






































N I I I Oy



N I



0O






1



[

[ —



[ -



(N I N N



























I I I






I Ny

[
[ -

[ I












1



(N I I Y .









N N I

N N N N I









1






i

e
L0

1

N N

i
























A. The Pohozaev identity for the fractional Laplacian
to appear in Arch. Rational Mech. Anal.
Collaboration with X. Ros-Oton









000




































10

I



























[ ]

[ ]






L0





















0 O






10



























B. The Dirichlet problem for the fractional Laplacian: regularity up to
the boundary

J. Math. Pures Appl. 101 (2014), 275-302
Collaboration with X. Ros-Oton









—

N



i



oo


















L1 [






L]

L]




























































L]









C. Nonexistence results for nonlocal equations with critical and
supercritical nonlinearities

preprint ArXiv (2013)
Collaboration with X. Ros-Oton












[]

[]



L]

[]









O ad



=

Ocid

m












L]

[]



























D. Regularity for fully nonlinear nonlocal parabolic equation with rough
kernels

preprint ArXiv (2014)


















ad




































E. Boundary regularity for fully nonlinear integro-differential equations
preprint (2014)
Collaboration with X. Ros-Oton















N N I I O Y

OO
OoOoood
1O
]






N I

OO



[ -






0O



L0
















































198 BOUNDARY REGULARITY FOR INTEGRO-DIFFERENTIAL EQUATIONS

Then,
u(x) = K(z,)%
for some constant K € R.

Proof. Given p > 1, let v,(z) = p~Pu(pzx). Note that for all p > 1 the function v,
satisfies the same growth control ([5.1)) as u. Indeed,

lpllz=(Br) = P~ Nl ze(s,n) < p°C(pR)” = CR.

In particular ||v,||Le(p,) < C and ||v,| L1 @n w,) < C, with C' independent of p. Hence,
the function v, = v,xp, satisfies M*9, > —C and M~v, < C'in Byp N {x, > 0},
and ¥, = 0 in {z, < 0}. Also, ||3,|lL>(5,,,) < C. Therefore, by Proposition [1.1] we
obtain that

HUP/foHCa(B;L/4) = H@P/foHCa(BTM) <C

Scaling this estimate back to u we obtain

[U/IZ} CQ(B;'M) - p_a [u(px)/(perS} CQ(BT/AL) - Pﬁ_s_a [Up/(xn)s] CQ(B?—M) < Cp

B—s—a

Using that f < s 4+ a and letting p — oo we obtain

[u/:pr] CoR {2, >0}) 0,

which means u = K (). 0

The previous proposition will be applied to tangential derivatives of a solution to
Iu = 0 as in the situation of Theorem It gives that u is in fact a function of x,,
alone. To proceed, we need the following crucial lemma It is a Liouville-type result
for the fractional Laplacian in dimension 1, and classifies all functions which are
s-harmonic in R, vanish in R_, and grow at infinity less than |z|? for some § < 2s.

Lemma 5.2. Let u satisfy (—A)*u =0 in Ry and uw =0 in R_. Assume that, for
some B € (0,2s), u satisfies the growth control |ul|p=©.r < CR? for all R > 1.
Then u(x) = K(x4)".

To establish the lemma, we will need the following result. It classifies all homoge-
neous solutions (with no growth condition) that vanish in a half line of the extension
problem of Caffarelli and Silvestre [I7] in dimension 1 + 1.

Lemma 5.3. Let s € (0,1). Let (x,y) denote a point in R*, andr >0, 0 € (—7,7)
be polar coordinates defined by the relations x = rcosf, y = rsinf. Assume that
v > —s, and q, = r°70,(0) is even with respect y (or equivalently with respect to
) and solves

div ([y|'™**Vq,) =0 in {y # 0}
lim, o |y[*"%*d,q, =0 on {y =0} N{x >0} (5.2)
¢ =0 on {y =0} N{xr <0}

Then,
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(a) v belongs to NU {0} and
0,(0) = K |sin|° P} (cosb),
where P! is the associated Legendre function of first kind. Equivalently,

AV 1—cosh
cos (5) o F (—y,u+ 1:1—s; ﬂ) ,

2
where o F 1s the hypergeometric function.
(b) The functions {@V}VGNU{O} are a complete orthogonal system in the subspace

of even functions of the weighted space L2((—7T, ), | sin 9|1_2S),

Proof. We differ the proof to the Appendix. O

0,(0) =C

We can now give the

Proof of Lemma[5.3 Let
D1s 1
Y (1+ (x/y))

be the Poisson kernel for the extension problem of Caffarelli and Silvestre; see [17,9].
Given the growth control u(x) < C|z|? at infinity and 3 < 2s, the convolution

U('ay):u*PS('ay)

is well defined and is a solution of the extension problem

div(y' Vo) =0  in {y >0}
v(x,0) = u(z) for x € R.

Py(x,y) =

142s
2

Since (—=A)*u=01in {x > 0} and v = 0 in {z < 0}, the function v satisfies

li{%yk%@yv(x,y) =0 forz>0 and wo(z,0)=0 forz<D0.
)

Hence, v solves (5.2)).
Let ©,, v € NU {0}, be as in Lemma Recall that r*70,(6) also solve (5.2).

By standard separation of variables, in every ball B} (0) of R? the function v can be
written as a series

v(x,y) = v(rcosf,rsinf) = Z a,r**t0,(0). (5.3)
v=0

To obtain this expansion we use that, by Lemma (b), the functions {@”}VENU (0}
are a complete orthogonal system in the subspace of even functions in the weighted
space L?((—m,m),|sind]'~>*), and hence are complete in L?((0, ), (sin6)'~2*).
Moreover, by uniqueness, the coefficients a, are independent of R and hence the
series provides a representation formula for v(z,y) in the whole {y > 0}.
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Now, we claim that the growth control ||ul|zerr < CR® with 8 € (0,2s) is
transferred to v (perhaps with a bigger constant C), that is,

||U||Loo(B;) < CR".

To see this, consider the rescaled function uz(z) = R™Pu(Rx), which satisfy the
same growth control of u. Then,

vp = RPv(R-) = ug * P,.
Since the growth control for up is independent of R we find a bound for [[vg|| g+
that is independent of R, and this means that v is controlled by CR? in B}, as
claimed.

Next, since we may assume that [ |0, (6)[?|sin6|*df = 1 for all v > 0, Parseval’s
identity yields

o0

’ 20 do — J|2R2sH2v+1ta
L, ey o =3 o

v=0
where 0T Br = 0B N {y > 0}. But by the growth control, we have
/ |v(x,y)|2y“ do < C’R%/ y*do = CR¥PT1+e,
9+tBr O0tBr
Finally, since 20 < 4s < 2s + 2, this implies a, = 0 for all v > 1, and hence
u(r) = K(xy)*, as desired. O
The following basic Holder estimate up to the boundary follows from [I5, Section

3]. It is also a consequence of Lemma , which we prove in Section @

Lemma 5.4 ([I5]). Let so € (0,1) and s € [so, 1]. Let u be a solution of M*u > 0
and M~u < 0 in Bf, uw = 0 in By and assume that u € L'(R", w,). Then, for
some a >0 it isu e C* (Bl/g) and

[ullca(s, ) < C(l[ullzoesy) + llullr@n,w.,))-
The constants a and C' depend only on n, sqo, and ellipticity constants.

To end this section, we finally prove Theorem

Proof of Theorem[1.5. Note that, since 8 < 2s, the growth control yields
u € LYR™, wy).

Given p > 1, let v, = p~Pu(p-). As in the proof of Proposition v, satisfies
the same growth control as u, namely, [[v,]| (5, < CRP. Hence,

||Up||L°°(B1) <C and ”UpHLl(R",ws) <C.

Moreover, since u satisfies Tu = 0 in {x,, > 0} and 10 = 0 we have that M*u > 0
and M~ u < 0 in {z, > 0}. This implies that M v, > 0 and M v, < 0 in By.
Then it follows from Lemma [5.4] that

HUP”CO‘(Buz) <C.
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Scaling the previous estimate back to v and setting p = R, we obtain
[W)cnnn < CRP.

Next, given 7 € S" ! with 7, = 0 and given h > 0, we consider the “tangential”
incremental quotients v (x) = W We have shown that

||v(1)||L°°(BR) S CRB_Q.

Moreover, since I is translation invariant, v* satisfies M*+o® >0 and M—v® <0
in {x, > 0}. Hence, we can apply again the previous scaling argument to v and
obtain

W] ga(pp < CRP2 for all R > 1.

Thus, we have a new growth control for v(? (z) = w We can keep iterating

in this way until we obtain (after a finite number N of iterations)

u(x + hr) — u(x)

- < CR. (5.4)

Le°(Br)

Now, vV = w satisfies Mo > 0, M—v®™) < 0 in {z, > 0} and
v™) = 0in {z,, < 0}. Moreover, v") satisfies the growth control with exponent
B —1 < 2s —1 < s. Hence, using Proposition we conclude that v¥) = 0.
Therefore, u(x + ht) = u(x) for all h > 0 and for all unit vector 7 with 7, = 0.
This means that u depends only on the variable x,,. That is, u(x) = w(z,) for some
function w : R — R.

Now, if 4 is a test function of the form u(z) = w(x,), Lemma [2.1] yields

M*a(x) = sup La

LeLl
1 —
= sup i </ 10, *a(6) d@) (—A)gw(xy,) (5.5)
A<a<A 201,5 gn—1

= C{A(=(=R)z(rn) " = A(=(~2)s() "}
Similarly,
M~i(z) = C {A(—(—A)Sw(%)f . A(—(—A)Sw(xn))*} . (5.6)

Finally, recall that u solves Iu = 0 in R", and 10 = 0. In particular we have M Tu > 0
and M~u < 0 in R in the viscosity sense. Note that, since u(z) = w(z,), then we
may test the viscosity inequalities using only test functions of the type @(z) = w(x,).
Hence, using and we deduce that w is a viscosity solution of (—A)*w = 0
in R; and w = 0 in R_. Clearly, w satisfies the growth control ||w| 0,z < CRP.
Therefore we deduce, using Lemma [5.2] that u(z) = w(z,) = K(z;))*. O
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6. REGULARITY BY COMPACTNESS

In this section we prove the main result of the paper: the boundary regularity in
C*%! domains for fully nonlinear elliptic equations with respect to the class £,, given
by Theorem [1.3]

As explained in the Introduction, the following result is the main ingredient in
the proof of Theorem [1.3]

Proposition 6.1. Let sy € (0,1), § € (0,50/4), po > 0, and B = 2s9 — 0 be given
constants.

Let T be a CY' hypersurface with radius py splitting By into QF and Q~; see
Definition [1.3

Let s € [so, max{1,s0+6}] and f € C(QF). Assume that u € C(By) N L®(R") is
a solution of Tu = f in QF and u =0 in Q~, where 1 is a fully nonlinear translation
invariant operator elliptic with respect to L.(s).

Then, for all z € T' N By p there is a constant Q(z) with |Q(z)| < CCy for which

u() = Q=) ((z — 2) - v(2),

where v(z) is the unit normal vector to T' at z pointing towards Q and

< CColr — 2P for all v € By,

Co = [[ullee@ny + | f Lo @+)-

The constant C' depends only on n, py, So, 0, and ellipticity constants.

The proof of Proposition [6.1]is by contradiction, using a blow up and compactness
argument. In order to fix ideas, we prove first the following reduced version of the
statement.

Let u € C(By) N L>®(R™) be a viscosity solution of Tu =0 in B and
u =0 1in By. Then, given 5 € (s,2s), there are @ € R and C > 0
such that

lu(z) — Q(z,)5| < Clz|®  for all x € B. (6.1)

The constant C' is independent of x, but it could depend on everything
else, also on wu.

We next prove (6.1]) by contradiction. If (6.1)) were false then it would be (by the
contraposition of Lemma below)
sup T’_BHU — Q*(r)(a:n)iHLm(Br) = 400,
r>0
where

9 g ulx) (1)} do
Q.(r) = argminges, | (ul) ~ Q)2 e = J rf B(( ><)>d

Then, a useful trick is to define the monotone in r quantity

0(r) = sup(r') " max { | = Q")) e, ()7 |Qu(20") = Qa7

(6.2)
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which satisfies 6(r) 0o as 7 \( 0. Then, there is a sequence r,, \, 0 such that

() s { = Q) )2 [, » ()" [@2 ) = Qe[ 2 222

(6.3)

We then consider the blow up sequence

o () = u(rp,x) — (Tm)SQ*(Tm)(iUn)i

(rm)P0(rm)
Note that (6.3)) is equivalent to
[5, vm(2) ()5 d B [, vm(2) (2,)5 da
T B de Jp @ Eds
Also, by definition of Q.(r,,), we have

/B U (2)(2,)5 dz = 0, (6.5)

which is the optimality condition of “least squares”.
In addition, by definition of #, we have

() 1@« (2r") — Qu(r))|
o(r)

maX{va||Loo<Bl)7 ‘} >1/2.  (6.4)

<1 forall? >r.

