SOME NUMERICAL INVARIANTS OF LOCAL RINGS

JOSEP ALVAREZ MONTANER

ABSTRACT. Let R be a formal power series ring over a field of characteristic
zero and I C R be any ideal. The aim of this work is to introduce some
numerical invariants of the local rings R/I by using the theory of algebraic
D-modules. More precisely, we will prove that the multiplicities of the char-
acteristic cycle of the local cohomology modules H}“i(R) and Hg(H}“i(R)),
where p C R is any prime ideal that contains I, are invariants of R/I.

1. INTRODUCTION

Let (R, m, k) be a regular local ring of dimension n containing the field k, and
A a local ring which admits a surjective ring homomorphism 7 : R—A. Set
I = Kernm. G. Lyubeznik [10] defines a new set of numerical invariants of A by
means of the Bass numbers A, ;(A) := p,(m, H}(R)) := dimExt?, (k, H*(R)).
This invariant depends only on A, 7 and p, but neither on R nor on 7. Completion
does not change Ap;(A) so one can assume R = k[[z1,...,zy]], with z1,...,2,
independent variables.

Lyubeznik numbers can be described as the multiplicities of the characteristic
cycle of the local cohomology modules HE(H}™*(R)). The aim of this work is
to prove that the multiplicities of the characteristic cycle of the local cohomology
modules H}~*(R) and H}(H}~*(R)), where p C R is any prime ideal that contains
I, are also invariants of R/I. Among these invariants we may find the Bass numbers

pp(p, HY ' (R)) == dimyp) Exthy (k(p), Hig ! (Ry))-
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2. THE CHARACTERISTIC CYCLE

In the sequel, D will denote the ring of differential operators corresponding to the
formal power series ring R = k[[z1,. .., %,]], where k is a field of characteristic zero
and z1,..., T, are independent variables. For details we refer to [5], [6]. The ring
D has a natural increasing filtration given by the order such that the corresponding
associated graded ring gr(D) is isomorphic to the polynomial ring R[¢1, ..., &]-

Let M be a finitely generated D-module equipped with a good filtration, i.e.
an increasing sequence of finitely generated R-submodules such that the asso-
ciated graded module gr(M) is a finitely generated gr(D)-module. The char-
acteristic ideal of M is the ideal in gr(D) = R[&,...,&,] given by J(M) :=
rad (Ann g,(py(g9r(M))). One may prove that J(M) is independent of the good
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filtration on M. The characteristic variety of M is the closed algebraic set given
by:

C(M) := V(J(M)) € Spec (gr(D)) = Spec (R[E1, - - -, &n])-
The characteristic variety allows us to describe the support of a finitely generated
D-module as R-module. Let 7 : Spec (R[1,...,&]) — Spec (R) be the map
defined by 7(z,&) = x. Then Suppgr(M) = w(C(M)).

The characteristic cycle of M is defined as:
CC(M) = m,V;

where the sum is taken over all the irreducible components V; = V(q;) of the
characteristic variety C'(M), where q; € Spec (¢gr(D)) and m; is the multiplicity of
the module gr(M),,. Notice that the contraction of q; to R is a prime ideal so the
variety 7(V;) is irreducible.

2.1. Bass numbers and characteristic cycle. Let p € Spec (R) be a prime
ideal. The Bass numbers 1, (p, H7~*(R)) of the local cohomology modules H}~*(R),
where I C R is any ideal, can be described as the multiplicities of the characteristic
cycle of HY(H; *(R)). Namely we have:

Proposition 2.1. Let I C R be an ideal, p C R a prime ideal and
CCHF(H} T (R) =D Appia Va
be the characteristic cycle of the local cohomology module HE(H}“"(R)). Then, the
Bass numbers with respect to p of Hf'(R) are
(P HE T (R)) = N prisay s
where 7(Vy, ) is the subvariety of X = Spec (R) defined by p.

