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Universal Diagrams for TE Waves Guided by Thin 
Films Bounded by Saturable Nonlinear Media 

Juan P. Torres and Lluis Tomer, Member, IEEE 

Abstract-We show that universal V - b diagrams provide a 
powerful tool when analyzing the stationary waveguiding prop- 
erties of the TE waves guided by a thin film bounded by a sat- 
urable nonlinear substrate or cladding. For a wide class of non- 
linearities, the allowed and forbidden regions of these diagrams, 
for stationary guided propagation to occur, display a universal 
pattern, the marginal loci separating different allowed regions 
from the forbidden ones being simple functions of only the 
asymmetry measure of the waveguide and the saturation value 
of the nonlinear permitivity. Relevant information for device 
design purposes is summarized on a few diagrams, so general 
waveguiding properties can be immediately read-off from them, 
and threshold power-independent values of the normalized 
thickness of the waveguide for a particular kind of guided waves 
to be allowed are obtained. Qualitative information concerning 
both the guided power and the stability of guided waves is also 
included in the diagrams. 

I. INTRODUCTION 
ISPERSION properties of nonlinear TE-polarized D waves guided by planar optical waveguides with a 

nonlinear substrate or cladding have been extensively 
studied during the last few years [ll-[7], so now main 
features conceming stationary guided phenomena are well 
established. This waveguiding structure plays a crucial 
role in various all-optical switching devices [8], 191, such 
as the nonlinear directional coupler [ 101, [ 111 or the sol- 
iton coupler [ 121, and in upper and lower threshold power 
devices [13]. In addition to the Kerr-like behavior, more 
general cases, such as high-order nonlinearities [ 141-[ 161 
and saturable media [ 171-[ 181, have been investigated in 
order to take into account some departures from ideality 
which arise in real materials. However, due to the power- 
dependent nature of the above mentioned dispersion re- 
lations and, also, to the great number of waveguide pa- 
rameters involved, it is difficult to identify general rules 
conceming global waveguiding characteristics. For in- 
stance, we refer to figures of merit of a particular guiding 
structure, to cutoff conditions for the different type of pos- 
sible stationary nonlinear guided waves or to critical val- 
ues of the various waveguide parameters which partition 
parameter space into regions of similar behavior. Our aim 
here addresses this point. Knowledge of this information 
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is crucial for the device design, since it establishes the 
conditions in parameter space for the waveguide being 
able to perform the envisaged function (e.g., power lim- 
iting, thresholding or bistability). Ultimately, it allows 
identification of regions in parameter space yielding 
waveguides whose properties are less sensitive to fabri- 
cation tolerances. 

In the case of an ideal Ken-like medium, in a previous 
paper [ 191 we have shown that a great deal of information 
can be read-off from the well-known I/ - b diagrams. 
Here b stands for the normalized effective index of guided 
waves and Vis the normalized thickness of the waveguide 
[20]. Our goal in this paper is to show that these diagrams 
provide also a very powerful tool when considering other 
than Kerr-like media. We will point out that, for a wide 
class of nonlinearities, the allowed and forbidden regions 
of the I/ - b plane for stationary guided propagation to 
occur display a universal pattem. From this plot, general 
results can be immediately obtained without solving the 
nonlinear differential problem. For instance, we will be 
able to identify critical threshold, power-independent val- 
ues of the normalized thickness for a particular kind of 
guided waves to be allowed and to obtain the expressions 
of the marginal loci in the parameter space separating the 
allowed from the forbidden bands. 

All optically nonlinear materials exhibit saturation, in 
addition to absorption. For all-optical devices, large sat- 
uration values of the nonlinear refractive index, while low 
absorption, are desirable. First goal has been achieved, 
e .g . ,  in liquid crystals, thus existence of nonlinear guided 
waves has been demonstrated in a MBBA-cladded planar 
waveguide [ 2  11. Smaller intensity-dependent optically in- 
duced refractive index changes, but large enough for 
switching applications, have also been demonstrated in 
GaAs-AlGaAs multiple-quantum-well (MQW) structures 
operating near a resonance. Low absorption has been 
demonstrated using nonresonant nonlinearities in semi- 
conductor doped glasses [22]. Likewise, recent measure- 
ments of two-photon absorption coefficient have shown 
that unwanted effects of absorption can be also avoided in 
GaAs-AlGaAs MQW’s operating below one-half the 
bandgap [23]. Here we will assume low absorption op- 
eration regime and, in order to obtain universal results, 
we will deal with both non-specified self-focusing and 
self-defocusing media, having a typical two-level satura- 
ble behavior. The starting point of our analysis is the gen- 
eralized dispersion relation for nonlinear guided waves 
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derived by Langbein, Lederer, and Ponath [8]. The same 
authors [ 171 have investigated the behavior of nonlinear 
guided waves in saturable media from a point of view 
similar to the general approach discussed here, so we will 
recover some of their results. 