Thus, for R = 2V we have

P P1QurR) = Q)] _ N o) 211) PR ) = Qu(2'7)
o(r) = 0(r)
N-1
< 93 (8—s5) < CoNB=s) — ' RP—s.

o

.

Moreover, v, satisfy the growth control

1
[Vl Lo (Br) = W”“ - Q*(Tm)@n)iHLw(BrmR)

R? .
< WH“ = Qu(raR) (@)t || foois, o+

o QrnB) — Q) R (60)

O(rm)(rm)
R%0(r,,R) 5
—H(rm) +CR
<CR’,

for all R > 1, where we have used the definition ¢ and its monotonicity.
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In addition, since M (z,)% = M~ (x,)% = 0 in {z, > 0}, and u = 0 in B}, we
obtain that

L,Um =0 in B;r/rm,

for some 1I,,, translation invariant and elliptic with respect to L. It follows, using
the basic C'“ estimate up to the boundary of Lemma that (up to taking a
subsequence)

Um —> v locally uniformly in R".

Moreover, since all the v,,’s satisfy the growth control (6.19)), and § < 2s, by the
dominated convergence theorem we obtain that

U — v|(2) ws(z) dz — 0.
RTL
Also, by Theorem 42in [15] a subsequence of L, converges weakly to some translation
invariant operator I elliptic with respect to L.. Hence, the stability result in [I5]
yields
Iv=0 in{z, >0} and v=0 in{z, <0}

Furthermore, passing to the limit the growth control (6.19) we obtain ||v||fe(p,) <
R? for all R > 1. Thus, the Liouville type Theorem [1.5| implies

v(r) = K(xn)%.
Passing (6.5)) to the limit (using uniform convergence) we find

/Bl o(a) ()}, da = 0.

But passing to the limit, we obtain a contradiction. Il
To prove Proposition (6.1 we will need a more involved version of this argument,
but the main idea is essentially contained in the previous reduced version. Before
proving Proposition [6.1] let us give some preliminary results.
The following lemma is for general continuous functions u, not necessarily solu-
tions to some equation.

Lemma 6.2. Let 3 > s and v € S™! be some unit vector. Let u € C(By) and
define

¢r(@) i= Qu(r) (z - V)3, (6.7)

where

2 g u(x) (v v)}dr
Q*(T> = argminQeR/ (u(x)_Q(xV)i) dr = fr ( )( )

B, fBT(x~V)3§ dx

Assume that for all r € (0,1) we have
o= 6l < Cor”. 69
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Then, there is Q € R satisfying |Q| < C(Co + |[u||Lo(p,)) such that
Ju—Q(z- V)i”LOO(BT) < CCyr”

for some constant C' depending only on 5 and s.
Proof. We may assume ||u||z=(5,) = 1. By (6.8), for all 2’ € B, we have

[62e(&') — 60(&)] < [u(e) — 62e(a)] + ul’) — 0(e")] < O,
But this happening for every ' € B, yields, recalling ,

.2r) - Q.(r)] < CCur".

In addition, since ||u||z(p,) = 1, we clearly have that

QD < C. (6.9)

Since # > s, this implies the existence of the limit
=1 L(7).
Q= lmQ.(r)

Moreover, using again  — s > 0,

Q= Q)| < Y _|Q.27r) = Q.27 )| < YOGt < O
m=0

m=0
In particular, using we obtain
Q] < C(Co +1). (6.10)
We have thus proven that for all » € (0,1)

[u=Qz )i llLwe,) < llu—Qu(r)(@ - V)i llLes,) +
F1Qu(r)(x - v)% — Q- V)% [|lLe(s,)
< Cor” +Qu(r) = QI < C(Co + 1),
U
The following lemma will be used in the proof of Theorem [I.3|to obtain compact-
ness for sequences of elliptic operators of variable order. Its proof is almost the same
as the proof of Lemma 3.1 of [4§].
Lemma 6.3. Let sy € (0,1), sp € [s0, 1], and I, such that

o 1, is a fully nonlinear translation invariant operator elliptic with respect to
Li(Sm)-
e [,0=0.

Then, a subsequence of s, — s € [so, 1] and a subsequence of 1., converges weakly
(with the weight ws, ) to some fully nonlinear translation invariant operator 1 elliptic
with respect to L.(s).
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Proof. We may assume by taking a subsequence that s, — s € [sg, 1]. Consider the
class £ = (J (o1 £+(5). This class satisfies Assuptions 23 and 24 of [15]. Also, each
I,,, is elliptic with respect to £. Hence using Theorem 42 in [I5] there is a subsequence
of I, converging weakly (with the weight wy,) to a translation invariant operator I,
also elliptic with respect to L. Let us see next that I is in fact elliptic with respect
to L.(s) C L. Indeed, for test functions v and v that are quadratic polynomials in
a neighborhood of z and that belong to L'(R", w,,), the inequalities

Mg v(z) < Ip(u+v)(z) — Lyu(z) < M o)
pass to the limit to obtain
M;v(x) <T(u+v)(z) — Tu(z) < Mfvo(z).
O

The following lemma will be used to obtain a C7 estimate up to the boundary
for solutions to fully nonlinear integro-differential equations. This estimate will be
useful in the proof of Proposition [6.1 It is essentially a consequence of the proof
of Theorem 3.3 in [I5]. Note that, in contrast with Proposition in this lemma
the assumption of regularity of the domain is only “from the exterior”. Namely, we
only assume that the exterior ball condition is satisfied.

Lemma 6.4. Assume that By is divided into two disjoint subdomains 1 and €
such that By = Q1 UQy. Assume that T := 01 \ 0B, = 080 \ 0By is a C%' surface
and that 0 € I'. Moreover assume that, for some py > 0, all the points on I' N m
can be touched by a ball of radius py € (0,1/4) contained in ;.

Let sy € (0,1) and s € [so,1]. Let a € (0,1), g € C*(Q), and u € C(By) N
LY (R™, w,) satisfy in the viscosity sense

Mtu>—Cy and M~ u<Cy in 1, u=g in Q.
Then, there is v € (0, «) such that u € C7Y (31/2) with the estimate
[uller (s, ) < C(lulloe sy + N19llox@) + [[ull L@ wy) + Co)-

The constants C' and vy depend only on n, so, «, po, and ellipticity constants.

Proof. Let @ = uxp,. Then u satisfies M*a > —C and M~a < Cf in Qy N Byy
and @ = g in Qy, where C) < C(Cy + ||ul|r1(rn,)). Here, the constant C' depends
only on n, sp, and ellipticity constants.

The proof consists of two steps.

First step. We next prove that there are 6 > 0 and C such that for all z € Fﬂm
it is

1% — g(2)| L (B,(2)) < Cr° for all 7 € (0, 1), (6.11)

where § and C depend only on n, s, Cf, ||ul|z(s,), ||gllce@s), and ellipticity con-
stants.

Let z € I'N m By assumption, for all R € (0, pg) there yr € Q5 such that a
ball Br(yr) C Qs touches I' at z, i.e., |z — yr| = R.
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Let 1 and € > 0 be the supersolution and the constant in Lemma [3.3, Take

Y(@) = g(yr) + 9llcaian (L + ) R)" + (Co + l[ullz=(m1) o1 (9‘? ;%yR> .

Note that ¢ is above @ in Q3N B(14¢)r. On the other hand, from the properties of ¢,
it is M*Y < —(Cf + ||ul|p=(p,)) R < —Cf in the annulus Bsor(yr) \ Br(yr),
while ¢ > ||u||p(p,) > @ outside Buyor(yr). It follows that @ < ¢ and thus we
have

i(z)—g(z) < C(R*+(r/R)*) forallz € B,(z) and for allr € (0,eR) and R € (0, po).

Here, C' denotes a constant depending only on n, so, Cg, ||u||ze(By)s ||9]lce@,), and
ellipticity constants. Taking R = r/? and repeating the argument up-side down we
obtain

lu(z) — g(2)] < C’(TO‘/2 + 7“5/2) < Cr® forall x € B,(z) and r € (0,€?)

for 6 = $ min{a, so}. Taking a larger constant C, follows.
Second step. We now show that and the interior estimates in Theorem
imply [[ullcv(B, ,,) < C, where C' depends only on the same quantities as above.
Indeed, given xg € {3 N By, let z € I and 7 > 0 be such that

d = dist (xo, I') = dist (o, 2).

Let us consider

v(z) =@ <x0 + %%) — g(2).

We clearly have
[0l oes) < € and o] r@n wy < C.
On the other hand, v satisfies
M*v(x) = (d/2)*M*Yi(xe +rz) < Cy in B
and
M~ v(x) = (d/2)* M (xe +rz) > —Cpy in Bi.
Therefore, Theorem [2.5] yields
[vllcas,,,) <C
or equivalently
[Wloa(Byyawoy < Cd™ (6.12)

Combining (6.11)) and (6.12)), using a similar argument as in the proof of Propo-
sition (1.1} we obtain
HUHC'Y(QN]BUQ) < 07
as desired. O

We can now give the
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Proof of Proposition[6.1 The proof is by contradiction. Assume that there are se-
quences Iy, QF, Qr, s, fx, ur, and I that satisfy the assumptions of the proposition.
That is, for all k£ > 1:

[y, is a C™!' hyper surface with radius pg splitting B; into Q) and ;.

Sk € [s0, max{1, sy + I}

I, is translation invariant and elliptic with respect to L. (sk).

||tk Loo mny + ||fk‘”Loo(Qz) = 1 (by scaling we may assume Cj = 1).

ug is a solution of Iyuy = fi in Q) and u, = 0 in ;.

Suppose for a contradiction that the conclusion of the proposition does not hold.
That is, for all C' > 0, there are k and z € I'y N By, for which no constant ) € R
satisfies

‘uk(x) —Q((z—2)- Vk(z))ik‘ <Clz—=2° forall z € By. (6.13)

Above, vy (z) denotes the unit normal vector to 'y, at z, pointing towards Q.
In particular, noting that sx € [sg, 8o + 0] and 8 > so 4+ 2§ by assumption, and
using Lemma (6.2, we obtain

sup sup sup 77 |luy — ¢k,z,r||Loo(Br(z)) = 00, (6.14)
k 2€TyNBy/y >0
where
Do () = Qr2(r) (= 2) - vi(2)) (6.15)
and

dx

Q- (r) == argminQeR/B " ug(x) — Q((a: —2)- I/k(z))ik 2

= Jp o we(@) (2 = 2) - 1(2)) [ da
.o (=)o) e

Next define the monotone in r quantity

6(r) :=sup sup sup (r')7? max{ Huk — gbk?ZleHLOO(BT/(xO)) ,

k ZEFkﬁBl/g r'>r

()" | Qua(2r) — Qk,z<r')|}.

We have 6(r) < oo for r > 0 and 6(r) 00 as r \, 0. Clearly, there are sequences
Tm 0, kn, and z,, — z € By /s, for which

(T’m)_ﬂ maX{ ||Ukm - gbk:m,zm,rmHLoo(Brm(xm)) )
(6.16)

(ro)® (Ot o (2 — czkm,zmwmn} > 0(r) 2.

From now on in this proof we denote ¢, = @k,, 2n.rms Vi = Vi (2m), and S, = sp, .
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In this situation we consider
o (1) = Uk, (Zm + Tm@) — Om(zm + me).
(Tm)ﬁe(rm)

Note that, for all m > 1,

/B Um (2) (2 V) im dx = 0. (6.17)

This is the optimality condition for least squares.
Note also that (6.16)) is equivalent to
V() (2 - v,)5™ dx V() (2 - V) 5™ dc
iy o) (2 )7 d [y, () (2 ) }zvz
(6.18)

fB2(:17 V) d fBl (2 vp) 2 da

maX{vaHLoo(Bl),

which holds for all m > 1.
In addition, by definition of @, for all k£ and z we have

(r,)s_ﬁle,z (27“,) — Qk,z (7”/) ’
0(r)

<1 forall? >r>0.

Thus, for R = 2V we have

P P|Qus(rR) = Qra(n)] _ N gy (1) Qe (2 11) — Qua(27)
0(r) =2 0(r)
N-1
< 21(B=sk) < CoNB=sk) — O RA=5x,
< - <
where we have used [ — s > 0.
Moreover, we have
[om | o= (8r) = mllukm = Qe () (@ = 2m) - ) " | oo,
R? Sm
= WHM"’ = Qe (rnB) (@ = 2) - vm) ] HL°°(BrmR) T
T Qe (D) = Qa1 ()
= Rﬁee(i%m rom
and hence v,, satisfy the growth control
V| Lo (Br) < CRP - for all R > 1. (6.19)

We have used the definition §(r) and its monotonicity.
Now, without loss of generality (taking a subsequence), we assume that

Uy — v € S™7L
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Then, the rest of the proof consists mainly in showing the following Claim.

Claim. A subsequence of v, converges locally uniformly in R™ to some function v
which satisfies Tv =0 in {z-v > 0} andv =0 in {x-v < 0}, for some 1 translation
invariant and elliptic with respect to L.

Once we know this, a contradiction is immediately reached using the Liouville
type Theorem [1.5] as seen at the end of the proof.
To prove the Claim, given R > 1 and m such that r,, R < 1/2 define

O = {z €Br : (2 +rmz) € QF and  z-vp(zn) > 0}.

