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Abstract  

 

Interior permanent magnet synchronous machines show a good range of behaviours, which 

make these kinds of machines good candidates for an electromechanical energy conversion. 

However, in order to improve their accuracy in their torque responses, the cogging torque and 

torque ripple phenomena should be mitigated to obtain better performance of the machine.   

In order to  reduce the cogging torque and torque ripple, control techniques as well as 

geometric parameters of the machine have to be improved. In this thesis, geometric 

parameters such as the use of the fractional slot windings,  the improvement of the pole-arc to 

pole-pitch ratio and the dimensions of the stator slots are considered for the better 

minimization  of the cogging torque and torque ripple. 

The results are presented to show the performance of the IPMSM with fractional slot windings 
as well as the reduction of the cogging torque and torque ripple. Furthermore, four models of 

IPMSM with fractional and integer slot windings are going to be compared with the aim of the 

attenuation of the cogging torque phenomenon.  

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 



 

 

  

  1 

1. Introduction  

 

In many applications, interior permanent magnet synchronous machines (IPMSM) have been 

chosen to achieve an electromechanical energy conversion. These kinds of machines have 

some advantages over other electrical machines. For example, having the magnets mounted in 

the interior of the rotor makes these machines more compact. IPMSM have higher efficiency 

since they do not have electrical excitation and hence fewer losses in the rotor. In some 

applications IPMSM do not require gear case since there is the control of power electronics, 

which avoid some mechanical losses in the electromechanical conversion [1] . Having the 

magnets mounted inside the rotor generates a difference between the direct and quadrature 

reactances for magnetic path. Therefore a higher saliency ratio is achieved, which allows 
IPMSM to produce additional  reluctance torque and hence a high torque density is achieved 

[2] . In addition, they  can work in a wide  range of speeds since a strong field weakening 

control can be achieved. This operation cuts the increase of the voltage due to the rise of the 

speed and consequently the inverter can be smaller [3] . For IPMSM, the rotation of the 

magnets inside the rotor at high speeds causes the rotor bridges to suffer mechanical stress 

due to the centrifugal for ces [4] . This structure can protect the magnets from irreversible 

demagnetization like in case of a sudden short-circuit , which reduces the torque on the 

machine due to the reduction of the remanent magnetic field density [5] . However, having a 

short air-gap contributes to more harmonics that can cross the air-gap. Furthermore, the 

reluctance variation between the magnets of the rotor and the stator teeth is more noticeable 
and phenomena such as cogging torque and torque ripple appear. In many applications both 

cogging torque and torque ripple are important enough to be studied and reduced.  

 

A lot of applications need an accurate response such as tooling machines working in high 

speeds; other applications need the mitigation of the cogging torque when they are in the 

phase of the start-up such as the wind turbines [6] . In addition, many applications are 

interested in the reduction of the cogging torque since it contributes to vibration of the stator 

structure and hence more noise is generated from these machines. It is desirable to reduce the 

cogging torque since it does not contribute to generate work torque and it contributes to 

generate ripple torque, vibrations and acoustic noise [7] . Several techniques are employed to 

reduce the unwanted cogging torque and torque ripple. There are two main groups, the 
solutions that involve geometrical parameters and the ones that are related with control and 

power supply of the machine [8] . In this thesis the aim of reducing cogging torque and torque 

ripple relies on the geometrical construction of the IPMSM. Previous researches tried to 

reduce the cogging torque using optimal pole-pitch to pole-arc ratios [9] , different magnet 

design [8] , reducing the slop opening width [10] , skewing the rotor or stator [9]  [11] , using 

slotless constructions [12] .  

 

In this case, the purpose of the thesis is changing the number of stator slots per pole and 

phase to a fractional number.  For that, several calculations are done to design an IPMSM with 

fractional slot windings.  The designed model is implemented in JMAG® , which is software for 

a finite element analysis. The implemented model is analysed by using the Maxwell stress 
tensor to calculate the electromagnetic forces in the air-gap, at no-load and load condition of 

the machine, which are the responsible ones of the torque generation and hence the cogging 

torque and torque ripple. This proposed model will be compared with a previous model with 

integer number of stator slots per pole and phase as well as with two other models that 

improves the reduction of the cogging torque; a step-skewed IPMSM and a second model of 

fractional slot windings with a larger value of slots per pole and phase.   
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2. Theoretical background  

 

2.1. Synchronous machines 
 

Synchronous machines encompass a large group of electrical machines. The latter are made 

up of three main groups, namely electrical excited synchronous machines, permanent magnet 
synchronous machines and reluctance synchronous machines. Inside each family, different 

types of machines can be found. Both the electrical excited or permanent magnet synchronous 

machines have either saliency or non-saliency ratio, which arises from the difference between 

the direct and quadrature inductances. This saliency ratio can contribute to the generation of 

reluctance torque, which increases the total amount of torque produced by the machine. The 

surface mounted permanent magnet synchronous machine is considered, in principle, non-

saliency due to the long equivalent distance of the air-gap and the small difference between 

inductances due to their quasi equal flux path. In contrary the interior  permanent magnet 

synchronous machine is salient pole machine, which produces an additional reluctance torque 

[1] . This will be discussed in section 2.10. 

 

 

Figure 1: Classification of the main different types of synchronous machines with the saliency ratio (Ld/ Lq) [1] . 

 

The most common synchronous machine is the slotted stator with three-phase winding, which 

can be built with an electrical excited rotor by coils or an excited rotor by permanent magnets. 

The machines can be either work as a motor or a generator. First operation mode is caused by 

the interaction of the rotor magnetic field and the stator rotating field, which is generated 

from the power supply. The stator field drags the rotor synchronously. When an external force 

drives the rotor together with  the rotating rotor field creating an alternating flux linkage in 
the stator winding, this induces a voltage in the stator windings and the second mode is 

achieved [13] . Normally, permanent magnet rotors are preferred over small synchronous 

machines in order to avoid the maintenance and the rotor losses by the electrical excitation, 

thus achieving better efficiencies. In spite of those advantages, for large synchronous 

machines it is preferred to have an electrically excited rotor  by a DC current in order to 

regulate any demands of the power factor of the line [13] . In addition, the interior permanent 

magnet synchronous machines (IPMSM) can be directly coupled to the drive or load, thus no 

gear box is required. This avoids maintenance and reduces mechanical losses.  
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2.2. Rotor configurations for p ermanent magnet synchronous machines (PMSM) 
 

There exist several rotor configurations for the case of synchronous machines excited by 

permanent magnets. The most commonly used configurations are surface permanent magnets 

(SPM) and interior  permanent magnets (IPM) types as Figure 2 shows. Interior  permanent 

magnets synchronous machines (IPMSM) have the magnets inside the rotor. These 

configurations have the value of the inductance in direct axis Ld smaller than in quadrature 

axis Lq due to the different equivalent air-gap distance ὒͯ ρȾ‏  [14] . Permanent magnets 

in surface mounted synchronous machines (SPMSM) can be radially or circumferentially 

magnetized. Normally,  in SPMSM the difference between direct Ld and quadrature Lq 
inductances is low, which means that almost zero reluctance torque is provided since the 

saliency ratio is almost 1. IPMSM and SPMSM configurations are subjected to partial 

irreversible demagnetization of the magnets as well as mechanical stress due to the 

centrifugal forces of the magnets. 

