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Standard Rectangular Techniques: Application
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Abstract— In Earth observation programs there is a need of
passive low frequency (L-band) measurements to monitor soil
moisture and ocean salinity with high spatial resolution 10–20
Km, a radiometric resolution of 1K and a revisit time of 1–3
days [1]. Compared to total power radiometers aperture synthesis interferometric radiometers are technologically attractive
because of their reduced mass and hardware requirements. In
this field it should be mentioned the one-dimensional (1-D) linear
interferometer ESTAR developed by NASA [2] and MIRAS a
two-dimensional (2-D) Y-shaped interferometer currently under
study by European Space Agency (ESA) [3]. Interferometer radiometers measure the correlation between pairs of nondirective
antennas. Each complex correlation is a sample of the “visibility”
function which, in the ideal case, is the spatial Fourier transform
of the brightness temperature distribution. Since most receiver
phase and amplitude errors can be hardware calibrated, Fourier
based iterative inversion methods will be useful when antenna
errors are small, their radiation voltage patterns are not too
different, and mutual coupling is small. In order to minimize
on-board hardware requirements—antennas, receivers and correlators—the choice of the interferometer array shape is of
great importance since it determines the (u; v ) sampling strategy
and the minimum number of visibility samples required for a
determined aliasing level. In this sense, Y-shaped and triangularshaped arrays with equally spaced antennas are optimal. The
main contribution of this paper is a technique that allows us to
process the visibility samples over the hexagonal sampling grids
given by Y-shaped and triangular-shaped arrays with standard
rectangular FFT routines. Since no interpolation processes are
involved, the risk of induced artifacts in the recovered brightness
temperature over the wide field of view required in Earth observation missions is minimized and signal to noise ratio (SNR) is
preserved.
Index Terms— Hexagonal Fourier transform, interferometry,
reciprocal basis, visibilities.

I. BASIC EQUATIONS

T

HE RELATIONSHIP between a visibility sample, the
signals involved in the measurement, and the brightness
temperature distribution for an ideal interferometer is given
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Fig. 1. Geometry of the interferometer radiometer and related terms.

by [2], [4]

(1)
(2)
where
and
are the analytic signals of the voltages
collected by antennas 1 and 2,
is the spacing between the two antennas in waveare the directing
lengths,
axes (Fig. 1),
is
cosines with respect to
is the modified brightness
the brightness temperature,
is the obliquity factor
temperature,
is the normalized antenna voltage pattern,
is the fringe-wash function that takes into account spatial
decorrelation effects and depends on receiver’s responses
through
(3)
is the receiver’s normalized band-pass voltage
and
Note that the integral
transfer function
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(a)

(b)

Fig. 2. Configuration of (a) Y-shaped and (b) triangular-shaped arrays with three antennas per arm spaced 0:89:

(a)

(b)

Fig. 3. Spatial frequency coverage for the arrays shown in Fig. 2.

limits in (3) range from zero to infinite since the analysis
is done with analytic signals. When decorrelation effects are
and all the antennas have the same
negligible
voltage radiation pattern (1) becomes a Fourier transform
between the visibility function and the modified brightness
temperature
(4)
The whole space maps into the unit the circle in the
plane, consequently any modified brightness temperature diswill be supported by
tribution

(5)
signal theory it is known that this class of signals are optimally
sampled by using an hexagonal grid, in the sense that this grid
samples to recover
requires the minimum density of
it with a specified aliasing level (13.4% less samples than
rectangular sampling) [5], [6]. Y-shaped and triangular-shaped

