlL:Z]

P[vn-i-l = 50 | Vn = S;f,n—k] =

g PlZ, € B'NZ} 1., € ENZ} =]
_ ZZGE z(k? n— ]{T)Pi,r _ ZZEE z(k n — k)Pi,r _ q/
ZZGE z(k n— k) (k7 n — k) kn—k >

P[‘Afn = Sz,n—k A Vn+l = S;g,n—k—l-l]
P[Vn = S;c,n—k]
P[Xo € E' N Xps141 € B]  P[Z4y € E'NZ} iy € E
P[Xok € B'AXpyimn € E|  PlZy € B'AZ}y,., € E]
PlZ,e E'NZ} 1, € ENZ), | € E]
PZ, € E'NZ},,., € E|
S PlZ, e E'NZp ., € ENZ), =1iP|Z], , € E| Z], =1
SrPlZ, € E'NZ, ., € ENZ], =]
ZZEE z(k n— k)Pi,E 2 ick z(k n—= k)Pz,F /

= = w n—k -
ZzeE z(k n-— k) (k‘,’l’L - k) ko

P[Vn—i-l = 32,n—k+1 ’ Vi = Siz,n—k] -
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Case f(P[Vn = s!"] > 0): Taking into account the definition af (18), the definition ofZ” (4),
that, because (7) the restriction of the transition prdigbmnatrix of Z” to its non-absorbing states
is P Z¢., € Eifandonly if Z! € E, thatP[Z] | = f;| Z)l = j] = P} s, j € E, and (23):

P[Vn =s"A ‘7”4_1 = fz] P[X():n cE A Xn—i—l = fz]

PlVps1 = fil Va=s1] = p[‘% = s - P[Xo.n € E|
_ PZy,€EANZ!, =f] P[ZLeEANZI, = f]
P[Z! € E| P[Z!! € E]
Pl =P = 1| 2 = )
= Z]eEP[Z” — ]
B Zjefﬂy( )Pj ¢, - Zjeﬁﬂy(n)Pj,ﬂ —
> cm ™ () a(n) "
Similarly,

V, V PV = sy A Vi1 = P[Xon €EAXpy1 =
P[VTL+1:80|V7L:S;,/L]: [TL 32 n+1 30]: [ 0:n n+1 r]

P[V,, = s"] P[Xom € E
P[Z, € EN no=al P[Z!" e EA no=al
PZl € E - P[Z" € E]
ZZ’GEP[Z;’{ = i| P ;{+1 =alZ, =i
ZieEP[Z;{ = Z]
ZzeE y(”)Piﬂ“ _ Zief Wg/(n)Pi,T’ o
Sepmn)  d'm)

P[‘/} " — 4 1“7 _S//] . P[Vn:sx/\vn_,_l =3Z+1] B P[XO:n—i—l GF]
n — °n+ n — °n)] — =

PV, = s!] P[Xon € B
P2 € B _ PIZLcENZL, € Bl _ Sip P2 =ilPIZy € B 2] =]
P[Z],, € E] P[Z" € E] Y icE P[Z!" =]
ZZeE z( )P__ ZZeE z( )P_ — "
2™ (1) a’(n) "

It remains to show that all stateg, £ > 0 are reachable, all stateg;, £ > 0,1 > 1 such
thata(k,1) > 0 are reachable, all stateg, k > 0 are reachable, all stategﬁl, k> 0,1>1such
thata'(k,1) > 0 are reachable, all state%, k > 0 are reachable, and all statgs1 < i < A are
reachable. That all statgs, 1 < i < A are reachable follows froi, = f; if and only if X,, = f;
and the stateg; being reachable 16 (because they are reachableXr). That s{, is reachable
follows from P[V = s)] = ap > 0. Thats/] is reachable follows fronP [V = s{] = az > 0.
That s is reachable follows frorrVn = s¢ if and only if Xn = r and the state being reachable
in X (because it is reachable iXi). The reachability of the remaining states follows, theonf
wp > 0,k>0,w, >0,k>0,w,>0,k>0,h;>0fork>0if a(k,1) >0,h), >0fork >0
if a'(k,1) > 0, wy,; > 0for k > 0 such that(k,1) > 0 andl > 1, andw;; > 0 for & > 0 such
thata’(k,1) > 0 andl > 1. All this follows from Proposition 2 and (k) > 0, k > 0; /(k) > 0,
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k> 0;d"(k) >0,k >0;a(k,l) > 0,1 >1for k such thauu(k, 1) > 0; anda’(k,1) > 0,1 > 1 for
k such that/(k, 1) > 0. O

Proof of Proposition 2. Part a)Remember thai(k) > 0, £ > 0. Using (9), (19) and (25),

