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Abstract

The (standard) randomization method is an attractive alternative for the transient analysis

of continuous time Markov models. The main advantages of themethod are numerical stabil-

ity, well-controlled computation error and ability to specify the computation error in advance.

However, the fact that the method can be computationally very expensive limits its applicability.

In this paper, we develop a new method calledsplit regenerative randomizationwhich, having

the same good properties as standard randomization, can be significantly more efficient. The

method covers reliability-like models with a particular but quite general structure and requires

the selection of a subset of states and aregenerativestate satisfying some conditions. For a class

of continuous time Markov models, model classC2, including typical failure/repair reliability-

like models with exponential failure and repair time distributions and deferred repair, natural

selections are available for both the subset of states and the regenerative state and, for those nat-

ural selections, theoretical results are available assessing the efficiency of the method in terms

of “visible” model characteristics. Those results can be used to anticipate when the method can

be expected to be competitive. We illustrate the application of the method using a large class

C2 model and show that for models in that class the method can indeed be significantly more

efficient than previously available randomization-based methods.



1 Introduction

Homogeneous continuous time Markov chains (CTMCs) are frequently used for performance, de-

pendability and performability modeling. The transient analysis of those models can be significantly

more costly than the steady-state analysis, and very costlyin absolute terms when the CTMC is large.

This makes the development of efficient transient analysis techniques for CTMCs a research topic

of great interest. Commonly used methods are ODE solvers andrandomization. Good reviews of

these methods can be found in [25, 26, 33]. The randomizationmethod (also called uniformization)

is attractive because it is numerically stable and the computation error is well-controlled and can

be specified in advance. It was first proposed by Grassman [19]and has been further developed by

Gross and Miller [20]. The method is offered by well-known performance, dependability and per-

formability modeling packages [2, 13, 16, 18]. The randomization method is based on the following

result [22, Theorem 4.19]. LetX = {X(t); t ≥ 0} be a CTMC with finite state spaceΩ, let λi,j,

i, j ∈ Ω, i 6= j be the transition rate ofX from statei to statej, and letλi =
∑

j∈Ω−{i} λi,j, i ∈ Ω

be the output rate ofX from statei. Consider anyΛ ≥ maxi∈Ω λi and define the homogeneous

discrete time Markov chain (DTMC)̂X = {X̂n;n = 0, 1, 2, . . .} with same state space and initial

probability distribution asX and transition probabilitiesP [X̂n+1 = j | X̂n = i] = Pi,j = λi,j/Λ,

i ∈ Ω, j 6= i, P [X̂n+1 = i | X̂n = i] = Pi,i = 1− λi/Λ, i ∈ Ω. LetQ = {Q(t); t ≥ 0} be a Pois-

son process with arrival rateΛ independent ofX̂ . We haveP [Q(t) = n] = e−Λt(Λt)n/n!. Then,

X = {X(t); t ≥ 0} is probabilistically identical to{X̂Q(t); t ≥ 0}. We call this therandomization

result.

Assume that a reward rate structureri ≥ 0, i ∈ Ω is defined over the state space ofX. The

quantityri has the meaning of “rate” at which reward is earned whileX is in statei. Then, a useful

measure to consider is the expected transient reward rateETRR(t) = E[rX(t)]. We will review next

a typical implementation of the randomization method for the computation of the measureETRR(t).

Using the randomization result, we can expressETRR(t) in terms of the transient regime of̂X as

ETRR(t) =
∑

i∈Ω

riP [X(t) = i] =
∑

i∈Ω

riP [X̂Q(t) = i]

=
∑

i∈Ω

ri

∞∑

n=0

P [X̂n = i |Q(t) = n]P [Q(t) = n] =
∑

i∈Ω

ri

∞∑

n=0

P [X̂n = i]P [Q(t) = n]

=
∞∑

n=0

∑

i∈Ω

riP [X̂n = i]P [Q(t) = n] =
∞∑

n=0

d(n)e−Λt (Λt)
n

n!
,

with d(n) =
∑

i∈Ω riP [X̂n = i]. In the randomization method, an approximate value forETRR(t),

ETRRaN (t), is obtained by truncating the summatory:

ETRRaN (t) =
N∑

n=0

d(n)e−Λt (Λt)
n

n!
.

Using0 ≤ d(n) ≤ rmax = maxi∈Ω ri, we have

0 ≤ ETRR(t)− ETRRaN (t) ≤ rmax

∞∑

n=N+1

e−Λt (Λt)
n

n!
.
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A usual accuracy requirement is to limit the absolute truncation error to a value≤ ε. Then,N is

chosen as

N = min
{
m ≥ 0 : rmax

∞∑

n=m+1

e−Λt (Λt)
n

n!
≤ ε

}
.

Let q(n) be the row vector(P [X̂n = i])i∈Ω and letP = (Pi,j)i,j∈Ω be the transition probability

matrix of X̂ . Computation ofETRRaN (t) requires the knowledge ofq(n), 0 ≤ n ≤ N . Vector

q(0) is known, since it is the initial probability row vector ofX. Vectorsq(n), 0 < n ≤ N can be

computed fromq(0) using

q(n+ 1) = q(n)P . (1)

Stable and efficient computation of the Poisson probabilitiese−Λt(Λt)n/n! avoiding overflows and

intermediate underflows is a delicate issue and several alternatives have been proposed [8, 17, 23,

31]. Our implementation of all randomization-based methods will use the approach described in

[23, pp. 1028–1029] (see also [1]), which has good numericalstability.

For large models, the computational cost of the randomization method is roughly due to the

N vector-matrix multiplications (1). The truncation parameter N increases withΛt and, for that

reason,Λ is usually taken equal tomaxi∈Ω λi. Using the well-known result [35, Theorem 3.3.5]

thatQ(t) has forΛt → ∞ an asymptotic normal distribution with mean and varianceΛt, it is easy

to realize that for largeΛt andε ≪ 1 the requiredN will be ≈ Λt. Then, if the model is large and

has to be solved for values oft for whichΛt is large, the randomization method will be expensive.

Several variants of the (standard) randomization method have been proposed to improve its ef-

ficiency. Miller has used selective randomization to solve reliability models with detailed represen-

tation of error handling activities [29]. The idea behind selective randomization [27] is to randomize

the model only in a subset of the state space. Reibman and Trivedi [33] have proposed an approach

based on the multistep concept. The idea is to computePM explicitly, whereM is the length of the

multistep, and use the recurrenceq(n +M) = q(n)PM to advanceX̂ faster for steps which have

negligible contributions to the transient solution ofX at timet. Since, for largeΛt, the number of

q(n)’s with significant contributions is of the order of
√
Λt, the multistep concept allows a signifi-

cant reduction of the required number of vector-matrix multiplications whenΛt is large. However,

whenP is sparse, significant fill-in can occur when computingPM . Adaptive uniformization [30] is

a method in which the randomization rate is adapted depending on the states in which the random-

ized DTMC can be at a given step. Numerical experiments have shown that adaptive uniformization

can be faster than standard randomization for short to medium mission times. In addition, it can be

used to solve models with infinite state spaces and not uniformly bounded output rates. Recently,

it has been proposed to combine adaptive uniformization andstandard randomization to obtain a

method which outperforms both for most models [31]. Steady-state detection [25] is another pro-

posal to speed up the randomization method. A method based onsteady-state detection which gives

error bounds has been developed [38]. Steady-state detection is useful for models which reach

their steady-state before the largest time at which the measure must be computed. Another recently

proposed randomization-based method is regenerative randomization [9, 10]. That method covers

rewarded CTMC modelsX with finite state spaceΩ = S∪{f1, f2, . . . , fA}, A ≥ 0, satisfying some
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conditions. In the method, a truncated transformed model isobtained having the same measure as

the original model with some arbitrarily small error and thetruncated transformed model is, then,

solved by standard randomization. The method requires the selection of a regenerative stater ∈ S

and its performance depends on that selection. The truncated transformed model is constructed by

characterizing with enough accuracy the behavior of the original model fromS′ = S − {r} up to

stater or a statefi and fromr until next hit of r or a statefi, and its size depends on how fast

the randomized DTMĈX of X with a randomization rate slightly larger thanmaxi∈Ω λi hits with

high probabilityr or a statefi starting at a state inS′. For large enough models and large enough

t, regenerative randomization will be significantly more efficient than standard randomization. Fur-

thermore, for a class of models, class C’, including typicalfailure/repair models with exponential

failure and repair time distributions and repair in every state with failed components, a natural selec-

tion for the regenerative state exists and theoretical results are available assessing approximately the

performance of the method for that natural selection in terms of “visible” model characteristics. The

bounding regenerative randomization method [11] allows tocompute inexpensively tight bounds

for a certain class of models, class C”, including typical failure/repair reliability-like models with

exponential failure and repair time distributions and repair in every state with failed components.

Randomization with quasistationarity detection [12] is another recent randomization-based method.

The method is applicable to CTMC models with state spaceS ∪ {f1, . . . , fA}, A ≥ 1, where the

statesfi, 1 ≤ i ≤ A, are absorbing and all states inS are transient and reachable from each other.

The method exploits the existence of a quasistationary distribution in the subset of transient states of

DTMCs with a certain structure, and, for larget, can be significantly more efficient than the standard

randomization method.

In this paper, we will consider CTMCsX with finite state spaceΩ such that (C1)Ω = S ∪
{f1, f2, . . . , fA}, |S| ≥ 3, A ≥ 1, wherefi, 1 ≤ i ≤ A, are absorbing states and, either all

states inS are transient, orX has a single recurrent classC ⊂ S, and (C2) all states inΩ are

reachable (from some state with nonnull initial probability), and will develop a method, calledsplit

regenerative randomization, for computing the measurem(t) =
∑A

i=1 rfiP [X(t) = fi], where

rfi ≥ 0, 1 ≤ i ≤ A, and allrfi are different. The method requires the specification of a subset

E ⊂ S and a regenerative stater ∈ E. It will be assumed thatE andr are selected so that, being

E′ = E − {r} andE = S − E, the following conditions hold: (C3) ifX has a single recurrent

classC ⊂ S, r belongs to that class, (C4)|E| ≥ 2, (C5) |E| ≥ 1, (C6)r can only be entered from

E (λi,r = 0, i ∈ E′), (C7)r is the only entry point inE (λi,j = 0, i ∈ E, j ∈ E′), (C8)λr,j > 0 for

somej ∈ E′. LetZ, Z ′ andZ ′′ be the DTMCs to be defined next. Fulfillment of conditions C1 and

C3 is sufficient for all states inS of Z to be transient (Proposition 5 in the Appendix) and all states in

S′ = S−{r} of Z ′ to be transient (Proposition 6 in the Appendix); fulfillmentof conditions C1, C3,

and C7 is sufficient for all states inE of Z ′′ to be transient (Proposition 7 in the Appendix); that all

states inS of Z, all states inS′ of Z ′ and all states inE of Z ′′ are transient guarantee the “benign”

behavior of the method (see Section 3). Condition C8 can be easily circumvented in practice by

adding, in caseλr,j = 0 for all j ∈ E′, a tiny transition rateλ ≤ 10−10ε/(2rmaxtmax) from r

to some state inE′, whereε is the allowed error,rmax = max1≤i≤A rfi , andtmax is the largest

time at whichm(t) must be computed, introducing an error≤ 10−10ε in m(t), t ≤ tmax (see [9]).
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Also, if X has a single recurrent classC ⊂ S, by conditions C3 and C8,|C| ≥ 2, since|C| = 1

would imply through condition C3 thatr would be absorbing, in contradiction with condition C8.

Therefore, when the method is applicable,f1, f2, . . . , fA have to be the only absorbing states. This

makes it easy to check whether the method is applicable to an arbitrary finite CTMC with a given

subset of statesE and a given regenerative stater ∈ E.

The assumed class of models and the measurem(t) have important applications. Thus,S

could include the operational states of a fault-tolerant system and entry into a single absorbing state

f1 could model the failure of the system. Then, withrf1 = 1 andP [X(0) = f1] equal to the

probability that initially the system is failed, them(t) measure would be the unreliability of the

system at timet. “Bounding” models are also covered. Thus,S could include a proper subset of

the set of operational states of a fault-tolerant system, entry into an absorbing statef1 could model

system failure, and entry into another absorbing statef2 could model entry into an operational state

not inS. Then, withrf1 = 1, rf2 = 0,P [X(0) = f1] equal to the probability that initially the system

is failed, andP [X(0) = f2] equal to the probability that initially the system is in an operational state

outsideS, m(t) would be a lower bound for the unreliability of the system at time t. Also,S could

include a proper subset of the set of operational states of a fault-tolerant system and entry into a

single absorbing statef1 could model either entry into an operational state outsideS or system

failure. Then, withrf1 = 1 andP [X(0) = f1] equal to the probability that initially the system is in

an operational state outsideS or failed,m(t) would be an upper bound for the unreliability of the

system at timet.

Later, we will consider a class of CTMC models, model classC2, including typical fail-

ure/repair reliability-like models of fault tolerant systems with exponential failure and repair time

distributions and deferred repair, for which the split regenerative randomization method is applicable

with natural selections forE andr and, for those natural selections, will obtain theoreticalresults

assessing the performance of the method in terms of “visible” model characteristics. Repair defer-

ment is an interesting approach in fault-tolerant systems in which actions of replacement of failed

components are expensive, for instance, because the systemis located at a remote site. To illustrate,

Figure 1 gives a small failure/repair reliability model of afault-tolerant system with deferred repair

using the pair-and-spare technique [21] which belongs to classC2, in which active modules have

failure rateλM, the spare module does not fail, the failure of an active module is “soft” with prob-

ability SM and “hard” with probability1 − SM, and whether soft or hard, the failure of an active

module is covered with probabilityCM. Modules in soft failure are independently recovered at rate

µS and modules in hard failure are repaired by a single repairman at rateµH. Repair is deferred till

two modules are failed and, when that condition is reached, repair proceeds till reaching the state

1 without failed components. In the pair-and-spare technique, three redundant copies (channels) of

the same module are available and when no channel is failed, two of them are active and the third

one is in the spare state. Upon failure of an active channel, the spare channel is activated and the

system continues working with two active channels. Failureof a second channel leaves the system

with a single active channel. Failure of that channel causessystem failure. System failure can also

occur due to a coverage fault. The states with deferred repair are the states 2 and 3.
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Figure 1: CTMC reliability model of a repairable fault-tolerant system with deferred repair using

the pair-and-spare technique.

The poor performance of both the standard randomization andthe regenerative randomization

methods for typical failure/repair reliability-like models with deferred repair (illustrated by the small

reliability model described in Figure 1) and larget is what has motivated the development of the split

regenerative randomization method. The poor performance of standard randomization is due to the

fact that, for larget, maxi∈Ωλit will be large. The poor performance of regenerative randomization

is due to the fact that all transition rates from states with deferred repair (states 2 and 3 in the example

of Figure 1) are much smaller than the output rates from states with repair, causing the transition

probabilitiesPi,j , j 6= i of the DTMCX̂ from statesi with deferred repair to be very small and, then,

causingX̂ to go very slowly from those states to either the regenerative state (a sensible selection for

the regenerative state in regenerative randomization would be the state without failed components

—state 1 in the example) or an absorbing state (statef in the example). To overcome the problem,

the new split regenerative randomization method uses different randomization rates for the states in

E and the states inΩ − E, where, for failure/repair reliability-like models with deferred repair,E

should be selected so that it includes the states without repair (states 1, 2, and 3 in the example) and

r should be selected as the state without failed components (state 1 in the example). This will cause

the probabilitiesPi,j , j 6= i from statesi with deferred repair to be significantly larger and the new

randomized DTMC to go faster from the states with deferred repair to either the regenerative state

or an absorbing state.

As in regenerative randomization, the basic idea in split regenerative randomization is to char-

acterize, using a truncated transformed model, the behavior of X from S′ up to stater or a statefi
and fromr until next hit of eitherr or a statefi and, then, solve the truncated transformed model by

standard randomization. The truncated transformed model has, however, a more complex structure

than the truncated transformed model used in regenerative randomization. That structure includes,

in the more general case, besides the absorbing statesfi and an absorbing statea capturing the trun-
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cated behavior, a comb of states having as a back a string of states characterizing the non-truncated

behavior ofX from r till the time X exitsE, a comb of states having as a back a string of states

characterizing the non-truncated behavior ofX from E′ till the time X exitsE′, and a string of

states characterizing the non-truncated behavior ofX from E till the time X exitsE. The teeth

of the combs characterize non-truncated behavior ofX in E. The new method has the same good

properties as standard randomization: numerical stability, well-controlled computation error, and

ability to specify the computation error in advance, and forlarget can be significantly faster than

other randomization-based methods.

The rest of the paper is organized as follows. Section 2 develops the method. Section 3 proves

the so-called benign behavior of the method, discusses qualitatively the efficiency of the method

compared with that of standard randomization, and, for class C2 models, for which the method is

applicable with natural selections forE andr, obtains theoretical results assessing the efficiency of

the method with those natural selections in terms of “visible” model characteristics. Using a large

classC2 model, Section 4 analyzes the performance of the method and compares it with that of

standard randomization, regenerative randomization and adaptive uniformization (which has been

shown [30] to improve significantly the performance of standard randomization for failure/repair

models with deferred repair for short to medium mission times) and randomization with quasista-

tionarity detection. Finally, Section 5 concludes the paper. The Appendix includes some proofs and

some technical results.

2 Split Regenerative Randomization

The split regenerative randomization method combines a model transformation step with the so-

lution of the transformed model by standard randomization.The model transformation step can,

conceptually, be further decomposed into two steps. The first step obtains a model,V , with infi-

nite state space such that them(t) measure can be expressed in terms of the transient regime of

V . The second model transformation step obtains a model with finite state space by truncating the

state space ofV so that the truncated transformed model gives with some upper bounded, arbitrarily

small error them(t) measure. The method uses computationally inexpensive upper bounds for the

model truncation error.

In this section, we will develop and describe the split regenerative randomization method. The-

oretical properties of the method will be investigated in Section 3. The rest of the section is orga-

nized as follows. Section 2.1 will derive and describe the transformed modelV with infinite state

space. Section 2.2 will deal with the truncation ofV . Finally, Section 2.3 will give an algorithmic

description of the method, including some implementation details.

6



2.1 Transformed model with infinite state space

Let αi = P [X(0) = i], αB =
∑

i∈B αi, B ⊂ Ω, andλi,B =
∑

j∈B λi,j, B ⊂ Ω − {i}. Let

ΛE ≥ maxi∈E λi > 0 andΛ
E

≥ max
i∈E λi > 0, where the inequalities> 0 come from the

fact that the only absorbing states ofX aref1, f2, . . . , fA, and letX̂ be the DTMC obtained by

randomizingX with rateΛE in E and rateΛ
E

in Ω − E = E ∪ {f1, f2, . . . , fA}. X̂ will have the

same state space and initial probability distribution asX and transition probabilitiesPi,j = λi,j/ΛE ,

i ∈ E, j 6= i, Pi,i = 1 − λi/ΛE , i ∈ E, Pi,j = λi,j/ΛE
, i ∈ E ∪ {f1, f2, . . . , fA}, j 6= i,

Pi,i = 1 − λi/ΛE
, i ∈ E ∪ {f1, f2, . . . , fA}. Let Pi,B =

∑
j∈B Pi,j, B ⊂ Ω. Given a DTMC

Y = {Yn;n = 0, 1, 2, . . .}, we will use the notationYm:nc to indicate the predicate that is true when

Yk satisfies conditionc for all k, m ≤ k ≤ n (by convention, the predicate will be true form > n)

and by#(Ym:nc) the number of indicesk, m ≤ k ≤ n, for which Yk satisfies conditionc. We

can interpretX as the composition of a state visiting processX̂ with independent visit durations

with exponential distributions with parameterΛE in the states inE and parameterΛ
E

in the states

in E ∪ {f1, f2, . . . , fA}. The correctness of that interpretation can be checked by noting that states

are absorbing inX̂ if and only if they are absorbing inX and, for non-absorbing statesi ∈ S,

computing the kernel of the composite process seen as a semi-Markov process [14] and checking

that the kernel probabilities areqi,j(t) = λi,j/λi(1 − e−λit), i ∈ S, j 6= i, which coincide with the

kernel probabilities ofX, seen as a semi-Markov process. The check is done in Lemma 1 ofthe

Appendix. We will say that̂X is the randomized DTMC ofX with randomization rateΛE in E and

Λ
E

in E ∪ {f1, f2, . . . , fA} and thatX is the derandomized CTMC of̂X with randomization rate

ΛE in E andΛ
E

in E ∪ {f1, f2, . . . , fA}.