 

 

 

Figure 2: Location of the permanent magnets on the rotor. a), b) and c) are different configurations of surface  

mounted permanent  magnets; d), e) and f) are different configurations of interior  permanent magnets; g) interior 

permanent magnets for  synchronous reluctance machine [15] . 

 

If a comparison is made between IPMSM and SPMSM machines, IPMSM have more load 

capability over the entire speed range. Furthermore, the maximum torque per ampere technic 

(MTPA) can be used to achieve better efficiency [16]  [17] . IPMSM can produce more cogging 
torque due to the smaller air-gap, which contributes to a higher variation of the reluctance 

between the magnets of the rotor and the teeth of the stator. In addition, the magnets are 

sensitive to harmonic losses. SPMSM is easier to manufacturer but is affected by losses in the 

permanent magnets (PM). In order to reduce these PM losses, the magnets can be segmented, 

which reduces the area of the induced eddy currents. This method will reduce the losses and 

it will increase the cost of manufacturing time.  

IPMSM suited for many applications due to high efficiency, high torque density, extended 

speed range and compact structure. For these reasons, IPMSMs are becoming attractive 

candidates in multiple purposes.  
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2.3. Permanent magnet properties  
 

Permanent magnets have its origins from three common earth materials which are Iron ( Fe), 

Nickel (Ni) and Cobalt (Co). These three materials need to be with other elements in order to 

increase the coercive field HC. Thus, the most used permanent magnet materials are: AlNiCo, 

Ba-Ferrite and Sa-Ferrite and the rare earth magnets such as SmCo and NdFeB. 

These permanent magnet materials are exposed to an external field H in order to have the 

same direction of magnetization in the whole magnet and also to give the permanent magnet 

a remanence flux density BR. Figure 3 shows a magnetization process of a rare earth 

permanent magnet. The material is exposed to an external field H, which creates an own 

magnetic polarization J to the magnet. When the external field is switched off, the loop 

reaches the remanence magnetic flux density BR [3] .  

 

Figure 3: Hysteresis loop curve of the magnetization of a rare earth permanent magnet [3] . 

 

The remanence BR of a permanent magnet is the property that a magnet has of keeping a flux 

density when the external field is removed. The value of this property will be important when 

a machine is going to be designed. Another important property is the coercive field strength 

Hc. This property shows the value of reverse field necessary to drive the magnetization to 
zero. After that moment, if the magnetic field has crossed the knee point, the permanent 

magnet is permanently demagnetized and cannot reach again the original  remanence [14] .   

There are several cases, which causes permanent demagnetization of the permanent magnets, 

which have to be taken into account. One of them is when the air-gap is increased 

significantly, which make that the operation point of the flux density reaches below the knee 

point and it is irreversibly  demagnetized 2.3-1. 

  

 ὄ ‘ Ὄ ‘
Ὤ

‏
 Ὄ ὄ  (2.3-1) 
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where ὄ and ὄ  are the magnetic flux densities in the air-gap and of the permanent magnet 

respectively, Ὄ  and Ὄ  are the magnetic field strengths in the air-gap and of the permanent 

magnet respectively, ‏ is the length of the air-gap, Ὤ  is the height of the permanent magnet 

and ‘ is the vacuum permeability, a value of τʌ ρπ .Ⱦ!. 
At load condition of the machine, the armature field acts against the magnetic field of the 

permanent magnets. In the interaction between both fields, if the armature field is strong 

enough to bring the magnetic field below the knee point , it will  cause irreversible 

demagnetization on the magnets as equation 2.3-2 explains [3] . 

 

 

 ὄ ‘ Ὄ ‘ Ὄ ῸȾὬ
Ὤ

‏
 ὄ  (2.3-2) 

 

 
Another problem, that the designers and manufacturers have to think about, is the maximum 

temperature of a permanent magnet working in a steady state. The increase in the 

temperature on magnets makes, that the coercive field decreases and the knee point is 

achieved earlier. Furthermore, the effect of increasing temperature also causes the remanence 

to decreases. Figure 4 illustrates the second quadrant of the B-H curves of a N48M NdFeB 

permanent magnet, when it is exposed to higher temperatures.    
 

 

Figure 4: Second quadrant of the B-H curves of a N48M NdFeB permanent magnet. The graph shows the B-H curves 
for the influence on  magnet temperature  [14] .  

 

At the end, when the designers of the machines are going to select a type of permanent 

magnet, they have to think about different concepts such as remanence, coercivity, 

demagnetization, losses and price. As it can be seen in Figure 5, the rare earth materials show 

higher remanence and coercive field than Ferrites and hence the rare earth materials support 

better the demagnetization effects commented above. In applications where the 
demagnetization is not going to be a problem, the AlNiCo or Ferrites materials can be used 

since they exhibit  smaller coercive field strength. The magnet properties and the application, 

where the permanent magnet is going to be used, have to be taken into account since better 

properties of the magnet will increase the price. The BM-HM loop gives an idea of the amount 

of the hysteresis losses that a permanent magnet has. The area of the loop is proportional to 

the amount of losses. For example an NdFeB magnet presents more Foucault losses than a 
Ferrite material.  
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Figure 5: Remanence and coercivity properties comparison between four permanent magnets at 20° [14] . 

 

Once the technical design is done, another problem that can cause demagnetization is the 

sudden short-circuit . When the stator windings have a sudden short-circuit , they induce a 

strong magnetic field, which acts strongly against the magnetic flux of the permanent magnet. 

So when a simulation of the machine in a FE analysis is carried out, a test of a sudden short-

circuit  should be done to see how much percentage of the area of the permanent magnet will 

suffer irreversible demagnetization by the high field strength for a given temperature. 