> icpi(k)P; g _ ﬂ(k)PhEl _ w(k+ 1)1 _ a(k +1)
a(k) a(k) a(k) a(k) 7

W =

wherel is a column vector with all its elements equal to 1 of appierdimension. Considering,
then, that (8n(0) =

k—1 k—1 .
T[w =] a(i+1) _ a(k) — alk).
i=0 =

Part b)Using (10), (20) and (26),

b YiepTik)Pp  wmk)Pppl  w(k, 1)1  a(k,1)
k= = = — .

a(k) a(k) a(k) a(k)

Part c)Remember thai(k, 1) > 0 impliesa(k,) > 0,1 > 1. Using (11), (20) and (29),

 YieE mi(k, )P, 5 B m(k, )Pz 51 - w(k,I+1)1  a(kl+1)
Whi = a(k, 1)  alkl) akl) alkl)

which implies the result.

Part dyRemember that, assuming;: > 0, a’(k) > 0, k > 0. Using (13), (21) and (31),

ZieE’ W;(k)Pi,E’ B ﬂ/(k)PE/’Ell B ’ll',(k? + 1)1 B a’(k: + 1)
a'(k) N a'(k) adk)y d(k)

Considering, then, that (12§(0) = a g,

w, =

k—1
W, = a(i+1) a’(kz) B a' (k)
H ZII) a@)  d(0) am

Part e)Using (14), (22) and (32),

o _ miep TPy T kP gl a'(k 1)1 _ o' (k1)
ko a' (k) T dk) T dk) dk)

Part f)yRemember that, assumings: > 0, «’(k,1) > 0,1 > 1 for k such thats/(k,1) > 0. Using
(15), (22) and (35),

w/ N ZZEE z(k l) B ﬂ,(k‘)7l)PF’E1 . ﬂ',(k’,l + 1)1 . a’(k:,l + 1)
k1 — - - - )

’ a(k,1) a'(k,1l) a'(k,1l) a'(k,1)

which implies the result.

Part g)Remember that, assumiag; > 0, a”(k) > 0, k > 0. Using (17), (23) and (38),

s g™ KBy  m(RPgpl  a'(k+ 1)1 d"(k+1)

T T T a) d ) d'(R)
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Considering, then, that (16 (0) = a5,

k—1
w //(Z+ 1) a”(k) B a//(k)
H a 21_[0 a’(i) — a’(0) ap =

Proof of Proposition 3. We will start by considering the CTM®. differing from V7 in that:
(1) the teeth of the comb with the states in the back have not been truncated (they are as in
the CTMCV), (2) the transitions to the absorbing stafgesl < i < A, have been redirected to
so, and (3) the absorbing statgs 1 < i < A, have been merged into state Let P be the set
of paths through which/, can enter state throughsx. Everyp € P is a sequence of states
(zo, 71, .., 2L(p))s L(p) = 1, with P[V(0) = x0] > 0, nonnull transition rate from every state
to 2141, 0 <1 < L(p), r(p)-1 = Sk, andx,) = a. Let P’ be the set of paths through which
V. can enter state throughsg. By construction,P C P’. Also, denoting byP(p), p € P the
probability thatVz will follow path p and byP’(p), p € P’ the probability that’}. will follow path

p, we haveP(p) = P’'(p), p € P. Further, since the states B different fromf;, 1 < i < A, have
the same output rates Iy as inVr, denoting byD(p), p € P the duration of patty in V7 (time
till V7 hitsa) and byD’(p), p € P’ the duration of patly in V., D(p) andD’(p), p € P have the
same distribution. Then,

’I’)’L%HL J\/[ = Tmax Z P(p)P[D(p) S t] é Tmax Z P/(p)P[D/(p) S t] . (48)
peEP peP’

Consider now the CTM@" obtained fromV’7. by substituting the states with output rate:
(statessy;, k € v, 1 > 1;if apr > 0, StateS9§€l, ken~p,1 <1< L and, ifazz > 0, states
sy, 0 < k < M) by instantaneous switches with jump probabilities tortseccessors equal to the
jump probabilities of those states W}.. Regarding the pathse 7/, this is equivalent to neglect in
every path the holding times in the states with output Agte Then, denoting by>”(p), p € P’ the
duration of the pattp in V. neglecting the holding times in the states with output rate we have
P[D"(p) < 1] > PID'(p) < t],p € P'and

P[by timet, V! has entered throughsg] = Y P'(p)P[D"(p >> Plp ) <],
peP! peP!

which combined with (48) gives
m%'r () < rmax P[by timet, V' has entered throughsy] . (49)
We will derive next the initial probability distribution drthe state transition diagram f’.
By construction, the initial probability distribution &f. is
PV7(0) = so] = P[Vr(0) = so] = o,

for ap >0, PIVA(0) = sh] = PVr(0) = sp] =

foraz >0, P[V7(0) = s5] = P[Vr(0) = s¢] = az,
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A A
P[V7(0) = a] = P[Vr(0) = a] + Y P[Vr(0) = fi] = _ay,,
i=1 i
PV[(0) =i =0, i¢{s0,80,50,a}-

The initial probability distribution and state transitioliegram ofV;’ can, then, be obtained
from the initial probability distribution and state tratish diagram ofV/. by looking at the states
with output rateA+ as instantaneous switches and eliminating those switchasniay similar as
vanishing markings are eliminated in GSPNs [6]. Figure 1piae the state transition diagram
of V7, for the casenyr > 0, az > 0 and A = 1 with states with output ratd+ replaced by
instantaneous switches (drawn as squares), indicatingptiiehing probabilities.