This paper is organized as follows. Section I1 contains 
the background of our approach. It is devoted to the in- 
troduction of the normalized parameters and to a brief re- 
vision of the different type of possible field solutions cor- 
responding to the roots of the normalized nonlinear 
dispersion equation. In Section I11 the allowed and for- 
bidden bands in the universal V - b plane for stationary 
guided propagation to occur are identified and classified. 
The expressions of the marginal loci separating different 
regions are given for both self-focusing and self-defocus- 
ing cases. In Section IV the critical values of the normal- 
ized thickness emerging from the pattern of the allowed 
regions are calculated. The limiting value of the guided 
wave power at the marginal loci separating the allowed 
from the forbidden bands is discussed in Section V. In 
Section VI we focus on the normalized dispersion relation 
for the guided wave power. The marginal locus in the 
V - b plane indicating the region in parameter space 
where the guided power increases monotonically with the 
effective index of the allowed stationary guided solutions 
is calculated and analyzed, and its relevance concerning 
the stability of the nonlinear guided waves is discussed. 
Finally, in Section VI1 we shall emphasize our main re- 
sults. 

11. NORMALIZED DISPERSION EQUATION 
We will consider a three layer dielectric structure (Fig. 

1) which consists of a thin optically linear film of thick- 
ness D and refractive index nf, a linear cover with refrac- 
tive index n, and a nonlinear media forming the substrate 
whose intensity-dependent dielectric function is 

(1) 

with eo being the free-space permitivity . When consider- 
ing saturable permitivities, for low-powers eNL behave as 
it does for Kerr-like media, but saturates for high powers. 
Since we are looking for universal results, instead of tak- 
ing a particular expression for eNL, we will consider an 
unspecified function, positive defined in the self-focusing 
case and negative defined in the self-focusing one, with a 
typical saturable behavior. For the seek of clarity, what 
must be exactly understood for this last restriction will be 
clear a bit later [cf. paragraph after (7)]. Generally speak- 
ing, eNL will depend on a set of parameters that we have 
represented by P,~. Here we will restrict to the case nf > 
n, 2 n,, although the analysis holds for a general case. 
However, we note that due to the nonlinearity, both cases 
n, > n, and n, < n, must be considered separately. We 
look for TE-polarized stationary guided waves so that the 
electric field E ( ? ,  t )  would write 

~ ~ ( 2 ,  r> = $E(Z)  exp [ J ( w r  - L ~ . X > ]  + C.C. 

E, = eo [nf + E ~ ~ ( E ~ ,  ps)l 

(2) 

linear 4 F z  rx 
nodinear nf + eNL 

Fig. 1. Waveguide structure. 

where ko is the free space wavenumber and N = p / k 0  the 
effective modal index. Finally, from now on we will use 
the dimensionless coordinate t; = z / D  and the dimen- 
sionless field function " ( E )  = E(t ; ) /Eo ,  with Eo being a 
constant to be specified. 

The dispersion equation for the TE waves guided by a 
nonlinear waveguide such as the one described above has 
been obtained by Langbein, Lederer, and Ponath [8]. In 
terms of the well-known normalized parameters: the nor- 
malized thickness ( V )  and asymmetry measure (a) of the 
waveguide 

and the normalized effective index 

N~ - nf 

nf - ns 
b = -  

2 2  

the dispersion relation writes 

I 
V ~ 1 - b  = mr + tan-' Ja+b 1 - b  

r 

(4) 

f o r b  < 1 ,  and 

for b L 1. In ( 5 ) ,  M = 0 for field solutions having no 
maximum in the substrate region and M = 1 otherwise, 
and m stands for the number of nodes of the field in the 
film region. Finally d, which can be related to the value 
of the field at the film-substrate interface, is given by d = 

f ( \k , )  1 = where f(\k,) is an adimensional function de- 
fined as 

We will restrict to nonlinear permitivities eNL for which 
the function f(l,) increases (self-focusing case) or de- 
creases (self-defocusing media), monotonically. This 
condition is not essential but avoids the existence of dou- 
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ble solutions of ( 5 )  and (6), with equal b but correspond- 
ing to different values of the guided wave power, which 
should modify some conclusions from the paper. It is 
worth to notice that most of the saturable, as well as non- 
saturable permitivities suggested in the literature satisfy 
the above requirement. 