In order to simplify the description and the implementationof the method, we will assume

that the randomization ratesΛE andΛ
E

are taken slightly larger than, respectively,maxi∈E λi and

max
i∈E λi (i.e, ΛE = (1 + θ)maxi∈E λi, ΛE

= (1 + θ)max
i∈E λi, whereθ is a small quantity,

say,10−4). Note that this impliesPi,i > 0, i ∈ Ω.

To derive the transformed modelV and to justify the theoretical properties of the method, we

will introduce three DTMCs,Z, Z ′, andZ ′′.

The first DTMC,Z = {Zn;n = 0, 1, 2, . . .}, follows X̂ from r till re-entry in r. Formally,Z

can be defined from a version,̂X ′, of X̂ with initial stater as

Z0 = r ,

Zn =

{
i if X̂ ′

1:n 6= r ∧ X̂ ′
n = i, i ∈ S′ ∪ {f1, f2, . . . , fA}

a if #(X̂ ′
1:n = r) > 0

, n > 0 .
(2)

Z has state spaceS ∪ {f1, f2, . . . , fA, a}, wherefi, 1 ≤ i ≤ A, anda are absorbing states and all

states inS are transient (see Proposition 5 in the Appendix), and its (possibly) nonnull transition

probabilities are

P [Zn+1 = j | Zn = i] = Pi,j, i ∈ S, j ∈ S′ ∪ {f1, f2, . . . , fA} ,

P [Zn+1 = a | Zn = i] = Pi,r, i ∈ S ,
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P [Zn+1 = fi | Zn = fi] = P [Zn+1 = a | Zn = a] = 1, 1 ≤ i ≤ A .

The second DTMC,Z ′ = {Z ′
n;n = 0, 1, 2, . . .}, follows X̂ from E′ till its first visit to r. Formally

Z ′ can be defined from̂X as

Z ′
n =

{
i if X̂0 ∈ E′ ∧ X̂1:n 6= r ∧ X̂n = i, i ∈ S′ ∪ {f1, f2, . . . , fA}
a otherwise

. (3)

Z ′ has state spaceS′ ∪ {f1, f2, . . . , fA, a}, wherefi, 1 ≤ i ≤ A, anda are absorbing states and

all states inS′ are transient (see Proposition 6 in the Appendix). The initial probability distribution

of Z ′ is P [Z ′
0 = i] = αi, i ∈ E′, P [Z ′

0 = i] = 0, i ∈ E ∪ {f1, f2, . . . , fA}, P [Z ′
0 = a] =

α{r}∪E∪{f1,f2,...,fA}, and its (possibly) nonnull transition probabilities are

P [Z ′
n+1 = j | Z ′

n = i] = Pi,j, i ∈ S′, j ∈ S′ ∪ {f1, f2, . . . , fA} ,

P [Z ′
n+1 = a | Z ′

n = i] = Pi,r, i ∈ S′ ,

P [Z ′
n+1 = fi | Z ′

n = fi] = P [Z ′
n+1 = a | Z ′

n = a] = 1, 1 ≤ i ≤ A .

The third DTMC,Z ′′ = {Z ′′
n;n = 0, 1, 2, . . .}, follows X̂ from E till its first visit to stater.

Formally,Z ′′ can be defined from̂X as (note that, by condition C7, the only entry point ofX̂ in E

is stater and, therefore,Z ′′ cannot visitE)

Z ′′
n =

{
i if X̂0 ∈ E ∧ X̂1:n 6= r ∧ X̂n = i, i ∈ E ∪ {f1, f2, . . . , fA}
a otherwise

. (4)

Z ′′ has state spaceE ∪ {f1, f2, . . . , fA, a}, wherefi, 1 ≤ i ≤ A, anda are absorbing states and all

states inE are transient (see Proposition 7 in the Appendix). The initial probability distribution of

Z ′′ is P [Z ′′
0 = i] = αi, i ∈ E, P [Z ′′

0 = fi] = 0, 1 ≤ i ≤ A, P [Z ′′
0 = a] = αE∪{f1,f2,...,fA}, and its

(possibly) nonnull transition probabilities are

P [Z ′′
n+1 = j | Z ′′

n = i] = Pi,j, i ∈ E, j ∈ E ∪ {f1, f2, . . . , fA} ,

P [Z ′′
n+1 = a | Z ′′

n = i] = Pi,r, i ∈ E ,

P [Z ′′
n+1 = fi | Z ′′

n = fi] = P [Z ′′
n+1 = a | Z ′′

n = a] = 1, 1 ≤ i ≤ A .

Let P = (Pi,j)i,j∈Ω be the transition probability matrix of̂X. Denoting byPB′,B′′ , B′, B′′ ⊂
Ω, the submatrix ofP collecting the transition probabilities from states inB′ to states inB′′ and

lettingP′
E,E the matrix identical toPE,E except that the elements of the column corresponding to

stater are 0, the transition probability matrix ofZ restricted to its subset of transient states,S, has,

with the ordering of statesE,E, the form

PZ =


 P′

E,E PE,E

0 P
E,E


 , (5)

where0 is a matrix of all zeroes of appropriate dimensions. The restriction of the transition prob-

ability matrix of Z ′ to its subset of transient states,S′, has with the ordering of statesE′, E the

form

PZ′ =


 PE′,E′ PE′,E

0 P
E,E


 , (6)
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The transition probability matrix ofZ ′′ restricted to its subset of transient statesE, PZ′′ , is

PZ′′ = P
E,E

, (7)

Let πi(n) = P [Zn = i], i ∈ E, πi(n, l) = P [Zn ∈ E ∧ Zn+1:n+l ∈ E ∧ Zn+l = i], i ∈ E,

π′
i(n) = P [Z ′

n = i], i ∈ E′, π′
i(n, l) = P [Z ′

n ∈ E′ ∧ Z ′
n+1:n+l ∈ E ∧ Z ′

n+l = i], i ∈ E,

andπ′′
i (n) = P [Z ′′

n = i], i ∈ E, and consider the row vectorsπππ(n) = (πi(n))i∈E , πππ(n, l) =

(πi(n, l))i∈E , πππ′(n) = (π′
i(n))i∈E′ , πππ′(n, l) = (π′

i(n, l))i∈E , andπππ′′(n) = (π′′
i (n))i∈E . Assuming

that, withinE, stater is numbered first, those vectors, can be computed forn ≥ 0, l ≥ 1 using

πππ(0) = (1 0 0 · · · 0) , (8)

πππ(n+ 1) = πππ(n)P′
E,E , n ≥ 0 , (9)

πππ(n, 1) = πππ(n)PE,E, n ≥ 0 , (10)

πππ(n, l + 1) = πππ(n, l)P
E,E

, l ≥ 1 , (11)

πππ′(0) = (αi)i∈E′ , (12)

πππ′(n+ 1) = πππ′(n)PE′,E′, n ≥ 0 , (13)

πππ′(n, 1) = πππ′(n)PE′,E, n ≥ 0 , (14)

πππ′(n, l + 1) = πππ′(n, l)P
E,E

, l ≥ 1 , (15)

πππ′′(0) = (αi)i∈E , (16)

πππ′′(n+ 1) = πππ′′(n)P
E,E

, n ≥ 0 . (17)

To derive the transformed modelV , we will consider first the discrete-time stochastic process

V̂ = {V̂n;n = 0, 1, 2, . . .} defined fromX̂ as

V̂n =





sk if 0 ≤ k ≤ n ∧ X̂n−k = r ∧ X̂n−k+1:n ∈ E′

sk,l if 0 ≤ k ≤ n− 1 ∧ 1 ≤ l ≤ n− k ∧ X̂n−k−l = r

∧ X̂n−k−l+1:n−l ∈ E′ ∧ X̂n−l+1:n ∈ E

s′n if X̂0:n ∈ E′

s′k,n−k if 0 ≤ k ≤ n− 1 ∧ X̂0:k ∈ E′ ∧ X̂k+1:n ∈ E

s′′n if X̂0:n ∈ E

fi if X̂n = fi

. (18)

In words,V̂n = sk if, by stepn, X̂ has visitedr, the last time it visitedr wask steps before and has

not leftE since then;V̂n = sk,l if X̂ has visitedr, the last time it visitedr wask + l steps before

and, since then, has been firstk + 1 steps inE and, after that,l steps inE; V̂n = s′n if, by stepn,

X̂ has not leftE′; V̂n = s′k,n−k if, by stepn, X̂ has been inE′ the firstk + 1 steps and, after that,

has been inE n− k steps;V̂n = s′′n if, by stepn, X̂ has not leftE; andV̂n = fi if, by stepn, X̂ has

been absorbed intofi. Using the fact thatr is the only entry point ofX̂ in E, it is possible to check
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that the definition of̂Vn is correct, i.e. that it assigns a single state to every possible trajectory ofX̂,

X̂0, X̂1, . . . , X̂n. Note thatV̂n = s0 if and only if X̂n = r. Let

a(k) =
∑

i∈E

πi(k) , (19)

a(k, l) =
∑

i∈E

πi(k, l) , (20)

a′(k) =
∑

i∈E′

π′
i(k) , (21)

a′(k, l) =
∑

i∈E

π′
i(k, l) , (22)

a′′(k) =
∑

i∈E

π′′
i (k) , (23)

vik =

∑
j∈E πj(k)Pj,fi

a(k)
, (24)

wk =

∑
i∈E πi(k)Pi,E′

a(k)
, (25)

hk =

∑
i∈E πi(k)Pi,E

a(k)
, (26)

vik,l =

∑
j∈E πj(k, l)Pj,fi

a(k, l)
, (27)

qk,l =

∑
i∈E πi(k, l)Pi,r

a(k, l)
, (28)

wk,l =

∑
i∈E πi(k, l)Pi,E

a(k, l)
, (29)

v′ik =

∑
j∈E′ π′

j(k)Pj,fi

a′(k)
, (30)

w′
k =

∑
i∈E′ π′

i(k)Pi,E′

a′(k)
, (31)

h′k =

∑
i∈E′ π′

i(k)Pi,E

a′(k)
, (32)

v′ik,l =

∑
j∈E π′

j(k, l)Pj,fi

a′(k, l)
, (33)

q′k,l =

∑
i∈E π′

i(k, l)Pi,r

a′(k, l)
, (34)

w′
k,l =

∑
i∈E π′

i(k, l)Pi,E

a′(k, l)
, (35)

v′′ik =

∑
j∈E π′′

j (k)Pj,fi

a′′(k)
, (36)

q′′k =

∑
i∈E π′′

i (k)Pi,r

a′′(k)
, (37)
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w′′
k =

∑
i∈E π′′

i (k)Pi,E

a′′(k)
. (38)

The following proposition shows that̂V is a DTMC and gives its state space (including only reach-

able states), initial probability distribution and transition probabilities for the caseαE′ > 0, αE > 0.

Note that, beingPr,E′ > 0 (by condition C8) andPi,i > 0, i ∈ E′, πi(k) > 0, for all k ≥ 0, for

somei ∈ E anda(k) > 0 for all k ≥ 0. Also, for k such thata(k, 1) > 0, πi(k, 1) > 0 for some

i ∈ E and, sincePi,i > 0, i ∈ E, πi(k, l) > 0, for all l ≥ 1, for somei ∈ E anda(k, l) > 0 for all

l ≥ 1. In addition, ifαE′ > 0, π′
i(0) > 0 for somei ∈ E′ and, sincePi,i > 0, i ∈ E′, π′

i(k) > 0,

for all k ≥ 0, for somei ∈ E′ anda′(k) > 0 for all k ≥ 0. AssumingαE′ > 0, for k such that

a′(k, 1) > 0, π′
i(k, 1) > 0 for somei ∈ E and, sincePi,i > 0, i ∈ E, π′

i(k, l) > 0, for all l ≥ 1, for

somei ∈ E anda′(k, l) > 0 for all l ≥ 1. Finally, if α
E
> 0, π′′

i (0) > 0 for somei ∈ E and, since

Pi,i > 0, i ∈ E, π′′
i (k) > 0, for all k ≥ 0, for somei ∈ E anda′′(k) > 0 for all k ≥ 0. All this

guarantees that all transition probabilities ofV̂ are well-defined, i.e. that there are not divisions by

0.

Proposition 1. AssumeαE′ > 0 andα
E

> 0. Then,V̂ is a DTMC with reachable state space

EV ∪ EV ∪ {f1, f2, . . . , fA}, EV = {sk, k ≥ 0} ∪ {s′k, k ≥ 0}, EV = {sk,l : k ≥ 0 ∧ a(k, 1) >

0 ∧ l ≥ 1} ∪ {s′k,l : k ≥ 0 ∧ a′(k, 1) > 0 ∧ l ≥ 1} ∪ {s′′k, k ≥ 0}, initial probability distribution

P [V̂0 = s0] = αr, P [V̂0 = s′0] = αE′ , P [V̂0 = s′′0] = α
E

, P [V̂0 = fi] = αfi , 1 ≤ i ≤ A,

P [V̂0 = i] = 0, i 6∈ {s0, s′0, s′′0, f1, f2, . . . , fA}, and (possibly) non-null transition probabilities

P [V̂n+1 = s0 | V̂n = s0] = Pr,r ,

P [V̂n+1 = fi | V̂n = sk] = vik ,

P [V̂n+1 = sk+1 | V̂n = sk] = wk ,

P [V̂n+1 = sk,1 | V̂n = sk] = hk ,

P [V̂n+1 = fi | V̂n = sk,l] = vik,l ,

P [V̂n+1 = s0 | V̂n = sk,l] = qk,l ,

P [V̂n+1 = sk,l+1 | V̂n = sk,l] = wk,l ,

P [V̂n+1 = fi | V̂n = s′k] = v′ik ,

P [V̂n+1 = s′k+1 | V̂n = s′k] = w′
k ,

P [V̂n+1 = s′k,1 | V̂n = s′k] = h′k ,

P [V̂n+1 = fi | V̂n = s′k,l] = v′ik,l ,

P [V̂n+1 = s0 | V̂n = s′k,l] = q′k,l ,

P [V̂n+1 = s′k,l+1 | V̂n = s′k,l] = w′
k,l ,

P [V̂n+1 = fi | V̂n = s′′k] = v′′ik ,

P [V̂n+1 = s0 | V̂n = s′′k] = q′′k ,

P [V̂n+1 = s′′k+1 | V̂n = s′′k] = w′′
k ,

P [V̂n+1 = fi | V̂n = fi] = 1 ,

wherea(k), a(k, l), a′(k), a′(k, l), a′′(k), vik, wk, hk, vik,l, qk,l, wk,l, v′ik , w′
k, h′k, v′ik,l, q

′
k,l, w

′
k,l, v

′′i
k ,
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q′′k , andw′′
k are given by (19)-(38) (Figure 2 illustrates the state transition diagram ofV̂ for the case

A = 1).

Proof. See the Appendix.

The state transition diagram of̂V has, for the caseαE′ > 0, α
E

> 0 considered in Proposi-

tion 1, two combs and a string of states. The first comb has as a back the statessk and as teeth the

strings of statessk,l with k fixed. The second comb has as a back the statess′k and as teeth the strings

of statess′k,l with k fixed. The string includes the statess′′k. WhenαE′ = 0, V̂ looses the second

comb. Whenα
E
= 0, V̂ looses the string of statess′′k. Formally, the state space ofV̂ can be defined

in the general case asEV ∪EV ∪ {f1, f2, . . . , fA}, where, whenαE′ = 0, EV does not include the

statess′k andEV does not include the statess′k,l and, whenα
E
= 0, EV does not include the states

s′′k.

The transformed model with infinite state space is the CTMCV = {V (t); t ≥ 0} obtained by

derandomizingV̂ with rateΛE in EV and rateΛE in EV ∪ {f1, f2 . . . , fA}. The CTMCV has

the same state space and initial probability distribution as V̂ . Figure 3 illustrates the state transition

diagram ofV for the caseαE′ > 0, αE > 0 andA = 1. The following theorem establishes that

m(t) can be expressed in terms of the transient regime ofV .

Theorem 1. m(t) =
∑A

i=1 rfiP [V (t) = fi].

Proof. It is enough to proveP [V (t) = fi] = P [X(t) = fi], 1 ≤ i ≤ A. Let Fk,l,ΛE ,Λ
E
(t) be

the probability that the sum ofk exponential random variables with parameterΛE andl exponential

random variables with parameterΛ
E

, being all random variables independent, is≤ t. SinceX̂ is the

randomized DTMC ofX with randomization rateΛE in E andΛ
E

in E ∪ {f1, f2, . . . , fA} and the

statesfi are absorbing inX, it is clear that, grouping paths tofi according to the number of visits

thatX̂ makes to states inE andE before enteringfi,

P [X(t) = fi] =
∞∑

k=0

∞∑

l=0

P [#(X̂0:k+l−1 ∈ E) = k ∧#(X̂0:k+l−1 ∈ E) = l ∧ X̂k+l = fi]Fk,l,ΛE ,Λ
E
(t) .

Similarly, sinceV̂ is the randomized DTMC ofV with randomization rateΛE in EV andΛ
E

in

EV ∪ {f1, f2, . . . , fA} and the statesfi are absorbing inV , we have

P [V (t) = fi] =
∞∑

k=0

∞∑

l=0

P [#(V̂0:k+l−1 ∈ EV ) = k ∧#(V̂0:k+l−1 ∈ EV ) = l ∧ V̂k+l = fi]Fk,l,ΛE ,Λ
E
(t) .

But, since (18)V̂n ∈ EV if only if X̂n ∈ E, V̂n ∈ EV if and only if X̂n ∈ E andV̂n = fi if and

only if X̂n = fi,

P [#(V̂0:k+l−1 ∈ EV ) = k ∧#(V̂0:k+l−1 ∈ EV ) = l ∧ V̂k+l = fi]

= P [#(X̂0:k+l−1 ∈ E) = k ∧#(X̂0:k+l−1 ∈ E) = l ∧ X̂k+l = fi] ,
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and the result follows.

2.2 Truncation of the transformed model

Using Theorem 1, we could computem(t) by solvingV . However, deriving an exact solution for

P [V (t) = fi] does not seem feasible. In this section, we will construct a truncated transformed

model,VT , from whichm(t) can be computed with upper bounded, arbitrarily small error. The

CTMC VT is obtained fromV by introducing an absorbing statea capturing the truncated behavior

and: (1) keeping the statessk up to sK , K ≥ 1, and directing toa the transition rates fromsK ;

(2) for eachk, 0 ≤ k ≤ K − 1, for which a(k, 1) > 0, keeping the statessk,l up to l = Kk ≥ 1

and directing toa the transition rates fromsk,Kk
; if αE′ > 0, (3) keeping the statess′k up to s′L,

L ≥ 1, and directing toa the transition rates froms′L, and (4) for eachk, 0 ≤ k ≤ L− 1, for which

a′(k, 1) > 0, keeping the statess′k,l up to l = Lk ≥ 1 and directing toa the transitions rates from

sk,Lk
; and, ifα

E
> 0, (5) keeping the statess′′k up tos′′M , M ≥ 1, and directing toa the transition

rates froms′′M . VT can be defined formally fromV as

VT (t) =





V (t) if, by time t, V has not exited statesK , a statesk,Kk
,

states′L, a states′k,Lk
, or states′′M

a otherwise

. (39)

The initial probability distribution ofVT is the same as that ofV , i.e. P [VT (0) = s0] = αr,

P [VT (0) = s′0] = αE′ , P [VT (0) = s′′0] = α
E

, P [VT (0) = fi] = αfi , 1 ≤ i ≤ A, P [VT (0) =

i] = 0, i /∈ {s0, s′0, s′′0 , f1, f2, . . . , fA}. Let ET
V denote the set of states inEV kept in VT and

let E
T
V denote the set of states inEV kept inVT . Note that the state space ofVT is ET

V ∪ E
T
V ∪

{f1, f2, . . . , fA, a}. Figure 4 illustrates the state transition diagram ofVT for the caseαE′ > 0,

α
E
> 0 andA = 1.