Assumeaz > 0. The only instantaneous switch with nonnull initial protia is state s(.
That switch has initial probabilityvz;. Using Proposition 2g, the probability th&y. (with states
with output rateAs; replaced by instantaneous switches) will follow p&H, s7,...,s%,,a) is
aE [T wl = a”(M). With probability a(1 — [Til,! wf) = agz — o (M), V4 will start at

o and will exit the subset of statgs(, s, ..., s}, } through states;. Then, the initial probability
dlstrlbutlon of V! will be

PV7(0) = so] = P[Vp(0) = so] + a — d" (M) = ap + a5 — a" (M),
for ag >0, P[VJIJ(O) = 86] = P[VJQ(O) = 86] = g,
PV (0) = a] = P[Vy(0) = a] +a"( Zafz +a"(M

PV/(0)=1i=0, i¢{so, 0, a}.

If ag > 0, elimination of the switches’k,l, k€ ~;,1 <1< Ly, introduces transitions il from
statess, k € 7/, to states: ands,. Taking into account that the probability that, startmg@f, Vi

will exit the subset of state§sj, |, s} 5, - - ., 5} 1, } through state: is [t wy, ;, for eachk € v,
elimination of the switches)_, s ,,..., s} ; willintroduce a transition rate frons; to a equal to

¢ Ap, with ¢, = hj, T ' wj, ;. Assuming conventionally that O by a non-defined quantit,is
V7 will have that transition rate from every statg, 0 < k < L — 1, to a. Since the output rate of
every states; is A, elimination of the switches, |, s} ,,...,s; ; willintroduce a transition rate
from every states), 0 < k < L — 1, to sp equal toAp — wiAp — ¢pAp = (1 —w), — ¢})AE.
Elimination of the states;,;, & € g, will introduce transition rates from,, k£ € vk, k > 0,
to statesy. The probability that, starting at a staig;, k € vk, V7. will exit the subset of states
{Sk1,5k2, ...} through states, is 1. This is a consequence of the fact that the limit/for— oo
of [Ti% wx; = a(k,m + 1)/a(k,1), by Proposition 2c, is O because, as shown in the proof of
Theorem 44(k, 1) decreases geometrically fast withThen, since the output rate of the statgs
1 <k <K —1,isAg, elimination of the switches;, ;, k € g, [ > 1, will result in a transition
rate to state, from every state,, 1 < k < K —1, equal toAg —wiAg = (1 —wy)Ag. Figure 11
depicts the state transition diagramigf for the casevz > 0. For the casevz = 0, the states),
and the transitions from those states disappear.
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wolAp ?

Figure 10: State transition diagram @} with states with outpuratd replaced by instantaneous
switches for the caser: > 0, az > 0, andA = 1 (there can exist transitions tg from any state
sk, 0 < k < K—1,any states;, ;, 1 > 1, any states), 0 < k < L—1, any statesz,,l, 1<k<Lip—1,
and any state}, 0 < k < M —1).
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(1 —wo —¢0)As

Figure 11: State transition diagram of the CTME for the casexg: > 0.

Let ?f’ be the DTMC obtained by randomizirig’ with rate A . The initial probability distri-
bution of V};’ is the same as the initial probability distribution 6f. The state transition diagram
of 17:;’ for the casevy > 0 is depicted in Figure 12. For the casg: = 0, the states) and the
transitions from those states dissappear.

Let ¢(k) = Pl[by stepk, VT” has entered throughsg|. Using the probabilistic identity of;/
and{(V{)q:t > 0}, whereQ is a Poisson process with arrival ratg independent o7/,

oo k
Pby timet, V' has entered throughs | = Z c(k:)e‘AEt%
k=0 :
and, therefore (49),
s a L (Apt)k
m%’fL’M(t) < Tmax Z c(k)e AEt% . (50)
k=0 :

Consider now, for the casey: > 0, the DTMCY obtained fromVT” by introducing an ab-
sorbing statef; with null initial probability and redirecting tgf; the transitions from the states
84,81, ..,8,_, t0a. The DTMCY is a particular instance of the DTMT ;, considered in [9].
For the casevy: = 0, letY be the DTMC obtained frorﬁ?f’ by introducing an absorbing stafe
with null initial probability. In that caseY is a particular instance of the DTMTx considered
in [9]. Trivially, ¢(k) is also the probability that, by stég Y has entered throughsg. Then,
denoting byl. the indicator function returning the value 1 if conditiofis satisfied and the value O
otherwise, applying Proposition 3 of [9] and using ProposiRa, for the case s > 0,

K-1
c(k) < Ik P((Vi)o € {s0, 5o}k — K) [] wi
=0
= Dsi(ar+ag—d'(M)+ap)(k— K)a(K)

= Dexlas —a'(M))(k — K)a(K).
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Figure 12: State transition diagram of the DTI\XT{}’ for the casexvg: > 0.

