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Abstract

This undergraduate thesis presents a study on the numerical solution of the Navier-Stokes equations under
various assumptions. To achieve this, several codes have been developed in C++ language to evaluate and

verify the cases proposed by the Heat Transfer Technological Center (CTTC).

The thesis is divided into di erent chapters. Firstly, there is an introduction to numerical methods, where
spatial and temporal discretizations are explained, along with algorithms for solving systems of equations.
Then, the main body of the work consists of four chapters. The rst chapter addresses the heat conduction
phenomenon and solves a transient two-dimensional conduction case. The second chapter deals with the
general convection-di usion equation and applies it to four problems to validate the code. The third chapter
implements the Fractional Step Method (FSM) and solves the Lid-Driven Cavity, Di erential Heated Cavity,
and Square Cylinder cases. The fourth chapter solves the Burgers’ equation in the Fourier space. All four
chapters include theoretical development, the algorithm’s structure for solving the case, and one or several

veri cation cases, along with their respective reference results.

Finally, there is a last chapter about the Turbulent Flow problem, where the extension to three dimensions of

the numerical algorithm is explained.
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Resum

Aquest treball de nal de grau presenta I’estudi sobre la resolucio numerica de les equacions de Navier-Stokes
sota diverses hipotesis. Per fer-ho, s’han desenvolupat diversos codis en llenguatge C++ per tal d’avaluar i

veri car els casos proposats pel Centre Tecnologic de Transferencia de Calor (CTTC).

El treball es divideix en diferents cap tols. Primerament hi ha una introduccio als metodes numerics, on
s’explica la discretitzacio espacial, temporal, i els algoritmes de resolucio de sistemes d’equacions. Despres,
entren els quatre cap tols que son el cos principal del treball. El primer cap tol tracta el fenomen de conduccio
de calor i resol un cas de conduccio en dos dimensions i estat transitori. El segon, tracta I’equacio general de
conveccio-difusio i I'aplica a quatre problemes per veri car el codi. El tercer cap tol implenta el Fractional Step
Method i resol el cas de la Lid-Driven Cavity, la Di erential Heated cavity i el cas del Square Cylinder, i el
quart cap tol resol I’equacio de Burguers a I’espai de Fourier. Tots quatre cap tols inclouen un desenvolupament
teoric, I'estuctura de I’algoritme a seguir per resoldre el cas, i un o diversos casos de veri cacio, amb els

respectius resultats de referencia.

Finalment, hi ha un ultim cap tol sobre el problema del Flux Turbulent, on s’explica I’extensio I’esquema

numeric a tres dimensions.

III
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Glossary

The next list describes several symbols and abbreviations that will be later used within the body of the

document.

Abbreviations

2D, 3D: Two and three dimensions
CDS: Central-Di erence Scheme
CFD: Computational Fluid Dynamics

CFL: Courant-Friedrich-Levy

CTTC: Centre Tecnobgic de Transfeencia de

Calor
CV: Control Volume
DNS: Direct Numerical Simulations
EDS: Exponential-Di erence Scheme
FDM: Finite Di erence Method
FEM: Finite Element Method

FFT: Fast Fourier Transform

Symbols

. heat transfer coe cient [ W=m? K]
. time integration coe cient

. diusion coe cient

. convergence parameter

w. half-width for turbulent ow

Xl

FSM: Fractional Step Method
FVM: Finite Volume Method
HRS: High Resolution Scheme
LES: Large Eddy Simulations
NS: Navier-Stokes

QUICK: Quadratic Interpolation for Convective

Kinematics

RANS: Reynolds Averaged Navier-Stokes Simula-

tions
SUDS: Second-order Upwind Di erence Scheme
TDMA: Tri-Diagonal Matrix Algorithm

UDS: Upwind-Di erence Scheme

. energy dissipation ratio [J=s]

: Kolmogorov microscale

: volumetric expansion coe cient [1=K]
: thermal conductivity [ W=m K]

. viscosity [Pa 9]
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. kinematic viscosity [m?=g] Nu: Nusselt number

. density [kg=m?] n: time coe cient
~: shear stress tensorN=m?] f: surface vector

. general convection-di usion variable Pe Reclet number

xP; yp, zp:. Staggered CV volumes 3] Pr: Prandtl number
A¢: CV surface f = e;w;n;s;f;b) [m?] p: pressure Paj
ar ;bp: coecients (F = E;W;N;S;P;F;B) 0. heat ux [ W=m?]
Cx: Kolmogorov constant [m3=4=kg!=* s17?] R: FSM coe cient
Cy: integration coecient ( n=1;2:) Ra: Rayleigh number
Cp: specic heat at constant pressure J=kg K] Re: Reynolds number
Cy: speci c heat at constant volume [J=kg K] Re : Friction Reynolds number
D¢ : diusive term (f = e;w;n;s) S: generic surface n?]
d: distance m] S : diusion source term
E: energy D] T: temperature [K]

@
—*

wall width [ m] . time [s]

F: force term u: x-velocity [m=g]

f¢: convective term (f = e;w;n;s) ui: internal energy [J]

g gravity [m=s] u : shear velocity [m=s]

H: height [m] V: volume [m?]

k: wave number v: y-velocity [m=s]

L: total length [m] ¥ velocity vector [m=s]

L,: dimensionless recirculation length »" : predictor velocity [m=g]
I: partial length [m] W: total width [ m]

M : vertical number of nodes w: z-velocity [m=s]

m: slope of the energy spectrum X: horizontal coordinate [m]
m: mass ux [kg=g y: vertical coordinate [m]

N : horizontal number of nodes 1 : in nity number

Xl
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Chapter 1

Introduction

1.1 Object

This project aims to develop a set of codes capable of solving heat and mass transfer problems involving uid
dynamics. For this purpose, a study of di erent numerical methods and an in-depth study of the physics

behind these problems and the mathematical formulation are performed. These problems are o ered by the
CTTC department and once its solution is obtained, a real particular case is proposed to be solved following

the same methodology.

1.2 Scope

The study includes the following tasks:

1. Heat conduction:  study of the transient conduction and development of a code to solve the case

applied to a two-dimensional domain with di erent materials.

2. The Convection-Di usion equation: study of the general convection-di usion equation and

development of a code to solve di erent benchmark problems with di erent schemes.

3. Fractional Step Method: study of the method and development of a code for solving di erent
benchmark problems, such as the Lid-Driven Cavity, the Di erential Heated Cavity, or the Square

Cylinder.
4. Turbulence: study of the phenomena and development of a code for solving the Burgers' equation.

5. Turbulence study: following the same methodology as for the previous cases, solve a turbulent

channel ow problem.

The language chosen to write the di erent codes isC + +.

In any case, the study will include:

1. Experimental studies: every single study listed above will be solved by a code.

1
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As high-level deliverables, the following documents will be drafted:

1. Report: will include the introduction, theoretical studies, case studies, and results, together with

particular and global conclusions.
2. Budget: economic study of the project implementation.

3. Annexes: the codes and other relevant data will be delivered in the annexes.

1.3 Requirements

1. The codes to solve all the problems must be written inC + + language.
2. The codes must be developed with comments to ease their understanding.

3. The codes must be optimized to reduce the computational time.

1.4 Rationale

Since the advent of computers, engineering has evolved so that the rst option to consider when designing
anything is its simulation. Simulations are the closest approximation to the reality that allows for saving the
costs of designing and manufacturing experiments. For this reason, it is absolutely necessary that nowadays,
an engineer must know the basics of Computational Fluid Dynamics (CFD) and how to transform the theory

of the phenomena to be studied in codes and simulations as close to reality as possible.

Undoubtedly, the study of heat transfer is of great importance in many engineering applications, since
processes involving heat transfer are widely used in a great variety of devices and systems. For example,
heat transfer is crucial in the study of heat dissipation in electrical components, in the design of internal
combustion engines, in the design of chemical reactors, in the control of temperature in manufacturing

processes, in the heating and cooling of buildings, and many other applications.

Knowledge of the main physics of heat transfer and its application in practice is essential for these processes.
Numerical methods are an important tool to study and understand heat transfer processes. Through numerical
simulation, it is possible to investigate heat transfer processes in di erent scenarios and conditions and

optimize the design of devices and systems for higher e ciency.