arrays [Fig. 2(a) and (b)] produce visibility samples over
a hexagonal grid in the spatial frequencies domain
[Fig. 3(a) and (b)]. Fig. 3(a) shows the
coverage in
the case of MIRAS breadboard, a Y-shaped interferometer
radiometer with three antennas per arm spaced 0.89 wavelengths [Fig. 2(a)]. As it can be seen in Fig. 3(a) and (b), for
the same hardware complexity, similar number of antennas
and receivers, the spatial resolution obtained for a Y-shaped
array is better than that for a triangular-shaped array, since
the spatial frequency coverage is larger in the first case. On
the other hand, triangular-shaped arrays cover a complete
hexagonal period, while Y-shaped arrays have missing
samples between the star points [Fig. 3(a)]. These missing
values should be extrapolated in some way [7] in order to
star-shaped lowprevent the artifacts induced by the
pass window. However, this is an important effect only in
small arrays where the star-shaped window effectively lowpass filters the visibility function. For large arrays, such as the
planned MIRAS space borne instrument, with 43 antennas per
arm, less than 0.7% visibility power is not collected by the
array and this effect is negligible [7].
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From now on we will focus only on Y-shaped arrays, as
MIRAS, where the visibility function is sampled over the grid

(6)
where
is the total number of antennas,
is the number of antennas in each arm of the
array and
is the spacing in wavelengths between adjacent antennas. It
should be pointed out that since the brightness temperature
distribution is obtained by an inverse Fourier transform, it
can suffer from aliasing, which is determined by the spacing
between adjacent antennas “ .” This effect will be studied in
detail in Section II. In the next section we will also show
how standard rectangular FFT routines can be applied to the
coverage given by Y-shaped arrays, avoiding
hexagonal
the need of interpolations, preserving signal to noise ratio and
retaining the benefits of the hexagonal sampling grid.
II. HEXAGONAL FFT, SMITH-NORMAL
DECOMPOSITION AND RECIPROCAL BASIS
Let’s first recall some concepts about 1-D Fourier transof length
forms. The DFT of a bandlimited 1-D sequence
obtained by sampling the signal
each
seconds,
samples of the spectrum of the signal
the
gives
in time interval
These
periodic extension of
frequency samples are a single period of the periodic spectrum.
As they come out the FFT these samples are swapped: the
samples corresponding to negative frequencies appear right
with
after the positive ones. By padding the sequence
zeros a smoother spectrum’s shape can be obtained without
adding new information. In bandlimited 2-D sequences, in
addition to the number of zero padded samples that can be
put, the periodic extension of the spectrum itself can be chosen
(Figs. 4 and 5). This means that the known spectrum samples
do not need to be repeated periodically along the “ ” and “ ”
axes. The way a spectrum is repeated is characterized by its
periodicity matrix

Fig. 4. Periodic extension of the (u; v) coverage given in Fig. 3(a). HFFT
required.

which should be minimized by properly choosing the periodThe choice of
is not unique. One possible
icity matrix
For this periodic
choice is presented in Fig. 4 for
is given by
extension,
(10)
which leads to Mersereau’s hexagonal FFT algorithm [5], [6].
A more general approach can be used with the help of the
Smith Normal decomposition [9], [10], which states that any
can be diagonalized by pre- and
nonsingular integer matrix
post-multiplication by unimodular integer matrices and
(11)
(12)
is a diagonal matrix, thus any arbitrary fundamental period,
not only that presented in Fig. 4, and over any arbitrary
sampling grid, not only a hexagonal one, can be mapped into a
rectangular one allowing rectangular FFT routines to be used
and
in the reordered indexes

(7)
where
is the periodic extension of
is a nonsingular integer matrix called the periodicity matrix and is an
integer vector.
The number of samples, zero or not, in one period is given
for a given periodicity matrix
[6]. For an by
array, the number of nonredundant visibility samples is given
by
(8)
and the number of missing samples to be initially padded with
zeros is
(9)

(13)
where
(14)
and:
(15)
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Fig. 5. Periodic extension of the (u; v) coverage given in Fig. 3(a). Standard
FFT.