Similarly, for the casexg: = 0,

K-1
c(k) < LsxP[(Vi)o = sol(k— K) ] wi
i=0

= sk (ar +ag—d"(M))(k - K)a(K)
= Txclas — " (M) (k- K)a(K).

Combiningc(k) = I~k (as — o’ (M))(k — K)a(K) with (50) gives the result asserted by the
proposition. O

Proof of Proposition 4. Consider, first, the CTMCVT’,k differing from V7 in that: (1) the teeth of
the comb with the states, in the back hanging from stateg £ + 1 < [ < K — 1, have not been
truncated (they are as in the CTMQ), (2) the transitions to the absorbing stafesl < i < A,
have been redirected tg, and (3) the absorbing statés 1 < i < A, have been merged into state
a. Consider, next, the CTM@', obtained fromV;., by substituting the states with output rate
Az (statess; p,, | € 7k, 0 <1 <k, 1 <m < Kj; statessy ,, [ € 7, k+1 <1 < K —1,

m > 1;if ap > 0, state39;7m,l € g, 1 <m < Lj; and, ifagz > 0, statess), 0 < I < M) by
instantaneous switches with jump probabilities to theatgssors equal to the jump probabilities of
those states iy, ;.. In away similar as it was shown in the proof of Propositioh&tn§"; ,,(t) <
rmax P[Py timet, V]! has entered throughs], it can be shown that

mi vk(t) < rmax POy timet, V7, has entered throughsy], & € v . (51)
We will derive next the initial probability distribution arthe state transition diagram UJ;’k
By construction, the initial probability distribution (MA,C is:
PV7,,(0) = so] = P[Vr(0) = so] = o,

forap >0, P[Vr,(0) = s5] = P[Vr(0) = sp] = apr
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foraz >0, P[V7,(0) = s5] = P[Vr(0) = s5] = ag,

A

A
PV (0) = a] = P[Vp(0) = a] + > _ P[Vr(0) = f;] = > oy,
=1

=1
P[VT/“,IC(O) - Z] = 07 i € {307 3/07 S/O,7a} .

As in the proof of Proposition 3, the initial probability ti®ution and state transition diagram
of V', can be obtained from the initial probability distributiondastate transition diagram &f. ,
by looking at the states with output rate; as instantaneous switches and eliminating those switches
in a way similar as vanishing markings are eliminated in GSIBJ. Figure 13 depicts the state
transition diagram ol’z , for the casenpr > 0, a; > 0 and A = 1 with states with output rate
A replaced by instantaneous switches (drawn as squaregating the switching probabilities.
The initial probability distribution oﬂfﬁk only differs from the initial probability distribution of
Vr . because of the elimination of the switch€§ s7, ..., s}, and, similarly as in the proof of
Proposition 3, can be shown to be

P[VT/C,{(O) = so] = P[VT/JC(O) = s0] + ap — a'(M) = a, + ap — a’'(M),

for ap > 0, P[Vﬁk(O) = sy = P[VT/JC(O) = s0) = apr,
A
PV (0) = a] = P[V7,(0) = a] + a" (M) = > ay, +a"(M),
i=1

PV7,(0) =i =0, i¢{so,s0,a}.

As inthe CTMCV/! considered in the proof of Proposition 3¢if;y > 0, elimination of the switches
sgvm, l € v, 1 < m < L, will introduce transition rates from every statg | € +}, to a equal
to ¢}Ap, with ¢} = hj TT/2; " w], and from every state/, I € 7, t0 s equal to(1 — w] — ¢])Ap.
Assuming conventionally that O by a non-defined quantity, ﬁs’j@k will have those transition rates
from every statesg, 0 <1 < L —1. Elimination of the switches; ,,, | € vx, 0 < <k, will
introduce a transition rate from every stajel € vx, 0 <[ < k, to staten of valueg;A g, with

Kp—1

o ="h ] wi- (52)