UsingVT , we can obtain an approximate value form(t) as

ma(t) =
A∑

i=1

rfiP [VT (t) = fi] .

The following theorem upper bounds the model truncation error.

Theorem 2. 0 ≤ m(t)−ma(t) ≤ rmaxP [VT (t) = a] = me(t), wherermax = max1≤i≤A rfi .

Proof. Noting that
∑

i∈ET
V
∪E

T

V

P [VT (t) = i] +
∑A

i=1 P [VT (t) = fi] + P [VT (t) = a] = 1, that,

according to (39),P [VT (t) = i] ≤ P [V (t) = i], i ∈ ET
V ∪ E

T
V , thatET

V ⊂ EV andE
T
V ⊂ EV , and
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Figure 4: State transition diagram ofVT for the caseαE′ > 0, α
E
> 0, andA = 1 (there can exist

transitions tof1 from any statesk, 0 ≤ k ≤ K − 1, any statesk,l, 1 ≤ l ≤ Kk − 1, any states′k,

0 ≤ k ≤ L1, any states′k,l, 1 ≤ l ≤ Lk − 1, and any states′′k, 0 ≤ k ≤ M − 1; there can exist

transitions tos0 from any statesk,l, 1 ≤ l ≤ Kk − 1, any states′k,l, 1 ≤ l ≤ Lk − 1, and any state

s′′k, 0 ≤ k ≤ M − 1).
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that
∑

i∈EV ∪EV
P [V (t) = i] +

∑A
i=1 P [V (t) = fi] = 1, we have

P [VT (t) = a] = 1−
∑

i∈ET
V
∪E

T

V

P [VT (t) = i]−
A∑

i=1

P [VT (t) = fi]

≥ 1−
∑

i∈ET
V
∪E

T

V

P [V (t) = i]−
A∑

i=1

P [VT (t) = fi]

≥ 1−
∑

i∈EV ∪EV

P [V (t) = i]−
A∑

i=1

P [VT (t) = fi]

=
A∑

i=1

P [V (t) = fi]−
A∑

i=1

P [VT (t) = fi]

and, then, since according to (39),P [V (t) = fi] ≥ P [VT (t) = fi] andrfi ≥ 0, 1 ≤ i ≤ A,

0 ≤ m(t)−ma(t) =
A∑

i=1

rfi

(
P [V (t) = fi]− P [VT (t) = fi]

)

≤ rmax

A∑

i=1

(
P [V (t) = fi]− P [VT (t) = fi]

)

≤ rmaxP [VT (t) = a] = me(t) .

Exact computation of the model truncation error upper boundme(t) given by Theorem 2 seems

to be expensive. In this section, we will derive an upper bound for me(t) made up of several terms

which can be computed inexpensively. Split regenerative randomization will use that inexpensive

upper bound to control the model truncation error. It is important that the upper bound be inexpen-

sive, since the method may have to compute the terms of the upper bound many times. We will also

discuss how the truncation parametersK, Kk,L, Lk andM are selected. To derive the upper bound,

we will use the set of results collected by the following proposition.

Proposition 2. (a) For k ≥ 1,
k−1∏

i=0

wi = a(k) .

(b) For k ≥ 0,

hk =
a(k, 1)

a(k)
.

(c) For k ≥ 0 such thata(k, 1) > 0,

l−1∏

i=1

wk,i =
a(k, l)

a(k, 1)
.

(d) AssumingαE′ > 0, for k ≥ 1,
k−1∏

i=0

w′
i =

a′(k)

αE′

.
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(e) AssumingαE′ > 0, for k ≥ 0,

h′k =
a′(k, 1)

a′(k)
.

(f) AssumingαE′ > 0, for k ≥ 0 such thata′(k, 1) > 0,

l−1∏

i=1

w′
k,i =

a′(k, l)

a′(k, 1)
.

(g) Assumingα
E
> 0, for k ≥ 1,

k−1∏

i=0

w′′
i =

a′′(k)

α
E

.

Proof. See the Appendix.

To obtain the inexpensive upper bound forme(t), we will decomposeme(t) into several terms.

Let γK = {k : 0 ≤ k ≤ K − 1 ∧ a(k, 1) > 0}, and, assumingαE′ > 0, let γ′L = {k : 0 ≤
k ≤ L− 1 ∧ a′(k, 1) > 0}. The setγK collects the indicesk for which the comb ofVT having as a

back the statessl has a tooth hanging from statesk and, assumingαE′ > 0, γ′L collects the indices

k for which the comb ofVT having as a back the statess′l has a tooth hanging from states′k. The

first term,me′
M (t), only exists whenαE > 0 and isrmax times the probability that, by timet, VT

will have entereda throughs′′M . The second term,me′′
L (t), only exists whenαE′ > 0 and isrmax

times the probability that, by timet, VT will have entereda throughs′L. The third terms,me′′
L,k(t),

k ∈ γ′L, only exist whenαE′ > 0 and arermax times the probabilities that, by timet, VT will have

entereda throughs′k,Lk
. The fourth term,me′′′

K,L,M(t), is rmax times the probability that, by timet,

VT will have entereda throughsK . Finally, the fifth terms,me′′′
K,L,M,k(t), k ∈ γK , arermax times

the probabilities that, by timet, VT will have entereda throughsk,Kk
.

Assumingα
E
> 0, an expression forme′

M (t) can be easily obtained by considering that there

is only one path through whichVT can entera throughs′′M . That path isp′′M = (s′′0, s
′′
1 , . . . , s

′′
M , a).

VT is initially in s′′0 with probabilityα
E

and, then, the probability thatVT will follow that path is

(note that all statess′′k have output rateΛ
E

) α
E

∏M−1
k=0 w′′

k . In addition, since all states of the path

have output rateΛ
E

, the duration of the path (time tillVT entersa) is Erlang withM +1 stages and

parameterΛ
E

. Summarizing all this, we have, using Proposition 2g,

me′
M (t) = rmaxαE

(
M−1∏

k=0

w′′
k

)
P [duration ofp′′M ≤ t] = rmaxa

′′(M)
∞∑

k=M+1

e−Λ
E
t (ΛE

t)k

k!
. (40)

AssumingαE′ > 0, a similar derivation applies tome′′
L (t). Denoting byp′L the path(s′0, s

′
1, . . . , s

′
L, a)

and using Proposition 2d,

me′′
L (t) = rmaxαE′

(
L−1∏

k=0

w′
k

)
P [duration ofp′L ≤ t] = rmaxa

′(L)
∞∑

k=L+1

e−ΛEt (ΛEt)
k

k!
. (41)
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AssumeαE′ > 0. Let k ∈ γ′L. The only path through whichVT can entera through

s′k,Lk
is p′k,Lk

= (s′0, s
′
1, . . . , s

′
k, s

′
k,1 . . . , s

′
k,Lk

, a). The probability thatVT will follow p′k,Lk
is

αE′(
∏k−1

i=0 w′
i)h

′
k(
∏Lk−1

i=1 w′
k,i). Then, using Proposition 2d, e, and f,

me′′
L,k(t) = rmaxαE′

(
k−1∏

i=0

w′
i

)
h′k




Lk−1∏

i=1

w′
k,i


P [duration ofp′k,Lk

≤ t]

= rmaxa
′(k)

a′(k, 1)

a′(k)

a′(k, Lk)

a′(k, 1)
P [duration ofp′k,Lk

≤ t]

= rmaxa
′(k, Lk)P [duration ofp′k,Lk

≤ t] .

An exact expression forP [duration ofp′k,Lk
≤ t] is complex due to the fact that the states inp′k,Lk

beforea have different output rates. An easy-to-compute upper bound for P [duration ofp′k,Lk
≤ t]

can, however, be obtained by neglecting the holding times inthe statess′k,1, . . . , s
′
k,Lk

. Since all

statess′0, s
′
1, . . . , s

′
k have output rateΛE , this gives the upper bound

P [duration ofp′k,Lk
≤ t] <

∞∑

l=k+1

e−ΛEt (ΛEt)
l

l!
,

yielding

me′′
L,k(t) < rmaxa

′(k, Lk)
∞∑

l=k+1

e−ΛEt (ΛEt)
l

l!
, k ∈ γ′L . (42)

Deriving easy-to-compute upper bounds forme′′′
K,L,M(t) andme′′′

K,L,M,k(t), k ∈ γK , is more

complex. The following propositions give such upper bounds.

Proposition 3.

me′′′
K,L,M(t) ≤ rmax(αS − a′′(M))a(K)

∞∑

k=K+1

(k −K)e−ΛEt (ΛEt)
k

k!
.

Proof. See the Appendix.

Proposition 4.

me′′′
K,L,M,k(t) ≤ rmax(αS − a′′(M))a(k,Kk)

∞∑

l=k+1

(l − k)e−ΛEt (ΛEt)
l

l!
, k ∈ γK .

Proof. See the Appendix.

Denoting byIc the indicator function returning the value 1 if conditionc is satisfied and the

value 0 otherwise, we can summarize the results obtained so far in the following theorem.
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Theorem 3.

me(t) = Iα
E
>0m

e′
M (t) + IαE′>0


me′′

L (t) +
∑

k∈γ′

L

me′′
L,k(t)


+me′′′

K,L,M(t) +
∑

k∈γK

me′′′
K,L,M,k(t) ,

whereme′
M (t) is given by (40),me′′

L (t) is given by (41), upper bounds forme′′
L,k(t), k ∈ γ′L, are

given by (42), an upper bound forme′′′
K,L,M(t) is given by Proposition 3, and upper bounds for

me′′′
K,L,M,k(t), k ∈ γK , are given by Proposition 4.

In the split regenerative randomization method,m(t) is computed with error≤ ε. The trun-

cation parametersK, L, M , Kk, k ∈ γK andLk, k ∈ γ′L are selected so thatme(t) ≤ ε/2

and an error portionε/2 is still available to account for the truncation error associated with the

solution of the truncated transformed model by standard randomization. A sensible approach is to

distribute the allowable model truncation error,ε/2, equally among the applicable components, de-

pending on whetherαE′ > 0 andαE > 0, of me′
M (t), the sum ofme′′

L (t) and the upper bounds

for me′′
L,k(t), k ∈ γ′L, and the sum of the upper bound forme′′′

K,L,M(t) and the upper bounds for

me′′′
K,L,M,k(t), k ∈ γK ; to distribute equally the allocated error portion for the sum of the upper

bound forme′′′
K,L,M(t) and the upper bounds forme′′′

K,L,M,k(t), k ∈ γK , between the upper bound for

me′′′
K,L,M(t) and the sum of the upper bounds forme′′′

K,L,M,k(t), k ∈ γK ; in caseαE′ > 0, to distribute

equally the allocated error portion for the sum ofme′′
L (t) and the upper bounds forme′′

L,k(t), k ∈ γ′L,

betweenme′′
L (t) and the sum of the upper bounds forme′′

L,k(t), k ∈ γ′L; to distribute equally the

allocated error portion for the sum of the upper bounds forme′′′
K,L,M,k(t), k ∈ γK , among the upper

bounds, and; finally, ifαE′ > 0, to distribute equally the allocated error portion for the sum of the

upper bounds forme′′
L,k(t), k ∈ γ′L, among the upper bounds. This leads to a value ofM , for the

caseαE > 0,

M = min



m ≥ 1 : rmaxa

′′(m)
∞∑

k=m+1

e−Λ
E
t (ΛE

t)k

k!
≤ ε1



 , (43)

whereε1 = ε/6 if αE′ > 0 andε1 = ε/4 if αE′ = 0. The truncation parameterK can, then, be

chosen using

K = min



m ≥ 1 : rmax(αS − a′′(M))a(m)

∞∑

k=m+1

(k −m)e−ΛEt (ΛEt)
k

k!
≤ ε2



 , (44)

whereε2 = ε/12 if αE′ > 0 andα
E

> 0, ε2 = ε/8 if αE′ > 0 andα
E

= 0 or αE′ = 0 and

α
E

> 0, andε2 = ε/4 if αE′ = 0 andα
E

= 0. The truncation parametersKk, k ∈ γK , can be

chosen using

Kk = min



m ≥ 1 : rmax(αS − a′′(M))a(k,m)

∞∑

l=k+1

(l − k)e−ΛE t (ΛEt)
l

l!
≤ ε2

|γK |



 . (45)

Finally, for the caseαE′ > 0, the truncation parameterL can be chosen using

L = min



m ≥ 1 : rmaxa

′(m)
∞∑

k=m+1

e−ΛEt (ΛEt)
k

k!
≤ ε3



 , (46)
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whereε3 = ε/12 if α
E
> 0 andε3 = ε/8 if α

E
= 0, and, also for the caseαE′ > 0, the truncation

parametersLk, k ∈ γ′L, can be chosen using

Lk = min



m ≥ 1 : rmaxa

′(k,m)
∞∑

l=k+1

e−ΛEt (ΛEt)
l

l!
≤ ε3

|γ′L|



 . (47)

The quantity
∑∞

k=m+1 e
−Λt(Λt)k/k! is the probability that in the time interval[0, t] there have

been more thanm arrivals in a Poisson process with arrival rateΛ and, therefore,
∑∞

k=m+1 e
−Λt(Λt)k/k! is increasing witht. Regarding

∑∞
k=m+1(k − m)e−Λt(Λt)k/k!, we can

write

∞∑

k=m+1

(k −m)e−Λt (Λt)
k

k!
=

∞∑

k=m+1

k∑

i=m+1

e−Λt (Λt)
k

k!
=

∞∑

i=m+1

∞∑

k=i

e−Λt (Λt)
k

k!
,

and, since each term
∑∞

k=i e
−Λt(Λt)k/k! is increasing witht,

∑∞
k=m+1(k − m)e−Λt(Λt)k/k! is

also increasing witht. Then, in casem(t) has to be computed for several values oft, t1, t2, . . . , tn,

suitable truncation parameters for all values oft can be chosen using (43)–(47) witht = tmax =

max{t1, t2, . . . , tn}.

2.3 Algorithmic Description and Implementation Details

A C-like algorithmic description for the split regenerative randomization method is given in Fig-

ures 5 and 6. The algorithm has as inputs the CTMCX, the number of absorbing statesA, the

reward ratesrf1 , rf2 , . . . , rfA , an initial probability distribution row vectorααα = (αi)i∈Ω, the subset

E ⊂ S, the regenerative stater ∈ E, the allowed errorε, the number of time pointsn at whichm(t)

must be computed, and the time pointst1, t2, . . . , tn. The algorithm has as outputs the estimates

for m(t), m̃(t1), m̃(t2), . . . , m̃(tn), at the given time points. It is assumed that conditions C1–C8

regarding the structure ofX and the selections of the subsetE and the regenerative stater ∈ E are

satisfied. The truncated transformed model is calledV in the algorithmic description. That model

is built using the proceduresadd state(V, s, p) andadd transition(V, s, s′, λ). The first procedure

adds toV states with initial probability p; the second procedure adds toV a transition rateλ from

states to states′. The algorithm makes two traversals of the backs of the combs: the first one to

determine the truncation parametersK andL, and the second one to build the teeth. During the first

traversal of the comb having as a back the statessk, the algorithm determines, through condition

hk > 0, which, by Proposition 2b, is equivalent toa(k, 1) > 0 the subsetγK and records in the

variablen k the number of teeth of the comb. Similarly, ifαE′ > 0, during the first traversal of the

comb having as a back the statess′k, the algorithm determines, through conditionh′k > 0, which, by

Proposition 2e, is equivalent toa′(k, 1) > 0 the subsetγ′L and records in the variablen k the num-

ber of teeth of the comb. The algorithm requires the computation, for increasingm, of summatories

of the forms

S(m,λ) =
∞∑

k=m+1

e−λλ
k

k!
,
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S′(m,λ) =
∞∑

k=m+1

(k −m)e−λλ
k

k!
.

Efficient and numerically stable procedures to perform those computations which can be embedded

in the algorithmic description are described in [9].

We note that, onceP has been computed, the transition rates of the truncated transformed

model are obtained without subtractions. Thus, the split regenerative randomization method has the

same excellent numerical stability as the standard randomization method. In addition, in the method,

the computation error is well-controlled and can be specified in advance.

The storage overhead of split regenerative randomization with respect to standard randomiza-

tion includes basically the storage required to holdPi,E′ , i ∈ E, P
i,E

, i ∈ S and the storage required

to holdVT .

3 Theoretical properties

Note that, using (9),πππ(n) = πππ(0)P′n
E,E . Also (5), P′

E,E is the restriction of the transition prob-

ability matrix of Z to E and all states inE are transient inZ. Then [37, Theorem 4.3],πi(n),

i ∈ E decrease geometrically fast. Thatπ′
i(n), i ∈ E′ also decrease geometrically fast can be

proved similarly using (13)πππ′(n) = πππ′(0)Pn
E′,E′, the fact that (6)PE′,E′ is the restriction toE′

of the transition probability matrix ofZ ′ and that all states inE′ are transient inZ ′. Finally, that

π′′
i (k), i ∈ E decrease geometrically fast can be proved using (17)πππ′′(n) = πππ′′(0)Pn

E,E
, the fact

that (7)PE,E is the restriction toE of the transition probability matrix ofZ ′′ and that all states in

E are transient inZ ′′. Then, since the upper bound forme′′′
K,L,M(t) given by Proposition 3 is upper

bounded byrmaxαSa(K)
∑∞

k=K+1(k−K)e−ΛE t(ΛEt)
k/k!, which is analogous to the upper bound

for the model truncation error termme′′
K,L(t) used in regenerative randomization [9] and (41)me′′

L (t)

and (40)me′
M (t) are analogous to the model truncation error termme′

L(t) used in regenerative ran-

domization [9], we can extend Theorem 3 of [9] and stateK = O(log(ΛEt/ε)), L = O(log(1/ε)),

andM = O(log(1/ε)). Regarding the lengths of the teeth of the combs, lettingKE =
∑

k∈γK
Kk

andL
E
=
∑

k∈γ′

L
Lk, we have the following result.

Theorem 4. K
E
= O((log(ΛEt/ε))

2) andL
E
= O((log(1/ε))2).

Proof. See the Appendix.

In summary,K,L,M,K
E

andL
E

are all smooth functions of botht andε. That property is

calledbenign behaviorand implies that, for large enoughX and large enought, split regenerative

randomization will be significantly less costly than standard randomization. This is because: (1) the

cost of the first phase of split regenerative randomization (generation of the truncated transformed

model) is made up of components approximately proportionalto, respectively,K, L, M , K
E

and

L
E

, while the cost of standard randomization is for larget approximately proportional tomaxi∈Ωλit,

and (2) being the maximum output rate of the truncated transformed model at most(1 + θ) times
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Figure 5: Algorithmic description of split regenerative randomization.
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Figure 6: Algorithmic description of split regenerative randomization (continuation).
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the maximum output rate of the original model, the cost of thesecond phase of split regenerative

randomization (solution of the truncated transformed model by standard randomization) will scale

with the cost of standard randomization at most as the size ofthe truncated transformed model scales

with the size of the original model,X.

The performance of split regenerative randomization depends, of course, on the selections for

E and the regenerative stater, since those selections influence the behavior ofa(k), a′(k), a′′(k),

a(k, l), anda′(k, l) and the required values for the truncation parametersK, L, M , Kk, k ∈ γK

andLk, k ∈ γ′L. Ideally,E andr should be chosen so thata(k), a′(k), a′′(k), a(k, l), anda′(k, l)

decrease as fast as possible. For general models, automaticselection ofE andr does not seem to be

easy in general, and, then, the method relies on the user’s intuition to make appropriate selections

for E andr. We will consider next a class of models, classC2, for which natural selections forE

andr exist, and, for models in that class and those natural selections, will obtain stronger theoretical

results than the “benign” behavior.

The model classC2 includes all CTMCsX with finite state spaceΩ = S ∪ {f1, f2, . . . , fA},

|S| ≥ 3, A ≥ 1, wherefi, 1 ≤ i ≤ A, are absorbing states and, either all states inS are transient, or

X has a single recurrent classC ⊂ S, in which all states are reachable (from some state with non-

null initial probability), and in which there exists a partitionS0∪S1∪. . .∪SNC
∪S1∪S2∪. . .∪SNC

for S satisfying the following properties:

(P1) S0 = {o} (i.e. |S0| = 1).

(P2) ifX has a single recurrent classC ⊂ S, o ∈ C.