(a)

The method proposed in this paper is based in the choice of
that minimizes the number
an appropriate diagonal matrix
and the number of
of samples in the periodic cell
nonmeasured visibilities which must be initially padded with
allows to use standard rectangular FFT
zeros
routines and avoids the indexes permutations required by the
Smith Normal decomposition (14) and (15). Let’s periodically
fundamental period as in Fig. 5. In this
extend the
scheme measured visibility samples are repeated following
the relation given below

(16)
where

(17)
(b)

domain. The matrix is not
is a sampling matrix in the
unique, since all the sampling matrices given by

Fig. 6. Aliasing free regions for (a) T -array (rectangular sampling) and (b)
Y -array (hexagonal sampling) with adjacent antennas spaced 0:89:

then:
(18)
plane. This
reproduce the same periodic extension in the
choice, however, will determine the numbering of the
and
samples to process them properly. The associated
axes is
periodicity matrix in the
(19)

(21)
and the Fourier transform kernel becomes separable, even if
and
sampling points are not chosen over a
the
form the reciprocal basis of
rectangular grid.
in the
domain (Figs. 5 and 6). With this concept, the
and
points are given by:
sampled

directing cosines are
If the sampling points in the
forced to satisfy the following relation
(20)

(22a)
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(22b)
And the inverse Fourier transform of the hexagonally sampled
is given by

(23)
Expression (23) can be recognized as a standard rectangular
and
interchanged. The factor
is
FFT with
domain. The recovered modified
the pixel area in the
brightness temperature distribution given by (23) is repeated
domain. The centers of periodic
periodically over the
cells can be found by applying the periodicity condition to the
argument in the Fourier kernel

(24)

Fig. 7. Sampled points in the directing cosines domain and the reciprocal
basis of Fig. 5 basis.

domain, artifacts are not induced in the recovered brightness
temperature map and signal to noise ratio is preserved. At
this point two important relations between the interferometer’s
points should be pointed
array geometry and the
is equal to the
out a) the total number of correlations
and
number of samples in the fundamental hexagonal
cells (19) and b) the number of redundant correlations
between antenna pairs, including the baseline zero, is equal to
visibility samples which will be
the number of missing
initially padded with zeros. This technique has been applied
to the particular sampling grids given by MIRAS -array,
however it can be used with any other sampling strategy with
an appropriate matrix satisfying (21), (22a) and (22b).

whose solutions closest to the origin are
III. EXAMPLE: APPLICATION TO
APERTURE SYNTHESIS RADIOMETERS
(25)
If the extension of the modified brightness temperature is
points must be at a distance 2
the hole unit circle, the
from the origin to avoid aliasing completely, which forces
Compared to
a maximum antenna spacing of
rectangular sampling, where the maximum antenna spacing is
to avoid aliasing, the hardware savings of the -array
are 13.4%. Fig. 6(a) and (b) show the alias free FOV for a sampling, and a -array, hexagonal
array, rectangular
sampling, whose adjacent antennas are spaced in both
It can be observed that the alias free FOV
cases
is larger for hexagonal sampling. In the Earth observation
situation, the Earth does not occupy the whole unit circle and
the antenna spacing condition can be relaxed depending on the
spacing between
required alias free swath (Fig. 7). The
antennas in MIRAS is a compromise between array thinning
and aliasing free swath, which is about 900 Km [8]. This
swath satisfies the three day revisit time necessary to update
soil moisture and ocean salinity measurements [1].
In addition, since in the inversion process there is no
domain nor in the
interpolation neither in the

Figs. 8 and 9 show the results of the application of this
technique to a case similar to space-borne MIRAS: a Y-shaped
interferometer radiometer with 43 antennas per arm spaced
0.89 wavelengths. The platform is at 800 Km and the array
is tilted 31.2 with respect to nadir. The image treated in
this example has been taken from MATLAB [(c) The MATH
WORKS Inc.] and has been properly modified in order to
give realistic brightness temperature values. This image is
composed by a ellipsoidal contour representing the Earth-sky
directing cosines
border as seen from the satellite in the
representation (Fig. 8). The sky occupies the zone in between
the ellipsoidal contour and the unit circle and its brightness
temperature is assumed to be 3 K. The brightness temperature
of the sea has been taken 100 K and that of the coast ranges
from 220 K to 300 K.
The original brightness temperature is shown in Fig. 8(a),
from which the set of visibilities have been computed over the
hexagonal grid given in (22a) according to (1). When
computing these values we have assumed that noise due to
finite integration time is negligible, consequently any error in
the recovered images is due only to the inversion process.
Fig. 8(b) shows the brightness temperature map restricted to
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(a)

(b)

(c)

(d)

Fig. 8. (a) Hypothetical earth model for hexagonal visibility processing using standard FFT as seen from a 800 Km height, 31.2 tilted platform. (b) Alias
free field of view of Fig. 8(a). Subsampling with 0.89 wavelengths spacing between antennas reduces alias free swath to 900 km. (c) Recovered brightness
temperature in the alias free field of view by inverse Fourier transform of hexagonally sampled visibilities with rectangular weighting window. (d) Recovered
brightness temperature in the alias free field of view by inverse Fourier transform of hexagonally sampled visibilities with Blackmann weighting window.

