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Abstract
The aim of this work is to present a new procedure for modelling industrial processes that involve granular material flows, using a numerical model based on the Particle Finite Element Method (PFEM). The numerical results herein presented show
the potential of this methodology when applied to different branches of industry.
Due to the phenomenological richness exhibited by granular materials, the present
work will exclusively focus on the modelling of cohesionless dense granular flows.
The numerical model is based on a continuum approach in the framework of
large-deformation plasticity theory. For the constitutive model, the yield function is
defined in the stress space by a Drucker-Prager yield surface characterized by two
constitutive parameters, the cohesion and the internal friction coefficient, and
equipped with a non-associative deviatoric flow rule. This plastic flow condition is
considered nearly incompressible, so the proposal is integrated in a u - p mixed
formulation with a stabilization of the pressure term via the Polynomial Pressure
Projection (PPP). In order to characterize the non-linear dependency on the shear
rate when flowing a visco-plastic regularization is proposed.
The numerical integration is developed within the Impl-Ex technique, which increases the robustness and reduces the iteration number, compared with a typical
implicit integration scheme. The spatial discretization is addressed within the
framework of the PFEM which allows treating the large deformations and motions
associated to granular flows with minimal distortion of the involved finite element
meshes. Since the Delaunay triangulation and the reconnection process minimize
such distortion but does not ensure its elimination, a dynamic particle discretization
of the domain is proposed, regularizing, in this manner, the smoothness and particle
density of the mesh. Likewise, it is proposed a method that ensures conservation of
material or Lagrangian surfaces by means of a boundary constraint, avoiding in this
way, the geometric definition of the boundary through the classic -shape method.

For modelling the interaction between the confinement boundaries and granular
material, it is advocated for a method, based on the Contact Domain Method (CDM)
that allows coupling of both domains in terms of an intermediate region connecting
the potential contact surfaces by a domain of the same dimension than the contacting
bodies. The constitutive model for the contact domain is posed similarly to that for
the granular material, defining a correct representation of the wall friction angle.
In order to validate the numerical model, a comparison between experimental
results of the spreading of a granular mass on a horizontal plane tests, and finite
element predictions, is carried out. These sets of examples allows us validating the
model according to the prediction of the different kinematics conditions of granular
materials while spreading – from a stagnant condition, while the material is at rest,
to a transition to a granular flow, and back to a deposit profile.
The potential of the numerical method for the solution and optimization of industrial granular flows problems is achieved by focusing on two specific industrial
applications in mining industry and pellet manufacturing: the silo discharge and the
calculation of the power draw in tumbling mills. Both examples are representative
when dealing with granular flows due to the presence of variations on the granular
material mechanical response.

Resumen
El objetivo principal de este trabajo es presentar una nueva metodología para la
simulación de procesos industriales que involucren flujos de materiales granulares,
mediante un modelo numérico basado en el Método de Elementos Finitos de Partículas (PFEM, por sus siglas en inglés). Los resultados numéricos que se presentan
en este documento, muestran el potencial de aplicar esta metodología a diferentes
ramas de la industria. Debido a la riqueza fenomenológica exhibida por los materiales granulares, el presente trabajo se centrará exclusivamente en la simulación de
flujos granulares densos sin cohesión.
El modelo numérico se basa en un enfoque del medio continuo, en el marco teórico de plasticidad en grandes deformaciones. Para el modelo constitutivo, la función
de fluencia se define en el espacio de tensiones mediante una superficie de fluencia
del tipo Drucker-Prager caracterizada por dos parámetros constitutivos, la cohesión
y el coeficiente de fricción interna, y equipado con una regla de flujo desviadora no
asociada. Esta condición de flujo plástico se considera incompresible, por lo que se
propone su integración mediante una formulación mixta del tipo u - p y estabilizando la expresión de la presión a través de una proyección polinomial (Polynomial
Pressure Projection, PPP). A su vez, se propone una regularización visco-plástica
con el fin de caracterizar la no linealidad de la velocidad de cizallamiento del material cuando fluye.
La integración numérica se desarrolla en el marco de la técnica Impl-Ex, aumentando la robustez y reduciendo el número de iteraciones, en comparación con un
esquema típico de integración implícito. La discretización espacial se aborda en el
marco del PFEM, permitiendo el manejo de grandes deformaciones y del movimiento asociado a los flujos granulares con una distorsión mínima de las mallas de elementos finitos. La triangulación de Delaunay y el proceso de reconexión minimizan
tales distorsiones pero no aseguran su eliminación; por esto, se propone una discreti-

zación en partículas del dominio dinámica y constante, regularizando de esta manera, la suavidad y la densidad de las partículas en la malla. Asimismo, se propone un
método para asegura la conservación de las superficies materiales o Lagrangeanas
por medio de una restricción de la frontera, evitando de esta manera, su definición
geométrica a través del método clásico -shape.
Para el modelado de la interacción entre el material granular y las superficies de
su confinamiento, se apuesta por un método basado en el Contact Domain Method
(CDM) que permite el acoplamiento de ambos dominios en términos de una región
intermedia que conecta las superficies potenciales de contacto – siendo este dominio
de la misma dimensión que los cuerpos en contacto. El modelo constitutivo a emplear para el dominio de contacto se plantea de manera similar al del material granular, definiendo una correcta representación del ángulo de pared.
Con el fin de validar el modelo numérico, se llevó a cabo una comparación entre
los resultados experimentales de la difusión o desmoronamiento de una masa granular en un plano horizontal y las predicciones obtenidas mediante la simulación por
medio de elementos finitos. Este conjunto de ejemplos nos permite validar el modelo
de acuerdo a la predicción de las diferentes condiciones de la cinemática de los materiales granulares: desde una condición de confinamiento, con el material en reposo,
a una transición hacia el flujo granular y de nuevo, a un estancamiento del material
hasta definir su depósito final.
El potencial del método numérico, para la solución y optimización de los problemas industriales que involucran flujos granulares, se logra enfocándose en dos
aplicaciones industriales específicas en la industria minera y la fabricación de pellets: la descarga de un silo y el cálculo del consumo de energía en molinos rotacionales (tumbling mills). Ambos ejemplos son representativos en cuanto a los flujos
granulares en la industria debido a la presencia de variaciones en la respuesta mecánica del material granular.
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Chapter 1
Modelling of granular materials
1.1.

Introduction

Granular materials can be broadly defined as large conglomerations of discrete particles. They are ubiquitous in nature and handled in a large number of industrial
processes. However, in spite of the wide use of these materials and the apparent
simplicity of their definition, a complete understanding of their mechanical properties and their behaviour is far from being achieved.
Some of these difficulties arise from the many materials that encompass this
definition as well as the peculiar response of the material itself under external mechanical excitations. The physics of granular materials embrace different phenomena, varying from large rock debris flows to the consolidation of the material under
sustained pressures; all of them presenting different responses and difficulties in
their comprehension.
Due to the intrinsic interaction of the particles that comprise granular materials,
these materials present complex behaviours that could be related to different states
of matter. Their mechanical response differs from other standard materials: in static
conditions they could be considered and modelled as solid bulks; under dynamic
conditions the kinematics could be described by the physics of fluids; and subject to
an interstitial fluid, their response could be represented as a gas. These particularities make granular materials an interesting topic where many proposals have been
developed in order to clarify and understand their behaviour and influence in industrial processes and nature.
It is pretentious the attempt to develop a numerical model able to capture –in a
unified manner– the phenomenological richness exhibited by granular materials.
Rather, the present work will exclusively focus on the modelling of cohesionless
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dense granular flows. In specific, this work concerns with the development of a
numerical model suitable for the simulation of granular flows in order to predict
diverse configurations in static and dynamic conditions as well as their nonequilibrium dynamic transition. The model is based on a rate-dependent constitutive
model in the framework of the Particle Finite Element Method (PFEM). The fundamental goal of this work is to contribute to a better understanding of cohesionless
dense granular flows occurring in processes that have important repercussions in
industry and society.

1.2.

Understanding granular materials

When talking about a mathematical model of a certain physical system, it is taking
for granted that the model contains several simplifying assumptions. Granular material models are not exception to this fact. Therefore, it is important to have a deep
understanding of the implication derived from these assumptions, as well as the
effect in modifying the main parameters that characterize the behaviour of the material.
Since the response of granular materials to external loads –such as shearing or
vibration– is strongly influenced by the particles that conform the material as well as
the bulk itself, it is important to clarify some concepts such as: which materials fall
within the category of granular media, how to characterize and model them, and
which mechanical properties are relevant and which are unessential.
As mentioned above, the scope of this section is not to explore the whole universe of granular materials but to define and narrow the main mechanical and material properties as well as the kinematic conditions that are going to be modelled.
Lastly, some numerical models and formulations that have been developed along
time by different authors are presented.
1.2.1.

Granular material definition

Granular materials comprise any conglomeration of a large number of discrete macroscopic particles [48]. As the term macroscopic deals with objects that are at least
visible to the naked eye, many materials are included in this definition. From this
point of view, granular material definition embraces objects of several orders of
magnitude. Some authors, like [29], state that the physical laws that govern the
granular material behaviour cover at least twelve decades of sizes.
The mechanical properties of a granular domain depend on the interaction of the
particles in their surrounding neighbourhood. This interaction is defined through the
contact forces –friction or/and collisions– between the particles as well for the surrounding environment where the particles are located. Since granular media represents discrete solids that are in contact most of the time, the interstitial fluid or sur-
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rounding media has to allow the particle interaction. This consideration excludes
other materials as suspensions or fluidized beds.
The interaction between particles could be catalogued by two main characteristics: discrete elements dispersed in a continuous phase, referred as the interstitial
fluid; and particles in direct contact where the continuous phase is neglected [18].
The first regime is defined by hydrodynamic interactions and the interaction of the
particles within the liquid molecules defines the material cohesion. The force required to place into a relative motion two particles is higher as the distance h is
reduced; see Figure 1-1(a).
If the influence of the environment is neglected, the granular material is defined
as dry or cohesionless. This assumption is given when the distance between particles
h is smaller than the roughness of the particle e which defines as negligible the
existence of an interstitial fluid, see Figure 1-1(b). In a cohesionless material, friction and gravity forces of the particles dominate the physics of its behaviour and the
shape of the domain is defined by its confining boundary [48]. Even though the dry
granular assumption is considered as a laboratory condition, it is widely used since it
simplifies the resulting system in order to its study. Otherwise, depending on the
surrounding media involved, other assumptions have to be in mind to model the
cohesion between particles [71].
(a)

(b)

Figure 1-1. Schematic representation of two different types of direct interaction between solid
particles: (a) lubricated contact; (b) direct contact [18].

In a meso and macro-scale, granular materials are considered athermal. This
condition is due to the order of magnitude between the discrete particles and the
bulk domain [96]. As the internal processes do not involve either heat or a change in
temperature, the kinetic and potential energies play a fundamental role. Every friction and collision between particles lead to a dissipation of the kinetic energy causing that the granular material represent a non-ergodic material.
1.2.2.

Problems in nature and industry involving granular material flows

Granular materials have a direct impact in our daily lives, since in nature they are
one of the most abundant materials and in the industry the second most manipulated
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mateerial, just behhind water [8
84]. Below are described ssome of the most
m
relevantt
prob
blems generateed by granularr flows in natu
ure and industtry.
1.2.2
2.1. Granulaar materials in nature
The relevance of granular mateerials in naturee is not becauuse the obviou
usness of theirr
presence, but rathher by the larrge and diversse phenomenaa where they are involved..
Amo
ong these aree found stratiffication of roccks and sandss in rivers du
ue segregationn
[29]; cliff collapsse and landsllides [68]; an
nd mechanism
ms of mass spreading likee
44]. These actions represent
nt natural hazaards that now-avalanches and deebris-flows [4
aday
ys constitute a threat to population and in
nfrastructure.

Figu
ure 1-2. Landslidde in the population Las Teclaas, El Salvador in 2001 [100].

The definitionn of landslides, debris flow
ws, and avalancches are quitee similar sincee
they
y are large vollumes of granular material with particless of considerab
ble size flow-ing. Attempts to cclassify these phenomena
p
vaary dependingg on the autho
or or engineer-ing area
a
where thhe classificatio
on is made. A classificationn according to
o the materiall
com
mponents (grannular or cohessive) is given by [19] as seeen in Figure 1-3.
1
The flow
w
is deefined dependding on the amount of volume fraction and the partiicles size thatt
com
mprises.
m
debris flows are chaaracterized by
y containing a
From this claassification, muddy
largee fraction of ffine particles,, as well as a large volumee of cohesive material likee
partiicle-water mixxture. On the other hand, granular debbris flows feaature particless
with
h larger size, aand small or none cohesive interactions.
According to Coussot [19]], due to the proper
p
characcteristics of grranular debriss
flow
ws –dilatancy,, segregation, bistability, thixotropy,
t
jaamming, among others ef-fectss, the confinedd rheometricaal tests are not suitable to caast realistic daata to compre-hend
d these phenom
mena.

Modellinng of granular materials

5

Figure 1-3. Coonceptual rheollogical classification of mass m
movements as a function of fin
ne
content and soolid fraction [199].

1.2.2.2. Graanular materiial in industrry
Industry connsumes about 10% of all the energy prodduced on the planet
p
for the handling and proocessing of thhese materialss [29]. Their presence inclludes construcction,
pharmaceuticcal, mining, agricultural,
a
among
a
other iindustries. The
T processes vary
depending onn the sector, all
a of them caarrying differeent problems intrinsic
i
to the behaviour of tthe material: blockage, seg
gregation, arcching, jammin
ng, dilatancy,, etc.
Despite the significance of
o the impact of granular m
materials in economy,
e
man
ny of
ms are treatedd with inchoatee solutions.
these problem
The probblems associatted to granulaar flows vary ddepending on the industriall processes and thhe material. Granular
G
mateerials that invvolve particless of different sizes
or compositiion are condittioned to the presence
p
of seegregation. In processes where
w
the mixture oof these typess of particles has
h to be hom
mogeneous, seegregation is a perennial probleem.
Many inndustries whicch involve thee use of granuular materialss have the req
quirement of the cconfinement of
o the materiaal –for storagee purposes or industrial processes. Processees that implicaate silos storag
ge and dischaarge of granullar materials are
a of
special intereest. The pressuure patterns co
ould vary abruuptly from thee storage cond
dition
to the dischaarge process. Depending on
n geometrical properties off the silo, inclu
uding
the outlet plaacement, the maximum
m
walll pressures w
would vary larg
gely from the storage conditioon to its dischharge. Other problems as blockage durring discharge are
strongly influuenced by thhe grain size as
a well as thee outlet diam
meter. Chapterr 5 is
precisely devvoted to numeerically assess the influencee of flow patteerns in silos ass well
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as th
he mechanism
ms of stress propagation
p
fo
ound during tthe dischargee. Figure 1-44
show
ws an experim
mental silo bu
uilt in order to
o develop testts for the und
derstanding off
siloss discharge paatterns [89].

Figu
ure 1-4. Facilitiees built for the experimental discharge
d
of a fuull scale silo [89
9].

Another induustrial branch of special interest when sppeaking of graanular materi-als is the mining iindustry. Sev
veral processes involve the handling and manipulationn
t their final pplacement. One
O of them iss
of granular materrials since theeir extraction to
the comminution
c
of the materiial, more speccifically throug
ugh a tumbling
g milling pro-cess, see Figure 1 -5.
(a))

(b)

Figu
ure 1-5. Millingg facilities: (a) autogenous
a
milll in Garpenbergg, Sweden [97];; (b) an inside
view
w of mill drum at Gays River, Canada [32].

Comminutionn of the material consumes 50% of the tootal mineral prrocessing costt
[17]. The study oof the kinemattics of the chaarge during thhe tumbling process
p
allowss
us to
o understand hhow energy iss consumed an
nd what effortts could be do
one in order too
imprrove it. Similaarly, Chapter 5 presents a numerical stuudy of a simp
plified millingg
proccess.
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Characterization of granular materials

The mechanical response of granular materials depends on numerous material parameters of the bulk1, as well as the mechanical properties of the particles themselves. Any variation of these properties will produce a significant change in the
response of the material whereby it is essential to characterize the material one
wishes to simulate –for this work, the model is narrowed to cohesionless dense
granular materials defining the main material parameter as the internal friction.
Two geometrical parameters that play a fundamental role in their response are
the size and shape of the particles. Regarding the particle size, their dimensional
range varies from micro particles to large rocks. Depending on the concerned industry, we could find different classifications. A coarse classification is given by [29]
where the departing size is for a powder where the granular medium is formed by
particles smaller than 100 m in diameter, broken solids constituted by particles
larger than 3 mm, and rocks that could reach their upper limit by a few meters.
Other classifications are found for geotechnical purpose since soils are bodies
composed by granular material. Traditionally, the soil relationships and classification is based in a grain-size criterion. Generally, soils are non-homogeneous materials with different sizes and grain shapes but their classification is based on a percentage of the material that sieves through certain size. There are different classification systems, among them one of the most used is the presented by the Unified
Soil Classification System. A simple classification is given, determining as coarse
grained soils those where 50% of the material is retained in a No. 200 sieve (0.075
mm), and fine grained soils those that pass [104]. Other system classifications, such
as the one given by the American Association of State Highway and Transportation
Officials (AASHTO), have similar considerations.
For the purpose of this work, it is followed the classification given by [75] in
Table 1-1. Even though the material considered for this model follows the classification as granular solid or broken solid, bigger size particles could be modelled with
this classification, as long as the bulk they conform is considerably larger compared
with the particle size.
The shape of the grains, characterized by the aspect ratio, angularity, and convexity, has large influence in the mechanical properties of the bulk. It is reported
that this shape effect is reflected mainly in the porosity of the material, but also
some blockage could be present in the flow with particles of large aspect ratio [7].
Similarly to the size of the particles, the shape influence is reduced as the volume of
the granular domain is larger compared to the grain.

1

The mechanical properties of granular materials to consider depend directly on the enginery branch of

study. Among them are found the internal friction angle, cohesion, specific weight or weight density,
degree of saturation, the void ratio, the plastic limit, etc.
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Particle size range
0.1 m – 1.0 m
1.0 mm – 10 m
10 m – 100 m
100 m – 3.0 mm
3.0 mm – 10 mm

Name of material
Ultra-fine powder
Superfine powder
Granular powder
Granular solid
Broken solid

Name of individual
component
Ultra-fine particle
Superfine particle
Granular particle
Granule
Grain

Table 1-1Granular material size classification [75].

1.2.4.

Granular material behaviour

The understanding and modelling of granular materials are difficult tasks since they
do not behave as other familiar states of matter. In static conditions, when the contacts between particles are well established, the material could be considered as a
solid with high strength to compression. In other configurations, where the external
excitation snaps off these contacts, the material behaves as a fluid.
The mechanical response of the granular material is mainly influenced by the interactions between particles –dissipative, inelastic collisions and frictional properties
[48]. Temperature changes do not play a significant role or could be neglected, at
least at a macroscale level. For this reason granular materials are considered athermal.
Regarding dissipation of kinetic energy due friction, it can be studied in terms of
the set of laws for frictional bodies, generally attributed to Coulomb. Those laws
state that the force of traction required to set a system in motion is proportional to
the normal force acting between the bodies, and the force of traction is independent
of the surface area of the bodies. Both concepts as well as the distinction between
the static and dynamic friction between particles are completely applicable to granular materials.
In order to define a correct model, it is necessary to delve into the static and dynamic conditions in granular materials. Even though their behaviour is characterized in some moments as solid or fluid, it could not be either studied or represented
with similar formulations. The following sections will focus on the static and dynamic conditions of granular materials.
1.2.4.1. Static properties of a granular medium
Granular material equilibrium is reached when the system of inter-particle forces is
in equilibrium. Due to the forces acting on them (body forces, excitation), the
transmission of the loads are carried via these inter-particle contacts or force chains
[95]. The behaviour of the material is considered elastic as long as the displacement
between particles is slight. These displacements could rearrange the contacts but the
bulk deformation is considered recoverable.
An example of this equilibrium is found in a pile of dry sand. It is impossible to
build a pile with nearly vertical sides. The material tends to equilibrate collapsing
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sure distribution reallocates, being able to exert compression forces on the walls of
the order of 80% of the weight [83].
1.2.4.2. Dynamic properties of a granular medium
The flow in granular materials occurs when the displacement between the particles
is large enough that the contact between those is lost, causing the particles to roll
and glide between them. The transition from the static or stagnant condition to flow
is known as a non-equilibrium dynamic transition or jamming transition [96]. An
example is given with any pile of granular material which is at repose,
Figure 1-7 (a). It will tend to flow as long as the base is raised to a certain angle that
breaks its internal friction angle, see Figure 1-7 (b).

(a)

(b)

Figure 1-7. (a) A pile of mustard seeds at repose. (b) The same pile after the base is raised
causing sliding of the seeds [48].

The jamming transition is a topic that deserves special attention. It relates the
transition from a stagnant condition to a fluidization of the material. A simplified
model is presented by [15]. The model assumptions neglect the frictional forces
between particles in order to focus on the interaction of the chain forces clusters.
The system will remain in equilibrium as long as the supported loads are compatible
with the chain forces, in this case the longitudinal compressive forces, see
Figure 1-8 (a). The particles in an elastic regime may present finite deformability,
carrying transverse loads Figure 1-8 (b). A disturbance in the granular structure will
occur when the loads are not compatible with the cluster. For real domains of
granular material, it means it is present when the transversal load exceeds the frictional forces in the chain.
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(b)

Figure 1-8. (a) Compatible loads for a force chain without friction resistance. (b) Finite
deformation in particles carrying small transverse loads [15].

The transition from static to a dynamic condition for granular materials is ruled
not only by the friction between particles, but also by the collisions among them.
The predominance of friction or collision between particles is directly defined by the
coefficient of elastic restitution of the material, prevailing collision in the material
for larger values of this coefficient. Due to these conditions, it has been stated by
different authors that the representation of a flow in a granular medium could not be
described by the Brownian motion ([48], [29]). An example to discard this representation is the segregation presented in the medium when it is applied shaking cycles
to the domain.
The classification of granular flows is in terms of the predominant regime of interaction between the particles. Rapid granular flows are characterized by large
velocity gradients, presenting high collisions between particles; in contrast, slow
flows present particles in contact most of the time [9].
1.2.5.

Granular material numerical simulations

Numerical simulations offer the possibility to explore the effect of diverse parameters which are not accessible to experimentation. Simulation of granular flows is not
the exception. There is not a full comprehensive theory to predict their behaviour in
the industrial processes neither in nature phenomena; therefore, the use of numerical
models allows us to compare with experimental as well to explore diverse parameters that are not possible through experimentation.
Due to the inherent behaviour of granular flows, many proposals for their modelling have been defined. Generally, they could be classified in two main groups:
discrete methods and continuum methods, both of them presenting their own advantages and drawbacks [29].
Discrete methods born from the natural idealization of the particles interaction
controlled by their contact and defining their motion explicitly [21]. These methods
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are generally considered as the more suitable way to describe granular materials
since they are a conglomeration of discrete particles. The application of these methods in slow and rapid flows arise from the similitude with the material applying
kinetic theory to obtain constitutive relations that govern the interaction between the
particles [85].
In classic discrete methods, the particles are characterized as hard and soft
spheres. In the first case are the so-called event-driven models (ED), which the
collisions between grains are nearly energy conserving; the second are defined for
the molecular dynamics models (MD), taking into account the elastic restitution of
the spheres, allowing to penetrate into each other.
The velocity profiles play a fundamental role for comprehending granular flows.
On discrete methods, the formulation for the velocity prediction is established in
terms of kinematic models. Generally this assumption is considered as a drawback
of these models since the velocity profiles are defined as a function of geometric
parameters instead of a stress-strain relation.
A variant of the traditional discrete methods is the Smoothed-Particle Hydrodynamic method (SPH). The method consists in the representation of a domain by a
set of arbitrary distributed particles where no connectivity is needed – a meshfree
method. It was originally conceived for astrophysical problems in three-dimensional
space, but its application was extended for dynamic fluid flows [66]. In recent
years, the capability of this method to model granular material has been also explored [11].
The use of discrete methods for modelling granular flows in industrial processes
has been widely investigated over the last three decades. They have been used widely for silos discharge simulations ([41],[35],[37],[60]); milling processes in mining
industry ([70],[53]); among other processes. Numerical results have been useful to
understand the kinematics of granular flows in those industrial processes. However,
they present important drawbacks, such as the large number of particles needed to
represent real processes; the large computational cost to define the contacts between
particles; and the difficult to represent stresses and pressures in the material.
The use of the continuum approach to formulate a model for granular materials
is not recent. This assumption has been traditionally used for soils mechanics, generally under static and compression conditions, and in recent decades it has been
extended for granular flow problems. In order to relate a discrete system as a granular domain into a continua, studies such as the one given by Duran [29], demonstrate
that describing the kinematics of the media by differential equations is correct as
long as the number of particles involved is large enough. The concept is merely
intuitive and consists in relate the discrete description into a continuum by defining a
surrounding space over each particle, large enough to overlap neighbouring particles. Defining a proper function for the surrounding cloud of each particle, the assumption enables to define variables, as density r and macroscopic velocity v ,
through a set of macroscopic quantities continuous in space and time.
The finite element method is based on the discretization of the variational principles defined for the continuum theory. Extensive studies on variational principles
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for granular materials can be found in ([20],[22],[61]). As any other continuumbased model, the balance equations for mass and momentum are to be complemented by an appropriate constitutive model that represents both the failure and the flow
mechanisms in the material. One of the drawbacks of the continuum approach is
connected with the description of velocity fields equations, since there is no agreement as how to express these equations. One of the solutions to overcome this difficulty arrives from plasticity theory, assuming that stresses and velocity profiles are
correlated by the proper definition of a flow rule ([75],[90]).
Due to the large deformations exhibited by granular flows, the Eulerian description is in principle more suited for models in stationary regime. For industrial processes, like silos discharge, we could find diverse works that employ Eulerian mesh
descriptions ([81],[56],[31],[106]); similarly, simulations of debris flows following
this approach can be encountered in [72]. The advantage of the Eulerian approach is
that the description of the granular flow can be carried out with a fixed mesh; likewise, the prediction of internal stresses and pressures in the material as well as in the
containers are relatively straightforward to obtain. On the other hand, among the
main disadvantages, it may be mentioned the difficult to determine the free surface,
and the study of transient phenomena.
By contrast, Lagrangian descriptions do allow us to model free surfaces conditions. The first attempts to leverage this were made through the Arbitrary Lagrangian-Eulerian (ALE) method, a hybrid technique that captures the advantages of both
descriptions and minimizes their disadvantages [3]. Even though we could find work
exploring ALE in granular flows [103], it has not been so extensive its inclusion.
One of the main drawbacks of the technique is the arbitrary definition of the Eulerian and Lagrangian meshes by the user, being susceptible to present abrupt deformations and numerical singularities. This condition constraints the methodology to
model large deformation problems (e.g. milling processes and impact of granular
flows as in debris-flows).
The Particle Finite Element Method (PFEM) arises as an evolution of meshless
methods applied to fluid flows. It is defined in a Lagrangian description, but the
drawbacks inherent due to the large deformation of the mesh are avoided with robust
techniques of discretization and remeshing [46]. In the field of granular materials,
recent works have explored the possibilities of such a technique in the simulation of
bed erosion due to fluid-structure interaction [80]; ground excavations [14]; and dam
structures [64].
The PFEM technique enables us to study large deformation problems such as
granular flows. This advantage, together those inherit to the standard finite element
method –proper description of internal stresses and pressure– allow us to define an
appropriate and robust numerical tool to perform models of granular flows in industrial processes as the milling of granular and the discharge of silos.
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1.2.6.

Constitutive models for granular flows

The basis of a continuum description is the relationship between deformation and
stresses given by the constitutive model. Nowadays, there is no a constitutive model
capable to reproduce every singular condition of granular flows, let alone for granular materials in general. It is of fundamental importance, therefore, to develop theories able to characterize and predict the complex behaviour of granular materials.
The description of constitutive models for granular materials generally are described in terms of the Saint-Venant’s hypothesis (also known as the coaxiality condition [40]). This hypothesis states that the principal axes of the stress and strainrate tensor should coincide. This assumption leads to material isotropy as well as to
the definition of the rate of strain tensor as a function of the Cauchy stress tensor.
Granular materials present a pressure sensitive behaviour, which means, the
flow properties of the material depend on the first invariant of the stress. Although
this dependence is usually assumed linear, experimental studies [105] reveals that
for large compaction levels the deviation from the linear dependence may become
significant. Therefore, the adoption of such assumption excludes the possibility of
modelling processes where compaction due to external loads is significant [43].
Mohr-Coulomb and Drucker-Prager models define their failure criterion in this
pressure linear dependency. Both models are defined essentially in terms of two
material parameters, namely, the internal frictional angle q and the material cohesion c .
The Mohr-Coulomb yield surface defines, in terms of principal stresses, the
failure of the material through a critical combination of the shear stress and its volumetric pressure for any plane [3]. This relationship is linear and the failure is
reached when some point is located on the limit of the elastic domain defined by its
yield surface. This linear relation is stated through the following equation:

qMC = c - σ tan q

(1.1)

where q MC is the magnitude of the shear stress and σ the normal stress on the plane.
This criterion could be seen as a generalization of Tresca’s criterion2 since its maximum tangential stress strength depends of its stress state [107].
In terms of the principal stresses, the Mohr-Coulomb yield surface can be rephrased as

1
1
F ( σ ) º ( σ1 - σ3 ) + ( σ1 + σ3 ) sin q - c cos q = 0
2
2

(1.2)

Observe that the failure criterion depends on the maximum and minimum principal stresses.
The other well-known alternative is the Drucker-Prager yield surface. Similarly
to the previously described criterion, this model establishes a linear dependence
between the material strength and the pressure exerted on the material. The expres2

Tresca’s and Mohr-Coulomb yield surfaces will coincide setting the internal friction angle to a null

value for the frictional material and defining its cohesion as the maximum shear stress possible.
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sion for the failure criterion, expressed in tensor invariants, is given by the following
expression:
12

F ( σ ) º a I1 + ( J2' )

-b = 0

(1.3)

where I1 and J 2 are the first and second invariants (the apostrophe stands for the
invariant of the deviatoric tensor), and a and b the Drucker-Prager internal friction
angle and cohesion respectively. The invariants for the stress tensor are defined as
follows:

I1 = J1 = sii = Tr ( s )
1
1
1
J 2 = sij s ji = ( σ : σ ) = Tr ( σ ⋅ σ )
2
2
2
1
1
J 3 = sij s jk ski = Tr ( σ ⋅ σ ⋅ σ )
2
2

(1.4)

As may be inferred from the preceding equations, the model is independent of
the third stress invariant, which means that for a certain point that reaches the yield
surface, all the rest of points with the same magnitude of the other two invariants
will yield.
The material parameters, internal friction angle and cohesion, of the DruckerPrager and Mohr-Coulomb models are related using the proposal of [51]
a=

b=

2 sin q
3 ( 3 - sin q )
6c cos q
3 ( 3 - sin q )

(1.5a)

(1.5b)

In contrast with the Mohr-Coulomb failure criterion, it represents a cone along
the hydrostatic axe, being the Mohr-Coulomb surface embedded inside the DruckerPrager surface, as shown on Figure 1-9.
As opposed to the Mohr-Coulomb criterion, the Drucker-Prager model establishes the failure condition for all points with the same value of the invariants I1 and
J 2' , since it is independent of the third invariant.
In order to improve the capability of the models, many enhancements have been
developed. Among them it is found the use of multiple surfaces, as in the Cam Clay
model proposed by [88] and its subsequent modifications; multiple parameters cap
models like the one proposed by [91]; formulations based on the bounding surface,
developed by [27], and extended in ([65],[8]); isotropic and anisotropic kinematic
hardening ([74],[5],[82]); and endochronic plasticity theory for cycling loads
([1],[101]). All these enhancements in the models provide more accurate descriptions of granular media, but at the expense of simplicity, forcing to characterize the
material in terms of several parameters [105].
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Figure 1-9. Drucker-Prager / Mohr-Coulomb yield surfaces.