Notice that for all R and k, the origin 0 belongs to the boundary of ng’m
We will use that v, satisfies an elliptic equation in QE,m' Namely,

T (rm)?m

Im'l}m(.’lf) = mfkm (Zm -+ TmSL’) in QJI%,m (620)

where 1, is defined by

= (w(zm+7r) — dmlzm +1-) G
b ( () P0(r,) ) @) = it

for all test function w. Equivalently, for all test function v,

I(z): 2 Mlkm ((rm)BQ(rm) v( : _rz’”> + G- )) (Zm + Tm)

Ikmw) (zm + 1),

(rm)?0(rm)
() %Ikm ((rm)BG(rm) U<' ;mzm>) (zm + ),

the last identity being valid only in {z - 1, > 0} since M*¢,, = M~ ¢,, = 0 in
{(z = 2) - v, > 0}.

Note that the right hand side of converges uniformly to 0 as r,, \ 0, since
B =2s9g—0 < 28, and 0(r,,) / 0.

Using that Iy, is translation invariant and elliptic with respect to L.(s,,) and
that I, 0 = 0 we readily show that I, is also elliptic with respect to £, (sn) (i.e.,
with the same ellipticity constants A and A, which are always fixed). Also, since the
domains Q}, . are always contained in {(z — zy) - v > 0} we may define L, by (%),
and hence 1t is a translation invariant operator.

In order to prove the convergence of a subsequence of v, we first obtain, for every
fixed R > 1, a uniform in m bound for |[v,||cs(py,), for some small § > 0. Then
the local uniform convergence of a subsequence of v, follows from the Arzela-Ascoli
theorem. Let us fix R > 1 and consider that m is always large enough so that
rmR < 1/4.

Let ¥, be the half space which is “tangent” to {2 at z,,, namely,

5= {(x = zn) v(zm) <0}
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The first step is showing that, for all m and for all » < 1/4,

Hukm - gbm“Loo(BT(zm)m(Q;muEm) < Or¥m < Ot (6.21)

for some constant C' depending only on sg, pg, ellipticity constants, and dimension.
Indeed, we may rescale and slide the supersolution ¢; from Lemma and use
the fact that all points of I';,,, N B34 can be touched by balls of radius py contained
in €2, . We obtain that
lug,, | < C(diSt (, Q];m>)5m7

with C' depending only on n, sg, pg, and ellipticity constants. On the other hand,
by definition of ¢,, we have

o | < C(dist (z, ;)"

But by assumption, points on I'y N Bs/y can be also touched by balls of radius
po from the Q;:m side, and hence we have a quadratic control (depending only on
po) on on how Iy = separates from the hyperplane 0% . As a consequence, in

By (2m) N (Q, UX.) we have
C(dist (z, Q,;m))sm <Cr*m and C(dist (z,%;,))™ < Cr*m.

Hence, (6.21)) holds.

We use now Lemma to obtain that, for some small v € (0, sg),
[tk lcv (B, g (zmy) < € for all m.
On the other hand, clearly
[Pmllcv(B, szmy < € for all m.
Hence,
[ (bmHC’Y(BT(zm)ﬂ(Q,:mUE;)) =C. (6.22)

Next, interpolating (6.21)) and (6.22) we obtain, for some positive § < 7 small
enough (depending on v, sg, and §),

250—0 __ B
”ukm — Om ’C%Br(zm)m(ﬂ,;muz;n)) < Oreemt = O (6.23)
Therefore, scaling (6.23]) we find that
”UmHC‘S(BR\Q;,m) < C for all m with r,,R < 1/4. (6.24)

Next we observe that the boundary points on 8Qj§7m M Bsr/s can be touched by
balls of radius (pg/rm) > po contained in Bg \ 97, . We then apply Lemma

(rescaled) to v,,. Indeed, we have that v,, solves (6.20]) and satisfies (6.24)). Thus,
we obtain, for some ¢’ € (0,0),

||U’"Hcé’(BR/2) < C(R), for all m with r,,R < 1/4, (6.25)

where we write C'(R) to emphasize the dependence on R of the constant, which also
depends on sg, po, ellipticity constants, and dimension, but not on m.
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As said above, the Arzela-Ascoli theorem and the previous uniform (in m) C?¥
estimate yield the local uniform convergence in R™ of a subsequence of v,, to
some function v.

Next, since all the v,,’s satisfy the growth control , and 2sy > [, by the
dominated convergence theorem we have v,, — v in L'(R", w,,).

In addition, by Lemma there is a subsequence of s, converging to some
s € [sp,min{1, sy + 0}] and a subsequence of I,, which converges weakly to some
translation invariant operator I, which is elliptic with respect to L.(s). Hence, it
follows from the stability result in [I5, Lemma 5] that Iv = 0 in all of R”. Thus, the
Claim is proved.

Finally, passing to the limit the growth control (6.19)) on v, we find ||v||r=(p,) <
R’ for all R > 1. Hence, by Theorem [L.5] it must be

v(z) = K(z - y(z))i
Passing (6.17)) to the limit, we find

/ v(z)(z - V(Z))j_ dx = 0.
By
But passing (/6.18]) to the limit, we reach the contradiction. O

Before giving the proof of Theorem we prove the following.

Lemma 6.5. Let I’ be a OVt surface of radius py > 0 splitting By into QT and Q~;
see Definition|1.9. Let d(x) = dist (x,27). Let xg € Byjo and z € I' be such that

dist (xo, ') = dist (zg, 2) =: 2r.

Then,
. . S s 2s
|(@=2) ), @), <o (6.26)
@ = (2= 2) - v()?] ety ST (6.27)
and
[d™°] (Boton)) = Cr2te, (6.28)

The constant C' depends only on py.
Proof. Let us denote

d(z) = ((x — 2) - 1/(,2))+.
First, since I" is C*! with curvature radius bounded below by pg, we have that

|d — d| < Cr?in B,(x0), and thus (6.26]) follows.
To prove ((6.27)) we use on the one hand that

|Vd - vd|,.. <Cr, (6.29)

By (x0))
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which also follows from the fact that I'" is C%'. On the other hand, using the
inequality |a*~! — 07| < |a — b| max{a®*~2,b°"2} for a,b > 0, we find

JS*QHL%(BT(:EO))} <O
(6.30)

Hdsjl o Js*lHL‘X’(BT(zo))

Thus, using ) and ( - we deduce

[ds - ds]co Y(Br(z0)) Hds 'Vd —d7'vd HLOO(BT(:UO)) <Cr.
Therefore, follows.

Finally, interpolating the inequalities
[ ] cogiogyy = 077 Vil o, < Cr771and {ld™ Lo, woy < C777

6.28|) follows. O

We can finally give the

< Cr? max{|

|d872 HLOO(BT(xO)) ’

Proof of Theorem[1.3 As usual, we may assume that
[ul| oo @ny + [ fll ooy < 1.

First, note that by Proposition we have that, for all z € I' N By, there is
@ = Q(z) such that

QR <C and fu—Q((x—2)-v(2) lmwaey < CR* (631)

for all R > 0, where C depends only on n, sg, pg, €, and ellipticity constants.

Indeed, let 6 = min{e/2,so/4} and take a partition sy < s7 < -+ < sy = 1 of
[s0, 1] satisfying |s;+1 — s;| < 6. Then, using Proposition [6.1| with s, replaced by s;,
(6.31) holds for all s € [s;, 5;+1] with a constant C; depending only on n, s;, py, and
ellipticity constants. Taking C' = max; C}, holds for all s € [sg, 1].

Now, to prove the C*~¢ estimate up to the boundary for u/d* we must combine the
C” interior estimate for u in Theorem with . To do it, we will use a similar
argument for “glueing estimates” as in the proof of Proposition [1.1, However, here
we need to be more precise in the argument because we want to obtain the best
possible Holder exponent.

Let zo be a point in QT N By 4, and let z € I" be such that

2r 1= dist (zo, I') = dist (z¢, 2) < po.

Note that B, (z¢) C Bar(xo) C Q2 and that z € I' N By o (since 0 € T').
We claim now that there is Q = Q(x¢) such that |Q(z)| < C,

| — Qd*|| L (B, (wg)) < Cr#s—, (6.32)

—_

and
['LL — st]cs_e(Br(xo)) S CT’S, (633)

where the constant C' depends only on n, sg, €, pg, and ellipticity constants.
Indeed, (6.32)) follows immediately combining (6.31]) and (/6.26]).
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To prove , let
vp(x) =rPu(z +re) — Q (x - v(2))%.
Then, implies
[orll Loy < CT°7°
and
[orll 1 rn, gy < CT°7°

Moreover, v, solves the equation

v, =7r°f(z +rx) in Ba(Zy),

where &y = (xo — z)/r satisfies |Zo — z| = 2 and I is translation invariant and elliptic
with respect to L£,. Hence, using the interior estimate in Theorem [2.6| we obtain
[Vp] cs—e(By (30)) < Cr*~¢. This yields that

TS—E |:u - Q ((x — z) . V(z))i] CS*E(BT(mO)) —= T’s[’lj]csfs(Bl(io)) S CTSTS_E'

Therefore, using (6.27)), (6.33]) follows.
Let us finally show that (6.32])-(6.33|) yield the desired result. Indeed, note that,
for all 1 and x5 in B,(zy),

(@)= (@) = (= Q) (“””;l(;l(;‘ O | (4 ) () (™ () ().

By (6.33]), and using that d is comparable to r in B,(xq), we have

’(u — st) (1) — (u — st) (acg)}
d*(z1)

S C‘SL’l - $2|Si€.

Also, by and ,
|u - st‘(l'g)‘d_s(l'l) — d_s(x2)| < Clay — zo”C.
Therefore,
[t/ & ooc(B,(20)) < C

From this, we obtain the desired estimate for ||u/d*||cs—<q+np, 1») Dy summing a
geometric series, as in the proof of Proposition 1.1 in [45]. O

7. NON TRANSLATION INVARIANT VERSIONS OF THE RESULTS

Proposition 7.1. Let sq € (0,1), 6 € (0,50/4), po > 0, and B = 289 — 0 be given
constants.

Let T be a CH' hypersurface with radius py > 0 splitting By into QT and Q™ ; see
Definition[1.3

Let s € [sg, max{1,s0+d}], and f € C(QF). Assume that u € C(B;)NL>(R") is
a viscosity solution of IJ(u,x) = f(x) in QT and uw =0 in Q~, where J is an operator

of the form (L12)-(1.16).
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Then, for all z € T'N By o there exists Q(z) € R with |Q(2)| < C for which
‘u(x) —Q(2)((z — 2) - U(Z))j_‘ < Clz—z|® for all x € By,

where v(z) is the unit normal vector to T' at x pointing towards Q+. The constant
C depends only onn, po, so, 9, ||[u||Le@mn), ||f|l Loty the modulus of continuity p,
and ellipticity constants.

Proof. 1t is a variation of the Proof of Proposition [6.1, Hence, it is again by contra-
diction. Assume that there are sequences 'y, QF, Q sg, Tk, fi, and uy, that satisfy
the assumptions of the proposition. That is, for all £ > 1:

e I'; is a C'! hyper surface with radius py splitting By into Q; and Q.

® s € [so, max{1, s+ 0}].

e J, is elliptic with respect to L£.(sg) and satisfies (1.12)-(1.16]) (with J and s

replaced by J; and sy, respectively).

o [lunllLoomn) + ||fk||Loo(Q;) =1L

e uy is a solution of Jy(uy, ) = fr(x) in QF and up =0 in Q.
But suppose that the conclusion of the proposition does not hold. That is, for all
C > 0, there are k and z € I'y, N By, for which no constant @) € R satisfies

‘uk(x) —Q((x —=2)- Vk(z))ik

Above, vy (z) denotes the unit normal vector to 'y, at z, pointing towards .
As in the proof of Proposition [6.1] using Lemma [6.2] we have that

< Clr—z|? forallz € B. (7.1)

wpsup sup 7 g — Gl ) = 00 (72)
k  z€l'xNBy/o >0

where ¢ ., is given by .

We next define 6(r) and the sequences 7, \( 0, km, Om, Vm, and 2,, — 2z € B, /2
as in the proof of Proposition [6.1

Again, we also define

o (1) = Uk, (Zm + Tm@) — Om(Zm + )
" (Tm)ﬁe(rm) ’

which satisfies (6.17)), (6.18)), and the growth control (6.19)).

Note that, up to a subsequence, we may assume that v, — v € S" 1,
The rest of the proof consists in showing

Claim. A subsequence of vy, converges locally uniformly in R™ to some function v
which satisfies lv =0 in {x-v > 0} and v =0 in {z-v < 0}, for some I translation
mwvaritant and elliptic with respect to L.