Proof. Let 1/%\,, be the completion with respect to the maximal ideal pR, of the
localization R,. Notice that R, is a formal power series ring of dimension htp.
Since Bass numbers are invariant by completion we have:

(0 HP 7 (R)) = pp (p Ry, HY(Ry)) = pio (p Ry, HY o (H 2 (Ry))),

where the last assertion follows from [10, Lemma 1.4]. By using [10, Theorem 3.4]
we have:

ni B B o o (P Ry HY o (2 (Ry)))

Hﬁa (HIE; (Ry)) = Eg (Ry/pRy) PRy Ry

So, its characteristic cycle is:

COWH? - (HIZ(By)) = iyl HY T/ (R)) V2,
where 7(V; ) is the subvariety of X' = Specl'/-?f\p defined by the ideal pf%\p. Notice
that we have used the following fact (see [10] and [1] for details):

CC(HE’;': (Rp)) = CC(ERAP (Ryp/pRp)) =V,

Finally, by using the flatness of the morphism R —» Z/Q\p, this characteristic cycle
can be obtained from the characteristic cycle of Hy (H;~*(R)). Namely, if

COHF(H}T(R) =D Mppia Va
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is the characteristic cycle of the module HY(H} *(R)), then we have

CC(Hf}’ﬁ, (H?R_f(Rp))) = Xopisay Va,-

O
2.2. Inverse and direct image. Some geometrical operations as the direct image
have a key role in the theory of D-modules. Our aim in this section is to give a

brief survey of this operations in the particular case of the injection of A} in AZH.
The main references we will use in this section are [6] and [11].

Let D41 and D, be the rings of differential operators corresponding to R’ =
k[[z1,...,2n,t]] and R = k[[z1,...,zy]] respectively. Let M be a D,-module. The
direct image corresponding to the injection is the D4 1-module i1 (M) defined as

i (M) = k[0)&xM = M[D)].

The characteristic variety of i1 (M) can be computed from the characteristic variety
of M. Namely, we have:

C(Z+(M)) = {(X,O,f,’l') | (X)E) € C(M)} c Spec (R,[glv v 767“7_]))
where we have considered C (M) C Spec (R[&1, .- ., &n])-

The direct image of local cohomology modules can be easily described. The
following result is stated in the way we will use in our work.

Lemma 2.2. Let p C R be a prime ideal that contains an ideal I C R. The direct
image of the local cohomology module Hy(H; ™" (R)) is:

i+ (Hy (H7'(R))) = H{y (Hyp (H7g' (R")))-

Proof. Let Dy be the ring of differential operators corresponding to the formal
power series ring k[[t]]. For simplicity we will denote the local cohomology modules
H{(H7™'(R)) and Hpp, (HTg'(R')) by N and N’ respectively. Then we have:
H{y (N') = Hjyy (N@wE[[t]) = Hiy) (K[t @xN = (De/Dy - ()21 N = it (N)
g

Remark 2.3. In general, let I, ..., Is be a set of ideals of R. Then, the direct image
of the local cohomology module Hj! (- (Hy (R)) ) is:

i (Hi (- (Hp (R) -++)) = Hiyy (HE o (- (Hp o (R) - --)).

3. MULTIPLICITIES OF THE CHARACTERISTIC CYCLE

Let A be a ring that admits a presentation A = R/I for a given ideal I C
R = k[[z1,...,z,]]. Recall that we have Spec(A) = {p € Spec(R) | I C p}.
Throughout this section, a prime ideal of A will also mean the corresponding prime
ideal of R that contains I.

Let R/I and R'/I' be two different presentations of the local ring A. Then, for
any prime ideal of A, we will denote p’ € Spec (R’) the prime ideal that corresponds
to p € Spec (R) by the isomorphism Spec (R/I) = Spec (R'/1")
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Theorem 3.1. Let A be a local ring which admits a surjective ring homomorphism
m: R — A, where R = k[[z1,...,x,]] is the formal power series ring. Set I =
kerm, let p C A be a prime ideal and let

CC(H(H} ' (R) = > Appia Vas

be the characteristic cycle of the local cohomology modules HY (H}~"(R)). Then the
multiplicities \p p ;.o depend only on A, p, p, i and a but neither on R nor on .

The proof of the theorem is inspired in the proof of [10, Theorem 4.1], but here
we must be careful with the behavior of the characteristic cycle so instead of [10,
Lemma 4.3] we will use the following:

Lemma 3.2. Let g : R — R be a surjective ring homomorphism, where R’ is a
formal power series ring of dimension n'. Set I' = ker mg and let

COHF(HF T (R) =D Appica Vs

be the characteristic cycle of the local cohomology modules HY(H} *(R)). Then,
the characteristic cycle of Hp, (H}‘,Li(R’)) is

CCHE (HY {(R)) =Y Nopia Vi

where w(V!) is the subvariety of X' = Spec R' defined by the defining ideal of 7(Vy)
contracted to R’.