Broadly speaking, the modelling of granular flows has two relevant aspects to
be considered. First, the volume variations present on granular material during deformations. Granular flows present dilatation or volume expansion, while in other
cases due to shearing or large compaction forces there is presence of contraction
[40]. In consolidated materials or dense flows, the dilation effect occurs at the initial
stages, decreasing until the effect dissipates [75]. It is important, in plasticity theory,
to ensure a correct flow rule that predicts with sufficient accuracy the deformation
path.
The second consideration in the modelling process is the energy dissipation for
cohesionless materials [40]. The model has to represent the dissipative mechanisms
due to the friction and collisions between particles. Some approaches to overcome
this difficulty is through hardening and softening rules or by the formulation of
plasticity failure using a non-associative flow rule [107].

1.3.

Objective and scope

The overall goal of this work is to develop a numerical tool for the simulation of
cohesionless dense granular flows and with emphasis on applications for industrial
processes. Two main objectives are defined in order to achieve this goal:
 To establish a constitutive model capable to reproduce the stress-strain relations for cohesionless granular slow flows.
 To develop a numerical algorithm capable to perform large deformation transient problems based on the PFEM.
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The scope for each main objective is summarized as follows. First, the constitutive model is developed in the framework of large deformation visco-elastoplasticity. The model has to be able to reproduce the kinematics of cohesionless
granular flows, as well as the jamming transition from the stagnant condition. As
mentioned earlier, the variations in volume are not relevant; for this reason, the
material is treated as nearly incompressible.
In order to circumvent locking problems, it is proposed the decoupling of the
constitutive model via a mixed formulation in terms of displacements and pressures.
The stabilization method for the pressures is defined via the polynomial pressure
projection proposed by [28].
The proposed numerical algorithm is based on the Particle Finite Element
Method (PFEM), a method specially conceived for large deformation problems.
The spatial discretization and remeshing process is enhanced by a robust reconnection algorithm capable to correct and optimize the mesh as the deformation proceeds. The granular material-structure interaction is treated using a contact method
derived from the Contact Domain Method proposed by [77]. The assembly of these
algorithms will allow handling large deformation problems with relative coarse
meshes in a robust and efficient manner.
It has been stated before that no model for granular materials is capable to reproduce all kinematic and static conditions –for any material and geometric parameters. Needless to say, the proposed model is no exception; the following assumptions have been taken into account in developing it:
 The domain under study has to be considerable larger than the size of particles in order to use a continua formulation.
 The material model is suitable for dense granular materials. This means that
during the flow condition, particles tend to remain in contact. Intrinsically,
this assumption leads to slow granular flows, since for rapid flows the kinematic condition that prevails is the collapsing of particles instead of the frictional.
 The constitutive model is based on a Drucker-Prager yield function, which is
based on the coaxiality condition. This assumption is correct for materials
with isotropic behaviour. In order to satisfy this condition, the granular particles have to be homogeneous in size and shape.

The scope of this work is to fulfil the objectives by modelling dense granular
flows in diverse kinematic conditions. The set of experimental examples conducted
by [62] has been chosen to validate the constitutive model. The robustness and
efficiency of the numerical simulation is studied by comparing the model results
with the experimental study of a silo discharge performed by [89]. A second industrial application is explored; it consists in the study of the motion of a charge in a
tumbling mill; we compare the numerical simulation of our method with experimental results of a rotational cylinder as a scale model of a milling drum conducted
by [94].
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1.4.

Document outline

The document layout is as follows: Chapter 2 presents the employed continuum
constitutive model. The model is based on a Drucker-Prager yield function in the
framework of plasticity theory for large deformation problems. The incompressibility condition is solved by expressing the formulation in a mixed scheme with a
proper stabilization method for pressures.
The numerical formulation is developed in Chapter 3. A brief summary of the
PFEM is described as well as the implemented remeshing criteria. Thereafter, it is
presented the numerical integration for the constitutive model. The chapter ends
with the description of the contact method proposed to model the solid-granular
material interaction.
A validation example is presented in Chapter 4. It is based on the experimental
model of a granular material spreading over a plane surface proposed by [62]. The
numerical results are compared with those obtained by the experiment.
In order to assess the capabilities of the proposed model to replicate granular
flows in practical situations, Chapter 5 presents numerical simulations of two industrial applications. The first simulation is based on the experiment conducted by [89],
where a full scale silo discharge was studied in order to determine characteristic
flow patterns. A comparison between experimental results of the silo discharge, and
finite element prediction, is carried out. The second and last example is a simplified
milling process proposed by [94]. Granular material is placed in a cylindrical drum
in order to study the energy system required to keep it in motion.
Chapter 6 presents a summary of the achievements reached as some concluding
remarks. Finally, there are identified key points for further work.

Chapter 2
Continuum description of dense granular
flows
Granular materials are defined as large conglomerations of discrete particles connected each other by the contact between them. The assumption of modelling a
discrete media as a continuum has been subject of extensive study. It has been
demonstrated that the differential equations used to define the kinematics of their
deformation become correct as the number of particles increases ([29], [38]). The
continuum approach allows us to interpret the particle interaction as a transmission
of energy through the domain by a mathematical formulation. Under some considerations, the microscopic relations of the particles are properly transformed into
macroscopic equivalents in terms of the material properties.
The definition of a unique model capable of representing any physical condition
for any material is difficult to establish, if not impossible. Granular materials models are not an exception, even more when it has been stated in the previous chapter
the diverse behaviours that these materials present under different kinematic conditions. This chapter presents a constitutive model in a continuum formulation proposed to simulate dry dense granular slow flows, able to differentiate stagnant and
flow zones as well as the jamming transition between these conditions.
The constitutive model is based on the concepts of plasticity at large strains.
The yield surface is defined in terms of a Drucker-Prager yield function characterized by two constitutive parameters, the cohesion and the internal friction coefficient, and provided with a solely deviatoric plastic flow. The material flow condition is considered nearly incompressible so the proposal is integrated in a u - p
mixed formulation with a pressure stabilization proposed by [28]; and the elastic
part is defined by a hypoelastic model.
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The present chapter comprises the development of the model from the kinematic
equations necessary to state the constitutive model, through its formulation via a
visco-elasto-plastic formulation and the statement of the weak form of the balance
equations.

2.1.

Phenomenological description of dense granular flows

The model is derived within the framework of continuum, large deformations; as
mentioned in the previous chapter, the domain under study has to be large enough to
be described properly by this approach. Figure 2-1 shows the continuum idealization of a control volume in a granular domain.

tc




Figure 2-1. Continuum representation of a granular media in a container.

The representation defines an open and bounded domain W , delimited by its
boundary G , and subject to external stresses t c , generally due to the interaction with
a container. The flow problems to be presented here are strongly influenced by the
container where the phenomena take place. The kinematic response of the material is
affected by the interaction between the granular material and its confinement. The
numerical model has to be suitable to represent two limit cases, as shown in
Figure 2-2: one in which the material interacts with a frictionless surface, and another in which the surface exhibits a high degree of roughness. Likewise, the contact
methodology has to be robust enough to support the presence of large deformations
and to be capable of interacting with non-regular geometries.
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(b)

Figure 2-2. Limit cases for a solid-granular material interaction: (a) frictionless surface,
(b) high roughness on the surface.

It is important to define the flow conditions and granular materials that the model intents to represent. The model is proposed for dry dense granular materials, with
the aim to characterize the static condition of the materials at rest as well as for slow
granular flows, including its jamming transition. The statement of dense granular
flows implies small velocities in the material as well as the assumption for the granular particles to remain in contact while the material spreads or flows. The term dry
refers for granular materials with a negligible interstitial fluid between the particles,
defining a non-cohesive or nearly cohesionless state for the particles interaction.
The mechanical properties of dense granular materials are governed by the frictional interaction between the particles, which means that the deformations that the
material experiences while flowing do not present significant volumetric variations;
this fact allows us to assume that the material is nearly incompressible. In this
sense, the model is not suitable for industrial processes where granular materials are
subject to compaction or to dispersion.
The material properties are considered for non-cohesive granular media. In order to represent a frictional response between the particles, the presence of any other
material between the grains is ignored. The isotropy assumption of the model is
conserved maintaining a high homogeneity in size and shape of the granular particles. Even so, this assumption is achieved when the particle size is considerable
small compared to the size of the domain under consideration.
The model herein described is defined in a two dimensional space for numerical
aspects that will be described in the following chapters; nevertheless, the model is
suitable to handle a full three dimensional description. The numerical simplification
has impact in the examples to be chosen. These examples are industrial processes
that could be described in an axisymmetric and plain strain description as shown in
Figure 2-3.

22

z

(a)

y

r

x
y
(b)

z

y

x

x

y

Figure 2-3. Two-dimensional modelling of volumetric examples. (a) Axisymmetric representation of a cylindrical container. (b) Plain strain model of a rotational drum.

2.2.

Kinematic of plastic large deformations

The mathematical description of continuum mechanics is defined through the motion of continuous finite particles in a body. The flow of granular media naturally
entails large variations in their geometry; therefore, the kinematic description of the
body is to be established within the frame of a large deformation formulation.
The domain to represent is denoted by W Î 2 , and it is assumed to be formed
by a continuous set of particles enclosed by a boundary G . The notion of particles
here corresponds to infinitesimal material points of the domain and not to the granular particles of the medium. The mechanical response of the body is given by the
deformation of the body under its loading condition in a certain time interval
t = [ 0, T ] .
The analysis is defined through a reference configuration, generally stated at
t = 0 ; the subindex ( · )o stands for all variables established in the reference configuration. The body motion is expressed as the mapping of a material point between a
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reference configuration and the current one, defined by the subindex ( · )t . The
mapping states a unique correspondence between configurations, expressed by
x = j ( X, t ) = jt ( X )

(2.1)

for all X ÎWo and t > 0 ; and j is a smooth mapping function defined by
j : Wo  Wt Ì 2 . A two-dimensional representation for the motion of a continuum body is expressed in Figure 2-4.
F
(X,t)
X
t



x

X2 ,x2

X1 ,x1

Figure 2-4. Configuration and motion of a continuum body – two-dimensional representation.

The displacement is a vector field relating the position of a particle between the
current and the reference configuration. Its expression in a Lagrangian or material
description is given by
U ( X, t ) = j ( X , t ) - X

(2.2)

and let denote by u ( x, t ) the spatial counterpart of U . The velocity and acceleration
fields are defined by the first and second time derivatives of the motion j , respectively; the material description of the velocity field and the acceleration field reads,

¶j ( X, t )
¶t

(2.3a)

¶ V ( X, t ) ¶ 2j ( X, t )
=
¶t
¶t 2

(2.3b)

V ( X, t ) =
A ( X, t ) =

denoting v ( x, t ) and a ( x, t ) the spatial counterparts of V and A , respectively.
An important tensor in the description of the deformation in nonlinear continuum mechanics is the deformation gradient F . It represents the Jacobian matrix of
the motion of the body; its expression in Cartesian coordinates reads:
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F=

¶j ( X, t ) ¶U ( X, t )
=
+1
¶X
¶X

(2.4)

where 1 is the second order symmetric unit tensor with components 1ab = dab . The
determinant of the deformation gradient is known as the Jacobian determinant, and it
is a scalar variable useful to relate the integrals in the current and reference configurations.
J = det F

(2.5)

As it is customary in the literature of large plasticity theory, it is adopted the assumption of the local multiplicative decomposition of the deformation gradient into
a plastic and an elastic part:

F = Fe ⋅ F p

(2.6)

where F p represents a pure plastic deformation from Wo to a certain stress-free intermediate configuration [93], and Fe a pure elastic loading from such an intermediate configuration to the current configuration Wt .
On the other hand, the rate of deformation tensor d is defined by the symmetric
part of the spatial velocity gradient l = v .

d=

1
( l + lT
2

)

(2.7)

For the particular case of granular material flows, it is also assumed that the
elastic deformations of the body are small compared with the total ones. In this
sense, it is assumed a kinematic description that considers arbitrarily large plastic
deformations and small elastic strains. A valuable implication of this assumption is
that the Euler-Almansi strain tensor, defined as

e=

1
( 1 - F-T F-1 )
2

(2.8)

inherits the additive structure of classical small strain formulations [57]

e = ee + e p
= 21

(

p-T

p-1

(2.9)

)

1- F F
are the elastic and plastic parts of the rate of
where e and e
deformation tensor, respectively. This property holds also for the rate of deformation tensor:
e

p

d = de + d p

(2.10)

where d e and d p are the elastic and plastic parts of the rate of deformation tensor,
respectively. This decomposition allows us to afford a remarkable aspect of simplicity in deriving the ensuing constitutive equations.
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Constitutive model for dense granular flows

The proper definition of a model entails a balance between its capacity to represent a
phenomena and the simplicity of the model. Granular materials exhibit mechanical
properties corresponding to solids and fluids depending on its kinematic condition;
in order to represent this phenomenon, the model proposed has to be enriched
enough to differentiate both behaviours as well to remain as simple as it gets to be
efficient in the numerical analysis.
The constitutive model is developed within the framework of large plastic-small
elastic deformations through a hypoelastic model. The condition of plastic yielding
is based on a Drucker-Prager yield function that relates linearly the norm of the
deviatoric stresses with the hydrostatic pressure exerted on the material. The mechanical condition to define a stagnant and fluid zone in the material is given by the
elasto-plastic formulation. The plastic condition allows the material to yield when
the stress state reaches the strength capacity of the material, while the elastic condition permits the material to reach a stagnant configuration. The flow regime requires
the inclusion of viscous behaviour; here it is proposed a visco-plastic regularization
via a Duvaut-Lions type model.
2.3.1.

Elastic response

For the elastic response, it is proposed a class of model of phenomenological, rate
independent, plasticity obtained by an ad-hoc extension of the infinitesimal theory,
which relies on a hypoelastic characterization of the elastic behaviour. In this sense,
the relation strain-stress is defined in terms of the rate of deformation tensor, given
by:


τ = c : éë d - d p ùû

(2.11)

where τ is the Kirchhoff stress tensor, c is an isotropic elastic module, constant in
the spatial reference configuration, and (·) denotes any objective stress rate. The
model is posed for large plastic – small elastic deformations.
The objective derivative for equation (2.11) is defined by the Lie derivative of
the Kirchhoff stress tensor. Therefore
Lv τ = c : éë d - d p ùû

(2.12)

and the spatial elasticity tensor c is defined as:

æ
è

1
3

ö
ø

c = 2m çç i - 1 Ä 1 ÷÷÷ + k 1 Ä 1

(2.13)

Where m is the Lamé’s second parameter or shear modulus, k the bulk modulus,
and i the fourth symmetric unit tensor, with components iabcd = 21 [ dacdbd + dad dbc ] .
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This fourth order tensor is characterized by possessing both major and minor symmetries.
cabcd = ccdab = cbacd = cabdc

2.3.2.

Yield condition

As previously mentioned, the yield condition used in this work is derived, essentially, from the Drucker-Prager type criterion. It defines a linear relation between the
hydrostatic pressure and the deviatoric part of the stress tensor; this idealization have
been studied and applied for different granular models. The Drucker-Prager yield
surface is widely used instead of the Mohr-Coulomb model, since the first is independent of the third invariant – embedding the Mohr-Coulomb model by a conical
surface.
The equation for the yield surface, described previously in equation (1.3), can be
rephrased, after some manipulation, as

1
f ( τ ) = dev τ + b1 tr τ - b2
3

(2.14)

where τ is the Kirchhoff stress tensor; parameter b1 represents the slope of the
Drucker-Prager line, being referred as the parameter of the internal friction; and b2
is customarily referred to as the material cohesion, and it can be interpreted as the
shear strength under zero hydrostatic stress – defined by the intersection of the
Drucker-Prager yield surface with the q-axis3. Equation (2.14) is rewritten, in terms
of the Kirchhoff stress invariants, by the following equation:

1
f ( τ ) = q + b1 p - b2
3

(2.15)

The relation of b1 and b2 with the Mohr-Coulomb’s material internal friction
angle and cohesion is deduced comparing equation (2.14) with (1.3) and using the
correlation of those parameters given in equations (1.5a) and (1.5b):
b1 =

6
sin q
a=2 6
( 3 - sin q )
2

(2.16a)

b2 =

2
c cos q
b =2 6
( 3 - sin q )
2

(2.16b)

Thereby, b1 could be seen as an equivalent internal friction angle, while b2 as
an equivalent material cohesion in the Drucker-Prager model. A two-dimensional

3

From now on, the yield condition is formulated in terms of the Kirchhoff stress invariants

p = 1 3 I1 = 1 3 tr τ and q = 2J2 = dev τ : dev τ as
deviatoric stress, respectively

the mean stress and the norm of the
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representation of the Drucker-Prager yield surface is given in Figure 2-5; it is observed the full dependency on these two parameters to describe the model.
q

q

b

2

b1

p*

pa

p

p

Figure 2-5. Two-dimensional Drucker-Prager model.

The relation between Drucker-Prager material parameter b1 and the internal friction angle of the Mohr-Coulomb’s model q is plotted in Figure 2-6. It is observed
that the maximum value is reached when the Mohr-Coulomb internal friction angle
is equal to p 2 .
2.5

2

1.5

b1
1

0.5

0
0

/8

/4

/8

/2

 (rad)

Figure 2-6. Drucker-Prager and Mohr-Coulomb internal friction angle relationship.

Constitutive models for granular materials with a linear dependency between the
hydrostatic pressures and their resistance to shear – as the Mohr-Coulomb or Drucker-Prager – are defined until certain value corresponding to the vertex of the surface,
in this case pa , see Figure 2-5. In order to define a valid stress state for loading
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conditions with pressures greater than the vertex, it is necessary to introduce a proper regularization.
In this work we propose to regularize the function at the vertex by a von Mises
yield criterion, as displayed in the circled area in Figure 2-5. As it is observed, the
regularization takes place after a certain pressure level p* < pa and defines a wellposed load state for pressures greater than this pressure reference. The yield surface
for the von Mises regularization is defined similarly than equation (2.14)
f* ( τ ) = dev τ - q*

(2.17)

*

where q = b2 -b1 p is the norm of the deviatoric stress tensor corresponding to p* .
This implementation is considered as a regularization for the Drucker-Prager yield
surface and not a two-surface model since the examples here treated represent dense
granular domains mainly on compressive regimes, and as it will show in Chapter 4
and Chapter 5, it is few the amount of material with pressures above the vertex (tensile regime).
*

2.3.3.

Flow rule and plastic potential

For large deformation problems, the rate of deformation tensor is decoupled as
shown in equation (2.10). The plastic rate of deformation tensor d p is computed
using the concept of flow rule:
d p = lm

(2.18)

where l is a positive definite scalar factor referred to as consistency parameter or
plastic multiplier, and m a plastic flow vector associated to the yield surface. The
plastic multiplier must obey the standard Karush-Kuhn-Tucker loading/unloading
conditions plus the consistency condition [93]. In the context of rate-independent
plasticity the former conditions read as:

l ³ 0
f( τ ) £ 0

lf ( τ ) = 0

(2.19)

and for the consistency condition is given by
 (τ) = 0
lf

(2.20)

Furthermore, each plastic flow vector m is presumed to be aligned with the gradient of a certain plastic potential function j , i.e. m = ¶j ¶ τ .
The plastic potential states the mechanical behaviour of the deformation once
the loading state reaches the yield condition. For slow and dense granular flows the
mechanical behaviour of the material is governed by frictional forces rather than
collision of the particles. In this case the material is considered nearly incompressible [9]; for this reason, it is proposed a non-associative plastic potential with a solely
deviatoric component for the model.
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j( τ ) =

1
dev τ
2

2
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(2.21)

Therefore, the plastic rate of deformation tensor can be written as
¶j ( τ ) 
d p = l
= l dev τ
¶τ

(2.22)

Since d p is proportional to the deviatoric tensor, the flow rule asserts plastic incompressibility. While dilation in dense flows do occur, it is typically on the order
of only a few percent and quickly reaches a steady value over large deformations
[90]; hence, the plastic incompressibility approximation should have negligible
effect on the velocity field of a dense granular flow.
The solution of the elasto-plastic part of the proposed model for dense granular
flows are defined by equations (2.12), (2.15), and (2.22), plus the loading/unloading
and consistency conditions given by equations (2.19) and (2.20).
Even though the concavity of the overlapped yield surface, due the deviatoric
non-associative plastic potential, all the returning maps are well posed in a single
value. The admissibility of the proposal is reviewed by the energy dissipation of the
system or thermodynamic consistency that should satisfy the following inequality

D = τ : dp ³ 0

(2.23)

which could be seen as the Drucker’s inequality for large deformation problems.
Substituting equation (2.22) into equation (2.23)

D = l ( dev τ :dev τ ) ³ 0

(2.24)

and considering the definition of the slip rate, it is ensured that the plastic dissipation
as the double contraction product of the deviatoric stress tensor is a non negative
scalar value.
2.3.4.

Visco-plastic regularization

As pointed out in the previous chapter, constitutive equations for granular material
flows are still a matter of debate. One difficulty is that granular material can behave
like a solid (e.g. in a powder heap), a liquid (granular flows), or a gas (existence of
interstitial fluid). For the solid-like state, the elasto-plastic constitutive model described in Section 2.3.3 characterizes this condition; however, the jamming transition and the flow regime require the inclusion of a viscous behaviour.
The fundamental features of granular flows in this regime are: a yield condition
that defines a shear stress limit below which the grain does not move; and a general
non-linear dependence on shear rate when flowing. In this sense, granular behaviour
shares similarities with classical visco-plastic models that were developed to ensure
that dynamic problems remain hyperbolic since the existence of well-defined yield
stresses are difficult to achieve [67].
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The regularization is defined via a Duvaut-Lions type model. The new flow rule
reduces to
d vp =

1 -1 é
c : ë τ - τ ep ùû
tR

(2.25)

where t R refers to the relaxation time, and τep corresponds to the solution of the
elasto-plastic part of the model described in previous section.
Now, the strain-stress relationship defined by the hypoelastic model given in
equation (2.12) is modified by decoupling the rate of deformation tensor in an elastic
and a visco-plastic part.
Lv τ = c : éë d - d vp ùû

(2.26)

which is rewritten replacing the visco-plastic definition of the rate of deformation
tensor given in equation (2.25).
Lv τ = c : d +

1
( τ - τ ep )
tR

(2.27)

Box 2.1 summarizes the constitutive model proposed in this work to describe
the behaviour of a dense granular flow.
Elastic response
Lv τ = c : éë d - d vp ùû

Yield function and elastic domain in stress space

1
f ( τ ) = dev τ + b1 tr τ - b2
3
Etˆ := { τˆ | j ( τ ) £ 0 }

Flow rule
d vp =

1 -1 é
c : ë τ - τ ep ùû
tR

where τ ep is solution of the following sub-problem
Lv τ = c : éë d - d p ùû
d p = l dev τ
l > 0

f( τ ) £ 0

 (τ)= 0
lf

Box 2.1. Visco-elasto-plastic model for dense granular flows.
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Initial boundary value problem

The local equations of motion, in the Eulerian description, take the form:

⋅ σ +r b - r

Dv
=0
Dt

(2.28)

where σ is the Cauchy stress tensor, r the density, b the body force, and v the
spatial velocity field. The term D ( · ) Dt denotes the material time derivative of
the spatial velocity field.
In order to state the problem properly it has to be completed with appropriate
boundary conditions; towards this end, the boundary of the domain is assumed to be
split as
G = Gt È Gu

(2.29)

Gt Ç Gu = 0

(2.30)

and
where G u stands for the portion of G in which Dirichlet boundary conditions are
imposed – displacement fields; whereas Gt corresponds to the portion into the Neumann conditions are prescribed, tractions [42]. These boundary conditions are given
by the following relations (the overline ( · ) stand for prescribed boundary functions)
u=u

on

Gu

(2.31)

σ⋅n = t

on

Gt

(2.32)

and
where u is the displacement field in its spatial description, and n a unit vector normal to an infinitesimal surface section.
The loading conditions in the system for granular flows are strongly related to
the body forces (gravity forces) and for industrial processes by the interaction with
their confinement. In the case of the interaction of the material with its confinement,
the contact forces have to be well posed by a contact methodology.
The dynamic analysis for the model requires initial conditions for the displacement and velocity fields which in turn have to achieve compatibility with the boundary conditions. The formulation, in the strong form, of the initial boundary value
problem is given in Box 2.2.
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Balance equation

⋅ σ +r b - r

Dv
=0
Dt

Boundary conditions
u=u

on

G u = jt ( ¶Wo )

σ⋅n = t

on

G t = jt ( ¶Wo )

Initial conditions
u ( x, to ) = uo ( x )
u ( x, to ) = v o ( x )

Compatibility restriction
u ( x, to ) = u o ( x )

u ( x, to ) = vo ( x )
Box 2.2. Strong form of the initial boundary value problem for a given time t

2.5.

Incompressibility problem

In section 2.3.2 the plastic flow rule proposed for the model was described. This
plastic flow rule is a (non-associative) deviatoric flow rule, which aims at describing
the incompressible behaviour of the material while flowing. Indeed, the material is
allowed to deform only by shear stresses, without volumetric changes in the plastic
regime; in its elastic range the volumetric variations are considered small. Due to
these characteristics, the so-called locking phenomena may emerge when solving the
weak form of the momentum equation using standard, irreducible formulations. In
order to circumscribe this problem, a mixed formulation is proposed.
The mixed form is expressed in terms of the displacement field u and the pressure p (in terms of a Cauchy stress tensor, being defined below) as variables to
solve. The construction of the mixed formulation is defined by the decoupling of the
Cauchy stress tensor into its deviatoric dev σ and volumetric p1 parts. The balance
of momentum, equation (2.28), can be expressed as:

⋅ dev σ + ⋅ p1 + r b - r

Dv
=0
Dt

(2.33)
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The pressure p is provided from a hyperelastic deduction of the pressure for a
nearly incompressible material, given in Ref. [6], by the following expression:

p =k

ln J
J

(2.34)

Equation (2.34) could be expressed as a dimensionless equality as follows

ln J 1
- p=0
k
J

(2.35)

Equations (2.33) and (2.35) are the basis to formulate the finite element method equations to solve our problem.

2.6.

Weak forms

As usual, the weak form of the momentum equation is obtained by taking the dot
product of equation (2.33) by a test function dw and then, integrating over the current configuration:

òW d w ⋅ (  ⋅ dev σ + ⋅ p1 + r b - r v )d Wt = 0
t

(2.36)

where the displacement field u ( x,t ) and test functions should satisfy respectively
the following conditions.
u ( x, t ) Î j = { u ( x, t ) : jt ( Wo )   2 , u = u for x Î Gu }

(2.37)

d w ( x ) Î j = { d w ( x ) : jt ( Wo )   2 , d w = 0 for x Î Gu }

(2.38)

Using the divergence theorem, equation (2.36) we get

òW ( d w ) : [ dev σ +p1 ]d Wt - òW d w ⋅ ( r b )d Wt
t

t

- ò d w ⋅ t d G + ò d w ⋅ ( r v )d Wt = 0
Gt

(2.39)

Wt

The weak form of equation (2.35) reads

æ ln J 1 ÷ö 1
- p ÷÷ d Wt = 0
k øJ
J

òW dq ççè
t

(2.40)

where d q is a square-integrable function over jt ( W ) .
Both equation (2.39) and (2.40) are the variational form of the balance equations
for a mixed formulation, expressed in a given time t , in terms of the Cauchy stress
tensor. Box 2.3 summarizes the weak form of the problem.
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Find ( u, p ) such that

òW ( d w ) : σ d Wt - òW d w ⋅ ( r b )d Wt - òG d w ⋅ t d G + òW d w ⋅ ( r v )d Wt = 0
t

t

t

t

æ ln J 1 ö÷ 1
- p ÷÷ d Wt = 0
k øJ
J

òW d q ççè
t

and the corresponding initial and boundary conditions
Box 2.3. Weak form of balance equations

Chapter 3
Numerical formulation
Due to the large displacements and deformations during granular flows, the modelling of these phenomena must be suitable to represent these characteristics in an
efficient and robust manner. In this chapter, the numerical formulation of the constitutive model given in the previous chapter is presented. It is developed in the
framework of the Particle Finite Element Method (PFEM) and the numerical integration is developed within the Impl-Ex technique. Finally, the modelling of the
solid/granular material interaction is addressed with the proposal of a new method
based on the Contact Domain Method (CDM) proposed in Ref. [77].

3.1.

The Particle Finite Element Method (PFEM)

Over recent years, the PFEM has demonstrated to be a powerful numerical algorithm for the solution of large deformation problems. It is a numerical method formulated in an updated Lagrangian description capable to capture the transient and
stationary motion of a deformable body. This work is based on the PFEM; in this
section the basic concepts of the method are described, as well as the numerical
enhancement, introduced in this work, in order to improve the numerical response of
the method.
3.1.1.

PFEM background

The PFEM arose as a proper evolution of the particle methods used to simulate
incompressible fluid flows, on a Lagrangian formulation. This methodology was
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first proposed by [46] in the context of a meshless finite element method with the
aim to solve large deformation problems in the field of incompressible fluid flows.
One of the advantages that the authors present, among others, is the capability to
easily define the fluid-solid interaction.
Even though the method was first proposed for incompressible fluid flows, as in
([47],[98],[69]), its extension to other mechanic fields have been also adressed.
Among them are found the exploration in the field of a multibody interaction, as bed
erosion in free surface flows [80], or the fluid-structure response ([45],[79]). In the
field of solid mechanics different applications have been studied as plasticity problems [76] or soils excavations [14].
Nowadays, some studies are found for granular materials as the response of
rockfill dams on overtopping conditions [64]; or industrial explorations for powder
materials ([12],[36]), where it is demonstrated the capability of the method.
The methodology is based on the macroscopic representation of a continuum
domain through a finite number of particles of infinitesimal dimension. These particles are view as material points that describe the kinematic and mechanical behaviour of a given domain. The system of equations describing the kinematics of these
particles is proposed to be solved in terms of an updated Lagrangian formulation –
explained in more detail in following section.
The PFEM could be described as a set of numerical strategies combined for the
solution of large deformation problems. The standard algorithm of the PFEM for
the solution of solid mechanics problems, in a given incremental step, is schematically represented in Figure 3-1, and summarized as follows4:
 Definition of the domain(s) Wn in the last converged configuration, t = tn ,
keeping existing spatial discretization Wn .
 Transference of variables by a Smoothing process – from Gauss points to
nodes.
 Discretization of the given domain(s) in a set of particles of infinitesimal size
– elimination of existing connectivities Wn .
 Reconstruction of the mesh through a triangulation of the domain’s convexhull and the definition of the boundary applying the -shape method [30], den
fining a new spatial discretization W
 A contact method to recognize the multibody interaction.
 Transference of information, interpolating nodal variables into the Gauss
points.
 Solution of the system of equations for tn +1 = tn + Dt .

4

In Section 3.2 and Section 3.3 are described the temporal and spatial discretization of the variational

problem presented in previous chapter. The description of the PFEM algorithm is given using the discretization notation.
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2

Figure 3-1. Schematic representation of PFEM algorithm for an incremental step: (a) Converged time step at t n ; (b) Transference of internal variables information from Gauss points
to nodes (smoothing process) (c) Mesh algorithm (reconnecting procedure and boundary
definition); (d) Definition of a contact interface to define a multi-body interaction; (e) Nodal
interpolation of internal variables to Gauss points; and (f) Solution of the system for t n +1
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The inherent reconnection procedure of the method reduces significantly the
mesh distortion presented on large deformation problems. Even so, the implementation of the classic algorithm for solving granular flow problems presented some
limitations to be solved in order to perform a more robust analysis and to define a
smoother response of the solution. Among the problems found using the above mentioned algorithm is the loss of a well-defined mesh, presenting zones with a large
conglomeration of particles, while other regions with a dispersion of them; and numerical instabilities due to the -shape algorithm used for the boundary definition.
Next are discussed some improvements on the algorithm that are required to solve
these conditions.
3.1.2.

