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the work by Barbič and James, see [12,13]), the main dif-
ference of the approach here presented is that it allows for
the reduction of parametric models. These parametric mod-
els give rise to high-dimensional problems, whose solution
is far from being trivial and suffers the so-called curse of
dimensionality. But, on the contrary, once solved, allow the
user to play with those parameters and see in real time their
effect on the result of the simulation. It will be highlighted
how PGD techniques can help in developing suitable strate-
gies for solving complex, state-of-the-art engineering and
physics problems at real-time rates even on a smartphone or
tablet and how these simulations can interact with user inputs
seamlessly.

2 Proper generalized decomposition:
a brief summary

The origin of the PGD technique can be seen as arising from a
variety of sources. On one hand, the work by Pierre Ladevèze
on the so-called LArge Time INcrement (LATIN) method
[47] can be seen as a first attempt to solve engineering prob-
lems in a non-incremental way. That is, problems are solved
for any time at once. This technique proposed a space–time
separated representation of the results. In fact, it considered
time as an additional coordinate very much like the spatial
ones.

On the other hand, proper orthogonal decomposition tech-
niques [41,52,53] propose the obtention of the best functions
to approximate a problem after a statistical treatment of
some previously obtained results, the so-called snapshots.
These best functions when multiplied by time functions
give a practical and fast approximation to the solution of
problems which are slightly different to the original snap-
shots. Proper orthogonal decomposition techniques are also
known as principal component analysis or Karhunen–Loeve
transform among many different names in different disci-
plines.

On a completely different setting, many problems in sci-
ence and engineering are defined in high-dimensional spaces
(a notable example is that of parametric problems, if we
consider parameters as new coordinates). High-dimensional
problems induce forceful difficulties in a context of mesh-
based techniques such as finite differences, finite volumes or
finite elements. This is due to the so-called curse of dimen-
sionality [50], an exponential increase of the number of
degrees of freedom of the problem with the number of state
space dimensions. Such high-dimensional problems are very
common in science and engineering. Examples of such prob-
lems are: the afore-mentioned Schrodinger equation [19],
the chemical master equation [38] governing gene regula-
tory networks or Fokker–Planck equations in the context of
the kinetic theory descriptions of complex fluids [16,37].

a formidable challenge. These problems take days of super-
computing facilities to be solved. The simple possibility of 
solving them on deployed, handheld platforms seems to be 
out of reach. In addition, traditionally, simulation-based engi-
neering sciences make use of static data. By static, we mean 
here that inputs cannot be changed dynamically during the 
course of the simulation. But in augmented learning envi-
ronments, we face a clear example of Dynamic Data Driven 
Application Systems (DDDAS). Nowadays, the linkage of 
simulation tools with external dynamic data for real-time 
control of simulations and applications is becoming more 
and more frequent. In the educational context, the external 
dynamic data are given by the learner’s interaction instead of 
measurement devices. DDDAS constitute one of the most 
challenging applications of simulation-based engineering 
sciences, due to the dynamic incorporation of additional data 
into an executing application, and vice versa, the ability of 
an application to dynamically steer the interaction process 
[11].

One of the most challenging applications in the field of 
DDDAS (also in the field of augmented learning) is that of 
haptic systems. By haptic, we refer to those peripherals in 
an informatics system that provides the user with tactile sen-
sations. Haptic devices need a feedback rate that is 20–40 
times faster than visual ones [29], and instead of sending a 
predefined image may require some computations.

Haptic peripherals are particularly extended in the field of 
virtual surgery training, for instance, surgery planning and 
also augmented reality. Models for living soft tissues in vir-
tual surgery are usually highly non-linear [32], hyperelastic, 
possibly incorporating the presence of collagen fiber net-
works. Again, the challenge is formidable and constitutes 
what is commonly known as the third generation of surgery 
simulators [29].

In this paper, we analyze how a simulation technique 
recently proposed by the authors can help in the develop-
ment of augmented learning strategies for applied sciences 
and engineering higher education. The novel technique is 
called proper generalized decomposition (hereafter, PGD)
[24] and constitutes a generalization of proper orthogonal 
decomposition, which is a classical approach in reduced-
order modeling [9,10,14,20,41,52–54,63]. Unlike many 
other previous model order reduction techniques, PGD does 
not need for prior computer experiments (the so-called snap-
shots) that, after a statistical treatment, are used as a basis for 
subsequent simulations. In classical POD, these simulations 
need not differ greatly from the existing samples or snap-
shots. Instead, PGD provides a practical means of obtaining 
meta-models for complex scenarios. These meta-models or 
computational vademecums [26] are then at real-time feed-
back rates.