The sudden short-circuit  test is done at no-load condition when the three-phase stator 

terminals, which are open, suddenly close at the same time and with the same connection 
point. The worst case is when the voltage phase is crossing the 0 V, which cause maximum DC 

current, to twice the value of the AC amplitude [18] . This high current induces a strong 

magnetic flux that acts against the magnetic flux of the permanent magnet, causing 

irreversible demagnetization. The current of a three-phase short-circuit  can be calculated as:  

 

 

 Ὅ
ςЍςὟȟ

Ὑ ‫ ὒ
 (2.3-3) 

 

 

where Ὗȟ is the induced voltage at no-load condition, Ὑ is the stator phase resistance, is ‫ 

the angular speed and ὒ is the inductance of the short-circuit .       
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2.4. Stator windings design 
 

2.4.1. Concentrated and d istributed windings  
 

The synchronous machines (SM) can be built with two different stator winding methods, 

distributed or concentrated. Both methods will depend on the combination of the number of 
the slots and poles and each winding has each advantages and disadvantages. For the SM 

built with concentrate d windings, they have shorter end coils, which reduce the total  ohmic 

losses, the length and the weight of the machine. In addition  the torque density increases due 

to a greater fill factor. On the other hand, the machines with distributed windings can achieve 

higher efficiencies and this configuration has less eddy current losses in the permanent 

magnets at high speeds [19]  [20] .  

 

 

Figure 6: Stator windings with  a concentrated stator winding (left) and  a distributed stator winding (right)  [21] . 

 

A comparison made with a concentrated and a distributed winding IPMSM, working at the 

nominal operation point and at the high speed operational point, shows that the IPMSM with 
a distributed stator winding produces more torque due to higher reluctance torque since there 

is a greater salient ratio (Lq/ Ld). Although the distributed winding arrangement has 

significantly higher copper losses, the efficiency is a little bit higher than concentrated 

winding IPMSM due to the high magnetic eddy current losses. These eddy current losses are 

caused by the large harmonic content in the back-mmf distribution, that concentrated winding 

has [19] .  
At the end the selection of a concentrated or a distributed stator winding depends of the need 

of the machine. If a high speed operation is needed, a distributed winding would be suitable 

due to less eddy current losses, higher torque production and higher efficiency. If the 

challenge is to have short end coils and the reduction of copper losses or having a compact 

machine, the concentrated winding arrangement would be a beneficial solution.  

 

2.4.2. One and two layer windings  
 

The winding of an electrical machine can be called integer slot winding or fractional slot 

winding depending on the number of slots per pole and phase q of the machine. If q is an 

integer number, it refers to an integer slot winding, if q is a fractional number, it is called 
fractional slot winding. Both  cases can have concentrated or distributed windings, as well as 

an arrangement in a one-layer or two layer windings.  Having two-layer winding means that in 

each slot, coils of different phases are arranged in two layers, so the coils can be pitched, 

meaning that the coils span W can be smaller than the pole pitch †. As literature shows in 

[22]  [23] , having more than one-layer is useful in order to reduce harmonic components due 

to an elimination of harmonic components in the air-gap flux, which improves the winding 

factor and reduces the harmonic losses. In addition, it can significantly reduce torque ripple,  
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vibrations and noise since there is better balance of magnetic forces, as it has been 

demonstrated in [24] . On the other hand, having more than one-layer winding and a shorter 

coil span than a pole pitch, means that a pitching factor kp is introduced and it decreases the 
flux linkage, which is proportional to torque production.  

 

 

Figure 7: Two slots of a stator with one layer winding (left) and  two layers winding (right)  [25] . 

 

2.4.3. Arrangement of the  stator  winding  
 

When the coils are arranged in the stator, a symmetrical placement of the coils should be 

made not to have unwanted forces at load condition. The forces in a symmetrical placement 

can cancel each other; otherwise they can produce more electromagnetic forces in the radial 
direction which contributes to  vibration, noise and a reduction of the lifetime of th e machine.  

 

 

Figure 8: The winding arrangements of two machines with fractional slot  and two layer windning . a) 
unsymmetrical winding distribution, b) symmetrical winding distribution  [15] . 

 

Figure 8 shows, at one time, phase A with  a peak current of Ƕ and phases B and C having a 

peak current of -1/2 Ƕ. In that situation, magnetic forces are generated. In the case of Figure 8 
a), the unsymmetrical phase distribution causes the forces to act only in one side of the stator 

causing a magnetic pull effect. In the case of Figure 8 b) the symmetrical phase distribution 

causes the magnetic forces to cancel each other and thus the stator is not theoretically  

affected by them. For this reason, the symmetrical distribution of the stator windings should 

be considered. Furthermore, different researches agree that the designer should consider 

choosing a fractional  number of slots per pole and phase when a machine is designed with 

distributed  and two-layer windings to compensate the unbalanced pull effect [15]  [26] .  

a) b) 
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2.4.4. Calculation of integer and fract ional distributed winding  
 

The distribution of the phase windings through the stator slots can be achieved either by 

integer or fractional slot windings. Some formulas and definitions are needed to illustrate the 

vector distribution of the phases. In addit ion, a vector diagram of the slot voltage can be built 

to get the individual voltage of each phase. The literature shows, that for each case of winding 

configurations, the formulas and definitions can vary. Literature [1]  shows how to calculate 

an integer or fractional distributed winding; also [15]  demonstrates how to build a vector 

distribution and a voltage vector diagram for fractional slot windings and for the particular 

case of a concentrated winding configuration.  

Later, in this thesis, it will deal with integer and fractional slot distributed winding. For that, 
this section shows how to build the vector distribution of the phases and the diagram of the 

slot voltage for the cases of integer and fractional slot distributed winding s. 

 

2.4.4.1 ­ Integer slot distributed winding  
 

The basic parameters of the machine that are needed for the following calculation, are the 

number of stator slots Q, the number of phases of the machine m, the number of pole pairs p, 

and the number of slots per pole per phase q: 

 
 ὗ ςά ὴ ή (2.4-1) 

 

The first thing that is required is the distribution of the slots into the phases, thus the 

sequence of the slots for the phases is achieved. For example; a machine with p =  1, m =  3 

and Q =  12; has the number of slots per pole and phase q =  2, giving a sequence of U+, U+, 
W-, W-, V+, V+, U -, U-, W+, W+, V -, V-. The sequence is drawn as a phasor diagram with 

the angle between two phasors of adjacent slots like:  

 

  ‌
σφπὴ

ὗ
 (2.4-2) 

 

Finally the distance between two wound slots is required or in other words, the distance in 

slots from the positive site of the coil to the negative site of it: 

 

 ώ
ὗ

ςὴ
 (2.4-3) 

 

For the previous example, ‌  is 30° and ώ  is 6. Thus the phasor diagram and the voltage 

diagram are drawn as: 

 

 

Figure 9: Integer slot winding distribution. (a) Slot distance between the positive and negative sites of one coil; (b) 

Voltage diagram for each phase (U, V, and W); (c) Phasor diagram of the slots [1] . 
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2.4.4.2 ­ Fractional slot distributed winding  
 

The calculation of fractional slot machines is separated into two groups, the 1st-grade and the 

2nd-grade windings. In order to know which group should be  chosen, the equation 2.4-1 is 
needed in this case and rewritten as the equation 2.4-4: 

 

 ή
ὗ

ςὴ ά

ᾀ

ὲ
 (2.4-4) 

 

where z and n are the numerator and the denominator of q respectively, reduced to the lowest 

terms. The values of z and n indicate if the calculation will be done with  respect to the 1st-

grade or the 2nd-grade group. For the first one, the number of layers does not matter, whereas 

for the second group there are two possibilities, when the winding has one-layer or two-layers 

in the slots. When the denominator n is an odd number the calculations will be done for a 1st-

grade winding and if n is even the winding is a 2nd-grade. The parameters for the design of a 

fractional slot w inding are in Table 1. 
 