(a)

(b)

Fig. 9. (a) Error in the recovered brightness temperature with rectangular weighting window [Fig. 8(b) minus (c)]. (b) Error in the recovered brighteness
temperature with Blackmann weightning window [Fig. 8(b) minus (d)].

the alias free field of view (FOV). Fig. 8(c) and (d) show the
inverse Fourier transform of the visibility samples computed
according to (22a) without weighting function (rectangular
window) and with a Blackmann window, respectively. Since
wavelengths, the
the spacing between antennas exceeds
Nyquist criterion for hexagonal sampling, some aliasing exists
(Fig. 7): results are shown cut to the alias free FOV. Note the
absence of artifacts, usually of periodic character, that generally appear when interpolations are performed. Note also that

the Blackmann windowed image appears more blurred than
its rectangular windowed counterpart. Fig. 8(a) and (b) show
finite coverage errors computed
the discretization and
as the difference between the recovered brightness temperature maps [Fig. 8(c) and (d)] and the original brightness
temperature [Fig. 8(b)]. Note the high errors due to the Gibbs
phenomenon at the coast line due the 120 K step in the
brightness temperature. Errors decrease when highly tapered
windows are used. The trade-off shown in [12] between
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high spatial resolution, requiring low weighting functions, and
high radiometric resolution, requiring highly tapered weighting
functions, can be easily detected.
coverage is finite, its inverse Fourier
Since the
transform is not limited and some alias “tails” enter partially
in the nominal alias free FOV. In Figs. 8(c) and 9(a) a border
pixel has been removed to minimize this effect. However,
it is more apparent in Figs. 8(d) and 9(b) because of the
wider system’s impulse response caused by the Blackmann
weighting function. However, aliasing impact in the FOV can
be minimized by using some a priori information such as the
sky brightness temperature and an average Earth brightness
temperature. Aliasing degrades MIRAS performance at swath
edges and presents added difficulties in the inversion process
since measured visibilities depend also on the brightness
temperature from aliased regions. This difficulties can be
partially alleviated by restricting the inversion region to a
smaller area inside the alias free FOV [7].

IV. CONCLUSIONS
A proper choice of the interferometer’s array configuration
allows a substantial reduction of the number of visibility
samples and hardware requirements for a determined aliasing
level. Y-shaped and triangular-shaped arrays sample the visibility function over a hexagonal grid optimally. Compared to
sampling a hardware reduction of 13.4% is
rectangular
obtained. In addition, Y-shaped arrays provide larger
coverage than triangular-shaped arrays, thus improving the
spatial resolution capabilities of the instrument.
This paper has presented a simple procedure to fully exploit the benefits of the hexagonal sampling grid given by
the Y-shaped arrays, as MIRAS: reduces hardware requirements and the number of visibility samples (13.4%), increases
computational speed (25%) with standard rectangular rowcolumn routines and avoids the drawbacks of hexagonal to
rectangular conversion mainly: additional computational load,
interpolation induced artifacts and signal to noise degradation. This technique is based on the use of rectangular FFT
to process hexagonally sampled signals provided that the
pixels are properly chosen over the reciprocal grid of
hexagonal grid. However, the proposed technique
the
is not restricted to hexagonal grids and can be used with
other sampling strategies, provided that the reciprocal basis
is used.
An example of this technique applied to MIRAS has been
presented a space-borne Y-shaped interferometer radiometer
with 43 antennas per arm. Subsampling problems have been
shown: mainly aliasing and radiometric resolution degradation
at swath edges.
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