Although other model order reduction techniques have 
been successfully applied to real-time simulation (notably
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In this spirit, Chinesta and coworkers proposed recently
a technique to overcome this curse of dimensionality in the
polymer modeling problem [7,8]. This technique, which is
at the inception of the PGD method, assumes a separated
form for the approximation of the unknown field of the prob-
lem, say u, thus generalizing the method of separation of
variables:

u(x1, . . . , xN ) ≈
Q∑

i=1

F1
i (x1) · · · · · FN

i (xN ) (1)

where xi denotes a scalar or vector coordinate defined in a
domain Ωi of moderate dimension, namely Ωi ⊂ R

d , with
d ≤ 3, in general. This approximation is then substituted
into the set of equations characterizing the problem at hand.
Usually, in an engineering or applied science context, this is
a weak form of the problem, or directly the strong form of
the equation, as in the gene regulatory network problem, see
[6].

This simple approach overcomes the mentioned curse of
dimensionality, opening the application of the PGD tech-
nique to a wide variety of problems. This technique has
received a warm welcome in the scientific community, as
proved by the large number of papers devoted to it in the
very last years. Just to name a few, it is possible to find PGD
applications to thermal problems [33,34], theories of plates
and shells [17], gene regulatory networks [6], and structural
mechanics [49] among many others [2,3,5,21,22,35,36].
The technique is beginning also to be understood from
a mathematical point of view and its properties, conver-
gence and error estimates have also been studied recently
[4,48,51,59]. The interested reader can consult some recent
surveys on the method [23,25].

But the main interest from the perspective pursued in this
paper is that PGD methods opened the door to an innovative
treatment of classical problems, not necessarily defined in
high dimensions. When dealing with parametric problems,
for instance, it has been seen that these parameters can advan-
tageously be considered as new coordinates of the problem.
Since the PGD is able to cope with an arbitrary number of
dimensions without the typical exponential increase in terms
of degrees of freedom, this procedure is now at hand.

By considering parameters as new spatial dimensions, a
new class of solutions is obtained for this type of problems.
The PGD method is therefore able to obtain solutions for
any value of the parameters at any point of the space, at any
time instant [39,61]. So to speak, PGD provides the analyst
with a sort of meta-model, but with the strong novelty of not
needing any previous computer experiments.Many problems
in science and engineering can thus be analyzed once and
for all, since the method provides the solution for any value
(in a given interval) of the parameters. In Appendix A, the
interested reader can find the details of the PGD procedure

for a solid mechanics problem in which the position of the
applied load is taken as a parameter.

This simple approach has been implemented in a two-
stage approach. The first stage is concerned with the off-line
computations in which the general form of the solution is
computed, and as mentioned before once and for all. This
phasemay take intensive computing resources, andmay need
for supercomputing resources, parallel computing, GPUs,
etc. Note, however, that in general the computer cost at this
stage is not critical since it will be done only once. Then,
with the results obtained in the first off-line stage, an on-line
phase can be accomplished. At this on-line stage the user,
namely the learner in an educational context, canmake use of
the results in real time, even on deployed, handheld devices,
thanks to the simplified structure of the approximation.

It is important to mention that the structure of the results
file in which the multidimensional solution is stored (repre-
sented in a finite element context) is a collection of nodal
values for all the separated functions composing the approx-
imation. It is therefore very efficient. When a parameter is
particularized, what we are doing in practice is a hyperplane
cut of the multidimensional solution. This is done just by
performing interpolation at the functions related to the para-
meter (dimension) that is being considered.

Should the reader be interested in the development of his or
her own PGD applications, it may be interested in consulting
the sample Matlab code that can be downloaded from the
author’s web page at http://amb.unizar.es/PGD_Basic_web.
rar.

3 Towards simulation-based and augmented
learning for complex physics

Based on the two-stage strategy presented before, one off-
line intensive computing phase followed by a fast real-time
on-line simulation phase, the authors have developed and
implemented a PGD platform able to run on smartphones
and tablets running Android or iOS operative systems, but
also standard epub or html formats.