Once we know this, a contradiction is immediately reached using the Liouville
type Theorem [I.5] as seen at the end of the proof.
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To prove the Claim, given R > 1 and m such that r,, R < 1/2 define
O ={r€Br : (zm+rmz) €Q and - vp(z,) >0},

Notice that for all R and k, the origin 0 belongs to the boundary of Q;%m.
We will use that v, satisfies an elliptic equation in Qﬁm. Namely,

’jm(vm,x) = ((Tm> o

where J,, is defined by

5 (WG AT ) = mlamtr) N (rm) e
Jm( (rm)P6(rm) ’ ) (rm)P0(rm)

for all test function w. Equivalently, for all test function v,

(v, 7) & G )’ka ((Tm)'BQ(Tm)v ( — Zm) + Om(-), 2m + me)

(rm)ﬁﬁ(rm m
() (Tm)QSkm

2 ((rm)ﬁe(rm)v ( ' ;mZm)) (2 + T

o) inf sup< {v@ +y) +v(@ —y) = 20(0)} K (2 + vz, y) dy +
R’ﬂ

07

T, (W, 2 + 1),

(7 ) ?5%m cgg) (zm +12) )
(rm)?0(rmm)

The last two identities hold only in {x - v, > 0} since M*¢,, = M~ ¢,, = 0 in
{(x — 2) - vy, > 0}.

Note that the right hand side of converges uniformly to 0 as 7, ~\, 0 since
B =2s9— 0 < 2sg, and 0(ry,) N oo.

Using that Jy,, is elliptic with respect to L.(sg,,) and that J (0,2) = 0, we
readily show that J,, is also elliptic with respect to L, (s, ).

Note that, since J,, is elliptic with respect to Li(sg,,), and || fx,, ||z~ < 1, then

M;muk > —1 and Ms_kmukm <1 inQF,

m

and the same inequalities hold for v,,. Hence, by the same argument as in the proof
of Proposition [6.1 we find that

||vaC(;,(BR/2) < C(R), forall m with r,,R < 1/4,
where C'(R) depends only on R, n, so, po, and ellipticity constants, but not on m.
Then, the Arzela-Ascoli theorem yields the local uniform convergence in R” of a
subsequence of v, to some function v. Thus, the Claim is proved.
Next, since all the v,,’s satisfy the growth control (6.19)), and 2sy > [, by the

dominated convergence theorem v, — v in L'(R", w,,).
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Let now I,,, be the sequence of translation invariant operators defined by

Law= i%f sup ( {w(z+y) +w(x—y) —2w(z)} Kgg)(zm, Y) dy> :
«@ R”
Note that, for all test functions w,
Im(w,z) = L,(w) — 0 uniformly in compact sets of {(z — 2)-v > 0}.  (7.4)
Indeed, by (LT0),
1(Crm)

’Kg[?)(zm + me)y) - Kgﬂn)(Zm’y)‘ - (1 a Skm) |y|n+—28km !

and

(1) 25km c((:g) (zm +12)

(7m)P0(rm)

where p is the modulus of continuity of the kernels K,g(x,y) with respect to .

On the other hand, by Lemma there is a subsequence of sy, converging to
some s € [sg, min{l,2sy — d}] and a subsequence of I, which converges weakly to
some translation invariant operator I, which is elliptic with respect to L.(s). Hence,
by (7.4), it follows that Jm — I weakly in compact subsets of {z-v > 0}. Therefore,
using the stability result in [I5, Lemma 5], Iv = 0 in {z - v > 0}.

Finally, passing to the limit the growth control On Uy, We find ||v]| oo (py) <
CR? for all R > 1. Hence, by Theorem , it must be

v(z) = K(z- V(Z))j_

< A(rm)Qs’“m’5 — 0,

But passing (6.17]) and (6.18) to the limit we find a contradiction. O
We next prove Theorem [1.6]

Proof of Theorem|[1.6. In case that g = 0, the result follows from Proposition
by using the same argument as is the proof of Theorem (partition of [sg, 1] into
intervals of length smaller than €/2).

When g is not zero, we consider & = u — gxp,. Then u satisfies w = 0 in 2~ and

J(u,z) = f(r) in Q"N By,
where
J(w,x) = I(w + gxp,,*) — I(gxs,, )
and
f(x) =3(9xB,, 7) + f(2).
Then, applying the result for ¢ = 0 to the function u, the theorem follows. O
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8. FINAL COMMENTS AND REMARKS

Here we would like to make a few remarks and talk about some open problems
and future research directions.

Higher regularity of w/d°. In the proof of the Liouville-type Theorem ,
one starts with a solution satisfying |u(z)| < C(1 + |#|?). Then, one proves that
the tangential derivatives satisfy |9,u(z)] < C(1 4 [x[°~"). Hence, if § —1 < s,
Proposition implies that 0,u = 0, and thus u is 1D.

The fact that we only use f < 1 + s seems to indicate that the quotient u/d*
could belong to C'~¢, and not only to C*~¢. However, for functions with growth at
infinity 2s < 8 < 1 + s, the integro-differential operators cannot be evaluated.

In fact, only having f —1 < s + a would suffice to obtain 0,u = ¢(z,)%, and
this seems enough to classify solutions in the half space. However, as before, such
approach would require to give sense to the equation for functions that grow “too
much” at infinity.

Therefore, the following question remains open. Is it possible to prove that u/d®
belongs to C'™* when considering more regular kernels and right hand sides?

More general linear equations. In a future work we are planning to obtain
C*~ ¢ regularity up to the boundary of u/d® for linear equations involving general
operators L of the form (1.3), where a is any measure (not supported in an hyper-
plane) which does not necessarily satisfy . We will also obtain higher order
regularity of u/d® for linear equations when a € C*(S"™1), f € C*(Q), and Q is
Ck+2.

Equations with lower order terms. We could have included lower order terms
in the equations. Indeed, the compactness methods in Section [6] involve a blow up
procedure. We have seen in Section [7] that non translation invariant equations with
continuous dependence on x become translation invariant after blow up, and hence
our methods still apply. Similarly, we could have considered equations with certain
lower order terms, which disappear after blow up.

Second order fully nonlinear equations. As said in the introduction, with
the methods developed in this paper one can prove the C'® and C?*“ boundary
estimates for fully nonlinear equations F(D?*u, Du,z) = f(z).

Obstacle and free boundary problems. The regularity theory for the obstacle
problem (or other free boundary problems) is related to the boundary regularity of
solutions to fully nonlinear elliptic equations. In this paper we have shown that L,
is the appropriate class to obtain fine regularity properties up to the boundary. We
therefore wonder if one could obtain regularity results for free boundary problems
involving operators in £, similar to those for the fractional Laplacian [50].
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9. APPENDIX
In this appendix we give the
Proof of Lemmal[5.3 Let us show first the statement (a). Denote
a=1-—2s.

We first note that the Caffarelli-Silvestre extension equation Awu + iﬁyu =0 is
written in polar coordinates x = rcosf, y =rsinf, r > 0, 0 € (0,7) as

1 1
Urp + Uy + —ugy + 'a (sin&ur + cos f @> = 0.
r r rsin 6 r

Note the homogeneity of the equation in the variable r. If we seek for (bounded at
0) solutions of the form u = r*770,(0), then it must be v > —s and

O +acotgf® + (s+v)(s+v+a)©, =0.
If we want u to satisfy the boundary conditions
uw(z,0) =0 forz <0 and |y|*Ou(z,y) -0 asy—0,
then ©, must satisfy
{@Am294m+ommm%y+o as 0\, 0
0,(m) = 0.
We have used that, for x > 0
lim y*dyu(e,y) =0 = ulz,y) =u(z,0) +o(y™),
since a = 1 — 2s.
To solve this ODE, consider
©,(0) = (sin#)*h(cosh).

After some computations and the change of variable z = cosf one obtains the
following ODE for h(z):

1jﬁ)m@:0

This is the so called “associated Legendre differential equation”. All solutions to
this second order ODE solutions are given by

h(z) = CL P} (2) + C2@5(2),

where PS and @) are the “associated Legendre functions” of first and second kind,
respectively.

Translating to the function A, using that sin ~ (1 — cos )/ as 6 \, 0 and
sinf ~ (14 cosf)/? as § /' m, we obtain

(1—2)"%h(z) =c+o((1—2)*) asz "1
lim, 1 (1 + 2)*2h(z) = 0.

(1 —25)h"(2) — 22k (2) + (1/ + 12—

(9.2)
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Let us prove that P; fulfill all these requirements only for v = 0,1,2,3, ..., while
Q% have to be discarded. To have a good description of the singularities of P?(z) at
z = +1 we use its expression as an hypergeometric function

5/2 _
ml_s) ﬁfiim 2F (‘”’”“?1_3; : 5 Z> ‘
Using this and the definition of 5F} as a power series we obtain
s/2

p(ll_s) 1 i/z>s/2 { - U(l%JrSl)l 5 =+ o((1 —Z)Q)} as z /1.
Hence, (1 — 2)*?Ps(z) =c+ O(1—z) = c+ o((1 — 2)*) as desired.

For the analysis as z \, —1 we need to use Euler’s transformation

2Fi(a,b;c;m) = (1—2) " *3Fi(c—a,c — b;¢; @),

B(z) =

B(z) =

obtaining
. 1T (1422 (14+2\"°
PV(Z):F(l—s) 5o/ 5 {oFi(l=s—v,—s—v;1—5;1)+0o(1)}
as z \( —1. It follows that the zero boundary condition is satisfied if and only if

[(1—s)[(s) B
L(-v)[(1+v)
This implies v = 0,1,2,3, ..., so that I'(—v) = 0.
With a similar analysis one easily finds that the functions Q%(z) do not satisfy

(19.2)) for any v > —s.
The statement (b) of the Lemma could be proved for example by using singular
Sturm-Liouville theory after observing that the ODE

O+ acotghO, — X\, =0

oFi(l—s—v,—s—v;1—s;1) =

can be written as
. / .
(Isind|*©,) = Alsin6|*©,.
However, it is not necessary to do it because we have already computed the eigen-
functions to this ODE, and they are given by

Ok(0) = (sin0)°P;(cos ),

where P? are the associated Legendre functions of first kind. The functions { Pf(z) }x>o
have been well studied, and they are known to be a complete orthogonal system in
L2((0,1),dz); see [32, 57]. Therefore, it immediately follows (after a change of vari-

ables) that {©4(0)}r>0 are a complete orthogonal system in L?((0, ), (sin #)*d#).
Thus, the Lemma is proved. O
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THE EXTREMAL SOLUTION FOR THE FRACTIONAL
LAPLACIAN

XAVIER ROS-OTON AND JOAQUIM SERRA

ABSTRACT. We study the extremal solution for the problem (—A)%*u = Af(u) in
Q, u=0in R™\ Q, where A\ > 0 is a parameter and s € (0,1). We extend some
well known results for the extremal solution when the operator is the Laplacian to
this nonlocal case. For general convex nonlinearities we prove that the extremal
solution is bounded in dimensions n < 4s. We also show that, for exponential and
power-like nonlinearities, the extremal solution is bounded whenever n < 10s. In
the limit s T 1, n < 10 is optimal. In addition, we show that the extremal solution
is H*(R™) in any dimension whenever the domain is convex.

To obtain some of these results we need LY estimates for solutions to the linear
Dirichlet problem for the fractional Laplacian with LP data. We prove optimal
L9 and C? estimates, depending on the value of p. These estimates follow from
classical embedding results for the Riesz potential in R™.

Finally, to prove the H® regularity of the extremal solution we need an L*°
estimate near the boundary of convex domains, which we obtain via the moving
planes method. For it, we use a maximum principle in small domains for integro-
differential operators with decreasing kernels.
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1. INTRODUCTION AND RESULTS

Let 2 C R™ be a bounded smooth domain and s € (0, 1), and consider the problem

(—A)u = Af(u) inQ (1.1)
u = 0 in R™\Q, '
where A is a positive parameter and f : [0,00) — R satisfies
t
f is C* and nondecreasing, f(0) > 0, and tlir+n y = +o0. (1.2)
— 400

Here, (—A)® is the fractional Laplacian, defined for s € (0,1) by

‘ u(r) — u(y)
(—A)*u(x) = ¢, PV /Rn [ — g dy, (1.3)
where ¢, 5 is a constant.

It is well known —see [4] or the excellent monograph [16] and references therein—
that in the classical case s = 1 there exists a finite extremal parameter A\* such that
if 0 < A < A* then problem (|1.1)) admits a minimal classical solution wuy, while for
A > A" it has no solution, even in the weak sense. Moreover, the family of functions
{uy : 0 < A < A\*} is increasing in A, and its pointwise limit u* = limypy» uy is a
weak solution of problem ([1.1)) with A\ = A*. It is called the extremal solution of
[L1).

When f(u) = e*, we have that v* € L>(Q2) if n < 9 [12], while u*(z) = log#
if n > 10 and © = By [23]. An analogous result holds for other nonlinearities such
as powers f(u) = (1 + u)? and also for functions f satisfying a limit condition at
infinity; see [30]. In the nineties H. Brezis and J.L. Vazquez [4] raised the ques-
tion of determining the regularity of u*, depending on the dimension n, for general
nonlinearities f satisfying . The first result in this direction was proved by G.
Nedev [26], who obtained that the extremal solution is bounded in dimensions n < 3
whenever f is convex. Some years later, X. Cabré and A. Capella [7] studied the
radial case. They showed that when 2 = B; the extremal solution is bounded for all
nonlinearities f whenever n < 9. For general nonlinearities, the best known result
at the moment is due to X. Cabré [6], and states that in dimensions n < 4 then the
extremal solution is bounded for any convex domain €. Recently, S. Villegas [36]
have proved, using the results in [6], the boundedness of the extremal solution in
dimension n = 4 for all domains, not necessarily convex. The problem is still open
in dimensions 5 < n < 9.