In summary, this work on numerical methods applied to the study of heat transfer is important because it
helps to understand and optimize heat transfer processes in a variety of benchmark problems. The study of
conduction, convection-di usion, and turbulence in particular is fundamental to this task, and numerical

methods are a key tool for the study of these processes.
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Chapter 2

State of the art

CFD and numerical methods have revolutionized the eld of uid dynamics by providing powerful tools to
simulate and analyze complex uid ow phenomena. With the advancement of computer technology and
the development of sophisticated algorithms, CFD has become an indispensable tool in various industries,
ranging from the energy and environmental sciences to aerospace and automotive engineering. Since 1960,

CFD techniques have been integrated into the design and manufacture of airplane components and aircraft
[1].

CFD involves the numerical solution of governing equations that describe uid ow behavior. These equations,
typically derived from the fundamental laws of physics, such as the conservation of mass, momentum, and
energy, are solved using numerical methods to obtain approximate solutions. Numerical methods play a
crucial role in CFD by discretizing the governing equations and transforming them into algebraic equations

that can be solved using computational algorithms.

Figure 2.1: High-Performance Computing - Flow past a circular cylinder from critical to trans-critical
Reynolds numbers. Extracted from [2]

The main scheme used throughout the work is based on the spatial and temporal discretization of the
equations using the Finite Volume Method (FVM), transforming them into an algebraic system that is solved

by means of an iterative process.
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2.1 The FVM

Methods such as Finite Di erence Method (FDM) or Finite Element Method (FEM) are also discretization

methods that take the governing equations and discretize them into numerical systems that can be solved by
computers. To give an example, FEM divides the domain into a nite number of subdomains called elements,
and functions are applied to these elements. The whole domain function is de ned by the summary of all the

elements. This report is based on the FVM.

The FVM breaks the domain into control volumes (CV) or grid cells, de ned by a grid. Then, nodes are

placed at the cell faces or cell centers, and the ow properties are applied to these nodes [3]:

1. Face-centered nodes: nodes are placed at the center of the faces, which are determined by the grid.

The centroid values are obtained by the mean values of the contiguous nodes.

2. Cell-centered nodes: nodes are placed at the CV centroid. The face values are interpolated with
di erent schemes and the contiguous node values. It is considered that the whole CV has a constant

value of a certain property, which is also known ascell averageproperty value [4].

It is mandatory to create a mesh generation function in order to apply the FVM. The following subsection

present the most commonly used grids nowadays.

2.1.1 Spatial discretization

As explained before, the FVM relies on a spatial discretization of the uid domain to apply the numerical
approximation of the solution. Down below are presented the main meshes that are used in the present. It
must be kept in mind that every problem has its particular geometry, thus there is no correct or incorrect

mesh.
The main division of meshes is the structured or unstructured meshes, and the hybrid ones [3]:

1. Structured mesh: the grid characteristics, such as cell faces or node positions can easily be identi ed
by an index in every direction, and they are logically placed. To give an example, the third node of the
rst row is at the left of the fourth node of the same row, and it is above the third node of the second
row. The structured meshes can also be sub-classi ed depending on the geometry of the C¥ @nd b),

and their uniformity ( ¢ and d):

(a) Orthogonal mesh: all the CVs have the same geometry and structure. It can also be de ned as

all the grid lines crossing each other by right angles gee Figure (2.2a).

(b) Non-orthogonal mesh:  the geometry of the CVs is not constant along the mesh, meaning that
the grid lines are crossing in angles di erent than 90. This kind of mesh is widely used for circular

geometries 6ee Figure (2.2b).
(c) Uniform mesh: the separation between grid lines is constant along the mesh.

(d) Non-uniform mesh: the separation between grid lines is not constant. It is commonly increased

in the zones where is expected to happen the major perturbations of the ow and a detailed view
4
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of the phenomenon wants to be captured.

Its e ciency and ease of de nition make this kind of mesh a very suitable option for simulations.
Notwithstanding, complex geometries can not be enough precisely de ned with this type of grid. In
other cases, the precision is certainly sacri ced and theBlock-o Method is applied, which is explained

below.

2. Unstructured mesh:  the placement is no longer a logical function. For example, the rst node can
be at the right of the tenth node, and below the fth one. Despite its computational cost increase, this

mesh o ers the capability to adapt to the most complex geometries §ee Figure (2.2c).

3. Hybrid mesh: this last case blends structured orthogonal non-uniform meshes near the walls of the
geometry, with unstructured meshes where the ow is not expected to su er huge variations and, thus,

a detailed study of the zone is not neededgee Figure (2.2d).

The following image sums up di erent mesh types.

(a) Orthogonal uniform mesh (b) Non-orthogonal uniform mesh

(c) Unstructured mesh (d) Hybrid non-uniform mesh

Figure 2.2: Dierent types of mesh

Another important feature of spatial discretization and the meshes is where the values are stored. It has been
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said that the values are stored at the nodes, but this is only true for collocated meshes. There is a special
type of meshes in which scalar variables are stored at the nodes, but momentum variables are stored in the

cell faces. These are known as staggered meshes.

The Block-o Method consists of a geometrical approximation of the uid domain. It is common to study
the ow around a curved surface. In this case, it is wanted to avoid the densi cation of the mesh and
an orthogonal uniform mesh must be used. For this, the surface is no longer a perfect curve and it is

approximated to a phased curve, as the picture shows:

(a) Real solid (b) Approximation of the solid

Figure 2.3: Block-o Method representation

2.1.2 Temporal discretization

For unsteady solutions, it is mandatory to consider the temporal variation of the ow. As well as geometry,
time is also discretized into a nite number of time instants, and denoted by n for the current time instant,

n 1 for the previous, andn + 1 for the next one [3]. Considering a velocity vectorv, its time dependency
can be expressed as follows:

@v_
ot f (v) (2.1)

The time integration can be rst-order discretized as the next expression shows:

+1
AN A f (¥ ") (2.2)
It is clearly visible that there is a dependency on the next and current velocity. The previous equation can be
expressed in terms of a 2 [0; 1] parameter. The value of this parameter will determine the type of scheme
chosen:
= f @+ ) (V") (2.3)

1. Explicit scheme: the solution of the next velocity only depends on the previous time instant value.
6
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In other words, =0.

V= (V) (2.4)

This scheme is easy to program since it does not need a solver. The solution of the next time step only
depends on the previous solution, which is already known. On the other hand, it presents stability

problems, depending on the t.

2. Implicit scheme: the solution of the next velocity depends on the solution itself. The parameter is
=1
M=+ () (2.5)

This scheme is unconditionally stable, no matter the value of the time step. The main disadvantage is

that a solver is mandatory. Some solvers are explained in the following section.

3. Crank-Nicolson scheme: this is also known as semi-implicit scheme since = 0:5. The solution of
the next time instant depends on both the current and next time instant. It is also unconditionally

stable and it also needs a solver, but it is a second-order accurate scheme.

As well as spatial discretization, temporal discretization scheme selection relies on the problem itself.
Depending on the situation and conditions, explicit or implicit schemes could present both advantages and

disadvantages over the other scheme.

2.1.3 Solvers

As said before, for certain time integration schemes, solvers are needed. The following two solvers are
presented down below [5]:

1. Direct solver: the most commonly used direct solver is the Tri-Diagonal Matrix Algorithm (TDMA).

The following equation wants to be solved:

ap()T()= ag (T +1)+ aw (NT( 1)+ b (i) (2.6)

In matrices, it can be expressed as follows:

0 1 0 1

10
ap (1) ag (1) 0 0 0 : T(1) b (1)
0 ::=

aw(2) ar(2) ae (2) 0 T2 be (2)

2.7)

0 aw(3) a@) a@) 0 T(3) br (3)

The Tri-Diagonal matrix can be easily seen above. For 2D cases, it becomes Penta-Diagonal, and for
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3D, Hepta-Diagonal. The equation is rewritten as follows, and substituted inside equation (2.6):

TQ 1=PG 1TO+RGE 1) (2.8)

apT()=agT(i+1)+ ay(P(i 1T(@)+ R 1))+ bo(i) (2.9)

This previous equation can be rewritten in terms of the next velocity. It must be seen that the TDMA

solves from the last temperature instant to the previous one:

bp (i) + aw (DR( 1)
ap(i) aw()P(@ 1)

ag (i)

T0=2® aw®PG D

(2.10)

T(i+1)+

2. Undirect solvers:  also known as iterative solvers, they take an initial estimated valueT®t and a
convergence parameter , and the iterative process continues until the convergence criterion is reached.