=1

Assuming conventionally that O by a non-defined quantity; E{Ok will have a transition rateé; A g
from very states;, 0 < I < k, to statea. Since the output rate of every state0 < [ < kis Ag,
elimination of those switches will introduce a transiti@ter from every state;, 0 < [ < k to state
so of valueAp — wiAp — ¢ Ap = (1 — w; — ¢;)Ag. Elimination of the switches, ,,,, | € vk,
k+1<l<K-—1,m > 1, willintroduce transition rates fromy,l € v, k+1 <[l < K —1,to
statesy. The probability that, starting at a state, [ € yx, k+1 <[ < K —1, V,ﬁk will exit the
subset of state§s; 1, 5,2, . . .} through state is 1. This is a consequence of the fact that the limit
form — oo of [T} wi; = a(l,m + 1)/a(l, 1), by Proposition 2c, is 0 because, as shown in the
proof of Theorem 4q(l, m) decreases geometrically fast with Then, since the output rate of the
statess;, k + 1 <1 < K — 1, is Ag, elimination of the switches; ,,,, | € 7, k+1 <[ < K -1,
m > 1, will result in a transition rate to statg from every states;, k +1 < [ < K — 1, equal
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}Zrk+1AE

s | 1
Skt1,1

W1 Whi1,1

o) [

1 — wpgry

W1 W41,

Sk+1,0+1

Figure 13: State transition diagram %}’k with states with outpuraté replaced by instantaneous
switches for the caser: > 0, az > 0, andA = 1 (there can exist transitions tg from any state
51,0 < k< K—1,any states; ,,,, 0 <1 < k,1 <m < Kj, —1,any states; ,,,, k +1 < [ < K — 1,
m > 1,any states;, 0 <! < L—1, any statesg’m, 1<m < L;—1,andanystate/,0 <! < M—1).
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(1 —wh— ) AE Pr—1 Ag
s — (/, g
Y]
Pi1lg [NV Au

wol wiAg wh, ! \E wrt1 AR wi_1AR

(I —wy —¢é1)Ay

(1 - wi — @p)Ap

(1 — wpy1)AE (1 - wg-1)Ap

Figure 14: State transition diagram of the CTNI, for the casevg: > 0.

’ it
L —wy— ¢

wo wy wy W41 WK -1
oo a1 o (oo 2 (oo L - »
1—wo— ¢o L—)\J U w K-1
1—w —¢

1T — 1wy, — ¢

Figure 15: State transition diagram of the CTl\ﬁ’(gk for the casevg: > 0.

to Ap — wAp = (1 — w;)Ag. Figure 14 depicts the state transition diagranVﬁfk for the case
ap > 0. For the casexg: = 0, the states] and the transitions from those states disappear.

Let VTk, k € vk, be the DTMC obtained by randomizirigy, with rate Ag. The initial
probability distribution ofV, k is the same as the initial probability distribution %It’k The state
transition diagram oVT,k for the casevy: > 0 is depicted in Figure 15. For the casg: = 0, the
statess; and the transitions from those states disappear.

Let ¢, (1) = Plby stepl, Vﬂk has entered throughsy|, k € vx. Using the probabilistic iden-
tity of V7., and{(Vf:k)Q(t);t > 0}, where() is a Poisson process with arrival rate: independent
of VTk,

. (Agt
P[by timet, Vi, has entered throughs] = ch AEt%) , kEnvk
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wy /\ W1 WK -1

Figure 16: State transition diagram of the DTI\XTQ’k for the casevp > 0.

and, therefore (51),

> Cans (Apt)
M () < rmax Y k(e At ﬁ ) . ke, (53)
1=0 :

Let XA/T”,’k, k € vk, be the DTMC obtained frorﬁfT/Ck by directing the transition probability 1
from sx to a to statesy. The state transition diagram ﬁf}’,’k for the casexgy: > 0 is depicted in
Figure 16. For the casep = 0, the states; and the transitions from those states disappear. Let
d,(1) = Plby stepl, V}, has entered throughs;], k € vx. Let P be the set of paths dff/,,
which enter state throughsy, Every pathp is a sequencézo, z1, . .., v ), whereL(p) is the
length of the path, WitfP[(Vﬂk)o = xo| > 0, nonnull transition probability from every statg to
2141, 0 <1< L(p), pp)—1 = sk andx ) = a. Let P(p), p € Py, be the probability thaf/:ﬁ’k
will follow path p. We have

al)= Y. P,
PpEPy, L(p)<l

-~

Let 7}, be the set of paths of"} which enter state: throughs,. Let P'(p), p € P} be the
probability thatVT’f’k will follow path p. We have

al)= >  P).

pEPy, L(p)<l

By construction,P;, C P, and, for eacty € Py, P'(p) = P(p). Then,c,(1) < ¢.(1).