For given values of V and a ,  ( 5 )  and (6) give us the 
normalized effective index of a TE, guided wave as a 
function of M and d. However, for a fixed value of a,  
there are some regions in the V - b plane which cannot 
be reached with the physically possible values of d. Also, 
when solving ( 5 )  and (6) for 6 ,  it should be verified that 
the obtained values of the normalized effective index ren- 
der to field solutions which satisfy the nonlinear wave 
equation, so the shape of the corresponding field solution 
satisfy the implicit condition included into the taken value 
of M .  Thus, allowed and forbidden regions in the V - b 
plane will exist. The point is that these regions can be 
identified and classified without solving the dispersion 
equation. 

111. ALLOWED AND FORBIDDEN REGIONS IN THE V - b 
DIAGRAMS 

Let us start with the nonlinear wave equation. In the 
substrate, it states 

(8) 

Since the substrate is assumed to be a lossless medium, 
\kk,(t) is real, thus the first integral of this equation is 
found to be 

In the case of a self-focusing mediumf(\E,) is a positive 
defined function, bounded by a maximum valuef,,, if eNL 
is bounded too. Sincef(\ks> is assumed to increase mono- 
tonically, f,,, will always be reached for \E, + CO. For a 
Kerr-like nonlinear medium one hasf,,, = 00. When con- 
sidering self-defocusing media, f ( 9 , )  is a negative de- 
fined function. 

Next we are going to analyze is the shape of the first 
integral 9, [8]. As a function of qS, +, will show two 
different shapes depending on the value of b and on the 
sign of f(\k,), as can be seen in Fig. 2. In the case of a 
self-focusing medium, when b < f,,, there is a nonzero 
value of \k, which makes +,q = 0, so the electric field may 
show a local or global maximum at the substrate region 
(( > 1). This situation corresponds to the roots of ( 5 )  
having M = 1.  On the contrary, when b > fmaX no max- 
imum of the electric field will occur in the substrate re- 
gion, since = 0 holds only when 9, = 0. This situa- 
tion, which also occurs in the case of a self-defocusing 
medium for any value of b, corresponds to A4 = 0. Elec- 
tric field solutions having no maximum in the substrate 

Fig. 2 .  Phase diagram pattem 

( M  = 0) correspond to the so-called pure guided waves 
(PGW). When considering a self-defocusing medium all 
guided waves correspond to this category, whereas for a 
self-focusing medium both situations M = 0, 1 are pos- 
sible. For M = 1 there are two different cases: when b < 
1, the electric field in the film will be expressed in terms 
of trigonometric functions, whereas when b > I the field 
in the film will be a combination of hyperbolic functions. 
In the first case, the electric field shape corresponds to a 
bulged guided wave (BGW) and in the second one to a 
surfice wave (SW) [4], [6]. In view of the above consid- 
erations we are going to identify the allowed and forbid- 
den regions in  the V - b plane in order to a stationary 
guided solution occur. Key points run as follows: 

A.  The value of d is bounded. For a self-defocusing 
medium one hasf,,, I d I 0, and in the self-focusing 
case 0 L d z dlllilX, with d,,, = min { fmax, l}. This last 
condition follows from the boundary conditions at the 
film-substrate and film-cover interfaces. 

B. Not all roots of ( 5 )  and (6) having M = 1 are pos- 
sible. This condition comes from the fact that for a self- 
focusing medium, when b > A,,,, no maximum of the 
electric field is allowed in the substrate region. Therefore, 
the corresponding value of b is forbidden. 