PFEM enhancement

The numerical algorithm of the classic PFEM is enhanced in order to improve its
response in three main areas: the dynamic process for the discretization of the domain into particles, varying the number of them depending on the deformation of the
body; the boundary recognition, eliminating the geometric criterion of the -shape
method; and the transference of the internal variables, from a nodal smoothing
through a variable projection.
3.1.2.1. Mesh quality – Dynamic process for particle discretization
The quality of the numerical solution depends directly of the correct discretization of
the domain in study, including the quality of the elements of the mesh [34]. In large
deformation problems the original mesh is strongly deformed presenting large distortions. The PFEM reduces significantly this problem by reconnecting the existing
particles on each time step, even though the problem is not fully resolved. In order
to circumvent this condition, the discretization of the domain into particles is proposed to be modified varying the number and position of the particles along time.
The remeshing process in this work is enhanced by the definition of geometrical
metrics to identify potential regions of the mesh, where these problems could be
found, in order to modify them (see Appendix A). This process is given in three
main areas: the insertion, the removal or collapsing, and the repositioning of particles.
The insertion of particles is given on those elements presenting a greater dimension than a reference tolerance. Generally, the insertion of the new particles is given
at the barycentre of the elements. An essential condition, for triangular elements, is
that no angle has to be close to 180º [2]. If the vertex angle of the internal node in a
boundary element is wider than a tolerance angle, it is inserted the new particle in
the boundary length of the element.
The removal or collapsing procedure is defined to control the particle density of
the mesh and possible singularities during the solving process. In contrast with the
insertion process, which is controlled at an element level, the removal of particles
depends on a nodal metric. The element sizes of the connecting elements in a node
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are averaged, and the particle is removed if the averaged value is smaller than a
defined tolerance value.
Once the domain is redefined in a new set of particles, the quality of the mesh is
inspected in order to avoid remaining distortion of the new elements. This control is
given by the algebraic quality metric given by [59]. The metric is defined in an
elemental level and by the connectivities for each node will be identified those particles to reposition. The new coordinates for those particles are defined by a local
Laplacian smoothing.
In Appendix A, the dynamic discretization process is explained in more detail.
The whole remeshing algorithm has been shown sufficient in order to define a proper spatial discretization, robust enough, to solve granular flow problems as it will be
shown in the following chapters. The remeshing process is summarized in Box 3-1.
Given a converged mesh W n in tn+1
1. Insertion of particles if needed
2. Removal of particles if needed
3. Delaunay triangulation
4. Local smoothing to relocate particles if needed
Box 3-1. Remeshing process for a dynamic particle discretization.

3.1.2.2. Boundary treatment
In the classical version of the PFEM, the boundary treatment is given in terms of the
-shape method proposed in [30]. The advantages of the -shape method for defining a mesh boundary are summarized as: an efficient time in the boundary construction, by applying an O( n log n ) algorithm in time (Delaunay triangulation) and
O ( n ) in space, where n is the number of particles. In terms of robustness, the method reduces the overlapping of boundaries while presence of large deformations
(wave effect). The main drawbacks of the method are the inconsistency of the mass
conservation, while some elements are eliminated or augmented, and numerical
instabilities produced on the residual due to the sudden remotion of the elements at
the boundary. The latter presenting a major repercussion in a mixed u - p formulation. These instabilities are present both the momentum and incompressibility equations, shown schematically in Figure 3-2.
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(a)

(b)
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h e > h re f

Figure 3-2. Pressure discontinuity caused by -method boundary recognition: (a) Boundary
element recognized exceeding reference size, (b) Elimination of boundary element.

It is observed, that for a given point q , the nodal internal forces should satisfy
the equilibrium condition

Fqres = 0,

Fqres = å Fqres ,e
e

(3.1)

where the sudden removal of an element will generate the instability. It has to be
recalled that the -shape criterion is given in the whole boundary, which in case for
a large variation on the definition of the previous and new boundary will generate a
lack of convergence.
Due to the computational capacity nowadays, we consider the advantage of time
efficiency has a minor repercussion against the drawbacks mentioned above. It is
proposed a constraint boundary in order to circumvent these problems.
The constraint of the boundary, in large deformation problems, is susceptible to
present material overlapping. The problem that arises from this overlapping lies on
the reconnecting process and the transference of information between meshes. In
this sense, the construction of a convex-hull of the domain by the Delaunay triangulation and the definition of the boundary through the -shape method overcomes this
problem; for a constraint boundary algorithm, they are sorted using two treatments.
The first case is given when regions apart of the same domain tend to overlap,
see Figure 3-3(a); in this case, the problem is circumventing with a proper auto contact algorithm. At the end of this chapter, in section 3.4, it is discussed our proposal
for a contact methodology that allows the auto contact condition.
The second case is presented when two adjacent boundary lengths tend to collapse, see Figure 3-3(b). The collapsing of two adjacent boundary sections is a geometrical aspect present when the concave angle of both sections tends to diminish.
The treatment is similar as the one discussed in last section; its geometrical treatment is presented in the Appendix A.
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Figure 3-3. Singularities in a constraint boundary in large deformation problems: (a) Material overlapping, and (b) Collapsing of adjacent lengths.

3.1.2.3. Gauss points variables transference
In solid mechanics the computation of the stress state in a body, at a given time,
requires the history of its deformation. For this reason, it is necessary to save this
information. Since the PFEM remeshing process modifies the nodal connectivities,
in the implementation of the PFEM for solid mechanics, the transference of internal
variables was established through a nodal scheme ([76],[36]). It is performed by a
smoothing process of all internal variables, of a patch, in its corresponding nodal
connectivity; some techniques are reported by ([109],[23],[54]), among others.
These algorithms have been proved correct for a variable transference, even though
for the purpose of this work it is proposed a variable transference among a projection operator from one mesh to another using former and new integration points.
The modification of the transference of information criterion arrives due to the
large variation of number and position of particles during the discretization of the
domain. In the processes of insertion and removal of particles, the standard smoothing process could be executed, see Figure 3-4.
The problem arises after the repositioning of particles; once the particle is located at a new position, a local search has to be done in order to interpolate the nodal
information. Since this process has to be accomplished, besides the smoothing process, the transference of Gauss point variables between meshes is set directly
through a mesh projection. The variables projection is done after the remeshing
processes, as shown in Figure 3-5 for a patch test.
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(a)

(b)

(c)

pn e w

repositioned particles

Figure 3-4. Internal variable transference via nodal smoothing. (a) Nodal smoothing process;
(b) remeshing process, a new particle is inserted and thereafter both internal particles are
repositioned (the nodal information of the repositioned particles has to be updated by an
interpolation); and (c) Transference to Gauss points from nodal interpolation.

In this work the projection is carried out by a direct search of the position of the
new integration points on the former mesh. More sophisticated algorithms could be
implemented as the projection of internal variables by applying Lie groups [73].
(a)

(b)

(c)

Gauss points in tn mesh
Gauss points in tn+1 mes h

Figure 3-5. Internal variable transference via a mesh projection. (a) Converged mesh; (b)
remeshing process, a new particle is inserted and thereafter both internal particles are repositioned; (c) Variable projection.
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Integration of the constitutive model

In this section, the integration of the numerical model is described. The numerical
solution is computed, following the basis of the PFEM, via an incremental algorithm
within the framework of an updated Lagrangian formulation. The temporal and
spatial discretizations of the weak form of the balance equations, mentioned in previous chapter, are presented, as well as the corresponding numerical formulation.
For the constitutive model, the implicit/explicit (Impl-Ex) integration scheme proposed in [78] is used.
3.2.1.

Implicit integration of the constitutive model

Given a time interval [ 0,T ] Ì R that describes the motion of the body, the numerical
solution is obtained through a temporal discretization of the time interval in terms of
a given time step Dtn+1 = tn+1 - tn . In an updated Lagrangian formulation, the
motion is described in terms of the last converged configuration, see Figure 3-6, and
the incremental solution is described assuming the knowledge of the converged
stress tensor τ n at the time step tn – the subindex ( · )n stands for all variables established in the intermediate reference configuration, and ( · )n+1 for those variables
in the current configuration.

xn

o(X,tn)
Fn

X

n

n (xn , tn+1 )
fn+1
n+1



xn+1

(X,tn+1 )
Fn+1
X2 ,x2

X1 ,x1

Figure 3-6. Mapping of a given body W under different configurations.

For the temporal discretization, the multiplicative decomposition of the deformation gradient, given by equation (2.4), is used
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F = Fn+1 ⋅ fn

(3.2)

As mentioned in section 2.3.1, the strain-stress relationship is defined in terms
of a hypoelastic type model given by equation (2.12). It is essential to calculate the
objective derivative of the constitutive model in order to ensure the definition of the
Kirchhoff stress tensor frame-invariant. The objective derivative of the Kirchhoff
stress tensor is calculated by the algorithmic approximation given by [93]

Lv τ n+a =

1
⋅ é f -1 ⋅ τ ⋅ f -T - τ n ùû ⋅ fnT+a
f
Dtn+1 n+a ë n+1 n+1 n+1

(3.3)

being objective for all a = [ 0, 1 ] .
In this work, the integration is defined in the current configuration t n +1 , with
a = 1 . The Lie derivative is expressed as the time variation of the increment of the
Kirchhoff stress tensor.

Lv τ n+1 =

1 é
τ - fn+1 ⋅ τn ⋅ fnT+1 ùû
Dtn+1 ë n+1

(3.4)

It is observed, in the second term of the RHS of equation (3.4), the description
in the current configuration of the Kirchhoff stress tensor of the converged configuration t n carried out by the push-forward operator.
With the aim of obtaining a description of the stress tensor, the flow rule given
in equation (2.22) is approximated as:

dnp+1 =

Dln+1
dev τ n+1
Dtn+1

(3.5)

where Dln+1 = ln+1 - ln .
The expression for the Kirchhoff stress tensor in the current configuration is obtained setting equal the discretized equation (2.12) and equation (3.4) and by substituting the expression of the plastic part of the rate of deformation tensor by the discretized form of the flow rule given in equation (3.5). Rearranging terms and multiplying the expression by D tn +1 , the following equality is obtained:
τ n+1 - fn+1 ⋅ τn ⋅ fnT+1 = c : [ Dtn+1d n+1 - Dln+1 dev τ n+1 ]

(3.6)

The rate of deformation tensor is described as the push-forward of the covariant
time derivative of the Green-Lagrange strain tensor E [42].

d = F-T ⋅ E ⋅ F-1

(3.7)

Equation (3.7) is described, after some manipulations, in the current configuration by the Almansi strain tensor. Its numerical approximation is given by:

dn+1 =

1
e
Dtn+1 n+1

(3.8)

The expression for the Kirchhoff stress tensor in the current configuration is
completed substituting equation (3.8) into equation (3.6).

Numerical formulation
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τ n+1 = fn+1 ⋅ τn ⋅ fnT+1 + c : [ en+1 - Dln+1dev τ n+1 ]

(3.9)

Equation (3.9) is simplified using the definition of the trial elastic state given by
the freezing of the plastic flow.
T
τ ntrial
+1 = fn +1 ⋅ τ n ⋅ fn+1 + c : e n+1

(3.10)

ˆ n+1 + c : e n+1
τ ntrial
+1 = τ

(3.11)

or

where τˆ n +1 = f n +1 ⋅ τ n ⋅ f nT+1 .
The simplified description of the Kirchhoff stress tensor is obtained substituting
equation (3.10) into (3.9).
τ n+1 = τ ntrial
+1 - Dln +1c : dev τ n +1

(3.12)

The plastic regime is defined for a loading state where the evaluation of the
yield conditions for the auxiliary state, τ ntrial
+1 , exceeds the yield surface expressed by
equation (2.14):
f ( τ ntrial
+1 ) > 0

(3.13)

where
trial

f( τ )

1
= dev τ ntrial
+1 + b1 pn+1 - b2
3

(3.14)

and
pn+1 = tr τ n+1 = tr τ ntrial
+1

(3.15)

The deviatoric part of the Kirchhoff stress tensor, defined by equation (3.12), is
rewritten in terms of the elastic fourth order tensor c .
dev τ n+1 = dev τ ntrial
+1 - Dln +1 [ 2m + l1 Ä 1 ] : dev τ n +1

(3.16)

The double contraction of the volumetric part of this tensor with the deviatoric
stress is null, reducing the above expression into
dev τ n+1 = dev τ ntrial
+1 - 2mDln+1dev τ n +1

(3.17)

The expression of the deviatoric stress tensor is given in terms of the trial stress
by solving dev τ n+1 from equation (3.17)
dev τ n+1 =

1
dev τ ntrial
+1
1 + 2mDln+1

(3.18)

The expression for the slip rate Dln+1 , of the flow rule, is given for that stress
state such that f ( τ n+1 ) = 0

dev τ n+1 + b1 pn+1 - b2 = 0

(3.19)
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Substituting eq. (3.18) into (3.19)
1
1 + 2mDln+1

dev τ ntrial
+1 + b1 pn +1 - b2 = 0

(3.20)

and manipulating equation (3.20), the expression for Dln+1 is obtained
Dln+1 =

dev τ ntrial
+1 + b1 pn +1 - b2
2m ( b2 - b1 pn+1 )

(3.21)

The slip rate Dln+1 is simplified by substituting equation (3.14) into (3.21),
reading as:
trial

Dln+1 =

f( τ )
2m ( b2 - b1 pn+1 )

(3.22)

Finally, the Kirchhoff stress tensor reads as:
τ n+1 = an+1 dev τ ntrial
+1 + pn +1 1

(3.23)

æ
ö÷
1
an+1 = an+1 ( Dln+1 ) = ççç
÷
è 1 + 2mDln+1 ÷ø

(3.24)

where:

Model integration of the Von-Mises regularization
The Drucker-Prager yield surface is well-defined for all those stress states with a
hydrostatic pressure smaller or equal than pa – defined by the vertex of the surface,
as shown in Figure 2-5. As mentioned in section 2.3.2, a von Mises regularization is
proposed for those loading states whose hydrostatic pressure is beyond the apex. A
*
pressure reference p is defined, which is the pressure value where the regularization starts.
The elasto-plastic condition, for those pressures on the compression regime

pn+1 £ p*

(3.25)

where pn+1 = tr τ n+1 , could present two loading states
f( τ ) < 0

Elastic regime

f( τ ) = 0

Plastic regime

The numerical integration for the regularization, proposed in section 2.3.2 for
*
those stress states with pressures greater than p , is developed similarly as for the
Drucker-Prager model.
The expression for the slip rate Dl is obtained similarly by defining a stress
state on the yield surface of the von Mises regularization, given by equation (2.17),
*
such that f ( τn+1 ) = 0 . Substituting equation (3.18) into equation (2.17)
1
*
dev τ ntrial
+1 - q = 0
1 + 2mDl

(3.26)
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and solving for the plastic multiplier, the expression reads:
Dl =

*
dev τ ntrial
+1 - q

2m q*

(3.27)

Equation (3.27) is rewritten substituting the numerator with the definition of the
yield surface in terms of the trial stress tensor.
trial

Dl =

f* ( τ )

2m q*

(3.28)

Integration of the visco-plastic regularization
The integration described in previous section is completed incorporating the viscoplastic regularization given in section 2.3.4. The integration of the visco-plastic
regularization is obtained, similarly as in previous section, comparing the Lie derivatives defined for the visco-plastic model, expressed by equation (2.27), and the algorithmic approximation given in equation (3.4). Rearranging common terms, the
expression reads:

æ
Dt ö÷
Dt ep
T
ç
çè 1 - t R ÷÷ø τ n+1 = fn+1 ⋅ τ n ⋅ fn+1 + c : en+1 + t R τ n+1

(3.29)

ep

where τ n+1 corresponds to the solution of the elasto-plastic part of the model given
by equation (3.23) and t R refers to the relaxation time.
Equation (3.29) is rewritten regrouping terms and substituting the definition of
trial
the trial stress tensor τ n+
1 in order to obtain an expression for τ n+1 in terms of the
visco-plastic regularization
τ n+1 =

1
Dt t R
τ trial +
τ ep
1 + Dt t R n+1 1 + Dt t R n+1

(3.30)

The following term is defined in order to simplify the expression
h=

1
1 + Dt t R

(3.31)

The Kirchhoff stress tensor in the visco-plastic formulation is expressed substituting the above expression into equation (3.30)
ep
τ nvp+1 = h τ ntrial
+1 + ( 1 - h ) τ n+1

(3.32)

vp
where hereinafter it is taken indistinctly τ n+1 and τ n+1 .
The algorithm for the implicit integration of the Kirchhoff stress tensor is summarized in Box 3-2.
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Given: { jn ( W ) , τ n , Dtn+1 , un+1 : jn ( W )  2 , k , m , b1 , b2 , pa = b2 b1 , pa* } ,
compute trial stresses
fn+1 = 1 + un+1

1
( 1 + fn-+T1 ⋅ fn-+11 )
2
= fn+1 ⋅ τ n ⋅ fnT+1 + c : en+1

en+1 =
τ ntrial
+1

1
trial
pn+1 = pntrial
+1 = tr τ n+1
3
Define pressure condition, pn+1
IF pn+1 £ pa THEN – Drucker-Prager yield surface
trial

f( τ )

1
= dev τ ntrial
+1 + b1 pn +1 - b2
3

IF f ( τ )ntrial
+1 £ 0 THEN (Elastic regime)
τ n+1 = τ ntrial
+1
ELSE (Plastic regime)
trial

Dl =

f( τ )
2m ( b2 - b1 pn+1 )

END
ELSE (von-Mises regularization)
trial

Dl =

f* ( τ )

2m q*

=

dev τ - q*
2m q*

END
Kirchhoff stress tensor calculation
1
dev τ ntrial
+1
1 + 2mDl
τ n+1 = dev τ n+1 + pn+1 1
Visco-plastic regularization
1
h=
1 + Dtn+1 t R

dev τ n+1 =

ep
τ n+1 = h τ ntrial
+1 + ( 1 - h ) τ n+1

Box 3-2. Integration algorithm for the visco-plastic formulation of the granular material flow
model.

3.2.2.

Integration of the constitutive equation – Impl-Ex scheme

For non-linear problems, the implicit integration schemes are widely used since they
present a higher stability compared to explicit schemes. Their advantage, compared

Numerical formulation
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to explicit ones, is the definition of larger time steps on the solving process with a
high degree of accuracy. In our case, near the apex of the Drucker-Prager surface,
the matrix of the system to solve may be ill-conditioned. In order to increase the
robustness of the model, the model is integrated based in an implicit/explicit integration scheme (Impl-Ex) proposed in Ref. [78]. This strategy combines the implicit
and explicit integration schemes aiming to exploit the benefits and minimize the
drawbacks of both.
The method follows the standard implicit integration scheme of the stresses
τ n+1 in the constitutive model discussed in previous section, with an explicit extrapolation of the slip rate Dl .
From the temporal discretization of the flow rule, given in equation (3.5), the
discretization of the consistency parameter or plastic multiplier l is observed.
Dln+1
ln+1 =
Dtn+1

(3.33)

The Impl-Ex scheme requires the explicit interpolation of the plastic multiplier,
as the internal variable of the constitutive model, expressed as
Dln+1 Dln
 n+1 = Dtn+1 Dl
»
 Dl
n
Dtn+1
Dt n
Dt n

(3.34)

where Dtn+1 = tn+1 - tn , Dtn = tn - tn-1 . Substituting equation (3.34) into (3.23),
the deviatoric part of the Kirchhoff stress tensor reads
dev τ n +1 =

1
1 + 2mDl n +1

dev τ ntrial
+1

(3.35)

and similarly, the expression of the elastic factor an+1 given in equation (3.24) is
expressed in the Impl-Ex scheme as
n+1 =
a

1
1 + 2mDln+1

(3.36)

The Impl-Ex scheme is summarized in Box 3-3. As it is observed, it is necessary to take into account the computation of the slip rate Dl , given in equation
(3.22), to fulfil the algorithm given in Box 3-3 for the following time step.
Likewise, the calculation of the tensor τ n+1 given in Box 3-2 allows us to estimate the error that implies the integration of the model via the Impl-Ex scheme so
that if:
τ n +1 - τ n +1 > tol

the new time step is modified according to

Dtnnew
+1

(3.37)

= bDtn+1 , where b < 1 .
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{ jn ( W ) , τ n , Dtn , Dtn+1 , un+1 : jn ( W )  2 , k , m , Dln } ,
Given:
compute trial elastic stresses
fn+1 = 1 + un+1
1
(1 + fn-+T1 ⋅ fn-+11 )
2
= fn+1 ⋅ τ n+1 ⋅ fnT+1 + c : e n+1

en+1 =
τ ntrial
+1

1
trial
pn+1 = pntrial
+1 = tr τ n+1
3
Extrapolate plastic multiplier, Dl n +1
Dt
Dl n+1 = n+1 Dln
Dtn
Extrapolate plastic multiplier, Dl n +1

τn+1 =

1
dev τntrial
+1 + pn+1 1
 n+1
1 + 2mDl

Box 3-3. Explicit algorithm for the Impl-Ex integration scheme.

3.2.3.

Algorithmic tangent constitutive tensor

The non-linear problem is solved using a traditional iterative Newton-Raphson procedure of the linearized system of equations – as it will be described in next section.
Then, the linearization of the constitutive equation requires the algorithmic tangent
constitutive tensor. This tensor is defined following the standard procedure of computing all derivatives on the material (intermediate reference) configuration followed
by its expression in the spatial or current configuration by the push-forward operator.
The elasto-plastic tangent tensor c ep relates the objective derivative of the stress
tensor τ n +1 , with the objective derivative of the strain tensor e n+1 , reading as [13]:
Lv ( τ n+1 ) = c ep : Lv ( e n+1 )

(3.38)

The elasto-plastic constitutive tensor for equation (3.38), deduced by an implicit/explicit (Impl-Ex) integration scheme, is expressed as
c ep =

2
a
[ tr τˆ n+1 i - 1 Ä τˆ n+1 ] + an+1 ( a dev ( e n+1 ) + c dev ) +
3 n +1
k ( 1 Ä 1 ) + -2 pn+1 i

(3.39)

where an+1 is given by expression (3.36).
Finally, for the numerical formulation with a visco-plastic regularization, the algorithmic tangent tensor is expressed as
c vp = h c trial + ( 1 - h )c ep

(3.40)
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where:
c trial = c + a ( e n+1 )

(3.41)

Full development of the algorithmic tangent tensor is given in Appendix B.

3.3.

Linearization of the variational problem

Recalling the weak form of the balance equations given in Box 2.3, both equations
are expressed as

òW

n +1

n+1 ( d w ) : σ n+1 d Wn+1 - ò

Wn +1

òG

n +1

d w ⋅ ( r b )d Wt -

d w ⋅ t d Gn+1 + ò

Wn +1

æ ln J n+1 1 ÷ö
- p ÷÷d Wo = 0
k ø
J n+1

òW dq çççè
o

d w ⋅ ( r v )d Wn+1 = 0

(3.42)

(3.43)

The expressions for the generalized forces are obtained from equations (3.42)
and (3.43), and taking into account the nodal interpolation of the variables5. The
displacement field is approximated by the standard linear shape functions
np

u e ( x ) » å N i ( x ) ui

(3.44)

i=1

and the pressures by
np

pe ( x ) » å Ni ( x ) pi

(3.45)

i=1

e

where the subscript ( · ) stands for the each subdomain or element with characteristic size h , np is the number of nodes defining the element – in this case three for the
linear triangle used, and Ni the standard shape function, such that its value is 1 at the
associated node i and zero for the rest of the element nodes. Similarly, the test functions d w and d q are interpolated by the following expressions
np

d we ( x ) » å Ni ( x ) d wi

(3.46)

i=1

5

The subscript

( · )n+1 is omitted in this section, unless expressly stated otherwise, in order to simplify

the notation of the spatial discretization.
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np

d qe ( x ) » å Ni ( x ) d qi

(3.47)

i=1

The residual of internal forces Ru , obtained from equation (3.42), is expressed
as

é Ru ù = é Fint,mix ù - é Fext ù + é Fine ù = 0
ë û ë
û ë
û ë
û

(3.48)

where:
e
e
é Fint,mix ù e =
ë
û I òWe σ ⋅ ( N I )d W
e e
e
e
e
é Fext ù e =
ë
û I òWe N I r b d W + òGe N I t d G

e e
e
é Fine ù e =
ë
û I òWe N I r v d W

(3.49)
(3.50)
(3.51)

The discrete form of the generalized forces R q from the incompressibility equation, given by equation (3.43), reads as:

æ ln J e 1
ö e
e÷
ç
é Rq ù e =
÷
ëê ûú I òWoe N I ççè J e - k N Ap ÷ø÷ d Wo

(3.52)

Finally, the vector of residual forces F res is obtained using equation (3.48) and
the global assemble of equation (3.52)

é Ru ,res ù é Fint,mix - Fext + Fine ù
ú
F res = ê q,res ú = ê
êR
ú ê
ú
Rq
ë
û ë
û

(3.53)

Now, the stiffness matrix is obtained from the linearization of the vector of residual forces, which in a mixed formulation reads:

é d Ru ,res ù
dF res = ê q,res ú
ê dR
ú
ë
û

(3.54)

where d ( · ) stands for the directional derivative of the corresponding tensor.
The Gâteaux derivative is defined as the product of the gradient of a scalar field
in the direction of a specific vector. The equivalent representation for the directional
derivative of the scalar field in a certain point, x , is given by
Dj F ( x ) =

d
F ( x + ej )
de
e=0

(3.55)

Equation (3.55) characterizes the rate of change of the field F along the normal
vector j through the point x . The full development of the linearization of the vector
of residual forces, expressed in equation (3.54), is given in Appendix C. Finally, the
elemental Jacobian or stiffness matrix reads:

Numerical formulation

K hIA

53

é K uu
= ê pu
êK
ë

h

K up ù
ú
K pp úû IA

(3.56)

A summary of the definition and implementation of the discretized stiffness matrix is given in Box 3-4.
Element stiffness matrix K e

é K uu
K = ê pu
ê
ëK
e

é uu
K up ù ê ( K )Ii, Jj
ú=ê
K pp ûú ê ( K pu )
I , Ak
ë

( K up )Ii, A ùú
ú
( K pp )I , A úû

( I, J, A = 1 : 3)
( i, j , k = 1 : 2 )

where:
é geo ù
é K uu ù
é mat ù
ë
û Ii , Jj = êë K úû Ii , Jj + ë K û Ii, Jj

¶N I ¶N J
e
é K geo ù
êë
úû Ii, Jj = dij ¶x ¶x slk W
k
l
¶N I ep ¶N J e
é K mat ù
ë
û Ii, Jj = ¶xk ciklj ¶xl W
¶N I
e
é K up ù
ë
û Ii, A = ¶xi N A W
æ 1 - J ö÷ ¶N A e
é K pu ù
ç
ë
û I , Ak = çè J 2 ÷÷ø N I ¶xk W
é K pp ù = 1 N I N A We
ë
ûI,A k
Vector of residual forces ëé Ru ûù
é R u ù = é Fint,mix ù - é F ext ù + é F ine ù = 0
ë
û ë
û ë
û ë
û
where:
e
e
é Fint,mix ù e =
ë
û I òWe σ ⋅ ( N I )d W
e e
e
e
e
é Fext ù e =
ë
û I òWe N I r b d W + òGe N I t d G

e e
e
é Fine ù e =
ë
û I òWe N I r v d W
Vector of residual forces éëê R q ùûú
æ ln J e 1
ö e
e÷
ç
é q ùe
÷
ëê R ûú I = òWe N I ççè J e - k N A p ÷ø÷ d W
And

We = ò e d We
W

Box 3-4. Element stiffness matrix K e and vector of residual forces R (integration for a
three nodes linear triangle in the current configuration tn+1 ).
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3.3.1. Stabilization method for mixed element – Polynomial Pressure
Projection (PPP)
The introduction of a u - p mixed formulation overcomes the incompressibility
problem but for linear triangles P1 / P1 the Babuška-Brezzi stability conditions are
not assured [10]. For this reason, a stabilization of the pressure field is required.
Several methods have been proposed in this field, and it is not our aim perform a
comparative analysis of the advantages and drawbacks of them. In this work, a
direct pressure stabilization, proposed in Ref. [28], is implemented.
This Polynomial Pressure Projection is proposed as a stabilized finite element
method for the Stoke problem [28] and extended to solid mechanics problems [87].
The stabilization is defined by modifying the mixed variational equation in terms of
a local L2 polynomial pressure projection and does not require the use of the momentum equation residual [28]. This condition poses two advantages in its implementation: it is not necessary to calculate higher-order derivatives, and its implementation is given at an element level.

The projection operator p of the pressure p Î L2 ( W ) is given by

(3.57)
p = p h Î P0
if and only if

òW

e
n +1



d q ( p - p ) d Wne+1 = 0


"d q Î P0

(3.58)

where P0 is the space of polynomials of order zero; from equation (3.58), it is observed that the method looks at the difference between the interpolated pressure
(same order as the displacement) and its projection, a one order lower expansion
consistent with that of the stresses [108].
The stabilization term is augmented (subtracted) of the incompressibility equation given by equation (3.43)

òW

e
o

æ ln J n+1 1 ö÷ e
- p ÷d W d q ççç
è J n+1 k ø÷ o
a


( d q - d q )( p - p ) d Woe = 0
m òWoe

(3.59)

where a is a dimensionless stabilization parameter, and m the Lamé’s second parameter.
The second term of the LFH of equation (3.59), defined from now on as ysp , is
extended
ysp =

a
( p ed qe - p ed q e - p ed qe + p ed q e ) d Woe
m òWoe

(3.60)

The discretization of equation (3.60) is obtained by the standard approximation
of the variables. The nodal approximations of p and d q have been given by equa-
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tions (3.45) and (3.47), respectively. The discretization of the projection operator p

and test function d q in a three-node linear triangle are given by:
 1
p = ( p1 + p2 + p3 )
3

(3.61)

 1
d q = ( d q1 + d q2 + d q3 )
3

(3.62)

and

The discretization of equation (3.60) leads to an equation formed by four mass
matrices that read as

ysp =

T
a
( dq e )
m

é e  e  e  e ù e
êM -M -M + M ú π
êë
úû

(3.63)

where:

Me = ò e N I N J d Woe

(3.64)

Wo

é1 ù
ê 3ú
ê úé
e

M = ê 1 ú ê ò e N1d Woe ,
ê 3 ú ë Wo
ê ú
ê1 ú
ë 3û

òW

e
o

N2 d Woe ,

òW

e
o

ù
N 3 d Woe ú
û

(3.65)

é
eù
ê ò e N1d Wo ú
ê Wo
ú
ê
ú

e
e

M = ê ò e N2 d Wo ú éê 1 , 1 , 1 ùú
3
3û
ê Wo
úë 3
ê
ú
ê
eú
ê òWe N 3 d Wo ú
ë o
û

(3.66)

é1 ù
ê 3ú
ê ú


e

M = ê 1 ú éê 1 , 1 , 1 ùú Woe
ê 3ú ë 3
3
3û
ê ú
ê1 ú
ë 3û

(3.67)

In a plane strain problem, equations (3.65)-(3.67) are reduced to

é1 1 1ù
ú
 e
1 eê
 e = M
e

M = A ê1 1 1ú = M
ú
9 ê
êë 1 1 1 úû

(3.68)

where Ae = Woe . Finally, the implementation of the stabilization term given in
equation (3.60) is given, using equations (3.64) and (3.68), as
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é 2 -1 -1 ù
ú
a Ae ê
ê -1 2 -1 ú
ysp = ú
36m ê
êë -1 -1 2 úû

3.3.2.