In our implementation, the different F j
i are usually stored

as one-dimensional arrays of values, thus minimizing the
needed memory usage. Note that the Android 3.0 operative
system, for instance, precludes the use of more than 65,536
points (nodes) in the model. This is avoided using meshes
of the boundary of three-dimensional solids only, instead of
a fully 3D-mesh. In Fig. 1, a screenshot is shown on the
appearance of the application developed using html and
javascript.

Moreover, lighter versions have been implemented on
Nokia or iPhone smartphones with similar outputs, see Fig.
2. When running on a handheld device such as an smart-
phone or tablet, the application is able to provide the user

3



4



5



6



7



C. Quesada et al.

regularized for computation purposes and approximated by:

t j ≈
m∑

i=1

f ij (x)gij (s) (6)

by simply performing a singular value decomposition of the
load, for instance.

The PGD approach to the problem is characterized by
the construction, in an iterative way, of an approximation to
the solution in the form of a finite sum of separable functions
[24].Assume thatwehave converged to a solution, at iteration
n, of this procedure,

umj (x, s) =
m∑

k=1

Xk
j (x) · Y k

j (s), (7)

where the term u j refers to the j-th component of the dis-
placement vector, j = 1, 2, 3.

The following term of this approximation, the (n + 1)-th
one, will be given by

um+1
j (x, s) = umj (x, s) + R j (x) · S j (s), (8)

where R(x) and S(s) are the sought functions that improve
the approximation. Standard variational calculus gives the
admissible variation of the displacement as

u∗
j (x, s) = R∗

j (x) · S j (s) + R j (x) · S∗
j (s). (9)

To determine the new pair of functions R j and S j , in gen-
eral, a fixed-point alternating directions algorithm, in which
functions R j and S j are sought iteratively, is chosen.

A.1 Computation of S(s) assuming R(x) is known

In this case, following standard assumptions of variational
calculus, we have

u∗
j (x, s) = R j (x) · S∗

j (s), (10)

or, equivalently, u∗(x, s) = R ◦ S∗, where the symbol “◦”
denotes the so-called entry-wise, Hadamard or Schur multi-
plication for vectors. Once substituted into Eq. (5), it gives

∫

Γ̄

∫

Ω
∇s(R ◦ S∗) : C : ∇s

⎛

⎝
m∑

k=1

Xk ◦ Yk + R ◦ S

⎞

⎠ dΩ dΓ̄

=
∫

Γ̄

∫

Γt2

(R ◦ S∗) ·
⎛

⎝
m∑

k=1

f k ◦ gk

⎞

⎠ dΓ dΓ̄ , (11)

or, equivalently (we omit obvious functional dependen-
cies)

∫

Γ̄

∫

Ω

∇s(R ◦ S∗) : C : ∇s(R ◦ S) dΩ dΓ̄

=
∫

Γ̄

∫

Γt2

(R ◦ S∗) ·
(

m∑

k=1

f k ◦ gk
)

dΓ dΓ̄

−
∫

Γ̄

∫

Ω

∇s
(
R ◦ S∗) · Rn dΩ dΓ̄ , (12)

where Rn represents:

Rn = C : ∇sum . (13)

All the terms depending on x are known and hence we can
compute all integrals over Ω and Γt2 (support of the regular-
ization of the initially punctual load) to derive an equation to
compute S(s).

A.2 Computation of R(x) assuming S(s) is known

Equivalently, in this case, we have

u∗
j (x, s) = R∗

j (x) · S j (s), (14)

which, once substituted into Eq. (5), gives

∫

Γ̄

∫

Ω
∇s(R∗ ◦ S) : C : ∇s

⎛

⎝
m∑

k=1

Xk ◦ Yk + R ◦ S

⎞

⎠ dΩ dΓ̄

=
∫

Γ̄

∫

Γt2

(R∗ ◦ S) ·
⎛

⎝
m∑

k=1

f k ◦ gk

⎞

⎠ dΓ dΓ̄ . (15)

In this case all the terms depending on s (load position) can
be integrated over Γ̄ , leading to a generalized elastic problem
to compute function R(x).