In Figs. 3-5 we have plotted the allowed and forbidden 
regions in the V - b plane for guided propagation to oc- 
cur, coming from items A and B. Figs. 3 and 4 correspond 
to a self-focusing medium and Fig. 5 to a self-defocusing 
one. Let us focus now on Fig. 3 .  In this case, the marginal 
loci separating the allowed from the forbidden regions 
come from the conditions { d  = 0; M = 0, 11, and { b  = 
f,,,; M = 1) in ( 5 )  and (6). In Fig. 4 one hasf,,, < 1 ,  
and the marginal loci come from the conditions { d  = 0; 
M = 0, l}, { d  =A,,,,; M = 0) and { b  =fmax; M = l} .  
In both cases, condition d = 0 yields critical values of the 
normalized effective index which are referred to as b,, 
and bc-, accordingly to the corresponding value of the 
sign ( -  l)M. A similar expression to the one yielding b,, , 
holds for d = Anax. In this case the associated values of b 
are referred to as b,,. Finally, the condition b = fmax de- 
fines a straight horizontal line in the V - b plane whose 
values of b are referred to as b(p  
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Fig. 3. Allowed and forbidden bands for stationary TE guided propagation 
in a waveguide with a self-focusing saturable bounding medium havingf,,,, 
> 1 .  PGW: pure guided waves; BGW: bulged guided waves; SW: surface 
waves. Dashed area: forbidden region. Here a = 10. 
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Fig. 4. Same as in Fig. 3 but for the strong saturation regime: fmaX < 1 .  
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Fig. 5 .  Allowed and forbidden bands in the case of a self-defocusing me- 

dium. 

Allowed bands subdivide into three regions, each one 
corresponding to the different type of possible guided 
wave solutions. Whenf,,, > 1 all PGW, BGW and SW 

are allowed, the actual occurrence of one of them de- 
pending on the total amount of guided power and on the 
excitation conditions. In the opposite case, fmax < 1 ,  only 
PGW and BGW remain possible [17]. Surface waves oc- 
cur above the line b = 1 and the loci in the V - b plane 
separating pure from bulged guided wave solutions come 
from the condition d = b. This is the value of the nor- 
malized effective index (which will be denoted by bC0) at 
which a maximum of the electric field enters the substrate. 
According to ( 5 ) ,  bcO is given by 

In the case of a self-defocusing medium only PGW can 
take place, and the marginal loci separating the allowed 
from the forbidden regions are given by b,+, b = 0 and 
bcd. This former critical value corresponds to the limit { d  
= f  min, . . M = 0} in (5). 

I v  . CRITICAL NORMALIZED THICKNESSES 
One of the main usefulness of recognizing allowed and 

forbidden bands in the V - b plane, comes from the fact 
that it enables us to identify threshold, power-independent 
values of the normalized thickness V for the different kind 
of guided solutions to occur. This fact can be clearly seen 
in Figs. 3-5. The important result is that these threshold 
V values depend only on the asymmetry measure of the 
waveguide and on fmax (orfmin). 

First, we will pay attention to the TE, wave on a self- 
focusing medium with fmax > 1. In this case, Fig. 3 shows 
that when the normalized thickness is greater than the low- 
power cutoff thickness = ma + tan-' &) the 
three types of guided solutions are possible. However, 
from Fig. 3 we conclude that for V < Vio)cutoff pure guided 
waves become no longer possible and two important char- 
acteristic normalized thicknesses arise: V,, and Vkt!,,ff. The 
first one V,,, is obtained by taking the limit b,- = 1 in 
( 6 ) .  One gets 

1 v,, = 1 - ___ G' (1 1) 

When V is greater than Vc, but smaller than the low-power 
cutoff thickness, both BGW and SW are possible. Below 
V,,, when Vlies in the range VL:!off < V < V,,, only sur- 
face waves are possible. Finally, below V::ioff stationary 
guided propagation cannot occur, for any value of the 
guided power and of the waveguide parameters. This 
threshold value of the normalized thickness for a guided 
solution to exist is obtained by taking the limit b,_ = f,,, 
in (6). One arrives at 

1 
Vcutoff (0) = tanh-' 

.4zTJzc - K) 
' (12) 

I - f m a x  + K 
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Whenf,,, >> 1 (Kerr-like behavior), Vftjoff + 0. Also, 
in the case of a symmetric waveguide (a  = 0), both 
VLt\off and V,, vanishes, so there is no cutoff and all types 
of guided solutions are allowed in the waveguide for any 
value of V .  