The aim of this paper is to study the extremal solution for the fractional Laplacian,
that is, to study problem for s € (0,1).

The closest result to ours was obtained by Capella-Davila-Dupaigne-Sire [10].
They studied the extremal solution in 2 = B; for the spectral fractional Laplacian
A®. The operator A°, defined via the Dirichlet eigenvalues of the Laplacian in 2,
is related to (but different from) the fractional Laplacian (1.3)). We will state their
result later on in this introduction.
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Let us start defining weak solutions to problem ([1.1)).
Definition 1.1. We say that u € L'(Q) is a weak solution of if
f(u)s® € L'(Q), (1.4)
where §(z) = dist(x, 0Q2), and

/ u(—A)*Cdx = / Af(u)Cdx (1.5)
Q Q
for all ¢ such that ¢ and (—A)*¢ are bounded in Q and ¢ =0 on 9.

Any bounded weak solution is a classical solution, in the sense that it is regular
in the interior of €2, continuous up to the boundary, and (|1.1)) holds pointwise; see

Remark 211

Note that for s = 1 the above notion of weak solution is exactly the one used in
(5], 4].

In the classical case (that is, when s = 1), the analysis of singular extremal
solutions involves an intermediate class of solutions, those belonging to H'(Q); see
[4, 25]. These solutions are called [4] energy solutions. As proved by Nedev [27],
when the domain 2 is convex the extremal solution belongs to H'(f2), and hence it
is an energy solution; see [§] for the statement and proofs of the results in [27].

Similarly, here we say that a weak solution u is an energy solution of when
u € H*(R™). This is equivalent to saying that u is a critical point of the energy
functional

1
Elu) = Lufz — / NP(u)dz,  F' = . (1.6)
2! s
where
(e =/ |(=2)"2u]" da c’”/ / ‘ @) = ww)lP )~ oy, (1)
HS n n ’1; - y’n+ S H
and

(u,v)5, = / (—A) 20— A) 2 dy = / n / n o) (@) —ow) ;o

" Iw — y[rr
(1.8)

Our first result, stated next, concerns the existence of a minimal branch of so-
lutions, {uy, 0 < A < A*}, with the same properties as in the case s = 1. These
solutions are proved to be positive, bounded, increasing in A, and semistable. Recall
that a weak solution u of is said to be semistable if

/Q A ()

for all n € H*(R™) with n = 0 in R" \ Q. When w is an energy solution this is
equivalent to saying that the second variation of energy £ at u is nonnegative.

Proposition 1.2. Let Q C R" be a bounded smooth domain, s € (0,1), and f be a
function satisfying (1.2). Then, there exists a parameter \* € (0,00) such that:

(1.9)
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(i) If 0 < X < \*, problem admits a minimal classical solution wy.
(ii) The family of functions {uy : 0 < A < A} is increasing in A, and its
pointwise limit u* = limyyy« uy is @ weak solution of with A\ = \*.
(iii) For A > \*, problem admits no classical solution.
(iv) These solutions uy, as well as u*, are semistable.

The weak solution u* is called the extremal solution of problem ([1.1)).

As explained above, the main question about the extremal solution u* is to decide
whether it is bounded or not. Once the extremal solution is bounded then it is a
classical solution, in the sense that it satisfies equation pointwise. For example,
if f € O™ then u* bounded yields u* € C>(Q) N C*(Q).

Our main result, stated next, concerns the regularity of the extremal solution for
problem . To our knowledge this is the first result concerning extremal solutions
for (1.1). In particular, the following are new results even for the unit ball Q = B,

and for the exponential nonlinearity f(u) = e*.

Theorem 1.3. Let Q be a bounded smooth domain in R", s € (0,1), f be a function
satisfying (1.2)), and u* be the extremal solution of (1.1)).

(i) Assume that f is convex. Then, u* is bounded whenever n < 4s.
(ii) Assume that f is C? and that the following limit exists:
o fOf@)
Then, u* is bounded whenever n < 10s.
(iii) Assume that Q is convezx. Then, u* belongs to H*(R™) for alln > 1 and all
s € (0,1).

Note that the exponential and power nonlinearities e* and (1 + u)?, with p > 1,
satisfy the hypothesis in part (ii) whenever n < 10s. In the limit s T 1, n < 10
is optimal, since the extremal solution may be singular for s = 1 and n = 10 (as
explained before in this introduction).

Note that the results in parts (i) and (ii) of Theorem |1.3|do not provide any esti-
mate when s is small (more precisely, when s < 1/4 and s < 1/10, respectively). The
boundedness of the extremal solution for small s seems to require different methods
from the ones that we present here. Our computations in Section [3| suggest that
the extremal solution for the fractional Laplacian should be bounded in dimensions
n < 7 for all s € (0,1), at least for the exponential nonlinearity f(u) = e*. As
commented above, Capella-Davila-Dupaigne-Sire [10] studied the extremal solution
for the spectral fractional Laplacian A® in 2 = B;y. They obtained an L*> bound for
the extremal solution in a ball in dimensions n < 2 (2 + s+ v2s+ 2), and hence
they proved the boundedness of the extremal solution in dimensions n < 6 for all
s € (0,1).

To prove part (i) of Theorem [1.3| we borrow the ideas of [20], where Nedev proved
the boundedness of the extremal solution for s = 1 and n < 3. To prove part (ii)
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we follow the approach of M. Sanchén in [30]. When we try to repeat the same
arguments for the fractional Laplacian, we find that some identities that in the
case s = 1 come from local integration by parts are no longer available for s < 1.
Instead, we succeed to replace them by appropriate inequalities. These inequalities
are sharp as s 1 1, but not for small s. Finally, part (iii) is proved by an argument
of Nedev [27], which for s < 1 requires the Pohozaev identity for the fractional
Laplacian, recently established by the authors in [29]. This argument requires also
some boundary estimates, which we prove using the moving planes method; see
Proposition [L.8| at the end of this introduction.

An important tool in the proofs of the results of Nedev [26] and Sanchén [30]
is the classical LP to W?P estimate for the Laplace equation. Namely, if u is the
solution of —Au = ¢ in , u =0 in 09, with g € LP(£2), 1 < p < oo, then

HuHWQ’P(Q) < CHgHLP(Q).

This estimate and the Sobolev embeddings lead to L(2) or C*(£2) estimates for the
solution u, depending on whether 1 <p < 2 or p > 2, respectively.

Here, to prove Theorem [I.3]we need similar estimates but for the fractional Lapla-
cian, in the sense that from (—A)*u € LP(Q) we want to deduce u € L%(2) or
u € C*(Q). However, LP to W?P estimates for the fractional Laplace equation, in
which —A is replaced by the fractional Laplacian (—A)?®, are not available for all p,
even when Q = R"; see Remarks and [7.2]

Although the LP to W?2*P estimate does not hold for all p in this fractional frame-
work, what will be indeed true is the following result. This is a crucial ingredient in
the proof of Theorem [1.3]

Proposition 1.4. Let Q@ C R" be a bounded C*' domain, s € (0,1), n > 2s,

g € C(Q), and u be the solution of

[ g e (111

(i) For each 1 <r < —“ there exists a constant C, depending only onn, s, r,

and ||, such that
n

[ullr@) < Cllgllie), r< n—2s’

(ii) Let 1 <p < g-. Then there exists a constant C, depending only on n, s, and
p, such that
np
n—2ps

1wl La) < Cllgllr), where q=

(iii) Let 5= < p < oo. Then, there exists a constant C, depending only on n, s,
p, and €2, such that

, n
lullcsmny < Cllgllzr), where [ = min {5,25 — ;} :
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We will use parts (i), (ii), and (iii) of Proposition [L.4]in the proof of Theorem [1.3|
However, we will only use part (iii) to obtain an L> estimate for u, we will not need
the C” bound. Still, for completeness we prove the C? estimate, with the optimal
exponent [ (depending on p).

Remark 1.5. Proposition does not provide any estimate for n < 2s. Since
s € (0,1), then n < 2s yields n = 1 and s > 1/2. In this case, any bounded
domain is of the form 2 = (a,b), and the Green function G(z,y) for problem ([1.14])
is explicit; see [2]. Then, by using this expression it is not difficult to show that
G(-,y) is L>(R) in case s > 1/2 and LP(Q) for all p < co in case s = 1/2. Hence,
in case n < 2s it follows that ||| r~) < C||g|/1(), while in case n = 2s it follows
that ||ul/ze) < Cllg|lr1@) for all ¢ < oo and [Jul[z~q) < Cl|g||zr(@) for p > 1.

Proposition follows from Theorem and Proposition [I.7] below. The first
one contains some classical results concerning embeddings for the Riesz potential,
and reads as follows.

Theorem 1.6 (see [34]). Let s € (0,1), n > 2s, and g and u be such that

u=(—A)"%g inR", (1.12)
in the sense that u is the Riesz potential of order 2s of g. Assume that u and g
belong to LP(R™), with 1 < p < oc.

(i) If p = 1, then there exists a constant C, depending only on n and s, such

that
n

||u||L?Veak(IRn) S C||g||L1(R”)7 where q= _ 25.

(ii) If 1 < p < 5=, then there exists a constant C, depending only onn, s, and p,
such that
np
n—2ps’

[ullLa@ny < CllgllLegny, where q=

(iii) If 5= < p < 0o, then there exists a constant C, depending only on n, s, and
p, such that

n
[u)camny < Cllgllze@ny, where o =2s— 5,

where [-|camny denotes the C* seminorm.

Parts (i) and (ii) of Theorem [1.6| are proved in the book of Stein [34], Chapter V].
Part (iii) is also a classical result, but it seems to be more difficult to find an exact
reference for it. Although it is not explicitly stated in [34], it follows for example
from the inclusions

L (LP) = Ing—njp(Insp(LP)) C Ins—p/p(BMO) C 025—%7

which are commented in [34) p.164]. In the more general framework of spaces with
non-doubling n-dimensional measures, a short proof of this result can also be found
in [19].
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Having Theorem available, to prove Proposition we will argue as follows.

Assume 1 < p < 7= and consider the solution v of the problem
(—A)v =lg| nR",
where g is extended by zero outside 2. On the one hand, the maximum principle
yields —v < u < v in R”, and by Theorem we have that v € LY(R™). From this,
parts (i) and (ii) of the proposition follow. On the other hand, if p > - we write
u = v+ w, where ¥ solves (—A)*0 = g in R” and w is the solution of
(—A)w = 0 inQ
w = ¥ in R"\Q.

As before, by Theorem we will have that o € C*(R"), where a = 2s — %. Then,
the C? regularity of v will follow from the following new result.

Proposition 1.7. Let Q be a bounded C*' domain, s € (0,1), h € C*(R"\ Q) for
some a > 0, and u be the solution of

(=A)u = 0 inQ
u = h in R™\Q.

Then, u € CP(R™), with 8 = min{s, a}, and

(1.13)

|ul|cs@ny < C||h||lco@ma),

where C' is a constant depending only on 2, «, and s.

To prove Proposition we use similar ideas as in [28]. Namely, since u is
harmonic then it is smooth inside Q. Hence, we only have to prove C” estimates
near the boundary. To do it, we use an appropriate barrier to show that

[u(@) — u(@o)| < Cllhl|cad(x)” in O,

where x( is the nearest point to x on 052, §(x) = dist(z,09Q), and f = min{s, a}.
Combining this with the interior estimates, we obtain C estimates up to the bound-
ary of €.

Finally, as explained before, to show that when the domain is convex the extremal
solution belongs to the energy class H*(R™) —which is part (iii) of Theorem |1.3
we need the following boundary estimates.

Proposition 1.8. Let Q C R"™ be a bounded convex domain, s € (0,1), f be a locally
Lipschitz function, and u be a bounded positive solution of

S S (114

Then, there exists constants 6 > 0 and C, depending only on €2, such that
[ul| Lo y) < Cllulli@),
where Qs = {x € Q : dist(z,00) < d}.
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This estimate follows, as in the classical result of de Figueiredo-Lions-Nussbaum
[14], from the moving planes method. There are different versions of the moving
planes method for the fractional Laplacian (using the Caffarelli-Silvestre extension,
the Riesz potential, the Hopf lemma, etc.). A particularly clean version uses the
maximum principle in small domains for the fractional Laplacian, recently proved
by Jarohs and Weth in [22]. Here, we follow their approach and we show that
this maximum principle holds also for integro-differential operators with decreasing
kernels.