Table 1: Winding definition s for fractional slot machines [15] . 

 1
st
-grade 2

nd
-grade 2

nd
-grade 

denominator, n odd even even 

T p/ n 2p/ n 2p/ n 

layer one or two one two 

Q*  Q/ t 2Q/ t Q/ t 

p*  n n n/2  

t*  1 2 1 

 

where t is the number of the electrically equal slot sequences or how many times the phasor 

diagram will be repeated, Q* is the number of vectors per on cycle that the diagram has, p* is 

the number of poles in a base diagram and t* is the number of base diagrams in a stator 
winding.  

In order to build the vector diagram of the phases, two more concepts have to be introduced; 

the distance between two adjacent slots ‌  and the distance between two slots ‌: 

 

 ‌
σφπὴᶻ

ὗz
 (2.4-5) 

 

 

 ‌
σφπὸᶻ

ὗz
 (2.4-6) 

 
When the calculations are done, the phasor diagram, which distributes the coils around the 

stator slots for a fractional slot winding , can be drawn.  

 

2.4.5. Winding f actor 
 

Having the windings in a distributed configuration makes the magnetic voltage distribution 

more sinusoidal, although this configuration  introduces the distributed factor kd, which 
reduces the total induced voltage on each phase. This factor reduces also the higher 

harmonics due to q > 1 and some coils per pole and phase are connected in series [3] .  
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The configuration of the windings is important as some factors appear. The pitch factor kp and 

the distribution factor kd wil l determine the winding factor kw and all of them have their 

amplitude for each harmonic component. The fundamental amplitude value of these factors 

should be as high as possible to increase the flux linkage and therefore the induced voltage. 

The amplitude of the harmonic components should be as low as possible to reduce unwanted 
forces and additional losses caused from them.   

 
 Ὧ Ὧ Ὧ (2.4-7) 

   

 

The pitch and distribution factors are deduced from the Fourier series and in both cases there 
are differences results depend on integer or fractional slot windings. The periodic 

function ὠ‎) witch period 2ʌ can be described as equation 2.4-8 from [13] : 

 

 ὠ‎ ὠ ὠȟ ÃÏÓ’‎ ὠȟ ÓÉÎ’‎

ȟȟȣ

 (2.4-8) 

 

 

The individual amplitudes of ordinal number for each harmonic v =  1, 2, 3· _pc a_jasj_rcb8 

 

 ὠȟ  
ρ

ʌ
ὠ‎ ÃÏÓ’‎ Ὠ‎                ὠȟ  

ρ

ʌ
ὠ‎ ÓÉÎ’‎ Ὠ‎ (2.4-9) 

 

 

and the average value is calculated using: 

 

 ὠ  
ρ

ςʌ
ὠ‎ Ὠ‎ (2.4-10) 

 

 

The circumferential angle ‎ is expressed by the circumferential coordinate x and the pole 
pitch †: 

 

 ‎ ὼ
ʌ

†
 (2.4-11) 

 

If a Fourier analysis of the magnetic voltage per phase of a three-phase winding supplied by a 
symmetrical three-phase system is carried out, the result will be such that the multiple 

numbers of the 3rd harmonic component will not appear since the three positive-sequences 

and negative-sequences of the rotating waves cancel each other. Furthermore, using the 

Fourier series, the pitch factor and the distribution factor can be calculated for a given integer 

or fractional slot winding.  
 

2.4.5.1 ­ Integer slot distributed  winding (pitch and distribution factor s) 
 

If a Fourier analysis of a function like in Figure 10 is carried out and the circumferential angle 

‎ is set to 0, an even function is generated. The result of the Fourier analysis gives the value of 
the magnetic voltage for each ordinal number:   
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 (2.4-12) 
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Figure 10: Magnetic voltage calculation from a fully-pitched stator slots winding distribution  [13] . 

 

An even function means that only cosine-functions are contained in the Fourier-sum. In 
addition  the function is symmetrical to the abscissa which makes that the even ordinal 

numbers are removed.  

In case of a short pitched coil like in Figure 11, the pitch factor will be deduced from the 

Fourier calculation of the magnetic voltage as in equation 2.4-13: 
 

 

 

Figure 11: Magnetic voltage calculation from a short-pitched stator slots winding distribution [13] . 
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 (2.4-13) 

 

 

When the winding configuration is set up as group of coils q > 1, the  distribution factor 
appears as in equation 2.4-14: 

 

 

Figure 12: Magnetic voltage calculation from a fully -pitched stator slots winding distribution with group of coils       

q = 2 [13] . 
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 (2.4-14) 

 

In case of a three phases machine with a winding configuration with  q = 2 and a short pitch 
of ὡȾ† υȾφ, the pitch, distribution and winding factors can be calculated for each 

harmonic. The harmonic orders ʉ are deduced from ’ ρ ςά Ὣ since the configuration is 
for integer slot winding, where Ὣ πȟρȟςȟσȟȣ  As it can be seen in Table 2, the winding 

factor calculated from the pitch and distributed factors for each harmonic will give a 

reduction in the amplitudes of each harmonic component. For the fundamental component, 

the magnetic voltage will be almost 7 % reduced, although harmonics such as the 5th or the 

7th will be almost 100 % reduced.  

 

Table 2: Winding factor calculation for a fully -pitched group of coils q = 2. 

harmonic order, ʉ Ὧȟ Ὧȟ Ὧȟ 

1 0.966 0.966 0.933 

-5 0.259 0.259 0.067 

7 0.259 0.259 0.067 

-11 0.966 0.966 0.933 

13 0.966 0.966 0.933 

-17 0.259 0.259 0.067 

 

 
2.4.5.2 ­ Fractional slot distributed winding (pitch and distribution factor s)  
 

For the case of a fractional slot distributed winding, the expressions of pitch and distribution 

factors also can be analysed from the Fourier series [13] .  