Let us turn now to a self-focusing medium withf,,, < 
1. In this case, only PGW and BGW are possible and there 
exist three critical values of the normalized thickness: 

is obtained by taking b,- = f,,,, and VI;' comes from the 
substitution of { d  = b = fmax; M = 0}, both in (5 ) .  One 
gets 

V:t!off, V$' and the linear cutoff thickness VlmLutoff. Vcutoff (0) 

0.12 1 
m = l  

3 1 
( 0 )  tan-' Vcutoff = J-mz 

0.00 I I 
0 5 

asymmetry measure 

and 

Concerning higher order TE waves, we realize that 
whenf,,, > 1 the corresponding allowed and forbidden 
regions are the same as for the ideal Kerr-like case. Thus, 
both PWG and BGW are possible for any value of V 
greater than Vi'Lutoff. However, when f,,, < 1, above 
V$)  only PGW remain possible again. In both cases, be- 
low the low-power cutoff thickness only BGW are al- 
lowed and there is a new threshold value for guided prop- 
agation to occur: VLtioff. This critical value, which holds 
as well in the Kerr-like limit, is a function of a defined by 
the expression 

for m 1 1. This is a transcendental equation, so it must 
be solved numerically. The obtained values for m = 1, 2 
are shown in Fig. 6 as a function of a.  We conclude from 
this plot that VimLutoff = V$)off for symmetric waveguides, 

corrections occur for higher-order solutions. 
Now, we will look at self-defocusing media. As shown 

in Fig. 5 ,  in this case below stationary guided 
propagation cannot occur. Above VLmLutoff another critical 
value arises. It is found by making bcd = 0. One obtains 

VL,cutoff (1 )  - V::ioff = 0.11 when a > 1, and that smaller 

v$) = mr + tan-' & + tan-' m. 
Above V:y) the minimum allowed value of the normalized 
effective index is b,, whereas when VimLutoff < V < Vi:) 
one has 0 < b < b,+. The meaning of VIZ) in terms of 
the guided power will render clear later on. Tables 1-111 
summarize the main results obtained in this section. 

Fig. 6.  Difference between the low-power normalized cutoff thickness and 
the threshold value of the normalized thickness for a stationary high-order 
TE guided wave to exist, V:T:off. 

TABLE I 
THRESHOLD VALUES OF THE NORMALIZED THICKNESS FOR THE DIFFERENT 

K I N D  OF STATIONARY TE, GUIDED W A V E S  TO BE ALLOWED, IN A 
WAVEGUIDE WITH A SELF-FOCUSING SATURABLE BOUNDING MEDIUM 

HAVING~,,, > 1 

PGW BGW sw 

TABLE I1 
SAME AS I N  TABLE I BUT FOR HIGH-ORDER TE, GUIDED 

WAVES 

PGW BGW 

TABLE 111 
SAME AS I N  TABLES I AND I1 BUT FOR THE STRONG 

SATURATION REGIME: fmaX < 1 

PGW BGW 

V. ON THE GUIDED POWER 
Our aim in this section is to obtain the limiting values 

of the guided power at the marginal loci in the V - b 
plane separating the allowed from the forbidden regions. 
Table IV will collect the main conclusions. In terms of 
the adimensional field !P ( E ) ,  the power carried by a guided 
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TABLE IV 
LIMITING VALUES OF THE GUIDED POWER FLOW AT THE MARGINAL LOCI I N  

THE V - b PLANE SEPARATING T H E  ALLOWED FROM THE FORBIDDEN 
REGIONS 

Self-focusing Self-defocusing 

Marginal Loci Guided Power Marginal Loci Guided Power 

solution is written as 
+ m  

P = ;NCE,DE~ q2( t ; )d t ;  (17) 
- m  

where c and eo are the speed of light in vacuo and the 
characteristic permitivity of free space, respectively. Us- 
ing Langbein er al. formalism [8], this expression can be 
evaluated without knowledge of the explicit form of \E ( t ; ) .  
One gets, 

with 

*2t; = 0) 
IC = 2 v G  

sin2 < v J ~  - b )  1 
V G  

+ A  

and 

d*, 

(21) 
where A = d(a  + b ) / ( l  - b) ,  and \k,,,,, stands for the 
maximum value of *,((). According to the phase paths 
in Fig. 2,  one has *,,,,, = !Ps(t; = 1 )  for pure guided 
waves, andf(\k,,,,,) = b otherwise. 