The paper is organized as follows. In Section [2] we prove Proposition [I.2] In
Section 3| we study the regularity of the extremal solution in the case f(u) = e*. In
Section ¥ we prove Theorem|1.3|(i)-(ii). In Section|5|we show the maximum principle
in small domains and use the moving planes method to establish Proposition [L.8]
In Section |§| we prove Theorem (iii). Finally, in Section 7| we prove Proposition
L4l

2. EXISTENCE OF THE EXTREMAL SOLUTION

In this section we prove Proposition (1.2 For it, we follow the argument from
Proposition 5.1 in [7]; see also [16].

Proof of Proposition[1.3 Step 1. We first prove that there is no weak solution for
large A.

Let A; > 0 be the first eigenvalue of (—A)® in Q and ¢; > 0 the corresponding
eigenfunction, that is,

(A1 = A1 inQ
Y1 > 0 in
Y1 = 0 in R"” \ Q.

The existence, simplicity, and boundedness of the first eigenfunction is proved in
[31, Proposition 5] and [32, Proposition 4]. Assume that u is a weak solution of
(L.1). Then, using ¢; as a test function for problem (L.1)) (see Definition [L.1]), we
obtain

/QAlugoldx:/Qu(—A)sgold:c:/Q)\f(u)gpldx. (2.1)

But since f is superlinear at infinity and positive in [0, 00), it follows that A\ f(u) >
Au if X is large enough, a contradiction with .

Step 2. Next we prove the existence of a classical solution to for small \.
Since f(0) > 0, u = 0 is a strict subsolution of for every A > 0. The solution
u of

{(—A)Sﬂ = 1 inQ (2.2)

u = 0 onR™\Q
is a bounded supersolution of ([1.1)) for small A, more precisely whenever A f (max @) <

1. For such values of A, a classical solution wu, is obtained by monotone iteration
starting from zero; see for example [10].
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Step 3. We next prove that there exists a finite parameter A* such that for A < \*
there is a classical solution while for A > \* there does not exist classical solution.

Define A\* as the supremum of all A > 0 for which admits a classical solution.
By Steps 1 and 2, it follows that 0 < A\* < oo. Now, for each A < \* there exists u €
(A, A*) such that (1.1) admits a classical solution u,. Since f > 0, u, is a bounded
supersolution of (1.1]), and hence the monotone iteration procedure shows that
admits a classical solution uy with uy < u,. Note that the iteration procedure, and
hence the solution that it produces, are independent of the supersolution u,. In
addition, by the same reason u, is smaller than any bounded supersolution of .
It follows that uy is minimal (i.e., the smallest solution) and that u, < w,.

Step 4. We show now that these minimal solutions uy, 0 < A < A\*, are semistable.

Note that the energy functional for problem ([1.1)) in the set {u € H*(R") :
u=01in R"\ Q, 0 < wu < uy} admits an absolute minimizer wu,;,. Then, using that
uy is the minimal solution and that f is positive and increasing, it is not difficult
to see that u.,,;, must coincide with u,. Considering the second variation of energy
(with respect to nonpositive perturbations) we see that uy;, is a semistable solution
of . But since i, agrees with wy, then u, is semistable. Thus u, is semistable.

Step 5. We now prove that the pointwise limit u* = limyx- uy is a weak solution
of for A = A\* and that this solution u* is semistable.

As above, let A; > 0 the first eigenvalue of (—A)®, and ¢; > 0 be the corresponding
eigenfunction. Since f is superlinear at infinity, there exists a constant C' > 0 such
that

2\
/\—:t < f(t)+C forall t>0. (2.3)
Using ¢ as a test function in ([1.5)) for uy, we find

)\*
[aswets = [ duerds < 5 [ (1) + 0y nd
0 0 2 Ja
In the last inequality we have used (2.3). Taking A > 3X*, we see that f(uy)¢ is
uniformly bounded in L'(Q). In addition, it follows from the results in [28] that
0158 S Y1 S 0253 in

for some positive constants ¢; and Cy, where §(x) = dist(z,02). Hence, we have
that

)\/Qf(uA)(Ssda: <C

for some constant C' that does not depend on A. Use now u, the solution of (2.2)),
as a test function. We obtain that

/ﬂuAdx = /\/Qf(u,\)ﬂdx < ng\/ﬂf(u,\)ésdx <C

for some constant C' depending only on f and ). Here we have used that uw < (C'36°
in Q for some constant C3 > 0, which also follows from [2§].
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Thus, both sequences, uy, and A f(uy)d® are increasing in A and uniformly bounded
in L'(Q) for A < A*. By monotone convergence, we conclude that u* € L'(Q) is a
weak solution of for A = \*.

Finally, for A < X\* we have [, Af'(uy)|n] io{s, where HnHioI is defined by

(1.7)), for all n € H*(R™) with n = 0 in R™\ Q. Since f’ > 0, Fatou’s lemma leads to

| ¥

and hence u* is semistable. O

Remark 2.1. As said in the introduction, the study of extremal solutions involves
three classes of solutions: classical, energy, and weak solutions; see Definition [1.1]
It follows from their definitions that any classical solution is an energy solution, and
that any energy solution is a weak solution.

Moreover, any weak solution u which is bounded is a classical solution. This can
be seen as follows. First, by considering u * n° and f(u) * 7, where n° is a standard
mollifier, it is not difficult to see that u is regular in the interior of ). Moreover,
by scaling, we find that [(—A)¥?u| < C§~*, where d(x) = dist(z,0Q). Then, if
¢ € CX(9), we can integrate by parts in to obtain

u) () —C) ,
i / R drdy = [ Mucds  (24)

for all ¢ € C2°(Q2). Hence, since f(u) € L, by density (2.4]) holds for all { € H*(R")
such that ¢ =0 in R™\ Q and therefore u is an energy solution. Finally, bounded
energy solutions are classical solutions; see Remark 2.11 in [2§] and [33].

3. AN EXAMPLE CASE: THE EXPONENTIAL NONLINEARITY

In this section we study the regularity of the extremal solution for the nonlinearity
f(u) = e*. Although the results of this section follow from Theorem (i), we
exhibit this case separately because the proofs are much simpler. Furthermore, this
exponential case has the advantage that we have an explicit unbounded solution to
the equation in the whole R", and we can compute the values of n and s for which
this singular solution is semistable.

The main result of this section is the following.

Proposition 3.1. Let ) be a smooth and bounded domain in R™, and let u* the
extremal solution of (1.1). Assume that f(u) = e€* and n < 10s. Then, u* is
bounded.

Proof. Let o be a positive number to be chosen later. Setting n = e*** — 1 in the
stability condition (1.9)) (note that n =0 in R™\ Q), we obtain that

/ Ae (e — 1)2dx < [|e®™ — 1|3 . (3.1)
0

Hs
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Next we use that
(" — e‘z)2 < % (e —€e*) (b—a) (3.2)

for all real numbers a and b. This inequality can be deduced easily from the Cauchy-
Schwarz inequality, as follows

(eb—ea)Q:(/abetdt)Qg(b—a)/ab it = 1 (e — ) (b - a).

Using (3.2)), (1.8), and integrating by parts, we deduce

2
. e eir(o) _ gor(v))
e // Ix—y|"+25 oy
1

1 20¢u>\ (z) _ 6204’“)\(31)) (O[U,)\(ZE) — (XU)\(:U))

2
|z — g+

le™*> = 1]

dxdy

n

_ @ / 2 (— AYuyda.
2 Ja

Thus, using that (—A)*u) = Ae**, we find
%S < %/{2620‘“*(—A)5u,\dx = %/Q)\G(QO‘H)“Adx. (3.3)
Therefore, combining (3.1)) and (3.3]), and rearranging terms, we get

(1_%)/6(2a+1)uk _2/€(a+1)u>\+/€au,\ SO
2 Q Q Q

From this, it follows from Holder’s inequality that for each o < 2
”€u>‘ HL2a+1 < C (34)

n

fees — 1

for some constant C' which depends only on « and |Q|.
Finally, given n < 10s we can choose a < 2 such that - < 2a+1 < 5. Then,

taking p = 2a + 1 in Proposition [1.4] (iii) (see also Remark [1.5)) and using (3.4]) we
obtain

[urllzee) < Crll(=A) urllLr(@) = CLAlle™ || r@) < C
for some constant C' that depends only on n, s, and . Letting A T A* we find that
the extremal solution u* is bounded, as desired. Il

The following result concerns the stability of the explicit singular solution log #
to equation (—A)*u = Ae" in the whole R™.
Proposition 3.2. Let s € (0,1), and let

1

uo(z) = log —— mE
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Then, ug is a solution of (—A)*u = Nge* in all of R™ for some Ao > 0. Moreover,
ug 18 semistable if and only if

I'(2)T(1+s) IQ("Q%)

< .
L)~ (%)
As a consequence:

If n <7, then u is unstable for all s € (0,1).

If n =8, then u is semistable if and only if s < 0'28206....
If n =9, then u is semistable if and only if s < 0/63237....
If n > 10, then u is semistable for all s € (0,1).

Proposition suggests that the extremal solution for the fractional Laplacian
should be bounded whenever

r()r1+s

I (%
r(==) — res

) (3.6)

at least for the exponential nonlinearity f(u) = e“. In particular, u* should be
bounded for all s € (0,1) whenever n < 7. This is an open problem.

Remark 3.3. When s = 1 and when s = 2, inequality coincides with the
expected optimal dimensions for which the extremal solution is bounded for the
Laplacian A and for the bilaplacian A2, respectively. In the unit ball Q = By, it is
well known that the extremal solution for s = 1 is bounded whenever n < 9 and may
be singular if n > 10 [7], while the extremal solution for s = 2 is bounded whenever
n < 12 and may be singular if n > 13 [13]. Taking s = 1 and s = 2 in (3.6|), one can
see that the inequality is equivalent to n < 10 and n < 12.5653..., respectively.

(3.5)

We next give the

Proof of Proposition[3.9 First, using the Fourier transform, it is not difficult to
compute

1 Ao
A —A)? _—
(~A)'uo = (=) log 1 = o
where
r2)r(
)\0 = 228 (2) nEQS—i_ S>
I (5%)

Thus, ug is a solution of (—A)%ug = Age™®.
Now, since f(u) = €%, by (1.9) we have that uy is semistable in Q = R" if and

only if
772
re |2[** n

[ imte < 2 [ oyl as

for all n € H*(R").
The inequality
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is known as the fractional Hardy inequality, and the best constant

2 (s52)

2 (%)

was obtained by Herbst [24] in 1977; see also [I8]. Therefore, it follows that wug is
semistable if and only if

Hn,s — 225

)‘0 S Hn,37
which is the same as (3.5)). O

4. BOUNDEDNESS OF THE EXTREMAL SOLUTION IN LOW DIMENSIONS

In this section we prove Theorem (1)-(ii).
We start with a lemma, which is the generalization of inequality (3.2). It will be
used in the proof of both parts (i) and (ii) of Theorem [1.3]

Lemma 4.1. Let f be a C'([0,00)) function, f(t) = f(t) — f(0), v >0, and

olt) = / T2/ (s)2s. (4.1)
Then, ,
(Flay = 7o) <2(g(@) - g(b)) (a — b)

for all nonnegative numbers a and b.

Proof. We can assume a < b. Then, since 4 {f(t)”} = vf(t)71f'(t), the inequality

can be written as

b 2 b
([derrwa) <0-a [ Forrera
which follows from the Cauchy-Schwarz inequality. U

The proof of part (i) of Theorem [1.3|will be split in two cases. Namely, 7 > 1 and
T < 1, where 7 is given by ({1.10)). For the case 7 > 1, Lemma below will be an
important tool. Instead, for the case 7 < 1 we will use Lemmal[4.3] Both lemmas are

proved by Sanchén in [30], where the extremal solution for the p-Laplacian operator
is studied.

Lemma 4.2 ([30]). Let f be a function satisfying (1.2)), and assume that the limit
in (1.10) exists. Assume in addition that

e
Then, any v € (1,1 + /T) satisfies
v’g(t)

lim sup <1, (4.2)

t+oo fO)PLf(E)
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where g is given by (4.1)).
Lemma 4.3 ([30]). Let f be a function satisfying (1.2)), and assume that the limit
in (1.10) exists. Assume in addition that
1
e 108
t—00 f’(t)Q

Then, for every e € (0,1 — 7) there exists a positive constant C' such that

< 1.

FO) <O+ 670w,  forall t>0.
The constant C depends only on T and e.
The first step in the proof of Theorem |1.3|(ii) in case 7 > 1 is the following result.

Lemma 4.4. Let f be a function satisfying (1.2]). Assume that v > 1 satisfies
(4.2), where g is given by (4.1). Let uy be the solution of (1.1)) given by Proposition
(1), where X < X\*. Then,

||f(u>\)27f/(u>\)HL1(Q) <C
for some constant C' which does not depend on \.

