
been already deleted. Since edge (& 4) has to be removed, one of 
the edges that have been removed earlier can be recovered. Con- 
versely, it is possible that edge (& 4) is also contained in another 
odd-length cycle, which has been broken earlier by removing 
another edge. Since edge (SI, 4) must be removed anyway, the 
edge removed earlier can be recovered, too. This recovery mecha- 
nism gives us a better adjacency relation and may potentially lead 
to a better result. 

At this stage, we have obtained a subgraph of the adjacency 
graph G’, and this graph is bipartite. However, it is possible that 
the bipartite graph can not be embedded into an n-cube. Therefore 
we have to check whether the graph we have so far can be embed- 
ded. Whenever the embedding is not possible, some extra links are 
removed. 

Kang et al. [3] provide some conditions under which a bipartite 
graph cannot be embedded in an n-cube. We apply these condi- 
tions (theorems 2 and 3 in [3]), as well as our extension to them 
[4], to find out that the edges that make the embedding of a mod- 
ified adjacency graph impossible. These edges are removed. 

In most of the cases, the graph obtained so far can readily be 
embedded into an n-cube. However, since all the conditions we use 
to check for embeddable bipartite graphs are only necessary con- 
ditions, it is still possible that the resulting graph cannot be 
embedded. Even if the graph can be embedded, the process can be 
time-consuming since state embedding (as discussed below) is an 
NP-complete problem. Thus, we use an optional heuristic in the 
state assignment algorithm. We can assign a small threshold, and 
all edges in C whose weights are smaller than the given threshold 
are removed. A large threshold makes state embedding easier and 
faster; however, the switching activity of the resulting circuit is 
usually higher. 

The final step is state embedding, which is to find a subgraph in 
the n-cube such that the subgraph is isomorphic the embeddable 
graph G“. The subgraph isomorphism problem is known to be an 
NP-complete problem [?I. Thus we apply a greedy algorithm to 
compare the given n-cube and the final graph G“. During the state 
embedding process, two neighbouring states in G“ are given codes 
whose Hamming distance is one. If edge (St, S,) exists in G’ but is 
removed in G”, we also try to keep the Hamming distance 
between em(&) and enc(si.> as small as possible. This will keep the 
final switching activity low. 

STATE NOVA 
SA I cubes SA 

n-cube 

Experimental results: We have implemented the above algorithm 
into a program called ‘STATE, which assign minimm-length 
code to states in FSMs targeted for minimum switching power. To 
compare it with the previously published method, we adopt the 
same set of MCNC FSM benchmarks circuits listed in [2], except 
the circuit tbk. The reason we do not include tbk is that, for this 
particular circuit, the number of cubes given by [2] is only 60% of 
the circuit synthesised by NOVA [6]. Since NOVA is a state- 
assignment program targeted for area efficiency, this result seems 
rather exceptional and thus we exclude it in our comparison. 

Lower bound 
SA 

ex1 51 1.1351 471 1.9381 0.809 

opus 

I I I I I I 

modulo121 41 0.5001 121 0.5831 1.0001 0.500 
planet I 61 0.9841 1031 1.1531 2.8331 0.960 

41 0.7121 171 1.4491 0.650 

Is1 I 51 1.1751 911 1.1311 1.6981 0.7311 

scf 

I I I I I I 

sand I 51 0.6101 1091 0.6041 1.0831 0.491 
shiftreg I 31 1.0001 101 1.0001 1.5001 1.000 

71 0.8451 1471 1.7871 0.750 

Total 

The experimental results are given in Tables 1 and 2. For the 14 
circuits listed in Table 1, our results for NOVA are identical to 
those in [2] in both the number of cubes and the switching activity. 

4.3631 2391 8.2211 3.650 

Table 2: Experimental results (11) 

STATE 
SA I cubes 

n-cube 
Hong et al. NOVA Lower bound 

SA SA SA 
bbara 
bbsse 
bbtas 
cse 

4 0.279 26 0.295 0.459 0.223 
4 0.776 31 0.856 1.495 0.673 
3 0443 9 0.561 0.809 0.443 
4 0.239 48 0.292 0.604 0.228 

donfile 
ex6 
kevb 
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styr 5 0,553 
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Indexing terms: Electromagnetic wave scattering, Numerical 
methods, Boundary element method, Sparse matricies 

An algorithm to extrapolate in frequency the matrix coefficients 
of the IE-ME1 method is presented. This results in a total 
operation count to compute the induced current in a 
electromagnetic scattering problem proportional to the number of 
unknowns, which in 2D is proportional to the working frequency. 
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Introduction: Boundary element methods (BEMs) are widely used 
for the numerical analysis of electromagnetic radiation and scat- 
tering. However, their application is limited to electrically small or 
resonant size objects due to the fact that the computational 
requirements increase rapidly with the electrical size. One recent 
approach to achieve more efficient BEMs is the integral equation 
formulation of the measured equation of invariance (IE-MEI) [I, 
21. IE-ME1 is an approximate BEM in which the matrix that has 
to be inverted is cyclic tridiagonal, thus allowing the solution of 
the system of equations in a time proportional to the number of 
unknowns N, which in 2D is proportional to the operating fre- 
quency$ However, the time required for the computation of the 
matrix coefficients is proportional to NzlogN mfZlogfand it dom- 
inates the overall CPU time. Hence, to further improve the effi- 
ciency of the IE-MEI, in this Letter we describe a procedure by 
which the matrix coefficients can be computed at a frequency 
lower than the operating frequency and then extrapolated to the 
higher frequency. 