The pitch factor Ὧȟ results to be the same like in the case on integer slot winding: 

 

 Ὧȟ ÓÉÎ
’ὡ

†

ʌ

ς
 (2.4-15) 

 
The distribution factor  Ὧȟ results to be a complicated equation 2.4-16, which needs some 

explanations of its terms: 

 

 Ὧȟ
ÓÉÎ ’‌ ὣ ήȾς ÃÏÓ ’ὴᶻ ʌ ὣ ÓÉÎ ’‌ ὣ ήȾς

ή ή ÓÉÎ ’‌ ὣȾς
 (2.4-16) 

 

 

The coefficients q1 and q2 are calculated depending on the number of the stator slots of one 

basic phasor diagram Q* : 
 

 ὗᶻ ÉÓ ÅÖÅÎOή ή
ὗᶻ

ςά
 (2.4-17) 
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The parameter Y will be calculated with Q*and p*, which have been explained in Table 1. The 

Ὣ  is an integer number and it is the minimum value that makes the Y parameter also 

integer: 

 

 ὣ
Ὣ ὗᶻ ρ

ὴz
 (2.4-19) 

 

Also the angle between two slots is needed for the calculation of the distribution factor: 

 

 ‌
σφπὴᶻ

ὗz
 (2.4-20) 

 

An examples of fractional slot winding is  carried out to calculate the pitch, distribution and 

winding factors. The examples is for q =  3/2 = 1.5. The harmonic orders are calculated for a 

fractional slot winding  model with the denominator n as even number, with  the expresion 
’ ςȾὲ ρ ά Ὣ, where Ὣ πȟρȟςȟσȟȣ    
 

Table 3: Winding factor calculation for a fractional slot winding  q = 1.5 with  W/†p = 4/4.5. 

harmonic order, ʉ Ὧȟ Ὧȟ Ὧȟ 

1 0.9848 0.9567 0.9452 

-2 0.3420 0.1774 0.0607 

4 0.6428 0.2176 0.1398 

-5 0.6428 0.2176 0.1398 

7 0.3420 0.1774 0.0607 

-8 0.9848 0.9567 0.9452 

10 0.9848 0.9567 0.9452 

-11 0.3420 0.1774 0.0607 

13 0.6428 0.2176 0.1398 

-14 0.6428 0.2176 0.1398 

16 0.3420 0.1774 0.0607 
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2.5. Maxwell  stress tensor for cogging torque  and radial pressure calculation  
 

There are several methods to calculate the electromagnetic forces such as the Maxwell stress 

tensor, the Coenergy method or the Lorentz Force theorem [14] . The choice of method used 

will  depend of the problem. In this thesis, the Maxwell stress tensor is going to be used to 

calculate the electromagnetic forces in the air-gap of the motor . This method calculates the 

electromagnetic force, using the magnetic flux density distribution along a circumferential 

coordinate x, in this case the air-gap. From the Lorentz Force law Ὂᴆ ήὉᴆ ὺᴆ Ø ὄᴆ and using 

the four Maxwell equations, the total force that the electromagnetic field produces in a surface 

is given by equation 2.5-1, [14] : 
 

 Ὂᴆ  
ρ

‘
π

ὄᴆὄᴆὲᴆ
ρ

ς‘
π

ὄᴆ
ς
ὲᴆὨὛ (2.5-1) 

 

where ὲᴆ is the normal vector to the surface S and ὄᴆ is the magnetic flux density. The 

electromagnetic force has two force components, the radial and the tangential forces 

expressed in equations 2.5-2 and 2.6-3 respectively: 
 

 Ὂ  
ὰ

ς‘
ὄ ὄ Ὠὼ (2.5-2) 

 

 

 Ὂ  
ὰ

‘
ὄὄὨὼ (2.5-3) 

 

where ὰ is the iron stack length, ὄ is the normal or radial component of the magnetic flux 

density in the air-gap and ὄ is the tangential component of the magnetic flux density in the 
air-gap.  

The torque is calculated by multiplying  the tangential force of the magnetic flux density 2.5-3 

and for the radius where the Maxwell stress tensor is applied. In this case, it is applied in the 

middle of the air-gap with a radius r. If the radial and tangential components of the magnetic 
flux  are chosen for the no-load condition, the cogging torque will be calculated. Furthermore, 

the torque can be expressed with the circumferential angle ‎, since x= ‎ὶ, as equation 2.5-4: 

 

 ὓ  
ὰ

‘
ὶ ὄ ‎ὄ ‎ Ὠ‎ (2.5-4) 

 

It has been demonstrated that the electromagnetic forces are the main sources of vibration 

and acoustic noise in electrical motors. Since cogging torque and torque ripple are 
electromagnetic forces, the reduction of both parameters will improve the reduction of 

vibration and noise of the motor  [7] . When Maxwell stress tensor is applied to the air-gap, the 

radial electromagnetic force Ὂ can be calculated, which is the main component that makes 

the stator core vibrates. Therefore, the radial pressure caused by the radial electromagnetic 

force acting on the structure per unit area is given by 2.5-5: 

 

      

 ὴ ‎ȟὸ
Ὂ

ὰὼ

ὄ ‎ȟὸ ὄ ‎ȟὸ

ς‘
 (2.5-5) 

 

 

In equation 2.5-5 the tangential component of the magnetic flux density can be neglected due 

to the magnetic flux lines are nearly perpendicular to the stator and rotor cores. 
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2.6. Cogging torque 
 

The cogging torque, which appears at no-load condition of the machine, is generated due to 

the interaction between the field of permanent magnets and the stator slots. The field of 

permanent magnets generates a tangential force on the stator teeth, as can be seen in Figure 

13. This force tries to find an equilibrium position since there are slots and teeth on the stator, 

causing a variation of the reluctance, which produces a periodicity of the cogging torque [8] . 

A simplified equation of cogging torque is given in 2.6-1, where    is the magnetic flux 

crossing the air-gap, ד is the reluctance through which the flux passes and ‎ is the 

circumferential angle or rotor position  [27] . 

 

 ὓ
ρ

ς
 
Ὠד

Ὠ‎
 (2.6-1) 

 

 

 

Figure 13: Interaction of the magnetic field of the permanent magnets with the stator teeth  [3] . 

 

Cogging torque produces zero net-work and it should be mitigated to cause fewer 

disturbances on the electromagnetic torque. The percentage of cogging torque can be 

calculated with the maximum and minimum cogging torque values and the nominal torque 

MN as [3] : 
 

 ύ
ὓ

ὓ
ḙ
ὓ ὓ Ⱦς

ὓ ὓ Ⱦς
ρππ (2.6-2) 

 
   

The periodicity of the cogging torque ὔ  during a rotation of a slot pitch  † can be 

calculated with equation 2.6-3 since it depends on the number of stator slots and poles [28] . 

With this expression, a comparison of the periodicity of the cogging torque between two 

motors can be achieved,  

 

 ὔ
ςὴ

'#$ ὗȟςὴ
 (2.6-3) 

   

where Q is the number of stator slots and p the number of pole pairs. 