The most commonly used direct solver is the Gauss-Seidel:

ag (T (i + 1)+ aw (DTG 1)+ be(i)
ap (i)

T() = (2.11)

If jTet  T(i)j> , there is a data update step, such ag®st = T(i). If not, the convergence criterion

has been reached.
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Chapter 3

Conduction heat transfer

This third chapter is focused on the study and the appliance of the rst thermal conduction phenomenon, heat
conduction. For this purpose, a previous mathematical study is done to better understand the formulation

and physics behind heat conduction, and after that, it is applied to di erent theoretical cases.

3.1 Mathematical formulation

The rst approach to heat conduction can start with the energy conservation equation:

@Z Z

at u;dVv = g ndS (3.1)
From this equation, two branches can be distinguished. The rst is steady-state conduction, which is
accomplished by assuming a null value for the left-hand side of the equation. The second is the transient-state

conduction and is the following developed case.

Assuming constant thermophysical properties, equation (3.1) becomes as follows:
z z
@ uidv = g nds (3.2)
@t
This equation is applied to a certain domain discretized with uniform CVs and cell-centered nodessee Figure

(3.1)).

Let's focus on an internal control volume, denoted with the subscriptP. A new mean internal energy is

introduced to evaluate the whole energy inside the CV:

Up = — udv (3.3)
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Figure 3.1: 2D spatial discretization

On the other side, it is assumed that the average energy can be written as a summation of the conduction
heat ows entering and leaving the actual control volume. It is considered a two-dimensional domain with
positive heat ow with positive coordinates axis. Subscripts stand for East, West, North, and South:

z X
g AdS=Qe Qw+Qn Qs= Q (3.4)

Taking equation (3.2) and introducing equations (3.3) and (3.4), the new equations is rewritten as follows:

@i _

V, =
T

Q (3.5)

Time integration is done at this point. Since time is also discretized in time steps, the integral is done between
the current time and the next time step, t" and t"*! respectively. A new parameter is introduced since the

nature of the scheme can be implicit or explicit.

Z tn+1 Z tn+1
@ X
V = .
. p Vp at dt . Qdt (3.6)
="+l —n X X
PVpr P = T gnlaas ) QY (3.7)

From now on, an implicit resolution is considered, being = 1. In equation (3.7), the following relations can

be introduced:

1. Internal energy de nition:
Up =cpTp (3.8)

2. Fourier's law of Thermal Conduction with a second-order approximation

Q= QTSn = MSX (3.9)
n dxp

10
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being X a general node that can be East, West, North, or South.

Introducing the previous relations and expanding the summation term for the four possible locations mentioned

before, the nal equation results in the following:

" T Te Tr Tr  Tw TN Tp T, Ts.. "

PVPCP t e Se WiS\N + n Ss (3-10)

dre

This equation can be easily simpli ed by introducing the discretization coe cients. These coe cients collect

the di erent variables that are multiplying the node temperatures, and the equation results in a simpler form:

apTo = aw TN + ae T2 + asTO™ + ay ™ + bp (3.11)

It is important to remember that these coe cients can change between problems, depending on the conditions
taken into consideration or the boundary conditions of each particular case. For this reason, a particular

treatment of each coe cient will be done if it changes from this general form.

3.2 Code structure

The global algorithm to solve the problem is presented below:
1. Input data
(a) Physical data, such as geometry, initial and physical properties, boundary conditions, etc.
(b) Numerical data, such as convergence parameter, time step, mesh size, etc.

2. Previous calculations: vector de nitions and mesh generation, assigning each CV its properties, using

the Block-o Method depending on the material.

3. Initial temperature map: both real and estimated temperatures are initialized. The initial temperature
value is assigned to the real temperature matrix att =0, T", and an arbitrary initial value is assigned

to the estimated temperature matrix, Tg;.
4. Time-convergence starting point:

(&) Thermophysical properties calculations using the harmonic mean:

dre

East — re 4 G (3.12)

P E

where dpg stands for the distance between the actual and its east node, andp. stands for the
distance between the actual node and the east face of its CV. The operation is repeated for each

face.

(b) Discretization coe cients ag;aw ;an;as;ap and bp . Particular treatment for each wall and the

nodes inside. A detailed explanation is written in each particular case subsection.

11
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(c) Temperature resolution: real temperature is solved by the previous coe cients and the estimated

temperature Test. The process is done node-by-node:

ap T;Hl = aw T\R/::; + ag TE:: + asTge;l + ayn T,G:i + bp (313)

(d) Convergence analysis: If the result convergesnaxjT"*! T,v!‘sfl j< the code goes to step 5. If not,
the code updates the data, being the new estimated values the last computed ond@gy! = T"*1,

and returns to step 4a.

5. New time step: here two di erent criteria can be applied, depending on the steady-state achievement
or a certain time achievement. This study in particular applies the second one, achieving up to 5000

seconds.

6. Final computations and results printing

3.3 Code veri cation

Code veri cation is an essential step as it helps to identify errors or bugs in the code. By verifying the code,
it can be ensured that the code of the previous algorithm meets the intended speci cations, is free of errors,
and is reliable and e cient. For this reason, the following cases are solved using the same code and making

the modi cations needed.

The reason why these cases are chosen is that they have an analytical solution and taking it as a reference
result, the code can be perfectly veri ed [6]. The problems will be solved as a one-dimensional steady-state

problem, and the code is run until a steady state is reached.

At the end of the four veri cation cases, a particular problem is solved, which involves di erent boundary
conditions and transient terms, as well as di erent materials. Thermophysical properties for all the veri cation

cases will be taken from this last problem.

3.3.1 Casel

The rst case considers a single material with very high thermal conductivity, allowing simpli cation of the
solution. The whole solid is in contact with an external uid of constant and known properties ¢ and Tg,

and heat generation is not consideredgee Figure (3.2)).

The analytical solution results from the following process:

@T_

Crat o(T  Tg)St (3.14)

where St stands for the total surface of the solid in contact with the external uid. Since the properties of

the external uid are constant over time, the previous equation has a direct solution:

T=T, (3.15)
12
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Figure 3.2: Veri cation case 1. Geometry and properties

As for the code, the following changes in the boundary conditions must be done:
1. Thermal conductivity: = 108%. Density and speci ¢ heat are also changed into the same value.

2. Right, left, north, and south sides: since the left side does not have west nodesyy = 0, and the
surface of the north and south faces is null, s@y = as = 0. Natural convection must be considered in

ap and bp coe cients. The four sides follow the same scheme, so let's take the left side as an example:

eSe
dre

ae

ay = ay =as =0

aP a.E + g Se

bo = ¢TgSe (3.16)

Considering the properties of the rst material and the external uid of the left side ( see Table (3.3), the

results obtained are the following:

Table 3.1: 15 veri cation case results. Comparison between analytical and numerical solutions

Analytical solution [K] Numerical solution [K]
303 303.001

It can be observed that the relative error obtained is below 0001%.

3.3.2 Case 2

The second case considers also a single material with the rst material properties. The boundary conditions
are adiabatic walls for the upper and lower ones and convection with external uids A and B for the left and

right walls. Also, heat generation is neglected.

13
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Figure 3.3: Veri cation case 2. Geometry and properties

The analytical solution results from the following process:

@T_  @T1

Since the properties of the external uid are constant over time, the previous equation can be integrated:
T(X)= Cix+ Cy (3.18)

Applying boundary conditions on the left side, the second integration constant can be written in terms of
the left wall temperature. Doing the same on the right side, the rst integration constant can be written in
terms of the right wall temperature:

T(x=0)= Tt = Co (3.19)

T(x=1L)= Tight = CiL + Tiest (3.20)

To solve the two wall temperatures, an energy balance has to be applied, since the convection heat ux must

be equal to the conduction heat ux in each wall.