(P3) |S0 ∪ S1 ∪ . . . ∪ SNC
| ≥ 2, and|S1 ∪ S2 ∪ . . . ∪ SNc

| ≥ 1.

(P4) λo,S1∪...∪SNC
> 0.

(P5) for eachi ∈ Sk, 0 < k ≤ NC , λi,S0∪···∪Sk−{i} = 0.

(P6) for eachi ∈ Sk, 1 ≤ k ≤ NC , λi,S1∪···∪SNc
= 0.

(P7) max1≤k≤NC
max

i∈Sk
λ
i,Sk−{i}∪Sk+1∪···∪SNC

is significantly smaller than

min1≤k≤NC
min

i∈Sk
λ
i,S0∪S1∪···∪Sk−1∪{f1,f2,...,fA} > 0.

The class includes typical reliability-like failure/repair models with exponential failure and repair

time distributions in which repair is deferred until some condition on the subset of failed compo-

nents is fulfilled and, then, proceeds till the state in whichno component is failed is reached, when

failure rates are significantly smaller than repair rates. For those models, a partition forS for which

properties P1—P7 are satisfied is the partition in whichSk includes the operational states without

repair and the same number of failed components, with the subsetsSk sorted by increasing number

of failed components, andSk includes the operational states with repair and the same number of

failed components, with the subsetsSk similarly sorted by increasing number of failed components.

As an illustration, a partition forS = {1, 2, 2′, 3, 3′, 4, 5, 6} showing that the CTMC reliability
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model depicted in Figure 1 belongs to classC2 would beS0 = {1}, S1 = {2, 3}, S1 = {2′, 3′},

S2 = {4, 5, 6}. Similar models with exponential failure time distributions and repair times with

acyclic phase-type distributions [32] (which can be used tofit distributions of non-exponential posi-

tive random variables [7]), are also covered by model classC2, provided that failure rates are signifi-

cantly smaller than the rates of the CTMCs defining the phase-type distributions. With the selections

E = S0∪S1∪· · ·∪SNC
andr = o models in classC2 satisfy the conditions C1–C8 making the split

regenerative randomization method applicable. Furthermore, with those selections, because of prop-

erty P7, the models move “fast” from states inE to either stateo or a statefi, making those selections

natural ones. Consider a classC2 model and a partitionS0 ∪S1 ∪ . . .∪SNC
∪S1 ∪S2 ∪ . . .∪S

NC

for S satisfying properties P1—P7. Then, we have the following result1:

Theorem 5. For classC2 models and the selectionsE = S0 ∪ S1 ∪ . . . ∪ SNC
andr = o, a(k) ≤

hE(k) anda′(k) ≤ αE′hE′(k), where, fork → ∞, hE(k) ∼ C
( k
p−1

)
qkE, C > 0, p integer≥ 1,

hE′(k) ∼ C ′
( k
p′−1

)
qkE, C ′ > 0, p′ integer≥ 1, and

qE = 1− min0<k≤NC
mini∈Sk

λi

(1 + θ)max0≤k≤NC
maxi∈Sk

λi
.

Proof. In the proof, we will denote byAT the transpose of a vector or matrixA and byρ(A) the

spectral radius of a square matrixA. From (13), fork ≥ 0, πππ′(k)T = (PT
E′,E′)kπππ′(0)T . Using,

then, (21),π′
i(k) ≥ 0, i ∈ E′ and (12)

∑
i∈E′ π′

i(0) = αE′ ,

a′(k) =
∑

i∈E′

π′
i(k) = ||πππ′(k)T ||1 = ||(PT

E′,E′)kπππ′(0)T ||1 ≤ eq||(PT
E′,E′)k||1||πππ′(0)T ||1

= ||(PT
E′,E′)k||1

∑

i∈E′

π′
i(0) = αE′ ||(PT

E′,E′)k||1 .

With the ordering of statesS1, . . . , SNC
, the elements in the upper triangular portion ofPT

E′,E′ are

0 and the diagonal elements ofPT
E′,E′ have values

1− λi

(1 + θ)max0≤k≤NC
maxi∈Sk

λi
, i ∈ Sk, 0 < k ≤ NC ,

andρ(PT
E′,E′) = qE. Then [41, Theorem 3.1]2, there existC ′ > 0 andp′ integer≥ 1 such that, for

k → ∞, ||(PT
E′,E′)k||1 ∼ C ′

( k
p′−1

)
qkE.

From (9), for k ≥ 0, πππ(k)T = (P′T
E,E)

kπππ(0)T . Using, then, (19),πi(k) ≥ 0 and (8)
∑

i∈E πi(0) = 1,

a(k) =
∑

i∈E

πi(k) = ||πππ(k)T ||1 = ||(P′T
E,E)

kπππ(0)T ||1

≤ ||(P′T
E,E)

k||1||πππ(0)T ||1 = ||(P′T
E,E)

k||1
∑

i∈E

πi(0) = ||(P′T
E,E)

k||1 .

1x(k) ∼ y(k) for k → ∞ denoteslimk→∞ x(k)/y(k) = 1.
2Strictly speaking, Theorem 3.1 of [41] asserts the result for the Euclidean norm, but the results easily extends to the

considered 1-norm.

26



With the ordering of statesS0, S1, . . . , SNC
, P′T

E,E has the form:

P′T
E,E =

(
0 0

βββ PT
E′,E′

)
,

where0 denotes a row vector with all its components equal to 0 andβββ denotes a column vector.

According to Lemma 2 in the Appendix,ρ(P′T
E,E) = ρ(PT

E′,E′) and, therefore,ρ(P′T
E,E) = qE.

Then, applying again [41, Theorem 3.1], there existC > 0 andp integer≥ 1 such that, fork → ∞,

||(P′T
E,E)

k||1 ∼ C
( k
p−1

)
qkE.

Theorem 5 tells that, for classC2 models with the selectionsE = S0 ∪ S1 ∪ · · · ∪ SNC

and r = o, both a(k) and a′(k) are upper bounded by something which decays asymptotically

by a factor with valueqE. For small enoughε, theK andL required by split regenerative ran-

domization will be mainly determined by how fasta(k) and a′(k) decay and, then, Theorem 5

suggests that the truncation parametersK and L for classC2 models with the natural selec-

tions for E and r can be roughly upper bounded usingqmE instead of, respectively,rmax(αS −
a′′(M))a(m)

∑∞
k=m+1(k −m)e−ΛEt(ΛEt)

k/k! in (44) andrmaxa
′(m)

∑∞
k=m+1 e

−ΛEt(ΛEt)
k/k!

in (46). Let RE = max0≤k≤NC
maxi∈Sk

λi/min0<k≤NC
mini∈Sk

λi ≥ 1. We haveqE =

1 − 1/((1 + θ)RE) ≈ 1 − 1/RE . For RE ≥ 1 close to 1,qE will be small and the required

K andL will be small and, asRE gets apart from 1,qE will get closer to 1 and the requiredK and

L will increase.

Let

δ =
max1≤k≤NC

max
i∈Sk

λ
i,Sk−{i}∪Sk+1∪···∪SNC

min1≤k≤NC
min

i∈Sk
λ
i,S0∪S1,∪···∪Sk−1∪{f1,...,fA}

.

The parameterδ can be seen as a “rarity” parameter measuring how strongly property P7 is satisfied.

In terms of the rarity parameterδ, we can model the transition rates from statesi ∈ Sk to states

j ∈ Sk − {i} ∪ Sk+1 ∪ . . . ∪ S
NC

, 1 ≤ k ≤ NC asλi,j = Λi,jδ, whereΛi,j are constants

≤ 1, and the remaining transition rates as constants and study the behavior of split regenerative

randomization for classC2 models with the selectionsE = S0 ∪ S1 ∪ · · · ∪ SNC
andr = o as

δ → 0. Let Pi,j(δ) denote the transition probabilities of̂X as a function of the rarity parameter

δ and letP
E,E

(δ) denote the transition probability matrixP
E,E

as a function ofδ. Note that, for

i ∈ Sk, j ∈ Sk − {i} ∪ Sk+1 ∪ · · · ∪ S
NC

, 1 ≤ k ≤ NC , limδ→0 Pi,j(δ) = 0 and that, using

property P6,

lim
δ→0

Pi,i(δ) = 1−
λ
i,S0∪S1∪···∪Sk−1∪{f1,...,fA}

(1 + θ)max1≤k≤NC
max

i∈Sk
λ
i,S0∪S1∪···∪Sk−1∪{f1,...,fA}

, i ∈ Sk, 1 ≤ k ≤ NC .

Denoting byAT the transpose of a vector or matrixA, we have the following result:

Theorem 6. For classC2 models and the selectionsE = S0 ∪ S1 ∪ · · · ∪ SNC
and r = o,

a(k, l) ≤ hE(l − 1), a′(k, l) ≤ αE′hE(l − 1) and a′′(l) ≤ αEhE(l), where, for l → ∞,

h
E
(l) ∼ C(δ)

( l
p(δ)−1

)
ρ(P

E,E
(δ)T )l, C(δ) > 0, p(δ) integer≥ 1, with limδ→0 ρ(PE,E

(δ)T ) = q
E

,

qE = 1−
min1≤k≤NC

min
i∈Sk

λ
i,S0∪S1∪···∪Sk−1∪{f1,...,fA}

(1 + θ)max1≤k≤NC
max

i∈Sk
λ
i,S0∪S1∪···∪Sk−1∪{f1,...,fA}

.
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Proof. Note that, using (10) and (11), fork ≥ 0 andl ≥ 1, πππ(k, l)T = (P
E,E

(δ)T )l−1PT
E,E

πππ(k)T .

Then, using (20),πi(k, l) ≥ 0, i ∈ E, ||PT
E,E

||1 ≤ 1, and||πππ(k)T ||1 ≤ 1, for k ≥ 0 andl ≥ 1,

a(k, l) =
∑

i∈E

πi(k, l) = ||πππ(k, l)T ||1 = ||(P
E,E

(δ)T )l−1PT
E,E

πππ(k)T ||1

≤ ||(P
E,E

(δ)T )l−1||1 ||PT
E,E

||1 ||πππ(k)T ||1 ≤ ||(P
E,E

(δ)T )l−1||1 .

Similarly, using (14) and (15), fork ≥ 0 and l ≥ 1, πππ′(k, l)T = (P
E,E

(δ)T )l−1PT
E′,E

πππ′(k)T ,

and using (22),π′
i(k, l) ≥ 0, i ∈ E, ||PT

E′,E
||1 ≤ 1 and, from (12) and (13), taking into account

‖PT
E′,E′‖1 ≤ 1, ||πππ′(k)T ||1 = ||(PT

E′,E′)kπππ′(0)T ||1 ≤ ||PT
E′,E′ ||k1 ||πππ′(0)T ||1 ≤ ||πππ′(0)T ||1 = αE′ ,

a′(k, l) =
∑

i∈E

π′
i(k, l) = ||πππ′(k, l)T ||1 = ||(P

E,E
(δ)T )l−1PT

E′,E
πππ′(k)T ||1

≤ ||(P
E,E

(δ)T )l−1||1 ||PT
E′,E

||1||πππ′(k)T ||1 ≤ αE′ ||(P
E,E

(δ)T )l−1||1 .

Finally, noting that (17)πππ′′(l)T = (PE,E(δ)
T )lπππ′′(0)T and using (23),π′′

i (l) ≥ 0, i ∈ E and (16)

||πππ′′(0)T ||1 = α
E

,

a′′(l) =
∑

i∈E

π′′
i (l) = ||πππ′′(l)T ||1 = ||(P

E,E
(δ)T )lπππ′′(0)T ||1 ≤ ||(P

E,E
(δ)T )l||1 ||πππ′′(0)T ||1

= α
E
||(P

E,E
(δ)T )l||1 .

Letρ(P
E,E

(δ)T ) denote the spectral radius ofP
E,E

(δ)T . We have [41, Theorem 3.1] that there exist

C(δ) > 0, p(δ) integer≥ 1 such that, forl → ∞, ||(P
E,E

(δ)T )l||1 ∼ C(δ)
( l
p(δ)−1

)
ρ(P

E,E
(δ)T )l.

Also, since the eigenvalues of a matrix are continuous functions of the elements of the matrix

[36, Theorem 3.13],limδ→0 ρ(PE,E
(δ)T ) = ρ(P

E,E
(0)T ). But, with the ordering of states

S1, . . . , SNC
, the elements in the lower triangular portion ofP

E,E
(0)T are 0 and the diagonal

elements have values

1−
λ
i,S0∪S1∪···∪Sk−1∪{f1,...,fA}

(1 + θ)max1≤k≤NC
max

i∈Sk
λ
i,S0∪S1∪···∪Sk−1∪{f1,...,fA}

, i ∈ Sk, 1 ≤ k ≤ NC

and, therefore,ρ(PE,E(0)
T ) = qE .

Theorem 6 tells that, for classC2 models with the selectionsE = S0 ∪ S1 ∪ · · · ∪ SNC
and

r = o, a′′(l), a(k, l) anda′(k, l) are upper bounded by something which decays asymptoticallyby a

factor with valueq
E

for δ → 0. For small enoughε, theM , Kk, k ∈ γK , andLk, k ∈ γ′L, required

by split regenerative randomization will be mainly determined by how fasta′′(l), a(k, l) anda′(k, l)

decay withl and, then, Theorem 6 suggests that the truncation parametersM , Kk, k ∈ γK , andLk,

k ∈ γ′L, for classC2 models with the natural selections forE andr can be roughly upper bounded

using qm
E

instead of, respectively,rmaxa
′′(m)

∑∞
k=m+1 e

−Λ
E
t(Λ

E
t)k/k! in (43), rmax(αS −

a′′(M))a(k,m)
∑∞

l=k+1(l − k)e−ΛE t(ΛEt)
l/l! in (45), andrmaxa

′(k,m)
∑∞

l=k+1 e
−ΛEt(ΛEt)

l/l!

in (47). Let R
E

= max1≤k≤NC
max

i∈Sk
λi/min1≤k≤NC

min
i∈Sk

λi ≥ 1. We haveq
E

≈
1 − 1/((1 + θ)RE) ≈ 1 − 1/RE . As RE gets larger,qE gets closer to 1 and the requiredM ,

Kk, k ∈ γK , andLk, k ∈ γ′L, should get larger. According to the discussion and the numerical

28



experiments in [9], for small enoughε andR
E

≫ 1, M , Kk, k ∈ γK andLk, k ∈ γ′L can be

roughly upper bounded by30RE .

Note that bothRE andR
E

are “visible” model characteristics (they can be easily estimated)

and, then, the truncation parametersK, L, M , Kk, k ∈ γK , andLk, k ∈ γ′L can be, in practice,

roughly upper bounded, and those rough upper bounds can be used to predict the performance of

split regenerative randomization and anticipate when the method can be expected to be significantly

faster than standard randomization for classC2 models with the natural selections forE andr.

4 Numerical Analysis

In this section, using a classC2 model of a16 × 16 ASEN-MAX interconnection network [24]

under a non-backtracking routing protocol, we will analyzethe performance of split regenerative

randomization and will compare it with that of standard randomization, regenerative randomization

[9], adaptive uniformization [30], and randomization withquasistationarity detection [12]. The de-

pendability analysis of interconnection networks of that kind is challenging and has been the subject

of intensive research (see, for instance, [3, 4, 5, 15, 28, 39, 40]). All that research is concerned

with reliability analysis in a non-repairable context or steady-state availability analysis using (quite

sophisticated) combinatorial techniques.

The architecture of the16 × 16 ASEN-MAX interconnection network is depicted in Figure 7.

The interconnection network includes a stage of multiplexers, three stages of switches, and a stage

of demultiplexers. Links are assumed perfect (they do not fail). The network is assumed to be

operational if the set of unfailed components is such that, in the presence of a single request from

any source to any destination, the non-backtracking routing protocol used by the interconnection

network succeeds in routing the request. That assumption isguaranteed to be pessimistic [34].

In addition, we will consider that faults in multiplexers, switches and demultiplexers may not be

covered and that an uncovered fault leads to system failure.The structure of the interconnection

network is such that, assuming perfect fault coverage, the interconnection network tolerates the

failure of any single component. Multiplexers and demultiplexers fail with rateλM; switches fail

with rateλS. Multiplexer and demultiplexer faults are covered with probabilityCM; switch faults are

covered with probabilityCS. There is a single repairman. Repair starts when the number of failed

components gets≥ 2 and, then, proceeds till all failed components have been repaired. Multiplexers

and demultiplexers are repaired at rateµM; switches are repaired at rateµS. The repair of switches

has priority over the repair of multiplexers and demultiplexers. Failed components with same repair

priority are chosen at random by the repairman. There is repair preemption. Thus, if a switch fails

when a multiplexer or demultiplexer is being repaired, the repair of the multiplexer or demultiplexer

is interrupted and the repairman starts immediately the repair of the failed switch. We will use the

model parameter valuesλM = 4 × 10−6 h−1, λS = 1.2 × 10−5 h−1, CM = 0.995, CS = 0.99,

µM = 2 h−1, and forµS two values:0.4 h−1 and0.08 h−1. Regarding the initial state of the system

we will consider two cases: case (1) the initial state is the state without failed components, and case
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Figure 7: Architecture of the16× 16 ASEN-MAX interconnection network.

(2) with probability 0.5, the initial state is the state in which the only failed component is the switch

0 of stage 0, and, with probability 0.5, the initial state is the state in which the failed components are

switch 0 of stage 0 and the top multiplexer.

The measure of interest is the unreliability at timet, ur(t). That measure could be computed us-

ing a CTMC with an absorbing state representing that the system has failed and a subset of transient

states including all states in which the system is operational. However, the interconnection network

has a large number of components (56) and such CTMC is extremely large, making an exact nu-

merical computation ofur(t) unfeasible. The problem can be circumvented by using “bounding”

models such as those described in Section 1. A model yieldinga lower bound forur(t) would have

a state spaceS ∪ {f1, f2}, whereS is a subset of operational states andf1 andf2 are absorbing

states and a model yielding an upper bound forur(t) would have a state spaceS ∪ {f1}, where

S is a subset of operational states andf1 is an absorbing state. Including inS the operational

states with up to 4 failed components gives very tight bounds. Thus, forµS = 0.4 h−1, case 1 and

t = 100,000h, we obtain a lower bound forur(t), urlb(t) = 0.652058783, and an upper bound for

ur(t), urub(t) = 0.652058789. With that selection,|S| = 315,045 and both bounding models have

manageable sizes. All states inS are transient and both bounding models belong to model classC2.

We will compare the performance of the methods using the bounding model yieldingurub(t). For
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split regenerative randomization we will take forE andr the natural selections, i.e.E will include

the states inS without repair andr will be the single stateo without failed components. Case 1 will

illustrate the caseαE′ = 0, α
E
= 0. Case 2 will illustrate the more general case (αE′ > 0, α

E
> 0).

The model also belongs to the model class C considered in [9] and, for regeneration randomization,

we will take the selectionr = o. For all methods we set an absolute error requirementε = 10−9.

All CPU times are measured running the methods with a single target timet on a workstation with

a Sun-Blade 1000 processor and 4 GB of memory .

We will start by illustrating the performance of split regenerative randomization. In particular,

we will illustrate the behavior of the truncation parameters of the transformed model as a function of

t. Table 1 givesK andKE for case 1 and both values forµS as a function oft. Table 2 givesK, L,

M , K
E

, andL
E

for case 2 and both values forµS as a function oft. We can note that all truncation

parameters grow smoothly witht. The truncation parametersK andL have very small values in all

cases. This is due to the fact that, having the system many components with quite similar failure

rates, the output rates from states inE are very similar and, then,RE is only slightly larger than 1

andqE is very small (qE = 0.0289). The rough upper bounds forK andL suggested in Section 3

are quite good. Thus, for case 2,µS = 0.4 h−1 andt = 100,000h the rough upper bound forK

is 7, quite close toK = 9 and the rough upper bound forL is 7, identical to the actual value ofL.

The truncation parametersM , Kk, k ∈ γK , andLk, k ∈ γ′L, have small values forµS = 0.4 h−1,

since in that case the output rates from states inE are very similar andR
E

is not large (R
E

≈ 5).