 

When the values of ὔ  are low, it means that the positive and negative elementary 

torques happen at the same time. Both waves superimpose onto each other giving a high 

cogging torque. So in the case of higher ὔ  the amplitude of cogging torque will be lower. 

Furthermore, it has been studied that a higher GCD increases the cogging torque amplitude 

and at the same time increases the radial forces since they are not well balanced and that 
increases the electromagnetic noise produced for the motor [24] . So the designer has to 

decide on a compromise between the number of stator slots and the rotor poles. 
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The mechanical angle corresponding to each cogging torque period, which could mitigate the 

cogging torque, is a skew angle ‎  given by [28] : 

 

 ‎
ςʌ

ὔ ὗ
 (2.6-4) 

 
   

2.7. Torque ripple  
 

The torque ripple appears in the load condition and it is undesirable due to cause vibration in 

the load response. The three main contributions to torque ripple are the electromagnetic 

torque which generates the work torque, the reluctance torque which appears due to the 

saliency and the cogging torque. The first contribution is caused by the distortion of the 

magnetic flux density distribution in the air-gap or the distortion in the stator current. The 

second contribution is more notable in machines which have higher saliency ratio and it 

further explains why the IPMSM can show more cogging torque and torque ripple than 

SPMSM. The third contribution arises from the interaction  between the magnetic field of 
permanent magnets and the slotted iron stator structure [11] . 

 

The torque ripple can be defined as a percentage of the average torque: 
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(2.7-1) 

 

 

 

 

Figure 14: Calculation of the torque ripple from a time -graph at load condition.  
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2.8. Minimization of cogging torque and torque ripple  
 

The cogging torque and torque ripple can be minimized by two different ways. The first one is 

related wit h improvements in the geometry of motor and the second one is related with 

control technics of the motor. This thesis will focus in geometric parameters since a proper 

design of the machine will smoothen the cogging torque and the torque ripple. Geometric 

parameters can be improved such as, skewing the rotor or stator, variation of slot opening, 

especial shapes of slots, a proper slot-pole number combination, using fractional slot 

windings, designs with odd number of slots per pole and phase, variation of the magnet 

width, magnets mounted in V-shape configurations, pole-arc to pole-pitch ratio optimization, 

creating flux barriers in the rotor or  slotless configurations. 
Next, some of the most relevant design methods and the ones that are going to be used in the 

simulation analysis are explained.  

 

2.8.1. Steeped and skewed rotor  
 

Steeping and skewing the rotor are probably the most effective design methods to reduce the 
cogging torque. However, the manufacturing cost and time of this method is high. For a rotor 

of an asynchronous machine or a SPMSM, skewing of the rotor is a common technique; on the 

other hand for an IPMSM the rotor has to be step-skewed since the magnets are placed inside 

of the rotor [9] . In order to eliminate the cogging toque the skew angle ‎  2.6-3 should be 

equal to the period of the fundamental spatial harmonic of the cogging torque. Skewing either 

the rotor or the stator can improve the back-emf waveform, although it can produce more 

stray losses and increases the leakage inductance [9] . Skewing the stator reduces the effective 

slot area, increases the conductor length and the winding installation becomes more 

complicated [29] .   

 

 

Figure 15: Step-skewed rotor in three steps (C1, C2, and C3) [30] . 

 

2.8.2. Shape of stator slots and slot opening  
 

It was demonstrated that the smaller the slot opening, the less harmonic components appear 

in the back-emf and the cogging torque is reduced. In addition,  it  has been proven that a 

significant reduction of slot opening  causes an increment of Ld, which reduces the saliency 

ratio and the reluctance torque [9] .  
If the number of notches per stator tooth is introduced like in Figure 16 (a), some harmonics 

can be cancelled, reducing the amplitude of the cogging torque. On the other hand, this 

method produces more reluctance variation due to the notches, which contributes to a greater 

cogging torque fundamental frequency [9] . 
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Closed slots like in Figure 16 (c) can be a great solution since there is a better flux path 

through the stator teeth, however not all winding configurations allow for closed stator slots 

[14] . Building empty teeth like in Figure 16 (b)  between slots will produce an increment of 

cogging torque if the opening of the slots is too big. Furthermore, it will produce an 
unacceptable increasing in the slot leakage and a high saturation due to the thickness of the 

bridge. 

 

 

Figure 16: Different stator slots shapes for the minimization of the cogging torque: (a) notched teeth, (b) empty 
teeth, (c) closed slots, (d) teeth wit h different width on  the active surface [14] . 

 

2.8.3. Pole-arc to pole-pitch ratio optimization  
 

It has been proved that a suitable pole-arc to pole-pitch ratio reduces the cogging torque [31] . 

However, the same ratio may not be the appropriated one for reducing the torque ripple. 

Furthermore, the same ratio can reduces cogging torque and increase the torque ripple. This 

technique is applicable in SPMSM as well as in IPMSM [31] . In IPMSM with V-shape 

configuration, the pole arc can be achieved with the magnet length variation or changing the 

angle between magnets ‌ . The variation of this angle is important because the pole-arc can 

be varied without changing the total amount of magnetic material, which contributes to  build  

the magnetic flux density in the air-gap. This method is very economic and there are no 
increments in cost or time manufacturing process. 

 

 

 

Figure 17: Pole-pitch to p ole-arc coefficient in IPMSM for the reduction of cogging torque  [31] . 
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2.8.4. Slotless construction 
 

Since the cogging torque is generated by the interaction between the magnetic field from the 

rotor  and the stator slots, the slotless stator configuration contributes to reduce the cogging 

torque. 

  

 

Figure 18: Two brushless motors with a slotted configuration (left) and a slotless configuration (right) [32] . 

 

This configuration can be suitable adopted for application where the motor has to be very 

small and there is no space for winding the coils around stator slots. Furthermore, not having 

stator slots makes the design more compact, more lightweight, produces a reduction of the 

iron losses through the stator iron structure and it can be achieved a better cooling for 

windings due to the large air-gap [33] . Having a large air-gap in slotless structures makes the 

reluctance in the air-gap higher and it reduces the magnetic flux, which will report a 

reduction of the electromagnetic torque in comparison with an IPMSM [12] . In order to 

increase the magnetic flux, larger amount of rare earth magnets should be used making an 
expensive construction and taking the risk of stator saturation. Furthermore, the armature 

inductance decreases causing an increment of the losses in case of PWM control and 

decrements the difference between Lq and Ld, thus few reluctance torque is generated. 