Ceonv j(x:O) = Gcond j(x=0) (3.21)
daT .

A(TA Tieft ) = & J(x=0) (3.22)
Geond J(x=1)= Gonv J(x=L) (3.23)
daT .
ax Jx=n= B (Trignt  Tg) (3.24)

The nal analytical solution is the following one:

ATa 1+ Bl 4 BB
B 1+ al + A

TX)= —2(Ta  Tiert )X+ Tier  Where Tiery =

(3.25)

14
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As for the code, the following changes in the boundary conditions must be done:

1. Materials properties: density, speci c heat, and thermal conductivity are the same for the four

materials.

2. Right and left sides:  both sides follow the same scheme. Take the left side as an example:

ese
dpre

ag
ayw = aNy = as =0

b= ¢TgSe (3.26)

3. North and left sides:  this time, convection must not be considered in the upper and lower walls,
since they are adiabatic. Both sides have the same adiabatic boundary condition, so let's take the north

side as an example:

ay =1
as=ag —aw =hb =0

ap =1 (3.27)

Considering the properties of the rst material and the external uid of the left side ( see Table (3.3), at

Tiert =33 C and Tyigne =0 C, the results obtained are the following:

(a) Analytical and numerical solution comparison (b) Numerical heat map

Figure 3.4: 29 veri cation case results. Comparison between analytical and numerical solutions

The maximum relative error obtained is below 0003%.

15
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3.3.3 Case 3

The third case considers two materials with the rst and fourth material properties. The boundary conditions
are adiabatic walls for the upper and lower ones and convection with external uids A and B for the left and

right walls. Again, heat generation is neglected.

Figure 3.5: Veri cation case 3. Geometry and properties

The analytical solution results from the following process. This time, a di erent equation for each material

must be found, and an additional energy balance between the two materials has to be done.

@T_  @T1

o Pt @3 (3.28)

Since the properties of the external uid are constant over time, the previous equation can be integrated, and

the two equations are found:
Ti(x) = Cix+ Cy and Ty(X) = Cyx + C4 (3.29)

The solution is found by an alternative way to solve the previousC, coe cients.

For the left wall, boundary condition and energy balance allow writing C; and C, in terms of the left wall

temperature:

Ci= —2(Ta Ter) and Cp = Tie (3.30)

For the center wall, the contact between both materials, boundary conditions for the two materials, and an

energy balance are applied:

Teenter = C18+ Cy (3.31)
Teenter = Cze+ Cy (3.32)
1Ci= 2C3 (3.33)

Equations (3.31) and (3.32) must be equal, and equation (3.33) allows writingC3 in terms of the left wall
temperature.

16
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For the right wall, boundary condition and energy balance allow writing C4 in terms of the right wall

temperature, and this temperature can be also expressed in terms of the left wall.

Finally, the left wall can be expressed in terms of the external uid temperatures. The nal analytical
solutions are found:

Te Tan S+%5 L

Ti(x) = —2(Ta  Tert )X+ Tiert  Where Tierr = P > : : (3.34)
' Loa 5% < =
T2(x) = %(TA Tett J(L  X) + Trigne Where Tiigne = %(TA Tiert )+ Tg (3.35)

As for the code, the same changes as in the previous case must be done. Considering the properties of the rst
and fourth material and the external uid of the left side ( see Table (3.3), at Tier =33 C and Tyigne =0 C,

the results obtained are the following:

(a) Analytical and numerical solution comparison (b) Numerical heat map

Figure 3.6: 39 veri cation case results. Comparison between analytical and numerical solutions

3.34 Case 4

The fourth case is an extension of the previous one. Now, heat generation is considered in the rst material.

Figure 3.7: Veri cation case 4. Geometry and properties

17
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The analytical solution also results from the previous process, adding a heat source to the equation of the

rst wall:
@T a@T
— = —_— + 3.36
Cp @t @ﬁ Qv ( )
The integration results in the following two equations:
T.(x) = zi’x2 + Cix+ Cy and To(X)= Cax + Cq (3.37)
1

The solution is found following the same way as before to solve the previouS, coe cients.

For the left wall, boundary condition and energy balance allow writing C; and C, in terms of the left wall

temperature:

Ci= —2(Ta Ten) and Cp = Tien (3.38)

For the center wall, the contact between both materials, boundary conditions for the two materials, and an
energy balance are applied. It must be seen that both temperature equations must be equal to the same

center wall temperature:

Ticenter = 2¥!h/e2 + Cie+ C, (3.39)
1

Tocenter = Cze+ Cyu (3.40)

, Yesc, = Lo (3.41)

1

Equation (3.41) allows writing Cz in terms of the left wall temperature.

For the right wall, the boundary condition allows writing C, in terms of the right wall temperature, and the
left wall through Cs.
C4 = Tright CgL (3.42)

The energy balance allows writing the right wall temperature in terms of the left wall temperature:

Tg + T T +
Trght = BB A(Ta left )+ Qve (3.43)

B

Finally, the values of the C, coe cients are introduced in equations (3.39) and (3.40), together with the

Tight equation to solveTer; in terms of the external uid temperatures:

Tbh+ ATA € e 4 L 4 1 +g\/ei e 4 L 4 1
Tt = 1 2 2 B 2 2 2 B (3.44)
1+ o £ e 4+ L 4 1
2 2 B
- W0 A
Ti(x) = Tlx + T(TA Tieft )X + Tieft (3.45)
Ta T e Ta  Tert )L + avel
T,(x) = A(Ta 2Ieft ) X+ Trgnt + A(Ta Ief;) Qv (3.46)

18
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As for the code, the same changes as in the previous cases must be done. Considering the properties of
the rst and fourth material and the external uid of the left side ( see Table (3.3), at Ty =33 C and

Tignt =0 C, and adding a heat generation ofg, = 100W=m?, the results obtained are the following:

(a) Analytical and numerical solution comparison (b) Numerical heat map

Figure 3.8: 4" veri cation case results. Comparison between analytical and numerical solutions

3.3.5 4-materials 3D rod

The main goal is the thermal analysis of a rod composed of four di erent materials through its section, with
an ideal in nite length, di erent boundary conditions, and transient state once the code has been successfully

veri ed. The geometry is the following:

Figure 3.9: Materials distribution. Extracted from [7]

The following table sums up the physical properties of the di erent materials and the boundary conditions
for each wall of the rod, respectively. The following properties are the ones used for the previous veri cation

cases:
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Table 3.2: Thermophysical properties of the materials

(Kg/ m3) cp (J/KgK) (W/mK)
M1 1500 750 170
M2 1600 770 140
M3 1900 810 200
M4 2500 930 140
Table 3.3: Speci ¢ boundary conditions
Wall Boundary condition
Bottom Isothermal wall at T, =23 C
Top Uniform incident heat ux g, = 54:55W=m? (negative on Y)
Left Convection with external uid at T, =33 C and | = 9W=m2K
Right Uniform transitory wall at T, (t) = 8 + 0 :00%

As a last condition, it is established that the initial rod temperature is 8 C.

As said before, the discretization coe cients vary depending on the wall. For this reason, a particular

treatment must be done for each side of the rod:

1. Left side: since the nodes of this side don't have west nodes, is imposed thaty = 0, and the surface
of the north and south faces is null, soay = as = 0. Convection with the east side must be applied for

ag . The rest of the coe cients are de ned as follows:

o eSe
% = dpe
V
ap = ag + P Vp I Sw
t
V
b= PP TS, (3.47)

t

2. Right side: since the nodes of this side don't have east nodes, is imposed that = 0, and the surface
of the north and south faces is null, soay = as = 0. In addition, this side corresponds to a uniform
transitory wall, which does not depend on its west nodes, say = 0, and only b- takes a non-null

value:

ap =1

be = (8 +0 :008) + 273 (3.48)

3. Top side: since the nodes of this side don't have north nodes, is imposed thay = 0, and the surface

of the east and west faces is null, seg = aw = 0. Conduction with the north side must be applied.