(3.69)

Time integration algorithm

The time integration algorithm implemented for this work is the generalized-
method, given in Ref. [26]. The method seeks the step-by-step time integration
assuring the conservation of linear momentum, and similar to those of the Newmark
family, it has a one step, three stages structure.
Equation (3.48) is rewritten as
é R un+1 ù = é Fnint+1 ù - é Fnext
ù
 n+1 ]
ë
û ë
û ë +1 û + [ Mu

(3.70)

where M is the mass matrix from the discretization of the vector of inertial forces.
The problem consists of finding a displacement function that satisfies equation
(3.70) and the corresponding initial conditions; the set of equations for the generalized- method defines the displacement and velocity fields as a weighing of the
acceleration field in tn and tn +1 , which for the displacement fields reads:

éæ 1
ö
ù
 n + bu
 n+1 ú
u n+1 = u n + Dtu n + Dt 2 ê çç - b ÷÷÷ u
ø
ëê è 2
ûú

(3.71)

and velocity
 n + g u
 n+1 ]
u n+1 = u n + Dt [ ( 1 - g ) u

(3.72)

where b and g are purely algorithmic parameters which control the numerical
dissipation and numerical dispersion of the method [26]. The description of both
parameters could be described, among other forms, in terms of the so-called spectral
radius r¥ :
b=

g=

1

( r¥ + 1 )2

(3.73a)

3 - r¥
2 ( r¥ + 1 )

(3.73b)

The spectral radius allows relating these parameters with the dissipation needed
for high-frequency modes. The spectral radius is defined as r¥ = [ 0, 1 ] where 0
states a total dissipation and 1 for no dissipation.
As it could be observed from equations (3.71) and (3.72), the algorithm is one
step depending solely of the solution history at time t = tn and three stages since the
 n .
solution is a function of u n , u n , and u
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Since the variable to solve is the displacement field, an expression for the velocity and acceleration fields are easily deduced. After manipulating equation (3.71) ,
the expression for the accelerations reads:
 n+1 =
u

1

bDt

2

( u n+1 - u n ) -

æ
1
1 ö

u n + çç 1 - ÷÷÷ u
è
bDt
2b ø n

(3.74)

and the expression for the velocity is defined by substituting equation (3.74) into
(3.72).
u n+1 =

æ
æ
g
gö
g ö
( u - u n ) + çç 1 - ÷÷÷ u n + Dt çç 1 - ÷÷÷ u n
è
è
bDt n+1
bø
2b ø

(3.75)

The vector of residual forces, expressed in equation (3.70), for the generalized-
method reads:
é R un +1 ù =
ë
û

é F int
êë n +1-a f

ù - é F ext
úû êë n +1-a f

ù + [ Mu
 n +1-am
úû

]

(3.76)

where a f and am are parametric values also defined in terms of the spectral radius
r¥ :

af =

2r¥ - 1
r¥ + 1

(3.77a)

am =

r¥
r¥ + 1

(3.77b)

The computation for the displacement and velocity fields, as well as for the internal and external forces is given in terms of the weighing of their description in the
current and reference configuration; for all these expressions with the subindex
( · )n+1-a f , is given by

( · )n+1-a f = ( 1 - a f )( · )n+1 + a f ( · )n

(3.78)

Similarly, acceleration vector is described in term of the am parameter. Same
for those with the subindex ( · )n+1-am its definition is given by

( · )n+1-am = ( 1 - am )( · )n+1 + am ( · )n

(3.79)

The third term of the RHS of equation (3.76), by substituting the description of
 n+1-am given by equation (3.79) and after some manipulation, is rewritten as
u
1 - am
 n )
Mu n+1 - Mu* ( u n , u n , u
bDt 2

(3.80)

é 1 - am
1 - am
1 - 2b - am ù
 n ú
u* = ê
un +
u n +
u
2
bDt
b
ëê bDt
ûú

(3.81)

 n+1-am =
Mu

where:
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Substituting equation (3.80) into (3.76), the vector of residual of forces is given
by:
é R un+1 ù = é F int
ë
û êë n+1-a f

ù - é F ext
ù
úû êë n+1-a f úû +
1 - am
[ Mu n+1 ] + éë Mu* ( u n , u n , u n ) ùû
bDt 2

(3.82)

The implementation of the time integration is summarized in Box 3-5

{ un , u n , u n , Dtn+1 , un+1 : jn ( W )  2 , r¥ , g , b , a f , am ,
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 n+1 and u n+1
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where:

( · )n+1-a f = ( 1 - a f )( · )n+1 + a f ( · )n
( · )n+1-am = ( 1 - am )( · )n+1 + am ( · )n
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u
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Box 3-5. Dynamic integration scheme – generalized- method

3.4.

Contact method proposal

The rheological behaviour of granular flows is a function not only of the direct interaction of the granular particles themselves but also has complete dependency on
the boundary conditions. In order to fulfil this requirement, it is necessary to define
a proper solid-granular material interaction.

Numerical formulation
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The contact method proposed in this work emerges in a natural manner from the
PFEM. The contact method has been proved robust for performing large deformation problems.
3.4.1.

Background of the contact method

Several techniques have been proposed to solve coupled problems representing
accurately the interaction of the multi-body system; among them, there is found the
penalty method, the Lagrange multiplier method, and the augmented Lagrange
method. Despite their precise response to determine the resulting contact forces, the
implementation of these methods for large deformation problems is limited since
they are not robust enough – an example of complex geometries and geometric nonlinearities are given in the tumbling mill problem, where the interaction with the
lifters and the large deformation of the granular domain require a more robust treatment.
Due to the reconnecting algorithm of the PFEM, the method has shown suitable
to simulate the multi-body interaction. This interaction is defined through a geometrical discretization via the -shape method between the contact bodies. This technique shows robustness for large deformation problems as shown in ([46],[80]) but
in some cases due the boundary definition given by the -shape method it presents
lack of accuracy as well as some instabilities in the pressure field.
A contact method with high performance in large deformation problems is given
by the contact domain method reported by [77]. It is based in the definition of an
interface domain between the potential contact bodies and it have been used in a
variety of large deformation problems ([39],[102],[55]). The method present advantages due the generation of the contact interface, of the same dimension as the
contact bodies, that allows the formulation in dimensionless, strain-like measures,
both for normal and tangential gaps. Despite the robustness in many non-linear
problems, in the modelling of granular-solid interaction shows a reduced convergence when the strength of the materials differs some order of magnitudes as well
as the discretization that defines the contact bodies present a small number of elements.
The contact herein proposed is based in the contact domain method in terms of
the definition of the interface domain. In general, contact methods define the contact constraints in terms of a subdomain one dimension lower than the contact bodies, see Figure 3-7(a). In contrast, contact domain methods construct an interface
domain of the same dimension as the potential contact boundaries, Figure 3-7(b).
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Figure 3-7. Imposition of contact constraints: (a) Classical methods, and (b) Contact domain
methods [77].

The difference of our proposal with the so-called CDM lies on the definition of
the interface. Regarding the latter, the interface is considered as fictitious and it is
solved in terms of Lagrange multiplier; in our proposal, the interface has dimension
h and the contact conditions, normal and friction forces, are supplied via a constitutive model similar than the given for the granular material.
3.4.2.

Algorithm description

The construction of the contact interface Wcd is given in terms of a constrained
Delaunay triangulation between the potential contact boundaries of the bodies. In
order to avoid the definition of the active elements in terms of the of the -shape
method, as in the classic PFEM algorithm, it is determined if an element is active if
it fulfils the geometrical impenetrability and normal contact traction conditions. In
Figure 3-8(a), a sketch of the active elements of the contact domain is given.
As mentioned in previous section, the definition of this interface domain differs
from the CDM to ours. For the first case, it is defined as a fictitious interface of gap
g N = 0 while in the present method it is given a tolerance, reading as g N = h( p ) ,
where h( p ) is the height of the element from the base to point p , see Figure 3-8(b).
The modelling of the contact forces, contact and friction, is established via the
constitutive model for the interface domain. Taking into account the frictional and
incompressible response of the constitutive model for the granular material given in
equation (3.23), for our method it is proposed providing the same constitutive model
for the whole contact interface.

Numerical formulation
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Figure 3-8. Contact interface domain: (a) Active elements between contact bodies; (b) Linear
triangle contact patch.

With the gap definition for the interface and the constitutive model to satisfy the
contact forces, the stick-slip conditions are established in the form of the classical
Karush-Kuhn-Tucker conditions. First, the geometrical impenetrability condition is
stated using the gap definition, reading as:
( p)
"x Î Wcd

g N (x) = h( p ) ³ 0

(3.83)

The second condition refers to the normal contact traction t N , where the only
admissible state is for compression:
( p)
"x Î Wcd

t N ( x ) = τn ⋅ n( x ) £ 0

(3.84)

Finally, the definition for an active element is summarized using the classical
form of the Karush-Kuhn-Tucker conditions, using equations (3.83) and (3.84).
lN £ 0,

g N ³ 0,

lN g N = 0

in Dnl

(3.85)

3.4.3. Calibration of the Drucker-Prager internal friction angle and Coulomb
friction parameter
The following example is proposed as a simple path to characterize the Coulomb
friction parameter of a system in terms of the internal friction angle b1 of the yield
surface defined in equation (2.14). The example consists in the slide of a rigid body
of mass m through an inclined plane of angle q as shown in Figure 3-9.
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Figure 3-9. Slide of a rigid body in an inclined plane. Validation example for characterization of the wall friction angle in terms of the Coulomb friction parameter.

The slide of the rigid body could be described by an analytical equation which
deduction is obtained by defining the free body equations
mg sin ( q ) - f = ma

(3.86)

mg cos ( q ) = N

(3.87)

and

where f is the friction force, g the gravity, a the system acceleration, and N the
normal force. The static condition of the system is given whenever
f £ m N = mmg cos ( q )

or

m ³ tan ( q )

(3.88)

For the sliding condition, m < tan ( q ) , it could be deduced, by manipulating
equation (3.86), the definition of the acceleration of the system in terms of the Coulomb friction parameter and the slope of the plane.
a = g cos [ tan ( q ) - m ]

(3.89)

The integration along time of equation (3.89) allows to define the position of the
body in certain period of time in terms of the Coulomb friction parameter and the
inclination angle, given by
x ( t ) = xo + vo t + g cos a ( tan a - m )

t2
2

(3.90)

where xo the original position, and vo the original velocity. In order to characterize the value of the wall friction in terms of the internal friction angle, a set of different internal angles for the material were conducted. The comparison of the response of the displacement of the model and the one deduced analytically by equation (3.90), permits to calibrate both frictional parameters.

Numerical formulation
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The validation of equation (3.90) as a calibration method of the wall friction angle is given comparing the analytical solution using a frictionless plane, m = 0 , with
the numerical results using the corresponding internal friction angle b1 = 0 . The
comparison is also extended to a numerical model of the slide of the rigid body
without a contact definition, only restraining the displacements of the body in the
direction normal to the plane. Figure 3-10 shows the comparison of the analytical
solution with respect both numerical responses.
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Figure 3-10. Validation of analytic solution for a frictionless surface.

The displacement response given by the three curves is identical for each of
them, which validates the usage of the analytic equation for the calibration. The
internal friction angle of the material was varied in a range b1 = [ 0, 1.00 ] in order to
observe the behaviour of the sliding of the rigid body and thereafter compared to the
analytic response. Figure 3-11 shows the variation in the displacement reached depending of the internal friction angle used in the contact domain.
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Figure 3-11. Displacement varying wall friction angle.
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Varying the Coulomb friction parameter, the analytic displacement is compared,
defining a corresponding value of the parameter for each internal friction angle in
the numerical model. Figure 3-12 displays the comparison between the numerical
response of the internal friction angle and its corresponding analytical description
varying this coefficient.
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Figure 3-12. Analytical comparison of displacement

Relating the internal friction angle of the Drucker-Prager yield model of the
contact elements and its corresponding value of the Coulomb friction coefficient
obtained analytically it could be observed a linear response between them as observed in Figure 3-13.
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Figure 3-13. Coulomb friction coefficient and internal friction angle comparison

The example allows defining, in a proper manner, the wall friction angle between the material and its container.
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Chapter 4
Numerical simulation of the spreading of
a granular media on a horizontal plane
This chapter addresses the validation of the constitutive model proposed for the
simulation of dense granular flows. Any numerical simulation has to be validated
through a proper comparison with analytical or experimental models. Dense granular flows, as explained in previous chapters, present a complex behaviour that an
analytical description is not suitable to capture – effects of bistability, thixotropy,
jamming, among others; for this reason the natural manner of the validation is via
experimental modelling. The complexity of choosing reliable experimental models
for granular materials is given by two main features: the reproducibility of the experiment and the kinematic phenomenon to represent – in this case dense granular
flows.
The first concept, reproducibility, is an inherent limitation of granular materials;
their mechanical response is constrained by the material properties such as the degree of voids, the particle shape and size, and homogeneity of the material that could
vary for a same granular media. This feature forces us to use experimental tests
conducted for a large number of samples, where the reported average data defines
properly the material response. The second condition refers to the kinematic response that is modelled on the experimental tests; it is essential to identify those
experimental models suitable to represent granular flows where there are recognizable stagnant and flow regions as well as their jamming transition.
The model is validated through a comparison with the experimental results of
the spreading of a granular mass on a horizontal plane reported in Ref. [62]; the
experimental tests capture the kinematics of the media on different stages: the mate-
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rial at repose on its container, the spreading of it when it is released, and its deceleration until its stagnation.
In the next sections, a brief description of the experimental tests used for the
validation is presented, followed by the corresponding numerical simulations. First,
a test for calibrating material and numerical properties is selected; then the predictive ability of the model is validated in both stationary and transient scenarios. The
numerical simulations herein presented follow the next assumptions:


4.1.

The numerical simulations are simplified in a two-dimensional axisymmetric
model. This assumption is given straightforward from the experimental tests
since the authors described a full axisymmetric response on the material
spreading. The axisymmetric description for a mixed formulation is given in
Appendix D.

Scope and setup of the experimental tests

The experiments carried out by Lajeunesse, et al. [62] – which are the ones employed in the present work for validation purposes – have the aim of characterizing
the slumping and spreading of the granular material from an initial configuration of
confinement, being the gravitational forces the only perturbation exerted on the
material. One of their objectives was to determine the influence of the material and
several parameters like the mass M , the initial aspect ratio a of the granular volume,
the substrate roughness, and the bead size on the spreading of a granular mass as
well as in its final disposition.
The experimental setup consists of a cylinder of inner radius Ri resting on a horizontal plane wide enough to contain the spread of the granular material. The tube
was filled with a mass M of glass beads of uniform size and shape
( d = 350  50mm ) and an averaged density r = 2500 kg m 3 . The filling procedure was standardized in order to ensure reproducible initial conditions; they poured
the glass beads onto a sieve defining a homogeneous downfall of the material. The
height of the column hi is defined according to the amount of material, which in
turn, defines its initial aspect ratio a = H i Ri . The scheme of the experimental
setup is shown in Figure 4-1.
The experimental procedure consists in releasing the cylinder pile by the quick
removal of the container via a pulley system6. Once the material is released, it
spreads on the horizontal surface due to gravitational forces until it comes to rest
forming a final deposit. Lajeunesse, et al. [62] defines the time necessary to set the
6

In a following paper, Lajeunesse, et al. [63] E. Lajeunesse, J. B. Monnier, and G. M. Homsy, "Granular

slumping on a horizontal surface," Physics of Fluids, vol. 17, pp. -, 2005. detail the used methodology of
the cylinder removal. They placed constant weights on the lifting system in order to maintain reproducibility on the experimental tests.
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granular mass in motion as Tm = 2 H i g . The time of removal for the cylinder
Tr has to be fast enough in order to reduce its influence on the flow pattern of the
material; in order to achieve a proper procedure where the removal of the cylinder
does not influence on the spreading Tr has to be small compared to Tm.
The slumping and spreading of the granular pile was captured using a digital
camera acquiring 500 images per second. The camera was connected to a computer
to capture and digitalize images at short intervals of time being capable to define the
shapes of the bulk as it spreads. Lajeunesse, et al. [62] reported that, as the granular
mass spreads axisymmetric, the profiles reached by the material provide enough
information to fully characterize its three-dimensional shape.

Figure 4-1. Scheme of the experimental setup [62].

The experimental tests comprised several geometries and initial aspect ratios to
characterize the mechanisms of spreading for the granular material. A first set of
examples were conducted to verify the axisymmetric spreading of the material; it
was confirmed by placing the camera vertically above the cylinder and the measuring of the radial spreading.
Lajeunesse, et al. [62] concluded that the most relevant parameter that characterizes the spreading and final deposit of the material is the initial aspect ratio a .
They identified that, depending on the initial aspect ratio, the spreading of the granular material has two distinct dynamical regimes leading to three different deposit
morphologies. The first regime is observed for smaller initial aspect ratios, with a
limit a £ 3 ; the spreading is characterized by a flow front that develops at the foot
of the pile, and that propagates radially outward, see Figure 4-2(a) and Figure
4-2(b). The image sequences show how the sides of the initial column of granular
material crumble through an avalanche.
The final configuration varies depending on the initial aspect ratio; for small
values, the material does not spread completely, leaving a central undisturbed region
and creating a truncated cone deposit, Figure 4-2(a). For values close to a = 0.74
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ratio. Figure 4-3 shows the comparison of different geometries for three different
initial aspect ratios – one for each of the deposit morphologies.
The normalized deposit profiles, shown in Figure 4-3, are used for the validation
of the numerical model in the following sections. These results clearly corroborate
the influence of the initial aspect ratio in the final profile, being independent of the
mass. Figure 4-3(a) stands for the normalized comparison of the final profiles for
cylinder piles with the smallest initial aspect ratio a = 0.41 . It shows the truncated
cone for the deposit profile, defining a flow front by the lateral sides.

Figure 4-3. Deposit profiles normalized to the tube radius for three different initial aspect
ratios, varying geometries: (a) a = 0.41 . Plain line: M = 135 g, Ri = 40 mm. Dotted
line: M = 50 g, Ri = 28 mm. Plain line with circles: M = 50 g, Ri = 28 mm. (b)
a = 1.95 . Plain line: M = 600 g, Ri = 40 mm. Dotted line: M = 200 g, Ri = 28
mm. Plain line with circles: M = 50 g, Ri = 40 mm. (c) a = 6.20 . Plain line:
M = 675 g, Ri = 28 mm. Dotted line: M = 75 g, Ri = 13 mm. Plain line with circles:
M = 80 g, Ri = 13 mm [62].

The second set of geometries, corresponding to an initial aspect ratio a = 1.95 ,
shows the same normalized deposit profiles for different amounts of mass, see
Figure 4-3(b). It is observed the correspondence with the second profile morphology, which describes a cone. The last pattern is shown in Figure 4-3(c), and corresponds to the second dynamical regime of spreading. The difference of both dynamical regimes, shown in first two figures and the third one respectively, is observed by
contrasting their deposit profiles: for the first case, the deposits show smooth slopes
while for the last regime, the centre of the bulk shows a cone, identified to be from
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the upper region of the cylinder, while the material at the bottom shows a different
slope on its profile.

4.2.

Modelling of material settlement

In order to dissipate initial oscillations due to the gravitational loads, the simulations
shown in the following follow the assumption of allowing the material, within the
container, to settle down. Once the material reaches a state of negligible kinetic
energy, the corresponding kinematic conditions are applied (in this case, the removal
of the container).
The geometry given in Figure 4-2(a) is taken as reference example for the calibration of material and numerical parameters. It consists of the axisymmetric modelling of a cylinder pile of radius Ri = 70.5 mm and a height H i = 39.48 mm with
a corresponding initial aspect ratio of a = 0.56 . This particular choice of the initial
aspect ratio aims at reducing the effects of abrupt changes in potential energy on the
numerical response. This numerical response is expected to follow the first dynamical regime for the material spreading and to define the observed profile morphology
of a truncated cone.
Figure 4-4(a) shows the evolution, during material settlement, of the computed
volumetric pressures measured at the bottom centre of the material – in the axisymmetric model at the bottom of this axis. The graph displays a barely perceptible
dissipation on the oscillations along time, a fact that is contrary to expectations,
since the coefficient of elastic restitution in granular materials is practically null
[48]. As may be inferred, these physically unrealistic pressure oscillations are due to
oscillations in the normal stress in the vertical direction, see Figure 4-4(b).
The above observations clearly indicate that the model proposed in previous
chapter has to be equipped with some additional means to dissipate the spurious
oscillations. To this end, a visco-elastic regularization based on a Kelvin-Voigt
model is proposed.
This type of visco-elastic models is based on a rheological representation of a
purely viscous damper and an elastic spring. In this case the additional term will be
described as a function of the rate of deformation tensor. Since the numerical model
is based on a mixed formulation, the pressure variable defined by equation (2.34) is
rewritten using the new term corresponding to the viscoelastic regularization – expressed in the current configuration.

pn+1 = k

ln J n+1
+ h tr dn+1
J n+1

(4.1)

where h is a coefficient that defines the degree of dissipation required to characterize the coefficient of elastic restitution of the material.
Details on the deduction and numerical implementation of this visco-elastic regularization are given in Appendix E.

Numerical simulation of the spreading of a granular media

(a)

73

0

-500

pres sure (Pa)

-1000

-1500

-2000

-2500

-3000
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

0.3

0.35

0.4

0.45

0.5

time (s ec )

(b)

0
-500

-1000

S y (P a)

-1500

-2000
-2500
-3000

-3500
-4000

-4500

0

0.05

0.1

0.15

0.2

0.25

time (s ec )

Figure 4-4. Dynamic oscillations presented in (a) pressure, and (b) vertical stresses after
settlement of the material at the bottom centre of the cylinder pile.

Figure 4-5(a) shows the comparison of the volumetric pressures at the bottom
centre of the material for different values of the dissipation coefficient h (expressed
as the product of a dimensionless constant and the bulk modulus). Comparing the
-4
corresponding values of a null value of the coefficient (green line) and h = 10 k
(blue line), it could be defined the last as a numerical zero, nullifying any dissipation. It can be readily appreciated how the amplitude of the oscillations diminishes
-2
when increasing values of the dissipative coefficient. For h = 10 k (black line),
the oscillations are completely eliminated.
In Figure 4-5(b), the influence of the dissipative coefficient on the evolution of
the vertical stress component ( s y ) is examined. As expected, the introduced regularization proves effective in mitigating also oscillations in this variable. It is worth
noting that, in contrast to the situation observed in the pressure variable, the magnitude of the mean value of s y remains approximately constant for all values of h .
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Figure 4-5. Variation on the dynamic oscillations presented in (a) pressure and (b) vertical
stresses, after settlement of the material at the bottom centre of the cylinder pile using the
viscoelastic regularization.

4.3.

Model calibration – deposit profile

As mentioned in the previous section, the calibration of the parameters of the model
is carried out using the experimental test corresponding to the configuration shown
in Figure 4-2(a). This test corresponds to an axisymmetric model of a cylinder with
initial aspect ratio of a = 0.56 ; a sketch of the initial geometry is displayed in Figure 4-6.

Numerical simulation of the spreading of a granular media

75

H i = 39.48 mm

Ri = 70.50 mm

Figure 4-6. Axisymmetric model for reference example with initial aspect ratio a =0.56 .

The constitutive model herein proposed for dense granular flows is characterized by four parameters, namely: the internal friction angle, the cohesion, and the
visco-plastic and visco-elastic parameters. The cohesion coefficient is set to a very
-2
small positive constant, b2 = 10 Pa , to reflect the fact that the grains employed
in the experiments are assumed cohesionless. Regarding to the visco-plastic coefficient t R , preliminary numerical tests show that transient behaviour is accurately
replicated with a vanishing negligible coefficient (that is, the visco-plastic regularization in this test does not play a significant role). As for the visco-elastic part, the
-2
dissipation constant is set to h = 10 k (the value obtained in the previous section
to eliminate oscillations in the volumetric pressures).
In all the examples, calibration and validation models, calculations have been
run with a time-step length Dt = 1´10-4 sec ; the number of elements for each
model are a function of the geometry of the model, remaining constant the element
size he = 1.5mm . The modelling of the granular material / surface interaction was
in terms of defining the same value for the internal friction angle and the wall friction angle; for the interaction with the cylinder’s wall it was defined frictionless.
The calibration of the remaining parameter, the internal friction parameter b1 , is
carried out by comparing the final deposit profile, obtained for varying values of this
parameter, with the corresponding experimental result. Figure 4-7 shows this comparison in terms of the normalized deposit profile for values of b1 ranging from 0.4
to 1.20.
Observe that the material tends to fluidize for lower values of b1 . For
b1 = 0.40 , the “truncated cone” shape observed experimentally is not present; one
has to increase the internal friction parameter over 0.65 to reproduce this typical
shape. For the maximum value used, b1 = 1.20 , the deposit profile shows, as expected, the wider region of material undisturbed; presenting material crumbling
approximately at half the radius of the cylinder.
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Maximum resemblance between numerical and experimental profiles is
achieved at b1 = 0.75 (the equivalent internal friction angle in a Mohr-Coulomb
model is f = 23.474o , a value that lies between the values reported by Lajeunesse,
et al. [62] for the repose angle and the avalanche angle, qr » 21o and qa » 29o
respectively).
It should be remarked that the match is almost perfect except at the outer portion
of the deposit. This deviation may be explained by the fact that, at this region, the
grains are too loose to be collectively represented as a continuum medium.
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Figure 4-7. Final (normalized) deposit profile for varying values of the internal friction parameter. Comparison with the experimental result reported by Lajeunesse, et al. [62].

A striking conclusion of the experimental study conducted by Lajeunesse, et al.
[62] is that the shape of the final deposit is practically independent of the rigid/erodible nature of the rough ground; according to Lajeunesse, et al, the final
shape should only depend on the initial aspect ratio (at least for the range of values
studied in their work).
To check whether the numerical model is consistent with this observation, in
Figure 4-8, the final profiles predicted by the model for varying values of the wall
friction parameter at the interface domain are compared.
It is readily seen that, indeed, the model does capture the experimental behaviour in this respect, since variations of the wall friction parameter does not induce
significant changes of the final shape of the deposit – only a slight deviation is detected at b1wall = 0.2 .
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Figure 4-8. Deposit profiles obtained varying the wall friction angle of the contact interface.

4.4.

Model validation – deposit profiles

The validation of the numerical model is carried out using two sets of examples. The
first set corresponds to the remaining two geometries, shown in Figure 4-2(b) and
Figure 4-2(c). The second set has the aim of further corroborating the conclusion
made in Ref. [62] regarding their statement, that indicates that the deposit profile is
only a function of the initial aspect ratio of the granular pile, being negligible the
influence of the mass pile on the morphology – it will compared with the normalized
deposit profiles shown in Figure 4-3.
The geometries of the axisymmetric models of the remaining examples are
shown in Figure 4-9. The first initial aspect ratio a =0.80 corresponds to the first
dynamic regime – a flow front that develops at the bottom of the pile and crumbles
through an avalanche, presenting a cone shape type final deposit morphology. The
second initial aspect ratio a =5.40 belongs to the second dynamical regime; its final
deposit profile corresponds to the Mexican hat shape type.
The validation process consists in comparing the remaining configurations using
the same internal friction material obtained earlier by the calibration example
b1 = 0.75 – it is emphasized that all material and numerical parameters are kept the
same as well as the model conditions.

78

(a)

(b)

Hi = 151.2 mm
Hi = 56.40 mm

R i = 70.50 mm

Ri = 28.0 mm

Figure 4-9. Axisymmetric models used for model validation: (a) Regime 1, a =0.80 ; (b)
Regime 2, a =5.40 .

In Figure 4-10, the experimental and numerical final profiles corresponding to
the first initial aspect ratio a =0.80 are depicted. To better appreciate the evolution
of the pile, the initial configuration is also displayed. Observe that, except at the
outer part – in which as previously pointed out, the grains becomes too loose as to
be modelled as a continuum medium – the deposit profile predicted by the numerical
model runs above, and approximately parallel, to the one observed experimentally.
On average, discrepancies in height are less than 10%.
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Figure 4-10. Validation of the numerical model for a cylinder pile with an initial aspect ratio
a =0.80 .
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Figure 4-11 contains the profiles corresponding to the initial aspect ratio
a =5.40 . Remarkably, in this case, the deposit profiles of the experimental and numerical models exhibit an excellent agreement, even at the concave slopes of the
free surfaces that defines the Mexican hat shape; the only deviations are observed, as
in the previous cases, at the outer region.
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Figure 4-11. Validation of the numerical model for a cylinder pile with an initial aspect ratio
a =5.40 .

Even though the scope in this section is not the study of the transient response of
the granular spreading, for completeness, in Figure 4-12, the evolution during the
spreading process, of the experimentally recorded profiles (left column) along with
the predictions furnished by the numerical model (right column) is compared.
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Figure 4-12. Comparison of the evolution of experimental [62] and numerical profiles corresponding to (a) initial aspect ratio a = 0.56 ; (b) initial aspect ratio a = 0.8 ; and (c)
initial aspect ratio a = 5.4 .

Figure 4-12(a) and (b) correspond to initial aspect ratios of a = 0.56 and
a = 0.8 , respectively (first dynamical regime of spreading). Computed profiles in
these two cases bear close similarity to those monitored experimentally. In the third
case (the one corresponding to the slender column, see Figure 4-12(c)), the similarity is not so marked: in the computed results, the upper portion of the column maintains its initial shape during most of the process, while in the profiles reported in
Ref. [62] , the column seems to widen as its top surface descends. A glance at the
sequence of images shown previously in Figure 4-2(c) may aid in disclosing the
actual origin of these discrepancies. Indeed, observe that, upon removal of the container ( t = 0.182 sec ), the outer layer of particles detach from the bulk mass due to
some friction presented during the removal of the cylinder. Such detachment is an
inherently discontinuous phenomenon, and therefore, not amenable to continuum
modelling; hence the discrepancies between observed and computed results. Nevertheless, it should be noted that the influence of these discrepancies on the predictions
of the final profile is practically negligible (since it is considered the discrepancy on
the outer layer of particles), for both computed and experimental graphs are practically coincident, as previously seen in Figure 4-11.
In Ref. [62], Lajeunesse, et al. report that, independently of the mass, a set of
cylinders with the same initial aspect ratios but different dimensions will exhibit
similar normalized deposit profiles. To check whether this behaviour is also cap-
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tured by the numerical model, we launch several analyses with varying initial dimensions. Table 4-1 shows the employed initial aspect ratios described in Ref.
[62], one corresponding for each of the deposit morphologies, and the dimension of
its radius.
Tag
A1
A2
B1
B2
C1
C2

a

0.41
0.41
1.95
1.95
6.2
6.2

Ri ( mm )
40
28
40
28
28
13

Table 4-1. Set of geometries for diverse initial aspect ratios for analysis of the deposit profiles.

In Figure 4-13, numerical results obtained for each pair of initial aspect ratios
(blue and black cross marks for the first and second geometry respectively) are compared with the corresponding experimental normalized deposit profiles (continuous
red line).
In the first two cases, Figures 4-13(a) and (b), the computed profiles are
practically indistinguishable. For both cases, the crumbling of the material spreads
from the outher regin through the centre of the pile; a difference for the second
initial aspect ratio, is that for both the experimental and numerical profiles, a
curvature on the profile is given, instead of a straight slope present for the smaller
value. This morphology, that is more characteristic of the second dynamical regime,
is given since the initial aspect ratio a = 1.95 is closer to the limit between the first
and second dinamical regime ( a £ 3 ) than the limit between the first and second
deposit morphology ( a > 0.74 ).
In the third case, Figure 4-13(c), differences are observed at the peak of the
Mexican hat profile, and at the outer regions8. However, these deviations are not
very pronounced (less than 7% at the peak). It may be concluded, thus, that
numerical predictions are in accordance with the experimentally observed [62] about
the independence of the scaled profiles to the volume of released material.

8

As pointed out earlier, discrepancies at the outer regions are due the model’s inability to represent the

detachment of grains at the flow front.
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Figure 4-13. Comparison of the deposit profiles for pairs of initial aspect ratios with different
dimensions: (a) initial aspect ratio a = 0.41 , (b) initial aspect ratio a = 1.95 , and (c) initial
aspect ratio a = 6.2 .