Let VY., k € vk be the DTMC obtained froni";, by replacing the states, 1, si2, .. , sk
by instantaneous switches. The state transition diagra?@?@ffor the casevg: > 0 is depicted in
Figure 17. For the caser = 0, the states; and the transitions from those states disappear. Let
cj(l) = Plby stepl, V1Y, has entered throughsy], k € . For eachp € Py, let M(p) be the
number of instances of states in the sulfsgt, 1, ..., sk } in pathp. By construction,

c(l) = > P'(p)

pEP;, L(p)—M(p)<l
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S |—————— | —
1—wy— ¢

1T —wi—1 — 1
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Figure 18: State transition diagram of the DTI\quk for the casexg: > 0.

and, theng) (1) < ¢/(1).

Finally, let V}fk, k € vk, be the DTMC obtained fron‘?}},@ by delaying the entry from;, to
a by one step by adding a statg, |, redirecting tos;; the transition probabilityp; from s, to
a, and adding a transition probability 1 frosp,; to a. The state transition diagram @f}’k for
the casexp: > 0 is depicted in Figure 18. For the casg: = 0, the states; and the transitions
from those states disappear. kft(l) = P[by stepl, V}fk, has entered throughs.1], k € vx. By
construction oﬂ7}fk, )=/ (l+1), k € yx. Summarizing, we have,(l) < /' (1+1), k € vk,
which combined with (53) gives

(Apt)!

o0
m%’/L’NLk(t) S T'max Z CZ/(Z + 1)€_AEt N 5 k S YK - (54)
=0 ’
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Consider now, for the casegr: > 0, the DTMCY obtained fromf/}f,C by introducing an
absorbing statg; with null initial probability and redirecting tg; the transitions from the states
6,81, ..., s, _, and the statesy, s1,...,s;_1 to a. The DTMCY is a particular instance of the
DTMC Vi, considered in [9]. For the case; = 0, letY be the DTMC obtained fron, by
introducing an absorbing stafe with null initial probability and directing tg; the transitions from
the states, s1, ..., s,r_1 t0 a. In that caseY is a particular instance of the DTMU considered
in [9]. Trivially, c’”( ) is also the probability that, by stépY has entered throughs;. Then,
denoting byl the indicator function returning the value 1 if conditiofis satisfied and the value O
otherwise, applying Proposition 3 of [9], taking into acnbthat the initial probability distribution
of Y is the same as the initial probability distribution %ﬁk using (52), and using Proposition 2a,
b and c, for the caseg > 0,

C/k”(l) < Iisgp1 P [(‘71/{]6)0 € {80,86}} (l—k-—1) <H wz> Ok

Kip—1
= [l>k+1(ar+af—a”(M)+aE’ (I —k—1) (H wl> hy ( H wk,i)
i=1

— Tiwslas — @ (D)~ k= Dak) ) L0

= Il>k+1(a5 — a”(M))(l — ]{7 — l)a(k‘, Kk), ]{7 S YK -

Similarly, for the casexy: = 0,

() < IspaP [(VT//,/C)O = 80} (l—k—1) (H wz) .

Ki—1
= DInppi(ar +ag—d"(M)(1—k—1) (H wz) Py ( 11 wk,z’)
=1

— Trlas =" (N)( - k- Da() 2 ALY

= Il>k+1(04,9 — CL//(M))(Z —k— 1)a(k,Kk), k€ YK -

Combiningc) (1) = Iispt1(as — a”"(M))(l — k — 1)a(k, Ki), k € vk with (54) gives the result
asserted by the proposition. O

Proof of Theorem 4. The states inZ of the DTMC Z” are transient. Since the restriction of the
transition probability matrix o to E'is (7) P% %, this implies [37, Theorem 4.3] that the elements
of PZEE decrease geometrically fast withand, therefore, tha{ﬂ(PZ = = H(PIEE)TW de-
creases geometrically fast withWe will start by provingk+ = Zkew Kj, = O((log(Agt/e))?).
Using(k,1)T = (P%E)l—lP'—]g’E x(k)T, which follows from (10) and (11),|=(k)”||; < 1 and
IPT —Il1 <1, we get (20)

alk, ) = Ik, )7l < PG 5) Il IPE gl [l (R) Il < [1(PE )"l

and, theng(k, 1) decreases geometrically fast with.e. there exisC > 0,0 < b < 1, andlp > 0
such that
alk,l) <CH, 1>1. (55)
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On the other hand, the upper bound fmﬁ’L Mk ), k € vk, given by Proposition 4 satisfies

[e.e]

Tmax(aS - a//(M))(I(k?, Kk) Z (l - k)e_AEtmlth)l
I=k+1 '

= rmax(as —a"(M))a(k, Ky,) Z le~Apt
=1

(AEt)k—i-l
(k+1-1)!

(AEt)k—i—l
(k +1)!