Let us start with a self-focusing medium. First, at the 
marginal loci b + b,, . b, -, one has d = 0. Therefore, 
the field at the film-substrate interface, \E,(( = I ) ,  van- 
ishes, and so does *,(( = 0). This yields I ,  = 0 and If 
= 0 for both loci. At b,+, I ,  also vanishes, since so do 
the limits of the integral, whereas the function into the 
integral remains finite. Thus, P = 0 at b, +, as it was ex- 
pected. On the other hand, at b,- field solutions corre- 
spond to bulged guided waves, thus (21) becomes 

*f * $ ( E  = I )  

*, max 

I ,  = [ 5” mar + (-  5 1 
V J [ b  - f(’k,)] \ka 

d*,. (22) *: m i 7  

I , lb< = 2 1  
O VJ[b,-  - f(*\)I*? 

At \Es = \E, the function into the integral diverges, but 
sincef(\k) has been assumed to be a monotonic increasing 

function, the whole integral converges. So, we conclude 
that at the marginal loci b + b,- the guided power 
amounts to a finite value, which will be different for any 
particular nonlinear permitivity eNL. 

Concerning b,,, which only occurs when strongly sat- 
urable media are considered (fmax < I ) ,  at this loci one 
has d = fmax. This condition yields ‘If,(.$ = 1) + 03, and 
thus * , ( t ;  = 0) ---f 03, also. Therefore, (19) and (20) di- 
verges and we conclude that this loci cannot be reached 
by a finite value of the guided power. This conclusion 
holds also for bcf  In this case, since d < f,,,, both *, 
(( = 1 )  and \E, ( t ;  = 0) amount to finite values, but *, ,,, + 03. This yields the integral (21) to diverge and 
so does P. 

When the nonlinear material forming the substrate ex- 
hibits a self-defocusing permitivity, only PGW are al- 
lowed, so (21) writes 

d*,. (23) 

As above, in this case the curves b,,  correspond to the 
low-power limit. On the other hand, at b = 0 the electric 
field at both film-substrate and film-cover interfaces re- 
main finite and so does (23).  In conclusion, at b + 0 the 
guided power amounts to a non-zero finite value. Finally, 
the loci b = bc.d yield an analogous case as b,/ did, in such 
a way that one gets P + 03 here again. These results drive 
us to the conclusion that the critical normalized thickness 
VZ’ separates the region in the parameter space where 
there is a maximum of the allowed guided power from the 
region where there is not. 

In the Kerr-like limit, the locus b,/ disappears and b, 
goes to infinity, so for a self-focusing medium all allowed 
regions in the I/ - b plane can be reached with a finite 
value of the guided power. Instead of this, in the case of 
a self-defocusing medium, bcd remains finite, thus above 
V$) the minimum value of b is bounded by ben, although 
the guided power is not. The analytical expressions of the 
critical guided power at b, - (self-focusing medium) and 
b = 0 (self-defocusing medium) for this limiting case can 
be found in [19]. 

*; *d€ = 1) 

\elf-defocu\ing - 
- 5, J W  + /f(*,)Il*: 

VI. THE Locus dP/dO = 0 
The results obtained in previous sections enable us to 

find out the different kind of stationary nonlinear TE 
waves guided by a particular waveguide, as well as the 
range of possible values of the guided wave power, start- 
ing from f,,,, (or &,) and the values of the asymmetry 
measure and the normalized thickness of the waveguide. 
This information comes directly from the V - b diagram 
and. keeping in mind the restrictions mentioned above, it 
does not depend on the particular expression of tNL. The 
other crucial information required, in order to character- 
ize the stationary guiding properties of a given structure, 
is the relation between the guided power and the effective 
index of guided solutions. This relation does depend on 
the actual expression of tNL.  Our aim in this section is to 
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show that a great deal of this information can also be in- 
cluded in the corresponding V - b diagram. We will re- 
strict our attention to the TEo guided wave and, for illus- 
trative purposes, we will consider a self-focusing medium 
with a nonlinear dielectric permitivity given by [ 181 

u2 + 2u 
E N L  = Esat ____ 

(U + 1)2 

where E , , ~  stands for the saturation value of the optically 
induced relative permitivity, U = msE2/2csat, and a, = 
EOcn: nZs is the nonlinear coefficient of the medium. In this 
case 