Lajeunesse, et al. [62] devised an experimental procedure that permits the visualization of the internal structure of the granular material in its final state. In this
experiment, a cylinder is filled with the same glass beads, painted accordingly to
differentiate seven alternating layers of red and white particles, see Figure 4-14 (a).
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The cylinder pile has an initial aspect ratio a = 1.00 with a radius and height

R = H = 70.5 mm . After spreading, the granular deposit is symmetrically split into

two parts by means of a thin glass, Figure 4-14(b); then, one of the halves is removed so as to observe the final distribution of layers, Figure 4-15(a). The dotted
line indicates the boundary of the stagnant zone (i.e. the region inside which flow
has not taken place). Lajeunesse, et al. [62] determined that, for this particular initial aspect ratio ( a = 1.00 ), the stagnant zone is approximately a circular cone with
radius equal to the base radius of the initial cylinder pile.

(a)

(b)

Figure 4-14. Experimental procedure to explore the internal structure of the deposit. (a) Initial
state: tube filled alternatively with layers of two colour glass beads. (b) Deposit split in two
parts by mean of a thin glass plate [62].

In order to assess the ability of the proposed numerical model to replicate
internal flow patterns, a simulation of the spreading of the cylinder pile described
above is carried out. The final configuraiton of the pile is shown in Figure 4-15(b);
to facilitate the comparison with the experiment, the lines defining the experimentally measured stagnant zone (circular cone of radius R = 70.5 mm ) are also plotted in
Figure 4-15(b).
Inspection of Figure 4-15(b) clearly indicates that the spreading of material was
localized at the outer zones, close to the free surface, where particles can move easily compared to those within the core of the deposit. The region enclosed by the
plotted lines remains practically undisturbed; this fact is in qualitative agreement
with experimental observations, see Figure 4-15(a). Another interesting feature that
can be gleaned from Figure 4-15(b) (and that it is also consistent with experimental
observations given in [62]) is that granular motion occurs in such a way that top
layers slide over layers beneath with no apparent intermix between them.
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Figure 4-15. Comparison of internal structure of the deposit: (a) Experimental response [62],
(b) Numerical solution.

4.5.

Transient flow

We focus now on the validation of the model’s performance in the transient regime.
The validation is carried out by comparing the evolution, upon removal of the confining tube, of experimentally recorded and computed pile profiles. Experimental
data has been obtained from the sequence of images displayed previously in
Figure 4-2, from Ref. [62].
Intuitively, it is reasonable to expect that the speed at which the tube is lifted affects, to a greater or lesser extent, the velocity at which the granular pile spreads
afterward. Thus, a proper assessment of the model’s ability to describe the transient
response requires accurate data of the tube lifting speed. Unfortunately, information
in Ref. [62] concerning this aspect of the experiment is quite vague and somehow
inconsistent. Indeed, Lajeunesse et al. [62] limit themselves to point out that the
lifting speed is “of the order” of vr » 1.6 m / s ; however, this speed is not consistent with the time labels accompanying the sequence of snapshots in Figure 4-2.
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For instance, in the case of the cylinder with initial aspect ratio a = 0.56 (and
initial radius Ri = 70.5 mm ), the release time corresponding to vr = 1.6 m / s is,
assuming constant speed, Tr = aRi / vr = 0.024 sec , while in the sequence of images displayed in Figure 4-2(a), this time can be estimated, by interpolation between
the time labels of the second and third snapshots, at Tr » 0.179 sec .
To shed light on this apparent inconsistency, we have carried out numerical
simulations of the spreading process for lifting speeds vr ranging from 0.1 to 1 m/s.
In Figure 4-16, we show (for the case of initial aspect ratio a = 0.56 ) the plot of the
computed position r f ( t ) of the foot of the spreading pile versus time, together with
the pertinent experimental data (obtained, in turn, from Figure 4-2(a)). The speed
vr = 0.220 m/s (green line) corresponds to the speed calculated from the aforementioned “guessed” release time Tr = 0.179 sec .
Results displayed in Figure 4-16 conforms to intuitive expectations: the faster
the tube is removed, the greater the rate of spread of the collapsing column front
(and therefore, the sooner the stationary state is achieved). These results also provide a definite clue to resolve the controversy concerning the actual lifting speed
employed in the experiments by Lajeunesse et al. [62]: the curve corresponding to
the “guessed” lifting speed vr = 0.220 m/s is the one that bests fits experimental
values. By contrast, the graph with vr =1.0 m/s (the one closer to the estimation
suggested by Lajeunesse [62], vr =1.6 m/s ) overpredicts the average spread rate in
almost 100%.
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Figure 4-16. Position rf ( t ) .of the foot of the spreading granular pile for different vr . Initial
aspect ratio a = 0.56 .

Pile profiles computed, using the seemingly correct lifting speed vr = 0.220 m/s ,
are compared with their corresponding experimental images in Figure 4-17.
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(a)

(b)

Figure 4-17. Comparison of sequences of profiles for an initial aspect ratio a = 0.56 : (a)
experimental [62], (b) PFEM.

The analysis under varying lifting speed, described above, is repeated for the
column of initial aspect ratio a = 0.8 . In Figure 4-18, the position of the foot of the
pile versus time for the case a = 0.8 is plotted. The release speed, vr = 0.258 m s ,
is the speed estimated from the relative location of the tube in the first and second
snapshots in Figure 4-2(b).
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Similarly to the situation encountered in the previous case, the curve corresponding to this “guessed” speed (green line) is the one that best fits experimental
values (notably, the curve passes through four of the five experimentally measured
points). The time to let the mass in motion corresponding to this initial aspect ratio
is Tm = 0.107 sec , which presents a higher value than the time for the cylinder removal Tr > Tm l , doubling the value similar than for the previous example.
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Figure 4-18. Position r f ( t ) of the foot of the spreading granular pile for different vr . Initial
aspect ratio a = 0.80 .

On the other hand, Figure 4-19 provides the comparison of the evolution of
computed and experimentally recorded pile profiles for this tube lifting speed. The
agreement (both quantitative and qualitatively) is also remarkable even with the
assumption of a constant velocity.
Lastly, we show in Figure 4-20 the evolution of the foot of the pile of initial aspect ratio a = 8.94 versus time for different tube lifting speeds. Using the same
procedure as before, we get a lifting speed9 of vr »1.29 m / s . As in the previous
cases, the curve corresponding to this speed (black line) matches closely the experimental points. It is interesting to note that the influence of the release velocity on
the spreading velocity in this case is comparatively less pronounced than in the previously shown graphs for the thicker columns (Figure 4-16 and Figure 4-18).

9

Indeed, it can be appreciated in Figure 4-2(c) that in the second snapshot, time 0.062 s, the tube has

travelled

approximately

32%

of

the

initial

vr = 0.32⋅ a ⋅ Ri / t = 0.32( 8.94 )( 0.028 ) / 0.062 » 1.29 m / s.

height.

Therefore,

we

have
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Figure 4-19. Comparison of sequences of profiles for an initial aspect ratio a = 0.80 : (a)
experimental [62], (b) PFEM.
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Figure 4-20. Position r f ( t ) of the foot of the spreading granular pile for different vr . Initial
aspect ratio. a = 8.94 .

Figure 4-21 compares the experimental and numerical snapshots for this initial
aspect ratio while spreading. The second dynamic regime is readily perceptible: the
whole upper region of the granular column starts to move instantaneously; falling as
a rigid body, so to speak.
The kinematics that represents this dynamic regime explains why, for this geometry or initial aspect ratio, the curves given in Figure 4-20 show a narrow distribution of the position of the foot of the spreading during the process. Since the material crumble takes place at the bottom of the pile, the material on the upper levels
tend to fall as a rigid body and the confinement that are subject to does not play a
significant role.
The spreading of the material takes place at the foot of the pile developing a
flow front and the transition from this rigid body to a flow regime remains at the
same level. Another worthy that deserves notice from these snapshots is the cloud
of diffuse granular points. As earlier explained, this cloud appear because of the
abrupt release that takes contact with the container; in the third frame it is clearly
identified loosen particles due to the wall friction. As mentioned earlier, the impact
of such cloud of points is negligible in the final configuration of the deposit.

90

(a)

(b)

Figure 4-21. Comparison of sequences of profiles for an initial aspect ratio a = 8.94 : (a)
experimental [62], (b) PFEM.

4.6.

Mechanical behaviour while spreading

In order to gain further insight into the different flow regimes occurring depending
on the initial aspect ratio of the collapsing column, we examine next the evolution of
contour plots of the plastic multiplier a defined in equatio (3.36) of Chapter 3.
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The usefulness of these plots lies in that they convey at a glance – without the
need to scrutinize velocity fields or other kinematic variables – qualitative information regarding the state of motion of the granular material at each time step. Indeed, recall that this variable indicates the phenomenological events that occur at
each point of the material. Regions undergoing purely elastic deformations (stagnant
zones) are characterized by a = 1.0 , whereas zones at which fully plastic flow is
present are associated to values close to a = 0.0 . Finally, regions at which the
transition from fully developed flow to static condition takes place (jamming zones)
are identified by values between these two extremes.
Figure 4-22 depicts the evolution of the plastic multiplier for the three initial aspect ratios used to validate the transient regime. Time is normalized with respect the
full time needed to reach their respective final deposit profile T * . Figure 4-22(a) and
Figure 4-22(b) corresponds to piles with initial aspect ratios a = 0.56 and a = 0.8
, respectively. The key qualitative features reported in the experimental work by
Lajeunesse et al. [62] can be readily observed in these sequences of plots – the margins of the pile crumble through an avalanche, and the flow front propagates then
outward. In the first case ( a = 0.56 ), Figure 4-22(a), it can be easily discern how the
free upper surface divides into an inner, static region ( a = 1 ) and an outer flowing
region ( a = 0.0 ). On the other hand, in the second case, Figure 4-22(b), the distribution of this variable reveals that the entire outer surface starts to flow immediately
(no static, outer regions are observed in the second contour plot). Once the material stops flowing, all zones tend to the static condition ( a = 1.0 ), as can be seen in
the last row of plots.
Lastly, in Figure 4-22(c), the contour plots corresponding to the third aspect ratio are displayed. The portrayal of undeformed and flowing regions provided by
these plots is reasonably in accord with the previously outlined experimental observations by Lajeunesse et al. [62] (second dynamical regime). Indeed, the distribution
of variable alpha in the second snapshot clearly indicates that the upper part of the
column remains practically unaltered ( a = 1.0 in the, approximately, upper half
region) during the initial stages of the collapse, while, simultaneously, a flow front
develops at the base of the column.
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Figure 4-22. Evolution of the elastic factor a ( Dl ) while spreading a granular pile for three
different initial aspect ratios: (a) a = 0.56 , (b) a = 0.80 , and (c) a = 8.94 .

Chapter 5
Industrial applications
Many industrial processes involve the manipulation and transformation of granular
materials. The presence of granular flows during these processes is a strong source
of problems that they are partially understood and sometimes neglected. For this
reason, it is important to explore and analyse via experimental and numerical models
the mechanisms that are developed when granular flows are present. The scope of
this chapter is to validate the capability of our numerical model to reproduce real
industrial processes where dense granular flows are involved.
The examples focus on two industrial problems related to pellet manufacturing
in mining industry: the silo discharge and the tumbling mills. Both examples are
representative when dealing with granular flows due to the presence of variations on
the granular material mechanical response –varying from a stagnant configuration to
a flow condition. A general setback related to granular materials flows is that there is
no a large number of reliable and accurate experimental examples, being more difficult to find for industrial processes. In order to validate our numerical model, it was
necessary to identify experimental models conducted and reported rigorously.
The silo discharge is validated using the experimental data collected by Rotter et
al [89] on a full scale flat bottomed cylindrical silo. The simulation was conducted
with the aim to characterize and understand the correlation between flow patterns
and pressures for concentric and eccentric discharges. Numerical and experimental
flow patterns are compared for different levels of discharge. The effect on the flow
patterns due to the variation of the mechanical properties and the outlet diameter is
also analysed.
In the second example, the potential of PFEM as a numerical tool to track the
positions of the particles in the interior of a rotational drum is analysed. The tumbling process is compared with the experimental model of a rotational drum con-
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ducted by [94]; the power draw is computed and validated against the experimental
results in which the power is plotted in terms of the rotational speed of the drum.

5.1.

Silo discharge modelling

This section is devoted to the numerical simulation of a silo discharge. First, a brief
description of the main aspects that characterize the mechanisms presented in the
granular material during its confinement and its discharge is given. Thereafter, it is
described the experimental setup and main results reported by [89] that are expected
to be compared with the numerical simulation. Finally, it is shown the numerical
comparison of the simulations as well as some studies and conclusions that the model allows us to identify.
5.1.1.

Silos behaviour during discharge

The granular material behaviour in silos has been a topic of interest since late nineteenth century ([86],[49]); this is due to the wide number of problems that are present during its storage and discharge. The problems found are not only on the structure itself, but also on the material. The first type of problems involves instabilities
on the foundations, buckling of silo walls, blockage of the material at the outlet, and
discharge overpressures [83]. The second set of problems refers to the material and
embraces material ageing, crushing of the material due to large compression pressures, segregation, among others [29]. Despite the significance of the impact of
granular materials in economy, many of these problems are treated with inchoate
solutions.
Internal pressures and the pressures exerted on the silo walls are strongly influenced by the flow patterns of the granular material during its discharge [75]. Generally, the flow mechanisms for a silo discharge can be broadly classified as either
mass flow or funnel flow [50]. Mass flow patterns are smooth and relatively uniform; the velocity profiles for a mass flow exhibit the highest values at the centreline of the outlet, and decreasing progressively toward the silo walls. This type of
flows presents a depression on the bulk of the material since the discharge is faster at
the centre than at the outer portions. On the other hand, Brown and Hawksley characterized in 1947 the funnel flows by a stagnant zone toward the silo walls, a region
of vertical motion at the centre of the outlet, and a transition or jamming zone [75],
see Figure 5-1.
The definition of mass flow or funnel flow is a function of the material properties, the geometry of the silo, and the interaction between the silo’s wall and the
granular material. It is observed that whenever the mass flow is not achieved, the
patterns given by a funnel flow have significant implications both on the functional
and structural design of the silo [24].
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Figure 5-1. Flow zones proposed by Brown and Hawksley [75]

The distribution, size, and shape of the particles have a wide influence on the
material discharge. Blockage of the material at the outlet is related to the size and
shape of the particles as well as the dimension of the opening; with this condition,
the flow may present sporadic or complete obstruction of the material by remarkably
stable arches [29]. About the shape of particles, bulks formed by rounded well
shaped particles are prone to define regular and smooth flows comparing with those
formed by particles of higher degree of angularity and granulometry –which present
periodic formation of rupture zones [75]. The material in the silo is also affected by
the filling process and hence the flow patterns during its discharge [24]. This affectation is given due to the particle packing of the bulk solid, getting to present density
unevenness, irregular stagnant zones, and wall overpressures.
Other factor that affects the discharge patterns is the geometry of the silos. Experimental tests show that for large height to breadth ratios the mass flow is more
predominant, while for lower ratios the funnel flow is more frequent [83]. The influence of the relationship between the wall friction angle and the hopper angle has
been reported for several authors as ([50],[4]). It is also observed that funnel flows
tend to form for large hopper angles and large wall friction angles; in the other hand,
for smaller values the predominant flow is a mass type, see Figure 5-2. Despite the
strong influence of this relationship, the transition between a mass flow and a funnel
flow depends on the internal friction angle of the material [56].
The pressures during discharge are strongly influenced by the flow regime. It is
important to understand and define the pressures distribution since they have repercussions on the structure of the silo and its functionality. Problems due to the pressures are found when there is a large gradient of the pressures exerted on the walls,
causing serious implications on the integrity of the structure [25].
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Figure 5-2. Criterion for the transition between core and mass flow [75]

As a result of the requirement of a well understanding of the pressure distribution and the functioning of the system, it is essential to establish models to predict
these conditions. Unfortunately, modelling of the response of granular materials on
silos is not a trivial task – neither on experimental nor numerical models. Experimental models have the setback of the affectation on the response due to the scale
factor; for this reason it is important to determine full scale models which make
expensive to run tests for every condition. Likewise, another difficulty is the instrumentation required for data recollection. The flow patterns are difficult to determine since walls are opaque and there is no a direct disposal to measure and observe those patterns.
Analytical models have been proposed in order to predict the load distribution.
One of the most used is the proposed by Janssen in 1895 [49], based on a heuristic
model on the framework of continuum mechanics [29]. The model resides on the
observation that the granular media tends to redirect the vertically applied loads
toward the walls.
Computational techniques allow us to define numerical models to simulate silos
discharge. Traditionally these models are based on discrete methods. The drawbacks with these methods are the limitation in the number of particles to simulate
real applications, the lack of an accurate definition of the particles interaction, as
well as the difficult to have a direct coupling of the forces and stresses on the structure. An alternative is found in the use of a continuum approach. The Particle Finite
Element Method (PFEM) is a numerical method suitable to solve the governing
equations for large deformation problems, allowing us to determine the transitory
and stationary regime of a problem.
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Experimental setup

The experimental model used to validate the numerical model is reported by Rotter,
et al [89]. The importance of this experiment lies on the use of a full-scaled silo;
since it is identified the influence on the experimental response given by the scale of
the model ([83],[25]). The model is a full-scaled flat bottomed cylindrical silo, instrumented to study the flow patterns and their correlation with the wall pressures.
Several conditions of discharge and materials were tested.
The silo is flat bottomed, which does not include a hopper. The silo is 4200 mm
in diameter with a 9500 mm high barrel section, see Figure 5-3(a). The walls of the
silo were instrumented with strain gauges to measure the deformation, located one
inside the wall and a pair outside the wall. The material discharge was tested with
three different outlets, one concentric and the other two eccentrics – one fully eccentric and one half way between. The outlets have circular dimensions with a full
opening diameter of 480 mm. Each outlet has a hydraulically controlled slide gate,
which operates from one side. This slide gate is opened partially, which makes the
outlet in a shape of a circular segment.
(a)

(b)

Barrel 6
Ring E

Level 7 (Z = 6.310 m)
Level 6 (Z = 5.893 m)

Barrel 4
Ring C

Level 5 (Z = 4.836 m)
Barrel 3

Ring B
Barrel 2

11875

9500 Barrel section

Barrel 5
Ring D

Level 4 (Z = 3.686 m)
Level 3 (Z = 2.603 m)

Ring A
Level 2 (Z = 1.735 m)
Barrel 1

2400 skirt

Level 1 (Z = 0.935 m)

Figure 5-3. Full-scaled experimental silo: (a) Elevation view (all dimensions in mm) [25];
(b) Seeding of radio tags per levels [89].
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The measurement of the flow patterns is not obtained directly. Several proposals have been used but only applicable to laboratory conditions – direct visual
observation, photographic and radiographic techniques, residence time measurement, indicator bars in silo walls penetrations [89]. In the experiment, radio tags
were placed in the silo with the aim of predicting flow patterns during the discharge.
The radio tags were carefully located along and across the material. A total of
280 radio tags were placed uniformly at seven different levels and eight spokes for
each level separated at five different radiuses, see Figure 5-3(b). The silo was filled
concentrically to avoid localization of pressures due to the particle packing. The
filling of the material was stopped at each level and the bulk was raked in order to
dispense a flat surface; afterward, the template with the seeding position was located
to define the exact position of the tags. In order to avoid damage of the radio tags,
they were placed inside tennis balls. The logging system for the tags consisted on an
aerial wired straight into an amplification box. The signal was processed in order to
identify the radio tag at the moment it was expelled through the outlet.
The flow patterns were calculated via an extrapolation of the position of the tags
and their residence time. For the position of the tags along the discharge, the authors
of the experiment define the assumption of a trajectory defined by the shortest path,
which for many markers and mass flow it is correct; and for the velocity, it was
determined an exponential changing velocity supported by the time residence of the
markers. It was observed that even for concentric discharge, a full symmetric pattern was not obtained; however, the difference is too slight to be considered significant.
The experiment results are taken from the case corresponding to a concentric
discharge of the iron ore pellets – several technical aspects of the experiment, described as PCB test, are reported in Ref. [89]. The silo was filled concentrically until
a mean height of 6400 mm with iron ore pellets with particle size with a range between 12-15 mm, and a bulk density of 2.3 tonne/mm3.
The mechanical characterization of this material was carefully analysed by Gustaffson, in [37]. The reported internal friction coefficient is m = 0.67 , the bulk modulus is k = 32 MPa , and the wall friction angle between iron ore pellets and steel
plate is q = 23.7o .
5.1.3.

Silos discharge, numerical simulation

The numerical simulations described in this section show the model capability for
industrial applications. The validation of the model is given comparing the numerical and experimental flow patterns. Thereafter, it is shown some numerical variations that allow us to comprehend in a deeper way the influence of the material
properties and the opening of the outlet.
The computational model is a flat-bottomed cylindrical silo with a concentric
outlet. The dimensions and filling height are based upon the full-scale PCB experimental test reported by Rotter [89]. The diameter of the silo is 4200 mm and the

Industrial applications

99

filling height 6400 mm. a full opening outlet of 480 mm diameter is used as a reference example.
The simulation is performed via PFEM, using an axisymmetric formulation.
The edge of the outlet is rounded using a radius of 40 mm in order to reduce geometrical singularities, see circled region in Figure 5-4. A non-uniform unstructured
discretization of 6250 nodes is used to describe the initial configuration of the pellets
domain; each node represents 3 degrees of freedom – 2 for displacements and 1 for
the nodal pressure – as a consequence of the mixed formulation.
The non-uniform discretization is fundamental for the simulation, since the
opening of the outlet is considerable small compared to the size of the silo. The
average element size is h1e = 100 mm except near the outlet, where the element size
is h2e = 25 mm approximately, see Figure 5-4.

h

e
1

H = 6 400 mm

R = 2100 mm

r s= 40 mm

h

e
2

Figure 5-4. Computational model for a full-scale silo. Spatial discretization in terms of a
mesh with two mean element sizes of: h1e = 100mm for the whole domain, except near the
outlet, and h2e = 25mm for the region surrounding the outlet. A rounded edge for the outlet
is defined in order to reduce geometrical singularities, rs = 40mm .

In all the examples, calculations have been made with the following material data: bulk density r = 2300 kg/m3 , bulk modulus k = 60 MPa , shear modulus
G = 7 MPa , internal friction coefficient b1 = 1.00 (where the internal friction coefficient is 30.57o ), cohesion b2 = 1´10-8 MPa (a close to zero value to define a cohesionless material, but defined for the von Mises regularization proposed in Chapter
2), relaxation time t R = 2´10-7 sec , and Coulomb’s dry friction m = 0.60 . The
simulations has been run with a time-step length Dt = 2´10-4 sec . The total time
analysed is 95 sec, corresponding to a volume silo discharge of 20m3. To get a
steady start after the gravity is applied the outlet is closed the first 0.5s of the simula-
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tion time. Figure 5-5 shows the particle discretization of the initial, an intermediate
and the final configuration of the numerical silo.
(a)

(b)

(c)

Figure 5-5. Particle discretization of the domain at different stages of the silo discharge: (a)
Initial outlet opening, (b) 20m3 of material discharged, (c) last stage of discharge defining the
remaining material on silo.

5.1.3.1. Flow pattern comparison
To compare the flow patterns achieved by the numerical simulation with those from
the experiment, there are defined seven horizontal lines in the numerical silo are
marked and traced through the solution – the position of those lines is at the same
height than from the experiment described in Figure 5-3(b). The positions at three
different volumes of discharge are compared with the computer visualization of the
experiment in Figure 5-6. The blue lines stand for the numerical results and the red
cross marks for the computer visualization of the tags position. The comparison is
extended to 17m3 of discharged material.
In general, the trends between numerical results and the computer visualization
of the tags are similar in most of the stages. For 1m3 of the discharged volume, particles adjacent to the outlet are in motion, followed by particles further afield. A
velocity wave propagates upward and the funnel flow behaviour is clearly initiated.
Ore pellets located toward the wall remain stagnant – the continuous lines, at least
for the five lower levels, remain horizontal at a significant distance from the wall –,
indicating that the material does not crumbles toward the outlet; the material that is
discharged is the one located at the centre of the silo.
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Figure 5-6. Flow patterns comparison between experiment and PFEM for different volumes
of discharge: (a) 1m3, (b) 5m3, (c) 17m3.

The definition of the funnel flow is more pronounced as the material is discharged; for 5m3 only the material located at the centre of the silo of the last two
levels remains in the silo, and for 17m3 the funnel is developed completely. This can
be seen by the clearly definition of two principal zones: a stagnant region located
toward the silo walls and the flow region defined by a loose material above the outlet of the silo.
Nonetheless, significant differences with computer visualization data are observed, as it is detailed in what follows. For 5m3 of discharge, the last two blue lines
(corresponding to the upper levels) exhibit a separation between them and a small
horizontal platform toward the wall is still apparent; by contrast, the plot of the corresponding experimental tags defines a unique overlapped contour level.
The material volume defined by the skyline of the tags seems less than the one
defined by the numerical result, however the experimental volume discharged is
5m3. The progressive decrease of volume observed experimentally at 17m3 of discharge is more pronounced that the decrease in volume predicted by the model,
which even retain horizontal platforms of stagnant material. This markedly distinct
response highlights concern with the characterization of the material response,
which should clearly receive careful consideration in future improvements of the
model.
The differences between the experimentally observed and the computational
calculated flow pattern responses may be attributed to three main reasons. The first
one is the numerous simplifying assumptions made in Section 2 in deriving the constitutive model, the second reason due to assumptions introduced to be able to do the
simulation, and the third reason concerns the computer visualization code required
to visualize the position of the tags. Among the simplifying assumptions made in the
model, we suppose that the internal friction coefficient is independent of the pres-
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sure or of the material density being not sensitive to the particle packing of the bulk.
A similar comment can be done on other parameters like the viscosity (defined in
terms of a relaxation time).
Another contributor to these discrepancies may be found in the elementary character of the outlet’s size and shape. As commented in Section 5.1.2, the outlet has a
hydraulically controlled slide gate, which is opened partially, making the outlet in a
shape of a circular segment; by contrast, in order to minimize the computational
cost, we assume an axisymmetric geometry, removing in this way the intrinsic 3D
character of the outlet.
The third reason is the computer visualization code itself. As pointed out by the
authors of the experiment in [25], the interpretations of the residence time measurements were made following previous studies by portraying residence times in horizontal and vertical cross-sections through the silo. These contours are more as a
qualitative indicator of the flow pattern than a quantitative description.
An alternative numerical representation of the flow patterns is discussed in what
follows. The idea is to plot in the same domain the evolution of a fixed material line.
In order to get a clear visualization only a few time steps are included in the analysis. The different positions for each level (counting from the bottom) have been
drawn in Figure 5-7. There are plotted several particles at each level identified by
black dots and joined by a continuous blue line; the material position of the particles
at different time steps defines the flow mechanisms present during its discharge.
It is identified a similar pattern of discharge on all the levels which define the
evolution of a funnel flow with a small contribution of a mass pattern –defined as a
mixed flow with funnel flow predominance. The particles located close to the wall
do not present a noticeable separation in their relative position, but, close to the
outlet, they change abruptly as they converge on the flow. In other words, it is observed that the material on the walls is displaced toward the centre of the silo at
small velocities; once the material reaches the region of vertical displacement its
velocities is increased. The material presents the larger velocities on the centre of
the structure and closer to the outlet – it is represented by a larger distance between
the black points plotted in Figure 5-7.
The discharge mechanism is not considered fully of the funnel type, since it is
identified that the material located toward the wall is not completely stagnant, i.e. it
is observed that the particles diminish their level, indicating a discharge of some
material below them.
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Figure 5-7. Evolution of the position for different levels during the material discharge.

A second alternative to understand the discharge mechanism of the silo is
through the mean residence time of the material. Following the philosophy of the
experimental test, the time residence calculated for the material particles located at
the position of the radio tags is shown in Figure 5-8.
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Figure 5-8. Mean residence time calculation for material particles located at the positions of
the radio tags used on PCB experiment.

The mean residence time allows us to identify the flow behaviour of the material
during its discharge. As it is expected, the material particles located closer to the
outlet and above it are the first to be released; for the tags located just at the centre
of the silo or its axisymmetric axis, the particles are released in order, being the last
to be released the corresponding to level 7. This tendency is inverted as more material is discharged and the funnel flow is fully developed; it is observe this transition
is presented for those material particles located at a distance close to 1m from the
outlet. Once that the funnel flow is developed, all the tags corresponding to the upper region, level 7, are released in a narrow band of time.
The curves shown in Figure 5-8 also define the presence of stagnant material
during and after the granular flow; this is defined observing that those particles closer to the wall on the bottom of the silo were never released – only the two first material particles of level 1 were released while for the whole level 7 all material was
discharged.
5.1.3.2. Influence of material and geometric parameters on the flow patterns
The advantage of numerical simulations is the capability of easily varying parameters in order to have a wider understanding of the phenomenon; in this section it is
studied the influence of the material and geometric parameters on the discharge
mechanisms of a silo.
The first set of examples corresponds to the study of the flow patterns varying
the internal friction coefficient b1 . In order to identify a proper variation of the discharge mechanism due to this coefficient, it was defined a set of values above and
under the reference one; this material coefficient was varied using the following set
b1 = [ 0.7, 0.85,1.15 ] – the calibrated coefficient with respect the experimental essay is
b1 = 1.00 .
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The results of this study are summarized in Figure 5-9, where the flow patterns
for the set of internal friction coefficients are compared.
In the figure are plotted, in a front view with a continuous blue line, the position
of the markers at each level for different volumes of material discharged – 1m3, 5m3,
10m3, 15m3, and 20m3; with a dotted red line, it is marked the original height for the
second and fourth levels, to observe its variation during the discharge. The front
views show for the four cases, from left to right, how the flow evolves since the
material is released.
For the whole set of internal friction angles, the flow is identified as being of the
funnel type; it is observed on the first column, 1m3, that the flow is formed at the
centre or axisymmetric axis of the silo. As the material continue to be discharged,
the stagnant zones are more clearly identified – shown at the fourth and fifth columns of each internal friction coefficient, corresponding to 15m3 and 20m3 of material discharged.
As it is expected, the internal friction coefficient of the model plays a fundamental role in the behaviour of the material. Lower values of internal friction coefficient allow the material to develop larger deformations for the same external excitation – in this case gravitational forces. Figure 5-9(a) shows a funnel flow with a
high contribution of mass flow during the discharge, which is described by a flow
nourished by material located of the bottom region of the silo. The lower levels of
markers show a narrow region of stagnant material toward the wall, which describes
a funnel flow. The mass flow contribution is identified by the large amount of material discharged from the bottom of the silo since the upper tags markers remain on
the silo – level 6 and 7 for 15m3 and level 7 for 20m3 of material discharged.
The funnel flow is recovered with a slight increment on the internal friction coefficient. Figure 5-9(b) displays the flow patterns obtained for a discharge using
b1 = 0.85 . It is observed a wider region of the stagnant zone, releasing material of
the upper levels. Comparing with previous internal friction coefficient, it is observed that the uppermost level has been released at 15m3 of material discharged.
The flow patterns corresponding to the reference internal friction coefficient,
b1 = 1.00 , are plotted in Figure 5-9(c). The funnel is achieved with the discharge of
15m3 of material – material from the last level has been discharged; and the stagnant
zones are wider as expected. A more detailed description of its discharge was explained in previous section.
A higher value than the reference example was used for the internal friction coefficient, in order to force a more pronounced flow funnel. Figure 5-9(d) shows the
flow patterns for a value of b1 = 1.15 (corresponding to a Mohr-Coulomb internal
friction angle q » 34.77º ). As the internal friction coefficient is increased, the stagnant zone is more pronounced toward the centre of the silo defining a vertical narrow region of flow closer to the axisymmetric axis. Since the funnel flow is strongly
defined, the material corresponding to the upper levels of the markers is released
since the first 10m3 of the material discharged.
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Figure 5-9. Variation of level markers during material discharge – 1m , 5m , 10m , 15m3,
and 20m3 – for different internal friction angles: (a) b1 = 0.70 , (b) b1 = 0.85 , and (c)
b1 = 1.15 .
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Figure 5-9 (Continued).