For µS = 0.08 h−1, those truncation parameters have higher values, since theoutput rates from

states inE are not so similar andR
E

is larger (R
E
≈ 25). The truncation parametersKk, k ∈ γK ,

andLk, k ∈ γ′L, decrease ask increases. Thus, for case 2,µS = 0.4 h−1 andt = 100,000h we

haveK1 = 145, K2 = 128, K3 = 112, K4 = 95, K5 = 78, K6 = 60, K7 = 43, andK8 = 25

(a(0, 1) = 0 and, then, the comb having as a back the statess0, s1, . . . , sK does not have any tooth

hanging from states0), andL0 = 126, L1 = 109, L2 = 92, L3 = 75, L4 = 58, L5 = 41, and

L6 = 22. We can also note that the rough upper bound30R
E

for the truncation parametersM , Kk,

k ∈ γK , andLk, k ∈ γ′L, is satisfied and is a little loose. Thus, forµS = 0.4 h−1 the rough upper

bound would have a value≈ 150, which is a bit larger than the values ofKk, k ∈ γK , Lk, k ∈ γ′L,

andM for case 2,µS = 0.4 h−1 andt = 100,000 h. This seems to confirm the applicability of that

rough upper bound.

We will compare next the performance of split regenerative randomization (SRR), standard

randomization (SR), regenerative randomization (RR), adaptive uniformization (AU), and random-

ization with quasistationarity detection (RQD). To be fairin the comparison, for AU we use the AU

layered uniformization variant for AU processes with converged rate described in [30]. This ensures

for AU the same numerical stability as all other three methods have. Figure 8 gives the CPU times

for all four methods as a function oft for case 1,µS = 0.4 h−1 andµS = 0.08 h−1. Figure 9 gives

the CPU times for case 2. We can note that for case 1, i.e. when the initial probability distribution

is concentrated in the stateo without failed components, AU is less expensive than SR for small and

medium times and slightly more expensive for large times. This corroborates the known behavior

for AU [30]. However, for case 2, i.e. when the initial probability distribution is not concentrated

in stateo, AU is about as expensive as SR for small and medium times. This is due to the fact that
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Table 1:K andK
E

as a function oft for case 1 and both values forµS.

µS = 0.4 h−1 µS = 0.08 h−1

t (h) K KE K KE

10 3 69 3 359

20 3 87 3 463

50 3 110 3 592

100 3 128 3 686

200 4 167 4 896

500 4 208 4 1,120

1,000 5 262 5 1,414

2,000 5 306 5 1,658

5,000 6 395 6 2,148

10,000 7 474 7 2,572

20,000 8 544 8 2,955

50,000 8 592 8 3,226

100,000 9 641 9 3,499

Table 2:K, L, M , K
E

, andL
E

as a function oft for case 2 and both values forµS.

µS = 0.4 h−1 µS = 0.08 h−1

t (h) K L M KE LE K L M KE LE

10 3 2 43 81 141 3 2 51 421 760

20 3 2 63 99 151 3 2 81 524 816

50 3 3 98 121 189 3 3 155 651 1,023

100 3 3 100 138 210 3 3 263 745 1,137

200 4 3 100 183 231 4 3 444 988 1,249

500 4 4 100 223 284 4 4 554 1,209 1,541

1,000 5 4 100 283 316 5 4 554 1,535 1,717

2,000 6 5 100 347 372 6 5 554 1,877 2,024

5,000 7 6 100 441 446 7 6 554 2,398 2,415

10,000 7 6 100 505 481 7 6 554 2,750 2,609

20,000 8 7 100 583 521 8 7 554 3,166 2,817

50,000 9 7 100 664 523 9 7 554 3,556 2,835

100,000 9 7 100 686 523 9 7 554 3,738 2,835
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Figure 8: CPU times in seconds under split regenerative randomization (SRR), standard randomiza-

tion (SR), regenerative randomization (RR), adaptive uniformization (AU), and randomization with

quasistationarity detection (RQD) for case 1 andµS = 0.4 h−1 (left), µS = 0.08 h−1 (right), as a

function oft.

the adapted randomization rate in AU is large since the initial step. Regarding the behavior of RR

with respect to SR, for case 1, RR is about as expensive as SR for almost allt. As t increases, RR

becomes less expensive than SR, but the time at which RR becomes less expensive is very large

(about 100,000h). For case 2, RR is significantly more expensive than SR except for very larget

(about 100,000 h). RQD is more expensive than RR for case 1 andless expensive than RR for case

2. For larget, SRR is by far the less expensive method. For case 1,µS = 0.4h−1 andt = 100,000h

SRR is 180 times less expensive than the less expensive of theother methods (RR). For case 1,

µS = 0.08 h−1 andt = 100,000h SRR is 33.8 times less expensive than the less expensive of the

other methods (RR). For case 2,µS = 0.4 h−1 andt = 100,000h SRR is 128 times less expensive

than the less expensive of the other methods (SR). For case 2,µS = 0.08 h−1 andt = 100,000h

SRR is 23.0 times less expensive than the less expensive of the other methods (SR). These speedups

make the CPU times required by SRR for larget (t = 100,000h) reasonable, ranging from279 s

for case 1 andµS = 0.4 h to 3,145 s for case 2 andµS = 0.08 h−1. The timet beyond which

SRR becomes attractive seems to increase as repair rates become more different (R
E

increases) and

is larger when the initial probability distribution is not concentrated in the stateo without failed

components. Both tendencies are due to the increase of the size of the truncated transformed model

and, thus, the increase of the computational cost of both phases of the method (generation of the

truncated transformed model and solution of that model by standard randomization).

5 Conclusions

Motivated by the poor performance of both standard randomization and regenerative randomiza-

tion for typical failure/repair reliability-like models with deferred repair, we have developed a new

numerical method, called split regenerative randomization, for the transient analysis of a class of

CTMC models with a particular but quite general structure. The method has the same good proper-
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Figure 9: CPU times in seconds under split regenerative randomization (SRR), standard randomiza-

tion (SR), regenerative randomization (RR), adaptive uniformization (AU), and randomization with

quasistationarity detection (RQD) for case 2 andµS = 0.4 h−1 (left), µS = 0.08 h−1 (right), as a

function oft.

ties as the well-known standard randomization method: numerical stability, well-controlled compu-

tation error, and ability to specify the computation error in advance, and, for large enough models

and large enough times, will be significantly faster than that method. The method requires the se-

lection of a subset of statesE and a regenerative stater ∈ E and its performance depends on those

selections. For a class of models, classC2, including typical failure/repair reliability-like models

with exponential failure and repair time distribution and deferred repair, natural selections forE and

r exist and, for those natural selections, theoretical results have been obtained assessing approxi-

mately the performance of the method in terms of “visible” model characteristics. We have shown

that, for classC2 models, the method can indeed be significantly faster than other randomization-

based methods and allows the transient analysis of some large models of that type in affordable CPU

times.

Appendix

Proof of Proposition 1. The initial probability distribution of̂V follows from its definition (18).

It is also clear from the definition of̂V that V̂n can only be a statesk, 0 ≤ k ≤ n, a statesk,l,

0 ≤ k ≤ n − 1, 1 ≤ l ≤ n − k, states′n, a states′k,n−k, 0 ≤ k ≤ n − 1, states′′n, or a statefi,

1 ≤ i ≤ A. Furthermore,V̂n can be statesk,l if and only if X̂n−k−l = r, X̂n−k−l+1:n−l ∈ E′

andX̂n−l+1:n ∈ E with nonnull probability and this requires that, for the version of X̂, X̂ ′, with

initial stater, X̂ ′
1:k ∈ E′ andX̂ ′

k+1:k+l ∈ E with nonnull probability, which requireŝX ′
1:k ∈ E′ and

X̂ ′
k+1 ∈ E with nonnull probability, and, taking into account the definition ofZ (2), this is equivalent

to Z0:k ∈ E andZk+1 ∈ E with nonnull probability, which, taking into account the structure (5) of

the transition probability matrix ofZ restricted to its transient states, this is equivalent toZk ∈ E

andZk+1 ∈ E with nonnull probability, i.e.a(k, 1) =
∑

i∈E πi(k, 1) > 0. In addition, V̂n can

be states′k,n−k if and only if X̂0:k ∈ E′ andX̂k+1:n ∈ E with nonnull probability, which requires
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X̂0:k ∈ E′ andX̂k+1 ∈ E with nonnull probability, and, taking into account the definition of Z ′

(3), this is equivalent toZ ′
0:k ∈ E′ andZ ′

k+1 ∈ E with nonnull probability, which, taking into

account the structure (6) of the restriction of the transition probability matrix ofZ ′ restricted to its

transient states, this is equivalent toZ ′
k ∈ E′ andZ ′

k+1 ∈ E with nonnull probability, i.e.a′(k, 1) =
∑

i∈E π′
i(k, 1) > 0. In summary, we havêVn ∈ {sk : 0 ≤ k ≤ n}∪{sk,l : 0 ≤ k ≤ n−1∧1 ≤ l ≤

n− k∧ a(k, 1) > 0}∪{s′n}∪{s′k,n−k : 0 ≤ k ≤ n− 1∧ a′(k, 1) > 0}∪{s′′n}∪{f1, f2, . . . , fA}.

This implies that the reachable state space ofV̂ is a subset of that stated by the proposition.

It is also clear from the definition of̂V (18) that: (1) from states0, V̂ can only jump to states

fi, 1 ≤ i ≤ A, s0, s1 ands0,1, (2) from statesk, k ≥ 1, by condition C6, which impliesPi,r = 0,

i ∈ E′, V̂ can only jump to statesfi, 1 ≤ i ≤ A, sk+1 andsk,1, (3) from statesk,l, by condition C7,

which impliesPi,j = 0, i ∈ E, j ∈ E′, V̂ can only jump to statesfi, 1 ≤ i ≤ A, s0 andsk,l+1, (4)

from states′k, by condition C6,V̂ can only jump to statesfi, 1 ≤ i ≤ A, s′k+1 ands′k,1, (5) from

states′k,l, by condition C7,V̂ can only jump to statesfi, 1 ≤ i ≤ A, s0 ands′k,l+1, and (6) from

states′′k, by condition C7,̂V can only jump to statesfi, 1 ≤ i ≤ A, s0 ands′′k+1.

SinceV̂n = fi if and only if X̂n = fi andfi is absorbing inX̂, from statefi, V̂ can only jump

to fi andP [V̂n+1 = fi | V̂n = fi ∧ V̂n−1 = xn−1 ∧ · · · ∧ V̂0 = x0] = P [V̂n+1 = fi | V̂n = fi] = 1.

To completely verify that̂V is a DTMC we must show that: (a)P [V̂n+1 = y | V̂n = sk ∧ V̂n−1 =

xn−1 ∧ · · · ∧ V̂0 = x0] = P [V̂n+1 = y | V̂n = sk] for all feasible paths(x0, x1, . . . , xn−1, sk) of V̂ ,

(b) P [V̂n+1 = y | V̂n = sk,l ∧ V̂n−1 = xn−1 ∧ · · · ∧ V̂0 = x0] = P [V̂n+1 = y | V̂n = sk,l] for all

feasible paths(x0, x1, . . . , xn−1, sk,l) of V̂ , (c)P [V̂n+1 = y | V̂n = s′n ∧ V̂n−1 = xn−1 ∧ · · · ∧ V̂0 =

x0] = P [V̂n+1 = y | V̂n = s′n] for all feasible paths(x0, x1, . . . , xn−1, s
′
n) of V̂ , (d) P [V̂n+1 =

y | V̂n = s′k,n−k∧ V̂n−1 = xn−1∧· · ·∧ V̂0 = x0] = P [V̂n+1 = y | V̂n = s′k,n−k] for all feasible paths

(x0, x1, . . . , xn−1, s
′
k,n−k) of V̂ , and (e)P [V̂n+1 = y | V̂n = s′′n ∧ V̂n−1 = xn−1 ∧ · · · ∧ V̂0 = x0] =

P [V̂n+1 = y | V̂n = s′′n] for all feasible paths(x0, x1, . . . , xn−1, s
′′
n) of V̂ . To prove (a) note that

V̂n = sk implies V̂n−k = s0, V̂n−k+1 = s1, . . . , V̂n−1 = sk−1 and, given the definition of̂V (18),

the behavior of̂V after the stepsm at which V̂ hits states0 is independent of̂X0, X̂1, . . . , X̂m−1

and, therefore, of̂V0, V̂1, . . . , V̂m−1, and, then,P [V̂n+1 = y | V̂n = sk∧· · ·∧ V̂n−k = s0∧ V̂n−k−1 =

xn−k−1 ∧ · · · ∧ V̂0 = x0] = P [V̂n+1 = y | V̂n = sk ∧ · · · ∧ V̂n−k = s0] = P [V̂n+1 = y | V̂n = sk].

To prove (b) note that̂Vn = sk,l implies V̂n−k−l = s0, . . . , V̂n−l = sk, V̂n−l+1 = sk,1, . . . ,

V̂n−1 = sk,l−1, and, since, as previously shown,V̂ looses its memory at the steps at which it hits

states0,P [V̂n+1 = y |V̂n = sk,l∧· · ·∧V̂n−l+1 = sk,1∧V̂n−l = sk∧· · ·∧V̂n−k−l = s0∧V̂n−k−l−1 =

xn−k−l−1 ∧ · · · ∧ V̂0 = x0] = P [V̂n+1 = y | V̂n = sk,l ∧ · · · ∧ V̂n−l+1 = sk,1 ∧ V̂n−l = sk ∧ · · · ∧
V̂n−k−l = s0] = P [V̂n+1 = y | V̂n = sk,l]. To prove (c) note that̂Vn = s′n impliesV̂0 = s′0, V̂1 = s′1,

. . . , V̂n−1 = s′n−1 and, then,P [V̂n+1 = y | V̂n = s′n ∧ · · · ∧ V̂0 = s′0] = P [V̂n+1 = y | V̂n = s′n]. To

prove (d) note that̂Vn = s′k,n−k implies V̂0 = s′0, . . . , V̂k = s′k, V̂k+1 = s′k,1, . . . , V̂n−1 = s′k,n−k−1

and, then,P [V̂n+1 = y | V̂n = s′k,n−k ∧ · · · ∧ V̂k+1 = s′k,1 ∧ V̂k = s′k ∧ · · · ∧ V̂0 = s′0] = P [V̂n+1 =

y | V̂n = s′k,n−k]. Finally, to prove (e) note that̂Vn = s′′n implies V̂0 = s′′0, . . . , V̂n−1 = s′′n−1 and,

then,P [V̂n+1 = y | V̂n = s′′n ∧ · · · ∧ V̂0 = s′′0] = P [V̂n+1 = y | V̂n = s′′n].

We will verify next the values of the transition probabilities from statessk, sk,l, s′k, s′k,l, and

s′′k. We will useV̂n ∈ {sk : 0 ≤ k ≤ n} ∪ {sk,l : 0 ≤ k ≤ n − 1 ∧ 1 ≤ l ≤ n − k ∧ a(k, 1) >
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0} ∪ {s′n} ∪ {s′k,n−k : 0 ≤ k ≤ n− 1 ∧ a′(k, 1) > 0} ∪ {s′′n} ∪ {f1, f2, . . . , fA}.

Case a(P [V̂n = s0] > 0, which implies (18)P [X̂n = r] > 0): Taking into account that̂Vn = s0 if

and only ifX̂n = r andV̂n = fi if and only if X̂n = fi, (8), and (19)a(0) =
∑

i∈E πi(0) = 1:

P [V̂n+1 = fi | V̂n = s0] =
P [V̂n = s0 ∧ V̂n+1 = fi]

P [V̂n = s0]

=
P [X̂n = r ∧ X̂n+1 = fi]

P [X̂n = r]

= P [X̂n+1 = fi | X̂n = r] = Pr,fi =
∑

j∈E

πj(0)Pj,fi

=

∑
j∈E πj(0)Pj,fi

a(0)
= vi0 .

Similarly,

P [V̂n+1 = s0 | V̂n = s0] =
P [V̂n = s0 ∧ V̂n+1 = s0]

P [V̂n = s0]

=
P [X̂n = r ∧ X̂n+1 = r]

P [X̂n = r]
= P [X̂n+1 = r | X̂n = r] = Pr,r ,

P [V̂n+1 = s1 | V̂n = s0] =
P [V̂n = s0 ∧ V̂n+1 = s1]

P [V̂n = s0]

=
P [X̂n = r ∧ X̂n+1 ∈ E′]

P [X̂n = r]
= P [X̂n+1 ∈ E′ | X̂n = r]

= Pr,E′ =
∑

i∈E

πi(0)Pi,E′ =

∑
i∈E πi(0)Pi,E′

a(0)
= w0 ,

P [V̂n+1 = s0,1 | V̂n = s0] =
P [V̂n = s0 ∧ V̂n+1 = s0,1]

P [V̂n = s0]

=
P [X̂n = r ∧ X̂n+1 ∈ E]

P [X̂n = r]
= P [X̂n+1 ∈ E | X̂n = r]

= Pr,E =
∑

i∈E

πi(0)Pi,E =

∑
i∈E πi(0)Pi,E

a(0)
= h0 .

Case b(P [V̂n = sk] > 0, 1 ≤ k ≤ n, which implies (18)P [X̂n−k = r] > 0): Taking into

account the definition of̂V (18), that the DTMC{X̂m+k; k = 0, 1, 2, . . .} conditioned toX̂m = r

is probabilistically identical toX̂ ′ = {X̂ ′
k; k = 0, 1, 2, . . .}, the definition ofZ (2), that, because of

the structure of the restriction of the transition probability matrix ofZ to its non-absorbing states (5)

and the fact thatZ0 = r, Z1:k ∈ E′ if and only if Zk ∈ E, thatP [Zk+1 = fi | Zk = j] = Pj,fi ,

36



j ∈ E, and (19):

P [V̂n+1 = fi | V̂n = sk] =
P [V̂n = sk ∧ V̂n+1 = fi]

P [V̂n = sk]

=
P [X̂n−k = r ∧ X̂n−k+1:n ∈ E′ ∧ X̂n+1 = fi]

P [X̂n−k = r ∧ X̂n−k+1:n ∈ E′]

=
P [X̂n−k+1:n ∈ E′ ∧ X̂n+1 = fi | X̂n−k = r]

P [X̂n−k+1:n ∈ E′ | X̂n−k = r]

=
P [X̂ ′

1:k ∈ E′ ∧ X̂ ′
k+1 = fi]

P [X̂ ′
1:k ∈ E′]

=
P [Z1:k ∈ E′ ∧ Zk+1 = fi]

P [Z1:k ∈ E′]

=
P [Zk ∈ E ∧ Zk+1 = fi]

P [Zk ∈ E]
=

∑
j∈E P [Zk = j]P [Zk+1 = fi | Zk = j]

∑
j∈E P [Zk = j]

=

∑
j∈E πj(k)Pj,fi∑

j∈E πj(k)
=

∑
j∈E πj(k)Pj,fi

a(k)
= vik .

Similarly,

P [V̂n+1 = sk+1 | V̂n = sk] =
P [V̂n = sk ∧ V̂n+1 = sk+1]

P [V̂n = sk]

=
P [X̂n−k = r ∧ X̂n−k+1:n+1 ∈ E′]

P [X̂n−k = r ∧ X̂n−k+1:n ∈ E′]
=

P [X̂n−k+1:n+1 ∈ E′ | X̂n−k = r]

P [X̂n−k+1:n ∈ E′ | X̂n−k = r]

=
P [X̂ ′

1:k+1 ∈ E′]

P [X̂ ′
1:k ∈ E′]

=
P [Z1:k+1 ∈ E′]

P [Z1:k ∈ E′]
=

P [Zk ∈ E ∧ Zk+1 ∈ E′]

P [Zk ∈ E]

=

∑
i∈E P [Zk = i]P [Zk+1 ∈ E′ | Zk = i]∑

i∈E P [Zk = i]
=

∑
i∈E πi(k)Pi,E′

∑
i∈E πi(k)

=

∑
i∈E πi(k)Pi,E′

a(k)
= wk ,

P [V̂n+1 = sk,1 | V̂n = sk] =
P [V̂n = sk ∧ V̂n+1 = sk,1]

P [V̂n = sk]

=
P [X̂n−k = r ∧ X̂n−k+1:n ∈ E′ ∧ X̂n+1 ∈ E]

P [X̂n−k = r ∧ X̂n−k+1:n ∈ E′]

=
P [X̂n−k+1:n ∈ E′ ∧ X̂n+1 ∈ E | X̂n−k = r]

P [X̂n−k+1:n ∈ E′ | X̂n−k = r]

=
P [X̂ ′

1:k ∈ E′ ∧ X̂ ′
k+1 ∈ E]

P [X̂ ′
1:k ∈ E′]

=
P [Z1:k ∈ E′ ∧ Zk+1 ∈ E]

P [Z1:k ∈ E′]

=
P [Zk ∈ E ∧ Zk+1 ∈ E]

P [Zk ∈ E]
=

∑
i∈E P [Zk = i]P [Zk+1 ∈ E | Zk = i]∑

i∈E P [Zk = i]

=

∑
i∈E πi(k)Pi,E∑

i∈E πi(k)
=

∑
i∈E πi(k)Pi,E

a(k)
= hk .