20
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The rest of the coe cients are de ned as follows:

WS
8= dpw
V,
ap = ag + P PVP
t
V
b= 2P T8+ g,S, (3.49)

t

4. Bottom side: since this side's nodes are at a constant temperature, thaep coe cient only relies on

this temperature, which is assigned by thebs coe cient. The rest of the coe cients take a null value

ag = ay = ay = ag =0:

ap =1
b = Tp (3.50)

The temperature map obtained after 5000 seconds is the one below, together with the reference solutions:

(a) Numerical solutions (b) Reference solutions. Extracted from [7]

Figure 3.10: Temperature map after 5000 seconds and 5050 mesh

3.3.6 Mesh size in uence
The mesh in uence is important as it can prevent the code from reaching convergence. Also, the accuracy of
the results depends on this parameter.

As can be seen below, four di erent results are obtained with four di erent uniform meshes gee Figure
(3.11)). The coarse mesh of the two rst cases results in a signi cant inaccuracy compared to the reference

result, provided by CTTC. The results obtained with a ner mesh seem to converge in the same result as the

reference one.
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(@5 5 mesh (b) 10 10 mesh

(c) 50 50 mesh (d) 100 100 mesh

Figure 3.11: Temperature map after 5000 seconds for di erent meshes

3.4 Discussion

In conclusion, this chapter presented the veri cation of the heat conduction code through the analysis of four
di erent veri cation cases and a benchmark problem. Each veri cation case allowed the comparison of the

numerical results with analytical solutions or reference data.

The rst four veri cation cases involved one-dimensional steady-state heat conduction problems with di erent
boundary conditions and internal con gurations. The code accurately reproduced the analytical solution,
con rming its capability to handle simple heat transfer problems. Finally, the benchmark problem of the
four materials, which is widely used in the heat conduction eld, also demonstrated the excellent agreement
between the numerical results and the benchmark data further reinforcing the reliability and validity of the

numerical approach.

These results provide con dence in the code's ability to handle a wide range of heat transfer scenarios, laying

a solid foundation for its application to extension cases in subsequent chapters.
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Chapter 4

Convection and Di usion

This fourth chapter is focused on the mathematical study and the appliance of the general Convection-Di usion
equation For this purpose, a previous mathematical study is done, and four benchmark problems are solved

with the developed algorithm.

4.1 The Convection-Di usion Equation

The convection-di usion equation comes from summarizing all the governing equations of the heat transfer by
convection, also known as the Navier-Stokes equations [8]. Composed of mass conservation (4.1), momentum
conservation (4.2), and energy conservation (4.3), the Navier-Stokes equations are expressed in di erential

form as follows:

@

@t+ r (v)=0 (4.1)

@((;t)+r (vww)=1 (rv)+fr (-~ r~ r p+ g9 (4.2)
QT) ( rg pro v+~ )
_ ¥+ ~iry

at (¥T)=r o T + c (4.3)

These previous equations can be expressed in a single one, named the general Convection-Di usion Equation:

@@t)+r (v )=r (r )+S (4.4)

Being a general variable, a diusion coe cient, and S the source term, the following table gives each

speci ¢ value of the previous variables to reproduce the governing equations:
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Table 4.1: Specic values of , ,and S

Governing equation S
Mass conservation 1 0 0
Momentum conservation N r-(~ r~r p+ g
. r @ pr wt~rw
Energy conservation T = o

For numerical discretization, FVM is applied, with non-overlapping CVs and cell-centered nodes. An implicit
scheme is considered for the unsteady terms. With all these considerations taken into account, the general

equation (4.4) is integrated and results as follows:

0 0

. P PV + Me( e p) Muw( p w)* Ma( p) ms( p s)

= De( E p) Duw(p w)+ Dn( N p) Ds(p s)

P P (4.5)

Note that each term of the equation is referred to the next time step, except the ones expressed with

superscript x°, which are referred to the previous time step.

Also, note that the convection terms are expressed as a function of the value at the CV face ( ¢), but the
di usion terms are referred to the value at the adjacent node ( g). To avoid this situation and standardize

the nomenclature, di erent schemes are presented.

4.1.1 Central-Di erence scheme - CDS

Being the simplest scheme assumes a linear distribution between adjacent nodes. With this assumption,
the following relation is applied:
e p="fel E P) (4.6)

where f . stands for the ratio of the distance between the node and the face, and the distance between both

nodes.

Figure 4.1: CDS scheme
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Introducing this relation into equation (4.5) and grouping the di erent terms referring to the nodes, the

equation is discretized as follows:

ap p=a gtaw wtay ntas s+be 4.7)
where
ag = De mefe aw = Dy mufy ay = Dy mpf, as = Ds msfs (4.8)
OVp
ap = ag +awy +ay + as + Pt (49)
AV

by = P27 9 (4.10)

S Sw S S
De= ——¢ Dy = — D, = " D= —= 4.11
7 dpe Y dpw " dpy * des (4.11)

dpe dpw dpn dps

fo= fo, = f,= fo= 4.12
¢ dpe Y dpw " dpy * " dps (4.12)

Being a 2nd-order accurate scheme, CDS presents stability problems.

4.1.2 Upwind-Di erence scheme - UDS

The UDS is de ned by the assumption that for incompressible ows, or gases at low Mach number, convective
terms are more in uenced by upstream nodes than downstream conditions. For this reason, the following

relation is applied:
Me | Mej

e 8 (4.19)

Me( e p)=

(a) Positive UDS scheme (b) Negative UDS scheme

Figure 4.2: UDS scheme

Introducing this relation into equation (4.5) and grouping the di erent terms referring to the nodes, the same
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equation is obtained (4.7). This time, the coe cients are the following:

Me | Mej My | Myj

8 =D ——o— aw = Dy 5 (4.14)
_ My ] Mpj _ Ms | Ms)
a.N - Dn 2 as - DS 2
OVP
ap = ag +aw +ay +ag+ Pt (4.15)
0
V,

bp = P27 9 (4.16)

S Sw S S,
De= —¢ Dy = — Dp= " Dg= —— 4.17
¢ dpe Y dew " dpy * dps ( )

UDS is much more stable than the previous scheme but is 1st-order accurate. Since a 2nd-order accurate and

stable scheme is searched, the next scheme is presented.

4.1.3 Exponential-Di erence scheme - EDS

This scheme assumes a distribution based on a simpli ed form of the general Convection-Di usion equation

without source terms. The same relation as for the CDS scheme is applied (4.6), and the equation is discretized

as follows:

ap p=a gtay wtanw ntas stbhe (4.18)
where
ag = De mefe aw = Dy  myfy ay = Dp  mpfj as = Ds  msfs (4.19)
B Ve
ap = ag +ay +ay +as+ T (4.20)
0
V
bp = P27 9 (4.21)
S Sw nSh sSs
De= ——=¢ Dy = — Dn = Ds = 4.22
¢ dpe Y dew " dpy *7 dps (4.22)
_ epejppé 1 _ ePW 55’& 1 _ eP” 355 1 _ ePS SFF:; 1

fe= = Wi hETer Ee— (2

where P, stands for the local Reclet number, and it is computed as follows:

Ved vy d Vnd vsd
Pe: eVelUpE Pw: w Vw Upw Pn: nVnUpN Ps: sVsUps (4.24)

e w n S

EDS is also stable and it is 2nd-order accurate, but when it comes to a large Reclet number, the solution
tends to be the same as for UDS. For this reason, high-resolution schemes (HRS) such as SUDS or QUICK
are applied.
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4.1.4 Second-order Upwind linear extrapolation - SUDS

This rst HRS assumes a linear extrapolation but with the two upstream nodes. Located at the face position,

the nomenclature for the three nodes is the following:
D = downstream node
C = rst upstream node

U = most upstream node

(a) Positive SUDS scheme (b) Negative SUDS scheme

Figure 4.3: SUDS scheme

The relation for solving at the desired face is a little trickier than the schemes mentioned before since the

result is obtained through its dimensionless form as it follows:

R
Af = i/\c (425)

e Y (4.26)
D U
and
g= X XU (4.27)
XD Xu

To better understand the whole process, the following simple algorithm is applied to solve :
1. Input geometrical and ©t data, and mass uxes
2. Dimensional values assignationXp, Xc, and Xy, and p, c,and y

3. Dimensionless values evaluation:"¢ with equation (4.26), and R¢ together with R, both with equation

(4.27)
4. ", evaluation with equation (4.25)