Proof. R is regular so Kerg is generated by n’ — n elements that form part of
a minimal system of generators of the maximal ideal m’ C R'. By induction on
n' —n we are reduced to the case n’ —n = 1, so Ker g is generated by one element
f e m’\m’>. By Cohen’s structure theorem R' = k[[z1,...,,, ] where we assume
f =t by a change of variables. We identify R with the subring k[[z1,...,z,]] of
R'. In particular we have to consider I' = IR’ + (t) and p’ = pR’' + ().

By using Lemma 2.2 and the degeneration of the Grothendieck’s spectral se-

quence EP? = Ha)( (M) = ng_'(lt)(M) we have:

iy (HY(HP'(R))) = Hlyy (HD g (HyR (R')) = H gy (Hly (HTR (R'))) =
= HYp (Hp 4 (R) = HY g (H 7/(R')) =

= H?

Do (Hy T (RY) = HE (H ~'(R"),

where the second last assertion comes from the fact that H}’,lfi(R’) is a (t)-torsion

module. Then we are done by the results in Section 2.2.
O

Now we continue the proof of Theorem 3.1.

Proof. Let ' : R" — A and 7" : R” — A be surjections with R' = k[[y1, ..., yn]]
and R" = k[[z1,...,2n"]]- Let I' = kerﬂ' and let I'"" = kern". Let R" = R'®R"
be the external tensor product, 7" = 7'@,n" : R'@,R" — A and I"" = ker 7"

By Lemma 3.2, if the characteristic cycle of H, (H}‘,Li(R’)) is

CC(HE, (HY ~U(R")) => Xypia Vi
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then the characteristic cycle of Hy,. (Hy,,™™ ~*(R"™)) is

CC(HPIH (H}l”l-i-n -t R’ Z >\I p,p, l [e% V”’

@

where m(V!") is the subvariety of X"' = Spec R"" defined by the defining ideal of
w(V2) contracted to R'.

By Lemma 3.2, if the characteristic cycle of Hy), (H}L/r’_i(R")) is
CO(HY, (HE T (R)) =YX pia Vi
then the characteristic cycle of Hp,., (H}‘,’,fr””%(R"')) is

CO(H?

n'+n'' —i ! " "
]J”’ (HI”’ R Z A P,p,%,Q VD(

where m(V'") is the subvariety of X"' = Spec R"" defined by the defining ideal of
w(V)') contracted to R".
— )\Il

ppia forall p, p, i and a.

In particular we have Ay .

O

Remark 3.3. With the same arguments one may prove that the multiplicities of the
characteristic cycle of the local cohomology modules Hy!(--- (Hp* (R))---), where
Iy, ..., I is a set of ideals of R containing the ideal I = I, are also invariants of
R/I.

Since Bass numbers i, (p, H“(R)) are multiplicities of the characteristic cycle
of HY(H7~*(R)), we recover Lyubeznik’s result:

Corollary 3.4. Let A be a ring which admits a surjective ring homomorphism
m: R — A, where R = k[[z1,...,z,]] is the formal power series ring. Set I = kern
and let p C A be a prime ideal. The Bass numbers u,(p, H}*(R)) depend only on
A, p, p and i but neither on R nor on .

When p is the zero ideal, we obtain the invariance with respect to R/I of the
multiplicities of the characteristic cycle of H}™*(R).

Corollary 3.5. Let A be a local ring which admits a surjective ring homomorphism
m: R — A, where R = k[[z1,...,z,]] is the formal power series ring. Set I = kern
and let

CC(H™ (R)) =Y mia Va,

be the characteristic cycle of the local cohomology modules H}“i(R). Then the
multiplicities m; o depend only on A, i and o but neither on R nor on .