Concerning the TEo wave, the dispersion relation P - P 
displays two different patterns, the actual existence of 
one of them depending on the values of the various wave- 
guide parameters. In a first category, the guided power 
increases monotonically with (so, there is an unique 
value of 0 for each value of P) .  Conversely, in a second 
one, there is a region of P values where P decreases as 0 
grows (thus, multiple solutions for P exist for a given 
value of P ) .  When considering a waveguide belonging to 
the first group, one has dP(P)/dP > 0 for any value of 
0, whereas otherwise the sing of this derivative depends 
on the value of P .  Therefore, we conclude that the key 
point is to plot the locus where dP(P)/dP = 0, in the V 
- b diagram. 

For the following, it is worth to introduce a full set of 
normalized parameters describing the stationary guiding 
properties of the system we are dealing with. For conven- 
ience, according to [19], in addition to b,  V ,  and a ,  let us 
use the normalized power measure e, = 2 n , n 2 , D k ~ ,  the 
generalized aspect ratio between film and substrate re- 
fractive indexes 6, = q / n S  and the saturation parameter 
y previously defined. In terms of these normalized vari- 
ables, the condition dP(P)/dP = 0 becomes 

2 4 6 8 
V 

Fig. 7. Marginal locus b,, for the TE, guided wave in a symmetric wave- 
guide. Nonlinear permitivity given by (24), with y = 2. Shady region in-  
dicates V - b pairs at which the guided power decreases with @. Here 6, 
= 1.013, sob,, = bcr.  

V 
Fig. 8. Same as in Fig. 7 but for an asymmetric waveguide (a = 10). 

%.Flb=b<c = O 

metric structures. This statement comes from the fact that, 
out of the marginal loci b,-, b ,  and b,/, this parameter 
only plays a relevant role when the factor (6:- 1)bcc 

(26) 

where b,, stands for the critical value of b at which (26) 
holds. This equation defines an implicit function b,, = 
(B3,,(V, a ,  6,, y), which yields the locus to be plotted in 
the V - b diagram corresponding to the asymmetry mea- 
sure a ,  for given values of y and 6,. In Figs. 7 and 8 we 
have plotted the curve b,,(V) for a = 0 and a = 10, re- 
spectively. Shady regions indicate { V,  b )  pairs for which 
the slope of the normalized dispersion curve e,y (b) is neg- 
ative. At the other pairs of allowed points in the V - b 
plane, the slope of this curve is positive. Thus. it should 

amounts to values comparable or greater than the unity 
[ 191. Concerning y, it is obvious that b,, depends strongly 
on this parameter when y - 1, whereas b,, is nearly in- 
sensitive to the actual value of y when y >> 1. 

The loci b,, in Figs. 7 and 8 display an important fea- 
ture: in both cases, there is a critical minimum value of 
the normalized thickness below which b,, does not exist, 
and so e,(b)  is always an increasing function of b. This 
threshold value of V ,  which will be referred to as V,,, is 
obtained from the formal expression 

(27) 

Since b,, = CBCc(V, a ,  6,, y), we conclude that V,, = 
C(lc,(a, y). Note that when considering asymmetric 
waveguides with y >> 1, one has V,, V,, (03 )  VCc (a  

be realized that for each given value of the normalized 
thickness of the waveguide, the shape of the dispersion 
relation e , (b)  (and consequently P ( P ) )  may be read-off 
immediately from V - b diagram. In most practical ap- 
plications the parameter 6,, makes only a slight influence 
on the curve b,, ( V ) ,  particularly when considering asym- 
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-+ 03, 6, + 1, y + m). The outstanding point to be em- 
phasized is that this is a universal quantity. Numerical 
calculations yield V,,(O~> 2: 3.65. 