The influence of the internal friction coefficient on the discharge mechanisms
could be summarized studying the flow patterns present at 20m3 for each friction
coefficient value – fifth column of Figure 5-9. It was marked with a black cross
mark at the inflection point of the curvature of each level of the markers. It is identified that the flow encompasses a wider region as the internal friction coefficient is
smaller; for b1 = 0.70 the loosen material present an elliptic region, while, for a
granular media with b1 = 1.15 , the loosen material flow is defined in a narrow vertical region.
The second study consists of the analysis of the opening size variation for the
outlet on the discharge of the silo. From the previous set of examples, it is identified
a strong influence on the flow type due to the internal friction coefficient; even
though, it is indispensable to study the dependency of the flow as the dimensions of
the outlet are modified. The study analyses the flow patterns during discharge for
three different outlet sizes and constraining the value of the internal friction coefficient with the reference example b1 = 1.00 . The radiuses to explore, for a fullcircular section outlet, are: 170mm, 240mm, and 310mm –the outlet radius used in
the reference example shown in the previous section is 240mm, and its corresponding flow patterns were plotted in Figure 5-9.
Figure 5-10 compares the variation of the level markers as a function of the flow
type for the remaining two radiuses at 1m3, 5m3, 10m3, 15m3, and 20m3. The continuous blue line denotes the evolution of the seven levels of markers, and the dotted
red lines are used, as in previous figure, as a reference for the height of the second
and fourth levels. It is observed that, for both discharges, the predominant flow is of
the funnel type. Even though, the patterns show a variation on the definition of the
stagnant zones and the flow region on the silo.
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Figure 5-10(a) shows the evolution of levels for the markers for the smallest radius used; the flow patterns show a broader stagnant zone than for larger radiuses,
see Figure 5-9(c) and Figure 5-10(b) for R = 240 mm and R = 310 mm respectively. The flow region is defined by a vertical narrow zone located at the centre of the
silo; although, it is observed a delay on the discharge of the upper levels – the material on these levels remains inside the silo after 20m3 of material discharged.
The largest radius of the outlet shows, likewise, a semi-mass flow discharge. In
contrast with the smaller outlets, the core of the funnel flow spreads toward the walls
on the upper levels of the silo. This reduction of the stagnant zone on the upper
levels appears even at the first stages of the discharge (1m3 and 5m3 of discharged
material in Figure 5-10(b)).
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Figure 5-10. Variation of level markers during material discharge – 1m3, 5m3, 10m3, 15m3,
and 20m3 – for different outlet radius: (a) R = 170 mm , (b) R = 310 mm .
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5.1.3.3. Velocities field during silo discharge
Velocity fields on the silo are information required to determine design parameters
as the residence time distribution, mixing properties of the material, and the rate of
wall wear [75]. Numerical simulations allow processing the data accordingly to
understand different features of the phenomenon. In this section, the velocity contours obtained for different amounts of material discharged and the maximum velocities obtained during the whole process are discussed.
Plotting the contours of the velocity field is an alternative procedure to understand the discharge mechanisms on a silo. In this context, the contours corresponding to different volumes of discharged material, internal friction coefficient
b1 = 1.00 and an outlet radius R = 170 mm , are shown in Figure 5-11. It is observed that the funnel flow develops since the first cubic meters of material are discharged.
Accordingly to the flow zones proposed by Brown and Hawksley [75],
Figure 5-1, the flow is characterized mainly by a stagnant zone (described by a relative null velocity of the material) and a vertical motion presented by the whole material located above the outlet. As it is expected, the maximum velocities are present
on the outlet region; it is considered a zone of loose material where its motion is
conditioned through a free fall, where friction between particles is almost neglected.
(a)

(b)

(c)

/vel/ (m/s)
0.000

2.153

Figure 5-11. Velocity contours for material with internal friction coefficient b1 = 1.00
through an outlet with radius R = 170 mm for different amounts of material discharged:
(a) 1m3, (b) 5m3, and (c) 20m3.

The transition between a stagnant zone and a flow zone is defined by the presence of a discontinuity on the velocities. This discontinuity is not necessary be
coincident with a stress discontinuity since it could be present in a continuous stress
field [75]. The term discontinuity for velocities is not as strict as for stresses; in
terms of a velocity field, it is defined by a large velocity gradient over a small distance.
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The discontinuity on the velocities field is shown in Figure 5-12 by means of
horizontal cuts at different height levels for the same amounts of material discharged
presented in previous figure – 1m3, 5m3, and 20m3.
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Figure 5-12. Velocity variations on horizontal cuts at different height levels for material with
internal friction coefficient b1 = 1.00 through an outlet with radius R = 170 mm for different
amounts of material discharged: (a) 1m3, (b) 5m3, and (c) 20m3.
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It is observed clearly, at the three stages of the discharge, how at the flow zone
the velocities present a certain constant value, and then abruptly, changes toward the
stagnant zone to a relative null value. In this transition, it is observed the narrow
region that defines the discontinuity on the velocities field. For the first cubic meter
of discharged material, Figure 5-12(a), the granular flow of the material close to the
bottom of the silo presents a higher magnitude than for 5m3 and 20m3 of discharge;
this is considered since it represent the transitory regime from the opening of the
outlet. For 5m3 and 20m3 of material discharged, Figure 5-12(b) and Figure 5-12(c)
respectively, this magnitude diminishes as well as the velocities on the upper levels
increases. Likewise, the flow zone presents a narrowing of the section that defines
the vertical motion of the granular material once the steady regime is reached – it
narrows from a distance of 800 mm to 600 mm approximately.
Velocity fields supplement the understanding of the granular flow. It can be observed, from previous figures, that the discharge is characterized by a vertical sliding
of a “rigid block” of material – nourished by the material from the upper levels –
and that , after a certain distance from the outlet, the material is loosen and the particles gain velocity toward the outlet.
The maximum velocities appearing during the whole discharge allow identifying the smoothness of the flow during the process. Figure 5-13 shows the comparison of the maximum velocities reached during the discharge of two models – for a
material with internal friction angle b1 = 1.00 and an outlet dimension R = 170 mm
and R = 240 mm respectively. From those curves two main features are identified:
the discharged of the material takes place in a steady state regime during the full
process; and second, as it is expected, the maximum velocities on the material are
increased as the silo’s outlet radius is larger.
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Figure 5-13. Maximum velocities for a material with internal friction angle b1 = 1.00 comparing two different outlets – R = 170 mm and R = 240 mm .

112

5.1.3.4. Pressure distribution
Probably the most relevant result from the analysis is the pressure distribution acting
on the silo wall. Unfortunately, wall pressures for this experimental test are not
reported on the referenced technical report [89] since measurement difficulties appeared during the experiments. Nevertheless, numerical pressure distributions can
be analysed from the previous validation campaign of the flow patterns.
It is expected that numerical pressures distribution differ from hydrostatic distributions in a static condition. These differences result due to the influence of the
internal friction angle and wall friction, which the last, gradually transfers vertical
loads into the walls.
Firstly, we reproduce numerically the hydrostatic analysis, in which the silo is
hypothetical filled with water and the resulting numerical pressure is compared with
the hydrostatic distribution. In order to reproduce the mechanical behaviour of the
fluid by means of our constitutive model, the internal friction coefficient of the material was set to zero, b1 = 0.00 .
Figure 5-14(a) shows the wall pressure distribution for different bulk modulus
compared with the hydrostatic pressure distribution. The difference between the
curves is a consequence of the compressibility of the elastic part of the model; the
theoretical hydrostatic pressure is recovered when the bulk modulus is increased,
defined by the continuous black line in Figure 5-14 (a).
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Figure 5-14. Wall pressures when material confined: (a) wall pressure distribution for different bulk modulus compared with the hydrostatic pressure; (b) variation of pressure distributions on the silo’s wall for different internal friction coefficients.

Our concern now is to examine the response of the numerical results when the
internal friction coefficient is increased. These results are shown in Figure 5-14(b).
It is observed that the maximum pressures on the wall are reached for hydrostatic
pressures – null internal friction angle; once the material recovers the friction be-
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tween particles, a redistribution of the pressures takes place, reducing the pressure
exerted on the walls as the internal friction angle increases.
Likewise, the pressures reached on the silo’s wall and the granular material depend on the geometry of the problem itself; Figure 5-15 presents these pressures
distributions for different volumes of material discharged using two different opening size on their outlets – R = 170 mm and R = 170 mm . Figure 5-15(a.1) shows the
pressure evolution on the material for the smallest radius, R = 170 mm ; it is observed
that the stresses fields suffer a redistribution when the material is released. The
pressures on the material located at the wall are increased up to 50% just as the outlet is opened – as it is displayed by the variations on the values for a material confined and at 1m3 of material discharged. In contrast with the material pressures, the
wall pressures do not suffer a substantial increment when the material is released,
see Figure 5-15(a.2). In this case, the radial stress is incremented at the bottom of the
silo and reduced almost linearly toward its upper level.
For both properties, material pressure and wall pressure, the maximum values
are present at the bottom of the silo. During the discharge, pressures along the wall
are reduced, since there is a lower amount of material inside the silo, but the maximum values at the bottom remain constant. This monotonic behaviour is expected,
since it corresponds to a concentric discharge – maximum values for the highest
amount of material in the silo, which decrease as it is discharged.
The evolution of the stresses during the material discharge is similar for the outlet of radius R = 240 mm . Figure 5-15(b.1) shows the material pressures for different
amounts of discharge; the comparison with those obtained with the smaller outlet
shows that the mechanical response of the material is similar, presenting an increment up to 50% of the magnitude on the pressures at the bottom once the outlet is
opened. The difference on the pressure redistribution between both outlets size cases
is that, for the wider opening, the level of pressures on the material near the wall
maintains the same magnitude – almost for the two first meters from the bottom of
the material.
The pressures exerted by the material on the wall, for different volumes of discharge, are shown in Figure 5-15(b.2). The evolution of the pressures shows the
same behaviour than for the smaller outlet, being the only difference a slightly increment on the magnitude of the pressures. Since the wall pressures for both discharges show a similar response, it is expected that the increment on the material
pressures be caused by a redistribution of the gravitational loads of the material.
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Figure 5-15. Evolution of pressures distributions during the discharge of a: (a) Silo with an
outlet of R = 170 mm : (b) Silo with an outlet of R = 240 mm . It is displayed first the material pressures, then wall pressures exerted by the material.

5.2.

Tumbling mills modelling

This section focuses on the numerical simulations of granular material in a tumbling
mill. The model capability to simulate tumbling processes is verified via the numerical simulation of the experimental test of a rotational drum conducted by [94]. The
experimental model was proposed to study the power required to set and keep in
motion a charge composed of dry sand; for the numerical simulations, the power
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draw is also computed and validated against the experimental data, in which the
power is plotted in terms of the rotational speed of the drum.
The following sections are divided as follows: first, it is given some basic concepts about the behaviour of the charge in tumbling mills; thereafter, it is described
the experimental setup reported by [94]. Finally, the comparison of the curves corresponding to the torque and power required for the system are given.
5.2.1.

A brief description of the charge in a tumbling mill

Comminution of the material consumes 50% of the total mineral processing cost
[17]. Studies have found that the grinding of granular material in tumbling mills are
inefficient, since large amount of energy is wasted due to the impact of the material
does not shred the granular particles [99]. The study of charge motion during the
milling process allows us to understand how energy is consumed and which efforts
could be done in order to optimize the operating conditions of the drum.
Due to the large amount of energy required for the comminution of the material,
it is necessary to optimize the operating conditions of the process. As may be surmised, this optimization task is a rather difficult one, mainly because material behaviour within the drum is poorly understood, being hard to establish the milling
internal dynamics. Different techniques have been proposed in order to monitor the
performance of a tumbling mill. Among them are found: the use of mill noise and
mill vibrations, to measure the degree of filling [92], the force exerted by the material on the lifters [99], and the power readings during the grinding process, in order to
interpret the filling degree of the material [17].
Measuring the driving torque and relate it to the process by numerical models
can be one possible way to validate, control, and optimise the grinding system. Since
the numerical model herein presented is developed in the framework of continuum
mechanics, it is straightforward the calculation of the system energy, via the balance
equations, for its validation with experimental results.
It is important to have in mind the complex nature of the milling process when
creating models, to decrease the gap between model and reality, more physically
precise models are necessary. Measurements are important for improving the milling efficiency and gaining more understanding of the process itself. A step towards a
more physically correct numerical description of mill systems was the combined
DEM-FEM model presented by [53]. With the DEM-FEM, model forces and mechanical waves, as well as structural responses and their influence on the charge
motion can be studied. The model gives the opportunity to optimize the material
selection of the mill structure. In the work by [52], a combined SPH-FEM model
was used in simulations of tumbling mill processes.
The PFEM is a numerical tool with the potential to track the positions of the
particles inside the drum due to its robustness for large deformation problems. Despite the material during the tumbling process is not considered as a dense granular
medium and neither its kinematics corresponds to slow granular flows – since the
large velocities during the process and the spreading and collisions of the particles –
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the numerical simulation, presented in the following sections, allows us to validate
the model in terms of the power required to set and keep in motion the full system.
5.2.2. Experimental measurement of power consumption for a tumbling mill
– experimental setup
The model capability to simulate tumbling processes is verified comparing with the
experimental test reported by [94]. The experiment consists of the measurement of
the power consumption during the comminution of a mill charge, varying the granular mass and the rotational velocity of the drum.
The measurements were conducted on a laboratory scaled ball mill. The scaled
model has an inner diameter fi = 284 mm and a depth l = 441 mm ; the displacement of the charge is controlled by eight semicircular bumps of diameter
fb = 25 mm spaced uniformly as lifters. The charge consists of dry sand of density
about 2500 kg m3 and porosity around 33%. Figure 5-16 shows the drum dimension
as well as the placement of the lifters.
(a)

(b)

Figure 5-16. Scaled model of a tumbling ball mill, all measures in mm: (a) Front view, (b)
Model depth [94].

The computation of the power is given in terms of the torque applied to the
drum and its angular speed. The torque was measured as the reaction force applied
on a load cell at a given distance from the rotation centre, and the average rotational
speed of the system was obtained measuring the number of revolutions during a long
period. Due to the impulsive nature of the charge, it is convenient to measure the
average torque and angular speed, to define a relatively invariant measure of the
required power [16].
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critical speedd of the system
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g ri
2p

(5.1)
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g
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the degree off filling of the drum and its critical speedd.

Figure 5-17. A
Averaged power measured on dry
d sand [94].
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of the mill. The experimental drum is modelled using a two-dimensional plainstrain state of depth l = 441 mm .
The initial spatial discretization has approximately 2250 nodes and 4500 linear
triangular elements. As regards time discretization, time steps of Dt = 1 10000 sec.
are used. The granular material/mill structure plate interaction is modelled with the
same algorithm used for the silo example; in this case the wall friction coefficient is
set to the same value than in the bulk domain.
As for the material properties of the granular material, the internal friction coefficient and the wall friction coefficient is set to b1 = 0.30 , and the cohesion parameter to b2 = 0.01Pa – a relatively small value of cohesion just to ensure numerical
stability via the von Mises regularization earlier described. Likewise, the employed
bulk and shear modulus are k = 32 MPa and G = 7 MPa , respectively. The viscoplastic regularization is a function of the relaxation time t R ; for these tests, the
relaxation time is tR = 5´10-6 sec .
5.2.3.1. Torque comparison
In order to calculate the power required by the mill to keep its rotational speed, the
balance of the mechanical energy of the system is used. This balance states that the
sum of the rate of change of the kinetic energy ke and the rate of the internal mechanical work Pint of a continuum is equal to the rate of external mechanical work
Pext [42], as given by the following equation

D
k ( t ) + Pint ( t ) = Pext ( t )
Dt e

(5.2)

Since the kinetic energy is a function of the velocity field and the internal mechanical work is a function of the stress field, it is fundamental to obtain a smooth
response of those fields. The velocity contours, shown in Figure 5-18, determine the
kinematic response of the charge while the drum rotates. This velocities distribution
presents the same pattern in the transient and stationary regime, varying the magnitudes reached in each stage.
The motion of the charge is defined by an overturn of the material from the wall
toward the centre, where the larger velocities show up at the outer region of the
material and relative null velocities are located on the core of the material. A relevant difference between the transient and stationary regimes is that, on its acceleration stage, the material presents a higher degree of consolidation, see Figure 5-18(a).
Instead, when the material reaches the stationary regime, Figure 5-18(b), it is observed that the material experiences a relaxation.
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(a)

(b)
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Figure 5-18. Velocity contours for the granular flow (m/s): (a) transitory regime, acceleration
process, (b) stationary regime, after two revolutions.

Pressure contours are displayed in Figure 5-19. It is worth noting that computed
pressures are relatively smooth, a fact that indicates that the used mixed formulation
is fulfilling the purpose of overcoming the deleterious effects of volumetric locking.
Likewise, it can be observed that pressures in the tensile regime are, at least, one
order of magnitude smaller than those in the compressive regime. The contours
indicate that the maximum compressive pressures are given on the charge propelled
by the bump or lifter, and that, after the material overpass the bump, a region of
loose material is formed presenting small or null compressive pressures, see
Figure 5-19(b).
The torque obtained from the numerical simulations is computed using the internal power defined in equation (5.2), and the rotational speed of the system. The
experimental torque data reported corresponds to a full revolution in its steady state.
Therefore, in order to compare with numerical simulations, it is required to measure
the torque in a steady state. The loading conditions for the tumbling mill are defined
by an acceleration period of two seconds until the rotational speed is reached; thereafter, it is set a complete revolution to reach the steady regime at the second revolution with constant velocity, which is the one to be compared.
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Figure 5-19. Pressure distribution on the material (MPa): (a) material at rest, (b) material on
stationary regime after two revolutions at constant velocity.

Figure 5-20 shows the evolution of the torque curve of the numerical simulation,
for a rotational speed at 35% of the critical speed, during the three loading stages –
an acceleration period of two seconds, a revolution considered on transient regime,
and the stationary regime reached at the second revolution.
The maximum value of the torque is reached at the transition between the acceleration stage and the condition of constant rotational speed. It is observed a slight
diminution of the torque value on the first revolution; this is due to the relaxation
that the material suffers until it reaches its steady state.
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Figure 5-20. Torque evolution – transient and stationary response.
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Comparison between experimental and numerical torque for different rotational
speeds is shown in Figure 5-21. For the experimental data, a continuous red line is
used and the experimental values are denoted by a red mark; on the other hand,
numerical values are represented by a continuous black line. The comparison shows
the values for a full revolution of the drum and the motion is considered in a steady
state; for the numerical simulations it is used the information obtained after the second revolution at constant velocity.
Figure 5-21(a) shows the torque comparison for a rotational speed corresponding to 35% of the system’s critical speed, which is the one used for calibration purposes. While a reasonable overall agreement is achieved in terms of a mean response, discrepancies are detected in the oscillating pattern around this mean value.
Indeed, experimental torque oscillates more abruptly, and at a higher frequency, than
its numerical counterpart does. It can be easily shown that the period of the oscillations in the numerical results is related with the circumferential spacing of the
bumps in the drum.
The comparison with experimental data for higher velocities presents the same
behavior than in the above commented reference example. Figure 5-21(b) shows the
comparison for a rotational speed at 65% of the critical speed. The torque presents,
as in the previous example, an oscillatory response that corresponds to the interaction of the material with the bumps of the drum. It is remarked that the amplitude of
the oscillations in the computed results are notably higher than in the previous case,
attributed for the increment of the rotational speed.
Lastly, the torque for a rotational speed of 95% is given in Figure 5-21(c). The
same oscillation pattern is observed, with a further increase in the amplitude. This
fact confirms the influence of the rotational speed in the amplitude of the oscillations
predicted by the numerical model. This influence, however, is not perceived in the
experimental graphs (the amplitude in this case is, on average, similar in the three
studied cases). Nevertheless, the model is able to capture with reasonable accuracy
the mean torque in the three cases.
This is confirmed by the comparison of averaged power of the experimental data and the one obtained by numerical simulation for the three different rotational
speeds, see Figure 5-22. As expected, the highest accuracy is observed for the lowest
rotational speed, for this is the one used to calibrate the model. As the speed is increased, the deviation between experimental and numerical results increases, albeit it
remains at moderate levels. In conclusion, despite the limitation of the model, the
overall results in terms of power consumption can be deemed reasonably accurate.
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Figure 5-21. Torque comparison between experimental and numerical models for rotational
speeds at: (a) 35% of critical speed – reference example, (b) 65% of critical speed, (c) 95% of
critical speed.
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Figure 5-22. Average power comparison for the three different rotational speeds.

5.2.3.2. Inclusion of milling balls
Comminution of granular material within a rotating drum by crushing caused by the
impact of steel balls is a problem of high interest for many industries – ceramics,
composites, foods, minerals, paints, inks and pharmaceuticals, etc. As a first step
towards the full simulation of this admittedly challenging problem, we explore in
this example the possibilities of the proposed numerical model to capture, at least,
the mechanical interaction between several (hard) bodies and dry sand; thus, crushing effects are not contemplated in the simulation.
The charge for the model is formed by the same amount of dry sand than in previous examples and fifteen rods of two different diameters, namely 10 rods of
f1 = 15mm and 5 rods of f2 = 10mm , see Figure 5-23. The material and numerical
parameters are the same of those given in the introduction of section 5.2.2.
Since there is no available experimental data for this simulation, the mechanical
response of the charge for this example, including the steel rods, is compared with
the numerical simulation defined previously as the reference example composed
only by dry sand, Figure 5-21(a).
Figure 5-24(a) shows a snapshot of the pressure field in the stationary regime.
The rods define local areas where the pressures present the maximum values – it is
found on the material located between the rods and the drum wall and between the
rods themselves.
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10 rods ( = 15 mm)
5 rods ( = 10 mm)

Figure 5-23. Numerical model of dry sand and steel rods for a tumbling ball mill.

The influence of the rods on the material is observed via the plastic multiplier.
Since the model is formulated in the framework of plasticity, this parameter identifies the material in the plastic or elastic regime. For the charge conformed by dry
sand, the plastic multiplier lies on the range of full plasticity while for the material
interacting with the rods, zones where the material does not reach completely plasticity can be appreciated. Figure 5-24 (b), shows this concept by means of an elastic
-1
factor, defined herein as a = ( 1 -Dl ) , where Dl denotes the plastic multiplier;
a = 0 stands for a full plasticity regime and a = 1 for a full elastic regime.
(a)

(b)

Pressures (MPa)
-0.005

Plastic Factor
0.0005

1e-10

1.0

Figure 5-24. Mechanical variables in the charge during motion: (a) volumetric pressures in
the material, (b) plastic multiplier.

Figure 5-25 shows the numerical comparison of both charges (with and without
steel rods) for a degree of filling of the drum of 35% and using the referential rota-
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tional speed of 35% of the critical speed. It may be observed that, as it could be
expected, the torque of the charge with the steel rods increases significantly. Likewise, the torque in the case of dry sand with steel rods shows a higher degree of
oscillations during the motion of the charge, a fact that may be attributable to the
displacement and impact of the rods during the process.
dry sand
dry sand + rods

40
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To rq ue (Nm )
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Figure 5-25. Torque comparison for a charge at 35% of degree of filling at 35% of the critical
speed, with and without steel rods.

The magnitude of the torque could be only considered as correct when comparing with experimental data; even though, it is considered that its magnitude was
increased significantly. This large increment is considered due to the modelling of
the steel balls by the two-dimensional plane strain model. Some alternatives could
be considered to characterize more precisely this response as reducing the density of
the steel.
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Chapter 6
Conclusions and future work
In this chapter, the conclusions of this work as well as some final remarks are presented. Finally, an overview of the future lines of research is given.

6.1.

Concluding remarks

The overall goal of this work was to develop a numerical tool for the simulation of
granular flows on industrial applications. A phenomenological approach was adopted to mathematically represent the kinematic behaviour of granular flows and to
properly characterize stagnant and flow zones, as well as the jamming transition in
the material. The scope of the proposed approach is limited to cohesionless materials and slow flows.
Simulations of two types of industrial processes, namely, silo discharge and motion of a charge in a tumbling mill, have illustrated the potential of the proposed
constitutive model, in combination with the Particle Finite Element Method
(PFEM), as a robust modelling tool, suitable to characterize dry dense granular
flows in industrial processes.
On the modelling of granular materials
 Due to the phenomenological richness exhibited by granular materials, nowadays it is not possible to characterize their full response in a unified constitutive model, being of fundamental importance reducing the conditions to
simulate, according to the phenomena under study, in order to define a reliable model.
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 A continuum formulation within the framework of large deformation plasticity was proposed. The continuum approach allows us to capture variables
such as pressures and velocity fields that other methods, such as the Discrete
Element Method (DEM), are not always able to represent adequately.
 Due to the large deformations presented during granular flows, the PFEM algorithm is proposed as a robust methodology to simulate these conditions.
Based on a Lagrangian formulation, this approach is able to characterize both
transient and stationary conditions.
 The proposed constitutive model, based on a visco-elasto-plastic model,
shows a good ability to predict the kinematic behaviour of dense granular
flows. The elasto-plastic constitutive model characterizes the solid-like state,
while the jamming transition and the non-dependence on the shear rate when
flowing is given by the visco-plastic regularization.
Continuum description of dense granular flows
 The assumption of modelling dry or cohesionless dense granular flows
through a continuum approach has been proved appropriate as long as the
domain under study is larger enough than the particle size.
 The mechanical properties of cohesionless dense granular materials are governed by the frictional interaction between particles; in that sense, it is considered as a non-cohesive granular media when the interstitial fluid between
particles is neglected. The definition of dense granular flows embraces those
flowing conditions characterized by small velocities and deformations with
no significant volumetric variations.
 The constitutive model was developed within the framework of large plastic/small elastic deformations through a hypoelastic model. To extend the
model to scenarios in which large volumetric variations take place, it would
be necessary to seek for alternative ways of formulating the elastic part of the
model.
 In this work, for the tensile regime, the yield surface is regularized using a
von Mises type model. This regularization has proven more robust and easier
to implement than classic “cap” models. The impact of adopting this admittedly objectionable regularization – it presumes that the material can sustain a
certain degree of tensile stresses – is minimal since the percentage of material
of the domain in tensile stress state ranges from 0.4 to 5.17%, see Table 6-1.
In the case of the examples corresponding to the spreading of a granular
media on a horizontal plane, as it was expected, the percentage of material on
stress states with positive pressures remained at low levels (around 0.4%) and
only for the case with the larger initial aspect ratio, a = 6.2 , this percentage
increased up to 1.735%. The silo discharge example showed the smallest percentage of material (0.395%) since the only region on this stress state was
toward the outlet. Finally, as discussed before, due to the large velocities
present on the material, the tumbling mill example showed the larger percentage; still, it is observed that for the reference example (a rotational speed
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of 35% of the critical speed), this percentage is less than 2% of the total material. From these examples, it is concluded that the regularization of the apex
of the Drucker-Prager yield surface with an extension of a von Mises model
(which, recall, was introduced to increase the robustness of the integration
scheme) does not have a significant impact on the physical consistency of
numerical predictions due to the small amount of material undergoing tensile
stresses.
Example

V ( p > 0 ) Vtot ´100

Spreading a = 0.41

0.418

Spreading a = 1.91

0.402

Spreading a = 6.2

1.735

Silo, Rout = 170mm

0.395

Mill, Vmill = 35%Vcr

1.818

Mill, Vmill = 65%Vcr

3.837

Mill, Vmill = 95%Vcr

5.171

Table 6-1. Percentage of total volume in a stress state with positive pressures of representative examples presented in this document.

 Due to the nearly incompressible behaviour exhibit by dense granular flows,
the description of the deformation via a solely deviatoric non-associative
plastic potential is proposed. In addition, it has been shown that the proposed
model satisfies the dissipation inequality.
Numerical formulation
The modelling of granular flows deals with large displacements and deformations of
the material; for this reason, it was necessary to define an algorithm, robust enough,
to perform these simulations. For this work, it was necessary to establish and couple
different numerical, in order to achieve efficient and robust performance in the simulations.
 The implementation of the Impl-Ex scheme for the numerical integration of
the model increased the robustness compared with a typical implicit integration scheme. The explicit extrapolation of the plastic slip rate Dl has greater
impact at those stress states located toward the apex of the Drucker-Prager
yield surface, in where, a typical implicit scheme is in general undetermined.
 The continuous particle discretization of the domain allowed us to control the
mesh homogeneity by inserting and removing particles as required as well as
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repositioning them through geometric metrics. Likewise, this dynamic discretization allowed us to define non-uniform meshes – as those described for
the silo discharge in the previous chapter– whereas for computational efficiency, it was necessary to define a finer mesh, where large strains are present, and at the same time a coarse mesh where the material is stagnant and
no significant variations are presented.
Due to the reconnecting process that involves classic PFEM, the definition of
the boundary through the -shape method has been seen as the natural algorithm for its construction; however, we consider that this method (without
further refinement) leads to inconsistencies in the conservation of mass and
to the presence of pressure instabilities. The definition of a constraint boundary, as a material surface, circumvents these drawbacks. The algorithm for
this treatment of the free boundary does not represent an additional effort
since the remeshing process, described in Chapter 4, embraces many of the
tasks necessary to its definition.
The other modification proposed to classic PFEM is associated to the transference of the internal variables information between the converged mesh and
the one after the remeshing. Due to large variation in the position and the
number of particles between meshes, it is found that the transference through
mesh projection is more suitable in terms of computational cost – in the processes of insertion and removal of particles the standard nodal smoothing
process could be executed but for the repositioning of particles a local search
has to be done in order to interpolate the nodal information.
The solid-granular material interaction is modelled by a proposal for a contact method based on the Contact Domain Method (CDM) [77]. The contact
interface is defined in terms of a tolerance gap and its construction is given in
a natural manner from the reconnecting process that naturally takes place in
the PFEM. A significant contribution for this contact methodology has been
to define the constitutive model for the interface domain similarly than the
proposed for the granular flows presented in equation (3.23). This constitutive equation has proved sufficient to model properly the wall friction angle –
a fundamental parameter to model granular flows. This approach entails an
easier implementation and more robust algorithm than the classic CDM.
In contrast to classic PFEM, which defines the contact conditions for the solid/granular material interaction in terms of the geometric -shape method, in
this approach, the contact conditions are ensured via a tolerance gap (for the
impenetrability condition) and the detachment by the component normal to
the surface in a tensile regime.