Case c(P [V̂n = sk,l] > 0, 0 ≤ k ≤ n − 1, 1 ≤ l ≤ n − k, a(k, 1) > 0, which implies (18)

P [X̂n−k−l = r] > 0): Taking into account the definition of̂V (18), that the DTMC{X̂m+k; k =

0, 1, 2, . . .} conditioned toX̂m = r is probabilistically identical toX̂ ′ = {X̂ ′
k; k = 0, 1, 2, . . .}, the

definition ofZ (2), that, because of the structure of the transition probability matrix of Z restricted
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to its non-absorbing states (5) and the fact thatZ0 = r, Z1:k ∈ E′ if and only if Zk ∈ E, that

P [Zn+1 = fi | Zn = j] = Pj,fi , j ∈ E, and (20):

P [V̂n+1 = fi | V̂n = sk,l] =
P [V̂n = sk,l ∧ V̂n+1 = fi]

P [V̂n = sk,l]

=
P [X̂n−k−l = r ∧ X̂n−k−l+1:n−l ∈ E′ ∧ X̂n−l+1:n ∈ E ∧ X̂n+1 = fi]

P [X̂n−k−l = r ∧ X̂n−k−l+1:n−l ∈ E′ ∧ X̂n−l+1:n ∈ E]

=
P [X̂n−k−l+1:n−l ∈ E′ ∧ X̂n−l+1:n ∈ E ∧ X̂n+1 = fi | X̂n−k−l = r]

P [X̂n−k−l+1:n−l ∈ E′ ∧ X̂n−l+1:n ∈ E | X̂n−k−l = r]

=
P [X̂ ′

1:k ∈ E′ ∧ X̂ ′
k+1:k+l ∈ E ∧ X̂ ′

k+l+1 = fi]

P [X̂ ′
1:k ∈ E′ ∧ X̂ ′

k+1:k+l ∈ E]

=
P [Z1:k ∈ E′ ∧ Zk+1:k+l ∈ E ∧ Zk+l+1 = fi]

P [Z1:k ∈ E′ ∧ Zk+1:k+l ∈ E]

=
P [Zk ∈ E ∧ Zk+1:k+l ∈ E ∧ Zk+l+1 = fi]

P [Zk ∈ E ∧ Zk+1:k+l ∈ E]

=

∑
j∈E P [Zk ∈ E ∧ Zk+1:k+l ∈ E ∧ Zk+l = j]P [Zk+l+1 = fi | Zk+l = j]

∑
j∈E P [Zk ∈ E ∧ Zk+1:k+l ∈ E ∧ Zk+l = j]

=

∑
j∈E πj(k, l)Pj,fi∑

j∈E πj(k, l)
=

∑
j∈E πj(k, l)Pj,fi

a(k, l)
= vik,l .

Similarly,

P [V̂n+1 = s0 | V̂n = sk,l] =
P [V̂n = sk,l ∧ V̂n+1 = s0]

P [V̂n = sk,l]

=
P [X̂n−k−l = r ∧ X̂n−k−l+1:n−l ∈ E′ ∧ X̂n−l+1:n ∈ E ∧ X̂n+1 = r]

P [X̂n−k−l = r ∧ X̂n−k−l+1:n−l ∈ E′ ∧ X̂n−l+1:n ∈ E]

=
P [X̂n−k−l+1:n−l ∈ E′ ∧ X̂n−l+1:n ∈ E ∧ X̂n+1 = r | X̂n−k−l = r]

P [X̂n−k−l+1:n−l ∈ E′ ∧ X̂n−l+1:n ∈ E | X̂n−k−l = r]

=
P [X̂ ′

1:k ∈ E′ ∧ X̂ ′
k+1:k+l ∈ E ∧ X̂ ′

k+l+1 = r]

P [X̂ ′
1:k ∈ E′ ∧ X̂ ′

k+1:k+l ∈ E]

=
P [Z1:k ∈ E′ ∧ Zk+1:k+l ∈ E ∧ Zk+l+1 = a]

P [Z1:k ∈ E′ ∧ Zk+1:k+l ∈ E]

=
P [Zk ∈ E ∧ Zk+1:k+l ∈ E ∧ Zk+l+1 = a]

P [Zk ∈ E ∧ Zk+1:k+l ∈ E]

=

∑
i∈E P [Zk ∈ E ∧ Zk+1:k+l ∈ E ∧ Zk+l = i]P [Zk+l+1 = a | Zk+l = i]

∑
i∈E P [Zk ∈ E ∧ Zk+1:k+l ∈ E ∧ Zk+l = i]

=

∑
i∈E πi(k, l)Pi,r∑

i∈E πi(k, l)
=

∑
i∈E πi(k, l)Pi,r

a(k, l)
= qk,l ,

P [V̂n+1 = sk,l+1 | V̂n = sk,l] =
P [V̂n = sk,l ∧ V̂n+1 = sk,l+1]

P [V̂n = sk,l]

=
P [X̂n−k−l = r ∧ X̂n−k−l+1:n−l ∈ E′ ∧ X̂n−l+1:n+1 ∈ E]

P [X̂n−k−l = r ∧ X̂n−k−l+1:n−l ∈ E′ ∧ X̂n−l+1:n ∈ E]
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=
P [X̂n−k−l+1:n−l ∈ E′ ∧ X̂n−l+1:n+1 ∈ E | X̂n−k−l = r]

P [X̂n−k−l+1:n−l ∈ E′ ∧ X̂n−l+1:n ∈ E | X̂n−k−l = r]

=
P [X̂ ′

1:k ∈ E′ ∧ X̂ ′
k+1:k+l+1 ∈ E]

P [X̂ ′
1:k ∈ E′ ∧ X̂ ′

k+1:k+l ∈ E]
=

P [Z1:k ∈ E′ ∧ Zk+1:k+l+1 ∈ E]

P [Z1:k ∈ E′ ∧ Zk+1:k+l ∈ E]

=
P [Zk ∈ E ∧ Zk+1:k+l+1 ∈ E]

P [Zk ∈ E ∧ Zk+1:k+l ∈ E]
=

P [Zk ∈ E ∧ Zk+1:k+l ∈ E ∧ Zk+l+1 ∈ E]

P [Zk ∈ E ∧ Zk+1:k+l ∈ E]

=

∑
i∈E P [Zk ∈ E ∧ Zk+1:k+l ∈ E ∧ Zk+l = i]P [Zk+l+1 ∈ E | Zk+l = i]

∑
i∈E P [Zk ∈ E ∧ Zk+1:k+l ∈ E ∧ Zk+l = i]

=

∑
i∈E πi(k, l)Pi,E∑

i∈E πi(k, l)
=

∑
i∈E πi(k, l)Pi,E

a(k, l)
= wk,l .

Case d(P [V̂n = s′n] > 0): Taking into account the definition of̂V (18), the definition ofZ ′ (3),

that because of the structure of the restriction of the transition probability matrix ofZ ′ to its non-

absorbing states (6)Z ′
0:n ∈ E′ if and only if Z ′

n ∈ E′, thatP [Z ′
n+1 = fi | Z ′

n = j] = Pj,fi, j ∈ E′,

and (21):

P [V̂n+1 = fi | V̂n = s′n] =
P [V̂n = s′n ∧ V̂n+1 = fi]

P [V̂n = s′n]
=

P [X̂0:n ∈ E′ ∧ X̂n+1 = fi]

P [X̂0:n ∈ E′]

=
P [Z ′

0:n ∈ E′ ∧ Z ′
n+1 = fi]

P [Z ′
0:n ∈ E′]

=
P [Z ′

n ∈ E′ ∧ Z ′
n+1 = fi]

P [Z ′
n ∈ E′]

=

∑
j∈E′ P [Z ′

n = j]P [Z ′
n+1 = fi | Z ′

n = j]
∑

j∈E′ P [Z ′
n = j]

=

∑
j∈E′ π′

j(n)Pj,fi∑
j∈E′ π′

j(n)
=

∑
j∈E′ π′

j(n)Pj,fi

a′(n)
= v′in .

Similarly,

P [V̂n+1 = s′n+1 | V̂n = s′n] =
P [V̂n = s′n ∧ V̂n+1 = s′n+1]

P [V̂n = s′n]
=

P [X̂0:n+1 ∈ E′]

P [X̂0:n ∈ E′]

=
P [Z ′

0:n+1 ∈ E′]

P [Z ′
0:n ∈ E′]

=
P [Z ′

n ∈ E′ ∧ Z ′
n+1 ∈ E′]

P [Z ′
n ∈ E′]

=

∑
i∈E′ P [Z ′

n = i]P [Z ′
n+1 ∈ E′ | Z ′

n = i]
∑

i∈E′ P [Z ′
n = i]

=

∑
i∈E′ π′

i(n)Pi,E′

∑
i∈E′ π′

i(n)
=

∑
i∈E′ π′

i(n)Pi,E′

a′(n)
= w′

n .

P [V̂n+1 = s′n,1 | V̂n = s′n] =
P [V̂n = s′n ∧ V̂n+1 = s′n,1]

P [V̂n = s′n]
=

P [X̂0:n ∈ E′ ∧ X̂n+1 ∈ E]

P [X̂0:n ∈ E′]

=
P [Z ′

0:n ∈ E′ ∧ Z ′
n+1 ∈ E]

P [Z ′
0:n ∈ E′]

=
P [Z ′

n ∈ E′ ∧ Z ′
n+1 ∈ E]

P [Z ′
n ∈ E′]

=

∑
i∈E′ P [Z ′

n = i]P [Z ′
n+1 ∈ E | Z ′

n = i]
∑

i∈E′ P [Z ′
n = i]

=

∑
i∈E′ π′

i(n)Pi,E∑
i∈E′ π′

i(n)
=

∑
i∈E′ π′

i(n)Pi,E

a′(n)
= h′n .
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Case e(P [V̂n = s′k,n−k] > 0, 0 ≤ k ≤ n − 1, a′(k, 1) > 0): Taking into account the definition

of V̂ (18), the definition ofZ ′ (3), that because of the structure of the restriction of the transition

probability matrix ofZ ′ to its non-absorbing states (6)Z ′
0:n ∈ E′ if and only if Z ′

n ∈ E′, that

P [Z ′
n+1 = fi | Z ′

n = j] = Pj,fi , j ∈ E, and (22):

P [V̂n+1 = fi | V̂n = s′k,n−k] =
P [V̂n = s′k,n−k ∧ V̂n+1 = fi]

P [V̂n = s′k,n−k]

=
P [X̂0:k ∈ E′ ∧ X̂k+1:n ∈ E ∧ X̂n+1 = fi]

P [X̂0:k ∈ E′ ∧ X̂k+1:n ∈ E]

=
P [Z ′

0:k ∈ E′ ∧ Z ′
k+1:n ∈ E ∧ Z ′

n+1 = fi]

P [Z ′
0:k ∈ E′ ∧ Z ′

k+1:n ∈ E]
=

P [Z ′
k ∈ E′ ∧ Z ′

k+1:n ∈ E ∧ Z ′
n+1 = fi]

P [Z ′
k ∈ E′ ∧ Z ′

k+1:n ∈ E]

=

∑
j∈E P [Z ′

k ∈ E′ ∧ Z ′
k+1:n ∈ E ∧ Z ′

n = j]P [Z ′
n+1 = fi | Z ′

n = j]
∑

j∈E P [Z ′
k ∈ E′ ∧ Z ′

k+1:n ∈ E ∧ Z ′
n = j]

=

∑
j∈E π′

j(k, n− k)Pj,fi∑
j∈E π′

j(k, n − k)
=

∑
j∈E π′

j(k, n − k)Pj,fi

a′(k, n − k)
= v′ik,n−k .

Similarly,

P [V̂n+1 = s0 | V̂n = s′k,n−k] =
P [V̂n = s′k,n−k ∧ V̂n+1 = s0]

P [V̂n = s′k,n−k]

=
P [X̂0:k ∈ E′ ∧ X̂k+1:n ∈ E ∧ X̂n+1 = r]

P [X̂0:k ∈ E′ ∧ X̂k+1:n ∈ E]

=
P [Z ′

0:k ∈ E′ ∧ Z ′
k+1:n ∈ E ∧ Z ′

n+1 = a]

P [Z ′
0:k ∈ E′ ∧ Z ′

k+1:n ∈ E]
=

P [Z ′
k ∈ E′ ∧ Z ′

k+1:n ∈ E ∧ Z ′
n+1 = a]

[Z ′
k ∈ E′ ∧ Z ′

k+1:n ∈ E]

=

∑
i∈E P [Z ′

k ∈ E′ ∧ Z ′
k+1:n ∈ E ∧ Z ′

n = i]P [Z ′
n+1 = a | Z ′

n = i]
∑

i∈E P [Z ′
k ∈ E′ ∧ Z ′

k+1:n ∈ E ∧ Z ′
n = i]

=

∑
i∈E π′

i(k, n− k)Pi,r∑
i∈E π′

i(k, n− k)
=

∑
i∈E π′

i(k, n − k)Pi,r

a′(k, n − k)
= q′k,n−k ,

P [V̂n+1 = s′k,n−k+1 | V̂n = s′k,n−k] =
P [V̂n = s′k,n−k ∧ V̂n+1 = s′k,n−k+1]

P [V̂n = s′k,n−k]

=
P [X̂0:k ∈ E′ ∧ X̂k+1:n+1 ∈ E]

P [X̂0:k ∈ E′ ∧ X̂k+1:n ∈ E]
=

P [Z ′
0:k ∈ E′ ∧ Z ′

k+1:n+1 ∈ E]

P [Z ′
0:k ∈ E′ ∧ Z ′

k+1:n ∈ E]

=
P [Z ′

k ∈ E′ ∧ Z ′
k+1:n ∈ E ∧ Z ′

n+1 ∈ E]

P [Z ′
k ∈ E′ ∧ Z ′

k+1:n ∈ E]

=

∑
i∈E P [Z ′

k ∈ E′ ∧ Z ′
k+1:n ∈ E ∧ Z ′

n = i]P [Z ′
n+1 ∈ E | Z ′

n = i]
∑

i∈E P [Z ′
k ∈ E′ ∧ Z ′

k+1:n ∈ E ∧ Z ′
n = i]

=

∑
i∈E π′

i(k, n − k)P
i,E∑

i∈E π′
i(k, n − k)

=

∑
i∈E π′

i(k, n − k)P
i,E

a′(k, n − k)
= w′

k,n−k .
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Case f(P [V̂n = s′′n] > 0): Taking into account the definition of̂V (18), the definition ofZ ′′ (4),

that, because (7) the restriction of the transition probability matrix of Z ′′ to its non-absorbing states

isP
E,E

, Z ′′
0:n ∈ E if and only ifZ ′′

n ∈ E, thatP [Z ′′
n+1 = fi | Z ′′

n = j] = Pj,fi , j ∈ E, and (23):

P [V̂n+1 = fi | V̂n = s′′n] =
P [V̂n = s′′n ∧ V̂n+1 = fi]

P [V̂n = s′′n]
=

P [X̂0:n ∈ E ∧ X̂n+1 = fi]

P [X̂0:n ∈ E]

=
P [Z ′′

0:n ∈ E ∧ Z ′′
n+1 = fi]

P [Z ′′
0:n ∈ E]

=
P [Z ′′

n ∈ E ∧ Z ′′
n+1 = fi]

P [Z ′′
n ∈ E]

=

∑
j∈E P [Z ′′

n = j]P [Z ′′
n+1 = fi | Z ′′

n = j]
∑

j∈E P [Z ′′
n = j]

=

∑
j∈E π′′

j (n)Pj,fi∑
j∈E π′′

j (n)
=

∑
j∈E π′′

j (n)Pj,fi

a′′(n)
= v′′in .

Similarly,

P [V̂n+1 = s0 | V̂n = s′′n] =
P [V̂n = s′′n ∧ V̂n+1 = s0]

P [V̂n = s′′n]
=

P [X̂0:n ∈ E ∧ X̂n+1 = r]

P [X̂0:n ∈ E]

=
P [Z ′′

0:n ∈ E ∧ Z ′′
n+1 = a]

P [Z ′′
0:n ∈ E]

=
P [Z ′′

n ∈ E ∧ Z ′′
n+1 = a]

P [Z ′′
n ∈ E]

=

∑
i∈E P [Z ′′

n = i]P [Z ′′
n+1 = a | Z ′′

n = i]
∑

i∈E P [Z ′′
n = i]

=

∑
i∈E π′′

i (n)Pi,r∑
i∈E π′′

i (n)
=

∑
i∈E π′′

i (n)Pi,r

a′′(n)
= q′′n ,

P [V̂n+1 = s′′n+1 | V̂n = s′′n] =
P [V̂n = s′′n ∧ V̂n+1 = s′′n+1]

P [V̂n = s′′n]
=

P [X̂0:n+1 ∈ E]

P [X̂0:n ∈ E]

=
P [Z ′′

0:n+1 ∈ E]

P [Z ′′
0:n ∈ E]

=
P [Z ′′

n ∈ E ∧ Z ′′
n+1 ∈ E]

P [Z ′′
n ∈ E]

=

∑
i∈E P [Z ′′

n = i]P [Z ′′
n+1 ∈ E | Z ′′

n = i]
∑

i∈E P [Z ′′
n = i]

=

∑
i∈E π′′

i (n)Pi,E∑
i∈E π′′

i (n)
=

∑
i∈E π′′

i (n)Pi,E

a′′(n)
= w′′

n .

It remains to show that all statessk, k ≥ 0 are reachable, all statessk,l, k ≥ 0, l ≥ 1 such

thata(k, 1) > 0 are reachable, all statess′k, k ≥ 0 are reachable, all statess′k,l, k ≥ 0, l ≥ 1 such

thata′(k, 1) > 0 are reachable, all statess′′k, k ≥ 0 are reachable, and all statesfi, 1 ≤ i ≤ A are

reachable. That all statesfi, 1 ≤ i ≤ A are reachable follows from̂Vn = fi if and only if X̂n = fi

and the statesfi being reachable in̂X (because they are reachable inX). That s′0 is reachable

follows fromP [V̂0 = s′0] = αE′ > 0. Thats′′0 is reachable follows fromP [V̂0 = s′′0] = α
E

> 0.

Thats0 is reachable follows from̂Vn = s0 if and only if X̂n = r and the stater being reachable

in X̂ (because it is reachable inX). The reachability of the remaining states follows, then, from

wk > 0, k ≥ 0, w′
k > 0, k ≥ 0, w′′

k > 0, k ≥ 0, hk > 0 for k ≥ 0 if a(k, 1) > 0, h′k > 0 for k ≥ 0

if a′(k, 1) > 0, wk,l > 0 for k ≥ 0 such thata(k, 1) > 0 andl ≥ 1, andw′
k,l > 0 for k ≥ 0 such

thata′(k, 1) > 0 andl ≥ 1. All this follows from Proposition 2 anda(k) > 0, k ≥ 0; a′(k) > 0,
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k ≥ 0; a′′(k) > 0, k ≥ 0; a(k, l) > 0, l ≥ 1 for k such thata(k, 1) > 0; anda′(k, l) > 0, l ≥ 1 for

k such thata′(k, 1) > 0.

Proof of Proposition 2. Part a)Remember thata(k) > 0, k ≥ 0. Using (9), (19) and (25),

wk =

∑
i∈E πi(k)Pi,E′

a(k)
=

πππ(k)P′
E,E1

a(k)
=

πππ(k + 1)1

a(k)
=

a(k + 1)

a(k)
,

where1 is a column vector with all its elements equal to 1 of appropriate dimension. Considering,

then, that (8)a(0) = 1,
k−1∏

i=0

wi =
k−1∏

i=0

a(i+ 1)

a(i)
=

a(k)

a(0)
= a(k) .