Finally, the locus b,, seems to be of great significance 
concerning another crucial point: the stability of the TEo 
nonlinear guided wave supported by the waveguide we 
are analyzing. Up to now, to the best of our knowledge, 
a stability criterion for nonlinear waves propagating in an 
optical waveguide with a saturable substrate or cladding 
is still lacking. However, after several investigations [24]- 
[26] there is an important numerical evidence supporting 
the hypothesis that the TEo guided wave is stable in the 
regions of the dispersion curves where 

and unstable on negatively sloped branches. This is the 
conclusion which has been also established in the Kerr- 
like limit [27]-[30]. Thus neutral stable waves would cor- 
respond to dZ(N)/dN = 0. In terms of the normalized 
effective index this equation becomes 

b,, being just defined by this expression. This equation 
involves only the parameters b, V ,  a ,  and y, therefore it 
defines an implicit function b,, = a3,,(V, a, y), which 
would yield the locus of marginal linear stability in the V 
- b diagram. In fact, in the formal limiting 6, + 1, (34) 
coincides with (30), therefore b,, = b,,(6, + 1). In Figs. 
7 and 8, 6, = 1, so b,, and b,, cannot be distinguished 
from each other. Thus, according to the above mentioned 
conjecture we shall conclude that: 1) shady regions in 
Figs. 7 and 8 would indicate unstable waves; 2) the other 
allowed regions in the V - b plane would correspond to 
stable TEO waves; 3) b,, = b,,(6, + 1)  would be the locus 
of marginal or neutral linear stability; 4) below V,, = 
V,, (6, + 1) all TEo guided waves would be stable to prop- 
agation along the nonlinear waveguide. 

VII. CONCLUDING REMARKS 
The main conclusion of this paper is that universal V 

- b diagrams provide a very powerful tool when describ- 
ing the stationary waveguiding properties of the TE waves 
guided by a thin film bounded by a saturable nonlinear 
substrate or cladding. We have shown that, for a wide 
class of nonlinearities, the allowed and forbidden regions 
of the V - b plane for stationary guided propagation to 
occur display a universal pattern, the marginal loci sepa- 
rating different allowed regions (for PGW, BGW, and 
SW) from the forbidden ones being a function of only the 
waveguide asymmetry measure and the saturation value 
of the nonlinear permitivity. 

Starting from the explicit expressions of these marginal 
curves, we have been able to obtain power-independent 
critical threshold values of the waveguide normalized 

thickness for each particular kind of stationary nonlinear 
guided wave to be allowed. Marginal loci yield also the 
asymptotical values of the normalized effective index for 
large values of the guided power flow, which are inde- 
pendent on the particular form of eNL as well. Qualitative 
information concerning the dispersion relation 0 - P can 
be also included in the diagrams, plotting on them the 
critical locus where dP(  P) /dP = 0. In the limiting 6, -, 
1, this locus coincides with dZ( 0) / d o  = 0, which seems 
to be the locus of marginal linear stability for the TEo 
guided waves, so then stability of such guided solutions 
supported by a particular waveguide can be also read off 
from its V - b diagram. Other nonlinearities than the ones 
treated here, as well as more complicated structures, can 
be also considered. 

Finally, the value of fmax (or fmln) has been shown to 
give the figure of merit of a particular waveguide, con- 
cerning saturation effects: 1 fmax.mln << 1 I corresponds to 
the strong saturation regime, whereas I fmax,mln I >> 1 
yields the nearly Kerr-like behavior. Let us focus on the 
particular permitivity (24), thusf,,, = y, which is illus- 
trative of a typical two-level response. According to Figs. 
3 and 4, for highly nonlinear guided waves to exist, large 
values of y are required. Liquid crystals are known to 
exhibit such large nonlinearities, allowing observation of 
intensity-dependent guided waves [2 11 and switching [3 11, 
although response time limitates their usefulness for de- 
vice applications. Semiconductor-doped glasses, GaAs- 
AlGaAs MQW’s and organic materials avoid this diffi- 
culty, but with smaller In usual waveguiding struc- 
tures this yields very small values of y: tipically y - 
in a GaAs-AIGaAs MQW near half gap. This has been 
shown to be large enough for all-optical switching, but is 
by far too small for observation of nonlinear guided waves 
in conventional waveguides made on these materials. 
Larger values of tSat will increase y, but the point is that 
this goal can be also achieved using waveguides with 
smaller (nf - n,).  In fact, y states the measure of this 
(otherwise) intuitive rule. In this line, we quote recent 
work by Lederer and co-workers [32], which indicates that 
strongly nonlinear waves could also be realized by using 
properly designed waveguiding structures, yielding effec- 
tive waveguides with (nr - n,)  << 1, made on weakly 
nonlinear materials. 
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