Numerical simulations – validations and industrial applications
Due to the vast typology of the kinematics of granular materials, it is a hard task to
find experimental tests that present significant information about their behaviour.
The tests reported in Ref. [62] are taken to calibrate and validate our numerical
model. For the simulations of the two industrial applications, shown in previous
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chapter, experimental tests conducted with the aim to study the flow patterns and the
power consumption, for the silo discharge and the tumbling mill respectively, were
compared.
Spreading of a granular media on a horizontal plane
 The experimental test reported by [62] shows a proper manner to calibrate
and validate our numerical model, but also it is identified as a reliable guide
to calibrate materials for others problems – as the iron ore pellets for the silo
discharge and the sand in the tumbling mill – where the material parameters
are not totally clarified.
 It has been shown that the numerical model proposed in this work is able to
capture two fundamental observations reported in the experimental tests in
Ref. [62], namely, that the deposit profile is independent of the mass M , being only a function of the initial aspect ratio a ; and that the interaction with
the substrate does not affect the behaviour of the collapsing pile (it only affects for very large initial aspect ratios).
 A discrepancy with the tests described in Ref. [62] is that of the velocity for
the removal of the cylinder. Ref. [62] states that the removal of the cylinder is
given in a period of time smaller than the critical time – measured in terms of
the cylinder pile height. Yet, it was found, via numerical simulations, that
the removal of the cylinder actually takes longer than this critical time. It was
also found that, although the velocity of removal affects the transient response, its influence of the final shape of the deposit profile is negligible.
 Numerical simulations allowed us to understand more in depth the inner
mechanisms that are present during the flow of granular materials. Using the
elastic factor a ( Dl ) , it was possible to discern which regions are in the
elastic regime and which undergo plastic deformations (flow zones).
 The oscillations given on the pressures and vertical stresses, measured at the
bottom of confined material, presented a barely perceptible dissipation along
time. The visco-elastic regularization, based on a Kelvin-Voigt model, succeed in dissipating the spurious oscillations due to dynamic effect.
Silo discharge modelling
 Flow patterns given for a concentric discharge of iron ore pellets were compared with experimental results. The resemblance between experimental and
numerical results in most stages of the discharge can be deemed acceptable
from an engineering point of view.
 Simulation varying material parameters and the opening of the outlet allowed
us to acquire a firmer grasp on the flow mechanisms that take place during
the silo discharge. The internal friction coefficient affects directly the definition of a mass or a funnel flow; for small values, the mass flow dominates
while for larger values, funnel flow takes place.
 Even though the type of flow is essentially a function of the internal friction
parameter, it has been observed that the opening of the outlet also plays a
fundamental role in this respect. The spreading of the core of the funnel flow
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is smaller as long as the opening of the outlet remains small; for larger openings, the funnel tends to open toward the walls at the upper levels of the material.
 Although wall pressures could not be compared with experimental results,
since they were not reported for this problem, it was possible to state a good
agreement of the bulk pressure provided by the model and the theoretical hydrostatic pressures on a fluid. Once the flow patterns were validated, it was
possible to determine the bulk pressures and the stresses exerted by the material on the walls.
 It is taken for granted that the concentric discharge is not a limit case when
studying the silos discharge. From the previous examples it was corroborated
that the maximum pressures are given once the material is released and the
pressures suffer redistribution, showing a monotonic behaviour at reducing
the magnitude of the pressures. However, it was not the scope of this work to
study of the silo’s structure while discharging but to explore the performance
of the numerical tool for modelling this problem.
Tumbling mills modelling
 Tumbling mill processes involve, in general, rapid granular flows, which are
not in principle full candidates to be modelled by the considered model – in
principle, it is only suited for representing dry dense granular materials. In
spite of this fact, the numerical model was tested in order to explore the system response in terms of the energy balance and also in order to characterize
the tumbling mill process. The predictions furnished by the proposed numerical model showed a well agreement with experimental [94] results when examining the overall behaviour of the system in terms of the mechanical power required to maintain the tumbling process.
 In Ref. [94] , the experimental model was proposed to study the power required to set and keep in motion a charge composed of dry sand; for the numerical simulations, the power draw was computed through the energy balance equation. The computation of the power was given in terms of the
torque applied to the drum and its angular speed.
 For this example, the calibration of the model was obtained comparing the
averaged torque of the experimental tests for the smaller rotational speed at a
certain volume filling of the drum. As the speed was increased, the deviation
between experimental and numerical results increased, albeit it remains at
moderate levels. In conclusion, despite the limitation of the model, the overall results in terms of power consumption can be deemed reasonably accurate. The comparison of the consumption of the power of the system shows a
higher degree of accuracy for lower rotational speeds, which indicates that
the simulations for large rotational speeds could be improved by enriching
the constitutive model with some means to represent rapid granular flows.
 Numerical results (which incidentally, showed a smoother response than the
experimentally reported behaviour) allowed us to examine the influence of
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the lifters on the oscillations of the torque. These oscillations presented an
increase of their magnitude as the rotational speed increases.
 The PFEM showed to be a powerful numerical tool to perform multi-body
simulations such as the inclusion of steel balls in the charge of the tumbling
mill. The magnitude of the torque for the same amount of material and same
rotational speed was compared for the case of the charge with and without the
steel rods. The magnitude of the torque showed a substantial increment,
which could not be validated since the lack of experimental data for this example. This large increment may be due to the fact that the modelling of the
steel balls is carried out in a two-dimensional plane strain model. Some alternatives could be considered to characterize more precisely this response as
reducing the density of the steel.

6.2.

Future work

From the observations and conclusions reached in the development of this work, the
following future lines of research and work are suggested.
On the constitutive modelling of granular flows
 We consider that a fundamental task to be accomplished in future work is the
proper definition of a scalar number that parameterizes granular flows as either frictional or collisional, or either rapid or slow (such as the Bagnold
number used in particle descriptions [9]).
 Since many of the industrial applications that deals with granular materials
present conditions where the material is compacted or loose, it is suggested
the study of multiple surfaces and/or different plastic potentials to incorporate
these behaviours.
On the numerical simulation of granular flows
 The remeshing algorithm proposed in this work showed efficiency on the
definition of the spatial discretization while performing large deformation
problems. One of the key tasks is the insertion and removal of particles. Further developments should consider the study of alternatives to the geometrical metrics used in the present work – e.g. the use of the elastic parameter
a ( Dl ) or a parameter as a function of the rate of deformation tensor, to determine zones of the domain where the mesh could be refined as well to define coarser as needed.
 As a nearly incompressible material, granular flows have to be modelled using a mixed formulation in terms of displacements and pressures. The inherent increase in the number of degrees of freedoms (and hence of the computa-
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tional cost) suggests the exploration of alternative algorithms that circumvents this increase without losing the accuracy of the prediction.
 In this work, a constraint boundary approach has been proposed. For many
of the examples herein presented, this assumption proved accurate. However,
in order to accommodate also the representation of the dispersion of some
particles, it may be necessary in future works to introduce a mixed criterion
that constraints the domain of the dense granular flow while, at the same
time, allows dispersing the loose particles.
 All the examples presented in this work assumed that the container was a rigid body. More accurate simulations of the solid-granular material interaction
may require modelling the deformation of the containers – e.g. silo’s wall,
and tumbling mill.
 Concerning silos discharge, the major problems encountered in this work
when trying to numerically reproduce this process have been found in the
case of eccentric discharges. The reason is that, in this type of process, 3D
modelling is imperative. Extension of the proposed modelling approach to
3D cases should be, thus, regarded as a priority in future developments.
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new particle

Figure A-1. Insertion of particles in elements: (a) criterion for interior elements, (b) criteria
for boundary elements.

This shape or distortion metric is a scalar value in the range of f dist = [2, ¥] .
For those equilateral elements, the ratio of the circumscribed and inscribed circles of
the equilateral triangles is f dist = 2 , as shown in Figure A-2(a). The metric increases
its magnitude when any distortion is presented – in other words, any of the internal
angles is wider with respect the others, see Figure A-2(b).
Depending on this distortion metric, the position of the new particle will vary.
If the angle of the vertex of the internal node defines a distortion metric greater than
dist
a metric tolerance, f dist > f tol
, it is included the new particle at the middle of the
two boundary nodes of the element; if not, it is placed in its centre of mass as in the
interior elements. Both cases are shown in Figure A-1(b).
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Figure A-2. C
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A.2. Remooval or colllapsing of particles
p
In contrast w
with the proceess for the paarticles insertiion, the remo
oval of particlles is
defined at a nodal level. The size metrric, given in eequation (A-1), is computed for
each elemennt connecting a node for ceertain patch aand averaged for a nodal value,
v
given by:
n

size
t nodal
= å ai
i =1

wi

(A-3)

where n is thhe number off elements of the patch. Iff the averageed value is sm
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size
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,
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partic
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as
show
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l
Figure A-3(aa).
For bounndary elementts, the criterio
on is accordinng to the lengtth of the boun
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des is measureed; if
rem
the distance is smaller thaan a tolerancee length l < l tol
, the nodes are collapssed –
defining a neew particle loccated at the ceentre of the co llapsing particcles coordinattes.
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Figu
ure A-3. Removval of particles in
i the domain: (a)
( criterion forr interior particlles, (b) criterion fo
or boundary parrticles.

A.3
3. Repositiooning of parrticles
The criteria for innsertion and removal of particles, preseented in previous sections,,
n the mesh bu
ut the eliminattion of remain
ning distortionn
conttrol the size hoomogeneity on
in so
ome elementss is not guaraanteed. Afterr these proceddures, the recconnection off
partiicles through a Delaunay tessellation
t
is computed; thhereafter, the quality of thee
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h is studied inn order to en
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othness. For tthis purpose, the algebraicc
quallity metrics prroposed in [59
9] are followed
d.
The algorithm
m for the repositioning of particles takes place at a nod
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y than the reemoval of parrticles procedu
ure. The anallysis is effectted at an ele-men
ntal level (com
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he algebraic metrics)
m
and w
weighing theirr contributionn
to th
he connectingg particle of the
t patch. Depending on the averaged value on thee
nodee, the particle is reallocated
d.
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Knupp, iin Ref. [59], proposed
p
the quality
q
metric , defined by fq , by the mulltiplicative combiination of the relative size and shape meetrics, given by
b fsize and fshape
respectively.
fq = fsize ⋅ fshhape

(A-4)

It is a diimensionless value,
v
referenced to an ideaal element, wh
hich has a speecific
size and shappe. This qualitty metric is deefined in the rrank fq = [ 0, 1] – with fq = 0 for
those elemennts completelyy degenerated and fq = 1 foor those elemeents with the same
size and shappe than the refference value, f tol .
The relattive size metrric determines those elemennts unusually large or smalll, relative to the reeference elem
ment. The mettric is defined as

(
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t size

)
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c
with
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fshaape =

3r sin
s q
1 - r coss q + r 2

(A-6)

where r = l22 l11 , is thhe ratio of two adjacent lenngths. Similarrly, the shape metric follows thhe same rankk than the men
ntioned abovee – f shape = 1 for
f those elem
ments
which are eqquilateral trianngles and fshappe = 0 for thosse completely
y distorted [59].
Once thee metric for eaach triangularr element is coomputed, thiss value is averraged
at a nodal levvel by the conntribution of each
e
connecteed element at the nodes. In
n this
sense, the m
metric is modiffied to a nodaal value, fqpaatch . For thatt fqpatch < f tol , the
nodal positioon is reallocatted by the welll-known Lapllacian or bary
ycentric smoothing
process [33]. Defining Pj as any node connecting pparticle coordiinates to the referr
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A.4
4. Collapsin
ng of two adjacent boundary lenngths due to the pres-encce of high cooncavity on
n the bound
dary
The collapsing off two adjacent boundary len
ngths is a singuularity in the finite elementt
meth
hod given in large deform
mation problem
ms due to a bboundary consstraint. In thee
existtence of a proonounced large interior angle of the adjaccent boundary
y lengths, it iss
posssible to be a soource of mesh
h overlapping. The algorithhm described in
i this sectionn
is prroposed to soolve this cond
dition by a geo
ometrical mannipulation of the boundaryy
and it is posed to rreduce at the minimum its affectation
a
onn the mass con
nservation.
The control oof the concaviity is defined in terms of a tolerance angle, jtol . Thee
algo
orithm takes pllace whenever the external angle of the aadjacent segm
ments is small-er th
han the tolerannce one, see Figure A-4 (a).
j < jtol

(A-8)

The repositionn of the nodee k is located at
a the centre oof mass of a fictional
f
trian-gle defined
d
by thee boundary paarticles jlk , Fiigure A-4(b); defining a neew position k '
and a new angle j ' , see Figuree A-4(c). For geometrical pproperties, thiss new angle iss
greaater than the deefined as the tolerance
t
anglle.
j < jtol < j '

The new adjaacent boundary
y segments, lk
l ' and k ' j reespectively, must
m satisfy inn
the following
f
rem
meshing proceess the dimenssion criterion described in previous sec-tion A.2.
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Figu
ure A-4. Collapssing of two adjaacent boundary segments for ppronounced con
ncavity: (a)
Com
mputation of anggle of two adjaccent boundary segments,
s
(b) D
Definition of thee centre of
masss of fictitious ellement jlk, and (c) Repositioning of node k att the previous caalculated
centrre of mass k’.

An alternativee procedure iss the real collaapse of both aadjacent length
hs by collaps-ing nodes
n
l and j of Figure A--4(a). The drrawbacks founnd following this approach
h
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are mainly two: the insertion of a greater volume or mass in the domain; and, in a
second place, the unbalance continuity in stresses and pressures since k being a
boundary particle would be defined as an interior one.
The full algorithm for the remeshing process is described in Box 3-1
Given a converged mesh Wn in tn+1
1. Insertion of particles if needed
1.1 Computing of size metric t size
1.2 For interior elements
ins
- if t size > t tol
, to insert new particle at centre of element.
1.3 For boundary elements
ins
dist
- if t size > t tol
and f dist > f tol
, to insert new particle at the
middle of two boundary nodes of the element
ins
- elseif t size > t tol
, to insert new particle at the centre of mass
of the element.
2. Removal of particles if needed
2.1 Computing of size metric t size
2.2 Averaged nodal metric for connecting node of the patch
n

size
tnodal
= å ai wi
i=1

size
rem
< t tol
2.3 if tnodal
, to remove connecting particle of the corresponding patch
rem
2.4 For boundary nodes, if l < ltol
, to collapse adjacent particles
defining a new particle at the middle of them
3. Collapsing of two adjacent boundary lengths
3.1 Compute angle between each adjacent boundary lengths j
3.2 if j < jtol
- Calculate centre of mass k’ of fictitious triangular element jlk
- Reallocate particle k of the connecting boundary lengths to the
new position k’.
4. Delaunay triangulation
5. Local smoothing to relocate particles if needed
5.1 Compute relative size metric fsize for each element
5.2 Compute shape metric fshape for each element
5.3 Compute quality metric fq = fsize ⋅ fshape for each element
5.4 Averaged nodal metric for connecting node of the patch
n

f qpatch = å f qi
i=1

5.5 If
ing node

fqpatch

< ftol perform Laplacian smoothing for correspond-

Box A.1. Remeshing process for a dynamic particle discretization.
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Ap
ppendix
xB
Alggorithm
mic tang
gent connstitutiive tenssor
This section covers the forrmulation of the
t algorithmiic tensor arisin
ng from the linearization of thee constitutive equation. It is presented ffollowing the order in which the
constitutive model was defined:
d
first, for the elastto-plastic mod
del, and then
n, the
contribution of the visco-pplastic regularization.

B.1. Elastoo-plastic deescription
ep
The problem
m to solve is too find cn+1 that
t
satisfies tthe Lie derivaative of the KirchK
hoff stress teensor.

Lv τ n+1 = cnep+1 : Lven+1

(B-1)

Recallingg equation (3.23), the integ
gration of the Kirchhoff strress tensor is given
g
by the follow
wing expressioon

τ n+1 = a dev τ ntrial
+1 + pn+11

(B-2)

where:

a = a ( Dl ) :=

1
1 + 2mDl

(B-3)

trial
uxiliary state τ n+
b equation (3
3.11),
Substitutting the definition of the au
1 , given by
and the presssure term of eqquation (2.34)), the equationn (B-2) reads:

ˆ n+1 + adev ( c : en+1 ) + k ln J n+11
τ n+
+1 = adev τ

(B-4)

T
τˆ n+
+1 = fn+1 ⋅ τ n ⋅ fn+1

(B-5)

where:
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Equation (B-5) is the description, in the current configuration, of the Kirchhoff
stress tensor of the intermediate reference configuration, carried out by the pushforward operation.
In the following sections, the algorithm for an Impl-Ex and full implicit scheme
are presented in order to gain a complete understanding of both models – the implementation for this work follows the implicit-explicit method.
B.1.1. Impl-Ex integration of the constitutive model
The Impl-Ex integration scheme is based on the full implicit integration of the stress
tensor but combining an explicit extrapolation of the internal variables – the plastic
multiplier D ln +1 , given in equation (3.34).
The Lie derivative for the Kirchhoff stress tensor defined in equation (B-1), following the Impl-Ex integration scheme, is computed “freezing” the plastic parameter
a ( D ln +1 ) , in equation (B-3), on the current time step. The derivative of the stress
field with respect the Almansi strain tensor is summarized as:

Lv ( τ n+1 ) = a Lv ( dev τˆ n+1 ) + a Lv ( dev ( c : e n+1 ) )

+ k Lv ( ln J n+1 )1 + ( k ln J n+1 ) Lv (1 )

(B-6)

Below is shown the process for computing the derivative for each term given in
equation (B-6) separately.


Lv ( a dev τˆ n+1 )
The pull-back operation is performed over the definition of a deviatoric tensor

é æ
öù
1
f*-1 ( a dev τˆ n+1 ) = f*-1 ê a çç τˆ n+1 - (1 : τˆ n+1 )1 ÷÷÷ ú
è
ø ûú
3
ëê

(B-7)

Calculating the corresponding operations for the covariant and contravariant
tensors, the equation above reads

é
ù
1
f*-1 ( a dev τˆ n+1 ) = a ê τ n - ( C : τ n ) C-1 ú
3
ëê
ûú

(B-8)

It is observed that the pull-back operation computed in equation (B-8) describes
the deviatoric part of the Kirchhoff stress tensor τ n in the intermediate reference
configuration tn .
f*-1 ( a dev τˆ n+1 ) = a DEV τ n

(B-9)

Computing the directional derivative with respect Du for the equation above
¶
1
= - a éë ( dC : τ n ) C-1 + ( C : τ n ) dC-1 ùû
( a DEVτ n )
3
¶j
j =0

(B-10)

The derivative for the right Cauchy-Green tensor C is deduced through the definition of the spatial velocity gradient l , and the definition of the material Green-
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Lagrange strain rate tensor, E [42]. After some manipulation, it is easily deduced
that:
dC = 2dE

(B-11)

The derivative of the inverse of the right Cauchy-Green tensor is computed using the identity definition of the tensor, C-1 ⋅ C = I ; applying the chain rule and
substituting definition given in equation (B-11), its derivative reads:
dC-1 = -C-1 ⋅ dC ⋅ C-1 = -2C-1 ⋅ dE ⋅ C-1

(B-12)

Finally, equations (B-11) and (B-12) are substituted into equation (B-10) - expressing the derivative of the deviatoric part of the stress tensor in the material configuration.

2
d ( aDEVτ n ) = a éë ( C : τ n ) C-1 ⋅ dE ⋅ C-1 - ( dE : τ n ) C-1 ùû
3

(B-13)

In order to express equation (B-13) in its spatial description, the pull-forward
operation is applied, leading to

2
f* [ d ( aDEVτ n ) ] = a [ (1 : τˆ n+1 ) den+1 - ( den+1 : τˆ n+1 )1 ]
3

(B-14)

After some manipulation, equation (B-14) reads

2
Lv ( a dev τˆ n+1 ) = a [ tr τˆ n+1 i -1 Ä τˆ n+1 ] : den+1
3


(B-15)

Lv ( a dev ( c : en+1 ) )

The second term of equation (B-6) is rewritten by applying the definition of the
elastic constitutive tensor, c given in equation (2.13). After some manipulation,
this fourth order tensor is expressed in terms of the shear and bulk modulus, G and
k respectively.
c = Gi dev + k1 Ä 1 = c dev + c vol

(B-16)

where G = 2m . Substituting the definition given in equation (B-16) into the second
term of equation (B-6), the derivative is expressed by:
Lv ( a dev ( c : e n +1 ) ) = Lv ( a c dev : e n +1 )

(B-17)

Applying the derivative for each term of equation (B-17)
Lv ( ac dev : en+1 ) = a Lv c dev : e n+1 + ac dev : den+1

(B-18)

The Lie derivative expressed on the second term of the RHS of equation (B-18)
corresponds to the deviatoric part of the Lie derivative of the elastic constitutive
tensor c . Its derivative is expressed as
Lv ( c ) = a : Lv e

(B-19)
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where deduction of a is given in detail in Ref. [13]; the index notation of this fourth
order tensor is given by
a jkl = -4m éê Deiln+1d jk + d ik De n+1 ùú - 2l éë d ij De nkl+1 + d ik d jl tr De n+1 ùû
lj

ë

û

(B-20)

Substituting definition (B-19) into equation (B-18), the Lie derivative reads
Lv ( ac dev : en+1 ) = a ( a dev ( e n+1 ) + c dev ) : de n+1


(B-21)

kLv ( ln J n+1 )1
Applying the chain rule, the derivative d ( ln Jn+1 ) is computed as

d ( ln J n+1 ) =

1
d ( J n+1 )
J n+1

(B-22)

Taking into account the definition of the Lie derivative of the Jacobian determinant, defined as
Lv ( J n+1 ) = J n+11-1 : Lv ( en+1 )

(B-23)

the directional derivative reads
d ( J n+1 ) = J n+11 : den+1

(B-24)

Substituting equation (B-24) into equation (B-22), we get

d ( ln J n+1 ) =

1
d ( J n+1 ) = 1 : den+1
J n+1

(B-25)

Defining the derivative for the pressure term as

d ( pn+1 ) = k (1 : den+1 )

(B-26)

Finally, the derivative of the third term in the RHS of equation (B-6) is given by
d ( pn+1 )1 = k (1 Ä 1 ) : den+1



(B-27)

pn+1 Lv (1 )
The last term is defined directly from the following expression
d (1 ) = -2 den+1

(B-28)

Defining the derivative of the last term as
pn+1d (1 ) = -2 pn+1 den+1

(B-29)

Taking into account each derivative defined for equation (B-6), the elastoplastic algorithmic tangent tensor c ep that satisfies equation (B-1) is defined as
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2
a [ tr τˆ n +1 i - 1 Ä τˆ n +1 ] + a ( a dev ( e n +1 ) + c dev ) +
3
k (1 Ä 1 ) + -2 pn+1 i

(B-30)

B.1.2. Implicit integration of the constitutive model
The implementation of the algorithmic tangent constitutive tensor in this work is
developed with an Impl-Ex integration scheme; however, in this section the full
description for an implicit integration scheme of the constitutive model is presented.
The implicit scheme is formulated deriving each term of equation (B-4) – the
plastic parameter a ( Dln+1 )n+1 , given in equation (B-3) is computed at the same
time step.

Lv τ n+1 = d ( a ) dev τˆ n+1 + a Lv ( dev τˆ n+1 ) +

d ( a ) dev ( c : en+1 ) + a Lv ( dev ( c : en+1 )) + k ln J n+11

(B-31)

It is observed from equation (B-31) that the only term that remains to be defined
is the directional derivative of the plastic parameter a ( Dln+1 )n+1 . The derivative of
this parameter, da ( Dl ) , is deduced using its definition given in equation (B-3).
da = -

2m

( 1 + 2mDln+1 )2

d ( Dln+1 ) = x d ( Dln+1 )

(B-32)

where
x =-

2m

(B-33)

( 1 + 2mDln+1 )2

Recalling the definition of the slip rate, given in equation (3.22)
trial

Dln+1 =

f ( τ )n+1
2m ( b2 - b1 pn+1 )

(B-34)

we observe that it is defined as a function of the yield function, evaluated in the
trial
auxiliary state τ n+
1 , and the pressure. The derivative of the discretized slip rate,
expressed in the RHS of equation (B-32), is computed deriving by parts equation
(B-34):
trial

d( Dl ) =

b1 f ( τ )
1
d f ( τ )trial +
d pn+1
2
2m ( b2 - b1 pn+1 )
2m ( b2 - b1 pn+1 )

(B-35)

The remaining term to be defined is the derivative of the yield surface – since
the computation of the derivative of the pressure is expressed in equation (B-26).


df ( τ )trial
The derivative of the yield surface, defined in equation (3.14), is expressed as
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trial

df ( τ )

= d( dev τ ntrial
+1

) + b1 d pntrial
+1

(B-36)

The expression for the derivative of the norm of the deviatoric part of the trial
stress tensor, first term of the RHS of equation (B-36), reads
d( dev τ ntrial
+1

)=

1
trial
é d( dev τ ntrial
+1 ) : dev τ n +1 +
ë
2 dev τ ntrial
+1

(B-37)

trial ù
dev τ ntrial
+1 : d( dev τ n +1 ) û

Using the definition of the trial stress tensor, equation (3.11), and aided by the
previous calculations defined in equations (B-15) and (B-21), the derivative of the
deviatoric part of the trial reads
d( dev τ ntrial
+1 ) =

{ 23 [ tr τˆ

n +1 i

- 1 Ä τˆ n +1 ]

(B-38)

+a dev ( e n +1 ) + c dev } : de n +1

Due to the symmetry of the Kirchhoff stress tensor and the definition of the derivative of the deviatoric part of the stress tensor given in the equation above, the
expression in equation (B-37) is rewritten as
d( dev τ ntrial
+1

)=

{

dev τ ntrial
2
+1
: [ tr τˆ n+1 i - 1 Ä τˆ n+1 ]
trial
3
2 dev τ n+1
+a

dev

( en+1 ) + c

dev

(B-39)

} : den+1

The notation of equation (B-39) is shortened as
d( dev τ ntrial
+1

) = b : den+1

(B-40)

where:
b=

dev τ ntrial
+1
2

dev τ ntrial
+1

:

{ 23 [ tr τˆ

n +1 i

- 1 Ä τˆ n+1 ] + a dev ( e n+1 ) + c dev

}

(B-41)

The second term of the RHS of equation (B-35) corresponds to the derivative of
the pressure. As mentioned before, the computation of this derivative was carried
out in the previous section and defined by equation (B-26).
Substituting equation (B-40) and (B-26) into equation (B-36), the derivative of
the yield surface reads
d f ( τ )trial = b : de n+1 + b1 k (1 : de n+1 )

(B-42)

The derivative of the discretized slip rate, given in equation (B-35), is completely defined by equations (B-42) and (B-26). Substituting those terms and regrouping
them, the derivative of the slip rate reads
d( Dl ) = [ g1b + k1( g1b1 + g2 ) ] : de n+1

(B-43)
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where:

g1 =

1
2m ( b2 - b1 pn+1 )

and

g2 =

b1 ⋅ f ( τ )trial
2m ( b2 - b1 pn+1 )2

(B-44)

Finally, the descriptioon of the derivative of the plastic param
meter a ( Dl ) for a
full implicit iintegration sccheme is obtaiined. Substituuting equation
n (B-45) into equae
tion (B-32)
da = x [ g1b + k1( g1b1 + g2 ) ] : de n++1

(B-45)

B.2. Viscoo-plastic reggularization
n
The integratiion of the viscco-plastic regu
ularization in tthe algorithmiic tangent tenssor is
given obtainiing the directiional derivativ
ve of equationn (3.32)
ep
dτ nvp+1 = h dτ ntrial
+1 + (1 - h ) dτ n+1

(B-46)

The derivvative of the trial
t
stress ten
nsor fulfils the following exp
pression
trial
trial
dττ n+
: de n+1
1 =c

(B-47)

where the elaastic algorithm
mic tangent mo
odulus c trial iss defined as
c ttrial = c + a ( e n+1 )

(B-48)

where the exxpressions for c and a weere given prevviously. The deduction
d
of equae
tion (B-48) iss given in morre detail in Reef. [13].
The secoond term was defined in prrevious sectioon, where the elasto-plastic constitutive tenssor is given by
b equation (B
B-30) – for aan implicit / explicit
e
integrration
scheme (Imppl-Ex). Finallyy, the visco-pllastic descripttion of the alg
gorithmic constitutive tensor iss stated as follows.
c vp = h c trial + ( 1 - h ) c ep

(B-49)
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Ap
ppendix
xC
Lineearizatiion of the
t variiationall probleem
The non-lineear variationaal problem is solved using a traditional iterative New
wtonRaphson. Thhe linearizationn is computed
d in terms of thhe directionall or Gâteaux derivd
atives of the residual vectoors, defined by equations (33.42) and (3.4
43), with respeect to
ment Du and the
t pressure p .
the incremenntal displacem

C.1. Lineaarization off the contin
nuum descrription
The derivativves of the ressidual vectors are shown seeparately in teerms of each computed compoonent. The prrocess is simillar for each teerm: it is carrried out expressing
each equatioon in the referrence configurration tn via the pull-back
k operator; theereafter, it is perfformed the dirrectional deriv
vative; and finnally, the expression is retu
urned
to its descripption in the currrent configurration via the ppush-forward operator.


dDu Ru

The direectional derivaative of equattion (3.42), w
with respect th
he incrementall displacement Du , is computted on the vecctor of internaal forces dDu G int ,mix – sincee it is
the only term
m being a funcction of the inccremental dispplacement. Th
he derivative of
o the
vector of internal forces, given
g
in equaation (3.42), iss performed in
i the intermeediate
reference connfiguration. The
T following
g equation relaates both the reference and
d current configurrations in term
ms of the deterrminant of thee deformation gradient tenso
or J .

òW

n+
+1

d Wn +1 =

òW J d Wo
o

(C-1)
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Applying the property of the determinant of the product of two tensors, into
equation (3.2), the Jacobian determinant reads
J = jn +1 ⋅ jn

(C-2)

The Cauchy stress tensor, using equations (C-1) and (C-2), is expressed in terms
of the Kirchhoff stress tensor in the intermediate reference configuration as

òW

n +1

σ n +1 d Wn +1 =

òW

jn +1σ n +1 d Wn =

n

òW τ n+1 d Wn
n

(C-3)

note that τ stands for the Kirchhoff stress tensor relative to the intermediate reference configuration t = tn .
The description in the reference configuration of a given tensor, described in the
current configuration, is established by the pull-back operator. The pull-back operation for a contravariant tensor is given by
#

#

c*-1 ( · ) = f -1 ⋅ ( · ) ⋅ f -T

(C-4)

and for a covariant tensor

c*-1 ( · ) = f T ⋅ ( · ) ⋅ f
b

b

(C-5)

Equation (3.42) is described in the reference configuration by the proper use of
the pull-back operators as:

Gnint,mix = ò

Wn

1
 n+1 : n ( d w )dWn +
f ⋅ DEV S
jn n+1
1
òWn jn fn+1 ⋅ ( J p C-n+11 ) : n ( d w )dWn

(C-6)

where p is the pressure corresponding to the relative Kirchhoff stress tensor τ ,
 and n the Second Piola-Kirchhoff stress tensor and the gradient operator, respecS
tively, referenced to the intermediate configuration.
The LHS of equation (C-6) is condensed to simplify the development of the Jacobian matrix.