Collecting these multiplicities by the dimension of the corresponding irreducible
varieties we define the following invariants:

Definition 3.6. Let I C R be an ideal. If CC(H *(R)) = Y.m;o Va is the
characteristic cycle of the local cohomology modules H}'~*(R) then we define:

Yi(R/T) :={> mio | dim(n(Va)) =p}.
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One may prove that these invariants have the same properties as Lyubeznik
numbers (see [10, Section 4]). Namely, let d = dim(R/I) then v, ;(R/I) = 0 if
i>d, vi(R/I) =0if p>iand v4,4(R/I) # 0. In particular we can collect them
in a triangular matrix that we will denote by I'(R/I). We point out that these
invariants are finer than the Lyubeznik numbers.

Example 3.7. Let R = k[[z1, %2, %3, %4, z5]]. Consider the ideals:
o I} = (x1,72,%5) N (T3, 74,75).
L4 I2 = (1’1,1’2,1’5) N (1’3,1’4,1'5) N (1’1,1’2,1’3,1'4).

The characteristic cycle of the corresponding local cohomology modules can be
computed by means of [1, Theorem 3.8]. Collecting the multiplicities we obtain the
triangular matrices:

0

10 0 2
T(R/I,) = 0 0 T(R/L) = 1
2

0
0
2

Computing the Lyubeznik numbers (see [1, Theorem 4.4]), we obtain the trian-
gular matrix:

A(R/I) = MR/ 15) =

O =
N OO

We have to point out that the quotient ring R/I; is Buchsbaum but R/l is not.

Remark 3.8. In order to compute the Lyubeznik numbers A, ;(R/I) for a given
ideal I C R and arbitrary i,p we have to refer to U. Walther’s algorithm [12].
When I is a squarefree monomial ideal, a description of these invariants is given in
[1] and [14]. Some other particular computations may also be found in [7], [8],[9]
and [13]. The multiplicities of the characteristic cycle of HY(H} *(R)), where T
is a squarefree monomial ideal and p is any homogeneous prime ideal, have been
computed in [2].

When I is a squarefree monomial ideal (resp. the defining ideal of an arrangement
of linear varieties), the multiplicities of the characteristic cycle of Hf™*(R) have
been computed in [1] (resp. [3]).

REFERENCES

1. J. Alvarez Montaner, Characteristic cycles of local cohomology modules of monomial ideals,
J. Pure Appl. Algebra 150 (2000), 1-25.

2. J. Alvarez Montaner, Local cohomology modules supported on monomial ideals, Ph.D. Thesis,
Univ. Barcelona, 2002.

3. J. Alvarez Montaner, R. Garcia Lépez and S. Zarzuela, Local cohomology, arrangements of
subspaces and monomial ideals, to appear in Adv. in Math.

5. J. E. Bjork, Rings of differential operators, North Holland Mathematics Library, Amsterdam,
1979.

6. S. C. Coutinho, A primer of algebraic D-modules, London Mathematical Society Student
Texts, Cambridge University Press, 1995.

7. R. Garcia and C. Sabbah, Topological computation of local cohomology multiplicities, Collect.
Math. 49 (1998), 317-324.



SOME NUMERICAL INVARIANTS OF LOCAL RINGS 7

8. K. I. Kawasaki, On the Lyubeznik number of local cohomology modules, Bull. Nara Univ.
Ed. Natur. Sci., 49 (2000) 5-7.

9. K. I. Kawasaki, On the highest Lyubeznik number, to appear in Math. Proc. Cambridge
Philos. Soc.

10. G. Lyubeznik, Finiteness properties of local cohomology modules, Invent. Math., 113 (1993)
41-55.

11. Z. Mebkhout, Le formalisme des six opérations de Grothendieck pour les Dx-modules
cohérents, Travaux en Cours, Hermann, 1989.

12. U. Walther, Algorithmic computation of local cohomology modules and the cohomological
dimension of algebraic varieties, J. Pure Appl. Algebra 139 (1999), 303-321.

13. U. Walther, On the Lyubeznik numbers of a local ring, Proc. Amer. Math. Soc. 129(6)
(2001), 1631-1634.

14. K. Yanagawa, Bass numbers of local cohomology modules with supports in monomial ideals,
Math. Proc. Cambridge Philos. Soc. 131 (2001), 45-60.

DEPARTAMENT DE MATEMATICA APLICADA I, UNIVERSITAT POLITECNICA DE CATALUNYA, AVIN-
GUDA DIAGONAL 647, BARCELONA 08028, SPAIN
E-mail address: Josep.AlvarezQupc.es