Part b)Using (10), (20) and (26),

hk =

∑
i∈E πi(k)Pi,E

a(k)
=

πππ(k)PE,E1

a(k)
=

πππ(k, 1)1

a(k)
=

a(k, 1)

a(k)
.

Part c)Remember thata(k, 1) > 0 impliesa(k, l) > 0, l ≥ 1. Using (11), (20) and (29),

wk,l =

∑
i∈E πi(k, l)Pi,E

a(k, l)
=

πππ(k, l)P
E,E

1

a(k, l)
=

πππ(k, l + 1)1

a(k, l)
=

a(k, l + 1)

a(k, l)
,

which implies the result.

Part d)Remember that, assumingαE′ > 0, a′(k) > 0, k ≥ 0. Using (13), (21) and (31),

w′
k =

∑
i∈E′ π′

i(k)Pi,E′

a′(k)
=

πππ′(k)PE′,E′1

a′(k)
=

πππ′(k + 1)1

a′(k)
=

a′(k + 1)

a′(k)
.

Considering, then, that (12)a′(0) = αE′ ,

k−1∏

i=0

w′
i =

k−1∏

i=0

a′(i+ 1)

a′(i)
=

a′(k)

a′(0)
=

a′(k)

αE′

.

Part e)Using (14), (22) and (32),

h′k =

∑
i∈E′ π′

i(k)Pi,E

a′(k)
=

πππ′(k)P
E′,E

1

a′(k)
=

πππ′(k, 1)1

a′(k)
=

a′(k, 1)

a′(k)
.

Part f)Remember that, assumingαE′ > 0, a′(k, l) > 0, l ≥ 1 for k such thata′(k, 1) > 0. Using

(15), (22) and (35),

w′
k,l =

∑
i∈E π′

i(k, l)Pi,E

a′(k, l)
=

πππ′(k, l)P
E,E

1

a′(k, l)
=

πππ′(k, l + 1)1

a′(k, l)
=

a′(k, l + 1)

a′(k, l)
,

which implies the result.

Part g)Remember that, assumingα
E
> 0, a′′(k) > 0, k ≥ 0. Using (17), (23) and (38),

w′′
k =

∑
i∈E π′′

i (k)Pi,E

a′′(k)
=

πππ′′(k)PE,E1

a′′(k)
=

πππ′′(k + 1)1

a′′(k)
=

a′′(k + 1)

a′′(k)
.
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Considering, then, that (16)a′′(0) = α
E

,

k−1∏

i=0

w′′
i =

k−1∏

i=0

a′′(i+ 1)

a′′(i)
=

a′′(k)

a′′(0)
=

a′′(k)

α
E

.

Proof of Proposition 3. We will start by considering the CTMCV ′
T differing from VT in that:

(1) the teeth of the comb with the statessk in the back have not been truncated (they are as in

the CTMCV ), (2) the transitions to the absorbing statesfi, 1 ≤ i ≤ A, have been redirected to

s0, and (3) the absorbing statesfi, 1 ≤ i ≤ A, have been merged into statea. Let P be the set

of paths through whichVT can enter statea throughsK . Every p ∈ P is a sequence of states

(x0, x1, . . . , xL(p)), L(p) ≥ 1, with P [VT (0) = x0] > 0, nonnull transition rate from every statexl
to xl+1, 0 ≤ l < L(p), xL(p)−1 = sK , andxL(p) = a. Let P ′ be the set of paths through which

V ′
T can enter statea throughsK . By construction,P ⊂ P ′. Also, denoting byP (p), p ∈ P the

probability thatVT will follow path p and byP ′(p), p ∈ P ′ the probability thatV ′
T will follow path

p, we haveP (p) = P ′(p), p ∈ P. Further, since the states ofVT different fromfi, 1 ≤ i ≤ A, have

the same output rates inV ′
T as inVT , denoting byD(p), p ∈ P the duration of pathp in VT (time

till VT hits a) and byD′(p), p ∈ P ′ the duration of pathp in V ′
T , D(p) andD′(p), p ∈ P have the

same distribution. Then,

me′′′
K,L,M(t) = rmax

∑

p∈P

P (p)P [D(p) ≤ t] ≤ rmax

∑

p∈P ′

P ′(p)P [D′(p) ≤ t] . (48)

Consider now the CTMCV ′′
T obtained fromV ′

T by substituting the states with output rateΛ
E

(statessk,l, k ∈ γK , l ≥ 1; if αE′ > 0, statess′k,l, k ∈ γ′L, 1 ≤ l ≤ Lk; and, ifα
E

> 0, states

s′′k, 0 ≤ k ≤ M ) by instantaneous switches with jump probabilities to their successors equal to the

jump probabilities of those states inV ′
T . Regarding the pathsp ∈ P ′, this is equivalent to neglect in

every path the holding times in the states with output rateΛ
E

. Then, denoting byD′′(p), p ∈ P ′ the

duration of the pathp in V ′
T neglecting the holding times in the states with output rateΛ

E
, we have

P [D′′(p) ≤ t] ≥ P [D′(p) ≤ t], p ∈ P ′ and

P [by timet, V ′′
T has entereda throughsK ] =

∑

p∈P ′

P ′(p)P [D′′(p) ≤ t] ≥
∑

p∈P ′

P ′(p)P [D′(p) ≤ t] ,

which combined with (48) gives

me′′′
K,L,M(t) ≤ rmaxP [by timet, V ′′

T has entereda throughsK ] . (49)

We will derive next the initial probability distribution and the state transition diagram ofV ′′
T .

By construction, the initial probability distribution ofV ′
T is

P [V ′
T (0) = s0] = P [VT (0) = s0] = αr ,

for αE′ > 0, P [V ′
T (0) = s′0] = P [VT (0) = s′0] = αE′ ,

for α
E
> 0, P [V ′

T (0) = s′′0] = P [VT (0) = s′′0] = α
E
,

43



P [V ′
T (0) = a] = P [VT (0) = a] +

A∑

i=1

P [VT (0) = fi] =
A∑

i=1

αfi ,

P [V ′
T (0) = i] = 0, i 6∈ {s0, s′0, s′′0 , a} .

The initial probability distribution and state transitiondiagram ofV ′′
T can, then, be obtained

from the initial probability distribution and state transition diagram ofV ′
T by looking at the states

with output rateΛ
E

as instantaneous switches and eliminating those switches in a way similar as

vanishing markings are eliminated in GSPNs [6]. Figure 10 depicts the state transition diagram

of V ′
T for the caseαE′ > 0, α

E
> 0 andA = 1 with states with output rateΛ

E
replaced by

instantaneous switches (drawn as squares), indicating theswitching probabilities.

Assumeα
E

> 0. The only instantaneous switch with nonnull initial probability is states′′0.

That switch has initial probabilityαE . Using Proposition 2g, the probability thatV ′
T (with states

with output rateΛ
E

replaced by instantaneous switches) will follow path(s′′0, s
′′
1 , . . . , s

′′
M , a) is

αE

∏M−1
k=0 w′′

k = a′′(M). With probabilityαE(1 − ∏M−1
k=0 w′′

k) = αE − a′′(M), V ′
T will start at

s′′0 and will exit the subset of states{s′′0, s′′1 , . . . , s′′M} through states0. Then, the initial probability

distribution ofV ′′
T will be

P [V ′′
T (0) = s0] = P [V ′

T (0) = s0] + α
E
− a′′(M) = αr + α

E
− a′′(M) ,

for αE′ > 0, P [V ′′
T (0) = s′0] = P [V ′

T (0) = s′0] = αE′ ,

P [V ′′
T (0) = a] = P [V ′

T (0) = a] + a′′(M) =
A∑

i=1

αfi + a′′(M) ,

P [V ′′
T (0) = i] = 0 , i 6∈ {s0, s′0, a} .

If αE′ > 0, elimination of the switchess′k,l, k ∈ γ′L, 1 ≤ l ≤ Lk, introduces transitions inV ′′
T from

statess′k, k ∈ γ′L, to statesa ands0. Taking into account that the probability that, starting ats′k,1, V
′
T

will exit the subset of states{s′k,1, s′k,2, . . . , s′k,Lk
} through statea is

∏Lk−1
i=1 w′

k,i, for eachk ∈ γ′L,

elimination of the switchess′k,1, s
′
k,2, . . . , s

′
k,Lk

will introduce a transition rate froms′k to a equal to

φ′
kΛE, with φ′

k = h′k
∏Lk−1

i=1 w′
k,i. Assuming conventionally that 0 by a non-defined quantity is0,

V ′′
T will have that transition rate from every states′k, 0 ≤ k ≤ L − 1, to a. Since the output rate of

every states′k is ΛE, elimination of the switchess′k,1, s
′
k,2, . . . , s

′
k,Lk

will introduce a transition rate

from every states′k, 0 ≤ k ≤ L − 1, to s0 equal toΛE − w′
kΛE − φ′

kΛE = (1 − w′
k − φ′

k)ΛE .

Elimination of the statessk,l, k ∈ γK , will introduce transition rates fromsk, k ∈ γK , k > 0,

to states0. The probability that, starting at a statesk,1, k ∈ γK , V ′
T will exit the subset of states

{sk,1, sk,2, . . .} through states0 is 1. This is a consequence of the fact that the limit form → ∞
of
∏m

i=1wk,i = a(k,m + 1)/a(k, 1), by Proposition 2c, is 0 because, as shown in the proof of

Theorem 4,a(k, l) decreases geometrically fast withl. Then, since the output rate of the statessk,

1 ≤ k ≤ K − 1, is ΛE, elimination of the switchessk,l, k ∈ γK , l ≥ 1, will result in a transition

rate to states0 from every statesk, 1 ≤ k ≤ K− 1, equal toΛE −wkΛE = (1−wk)ΛE . Figure 11

depicts the state transition diagram ofV ′′
T for the caseαE′ > 0. For the caseαE′ = 0, the statess′k

and the transitions from those states disappear.
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Figure 10: State transition diagram ofV ′
T with states with outpurateΛE replaced by instantaneous

switches for the caseαE′ > 0, α
E
> 0, andA = 1 (there can exist transitions tos0 from any state

sk, 0 < k ≤ K−1, any statesk,l, l ≥ 1, any states′k, 0 ≤ k ≤ L−1, any states′k,l, 1 ≤ k ≤ Lk−1,

and any states′′k, 0 ≤ k ≤ M − 1).
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Figure 11: State transition diagram of the CTMCV ′′
T for the caseαE′ > 0.

Let V̂ ′′
T be the DTMC obtained by randomizingV ′′

T with rateΛE . The initial probability distri-

bution of V̂ ′′
T is the same as the initial probability distribution ofV ′′

T . The state transition diagram

of V̂ ′′
T for the caseαE′ > 0 is depicted in Figure 12. For the caseαE′ = 0, the statess′k and the

transitions from those states dissappear.

Let c(k) = P [by stepk, V̂ ′′
T has entereda throughsK ]. Using the probabilistic identity ofV ′′

T

and{(V̂ ′′
T )Q(t); t ≥ 0}, whereQ is a Poisson process with arrival rateΛE independent of̂V ′′

T ,

P [by timet, V ′′
T has entereda throughsK ] =

∞∑

k=0

c(k)e−ΛE t (ΛEt)
k

k!

and, therefore (49),

me′′′
K,L,M(t) ≤ rmax

∞∑

k=0

c(k)e−ΛE t (ΛEt)
k

k!
. (50)

Consider now, for the caseαE′ > 0, the DTMCY obtained fromV̂ ′′
T by introducing an ab-

sorbing statef1 with null initial probability and redirecting tof1 the transitions from the states

s′0, s
′
1, . . . , s

′
L−1 to a. The DTMCY is a particular instance of the DTMĈVK,L considered in [9].

For the caseαE′ = 0, let Y be the DTMC obtained from̂V ′′
T by introducing an absorbing statef1

with null initial probability. In that case,Y is a particular instance of the DTMĈVK considered

in [9]. Trivially, c(k) is also the probability that, by stepk, Y has entereda throughsK . Then,

denoting byIc the indicator function returning the value 1 if conditionc is satisfied and the value 0

otherwise, applying Proposition 3 of [9] and using Proposition 2a, for the caseαE′ > 0,

c(k) ≤ Ik>KP [(V̂ ′′
T )0 ∈ {s0, s′0}](k −K)

K−1∏

i=0

wi

= Ik>K(αr + αE − a′′(M) + αE′)(k −K)a(K)

= Ik>K(αS − a′′(M))(k −K)a(K) .
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Figure 12: State transition diagram of the DTMĈV ′′
T for the caseαE′ > 0.

Similarly, for the caseαE′ = 0,

c(k) ≤ Ik>KP [(V̂ ′′
T )0 = s0](k −K)

K−1∏

i=0

wi

= Ik>K(αr + α
E
− a′′(M))(k −K)a(K)

= Ik>K(αS − a′′(M))(k −K)a(K) .

Combiningc(k) = Ik>K(αS − a′′(M))(k − K)a(K) with (50) gives the result asserted by the

proposition.

Proof of Proposition 4. Consider, first, the CTMCV ′
T,k differing fromVT in that: (1) the teeth of

the comb with the statessk in the back hanging from statessl, k + 1 ≤ l ≤ K − 1, have not been

truncated (they are as in the CTMCV ), (2) the transitions to the absorbing statesfi, 1 ≤ i ≤ A,

have been redirected tos0, and (3) the absorbing statesfi, 1 ≤ i ≤ A, have been merged into state

a. Consider, next, the CTMCV ′′
T,k obtained fromV ′

T,k by substituting the states with output rate

Λ
E

(statessl,m, l ∈ γK , 0 ≤ l ≤ k, 1 ≤ m ≤ Kl; statessl,m, l ∈ γK , k + 1 ≤ l ≤ K − 1,

m ≥ 1; if αE′ > 0, statess′l,m, l ∈ γ′L, 1 ≤ m ≤ Ll; and, ifα
E

> 0, statess′′l , 0 ≤ l ≤ M ) by

instantaneous switches with jump probabilities to their successors equal to the jump probabilities of

those states inV ′
T,k. In a way similar as it was shown in the proof of Proposition 3 thatme′′′

K,L,M(t) ≤
rmaxP [by timet, V ′′

T has entereda throughsK ], it can be shown that

me′′′
K,L,M,k(t) ≤ rmaxP [by timet, V ′′

T,k has entereda throughsk] , k ∈ γK . (51)

We will derive next the initial probability distribution and the state transition diagram ofV ′′
T,k.

By construction, the initial probability distribution ofV ′
T,k is:

P [V ′
T,k(0) = s0] = P [VT (0) = s0] = αr ,

for αE′ > 0, P [V ′
T,k(0) = s′0] = P [VT (0) = s′0] = αE′ ,
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for α
E
> 0, P [V ′

T,k(0) = s′′0] = P [VT (0) = s′′0] = α
E
,

P [V ′
T,k(0) = a] = P [VT (0) = a] +

A∑

i=1

P [VT (0) = fi] =
A∑

i=1

αfi ,

P [V ′
T,k(0) = i] = 0, i 6∈ {s0, s′0, s′′0 , a} .

As in the proof of Proposition 3, the initial probability distribution and state transition diagram

of V ′′
T,k can be obtained from the initial probability distribution and state transition diagram ofV ′

T,k

by looking at the states with output rateΛ
E

as instantaneous switches and eliminating those switches

in a way similar as vanishing markings are eliminated in GSPNs [6]. Figure 13 depicts the state

transition diagram ofV ′
T,k for the caseαE′ > 0, α

E
> 0 andA = 1 with states with output rate

Λ
E

replaced by instantaneous switches (drawn as squares), indicating the switching probabilities.

The initial probability distribution ofV ′′
T,k only differs from the initial probability distribution of

V ′
T,k because of the elimination of the switchess′′0, s

′′
1 , . . . , s

′′
M and, similarly as in the proof of

Proposition 3, can be shown to be

P [V ′′
T,k(0) = s0] = P [V ′

T,k(0) = s0] + α
E
− a′′(M) = αr + α

E
− a′′(M) ,

for αE′ > 0, P [V ′′
T,k(0) = s′0] = P [V ′

T,k(0) = s′0] = αE′ ,

P [V ′′
T,k(0) = a] = P [V ′

T,k(0) = a] + a′′(M) =
A∑

i=1

αfi + a′′(M) ,

P [V ′′
T,k(0) = i] = 0, i 6∈ {s0, s′0, a} .

As in the CTMCV ′′
T considered in the proof of Proposition 3, ifαE′ > 0, elimination of the switches

s′l,m, l ∈ γ′L, 1 ≤ m ≤ Ll, will introduce transition rates from every states′l, l ∈ γ′L, to a equal

to φ′
lΛE , with φ′

l = h′l
∏Ll−1

i=1 w′
l,i and from every states′l, l ∈ γ′L, to s0 equal to(1 − w′

l − φ′
l)ΛE .

Assuming conventionally that 0 by a non-defined quantity is 0, V ′′
T,k will have those transition rates

from every states′l, 0 ≤ l ≤ L − 1. Elimination of the switchessl,m, l ∈ γK , 0 ≤ l ≤ k, will

introduce a transition rate from every statesl, l ∈ γK , 0 ≤ l ≤ k, to statea of valueφlΛE , with

φl = hl

Kk−1∏

i=1

wl,i . (52)

Assuming conventionally that 0 by a non-defined quantity is 0, V ′′
T,k will have a transition rateφlΛE

from very statesl, 0 ≤ l ≤ k, to statea. Since the output rate of every statesl, 0 < l ≤ k is ΛE,

elimination of those switches will introduce a transition rate from every statesl, 0 < l ≤ k to state

s0 of valueΛE − wlΛE − φlΛE = (1 − wl − φl)ΛE . Elimination of the switchessl,m, l ∈ γK ,

k + 1 ≤ l ≤ K − 1, m ≥ 1, will introduce transition rates fromsl, l ∈ γK , k + 1 ≤ l ≤ K − 1, to

states0. The probability that, starting at a statesl,1, l ∈ γK , k + 1 ≤ l ≤ K − 1, V ′
T,k will exit the

subset of states{sl,1, sl,2, . . .} through states0 is 1. This is a consequence of the fact that the limit

for m → ∞ of
∏m

i=1wl,i = a(l,m + 1)/a(l, 1), by Proposition 2c, is 0 because, as shown in the

proof of Theorem 4,a(l,m) decreases geometrically fast withm. Then, since the output rate of the

statessl, k + 1 ≤ l ≤ K − 1, isΛE, elimination of the switchessl,m, l ∈ γK , k + 1 ≤ l ≤ K − 1,

m ≥ 1, will result in a transition rate to states0 from every statesl, k + 1 ≤ l ≤ K − 1, equal
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Figure 13: State transition diagram ofV ′
T,k with states with outpurateΛ

E
replaced by instantaneous

switches for the caseαE′ > 0, αE > 0, andA = 1 (there can exist transitions tos0 from any state

sk, 0 < k ≤ K − 1, any statesl,m, 0 ≤ l ≤ k, 1 ≤ m ≤ Kk − 1, any statesl,m, k+1 ≤ l ≤ K− 1,

m ≥ 1, any states′l, 0 ≤ l ≤ L−1, any states′l,m, 1 ≤ m ≤ Ll−1, and any states′′l , 0 ≤ l ≤ M−1).
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Figure 14: State transition diagram of the CTMCV ′′
T,k for the caseαE′ > 0.
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Figure 15: State transition diagram of the CTMĈV ′′
T,k for the caseαE′ > 0.

to ΛE − wlΛE = (1 − wl)ΛE . Figure 14 depicts the state transition diagram ofV ′′
T,k for the case

αE′ > 0. For the caseαE′ = 0, the statess′l and the transitions from those states disappear.

Let V̂ ′′
T,k, k ∈ γK , be the DTMC obtained by randomizingV ′′

T,k with rateΛE . The initial

probability distribution ofV̂ ′′
T,k is the same as the initial probability distribution ofV ′′

T,k. The state

transition diagram of̂V ′′
T,k for the caseαE′ > 0 is depicted in Figure 15. For the caseαE′ = 0, the

statess′l and the transitions from those states disappear.