ZE-MEZ: For 2D perfectly electrically conducting (PEC) scatterers, 
a linear relationship can be established between the tangential 
components of the electric and magnetic scattered fields, E and 
EI., at M neighbouring nodes in the boundary of the scatterer, of 
the form [ 1, 21 

n+ 9 
(an,E& + bn,H&) = R, 2: 0 n = 0, ..., N - 1 

m=n- M1 

(1) 
where N is the total number of nodes (points at which the induced 
current is computed) at the scatterer boundary. Numerical experi- 
ence has shown that with the proper choice of the coefficients a,,, 
b,,, the residual Rfi in eqn. 1 is negligible for convex scatterers. 
Assuming vanishing residuals, eqn. I may be more concisely 
expressed as 

[An,] [Eh] + [ h m ]  [ H h ]  = 0 (‘4 
where [Aom] and [B,,] are cyclic M-diagonal matrices. Using the 
PEC boundary conditions [E;] = -[E;] and [J;] = [HA] + [HA] in 
eqn. 2, the induced current is computed as 

[JA] = [ H A ]  + [Bnm]pl[Anm][E~]  ( 3 )  
In the above, E and IP denote the incident electric and magnetic 
fields. 

For each node n in the boundary, the coefficients a,,, and b,, 
are obtained numerically by the ME1 technique [3], i.e. eqn. 1 is 
enforced for fields D, Hp (called measures) generated by harmonic 
electric currents (called metrons) defined on the scatterer bound- 
ary. This results in an Overdetermined system, which is solved in 
the least-squares sense. It has been shown in [l, 21 that by using 
the FFT, the total operation count for obtaining the measures D 
and Hp for all nodes n can be made = iVlogzN. The operation 
count for solving the overdetermined system of equations to 
obtain the coefficients a,,, and b,, is = Nz, where for 2D objects N 
= $ Conversely, the memory requirement is low: only 12N com- 
plex numbers for M = 3. Therefore, the operation count, not the 
available memory, is the limiting factor in the analysis of electri- 
cally large scatterers by the IE-MEI. 

Frequency extrapolation strategy: It was first suggested by Mei [4] 
and later established by Liu et al. [5], that the coefficients of the 
numerical absorbing boundary conditions [6] derived using the 
ME1 technique [3] can be extrapolated in frequency. In the case of 
the IE-MEI, if the coefficients a,, and b,,, in eqn. 1 are computed 
with the same mesh electrical size at two frequencies f and& at 
which the object is electrically large, we have found that (i) for a 
node located at a smooth surface not too close to an edge, the 
coefficients at f are the same as the coefficients at fo at the same 
location, and (ii) for a node located close to an edge, the coeff- 
cients atfare the same as the coefficients at& at a node located at 
the same electrical distance from the edge. 

Hence, if we compute the IE-ME1 coefficients at frequency&, 
we can obtain the coefficients at a higher frequency f as follows: 

1. Choose the lower frequency&, for the computation of the 
coefficients, such that the scatterer is electrically large. 

2. Mesh the boundary using the same electrical spacing 
between nodes at f andf,. 
3. For nodes close to edges, copy the coefficients at f from 
those at fo at the same electrical distance from the edge. 
4. For the remaining nodes, copy the coefficients at f from 
those atfo at the same boundary locations if the nodes at f 
and fo coincide, or otherwise interpolate between neighbour 
nodes. 

This strategy is illustrated in Fig. 1. 

VI0  4 3 / 2 0  

boundary x 2  

copy at same node copy at same 
distance from edge 0 space positlon 0 interpolate 

185911( 
4 + 

Fig. 1 Extrapolation strategy for obtaining IE-MEI coefficients at fre- 
quency f = 2f0 from the coefficients of& 

For clarity, mesh boundary at 2h has been magnified by factor of 2 

Computational cost and sample results: Clearly, if the extrapolation 
factory’ is chosen large enough, the time required for computing 
the IE-ME1 coefficients at fo will be a small fraction of the overall 
computation time atf: The operation count required to extrapolate 
the coefficients to frequency f is proportional to the number of 
nodes N at J: The solution time for the system of equations with 
tridiagonal cyclic matrix (in the usual case M = 3) is also = N. 