5. ¢ evaluation, rearranging equation (4.26)
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The following relation is applied to solve the next time step, as it has been done in the previous schemes:
f p=( {25 p)e( fRETT O PESTT (4.28)

where FRS™ and PPS™ are calculated with the values obtained in the previous iteration. The discretized

equation takes the following form:

ap p=a g+taw wtay ntas s+bp (4.29)
where

m i Mgj rev rev m rev rev
ac = D, De 12 Ne) Me »;Rsp gDSp ) ay = D, Dw ] Mw) mu( HRS’ uDs e
(4.30)

m i m i rev rev m rev rev
ay =D, Ll (Rt wosty o go=p, Mo LMy g pRet o wost
(4.31)

OVP
ap = ag +awy +ay + as + P'[ (432)
Y/
bp = P27 R (4.33)
S Sw S S

De= —% Dy = — D, = —" Dg= —— 4.34
7 dpe Y dpw " dpy * dps (4.34)

4.1.5 Quadratic Interpolation for Convective Kinematics - QUICK

This second HRS assumes a quadratic extrapolation also with the two upstream nodes, and it could be up
to the third-order if desired. The process followed to solve the dimensional ¢ value is exactly the same as

before, but the relation for the dimensionless located face value is changed for the following one:

Rt (kf 1) A
Re(e 10 ¢ X )

AN

P =X +

(a) Positive QUICK scheme (b) Negative QUICK scheme

Figure 4.4: QUICK scheme
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4.2 Code structure

The following lines sum up the general algorithm used to solve the distribution for every case. The same
code can be used to solve the four di erent cases by changing boundary conditions and using the previous

schemes by changing the expressions to evaluate convection and di usion terms.
1. Input data:
(a) Physical data, such as geometry, initial values, physical properties, and boundary conditions.
(b) Numerical data, such as convergence parameter, time step, mesh size, etc.
2. Previous calculations: vector de nitions and mesh generation.
3. Initial maps: %= (t=0;x;y)
4. Time-convergence starting point:t = t+ t
(@) Initial estimated values: ©st = ©
(b) Convection and di usion terms: m;Dy; fx

(c) Discretization coe cients evaluation: ag;aw;an;as;ap;bp

(d)  resolution:

a pew =8 gtaw wtay ntas sty (4.36)
(e) Convergence analysis: if the result converge$max( new est)J< the code goes to step 5. If
not, the code updates data, est = new. and goes back to step 4.
5. Time convergence analysist > tfinq
6. Data update: o= new

7. Final computations anayiical » and results printing

4.3 Code veri cation

The code veri cation is done by four di erent benchmark problems. Each problem has the same main

characteristics, listed below:
1. Steady-state convection-di usion cases.
2. Velocity eld is known.
3. 2D cases, with uniform mesh and cell-centered nodes.

4. Density and di usion coe cients are known constant values. Source terms take null value for every

case.
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Particular treatment of the boundary conditions is done for each case. The following sections present these
boundary conditions and the obtained results for each case, along with the reference results and, when

possible, analytic solution.

4.3.1 Parallel ow

As said before, is a steady-state convection-di usion case where has a one-dimensional variation in the

same direction as the ow inaL L domain. The ow follows the equation below:
¥(X;y) = (Vo;0) (4.37)

The following boundary conditions are applied:

1. Left side: the Dirichlet boundary condition is applied, which establishes that all these nodes have a

constant = i, value.

2. Right side: the same Dirichlet boundary condition is applied, which also establishes that all these

nodes have a constant = ,; value.

3. Upper and lower sides: the Neumann boundary condition is applied, which establishes the following

relation:

@ _
oy ° (4.38)

Figure 4.5: Parallel ow scheme. Geometry and boundary conditions

This particular case has an analytic solution, described by the following equation [9]:

xPe

n _ €t 1
out in ePe 1

(4.39)

As can be seen, the solution depends on the Reclet number of the problem. The obtained results for di erent

Reclet numbers are presented in the gure below:
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(@ Pe= 10 (b) Pe=0

(c) Pe=1 (d) Pe=10

Figure 4.6: Analytic solution for di erent Reclet numbers and 100 100 mesh

Some signi cant conclusions can be extracted from the above-mentioned gure. FoPe = 0, (see Figure
(4.6b)), the case becomes a full conduction problem since the di usion coe cient takes an in nite value and
the domain act as a solid. It is easy to see that the behavior of the is very similar to the one obtained in
the previous chapter, the second veri cation case. As the Reclet number increase or decreases, the di usion
term becomes larger, and, thus, the conduction term is no longer the dominant term of the problem. Some
tests with Pe << 1 and Pe >> 1 have been done in order to see this growth of the di usion in uence §ee
Figures (4.6a) and (4.6d)).

Since this analytic solution comes from theEDS, a comparison between analytical and numerical results
is done for the same Reclet numbers. As can be seen, the numerical results are pretty accurate with the

analytical ones:
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Figure 4.7: Comparison between analytical and numerical results for EDS
4.3.2 \ertical ow
This case is a modi cation of the previous one. Now the ow is vertical, as the equation shows:
¥(X;y) = (0; Vo) (4.40)

The exact same boundary conditions as before are applied, where the left and right sides act as inlet and

outlet, and the upper and lower sides apply the Neumann condition (4.38).

Figure 4.8: Vertical ow scheme. Geometry and boundary conditions

This new case has another analytic solution, described by the following equation:
= b My (4.41)

As can be seen, the solution does not depend on the Reclet number, and the results are expected to be the

same as the ones obtained foP e =0 in the previous case. The obtained results are the following:
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Figure 4.9: Analytic solution with 100 100 mesh

As it was expected, the results obtained results with the di erent schemes are very similar to the analytical
ones. In order to better see the di erence between each result, the absolute error compared with the analytic

solution is plotted below:

Figure 4.10: Comparison between analytical and numerical results for EDS, UDS and CDS

Only a 0:35% of error is observed with UDS, while CDS and EDS provide the exact same values along the

domain, and are slightly lower than the ones provided by the UDS.

4.3.3 Diagonal ow

The third case has a diagonal ow, as the following equation shows:
¥(X;y) = (Voco( );Vosin( )) (4.42)

where =45 . The following boundary conditions are applied:

1. Left and upper sides: the Dirichlet boundary condition is applied, which establishes that all these

nodes have a constant = |5, value.
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2. Right and lower sides:  the same Dirichlet boundary condition is applied, which also establishes that

all these nodes have a constant = pjgn Vvalue.

Figure 4.11: Diagonal ow scheme. Geometry and boundary conditions

This case is expected to be simulated foPe= 1 . For this reason, UDS will only be used since EDS and

CDS present stability problems for high Reclet numbers. The expected results are the following ones:

1.

low above the diagonal.

2.

nigh below the diagonal.

The following gure presents the obtained results for di erent Reclet numbers. For higher Reclet values, the
diagonal ow starts to stretch, reducing the transition area from the lowest to the highest value, which means

that the gradient of values between consecutive nodes increases rapidly.

As can easily be observed, no change in the results is appreciated between the last two Reclet number
simulations. This is due to the false di usion. A coarse mesh is being used, and thus, bigger errors are
computed since the distances between nodes are not small enough to capture the smallest variations. For this
reason, the results forPe= 1 (Pe=107) are recomputed using ner meshes. This way, the above-mentioned

gradients of values can be correctly computed. The new results are presented in Figure (4.13), where the

change can now be appreciated.
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(a) Pe=1 (b) Pe=100

(c) Pe=1000 (d) Pe= 107

Figure 4.12: Numerical solution for di erent Reclet numbers and 100 100 mesh with UDS

(@) Pe= 107 and 500 500 mesh (b) Pe= 107 and 1000 1000 mesh

Figure 4.13: Numerical solution forPe= 1 (Pe=10") with ner meshes and UDS
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4.3.4 Smith-Hutton problem

This case has a particular treatment, as it becomes a rectangular domain,[2 L. Regarding the ow, the

velocity map is de ned as the following equation shows:

YY) = @2y x?); (1 y?) (4.43)

Figure 4.14: Smith-Hutton ow scheme. Geometry.