Let ck(l) = P [by stepl, V̂ ′′
T,k has entereda throughsk], k ∈ γK . Using the probabilistic iden-

tity of V ′′
T,k and{(V̂ ′′

T,k)Q(t); t ≥ 0}, whereQ is a Poisson process with arrival rateΛE independent

of V̂ ′′
T,k,

P [by timet, V ′′
T,k has entereda throughsk] =

∞∑

l=0

ck(l)e
−ΛE t (ΛEt)

l

l!
, k ∈ γK
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Figure 16: State transition diagram of the DTMĈV ′′′
T,k for the caseαE′ > 0.

and, therefore (51),

me′′′
K,L,M,k(t) ≤ rmax

∞∑

l=0

ck(l)e
−ΛEt (ΛEt)

l

l!
, k ∈ γK . (53)

Let V̂ ′′′
T,k, k ∈ γK , be the DTMC obtained from̂V ′′

T,k by directing the transition probability 1

from sK to a to states0. The state transition diagram of̂V ′′′
T,k for the caseαE′ > 0 is depicted in

Figure 16. For the caseαE′ = 0, the statess′l and the transitions from those states disappear. Let

c′k(l) = P [by stepl, V̂ ′′′
T,k has entereda throughsk], k ∈ γK . Let Pk be the set of paths of̂V ′′

T,k

which enter statea throughsk, Every pathp is a sequence(x0, x1, . . . , xL(p)), whereL(p) is the

length of the path, withP [(V̂ ′′
T,k)0 = x0] > 0, nonnull transition probability from every statexl to

xl+1, 0 ≤ l < L(p), xL(p)−1 = sk andxL(p) = a. Let P (p), p ∈ Pk, be the probability that̂V ′′
T,k

will follow path p. We have

ck(l) =
∑

p∈Pk, L(p)≤l

P (p) .

Let P ′
k be the set of paths of̂V ′′′

T,k which enter statea throughsk. Let P ′(p), p ∈ P ′
k be the

probability thatV̂ ′′′
T,k will follow path p. We have

c′k(l) =
∑

p∈P ′

k
, L(p)≤l

P ′(p) .

By construction,Pk ⊂ P ′
k and, for eachp ∈ Pk, P ′(p) = P (p). Then,ck(l) ≤ c′k(l).

Let V̂ IV
T,k, k ∈ γK be the DTMC obtained from̂V ′′′

T,k by replacing the statessk+1, sk+2, . . . , sK

by instantaneous switches. The state transition diagram ofV̂ IV
T,k for the caseαE′ > 0 is depicted in

Figure 17. For the caseαE′ = 0, the statess′l and the transitions from those states disappear. Let

c′′k(l) = P [by stepl, V̂ IV
T,k has entereda throughsk], k ∈ γK . For eachp ∈ P ′

k, let M(p) be the

number of instances of states in the subset{sk+1, . . . , sK} in pathp. By construction,

c′′k(l) =
∑

p∈P ′

k
, L(p)−M(p)≤l

P ′(p)
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Figure 17: State transition diagram of the DTMĈV IV
T,k for the caseαE′ > 0.
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Figure 18: State transition diagram of the DTMĈV V
T,k for the caseαE′ > 0.

and, then,c′k(l) ≤ c′′k(l).

Finally, let V̂ V
T,k, k ∈ γK , be the DTMC obtained from̂V IV

T,k by delaying the entry fromsk to

a by one step by adding a statesk+1, redirecting tosk+1 the transition probabilityφk from sk to

a, and adding a transition probability 1 fromsk+1 to a. The state transition diagram of̂V V
T,k for

the caseαE′ > 0 is depicted in Figure 18. For the caseαE′ = 0, the statess′l and the transitions

from those states disappear. Letc′′′k (l) = P [by stepl, V̂ V
T,k has entereda throughsk+1], k ∈ γK . By

construction of̂V V
T,k, c′′k(l) = c′′′k (l+1), k ∈ γK . Summarizing, we haveck(l) ≤ c′′′k (l+1), k ∈ γK ,

which combined with (53) gives

me′′′
K,L,M,k(t) ≤ rmax

∞∑

l=0

c′′′k (l + 1)e−ΛE t (ΛEt)
l

l!
, k ∈ γK . (54)

52



Consider now, for the caseαE′ > 0, the DTMCY obtained fromV̂ V
T,k by introducing an

absorbing statef1 with null initial probability and redirecting tof1 the transitions from the states

s′0, s
′
1, . . . , s

′
L−1 and the statess0, s1, . . . , sk−1 to a. The DTMCY is a particular instance of the

DTMC V̂K,L considered in [9]. For the caseαE′ = 0, let Y be the DTMC obtained from̂V V
T,k by

introducing an absorbing statef1 with null initial probability and directing tof1 the transitions from

the statess0, s1, . . . , sk−1 to a. In that case,Y is a particular instance of the DTMĈVK considered

in [9]. Trivially, c′′′k (l) is also the probability that, by stepl, Y has entereda throughsk+1. Then,

denoting byIc the indicator function returning the value 1 if conditionc is satisfied and the value 0

otherwise, applying Proposition 3 of [9], taking into account that the initial probability distribution

of Y is the same as the initial probability distribution ofV̂ ′′
T,k, using (52), and using Proposition 2a,

b and c, for the caseαE′ > 0,

c′′′k (l) ≤ Il>k+1P
[
(V̂ ′′

T,k)0 ∈ {s0, s′0}
]
(l − k − 1)

(
k−1∏

i=0

wi

)
φk

= Il>k+1(αr + α
E
− a′′(M) + αE′)(l − k − 1)

(
k−1∏

i=0

wi

)
hk




Kk−1∏

i=1

wk,i




= Il>k+1(αS − a′′(M))(l − k − 1)a(k)
a(k, 1)

a(k)

a(k,Kk)

a(k, 1)

= Il>k+1(αS − a′′(M))(l − k − 1)a(k,Kk) , k ∈ γK .

Similarly, for the caseαE′ = 0,

c′′′k (l) ≤ Il>k+1P
[
(V̂ ′′

T,k)0 = s0
]
(l − k − 1)

(
k−1∏

i=0

wi

)
φk

= Il>k+1(αr + α
E
− a′′(M))(l − k − 1)

(
k−1∏

i=0

wi

)
hk




Kk−1∏

i=1

wk,i




= Il>k+1(αS − a′′(M))(l − k − 1)a(k)
a(k, 1)

a(k)

a(k,Kk)

a(k, 1)

= Il>k+1(αS − a′′(M))(l − k − 1)a(k,Kk) , k ∈ γK .

Combiningc′′′k (l) = Il>k+1(αS − a′′(M))(l − k − 1)a(k,Kk), k ∈ γK with (54) gives the result

asserted by the proposition.

Proof of Theorem 4. The states inE of the DTMCZ ′′ are transient. Since the restriction of the

transition probability matrix ofZ ′′ toE is (7)PE,E , this implies [37, Theorem 4.3] that the elements

of Pl
E,E

decrease geometrically fast withl and, therefore, that||(PT
E,E

)l||1 = ||(Pl
E,E

)T ||1 de-

creases geometrically fast withl. We will start by provingKE =
∑

k∈γK
Kk = O((log(ΛEt/ε))

2).

Usingπππ(k, l)T = (PT
E,E

)l−1PT
E,E

πππ(k)T , which follows from (10) and (11),||πππ(k)T ||1 ≤ 1 and

||PT
E,E

||1 ≤ 1, we get (20)

a(k, l) = ||πππ(k, l)T ||1 ≤ ||(PT
E,E

)l−1||1 ||PT
E,E

||1 ||πππ(k)T ||1 ≤ ||(PT
E,E

)l−1||1

and, then,a(k, l) decreases geometrically fast withl, i.e. there existC > 0, 0 < b < 1, andl0 ≥ 0

such that

a(k, l) ≤ Cbl, l ≥ l0 . (55)
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On the other hand, the upper bound forme′′′
K,L,M,k(t), k ∈ γK , given by Proposition 4 satisfies

rmax(αS − a′′(M))a(k,Kk)
∞∑

l=k+1

(l − k)e−ΛEt (ΛEt)
l

l!

= rmax(αS − a′′(M))a(k,Kk)
∞∑

l=1

le−ΛEt (ΛEt)
k+l

(k + l)!

≤ rmaxαSa(k,Kk)
∞∑

l=1

e−ΛEt (ΛEt)
k+l

(k + l − 1)!

= rmaxαSa(k,Kk)ΛEt
∞∑

l=k

e−ΛEt (ΛEt)
l

l!
< rmaxαSa(k,Kk)ΛEt . (56)

Using (56), for eachk ∈ γk, the required truncation parameterKk is upper bounded by the minimum

integerl ≥ 1 satisfyingrmaxαSa(k, l)ΛEt ≤ ε2/|γK |. Using (55), that integer is not greater than

Kub = max{l0,m}, wherem is the minimum integerl ≥ 1 satisfyingrmaxαSCblΛEt ≤ ε2/|γK |.
Butm is not greater thanmax{1, ⌊x⌋ + 1}, wherex satisfies

rmaxαSCbxΛEt =
ε2
|γK | .

Taking logarithms

log rmax + logαS + logC + x log b+ log(ΛEt) = log

(
ε2
|γK |

)
,

x =
log(|γK |ΛEt/ε2) + log rmax + log αS + logC

log(1/b)
.

Being0 < b < 1, log(1/b) > 0 and, then, the previous expression forx shows thatx, m andKub

areO(log(|γK |ΛEt/ε2)) = O(log(KΛEt/ε)) = O(log(log(ΛEt/ε)ΛEt/ε)), since|γK | ≤ K, ε2
is equal toε except for a constant factor, andK = O(log(ΛEt/ε)). It is important to note thatKub

is independent ofk and, therefore, we haveKE ≤ KKub. Then:

KE = O


log

(
ΛEt

ε

)
log



log

(
ΛEt
ε

)
ΛEt

ε






= O

(
log

(
ΛEt

ε

)(
log

(
log

(
ΛEt

ε

))
+ log

(
ΛEt

ε

)))

= O

((
log

(
ΛEt

ε

))2
)

.

We will prove next L
E

=
∑

k∈γL
Lk = O((log(1/ε))2). Using πππ′(k, l)T =

(PT
E,E

)l−1PT
E′,E

πππ′(k)T , which follows from (14) and (15),||πππ′(k)T ||1 ≤ 1 and||PT
E′,E

||1 ≤ 1, we

get (22)

a′(k, l) = ||πππ′(k, l)T ||1 ≤ ||(PT
E,E

)l−1||1 ||PT
E′,E

||1 ||πππ′(k)T ||1 ≤ ||(PT
E,E

)l−1||1 ,

and, since, as we have proved,||(PT
E,E

)l||1 decreases geometrically fast withl, so doesa′(k, l), and

there existC > 0, 0 < b < 1, andl0 ≥ 0 such that

a′(k, l) ≤ Cbl, l ≥ l0 . (57)
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On the other hand, the upper bound forme′′
L,k(t) given by (42) satisfies

rmaxa
′(k, Lk)

∞∑

l=k+1

e−ΛEt (ΛEt)
l

l!
< rmaxa

′(k, Lk) . (58)

Using (58), for eachk ∈ γ′L, the required truncation parameterLk is upper bounded by the minimum

integerl ≥ 1 satisfyingrmaxa
′(k, l) ≤ ε3/|γ′L|. Using (57), that integer is not greater thanLub =

max{l0,m′}, wherem′ is the minimum integerl ≥ 1 satisfyingrmaxCbl ≤ ε3/|γ′L|. Butm′ is not

greater thanmax{1, ⌊x′⌋+ 1}, wherex′ satisfies

rmaxCbx
′

=
ε3
|γ′L|

.

Taking logarithms

log rmax + logC + x′ log b = log

(
ε3
|γ′L|

)
,

x′ =
log(|γ′L|/ε3) + log rmax + logC

log(1/b)
.

Being 0 < b < 1, log(1/b) > 0 and, then, the previous expression forx′ shows thatx′, m′ and

Lub areO(log(|γ′L|/ε3)) = O(log(L/ε)) = O(log(log(1/ε))/ε), since|γ′L| ≤ L, ε3 is equal toε

except for a constant factor, andL = O(log(1/ε)). As before, it is important to note thatLub is

independent ofk and, therefore,LE ≤ LLub. Then

L
E
= O

(
log

(
1

ε

)
log

(
log(1

ε
)

ε

))

= O

(
log

(
1

ε

)(
log

(
log

(
1

ε

))
+ log

(
1

ε

)))

= O

((
log

(
1

ε

))2
)

.

Proposition 5. Conditions C1 and C3 are sufficient for all states inS of Z to be transient.

Proof. States inS are transient inX̂ if and only if they are transient inX. The recurrent classes of

X̂ in S are exactly the recurrent classes ofX in S. Therefore, it is enough to prove the result with

conditions C1 and C3 referred tôX instead of toX.

If all states inS are transient inX̂ , there will exist for eachx ∈ S a path inX̂ from x to some

absorbing statefi. Besidesx, the path may includer or not. Given the relationships between the

state transition diagrams of̂X andZ, this implies the existence of a path inZ from x to eitherfi (if,

besidesx, the path inX̂ does not includer) or a (if, besidesx, the path inX̂ includesr), and that

x is transient inZ. If X̂ has a single recurrent classC ⊂ S andr ∈ C, for eachx ∈ C there will

exist a path inZ to a. Forx = r, this is becausePr,r > 0. Forx ∈ C − {r}, this is because, being

C a recurrent class of̂X, there will exist a path in̂X from x to r. Consider now a statex ∈ S − C.

Such state is transient in̂X and, therefore, either̂X has a path fromx to C or X̂ has a path fromx

to some statefi not including states inC. In the first case,̂X has a path fromx to r, which implies

the existence inZ of a path fromx to a. In the second case,Z has a path fromx to the statefi. In

both casesx ∈ S − C will be transient inZ.
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Proposition 6. Conditions C1 and C3 are sufficient for all states inS′ of Z ′ to be transient.

Proof. As in the proof of Proposition 5, it is enough to prove the sufficiency of conditions C1 and

C3 referred toX̂. The result in the case in which all states inS are transient inX̂ can be proved as

it was proved Proposition 5 in the case in which all states inS are transient inX̂ , except that only

statesx ∈ S′ have to be considered. Consider now the case in whichX̂ has a single recurrent class

C ⊂ S andr ∈ C. We haveS′ = C − {r} ∪ (S − C). BeingC a recurrent class of̂X, there will

exist a path inX̂ from x ∈ C−{r} to r, implying the existence of a path inZ ′ from x ∈ C−{r} to

a and that all states inC − {r} will be transient inZ ′. That the statesx ∈ S −C are transient inZ ′

can be proved as it was proved in the proof of Proposition 5 that the statesx ∈ S − C are transient

in Z in the case in whicĥX has a single recurrent classC ⊂ S andr ∈ C.

Proposition 7. Conditions C1, C3 and C7 are sufficient for all states inE of Z ′′ to be transient.

Proof. States inS are transient inX̂ if and only if they are transient inX. The recurrent classes of

X̂ in S are exactly the recurrent classes ofX in S. Also, for i ∈ E, j ∈ E′, the transition probability

of X̂ Pi,j is 0 if and only if the transition rate ofX λi,j is 0. Therefore, it is enough to prove the

result with conditions C1 and C3 referred tôX instead of toX and with condition C7 replaced by

condition C7’)Pi,j = 0, i ∈ E, j ∈ E′.

Fulfillment of conditions C1 and C3 imply that either all states inS are transient inX̂ or that

X̂ has a single recurrent classC ⊂ S including stater. If all states inS are transient inX̂, for

eachx ∈ E there will exist a path inX̂ from x to some absorbing statefi. If, besides statefi, that

path only includes states inE, there will exist a path inZ ′′ from x to fi. If the path exitsE before

enteringfi, by condition C7’, the exit state will be stater and, then, there will exist a path inZ ′′

from x to a. In both cases,x will be transient inZ ′′. It remains to deal with the case in whicĥX

has a single recurrent classC ⊂ S including stater. Let x ∈ E. If x 6∈ C, x will be transient inX̂

and either there will exist a path in̂X from x toC or there will exist a path in̂X not including states

in C from x to some absorbing statefi. In the first case,̂X will have a path fromx to r, implying,

by condition C7’, the existence of a path inZ ′′ from x to a. In the second case,Z ′′ will have a path

from x to fi, if the path inX̂ does not exitE, or, by condition C7’, toa, if the path inX̂ exitsE. If

x ∈ C (x 6= r, sincex ∈ E andr ∈ E), beingC a recurrent class of̂X, there will exist a path in̂X

from x to r, implying, by condition C7’, the existence of a path inZ ′′ from x to a. In summary, in

the case in whicĥX has a single recurrent classC ⊂ S including stater, from everyx ∈ E there

will exist a path inZ ′′ to either statea or a statefi and all statesx ∈ E will be transient inZ ′′.

Lemma 1. LetX = {X(t); t ≥ 0} be a finite CTMC with state spaceΩ, transition ratesλi,j, i, j ∈
Ω, i 6= j and output ratesλi =

∑
j∈Ω−{i} λi,j, i ∈ Ω. LetX̂ be the DTMC obtained by randomizing

X with rateΛi in every statei ∈ Ω. Let Y be the semi-Markov process obtained by composing

the state visiting procesŝX with independent visit durations with exponential distributions with

parametersΛs, s ∈ Ω, s being the state visited bŷX. Then, for non-absorbing statesi ∈ Ω in X,

the kernel probabilities ofY are qi,j(t) = λi,j/λi(1− e−λit).
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Proof. Let i ∈ Ω be a non-absorbing state inX. The kernel probabilityqi,j(t), j ∈ Ω − {i} of Y

is the probability that, after enteringY statei, Y will jump to statej in a time≤ t. The transition

probabilities ofX̂ from statei have valuesPi,j = λi,j/Λi, j 6= i, Pi,i = 1− λi/Λi. SinceY is the

result of composing the state visiting processX̂ with independent visit durations with exponential

distributions with parametersΛs, s being the state visited bŷX, lettingW i
k a random variable with

Erlang distribution withk stages and parameterΛi, we have

qi,j(t) =
∞∑

k=0

P [X̂n+k+1 = j ∧ X̂n+1:n+k = i | X̂n = i] P [W i
k+1 ≤ t]

=
∞∑

k=0

P k
i,iPi,j

∞∑

l=k+1

e−Λit
(Λit)

l

l!
=

∞∑

l=1

l−1∑

k=0

P k
i,iPi,je

−Λit
(Λit)

l

l!

=
∞∑

l=1

1− P l
i,i

1− Pi,i
Pi,je

−Λit
(Λit)

l

l!

=
Pi,j

1− Pi,i

∞∑

l=1

e−Λit
(Λit)

l

l!
−

∞∑

l=1

P l
i,i

Pi,j

1− Pi,i
e−Λit

(Λit)
l

l!
.

Using, then,Pi,j/(1− Pi,i) = λi,j/λi andΛi = λi + Pi,iΛi,

qi,j(t) =
λi,j

λi

(
1− e−Λit

)
− λi,j

λi

∞∑

l=1

e−λite−Pi,iΛit
(Pi,iΛit)

l

l!

=
λi,j

λi

(
1− e−Λit

)
− λi,j

λi
e−λit

(
1− e−Pi,iΛit

)

=
λi,j

λi
− λi,j

λi
e−Λit − λi,j

λi
e−λit +

λi,j

λi
e−(λi+Pi,iΛi)t

=
λi,j

λi
− λi,j

λi
e−Λit − λi,j

λi
e−λit +

λi,j

λi
e−Λit

=
λi,j

λi

(
1− e−λit

)
.

Lemma 2. Let

A =

(
0 0

βββ B

)
,

where0 is a row vector of appropriate dimension with all its elements equal to 0 andβββ is a column

vector of appropriate dimension. Thenρ(A) = ρ(B).

Proof. The eigenvalues ofA are the roots ofdet(λI − A), whereI denotes an identity matrix of

appropriate dimensions. But,

det(λI−A) =

∣∣∣∣∣
λ 0

−βββ λI−B

∣∣∣∣∣ = λdet(λI−B) ,

which shows that the set of eigenvalues ofA includes exactly 0 and the set of eigenvalues ofB,

implying the result.
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