.-  
I O ’  1 0 2  103 10 I O  

unknowns N 185912/ 

Fig. 2 Total CPU time for computing induced current against number 
of unknowns N 

Electrical mesh size is kept fixed, hence N is proportional to operat- 
ing frequency 

conventional BEM 
_ _ _ _  IE-ME1 and extrapolation 

To illustrate, in Fig. 2 we plot the total CPU time in the solu- 
tion of a scattering problem for increasing frequency and fxed 
electrical mesh size. Using conventional BEM discretised by the 
method of moments, the CPU time increases as iV. In the IE- 
MEI, the matrix coefficients are always computed at the frequency 
corresponding to the lowest value of N, i.e. N = 50, and extrapo- 
lated. For N < 1000, the time is mainly spent on the computation 
of the coefficients, and remains almost constant for increasing fre- 
quency. For N > 1000, the extrapolation of coefficients dominates 
the computational effort and the total time grows proportionally to 
N. 

Fig. 3 shows the monostatic RCS of an ogival cylinder of 
dimensions 5120h x 1024h and perimeter 1051 lh, where h denotes 
the wavelength. The IE-ME1 coefficients have been computed at a 
frequency& =j71024, at which the dimensions of the object are Sh 
x h, and extrapolated. The number of unknowns at f is N = 51200. 
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Only 9.42MB of memory were used for computation. The CPU 
times for a Pentium 133MHz CPU were: 0.44s for computing the 
IE-ME1 coefficients atfo, 10.22s for the extrapolation and 2.6s per 
incidence direction for the computation of the induced current 
according to eqn. 3. 

50  

D U 

m 
0 
[1: 

3 

2 

1 

incidence direction from edge -on,deg 
185913) 

Fig. 3 Monostatic RCS of 51201 X I024h ogival cylinder 
_ _ _ _  IE-ME1 with extrapolation 
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A homogenisation theory for densely-distributed chiral spheres is 
developed by introducing the concept of quasicrystalline 
approximation with coherent potential. Coherent interaction of 
the inclusions is taken into account. Numerical results for the 
effective propagation constants are presented. 

ELECTROA 

Introduction: With recent advances in polymer synthesis tech- 
niques, considerable attention is being paid to the effective proper- 
ties of electromagnetic waves in chiral composite [l, 21. To date, 
all efforts have been concerned with the Maxwell-Garnett [l] and 
Bruggeman [2] models to obtain the effective constitutive parame- 
ters for a composite medium consisting of tenuously-distributed 
chiral inclusions. However, these models are only suitable for a 
small fractional volume of inclusions, and the assumption of inde- 
pendent scattering is not valid for a medium consisting of densely- 
distributed inclusions. Lack of coherent interaction of discrete 
inclusions would overestimate the scattering effects as the frac- 
tional volume of inclusions becomes appreciable. 

In this Letter, a homogenisation theory for a cluster of densely- 
dstributed chiral spheres is developed, taking the coherent interac- 
tion of inclusions into account. Effective propagation constants 
are calculated by using the Percus-Yevick pair distribution func- 
tion 

Theory: The chiral inclusions, which are densely distributed in an 
isotropic host medium of permittivity E, and permeability F~, are 
characterised by the constitutive relations (in what follows, the 
harmonic eiwt time dependence is adopted and suppressed through- 
out): 

D = &,E - i ( ~ o p o ) ~ / ~ < . J I  B = pCH + i ( ~ o p o ) ~ / ~ ~ ~ c E  
(1) 

where EO, b are the permittivity and permeability of free space, 
respectively. From a phenomenological point of view, the effective 
constitutive parameters of the heterogeneous composite are 
denoted as (se, pe, 53. 

The mean dyadic Green’s function of the composite medium 
obeys the Dyson equation: 

v x v x (G*(?“,T’)) - k ? ( G * ( T , T / ) )  

where k,2 = &~,p,,  and A?+ is the mass operator. 
To take the coherent interaction of inclusions into account, the 

concept of quasicrystalline approximation with coherent potential 
[3] should be introduced. Based on such a concept and the opera- 
tor formulism of momentum representation, the mass operator is 
written as 

( 3 )  

where no is the number of inclusions per unit volume. The 
fractional volume of inclusions is defined as f = q v o ,  where v, = 
47~~~13,  and a is the radius of the spherical inclusion. Then, the 
scattering operator C >) obeys the equation 

where the transition operator 

$2’ = + ut’ (G*)@ (5) 
and the potential operator 

Here, g(r) is the pair distribution function [3], and k,Z = &&,EL,, k: 
= &&,p,, = [ (~~) / (&cpc)]”2~, .  The function g(rp-r,)-l gves the 
coherent influence between the pair of pth and j th inclusions. 
Thereby, the mean dyadic Green’s function can be written as 
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