Gnint,mix = ò

Wn

1

f ⋅S
: n ( d w )dWn
jn n+1 n+1

(C-7)

where:

 n+1 = DEVS
 n+1 + J p C-1
S

(C-8)

Defining the vector of internal forces in the intermediate reference configuration, its derivative is computed applying the chain rule

DDu ( Gnint,mix ) = ò

Wn

1
 n+1 : n ( d w )dWo +
D ( f )⋅ S
jn Du n+1
1
òWn jn fn+1 ⋅ DDu ( Sn+1 ) : n ( d w )dWn

(C-9)
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Observation C-1
The derivative of the gradient of the test function d w vanishes since
it is not a function of the displacement field.
n+1 ) is defined. ThereafBelow, the directional derivative for each term ( fn+1 , S
ter, each term is substituted into equation (C-9). The deformation gradient tensor f
is defined in terms of the scalar parameter j and the incremental displacement D u :

f ( u + jDu ) = 1 + u + j ( Du )

(C-10)

The Gâteaux derivative of equation (C-10) is given by
d
f ( u + j Du )
=  ( Du )
dj
j =0

(C-11)

The second derivative, corresponding to the relative second Piola-Kirchhoff
 , is defined applying the chain rule with respect the Green-Lagrange
stress tensor S
strain tensor

d 
d  d
S ( u + jDu )
=
S:
E
dj
dE dj
j=0

(C-12)

The derivative for the Second Piola Kirchhoff stress tensor by the GreenLagrange strain tensor is expressed in the intermediate reference configuration as
ö
æ dS
C ep = çç ÷÷÷
èç dE ø

(C-13)

n+1

From equation (C-13), the algorithmic tangent constitutive tensor is deduced –
see Appendix B.
The directional derivative of the Green-Lagrange strain tensor, defined in the
second term of the product of the RHS of equation (C-12), after some manipulation
of the terms reads

d
1
T
E ( u + jDu )
= éê f T ⋅ ( Du ) + ( Du ) ⋅ f ùú
ë
û
dj
2
j=0

(C-14)

Substituting equation (C-13) and (C-14) into equation (C-12)

d 
1
T
S ( u + jDu )
= C ep : éê f T ⋅ ( Du ) + ( Du ) ⋅ f ùú
ë
û
dj
2
j=0

(C-15)

Due to the major symmetry of the algorithmic tangent tensor, equation (C-15) is
rewritten as

d 
S ( u + jDu )
= C ep : éë f T ⋅ ( Du ) ùû
dj
j=0

(C-16)

Substituting both equations (C-11) and (C-16) into equation (C-9), the derivative of the internal forces with respect the incremental displacement reads:
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geo

DDu ( Gnint,mix ) = DDu ( Gnint,mix )
geo

mat

+ DDu ( Gnint,mix )

(C-17)

mat

will define the geometric and materiwhere DDu ( Gnint,mix ) and DDu ( Gnint,mix )
al parts of the Jacobian or stiffness matrix respectively; in the reference configuration tn , defined as:
geo

DDu ( Gnint,mix )

1
 n+1 : n ( d w )dWn
 ( Du ) ⋅S
jn n

(C-18)

1
f ⋅ C ep : fnT+1 ⋅ n ( Du ) : n ( d w )dWn
jn n+1

(C-19)

=ò

Wn

and
mat

DDu ( Gnint,mix )

=ò

Wn

The description in the current or spatial configuration of a given tensor, described in the reference configuration tn , is computed by the push-forward, defined
for a contravariant tensor as

c* ( · )# = f ⋅ ( · )# ⋅ f T

(C-20)

and for a covariant tensor

c* ( · )b = f -T ⋅ ( · )b ⋅ f -1

(C-21)

The description of equation (C-17) in the current or spatial configuration reads
geo

int,mix
DDu ( Gnint,mix
+1 ) = DDu ( Gn+1 )

mat

+ DDu ( Gnint,mix
+1 )

(C-22)

where:
geo

DDu ( Gnint,mix
)
+1

=ò

Wn +1

n+1 ( Du ) ⋅σ n+1 : n+1 ( d w )dWn+1

(C-23)

n+1 ( Du ) : c ep : n+1 ( d w )dWn+1

(C-24)

and
mat

DDu ( Gnint,mix
)
+1


=ò

Wn +1

dp Ru

The directional derivative of equation (3.42) with respect the pressure is defined
as Dp Gint ,mix . With the vector of internal forces defined in the current reference
configuration for a decoupled Second Piola-Kirchhoff stress tensor, equation (C-6),
the derivative in terms of the pressure, reads

Dp ( Gnint,mix ) = ò

Wn

1
1
f ⋅ J Dp ( p ) Cn+1 : n ( d w )d Wn
jn n+1

(C-25)

The unique term defined as function of the pressure is the pressure itself. Its derivative is defined as
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d
= dq
( p + jd q )
dj
j =0
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(C-26)

Equation (C-26) is substituted into (C-25) to define the derivative of the vector
of the internal forces with respect to the pressure
1
Dp ( Gnint,mix ) = ò d q jn+1 fn+1 ⋅ Cn+1 : n ( d w )d Wn
Wn

(C-27)

Similarly than for the first derivative term, equation (C-27) is described in the
spatial configuration applying the push-forward operator

Dp ( Gnint,mix
)= ò
+1

Wn +1



d q n+1 ( d w )dWn+1

(C-28)

dDu R q

The directional derivative of equation (3.43) with respect to the incremental displacements is defined as DDu Roq .

æ ln J ö÷
DDu Roq = ò d qDDu çç
÷ dW
è J ÷ø o
Wo

(C-29)

Equation (C-29) is rewritten by computing the derivative of the quotient as

æ1- J ö
DDu Roq = ò d q çç 2 ÷÷÷ DDu ( J ) dWo
è J ø
Wo

(C-30)

The derivative DDu ( J ) is computed applying the chain rule and using the definition
of the derivative of a determinant, obtaining:

DDu ( J ) =

¶ J ¶F
:
¶F ¶j

j=0

= JF-T : o ( Du )

(C-31)

Substituting equation (C-31) into equation (C-30)

æ1- J ö
DDu Roq = ò d q çç 2 ÷÷÷ JF-T : o ( Du ) dWo
è J ø
Wo

(C-32)

The expression of equation (C-32) in the current configuration is obtained using
equation
(C-1)
and
rewriting
the
double
contraction
term as
F-T : o ( Du ) = tr éë F-1 : o ( Du ) ùû ; finally, the equation reads

DDu Rnq+1 = ò

Wn +1



æ1- J ö
d q çç 2 ÷÷÷ tr [ n+1 ( Du ) ] dWn+1
è J ø

(C-33)

dp Rq

The derivative of equation (3.43) in terms of the pressure defined as D p Roq
reads:
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1

Dp Roq = ò

Wo

k dq Dp ( p )dWo

(C-34)

and the directional derivative term D p ( p ) is obtained straight forward as

Dp Roq = ò

1

Wo

k dqdp dWo

(C-35)

The equation (C-35) is expressed in the current configuration using equation
(C-1)

1
d qdp dWn+1
Wn +1 J k

Dp Rnq+1 = ò

(C-36)

The summary of the linearization of the non-linear variational problem is given
in Box C.1.
Derivative dDu R u
geo

int,mix
DDu ( Gnint,mix
+1 ) = DDu ( Gn+1 )

mat

+ DDu ( Gnint,mix
+1 )

where:
geo

DDu ( Gnint,mix
)
+1

=ò

Wn +1

mat

DDu ( Gnint,mix
)
+1

=ò

Wn +1

n+1 ( Du ) ⋅σ n+1 : n+1 ( d w )dWn+1
n+1 ( Du ) : c ep : n+1 ( d w )dWn+1

Derivative dp R u

Dp ( Gnint,mix
)= ò
+1

Wn +1

d q n+1 ( d w )dWn+1

Derivative dDu R q

æ1- J ö
d q çç 2 ÷÷÷ tr [ n+1 ( Du ) ] dWn+1
è J ø
Wn +1

DDu ( Rnq+1 ) = ò
Derivative dp R q

1
d qdp dWn+1
Wn +1 J k

Dp ( Rnq+1 ) = ò

Derivative c ep – derived in Appendix B
2
c ep = a [ tr τˆ n +1 i - 1 Ä τˆ n +1 ] + a ( a dev ( e n +1 ) + c dev ) +
3
k (1 Ä 1 ) + -2 pn+1 i
Box C.1. Linearization of the non-linear variational problem (equations (3.42) and (3.43)) –
a continuum description.
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C.2. Stiffn
ness matrixx – spatial discretizatio
d
on
The discretizzation of the system of eq
quations is coomputed in terms of equaations
(3.44)-(3.47)). The numeerical approxiimations of thhe gradient of
o the increm
mental
displacementt,  ( Du ) annd  ( d w ) reaad
np

( Du
uh ) = å ( Ni ) Duih

(C-37)

i=1
np

 ( d wh ) = å ( Ni ) d wih

(C-38)

i=1

Equationn (3.42) is rew
written in term
ms of vectors oof nodal forcess as
é R u ù h = é F int,mix ù - é F ext ù + é F ine ù
ë
û
û ë
û
ë
û ë

(C-39)

where:
e
h
é Fint,mix ù h =
ë
û I òWe σ ⋅ ( N I )d W

( I = 1 : 3)

(C-40)

h h
e
h
e
é ext ù h
ë F û I = òWe N I r b d W + òGe N I t d G

( I = 1 : 3)

(C-41)

h h
e
é Fine ù h =
ë
û I òWe N I r v dW

( I = 1 : 3)

(C-42)

h
Similarlyy, it is definedd the residual vector éêë R q ùúû from the disccretization of equae
I
tion (3.43) iss discretized as

é Rq ùh =
êë
úû I

æ ln J h 1
ö
N
I
òWe çççè J h - k N A pa ÷÷÷÷ø d We = 0;

( I = A = 1, 2,.., n p )

(C-43)

The disccretization of the
t linearizatiion of the resiidual vector, shown in prev
vious
section, definnes Jacobian or stiffness matrix.
m
The ddiscretization of the term correc
sponding to the linearizattion of the vector of internnal forces in terms
t
of the incremental displaacement DDu ( G int,mix ) , giiven by equatiion (C-22), reaads as
h
é K uu ù h = é K geo ù + é K mat ù h
ê
ú
û IJ
ë
û IJJ ë
û IJ ë

(C-44)

h
e
é K geo ù h =
êë
úû IJ òWe ( N J ) ⋅σ ⋅ ( N I ) d W

(C-45)

e ùh
e
é K mat ù h =
é ep
ë
û IJ òWe ( N J ) ⋅ë c û ⋅ ( N I ) ddW

(C-46)

where:

The disccretization of the linearizattion of the veector of intern
nal forces witth respect to the ppressure Dp ( G int,mix ) , given in equationn (C-28), is deefined as
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e
é K up ù h =
ë
û IA òWe ( N I ) N A d W

(C-47)

Following the same process for the linearization terms of the second equation in
terms of the incremental displacement DDu ( R q ) and pressure Dp ( R q ) , equations
(C-33) and (C-35) respectively, the discretization for each term reads

æ
hö
ççç 1 - J ÷÷÷ ( N ) d We
é K pu ù h =
N
A
ë
û IA òWe I çç h 2 ÷÷
çè ( J ) ÷ø

(C-48)

1
e
é K pp ù h =
ë
û IA òWe k N I N A d W

(C-49)

and

h
It is observed that the mass matrix defined by the term éë K pp ùû IA requires three integration points due to the product of the shape functions N I N A .
Finally, the elemental Jacobian or stiffness matrix is defined from equations
(C-44), (C-47), (C-48), and (C-49).

é K uu
K hIA = ê pu
êK
ë

h

K up ù
ú
K pp úû IA

(C-50)

A summary of the definition and implementation of the discretized stiffness matrix is given in Box C.2

Linearization of the variational problem

Element stiffness matrix K e

é uu
K up ù ê ( K )Ii, Jj
ú=ê
K pp ûú ê ( K pu )
I , Ak
ë

é K uu
K = ê pu
ê
ëK
e
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( K up )Ii, A ùú
ú
( K pp )I , A úû

( I, J, A = 1 : 3)
( i, j , k = 1 : 2 )

where:
é geo ù
é uu ù
é mat ù
ë K û Ii, Jj = êë K ûú Ii , Jj + ë K û Ii, Jj

¶N I ¶N J
e
é K geo ù
êë
úû Ii, Jj = dij ¶x ¶x slk W
k
l
¶N I ep ¶N J e
é K mat ù
ë
û Ii, Jj = ¶xk ciklj ¶xl W
¶N I
e
é K up ù
ë
û Ii, A = ¶xi N A W
æ 1 - J ö÷ ¶N A e
é K pu ù
ç
ë
û I , Ak = çè J 2 ÷÷ø N I ¶xk W
é K pp ù = 1 N I N A We
ë
ûI,A k
Vector of residual forces ëé Ru ûù
é R u ù = é Fint,mix ù - é F ext ù + é Fine ù = 0
ë
û ë
û ë
û ë
û
where:
e
e
é Fint,mix ù e =
ë
û I òWe σ ⋅ ( N I )d W
e e
e
e
e
é Fext ù e =
ë
û I òWe N I r b d W + òGe N I t d G
e e
e
é Fine ù e =
ë
û I òWe N I r v dW
Vector of residual forces éëê R q ùûú

é q ùe
êë R úû I =

òW

e

æ ln J e 1
ö
N I çç e - N A p e ÷÷÷ d We
÷ø
çè J
k

And
We = ò e d We
W

Box C.2. Element stiffness matrix K e and vector of residual forces R (integration for a
three nodes linear triangle in the current configuration tn+1 ).
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Appendix
xD
Mixedd formu
ulation iin axisy
ymmetrric
problem
ms
In this sectioon, we develop the vector of
o generalizedd forces and th
he stiffness matrix
m
correspondinng to the mixed formulation
n for the axisym
ymmetric case.

D.1. Vectoor of nodall forces
From equatioon (3.42) we know that th
he expressionn for the interrnal work is given
g
by10,11.

G int,mix = ò

Wn +1

sij : n+1 ( d w )ij d Wn++1

(D-1)

p1ij .The exten
where sij = dev( s )ij + p
nsion to the aaxisymmetric case is formaalized
as
G int,mix,axi = ò

Wne+1

axi
sijmix,axi : axi
n+1 ( d w )ij d Wn+1

10

The formulatiion for this Appenndix is directly deescribed in a disccretized notation.

11

As mentionedd in previous chaapters, the superscript “mix” refers
rs to the definition of

and p .

(D-2)

σ

in terms of

u
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where:

snmix,axi
+1

é s11 s12 0 ù
ê
ú
= ê s21 s22 0 ú
ê
ú
êë 0
0 s33 úû

(D-3)

and

é ¶ ( d w )1
ê
ê ¶x1n+1
ê
ê ¶( dw )
ê
2
d
w
axi
=
(
)
n+1
ê
ij
n+1
x
¶
ê 1
ê
ê
ê 0
êë

¶ ( d w )1
¶x2n+1
¶ ( d w )2
¶x2n+1
0

ù
0 ú
ú
ú
ú
0 úú
ú
ú
d w1 ú
ú
x1n+1 úû

(D-4)

Taking into account equations (D-3) and (D-4), the expression for the internal
work, defined in equation (D-2), is split in terms of , on the one hand, a matrix
[ 2 ´2 ] ( r and z components) and, on the other hand, the term ( 33 ) corresponding
to q :

Gint,mix,axi = ò

Wne+1

sijmix,axi axi
n+1 ( d w )ij

i , j:1,2

òW

e
n +1

d Wnaxi
+1 +

mix,axi axi
s33
n+1 ( d w )33 d Wnaxi
+1

(D-5)

From equation (D-5), and taking into account the approximations given in equations (3.46) and the expression of its gradient in (C-38), the vector of internal forces
is defined as

¶N I
é F int,mix,axi ù =
ë
û Ii òWne+1 sij ¶x

j i , j:1,2

d Wnaxi
+1 + ò

Wne+1

s33

NI
di1d Wnaxi
+1
x1n+1

(D-6)

It is important to remark that the computation of s33 = J 1 τ33 requires three Gauss
n +1
points for its integration; the problem arises from the computation of the deforaxi
has the
mation gradient tensor fn+1 = 1 + n ( Dun+1 ) , where the component f33
following expression
axi
f33
= 1+

u1 ( x )
N ( x ) uI 1
= 1+ I
x1
x1

(D-7)

being a function that varies with respect to x ( as opposed to the rest of components
fij i , j:1,2 , that are constant at the element level). For this reason, the component s33
of equation (D-6) and the computation of J n+1 require three Gauss points in their
integration.
Finally, the expression of the incompressibility term, given in equation (3.43) is
directly described for the axisymmetric case as

Mixed foormulation in axisymmetric
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ln J n+1
1
xi
é R q,axi ù =
d Wnaxi
N I N Ap A d Wnax+1
+
+1 - ò e
ë
û Ii òWne+1 N I
2
Wn +1 J n+1k
( J n+1 )

(D-8)

D.2. Stiffn
ness matrixx
The extensioon for the Jaccobian matrix to the axisym
mmetric case is carried outt in a
similar way tthan in Appenndix C, presen
nting each term
m of the derivaatives of equaations
(3.48) and (33.52) separatelly.



mix,axi
dDu F int,m

The vector of internal forcces is decompo
osed as

F int,mix,axi = F int,mix,axi,(2´2 ) + F axi,( 33 )

(D-9)

where:

F iint,mix,axi,( 2´2 ) = ò

Wne

F int,mix,axi = ò

Wne

1 axi axi ¶N I
f S
J n ik kj ¶x j

dWnaxi

(D-10)

i , j:1,2

1 N I di1 axi axi axxi
f S dW
J n x1n 33 33 n

(D-11)

Similarly, thhe term of the derivative off the internal work with reespect to the incremental displaacement is spllit as

dDu F int,mix,axi = dDu F int,mix,axii,( 2´2 ) + dDu F axi,( 33 )

(D-12)

The firstt term of the RHS
R
of equatiion (D-12) waas calculated in
i Appendix C and
it is equivaleent, for an axissymmetric mo
odel, to:

æ
¶N I ¶N J axi e ö÷
dDu F int,mix,aaxi,( 2´2 ) = çç ò e dij
s d Wn+1 ÷÷ DuJi +
è Wn +1 ¶xk ¶xl lk
ø
æ
1 ¶N I ep ¶N J
e ö
÷ 
çç
çè òWne+1 J n+1 ¶xk ciklj ¶xl d Wn+1 ÷÷ø Du Jj

(D-13)

Notice thhat, from the first termh off the RHS of equation (D-13), the geom
metric
geo
part of the stiffness matriix éëê K ùûú
given in equuation (C-45) in Appendix C, is
IJ
defined. For the axisymmeetric case, thiss term reads:

GIJaxi = ò

Wne+1

dij

¶N I ¶N J axi e
s d Wn+1
¶xk ¶xl lk

(D-14)

on of
In the seecond term of the RHS of equation (D-133), the double dot contractio
ep
the term ciklj
d elj is split as
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ep

ciklj

¶N J
¶N
ep ¶N J
= ciklj
+ cikep33 n+J 1
¶xl
¶xk
¶x1

(D-15)

and substituting equation (D-15) into equation (D-13), the expression of the integrand becomes expressible as

òW

e
n +1

1 ¶N I ep ¶N J
d Wne+1 = H IJaxi + H IJaxi
c
J n+1 ¶xk iklj ¶xl

(D-16)

where:

H IJaxi = ò

Wne+1

1 ¶N I ep ¶N J
c
d Wne+1
J n+1 ¶xk iklj ¶xl

(D-17)

H IJaxi = ò

Wne+1

1 ¶N I ep N J
c
d We
J n+1 ¶xk ik 33 x1n+1 n+1

(D-18)

On the other hand, the second term of the RHS of equation (D-12), after the
pull-back operation, is given by

¶Du F axi,( 33 ) = ¶Gˆ IJaxi,( 33 ) + ¶Hˆ IJaxi,( 33 )

(D-19)

¶Gˆ IJaxi,( 33 ) = ò e di1

NI
¶f33 S33 d Wnaxi
jn x1n

(D-20)

¶Hˆ IJaxi,( 33 ) = ò e di1

NI
f33¶S33 d Wnaxi
jn x1n

(D-21)

where:
Wn

Wn

After computing the derivative of the corresponding component of the deformation gradient ¶f 33 = N J u J 1 x1n , equation (D-20) takes the form

1 NI NJ
é ¶Gˆ axi,( 33 ) ù =
d
du S axi d Wnaxi
ëê IJ
ûú n òWne i1 jn x n x n J 1 33
1
1

(D-22)

whereas the corresponding component of the stiffness matrix of equation (D-22) is
expressed in the current configuration tn+1 (after some manipulation) as

Gˆ IJaxi,( 33 ) = ò

Wne+1

di1d j1 N I N J

axi
s33

(

2
x1n+1

)

d Wnaxi
+1

(D-23)

For the second term, expressed in equation (D-21), it could be proved that:
-1 ep, mix
f33¶S33 = f33
c33lj ¶elj

(D-24)

and with the definition of the Euler-Almansi strain tensor, equation (D-24) can be
rewritten as

Mixed formulation in axisymmetric problems
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axi
æ
¶u j ö
-1 ep , mix 1 ç ¶ul
çç n+1 + n+1 ÷÷÷
c33lj
f 33¶S33 = f33
2 çè ¶u j
¶ul ÷ø

(D-25)

It is observed from equation (D-4) that equation (D-25) could be rewritten as
-1 ep , mix
c33lj
f33¶S33 = f33

¶ul
¶un+1

-1 ep , mix
c3333
+ f33
l , j:1,2

¶u1
¶u1n+1

(D-26)

Finally, substituting equation (D-26) into equation (D-21) yields (in the reference configuration)

N I -1 ep,mix ¶N J
axi
é ¶Hˆ axi,( 33 ) ù =
êë IJ
úû n òWne di1 j x n f33 c33lj ¶u n+1 du Jj d Wn +
n 1
l
N I -1 ep,mix N J
f33 c3333 n+1 du Jl d Wnaxi
jn x1n
x1

òW

d d
e i1 j1

n

(D-27)

Similarly than in the previous term of the stiffness matrix, from equation (D-27)
the corresponding term of the stiffness matrix for equation (D-21) is obtained (expressed in the current configuration) as

Hˆ IJaxi,( 33 ) = ò

Wne+1

di1

1
ep , mix ¶N J
d Wnaxi
N I c33
+1 +
lj
J n+1 x1n+1
¶uln+1

òW

e
n +1

di1d j1

N I ep,mix N J
c
d Waxi
J n+1 3333 ( x n+1 )2 n+1

(D-28)

1

Finally, using equation (D-14), (D-17), (D-18), (D-23), and (D-28), the term
é K uu ù
ë
û IiJj of the Jacobian matrix takes the form
é K uu ù = GIJaxi + H IJaxi + H IJaxi + Gˆ IJaxi,( 33 ) + Hˆ IJaxi,( 33 )
(D-29)
ë
û IiJj


dp F int,mix,axi

From the decoupling into deviatoric and volumetric part of the Second PiolaKirchhoff stress tensor Smix = DEVS + JpC-1 the derivative of equation (D-9) with
respect to the pressure is given by

¶p F int,mix,axi = ò

Wne

1 axi
¶N
f J ¶pCkj-1 nI
jn ik n+1
¶x j

òW

e
n

d Wnaxi +
i , j:1,2

1 N I di1 axi
-1
f J ¶pC33
d Wnaxi
jn x1n 33 n+1

(D-30)

The computation of the first term of the RHS of equation (D-30) was deduced in
in Appendix C and given by equation (C-47):
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dp F int,mix,axi = ò

Wne+1

¶N I
N ApA d Wnaxi
+1
¶xin

(D-31)

For the second term of the RHS of equation (D-30), after some manipulation
-1
= 1 ( f33 )2 , we can write
and taking into account the definition C33

dp F axi,( 33 ) = ò

Wne+1

di1

1
N I N ApA d Wnaxi
+1
x1n+1

(D-32)

Finally, from equations (D-31) and (D-32), the corresponding term of the stiffness matrix éë K up ùû IiJj is obtained:

ˆaxi,( 33 )
é K up ù = Laxi
IJ + LIJ
ë
û IiJj

(D-33)

¶N I
N A d Wnaxi
+1
¶xin

(D-34)

where:

Laxi
IJ = ò

Wne+1

( 33 )
Lˆaxi,
=ò
IJ

Wne+1



di1

1
x1n+1

N I N A d Wnaxi
+1

(D-35)

dDu R q,axi

This derivative is deduced in equation (C-48) in Appendix C; it should be noted
that for its extension to the axisymmetric case, we have to introduce the following
decomposition

dDu Rq,axi = ò

Wne+1

æ 1 - J ö é ¶N A
N I çç 2 ÷ê
Du Ak
÷
è J ÷ø ëê ¶xkn+1

k :1,2

+

ù
NA
Du A1 ú d Wnaxi
+1
n+1
ú
x1
û

(D-36)

On the other hand, the term éë K pu ùû IiJj of the stiffness matrix is given by
ù
æ 1 - J ö÷ éê ¶N A
NA ú
é K pu ù =
ç
+
N
d Wnaxi
(D-37)
÷
+1
ë
û IiJj òWne+1 I çè J 2 ø÷ ê ¶x n+1
n+1 ú
x
êë k k :1,2
úû
1


dp R q,axi

This last term is deduced directly from equation (C-49) in Appendix C; its axisymmetric counterpart reads

dp Rq,axi = ò

Wne+1

1
N N p d Waxi
J n+1k I A A n+1

and the corresponding term of the stiffness matrix éë K pp ùû IJ is

(D-38)
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1
axi
é K pp ù =
ë
û IA òWne+1 J n+1k N I N A d Wn+1

(D-39)

Implementation for a three Gauss point integration
The integration of a given function g in an axisymmetric domain is rewritten by its
integration as a solid of revolution

òW

e
n +1

g dWnaxi
+1 = ò

Wne+1

g ( 2p x1n+1 ) dAne+1

(D-40)

As well as the component (33) of the deformation gradient f axi , equation
(D-40) requires at least three Gauss points for its proper integration:
ngp

òW

e
n +1

 i J e ( xi ) g ( xi )( 2p xin,1+1 )
g ( 2p x1n+1 ) dAne+1 = å w

(D-41)

i =1

 i are the corresponding quadrature weights, and J e the Jacobian
where ngp = 3 , w
for the mapping to the parent domain, which for a three-node triangle is constant
given by J e = 2 Ae .
Taking into account equations (D-40) and (D-41), Box D.1 summarizes the implementation of the generalized force vectors and the stiffness matrix.
Stiffness matrix K h

K

h,axi

é K uu
= ê pu
êK
ë

K up ù
ú
K pp úû

axi

é K uu axi
)IiJj
ê(
=ê
ê
axi
ê ( K pu )
IAk
ë

( K up )IiA ùú
axi

axi

( K pp )

IA

ú
ú
ú
û

where:

é K uu ù = é G axi ù + é H axi ù + é H axi ù + é Gˆ axi,( 33 ) ù + é Hˆ axi,( 33 ) ù
úû IiJj êë
úû IiJj
ë
û IiJj ë
û IiJj ë
û IiJj ë
û IiJj êë
3

{

n+1
é Gaxi ù = å dij ¶N I ¶N J slkaxi 2p xkg
,1
ë
û IiJj
¶
x
¶
x
k
l
kg
3

}

{

 kg ⋅ 2 Ane+1
⋅w
xg

ep ¶N J
n+1
é H axi ù = å 1 ¶N I ciklj
2p xkg
,1
ë
û IiJj
¶
¶
J
x
x
1
n
k
l
+
kg
3

{

 axi ù = å 1 ¶N I c ep N J d j1 2p
éH
ik 33
ë
û IiJj
kg J n+1 ¶xk
h ,axi

}

}

 kg ⋅ 2 Ane+1
⋅w
xg

 kg ⋅ 2 Ane+1
⋅w
xg

Box D.1. Stiffness matrix K
and vector of residual forces R h ,axi for axisymmetric
problems (integration for a three nodes linear triangle in the current configuration tn+1 ).
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3
ì
axi
ü
ï
ï
s33
ï
é Gˆ axi,( 33) ù = å di1d j1 ï
 kg ⋅ 2 Ane+1
2
p
N
N
í
ý ⋅w
I J n+1
ëê
ûú IiJj
ï
ï
x
kg
ï
kg ,1
ï
î
þ xg
3 ì
ïï 1
ïüï
ep , mix ¶N J
é Hˆ axi,( 33 ) ù =
 kg ⋅ 2 Ane+1 +
êë
úû IiJj å íï J di1 N I c33lj ¶x n+1 2p ýï ⋅ w
kg î
ï n+1
l
þï xg

ìï 1
üï
ep , mix N J
ïí
2
d
d
p
c
N
åï J n+1 i1 j1 I 3333 xn+1 ïýï ⋅ w kg ⋅ 2 Ane+1
kg î
ïþ xg
kg ,1
ï
3

ˆaxi,( 33)
é K up ù = Laxi
IiA + LIiA
ë
û IiA
3
ìïï ¶N I
üï
n+1 ï
 kg ⋅ 2 Ane+1
Laxi
N
2
p
x
ý ⋅w
IiA = å í
A
,
kg
1
ïï ¶xin+1
ïþï
kg î
xg
3

( 33 )
 kg ⋅ 2 Ane+1
Lˆaxi,
= å { di1 N I N A 2p } xg ⋅ w
IiA
kg

3 ì
æ
ö üï
ï
é K pu ù = å ïí N I æç 1 - J ö÷÷çç ¶N A x1n+1 + N Ad j1 ÷÷÷2p ïý ⋅ w
 kg ⋅ 2 Ane+1
ë
û IAk
çè J 2 ÷øçç ¶x n+1
÷
ï
ï
è
ø
kg î
j
ï
þï xg
3

{

1
n+1
é K pp ù = å
N I N A 2p xkg
,1
ë
û IA
J
n+1k
kg

}

 kg ⋅ 2 Ane+1
⋅w
xg

h
Generalized forces éë F int,mix,axi ùû and éë R q,axi ùû
Ii
I
3 ìæ
ö
üï
ï
n+1 ï
é Fint,mix,axi ù = å ïíççç sij ¶N I + s33 N I di1 ÷÷÷2p xkg
 kg ⋅ 2 Ane+1 +
⋅w
,1 ý
n +1
ë
û Ii
÷÷
ïèç ¶x nj +1
ï
x
kg î
ø
kg ,1
ï
ï xg
þ

3 ì
üï
ï
n+1 ï
é R q,axi ù = å ïí N I ln J n+1 2p xkg
 kg ⋅ 2 Ane+1 +
ý ⋅w
,
1
ë
û Ii
ï ( J n+1 )2
ïï
kg ï
î
þ xg
3

å
kg

Box D.1. (Continued)

{ J 1 k N N 2px }
n+1

I

A

n+1
kg ,1

 kg ⋅ 2 Ane+1
⋅w
xg

Ap
ppendix
xE
Viscco-elasttic reguularizatiion of the
t
connstitutiive mod
del
In order to ddissipate the dynamic
d
oscilllations presennt in the stresss fields, it is proposed a viscco-elastic reguularization off the constituutive model for
fo granular fllows.
The regularizzation is baseed on a Kelvin
n-Voigt modeel in terms off the rate of deford
mation tensoor. In this secttion are preseented the definnition of this additional terrm as
well as the peertinent modiffications for th
he implementtation in the Jaacobian matrix
x.

E.1. Kelvin-Voigt vissco-elastic model
m
The rheologiical model of the Kelvin-V
Voigt model coonsists of the connection in
n parallel of a Neewtonian damp
mper and a Hookean elastic spring. The constitutive equae
tion, for a sm
mall deformation formulatio
on, is expresseed for both term
ms giving

σ ( t ) = Eε ( t ) + h

dε ( t )
dt

(E-1)

where E is thhe Young moodulus and h the dissipativve coefficient. The first terrm of
the RHS corrresponds to the
t Hookean elastic springg while the seecond to the visco
v
regularizationn itself.
The connstitutive moddel proposed for dense grranular flows is defined in
n the
framework oof large deform
mation plasticity; the first teerm correspon
nding to the ellastic
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term is defined by equation (2.35), and the term associated to the Newtonian damper
is given by establishing the pressure as a function of its density12.

p = p( r )

(E-2)

The time derivative of equation (E-2) is obtained applying the chain rule

p =

dp( r )
r
dr

(E-3)

The time derivative of the density, given in equation (E-3), is obtained aided by
the definition of the rate form of the continuity mass equation.

r ( x, t ) + r ( x, t ) div v ( x, t ) = 0

(E-4)

Solving equation (E-4) for r and substituting the value into equation (E-3), the
rate form of the pressure is described in terms of the velocity components.

p = -

dp( r )
r ( x, t ) div v ( x, t )
dr

(E-5)

Equation (E-5) is rewritten in terms of the rate of deformation tensor and a material bulk modulus parameter

p = k2 ( r ) tr d

(E-6)

where k2 is approximated by the two first terms of a Taylor expansion of a compressibility curve; and for the second term, the equality tr d = div v is used, which is
easily deduced using the definition of the rate of deformation tensor. Since the material is considerable incompressible, it is correct to assume a constant value for the
bulk modulus.
The numerical approximation of the time derivative for the pressures allows us
to relate the dissipative coefficient h with the bulk modulus k2 , h = h ( k2 ) , defining the corresponding term of the Newtonian damper. The pressure term, given in
equation (2.34), with the Kelvin-Voigt regularization is expressed by

p = k1

ln J
+ h tr d
J

(E-7)

The visco-elastic regularization has effect on the second equation of the mixed
formulation given by equation (2.40). Rewriting this equation to include the additional term, it is expressed as
æ ln J h
1 ö1
+ tr d - p ÷÷÷ d Wt = 0
J
k
k øJ

òW dq ççè
t

12

Recalling that

(E-8)

p stands for the pressure term associated to the Cauchy stress tensor and p for the

pressure term corresponding to the Kirchhoff stress tensor.
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