Proof. Recall that the seminorm || - || ¢ is defined by (L.7). Using LemmaH 4.1} (L.9),
and integrating by parts,

(Fln(@) = Fluntw))”

’l’ _ ’n+23

el

dxdy

n

cn// g(ua(@)) — g(ua(y))) (ux ()—uA(y))dxdy

|l‘ _ |n+25

n

= [ Ay Pglun) (-8 d (43

=+ [ o)y uda
=7 / f(ux)g(ur)d
Moreover, the stability condition applied with n = f(u )7 yields
[ 1 fn < [y,
This, combined with , gives

/Q £(us) Flun)® < 2 / £ (un)g(un). (4.4
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Finally, by (4.2) and since f(t)/f(t) — 1 as t — +o0, it follows from (4.4]) that

[ s <c (45)

Q

for some constant C' that does not depend on A, and thus the proposition is proved.
O

We next give the proof of Theorem [1.3| (ii).
Proof of Theorem (11). Assume first that 7 > 1, where

_ o fOf)
TR0
By Lemma [4.4] and Lemma [4.2] we have that
/ F(un)?' f (up)d < C (4.6)
Q

for each v € (1,1 + /7).
Now, for any such v, we have that f?7 is increasing and convex (since 2y > 1),
and thus

fl@)® = F©)* < 29f'(a) f(a)* " (a = b).

Therefore, we have that

fux(@))*" — f(ua(y))* dy

Rn |z — y|nt2s

21 i) T2 e | wul) — ),

n ’33 _ y’n+23

= 29f(ua(@)) f (ur(2))" " (=A) ux(2)
< 29[ (ua(@)) f (ua(2))™,

(=) f(un) (@) = cngs

IN

and thus,

(—A)° fun)? < 29Af (ur) f(ur)*" = v(2). (4.7)
Let now w be the solution of the problem
(—A)Yw = v inQ
w = 0 inR"\Q,
where v is given by (4.7). Then, by (4.6) and Proposition (i) (see also Remark
13).

(4.8)

||w||Lp(Q) < HUHLl(Q) < C for each p < - 28.

Since f(uy)?" is a subsolution of (4.8) —by (4.7)—, it follows that

0< f(u,\)27 < w.
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Therefore, || f(uy)|lz» < C for all p < 2y -7, where C' is a constant that does not

n—2

depend on \. This can be done for any v € (1,1 + /7), and thus we find

2n(1
|| f(ur)||zr < C for each p < Lfﬂ (4.9)
n—2s
Hence, using Proposition (iii) and letting A T A* it follows that
u* € L®(Q) whenever n < 6s+ 4sy/T.

Hence, the extremal solution is bounded whenever n < 10s.
Assume now 7 < 1. In this case, Lemma [4.3| ensures that for each ¢ € (0,1 — 7)
there exist a constant C' such that

1
) <c(l+t)™ = 4.10
f)<c@a+)m,  m =1 o) (4.10)
Then, by (4.9) we have that || f(uy)| » < C for each p < pg := —2”53_*2@-

Next we show that if n < 10s by a bootstrap argument we obtain u* € L>®(f2).

Indeed, by Proposition (ii) and (4.10]) we have
fwH el «— (-APuw'el’? = w'el! — f(u")eL/m,

where ¢ = nfgsp. Now, we define recursively
NPk 2n(1 + /1)
Pe+1 = —F——5—> Po=—"""F—

m(n — 2spy) n—2s
Now, since
Dk m—1
Pet1 — Dk = ———— | 2Pk — nj,
n — 28pg m

then the bootstrap argument yields u* € L*°(Q2) in a finite number of steps provided

that (m — 1)n/m < 2spy. This condition is equivalent to n < 2s + 4s 17:?, which is
satisfied for € small enough whenever n < 10s, since HT‘F > 2 for 7 < 1. Thus, the
result is proved. O

Before proving Theorem (i), we need the following lemma, proved by Nedev
in [26].

Lemma 4.5 ([26]). Let f be a convex function satisfying (1.2)), and let
gt) = [ f'(r)%dr. (4.11)

Then,

where f(t) = f(t) = f(0).
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As said above, this lemma is proved in [26]. More precisely, see equation (6) in

the proof of Theorem 1 in [26] and recall that f/f — 1 at infinity.
We can now give the

Proof of Theorem[1.4 (i). Let g be given by ({.11). Using Lemma with v =1
and integrating by parts, we find

flus@)) = F@)?
" " ‘x _ ‘n+2s
o ‘/ olua(a)) = 5 (0) (r() =),
n Jgn |z — y|nt2s
- /n(—A)S/QQ(UA)(—A)S urdzx (4.12)

= / g(un)(—=A)’uydx
/ f UA UA
The stability condition 1} applied with n = f(u ) yields

/fwnﬂmfsuﬂm>g,
Q
which combined with (4.12)) gives

/f up) f (ur)? /f uy)g(uy). (4.13)

This inequality can be written as

/Q{f,(w)f(my _f(u/\)g(u)\)} < f(())/ﬂg(m)_

In addition, since f is convex we have

:/0 f(s)%ds < f’(t)/o fl(s)ds < f'() f (1),

and thus,
[ {r)fu)? - Fug} < £0) [ s,
Q Q
Hence, by Lemma we obtain
/Q Flun)f'(uy) < C. (4.14)

Now, on the one hand we have that

fla) = f(b) < f(a)(a —b),
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since f is increasing and convex. This yields, as in (4.7)),

(—A) fun) < f'(ur)(=A)ur = f(un) f(un) = v(x).
On the other hand, let w the solution of the problem

(=AYw = v inQ

{ w = 0 on 0. (4.15)

By (4.14) and Proposition (i) (see also Remark [L.F)),
lw|| L) < ||Vl L) < C for each p < —
Since f(u,\) is a subsolution of (4.15]), then 0 < J?(u,\) < w. Therefore,
[f () |lLr) < C for each p < S
and using Proposition (iii), we find
u* € L>(Q2) whenever n < 4s,

as desired. 4

5. BOUNDARY ESTIMATES: THE MOVING PLANES METHOD

In this section we prove Proposition [1.8] This will be done with the celebrated
moving planes method [21], as in the classical boundary estimates for the Laplacian
of de Figueiredo-Lions-Nussbaum [14].

The moving planes method has been applied to problems involving the fractional
Laplacian by different authors; see for example [I1] 1, [I7]. However, some of these
results use the specific properties of the fractional Laplacian —such as the extension
problem of Caffarelli-Silvestre [9], or the Riesz potential expression for (—A)™*—,
and it is not clear how to apply the method to more general integro-differential
operators. Here, we follow a different approach that allows more general nonlocal
operators.

The main tool in the proof is the following maximum principle in small domains.

Recently, Jarohs and Weth [22] obtained a parabolic version of the maximum
principle in small domains for the fractional Laplacian; see Proposition 2.4 in [22].
The proof of their result is essentially the same that we present in this section. Still,
we think that it may be of interest to write here the proof for integro-differential
operators with decreasing kernels.

Lemma 5.1. Let QQ C R” be a domain satisfying Q@ C Ry = {x1 > 0}. Let K be a
nonnegative function in R"™, radially symmetric and decreasing, and satisfying

K(z) >clz| ™" forall ze€ By

for some positive constants ¢ and v, and let

Licu(a) = [ (uly) = u(@) Kz - y)dy
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Let V € L*>®(Q) be any bounded function, and w € H*(R"™) be a bounded function
satisfying

Lgw = V(x)w inQ
w > 0 in R\ Q (5.1)
w(r) > —w(z*) in RY,

where x* is the symmetric to x with respect to the hyperplane {x1 = 0}. Then, there
exists a positive constant Cy such that if

L+ IV ||z@) 1920+ < Co, (5.2)
then w > 0 in .
Remark 5.2. When L is the fractional Laplacian (—A)®, then the condition (5.2)

can be replaced by ||V*||Loo < Cy.
Proof of Lemma 5.1 The identity Lrw = V(x)w in  written in weak form is
(o= [ / P(o) = o) w(e) -~ w(o) Ko~ g)dody = [ Vug
R27\ ( ]R“\Q)2 Q
(5.3)
for all  such that ¢ =0 in R" \Qand [, (p(z)— gp(y))zK(x —y)dz dy < oco. Note
that the left hand side of ([5.3]) can be ertten as
(o= | / ) (w(x) ~ wly) Kz — y)dz dy

=3 / g P ) K ) dy
22 [ [ e - w ) K -y )dady

where y* denotes the symmetric of y with respect to the hyperplane {x; = 0}.

Choose ¢ = —w™xq, where w™ is the negative part of w, ie., w = w™ — w™.
Then, we claim that

//R2n\ - (W™ (z)xa(z) — w () xe®))?K (@ — y)dz dy < (—w xa,w)k. (5.4)
Indeed, first, we have

(ool = [ [ @)@ @ ) @ ()} K (e dody+
2 f / m{w-m(w-(a:) —w (o) o @ )} @ - ) dy
w2 [ [ @@ - w60 + @ )y )dsdy

where we have used that w™(z)w™(z) = 0 for all z € R™.
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Thus, rearranging terms and using that w™ = 0 in R%} \ ,
Cwxam= [ [ @)~ w @) K pdedy
w” (x)w™ xr — X
+/Q/92 () () K (z — y)da dy+
w2 f (@ 0) @ )} K ) dy
=2 [ ) w0 = e d
2 [ Loy (7 000~ )00 o )

w2 [ [ wr @t )k - e dys
w2 [ [ @ K -y )dady

We next use that, since K is radially symmetric and decreasing, K(x—y*) < K(z—y)
for all x and y in R’. We deduce

Coxemz [ [ @@l - w @)K - pdedys
w (2 w™ —w (2w (y* T — T
+2/Q/1 (@)t (y) — w (@) (") Kz - y)dz dy,

and since w™(y*) < w*(y) for all y in R? by assumption, we obtain (5.4)).
Now, on the one hand note that from (5.4) we find

/ / w™ (y))2K (2 — y)dz dy < (—w™ X, w)x.

Moreover, since K(z) > c|z|™"~ VXBI(Z) then

scuwwmmc / / w*(x)—w*(y)ff((x—y)dxdy,

and therefore
w713, 2y < Callw™ lr2@) + Cr(=w"x0, w)x (5.5)
On the other hand, it is Clear that

Jvow = [V < Vsl e, (5.6)
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Thus, it follows from (5.3)), (5.5)), and (5.6) that

1071y < Cr (14 1V ) 10 20

Finally, by the Holder and the fractional Sobolev inequalities, we have
w122y < 19207 lw™ [[Zog) < 02|Q|%||w_||33,/2(9),
where ¢ = 2—")} Thus, taking Cy such that Cy < (C1C3)~! the lemma follows. O

-
Now, once we have the nonlocal version of the maximum principle in small do-
mains, the moving planes method can be applied exactly as in the classical case.

Proof of Proposition[1.8 Replacing the classical maximum principle in small do-
mains by Lemma5.1} we can apply the moving planes method to deduce [[u| ;) <
Cllul|r1 () for some constants C' and § > 0 that depend only on €, as in de
Figueiredo-Lions-Nussbaum [14]; see also [3].

Let us recall this argument. Assume first that all curvatures of 9€) are positive.
Let v(y) be the unit outward normal to © at y. Then, there exist positive constants
sg and « depending only on the convex domain 2 such that, for every y € 02 and
every e € R" with |e] = 1 and e - v(y) > «, u(y — se) is nondecreasing in s € [0, sq).
This fact follows from the moving planes method applied to planes close to those
tangent to €2 at 0€2. By the convexity of €2, the reflected caps will be contained in 2.
The previous monotonicity fact leads to the existence of a set I, for each x € (s,
and a constant v > 0 that depend only on €2, such that

|| >, u(z) <wu(y) forall yel,.

The set I, is a truncated open cone with vertex at x.
As mentioned in page 45 of de Figuereido-Lions-Nussbaum [14], the same can also
be proved for general convex domains with a little more of care. O

Remark 5.3. When ) = B;, Proposition follows from the results in [I], where
Birkner, Lépez-Mimbela, and Wakolbinger used the moving planes method to show
that any nonnegative bounded solution of
(—=A)u = f(u) in B
{ u = 0 in R"\ By (5.7)
is radially symmetric and decreasing.

When u is a bounded semistable solution of (5.7)), there is an alternative way to
show that u is radially symmetric. This alternative proof applies to all solutions
(not necessarily positive), but does not give monotonicity. Indeed, one can easily
show that, for any i # j, the function w = x;u,; —x;u,, is a solution of the linearized

problem
(—A¥w = f(uw in B
{ w = 0 in R™\ Bj. (5.:8)
Then, since A; ((—=A)® — f'(u); By) > 0 by assumption, it follows that either w = 0
or Ay = 0 and w is a multiple of the first eigenfunction, which is positive —see the
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proof of Proposition 9 in [31, Appendix A]. But since w is a tangential derivative
then it can not have constant sign along a circumference {|z| = r}, r € (0,1), and
thus it has to be w = 0. Therefore, all the tangential derivatives dyu = Uy, — Tjuy,
equal zero, and thus u is radially symmetric.

6. H° REGULARITY OF THE EXTREMAL SOLUTION IN CONVEX DOMAINS

In this section we prove Theorem (iii). A key tool in this proof is the Pohozaev
identity for the fractional Laplacian, recently obtained by the authors in [29]. This
identity allows us to compare the interior H* norm of the extremal solution u* with a
boundary term involving u*/§°, where 0 is the distance to 9€2. Then, this boundary
term can be bounded by using the results of the previous section by the L' norm of
uw*, which is finite.