 

2.8.5. Fractional number of stator slots per pole and phase  
 

The fact that choosing a configuration of the machine with a fractional number of stator slots 

per pole and phase means that the stator teeth and the rotor poles are not fully aligned  with 

each other and this produces a partial cancellation of harmonics. Thus, the cogging torque 

amplitude decreases at the same time whereas the frequency increases [34] . At the same time 

when some harmonics cancel each other for a fractional slot winding machine, the magnetic 

flux distribution wave is not symmetrical to the x-axis anymore and that will make that even 
harmonics appear in the magnetic flux distribution. Those harmonics cause more oscillations, 

which can increase the torque ripple and the vibrations of the machine contributing to sound 

and electromagnetic noise [3] .     

When the selection of the fractional slot winding number q is done, it could be a coincidence 

that the number of the stator slots Q is an odd number, since ὗ ςὴά ή. In that case if 

the design of a machine is made with an odd number of stator slots, each magnet sees a 

fractional number of slots and the magnetic field that contributes to the generation of cogging 
torque is placed out of phase [34] , [35] . Thus, the overall cogging torque can be reduced 

since several harmonics cancel each other.  
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The fact that using fractional number of stator slots per pole and phase, causes that the main 

harmonic orders of the magnetic flux from the rotor that contributes to generate cogging 

torque, are higher in fractional slot winding machines than in integer slot winding machines.  

Thus, the amplitude of these harmonics will be lower, giving a reduction of cogging torque. 
The explanation of that phenomenon can be deduced since ὓ ὄͯ ὄ ‗, where the 

magnetic flux of the rotor  for a harmonic number ὄ is inversely proportional to the rotor 

harmonic order ‘  and the value of the permeance  ‗ is also inversely proportional to  the 

parameter l. Hence, using fractional slot windings is the main reason of this thesis to reduce 
the cogging torque. 

In order to calculate the harmonic components which cause cogging torque, an analytical 

calculation can be done from the electromagnetic torque equation that the machine produces 

[13] : 

 

 ὓȟȟ

Ὠ ὰ

τ
ὃ ÓÉÎ ’ὴ‎ ‫ὸ ὄ ÃÏÓ ‘ὴ‎ ‫ὸ Ὠ‎  (2.8-1) 

 

From equation 2.8-1 the cogging torque can be deduced if the current loading component at 

load condition  ὃ  is changed with the equivalent current loading components at no-load 
condition. The equivalent current loading is deduced from the radial component of the 

magnetic flux density of the air-gap ὄ  that appears in the stator slots. 

At no-load condition,  ὄ  is function of the radial component of the magnetic flux from the 

permanent magnets ὄ and the permeance coefficient ‗, which takes into account the Carteŕ s 
coefficient Ὧ for the slot opening effect. All the parameters are expressed by the 

circumferential mechanical angle ‎ ʌ ὼȾὴ† . 

 
 ὄ ‎ ὄ ‎ ‗‎  (2.8-2) 

 

If the expressions of the magnetic flux from the permanent magnets and the permeance 

coefficient from [13]  are replaced in the equation 2.8-2, the resulting air-gap magnetic flux 

density due to the sum of the harmonic components is: 

 

 ὄ ‎ ὄ
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where ὄ is the peak value of the magnetic flux for a rotor harmonic ‘,    is the mechanical 

angular speed, l gq _l glrcecp lsk`cp &/* 0* 1·' _lbQ is the number of stator slots. When 

the equation 2.8-3 is reorganized and considered for the fundamental component ὄ, the 
slotting effect part of the magnetic flux density can be calculated as:   
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The slotting effect part of the magnetic flux density ὄͯ ‎  can be used to obtain the 

equivalent current loading components at no-load condition, by using the method of the 

equivalent current loading. The equivalent current loading will be the superpositi on of two 

components ὃ ‎  and ὃ ‎ . These two components are derived from ὄͯ ‎  since the 

magnetomotive force (mmf) can be deduced from the magnetic flux density as ὄ ‘ ὠȾ‏ 
and the current loading is hence ὃὼ ὨὠȾὨὼ. Thus, the two components of the current 

loading that derives from ὄͯ ‎  are: 
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(2.8-6) 

When the equivalent current loading is changed to the current loading of equation  2.8-1, the 

amplitude of the  cogging torque ὓ ȟȟ depends on the fundamental component of the 

magnetic flux  ὄ and the permeance parameter  ‗ from the equivalent current loading,  the 

magnetic flux from the rotor ὄ and the constructive parameters such as the iron stack length 

ὰ  and the inner stator diameter Ὠ . The argument of the cogging torque will depend on the 

term ‘ὴ from the argument part of the ὄ and it will depend on the term ὴ ὗ ὰ, which 

comes from the argument part of the equivalent current loading. In this situation, the 

generation of cogging torque only is possible if the terms ὴ ὗ ὰ and ‘ὴ are the same. For 

that, two different cases can be seen to calculate the rotor harmonic orders ‘ that contribute 

to the generation of the cogging torque: 

 
 ‘ ρ ὰὗȾὴ (2.8-7) 

 
 ‘ ρ ὰὗȾὴ (2.8-8) 

                 

Since ‘ gq _l mbb _lb glrcecp lsk`cp &/* 1* 3·' _lbὰ gq _l glrcecp lsk`cp &/* 0* 1·'* rfcw

can be defined as ‘ ςὯ ρ and ὰ ςὯὴȾὗ. The term k is also an integer number (1, 2, 
1·', Dgl_jjw* rfc dpcosclaw md rfccogging torque harmonics that will appear in the ‫ 

cogging torque Fourier analysis can be calculated with the term ὰ, the number of stator slots ὗ 
and the electrical angular speed ‫ : 

 
 ‫ ὰὗ ‫Ⱦὴ (2.8-9) 

 

Table 4 shows the first rotor harmonic orders , of three machines, which contribute to the 

generation of cogging torque. The first model is a motor with integer slot winding with q = 2 

and the second and third models have fractional slot winding with q = 1.5 and q = 2.5. It can 
be seen that the most relevant harmonic orders for the fractional slot winding configurations 

are higher than the most relevant harmonic orders of the integer slots winding model. Thus, 

the amplitude of the cogging torque is smaller in the case of fractional slot winding models 

since ὓ ȟȟ ὄͯ and ὄ ρͯȾ‘. Furthermore, the increase of the number of the stator slots for 

the configurations of the fractional slot winding causes a significant reduction on the 

amplitude of the cogging torque.  
 

Table 4: The first rotor harmonic orders, which contribute to th e cogging torque generation for integer and 

fractional slot winding  machines. 