Appendix B: Source code for an epub implementa-
tion of the real-time simulator

In this appendix we include, to show the simplicity of the
proposed technique, the source code of the html/javascript
program to perform a simple thermal simulation. In this case,
it corresponds to that in Fig. 2, a simple oven heated by two
set of resistances whose temperatures can be adjusted by
the user. These temperatures determine the final temperature
distribution within the oven.
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<?xml version="1.0" encoding="utf-8" standalone="no"?>
<!DOCTYPE html PUBLIC "-//W3C//DTD XHTML 1.1//EN"
"http://www.w3.org/TR/xhtml11/DTD/xhtml11.dtd">

<html xmlns="http://www.w3.org/1999/xhtml">
<head>
<title>Example 2: industrial oven</title>
<script src="javafiles/data2.js" type="text/javascript">

</script>
<script src="javafiles/plot2.js" type="text/javascript">

</script>
<script src="javafiles/plaque2.js" type="text/javascript">

</script>

<script src="javafiles/ui2.js" type="text/javascript">
</script>

<link charset="utf-8" href="Styles/main.css" media="screen" rel="stylesheet" type="text/css" ></link>
<link charset="utf-8" href="Styles/plot.css" media="screen" rel="stylesheet" type="text/css" ></link>

</head>

<body>

<h3>On the possibilities of real-time simulation</h3>

<h1 id="heading_id_2">Simulation 2: control of an industrial oven</h1>

<canvas id="canvas" width="360" height="160"></canvas>

<dl>

<dt>Temperature :</dt>

<dd id="Temp"></dd>

</dl>

<div style="clear: both;"></div>

<form action="#" id="inputdata" method="">

<dl>

<dt><label for="xdim">X dim :</label></dt>

<dd><input id="xdim" max="1" min="0" name="xdim" step="0.01" type="range" value="0.5" ></input>
<span class="error" id="resx"></span></dd>

<dt><label for="ydim">Y dim :</label></dt>

<dd><input id="ydim" max="1" min="0" name="ydim" step="0.01" type="range" value="0.5" ></input>
<span class="error" id="resy"></span></dd>

<dt><label for="Temp1">Temp 1 (100-900):</label></dt>

<dd><input id="Temp1" max="1" min="0" name="Temp1" step="0.01" type="range" value="0.5" ></input>
<span class="error" id="resT1"></span></dd>

<dt><label for="Temp2">Temp 2 (100-900):</label></dt>

<dd><input id="Temp2" max="1" min="0" name="Temp2" step="0.01" type="range" value="0.5" ></input>
<span class="error" id="resT2"></span></dd>

</dl>

</form>

<div style="clear: both;"></div>

<script charset="utf-8" type="text/javascript">

window.addEventListener("load", ui.init, false);

</script>

</body>

</html>
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This piece of code establishes the environment for the
html code configuring the epub document shown in Fig.
2. It makes a call to several javascript routines, such as
data2.js, for instance, whose content is reproduced
below:

var Tnode = {
dim: 1199,
modes: 55,

data: [
[0.00000000, 0.00000000, 0.00000000,
0.00000000, 0.00000000, 0.00000000, 0.00000000,
...
0.01760231, 0.01750595, 0.01740960, 0.01731324,
0.01721689]

]
}

var Plot = function(canvasRef, values) {
this.context = canvasRef.getContext("2d");

if(values) {
this.setValues(values);

}
}

Plot.prototype.context = null;

/* Element size */
var axisx=300/59, axisy=100/19;
/* mesh is 59x19 elements. Mesh and margins positioning*/
Plot.prototype.width = 360;
Plot.prototype.height = 160;
Plot.prototype.origin = { x: 30, y: 130 };
Plot.prototype.axis = { x: axisx, y: -axisy };

Plot.prototype.getRealCoords = function(p) {
return {

x: this.origin.x + this.axis.x * p.x,
y: this.origin.y + this.axis.y * p.y

};
};
Plot.prototype.clear = function() {

this.context.clearRect(0, 0, Plot.prototype.width, Plot.prototype.height);
};

Plot.prototype.refresh = function() {
var i, j, ii, jj, jjj, vals, points = [], color, T;

this.clear();

for(i = 0; i < this.dataSource.range.y - 1; i++) {
for(j = 0; j < this.dataSource.range.x - 1; j++) {

points = [];
T = 0;
for(ii = 0; ii <=1 ; ii++) {

for(jj = 0; jj <=1 ; jj++) {
if(ii == 1) jjj = 1 - jj;
else jjj = jj;

var node = (j+jjj)+(i+ii)*this.dataSource.range.x;
T += this.dataSource.ds(node);

data2.js contains, in this case, the values, at the nodal
points of the mesh represented in Fig. 2, of the separated
representation of the parametric solution. In this case, the
solution is a function of the position (coordinates x and
y, although three-dimensional solutions could be equally
represented) and the temperatures at the heaters (thus, a four-
dimensional solution). The other essential ingredient is the
function plot2.js, whose code is reproduced below:

10
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points.push({
x: (j + jjj),
y: (i + ii)

});
}

}
color = this.colorMap(T / 4);
this.plotPoints(points, color);

}
}

this.context.fillStyle="rgba(0,0,0,0.5)";
this.context.fillRect(Plot.prototype.origin.x+15,Plot.prototype.origin.y-100-10-2,120,10);
this.context.fillRect(Plot.prototype.origin.x+15+120+30,Plot.prototype.origin.y-100-10-2,120,10);
this.context.fillRect(Plot.prototype.origin.x+15,Plot.prototype.origin.y+2,120,10);
this.context.fillRect(Plot.prototype.origin.x+15+120+30,Plot.prototype.origin.y+2,120,10);

this.context.font="12px Arial";
this.context.strokeText("Temp 1",Plot.prototype.origin.x+55,Plot.prototype.origin.y-100-15);
this.context.strokeText("Temp 1",Plot.prototype.origin.x+55,Plot.prototype.origin.y+10+14);
this.context.strokeText("Temp 2",Plot.prototype.origin.x+55+120+30,Plot.prototype.origin.y-100-15);
this.context.strokeText("Temp 2",Plot.prototype.origin.x+55+120+30,Plot.prototype.origin.y+10+14);

var x = parseFloat(document.getElementById("xdim").value, 10),
y = parseFloat(document.getElementById("ydim").value, 10);

var xOffset = ui.plaque.normalize("x", x, 0, 1),
yOffset = ui.plaque.normalize("y", y, 0, 1);

this.plotMarker({x: xOffset, y: yOffset});

};

Plot.prototype.plotMarker = function(ds) {
var point = this.getRealCoords(ds);
this.context.fillStyle="rgb(0,0,0)";
this.context.beginPath();
this.context.moveTo(point.x-5, point.y);
this.context.lineTo(point.x+5, point.y);
this.context.moveTo(point.x, point.y-5);
this.context.lineTo(point.x, point.y+5);
this.context.stroke();

}

Plot.prototype.plotPoints = function(ps, c) {
var rp = { x: 0, y: 0 };
this.context.beginPath();
this.setColor(c);
for(var i = 0; i < ps.length; i++) {

rp = this.getRealCoords(ps[i]);
if(i == 0) {

this.context.moveTo(rp.x, rp.y);
} else {

this.context.lineTo(rp.x, rp.y);
}

}
this.context.fill();

};
Plot.prototype.setColor = function(c) {

this.context.fillStyle = "rgb("+
c.r+", "+
c.g+", "+
c.b+")";

};
Plot.prototype.setDataSource = function(ds) {

this.dataSource = ds;
this.initColorMap();

};
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Plot.prototype.initColorMap = function() {
// Compute the range
this.colorMap = colorMap(0, 900);//always the same temperature range, from 0 to 900 deg C

};

var colorMap = function(min, max) {
var range = max - min;
if(range == 0) {

return function(value) {
return {r: 0, g: 0, b: 255};

};
} else {

return function(value) {
var normalizedValue = (value - min) / range,

red,
green,
blue;

if(normalizedValue <= 0.25) {
red = 0;
green = 4 * normalizedValue;
blue = 1;

} else if(normalizedValue > 0.25 && normalizedValue <= 0.5) {
red = 0;
green = 1;
blue = 1 - 4 * (normalizedValue - 0.25);

} else if(normalizedValue > 0.5 && normalizedValue <= 0.75) {
red = 4 * (normalizedValue - 0.5);
green = 1;
blue = 0;

} else {
red = 1;
green = 1 - 4 * (normalizedValue - 0.75);
blue = 0;

}
return { r: Math.round(red * 255, 10), g: Math.round(green * 255, 10),
b: Math.round(blue * 255, 10) };

};
}

};

var mm = {x: 0, y: 0};
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12. Barbič, J., James, D.: Time-critical distributed contact for 6-DoF
haptic rendering of adaptively sampled reduced deformable mod-
els. In: Metaxas, D., Popovic, J. (eds.) Symposium on Computer
Animation 2007: ACM Siggraph/Eurographics Symposium Pro-
ceedings, pp. 171–180. ACM SIGGRAPH; Eurog Assoc, Assoc
Computing Machinery, 1515 Broadway, New York, NY 10036-
9998 USA (2007). Symposium on Computer Animation, San
Diego, CA, Aug 03–04, (2007)
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