0
< Tmaxasa(ky Kk) Z e_AEt
=1

(Apt
= Tmaxasa(k, Ki)A Z _AEt E ) < rmaxasa(k, Kp)Apt. (56)

Using (56), for eaclt € i, the required truncation paramef€y, is upper bounded by the minimum
integer! > 1 satisfyingryaxasa(k,l)Apt < e2/|vk|. Using (55), that integer is not greater than
K, = max{ly, m}, wherem is the minimum integet > 1 satisfyingr,.,asCO'Apt < eo/|vk|.
Butm is not greater thamax{1, |z | + 1}, wherez satisfies

I3
Tmax@sCb A gt = =2 .

k|
Taking logarithms
log "max + log ag + log C + xlog b + log(Apt) = log (,jz ‘)
K
log(\’yK]AEt/Eg) + log rmax + log ag + logC
log(1/b)

Being0 < b < 1, log(1/b) > 0 and, then, the previous expression foshows thatr, m and K,
areO(log(|vx|Agt/c2)) = O(log(KAgt/e)) = O(log(log(Agt/c)Agt/e)), sincelyk| < K, &2
is equal to= except for a constant factor, ald = O(log(Agt/<)). Itis important to note thak’,;,
is independent of and, therefore, we hav€Z < K K,;,. Then:

Kz=0 (log (Aft> log (M))
=0 (e (%57 (e (s (5)) < s (7))
o (=(*2))):

We will prove next Ly = 3., Lr = O((log(1/¢))?).  Using 7' (k)T =
(P%E)l‘ng,Ew’(k)T, which follows from (14) and (15))x’(k)T||; < 1 andHPT,EHl <1,we
get (22)

a'(k, 1) = [l (k, DT [l < [P )" Iy [P gl liw' (R)F 1l < [|(PE )" HI1 s

and, since, as we have prov¢|ch% E)l| |1 decreases geometrically fast withso does:(k, 1), and
there existC > 0,0 < b < 1, andly > 0 such that

d(k)<Cb, 1>1. (57)
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On the other hand, the upper bound #ef”, () given by (42) satisfies

o0 A tl
Prax’ (k, L) e—AEt% < rmaxd’ (ky L) - (58)

l=k+1
Using (58), for eaclt € +/ , the required truncation paramefeyr is upper bounded by the minimum
integer! > 1 satisfyingrmaxa’(k,1) < e3/|v7|. Using (57), that integer is not greater thap, =
max{lp, m'}, wherem’ is the minimum integet > 1 satisfyingryaxCb' < e3/]7;|. Butm' is not
greater thamnax{1, 2’| + 1}, wherez’ satisfies
FmaxCb* = — .
VL
Taking logarithms

log 7max + log C + 2’ log b = log (;—f’,) ,
L

o — 108([71]/23) + 108 Tmax + log C
log(1/b)
Being0 < b < 1, log(1/b) > 0 and, then, the previous expression fdrshows that:’, m’ and
Ly, areO(log(|v7|/e3)) = O(log(L/e)) = O(log(log(1/¢))/e), since|y;| < L, e3 is equal toe
except for a constant factor, add= O(log(1/¢)). As before, it is important to note that,y, is
independent ok and, thereforelz < LL,;. Then

Lz=0 <10g (é) log (bgg(%)))
~0 (log (é) (102g (log (é)) +log (é)))
“o((e(2))) @

Proposition 5. Conditions C1 and C3 are sufficient for all statesSrof Z to be transient.

Proof. States inS are transient inX if and only if they are transient iiX. The recurrent classes of
Xin S are exactly the recurrent classesXfin S. Therefore, it is enough to prove the result with
conditions C1 and C3 referred £6 instead of taX.

If all states inS are transient inX, there will exist for each: € S a path inX from z to some
absorbing statg;. Besidesr, the path may include or not. Given the relationships between the
state transition diagrams of andZ, this implies the existence of a pathihfrom z to either f; (if,
besidesr, the path inX does not include) or « (if, besidest, the path inX includesr), and that
z is transient inZ. If X has a single recurrent claésC S andr € C, for eachz € C there will
exist a path inZ to a. Forz = r, this is becaus&,.,, > 0. Forz € C' — {r}, this is because, being
C arecurrent class of , there will exist a path inX from z to r. Consider now a state € S — C.
Such state is transient i§ and, therefore, eithek has a path from: to C or X has a path from:
to some statg; not including states id'". In the first caseX has a path from: to r, which implies
the existence i¥ of a path fromx to a. In the second case; has a path fromx to the statef;. In
both cases € S — C will be transient inZ. O
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Proposition 6. Conditions C1 and C3 are sulfficient for all statesShof Z’ to be transient.