The following boundary conditions are applied:

1. Left, right, and upper sides: the Dirichlet boundary condition is applied, which establishes that all

these nodes have a constant value. This value is de ned by the following equation:

=1 tanh(10) (4.44)

2. Lower side: this side is divided into two parts. The inlet part, x 2 [ 1;0], and the outlet part,
x 2 [0;1]. The inlet side has a Dirichlet boundary condition, while the outlet side has a Neumann

boundary condition. Both equations are presented below, respectively:

=1+ tanh(10(2x + 1)) (4.45)
@ _
oy ° (4.46)

The results of this case will be compared with the ones provided by the CTTC, listed in the table below gee
Table (4.2)). The gures represent the obtained results for the three di erent = relations with the UDS

scheme.
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Table 4.2: Expected results for the Smith-Hutton problem. Extracted from [8]

x-position [m] = =10 = =103 = =106
0.0 1.989 2.0000 2.000
0.1 1.402 1.9990 2.000
0.2 1.146 1.9997 2.000
0.3 0.946 1.9850 1.999
0.4 0.775 1.8410 1.964
0.5 0.621 0.9510 1.000
0.6 0.480 0.1540 0.036
0.7 0.349 0.0010 0.001
0.8 0.227 0.0000 0.000
0.9 0.111 0.0000 0.000
1.0 0.000 0.0000 0.000
(@ = =10 (b) = =103
(c) = =10 °

Figure 4.15: Numerical solution for dierent = values and 100 100 mesh with UDS
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To compare the obtained numerical results with the reference values, the following plots have been done:

(@ = =10 () = =103

() = =10 °©

Figure 4.16: Comparison between provided and obtained solutions for di erent= values and 100 100
mesh

4.4 Discussion

For this chapter, it can be concluded that the code has been successfully veri ed since the numerical results

are according to the analytical solutions.

It is interesting to remark that all the tested convective schemes have successfully resulted in proper results.
First-order schemes have induced more error than second-order schemes, and high-resolution schemes provided

better results with coarser meshes than second-order schemes with nner meshes.

All the benchmark problems have been tested with the same algorithm, and the only di erence between
them is the boundary conditions of each particular case. For this reason, it can be concluded that the code is

working perfectly and it is capable to deal with any convection-di usion problem.
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Study for the computational resolution of conservation
equations of mass, momentum and energy.
Numerical analysis and turbulence models

Chapter 5

The Fractional Step Method

The FSM is usually used to solve the incompressible Navier-Stokes equations due to its good performance,
even with turbulence phenomena, and the simplicity of its code. It is commonly known as a projection
method since its use of an intermediate velocity. This velocity is an approximate solution of the momentum
equations but it cannot satisfy the incompressibility constraint. For this reason, the pressure Poisson equation
is also used, which determines the minimum perturbation that will accomplish the incompressibility of the

predictor velocity [10].

5.1 Mathematical formulation

Before diving into the subject, the previous step is to discuss the Helmholtz-Hodge theorem. It states as

follows:

A given vector eld +, de ned in a bounded domain with smooth boundary@ , is uniquely decomposed in a

pure gradient eld and divergence-free vector parallel to@
t=a+r (5.1)

where
r a=0 a2 (5.2)
The theorem also applies for periodic in ow/out ow conditions.

Taking this theorem into consideration, let's start with the mathematical formulation. The rst step is to

consider both mass and linear momentum Navier-Stokes equations for incompressible and constant viscosity

ows:
r v=0 (5.3)

@v_
@t_ R r p (5.4)
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where
v = ul+ v+ wk (5.5)

and R(v) is introduced to simplify equations, considering both convection and di usion terms. It stands for:
RW)= (v r)v+r (rw) (5.6)

Equation (5.3) must be veri ed at any time between t" and t"*! . Time integration of equations (5.3) and
(5.4) results in:
r ¥ =0 (5.7)
AR 0
—= R(¥'2) r p'*l (5.8)
From equation (5.8), two considerations can be done:

1. Helmholtz-Hodge theorem is applied:

AL = 4P Jr pn+1 (5.9)
2. R(v%) is interpolated as follows:
n+1 3 1 1
R(vz )= ER(v“) ER(V“ ) (5.10)
Equation (5.8) can be rewritten:
v tvn = gR(v“) %R(v” h (5.11)

From this equation (5.11), the predictor velocity can be computed, and introducing the results into equation
(5.9), the real velocity for the next time step can be computed, both computations are done node-by-node.

The pressure map is still unsolved. To do it, the same equation (5.9) is taken and its divergence is computed:
t
ro =1 ¥ o —r p"t (5.12)
Applying here equation (5.7), the Poison equation for pressure is found:

M= WP (5.13)

P t

With this Poison equation, the incompressibility of the ow is always considered, and with a Gauss-Seidel
solver, the pressure map can be computed.
The whole FSM code can be summarised in the following lines:

1. Evaluation of R(¥") with equation (5.6)

2. Evaluation of predictor velocity ¥° with equation (5.11) node-by-node
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3. Gauss-Seidel solver for the pressure elg"*' with Poison equation (5.13)
4. Evaluation of real velocity ¥"*' with equation (5.9) node-by-node

The code's simplicity mentioned before is demonstrated with the previous scheme. Nonetheless, a more

in-depth study of some relevant aspects is ruled hereafter, and an extended algorithm is presented below.

5.2 Staggered meshes

Until this chapter, numerical discretization was done using non-overlapping control volumes with cell-centered
nodes, where scalar variables such as pressure and density were stored together with vector velocities at the
cell-centered nodes. Staggered meshes store the scalar variables at the cell-centered nodes, but velocities, or

momentum variables, are stored at the cell faces.

Figure 5.1 Staggered mesh

To better understand the need for a staggered mesh, it is mandatory to study the checkerboard problem and

understand the possible decoupling between velocity and pressure.

5.2.1 The Checkerboard problem

Let's suppose an imaginary problem where only the next real velocity wants to be computed with the equation
(5.9) node-by-node. Simplifying the problem to a 1D spatial discretization, the mentioned equation can be

expressed in terms of current, west, and east nodes as follows:

n+1 n+1

_ tp
uptt =l — TE 5 (5.14)

As can easily be seen, the solution of the velocity at the current node is independent of the pressure of
this node, which means that the convergence of the velocity can be obtained even with unphysical pressure

distributions. For example, let's suppose the following pressure distribution:

phw =108 phit =0 pptt =10 pptt =0 pRft =108
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The velocity will converge since the conditionr p"** =0 is accomplished, but the results are not coupled.

This is why staggered meshes are needed; thus, the checkerboard problem is solved.

5.2.2 Staggered meshes in the FSM

The staggered mesh is a little bit trickier than the non-overlapping nite volume meshes seen before, but its

implementation is quite easy. To study its implementation together with spatial discretization, the previous

summarized code of four steps will be expanded.

1. The rst step is to evaluate the R(¥"). For this purpose, the term is divided into R(u") and R(v").

Each component of the velocity will be evaluated with the staggered mesh in theX and Y direction,

respectively.

(a) x-staggered mesh: equation (5.6) is particularized for the horizontal velocity and integrated

(b)

over the x-staggered CV, and the Gauss theorem is applied. It results in the following equation:

R(U") « = conv+ diff (5.15)

where ,p stands for the x-staggered volume, andconv and diff stand for convective and di usive

terms, expressed as follows:

CONV= MeUe MyUy + MU,  MsUg (5.16)
. u u u u u u u u
diff = —= A, w——WA+ N PAL SpisAS (5.17)
dre dpw dpn dps

Volumetric ow and velocities at the faces are the most tricky part of this method. The evaluation
of the velocities at the CV faces is done by convective numerical schemes (CDS, UDS, SUDS,
QUICK). For example, east face with CDS:

dpe
dre

Ue = Up + (Ue up) (5.18)

The evaluation of the volumetric ow at the east and west faces is made by the arithmetic mean

of the horizontal velocities at the east and west nodes.