We first prove the boundedness of u*/d° near the boundary.

Lemma 6.1. Let Q be a convexr domain, u be a bounded solution of (1.14)), and
d(z) = dist(x,00). Assume that
[l < e

for some ¢y > 0. Then, there exists constants d > 0, co, and C' such that

lu/0% (L5 < C (c2 + [ fll=(o.ca)) +
where Qs = {x € Q : dist(x,00) < d}. Moreover, the constants §, ca, and C depend
only on ) and c;.

Proof. The result can be deduced from the boundary regularity results in [28] and
Proposition [1.8| as follows.

Let 6 > 0 be given by Proposition [I.8, and let  be a smooth cutoff function
satisfying 7 = 0 in Q \ Qgs/3 and n = 1 in Qs/3. Then, un € L>*(Q2) and un = 0 in
R™ \ ©. Moreover, we claim that

(=A)*(un) = f(u)xe,, +9 inQ (6.1)

for some function g € L>*(Q2), with the estimate

lgll <) < € (Ilellerssous ey + Il (6:2)
To prove that holds pointwise we argue separately in €574, in Qss/4 \ 574,
and in © \ Q35/4, as follows:
o In Q54, g = (—A)°(un) — (—=A)*u. Since un — v vanishes in €255 and also
outside €2, g is bounded and satisfies .
o In Q354 \ Q5/4, g = (—A)*(un). Then, using

N8 @) = @y5,0050 < C (lullor-s@ugmanm + lunllen)

and that 7 is smooth, we find that ¢ is bounded and satisfies (6.2)).
o In O\ Qs5/4, g = (—A)*(un). Since un vanishes in Q \ Qys/3, g is bounded
and satisfies (6.2]).
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Now, since u is a solution of ([1.14)), by classical interior estimates we have
[ullores (u5005) < C (l[ullze s + lull i) ; (6.3)

see for instance [28]. Hence, by (6.1)) and Theorem 1.2 in [28], un/é* € C*(Q) for
some « > 0 and

lun/8*llco@) < ClF@Xa, ., + glliee.
Thus,
/8@ < Nun/8 oy < € (Iglaeiey + 1 @)=y
< C (Jullzsoy + lull =) + 1 F@lz=(0,0) -

In the last inequality we have used (6.2)) and (6.3). Then, the result follows from
Proposition [L.8 O

We can now give the

Proof of Theorem[1.3 (iii). Recall that u, minimizes the energy £ in the set {u €
H*(R™) : 0 < u < uy} (see Step 4 in the proof of Proposition in Section [2)).
Hence,

2, - / NF(uy) = E(uy) < £(0) = 0. (6.4)
Q
Now, the Pohozaev identity for the fractional Laplacian can be written as
I'(1 2 2
stuall, —né(w) =05 [ (2) (o (65)

see [29, page 2]. Therefore, it follows from ([6.4)) and (6.5 that

F(l +8)2 U 2
2
o < ———— — . .
||u,\HHS S — /BQ <§5> (x-v)do

Now, by Proposition (6.1, we have that

IR

for some constant C' that depends only on €2 and [us||z1(@). Thus, [Jus|[s, < C, and
since u* € L*(), letting A + A\* we find

|u*]| . < o0,

H
as desired. O
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7. L? AND CP ESTIMATES FOR THE LINEAR DIRICHLET PROBLEM

The aim of this section is to prove Propositions and [I.7] We prove first
Proposition [I.4]

Proof of Proposition[1.4] (i) It is clear that we can assume ||g||z1 ) = 1.
Consider the solution v of

(—A)w=g| inR"

given by the Riesz potential v = (—A)~*|g|. Here, g is extended by 0 outside 2.
Since v > 0 in R™\ Q, by the maximum principle we have that |u| < v in .
Then, it follows from Theorem [I.6] that

n

<C h =
||U||Lgveak(sz)_ , Where g=-—o

and hence we find that

u|lpry) < C forall r<
[ullr (@) < R
for some constant that depends only on n, s, and |Q].

(ii) The proof is analogous to the one of part (i). In this case, the constant does
not depend on the domain €2.

(ili) As before, we assume ||g||zr@) = 1. Write v = ¥ + w, where ¥ and w are
given by
v=(—A)"%g in R", (7.1)
and
(—A)w = 0 inQ
{ w = o inRM\Q. (7.2)
Then, from ([7.1)) and Theorem we deduce that
[0]ca@ny < C, where a=2s— L (7.3)
p

Moreover, since the domain 2 is bounded, then ¢ has compact support and hence v
decays at infinity. Thus, we find

10| ceny < C (7.4)

for some constant C' that depends only on n, s, p, and §2.
Now, we apply Proposition to equation ([7.2). We find

|w]|csmny < O camny, (7.5)
where 8 = min{«, s}. Thus, combining ([7.4)), and (7.5]) the result follows. O

Note that we have only used Proposition to obtain the C” estimate in part
(iii). If one only needs an L* estimate instead of the C” one, Proposition [1.7]is not
needed, since the L*> bound follows from the maximum principle.



THE EXTREMAL SOLUTION FOR THE FRACTIONAL LAPLACIAN 251

As said in the introduction, the LP to W?2*P estimates for the fractional Laplace
equation, in which —A is replaced by the fractional Laplacian (—A)®, are not true
for all p, even when {2 = R™. This is illustrated in the following two remarks.

Recall the definition of the fractional Sobolev space WP (2) which, for o € (0,1),
consists of all functions u € LP(§2) such that

1
ulxr) —u p P
lallwesi = Nl + ( / [ Ju(@) —u@)” ;. dy>

R
is finite; see for example [15] for more information on these spaces.

Remark 7.1. Let s € (0,1). Assume that u and g belong to LP?(R™), with 1 < p < oo,
and that
(—A)’u =g in R"™
(i) If p > 2, then u € W2P(R").
(i) If p < 2 and 2s # 1 then u may not belong to W2?(R"). Instead, u €
BI%E(R"), where BJ  is the Besov space of order o and parameters p and g.

For more details see the books of Stein [34] and Triebel [35].

By the preceding remark we see that the LP to W?2%P estimate does not hold in R”
whenever p < 2 and s # % The following remark shows that in bounded domains
Q) this estimate do not hold even for p > 2.

Remark 7.2. Let us consider the solution of (—A)*u = ¢ in Q, v = 0 in R" \ Q.
When Q = B; and g = 1, the solution to this problem is

uo(r) = (1= [z[*)" x5, (2);

see [20]. For p large enough one can see that uy does not belong to W2*P(By), while
g =1 belongs to LP(B,) for all p. For example, when s = 1 by computing [Vug| we
see that uy does not belong to W1?(By) for p > 2.

We next prove Proposition [I.7, For it, we will proceed similarly to the C® esti-
mates obtained in [28, Section 2| for the Dirichlet problem for the fractional Lapla-
cian with L data.

The first step is the following:

Lemma 7.3. Let ) be a bounded domain satisfying the exterior ball condition,
s € (0,1), h be a C*(R™\ Q) function for some a > 0, and u be the solution of
(1.13). Then

[u(z) — u(z0)| < C||hl|ca@na)d(z)” in Q,
where xo s the nearest point to x on 0L, f = min{s,a}, and 6(x) = dist(z, 0Q).
The constant C' depends only on n, s, and «.

Lemma will be proved using the following supersolution. Next lemma (and
its proof) is very similar to Lemma 2.6 in [28§].
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Lemma 7.4. Let s € (0,1). Then, there exist constants €, c¢i, and Cy, and a
continuous radial function ¢ satisfying

=0 in By (7.6)
ale] =1 <o < Cy(lx| —1)° inR™\ By.
The constants ¢; and Cy depend only on n, s, and 3.
Proof. We follow the proof of Lemma 2.6 in [2§]. Consider the function
uo() = (1 — [a2):.
It is a classical result (see [20]) that this function satisfies
(—A)SUO = Rn,s in Bl

for some positive constant &y, .
Thus, the fractional Kelvin transform of ug, that we denote by wj, satisfies

(—A) i (x) = |2 (—=A)*u (ﬁ) > ¢y in By \ Bi.

Recall that the Kelvin transform ug of ug is defined by
ud(z) = |z|** "ug (#) :
Then, it is clear that
a(|z] = 1)" <ug(r) < As(fz| =1)° in By \ By,
while uf; is bounded at infinity.
Let us consider now a smooth function 7 satisfying n = 0 in Bs and
Ay(fe] =1)" <np < Ap(f] = 1)° in R"\ By.

Observe that (—A)®n is bounded in By, since n(x)(1 + |z|)™ % € L. Then, the
function

p = Cug +1,
for some big constant C' > 0, satisfies
(—A)S(p 2 1 n B2 \ Bl
Y= 0 in Bl

ale] —1) <o <Cy(|x] —1)° inR™\ By.

Indeed, it is clear that ¢ = 0 in B;. Moreover, taking C' big enough it is clear that
we have that (—A)*p > 1. In addition, the condition ¢;(|z| —1)* < ¢ < Cy(|z|—1)*
is satisfied by construction. Thus, ¢ satisfies ((7.7]), and the proof is finished. U

Once we have constructed the supersolution, we can give the
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Proof of Lemma[7.3 First, we can assume that ||h|ce@mo) = 1. Then, by the

maximum principle we have that ||ul|zem®ny = ||h]|z@r) < 1. We can also assume
that a < s, since

17]

Let zo € 092 and R > 0 be small enough. Let By be a ball of radius R, exterior

to 2, and touching 99 at xo. Let us see that |u(z) — u(xg)| is bounded by CR? in

Qn BQR.
By Lemma we find that there exist constants ¢; and Cs, and a radial contin-

uous function ¢ satisfying
(=A)p >0 in By \ By
cle] —1) <o < Cy(|x] —1)° inR™\ By.

cs@ny < C||h||cammay whenever s < a.

FIGURE 1.

Let z; be the center of the ball Bg. Since [|h|com@na) = 1, it is clear that the
function

vr(z) = h(xo) + 3R + C3R°p (x ;%xl) ,

with C3 big enough, satisfies
(—A)S(pR Z 0 in BQR \ BR
©r = h(xg) + 3R~ in Bp
h(wo) + |z — 20|* < pr  in R"\ Bag
PR S h(l’o) + C()Ra n BQR \ BR.

Here we have used that o < s.

Then, since
(-A)SU =0 S (—A)SQOR in QN BQR,
h < h(zg) + 3R = pp in Bag \ 9,
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and
h(z) < h(zg) + |z — x0|* < g in R™\ Bag,
it follows from the comparison principle that
u<pr in QN Bapg.
Therefore, since pr < h(xg) + CoR* in Byg \ B,
u(z) — h(zg) < CoR™ in QN Bag. (7.9)

Moreover, since this can be done for each zy on 99, h(zg) = u(x), and we have
|lu|| Lo () < 1, we find that

u(z) — u(wg) < C6° in Q, (7.10)

where xq is the projection on 0 of z.
Repeating the same argument with v and h replaced by —u and —h, we obtain
the same bound for h(zy) — u(x), and thus the lemma follows. O

The following result will be used to obtain C” estimates for u inside . For a
proof of this lemma see for example Corollary 2.4 in [2§].

Lemma 7.5 ([28]). Let s € (0,1), and let w be a solution of (—A)°*w = 0 in Bs.
Then, for every v € (0,2s)

lulerg < {101+ o)™ >0l + lwllo= ).
where the constant C' depends only on n, s, and 7.

Now, we use Lemmas and to obtain interior C? estimates for the solution
of (13).

Lemma 7.6. Let ) be a bounded domain satisfying the exterior ball condition,
h € C*(R™\ Q) for some o > 0, and u be the solution of (L.13|). Then, for all x € Q
we have the following estimate in Br(x) = Bsz)/2()

”“Hcﬁ(BR(x)) < O]l ca@m\a), (7.11)
where f = min{«, s} and C is a constant depending only on 2, s, and «.

Proof. Note that Br(z) C Bag(z) C 2. Let u(y) = u(z + Ry) —u(z). We have that

(—A)’a(y) =0 in By. (7.12)

Moreover, using Lemma we obtain
[ll 281y < CllAlloa@ma)R”. (7.13)
Furthermore, observing that |a(y)| < C||h||ce@mna R (14 |y|?) in all of R™, we find
1L+ y) "> a(y) |1 @y < Cllhlloe@may R, (7.14)

with C' depending only on €2, s, and «.
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Now, using Lemma with 7 = (3, and taking into account (7.12)), (7.13)), and
(7.14]), we deduce
Il s (Br77) < Cllhllce@may R’

where C' = C(€, s, ).
Finally, we observe that

[Wes (Bramr) = R_ﬂ[@}oﬁ(sl/zl)'

Hence, by an standard covering argument, we find the estimate (7.11)) for the C”
norm of u in Bg(z). O

Now, Proposition [1.7] follows immediately from Lemma [7.6] as in Proposition 1.1
in [2§].

Proof of Proposition[I.7. This proof is completely analogous to the proof of Propo-
sition 1.1 in [28]. One only have to replace the s in that proof by 5, and use the
estimate from the present Lemma [7.6 instead of the one from [28, Lemma 2.9]. O
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