Model k l 
 rotor harmonic     

order, ‘  

q = 2  6 1 11, 13 

q = 1.5  9 2 17, 19 

q = 2.5  15 2 29, 31 

 

This method, using fractional slot windings, improves the cogging torque and torque ripple 

reduction with a few changes in manufacturing process and without increases in cost. It is a 

good candidate to substitute the skewing or step-skewing methods, which are quite expensive 

[35] .  
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2.9. Vibration s and electromagnetic  noise in PMSM 
 

Many researches attribute the cogging torque and the torque ripple to be the main reasons of 

the vibrations and hence the electromagnetic noise of the PMSM [9] , [11] , [36] . Although, it 

is true that both phenomena contributes to the vibration of the stator structure, it has been 

proved that the main cause of the vibrations is the radial component of the electromagnetic 

force created for the magnetic flux density in the air-gap [7] . The radial and tangential 

components of the electromagnetic forces can be calculated, by using the Maxwell stress 
tensor.  

In order to calculate the vibration and the sound of the motor, the radial component of the 

electromagnetic force is set up as radial pressure in order to have the force per unit area at 

any point of the air-gap in equation 2.9-1. 
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The internal radial pressure caused by the electromagnetic forces makes that the stator 

structure suffers deformation. However, the radial forces appear depending on the 

combination between the poles and the slots of the machine. The vibration and noise of a 

PMSM can be predicted starting with the calculation of the internal radial pressure from a 

function of the rotor angle ‎, and then a fast Fourier transform (FFT) of the function  is carried 

out to see the amplitude contribution of each harmonic of the radial pressure. In the Fourier 

analysis, there is one harmonic component which has the biggest amplitude and hence it is 

used to calculate the deformation or the displacement, which stator structure suffers. This 

displacement x can be calculated by FEA and analytically  by using the harmonic order and its 
amplitude, the inner and outer radius of the stator and some parameters of the material of the 

stator core such as the Poissońs ratio and the Younǵs modulus [7] . The sound power ὖ that 

a machine will emit is expressed in equation 2.9-2 and it is function of the displacement x, the 
exitation frequency of the stator Ὢ , the geometric parameters such as iron stack length ὰ&Å 
and outer stator radius ὶÓÏ, the relative sound intensity „ÒÅÌ, the traveling speed of sound in the 

medium ὧ and the air density ” [7] .   

 

 
 ὖ τ„ ” ὧʌ Ὢ ὼ ὶ ὰ  (2.9-2) 

 

 

Finally, the noise that the machine emits ὒ  is calculated from power sound to decibels using 

the sound power level reference ὖȟ  of 10-12 W. 

 

 

 ὒ ρπÌÏÇ
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 (2.9-3) 

 

 
An approximated estimation of the vibration and noise between two machines can be 

achieved from the calculation of the internal radial pressure, since the noise is proportional to 

the sound power ὒ ὖͯ, which is proportional to the displacement ὖͯ ὼ and this is 

proportional to the radial pressure ὼͯ ὴ.   
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2.10. Torque production and maximum torque per ampere ( MTPA) technic  
 

For the control of the motor, the abc reference frame of the balanced 3-phase system can be 

transformed to a dq reference frame by using the Park transformation, as the Figure 19 shows. 

The abc reference can be represented in a stationary two-phase reference frame or also called 

the ‌‍ stator reference frame. If the ‌‍ reference rotates at the same frequency as the three-

phase reference, the projections will become constant. Thus, the three-phase AC values will be 

converted into two DC quantities, the dq rotor reference frame. These references are the 

§bgpcarµ _lb §os_bp_rspcµ _vcq* ufgaf f_q rfc pcdcpclac md rfc pmrmp nmqgrgml— [23] .   

 

 

Figure 19: Park transformation from a three -phase reference frame to a dq reference frame [37] . 

 

When the dq reference frame is achieved, the control of the motor becomes easier since the 
values of the stator currents, back-emf and voltages become DC quantities. Thus, the 

equations that will be used to explain the generated torque can be deduced from the motor 

model in dq reference frame in Figure 20.  

 

 

Figure 20: Motor model of a PMSM in dq reference frame. 
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 (2.10-1) 

 

 

When the voltage formulas in the dq reference frame are known, the generated torque from 
the machine can be deduced from the electrical power equation 2.10-2: 

 

 

 ὖ ά Ὗ Ὅ ÃÏÓ• ά 2ÅὟὍᶻ ά ὟὍ  ὟὍ  (2.10-2) 
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With the supposition of no losses the electrical power can be set equal to the mechanical 

power, then: 
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 (2.10-3) 
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The equation 2.10-4 shows the torque generated by a PMSM. The torque arises from two 

components. The first one is the magnetic torque which is generated by the interaction 

between the permanent magnetic flux and the armature winding flux:  
 

  
 

ὓ ά ὴ
‪
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Ὅ (2.10-5) 

 

 

And the second component is generated by the saliency ratio which is the so called reluctance 
torque: 

 

 
 ὓ ά ὴ ὒ ὒ ὍὍ (2.10-6) 

 

 

From the reluctance part of the generated torque another concept is introduced for PMSM, 
the saliency ratio. For a SPMSM like Figure 21, the flux path crossing the magnets for any 

position of rotor  is always the same. Thus, there is no difference between the inductances for 

d and q axes. Thus, the generated torque for a SPMSM calculated with the equation 2.10-4, it 

will show that the reluctance part is zero. If the same flux path is built for an IPMSM like 

Figure 22, it can be seen that for different rotor po sitons the value of the inductances vary in 

d-axis and q-axis. Furthermore, the notable difference between the inductances in both axes 
will contribute to generate the reluctance torque. In case of Figure 22 (b) the inductance is 

very low since the magnets have more reluctance than the iron stack, and the opposite 

happens with the Figure 22 (a) [2] .  

 

 

 

Figure 21: Flux path of a SPMSM. (a) q-axis flux path and (b) d-axis flux path [2] . 
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Figure 22: Flux path of an IPMSM. (a) q-axis flux path and (b) d-axis flux path [2] . 

 

In Figure 22 the inductance in d-axis (a) is lower than the inductance in q-axis (b). If a 

positive Id current is introduced, the reluctance torque will be negative and the total amount 

of generated torque will be lower than expected. Thus, a negative Id current should be 

introduced to generate positive reluctance torque. The motor control introduce the negative Id 

current with the variation of the current phase angle ‍, which is a negative angle between Is 

and the q-axis. In an IPMSM, there are a lot of combinations between the negative d current 

and the q current that gives the same amount of torque. As literature shows in [2] , for a fix 

torque there is a combination of d and q currents that gives the lesser stator current Is. Since 

the copper losses increase with squared of current, the low value of current  Is will be desired. 
Since current and torque are proportional, the same explanation can be used to explain what 

happen for a given and fix stator current. The total amount of output torque will vary  with a 

fix current Is and the control technique that tries to look for the highest output torque  varying 

the current phase angle ‍ for a given current is the so called maximum torque per ampere 

(MTPA). 

 

Figure 23: For a given torque there is a combination of currents Id and Iq, which is the lowest value to minimize the 
copper losses [2] . 

(a)  
(b)  






































































