Me = WAQ (5.19)

Finally, the evaluation of the volumetric ow at the north and south faces is made by the following
equation:

My =( V)aAan +( V)sAgn (5.20)

y-staggered mesh: equation (5.6) is now particularized for the vertical velocity and integrated

over the y-staggered CV, and the Gauss theorem is applied. It results in the same equation as
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before but with the Y components:
R(V") yp = conv+ diff (5.21)

where yp stands for the y-staggered volume. Convective and di usive terms are the same as
before but with vertical velocities. Again, the evaluation of the velocities at the control volume
faces is done by convective numerical schemes. Then, the evaluation of the volumetric ow at the
north and south faces is made by the arithmetic mean of the vertical velocities at the north and

south nodes:
_ (U +(u)e

n 5 An (5.22)

And the evaluation of the volumetric ow at the east and west faces is made by the following

equation:

Me=( U)aApe +( U)BABe (5.23)

The following scheme illustrates the previous distances, such a8 an ;Agn ; Aae OF Age and where

each value is evaluated, for x-staggered and y-staggered meshes:

(a) x-staggered mesh (b) y-staggered mesh

Figure 5.2: Distances and values evaluation positions

2. Once R(u") and R(v") are computed with the x-staggered and y-staggered meshes, the predictory

velocity can be computed node-by-node. As before, it is split into the horizontal and vertical velocities:

T gR(u”) %R(un h (5.24)
W=y gR(v“) %R(v” b (5.25)

3. The pressure is computed with the Poison equation (5.13). After numerical integration and grouping of

the di erent terms, the obtained equation is the following one. It must be noted that the pressure is
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solved for the main mesh:

appp™ = aepg™ +awpl” + anpl™" +asps™ + b (5.26)
where
Ae Ay Ap As
= = = 5.27
T de MThw M Tdn T des 5.27)
ap = ag +aw + ay + as (5.28)
1
b = IR (UP)eAe (UP)WAW+(VP)nAn (VP)sAs (5.29)

4. Finally, the next velocity ¥"*' can be computed node-by-node. Once again, the velocity is split into
horizontal and vertical components, and each component is solved with the x-staggered and y-staggered

meshes, respectively. The equations are the following:

t n+1 n+1

wt = i % (5.30)
t n+1 n+1

vt =vf — Pe Pa’” dBApA (5.31)

The following scheme illustrates where the previous pressures are located, and the distances for

x-staggered and y-staggered meshes:

(a) x-staggered mesh (b) y-staggered mesh

Figure 5.3: Pressure evaluation positions

5.2.3 Time step choice

Since the time integration is an explicit one, the time step must be low enough to ensure the stability of
the simulation. To do so, the time step choice is subject to the Courant-Friedrich-Levy condition (CFL

condition), which stands for the minimum time step to maintain the simulation stability. To do so, the
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C )

2
tg = min 0:2 X

(5.33)

The minimum of these is used for the simulation. It must be noted that the time step is recomputed in each
time step:

t=min( tg; tg) (5.34)

5.3 Code structure

The general FSM algorithm is the following one. The same code can be used to solve the di erent cases
by changing boundary conditions and adding additional equations to solve energy, or transport species, if

necessary.
1. Input data:
(a) Physical data, such as geometry, initial values, and physical properties.
(b) Numerical data, such as convergence parameter, mesh size, etc.

2. Previous calculations: vector de nitions and mesh generation. Distances and areas for the x-staggered

and y-staggered meshes are computed, and thHBlock-o Method is applied, if necessary.
3. Initial maps: ¥, R(*¥" 1), and pressure map.
4. Discretization coe cients evaluation: ag;aw ;an;as;ap
5. Time-convergence starting point:t = t+ t

(a) CFL condition: minimum time step evaluation.

(b) R(¥") evaluation

(c) Intermediate velocity evaluation ¥° node-by-node.

(d) be coe cient evaluation with the new time step and intermediate velocities.

(e) Pressure resolution with Gauss-Seidel solver:

app=agPe + awply + anpR + aspe + be (5.35)

(f) Next velocity evaluation ¥"** node-by-node.

(g) Convergence analysis: if the result convergegmax(p"** p")j< the code goes to step 6. If not,
the code updates datay" ' = 4", ¥ = ¥"*1 R(¥") = R(¥"*™1), p" = p"*!, and goes back to
step 5a.
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6. Time convergence analysist > tfjnq

7. Final computations and results printing

5.4 Code veri cation

The code veri cation is done by four di erent benchmark problems. Even though each problem has di erent

characteristics, the main code is almost the same since all problems implement the FSM.

Particular treatment of the boundary conditions is done for each case. The following sections present these
boundary conditions and the obtained results for each case, along with the reference results and their

comparison.

5.4.1 Lid-Driven Cavity

The rst benchmark problem is the Lid-Driven Cavity case. Let's suppose that an incompressible and laminar

ow is enclosed in a square cylinder [11]. The following boundary conditions are applied:

1. Left, right, and lower sides: these are considered static walls, and the Neumann boundary condition
for pressure is applied to the vertical component at the lower side, and to the horizontal component at
the other sides. Regarding velocities, both horizontal and vertical components take null values due to
the no-slip condition:

@p_4 and @P-p (5.36)

@y @x
v=0 (5.37)

2. Upper side: this side is also a wall, so the same Neumann boundary condition is applied for the
pressure eld as it was for the lower side. Regarding velocities, this is a moving wall, so horizontal
velocity takes a constant known value:

U= Uref (5.38)

Figure 5.4: Lid-Driven Cavity scheme. Geometry and boundary conditions
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The problem will be solved with a uniform mesh and constant known thermophysical properties for di erent
meshes, convective numerical schemes, and Reynolds values. The following list sums up the simulation

parameters for the obtained results:
1. 50 50 mesh: CDS, UDS and SUDS(SUDS only for Reynolds 100, 1000, and 5000)
2. 100 100 mesh: CDS
3. Reynolds numbers: 100, 400, 1000, 3200, 5000, 7500 and 10000
4. Steady-state convergence parameter: 10 4
5. Convergence parameter: 10 6
The reasons why CDS has been chosen to be the main scheme are the following:

1. CDS, as said in its respective chapter, is a 2nd-order accurate scheme. It presents stability problems
but these problems are solved thanks to the CFL condition. For this reason, CDS becomes a 2nd-order

accurate and stable scheme.

2. UDS is a much more stable scheme but it is only 1st-order accurate. For this reason, with the same

mesh, CDS results are expected to be much more accurate than the ones obtained via UDS.

3. SUDS takes both good parts of the previous schemes, being a stable and 2nd-order accurate scheme. In
return, its computational cost is signi cantly increased. For the coarse mesh, it returns results with an
accuracy close to the CDS results with the nner mesh, but the computational time is much greater.

For this reason, SUDS simulations with a ne mesh could take days.

For all the reasons mentioned above, CDS simulations will be ruled with 50 50 and 100 100 meshes. UDS
simulations will be done for 50 50, as well as SUDS simulations, but this last scheme will only be applied to

low, medium, and high Reynolds, to illustrate the evolution of the accuracy with the Reynolds number.

The obtained results for di erent Reynolds are illustrated in the following pages, together with the reference
results [11]. At the end of the simulation results, a table with the computational times and time convergences

of every simulation can be found éee Table (5.1):
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(a) Velocity map. CDS and 100 100 mesh (b) Pressure map. CDS and 100 100 mesh

(c) u-velocity comparison (d) v-velocity comparison

Figure 5.5: Numerical solutions for Re=100

From these results, some interesting conclusions can be extracted.

The rst one is the singularity points in the pressure map. The whole cavity is considered to be at a null
pressure value, but the upper left and right corners are taking high positive and negative pressure values.
These singularity points occur due to the combination of two factors, which are the ow separation and the
boundary conditions. When the uid near the corners of the cavity encounters an abrupt change in direction,

it tends to separate from the surface, creating a region of recirculation or stagnation. This ow separation
leads to the formation of vortices or eddies, which are commonly observed in the corners of the cavity. The
presence of these vortices near the corners results in localized pressure variations. In the upper left corner,
for example, the ow separation creates a region of low-pressure or suction, causing the pressure to drop to
negative values. Conversely, in the upper right corner, the ow separation results in a region of high pressure,

leading to positive pressure values.

The second one is the mesh study. It is clearly visible how almost the same results are obtained for the
di erent schemes and meshes. CDS with the coarse mesh, and UDS provide some error in the vertical velocity,

but the SUDS results with the coarse mesh, and CDS results with the ne mesh appear to be the same.
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