Proof. As in the proof of Proposition 5, it is enough to prove the sigficy of conditions C1 and
C3 referred taX. The result in the case in which all statesSrare transient inX can be proved as
it was proved Proposition 5 in the case in which all stateS are transient in, except that only
statesr € S’ have to be considered. Consider now the case in whidtas a single recurrent class
C c Sandr € C. We haveS’ = C' — {r} U (S — C). BeingC a recurrent class of, there will
exist a path inX fromz € C' — {r} tor, implying the existence of a path & fromz € C' — {r} to

a and that all states i6' — {r} will be transient inZ’. That the states € S — C are transient irZ’
can be proved as it was proved in the proof of Proposition btheastates: € S — C are transient
in Z in the case in whictX has a single recurrent claésc S andr € C. O

Proposition 7. Conditions C1, C3 and C7 are sufficient for all statesvimf Z” to be transient.

Proof. States inS are transient inX if and only if they are transient iiX. The recurrent classes of
XinSare exactly the recurrent classes¥fn S. Also, fori € E, j € E’, the transition probability
of X P, ; is 0 if and only if the transition rate oK ); ; is 0. Therefore, it is enough to prove the
result with conditions C1 and C3 referred Xbinstead of toX and with condition C7 replaced by
condition C7')P; ; =0,i € E, j € F'.

Fulfillment of conditions C1 and C3 imply that either all st®inS are transient inX or that
X has a single recurrent claés C S including stater. If all states inS are transient inX, for
eachz € E there will exist a path i from = to some absorbing stafg. If, besides statg;, that
path only includes states i1, there will exist a path irZ” from z to f;. If the path exitsE' before
entering f;, by condition C7’, the exit state will be stateand, then, there will exist a path i’
from z to a. In both casesy will be transient inZ”. It remains to deal with the case in which
has a single recurrent claésc S including state-. Letz € E. If z ¢ C, 2 will be transient inX
and either there will exist a path iK from z to C or there will exist a path itk not including states
in C from x to some absorbing stafk. In the first caseX will have a path frome to r, implying,
by condition C7’, the existence of a pathif{ from z to a. In the second case;” will have a path
from z to f;, if the path inX does not exit, or, by condition C7’, taz, if the path inX exitsE. If
z € C (z#r,sincex € E andr € E), beingC a recurrent class of, there will exist a path inX
from x to r, implying, by condition C7’, the existence of a path4#{ from z to a. In summary, in
the case in whichX has a single recurrent clagés C S including stater, from everyx € E there
will exist a path inZ” to either state: or a statef; and all states € E will be transient inZ”. O

Lemmal. LetX = {X(t);¢t > 0} be a finite CTMC with state spa€g transition rates\; ;, i, j €

Q,1 # j and output rates\; = Zjeﬂ_{i} Aijr € LetX be the DTMC obtained by randomizing
X with rate A; in every state € (). LetY be the semi-Markov process obtained by composing
the state visiting procesi’ with independent visit durations with exponential digttibns with
parametersig, s € (2, s being the state visited b§( Then, for non-absorbing statéss 2 in X,

the kernel probabilities of are g; j(t) = ; ;/Ai(1 — e it).
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Proof. Leti € Q be a non-absorbing state . The kernel probability; ;(¢), j € Q@ — {i} of Y’

is the probability that, after entering statei, Y will jump to statej in a time< ¢. The transition
probabilities ofX from statei have values; j = \; ;j/A;, j # i, Pi; =1 — X\;/A;. SinceY is the
result of composing the state visiting procéAéswith independent visit durations with exponential
distributions with parametetrs,, s being the state visited b§( letting W} a random variable with
Erlang distribution withk stages and paramet&yf, we have

[ee]
‘Ji,j(t) = Z PlXntk+1 = A Xogrnrk = 1 | Xn = 1] P[le—i-l <1
k=0
00 oo [—1 1
_ A (Agt)
= Sk, > o GE Sy R et
I=k+1 I=1k=0 ’
> 1- Pl Ajt)!
—~1-P,; " I
— Pi,j ie—At i Bij —Ait(Ait)l.
1- P -1 “I—P l!

=1

Using, thenP; ; /(1 — P;;) = Aij/Ai andA; = X\ + P A,

qu(t) = @(1— _At) ’]Z —Ait _PHAt(PZZAt)

Ai Ai = [!
Aij Ai A
_ /\2,] (1 _ e_Ait) _ %e—)\it (1 _ e—P“Alt)
i i
— /\7'7] o Me—l\it _ Me—)\it + Me_()\i‘i‘Pi,iAi)t
Ai Ai Ai Ai
= M Mg e g oae A e
Ai Ai Ai

i
= Ai (1 — e‘Ait) O

(00

=ls8)
where0 is a row vector of appropriate dimension with all its elengeetual to 0 ang is a column
vector of appropriate dimension. ThefA) = p(B).

Lemma 2. Let

Proof. The eigenvalues oA are the roots oflet(A\I — A), wherel denotes an identity matrix of

appropriate dimensions. But,
A 0
det(\I — A) = = Adet(A\I — B),
-8 M -B

which shows that the set of eigenvaluesffincludes exactly 0 and the set of eigenvalueBof
implying the result. O
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