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Abstract

For the last forty years, differential geometry has provided a means of understanding optimal
control theory. Usually the best strategy to solve a difficult problem is to transform it into a
different problem that can be dealt with more easily. Pontryagin’s Maximum Principle provides
the optimal control problem with a Hamiltonian structure. The solutions to the Hamiltonian
problem, satisfying particular conditions, are candidates to be solutions to the optimal control
problem. These candidates are called extremals. Thus, Pontryagin’s Maximum Principle lifts
the original problem to the cotangent bundle.

In this thesis, we develop a complete geometric proof of Pontryagin’s Maximum Principle.
We investigate carefully the crucial points in the proof such as the perturbations of the controls,
the linear approximation of the reachable set and the separation condition.

Among all the solutions to an optimal control problem, there exist the abnormal curves.
These do not depend on the cost function we want to minimize, but only on the geometry of
the control system. Some work has been done in the study of abnormality, although only for
control-linear and control-affine systems with mainly control-quadratic cost functions. Here
we present a novel geometric method to characterize all the different kinds of extremals—not
only the abnormal ones—in general optimal control problems. This method is an adaptation of
the presymplectic constraint algorithm. Our interest in the abnormal curves is with the strict
abnormal minimizers. These last minimizers can be characterized by the geometric algorithm
presented in this thesis.

As an application of the above-mentioned method, we characterize the extremals for the
free optimal control problems that include, in particular, the time—optimal control problem.
Moreover, an example of an strict abnormal extremal for a control-affine system is found using
the geometric method.

Furthermore, we focus on the description of abnormality for optimal control problems for
mechanical control systems, because no results about the existence of strict abnormal minimiz-
ers are known for these problems. Results about the abnormal extremals are given when the cost
function is control-quadratic or the time must be minimized. In this dissertation, the abnormal-
ity is characterized in particular cases through geometric constructions such as vector—valued
quadratic forms that appear as a result of applying the previous geometric procedure.

The optimal control problems for mechanical control systems are also tackled taking advan-
tage of the equivalence between nonholonomic control systems and kinematic control systems.
In this thesis, it is found an equivalence between time—optimal control problems for both con-
trol systems. The results allow us to give an example of a local strict abnormal minimizer in a
time—optimal control problem for a mechanical control system.

Finally, setting aside the abnormality, the non—autonomous optimal control problem is de-
scribed geometrically using the Skinner—Rusk unified formalism. This approach is valid for
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iv Abstract

implicit control systems that arise in optimal control problems for the controlled Lagrangian
systems and for descriptor systems. Both systems are common in engineering problems.
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Chapter 1
Introduction

Optimal control theory is a young research area that appears in a wide variety of fields such
as medicine, economics, traffic flow, engineering, astronomy. However, applications and un-
derstanding do not always come together. In order to gain insight, differential geometry has
been used in control theory, giving rise to geometric control theory in the 70’s [Agrachev
2002a, Agrachev and Sachkov 2004, Bloch 2003, Bonnard and Caillau 2006, Bonnard and
Chyba 2003, Boscain and Piccoli 2004, Bressan and Piccoli 2007, Bullo and Lewis 2005a;b,
Echeverria-Enriquez et al. 2003, Jurdjevic 1997, Langerock 2003a, Lewis 2006, Nijmeijer and
van der Schaft 1990, Sussmann 1978; 1998; 1999; 2000, Sussmann and Jurdjevic 1972, Trout-
man 1996].

1.1 Historical remarks

If we look back in time, we will realise that optimal control problems have existed for a long
time as claimed by Sussmann and Willems [1997]. There, the brachystochrone problem sug-
gested by J. Bernoulli in the June 1696 issue of Acta Eruditorum is considered as the starting
point of optimal control theory. The challenge posed to mathematicians by J. Bernoulli is the
following:

If, in a vertical plane, two points A and B are given, then it is required to
specify the orbit AM B of the movable point M, along which it, starting from
A, and under the influence of its own weight, arrives at B in the shortest
possible time. So that those who are keen of such matters will be tempted to
solve this problem, is it good to know that it is not, as it may seem, purely
speculative and without practical use. Rather it even appears, and this may be
hard to believe, that it is very useful also for other branches of science than
mechanics. In order to avoid a hasty conclusion, it should be remarked that
the straight line is certainly the line of shortest distance between A and B,
but it is not the one which is traveled in the shortest time. However, the curve
AM B—which I shall divulge if by the end of this year nobody else has found
it—is very well known among geometers.

Thus, control theory studies the properties of a dynamical system with some degrees of
freedom given by the controls; e.g., in the previous problem those are associated with the point
M. When we want to find the trajectory of a dynamical system that minimizes a functional such
as energy, time or distance, we are confronting a problem in optimal control. In general, to find
a solution of these kinds of problems is not straightforward. A valuable tactic to deal with
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optimal control problems is to restrict the candidate solutions through necessary conditions of
optimality such as those given by Pontryagin’s Maximum Principle [Pontryagin et al. 1962].

In some sense, optimal control theory is regarded as a generalization of the calculus of vari-
ations [Bullo and Lewis 2005b, Lewis 2006, Sussmann and Willems 1997]. A main difference
between these two theories is that in the former the controls can take values in a closed control
set and inequality constraints are accepted, whereas in the latter the control set is always open.

Pontryagin’s Maximum Principle was introduced to the mathematical community in the
International Congress of Mathematicians held in 1958 in Edinburgh, Scotland, by a group of
Russian researchers working in Steklov Mathematical Institute [Pontryagin et al. 1962]. The
Russian school focused on this research under a request by the military service. The Maximum
Principle is considered one of the outstanding points in optimal control theory.

1.2 State—of-the-art

The classical approach to optimal control problems was from the point of view of the differ-
ential equations [Athans and Falb 1966, Lee and Markus 1967, Pontryagin et al. 1962] and
of the functional analysis [Giaquinta and Hildebrandt 1996a;b, Zeidler 1985], but later the ap-
proach was from the differential geometry [Agrachev and Sachkov 2004, Bressan and Piccoli
2007, Jurdjevic 1997, Sussmann 1998]. However, the Maximum Principle admits other points
of view such as stochastic control systems [Bensoussan 1984, Haussmann 1986] and discrete
control systems [Chyba et al. 2008, Guibout and Bloch 2004, Hwang and Fan 1967]. Lately, the
Skinner-Rusk formulation [Skinner and Rusk 1983] has been applied to study optimal control
problem for non—autonomous control systems. As a result, the necessary conditions of Pon-
tryagin’s Maximum Principle have been obtained, as long as the differentiability with respect
to controls is assumed [Barbero-Linan et al. 2007].

A Hamiltonian formalism to optimal control problems is provided by the necessary condi-
tions stated in Pontryagin’s Maximum Principle. The solutions to the problem are in a manifold,
but the Maximum Principle relates solutions to a lift to the cotangent bundle of that manifold.
Thus, in order to find candidate optimal solutions, not only the controls but also the momenta
must be chosen appropriately so that the necessary conditions in the Maximum Principle are
fulfilled. These conditions are, in fact, first—order necessary conditions and they are not always
enough to determine all the degrees of freedom in the problem. That is why sometimes it is
necessary to use the high—order Maximum Principle [Bianchini 1998, Kawski 2003, Knobloch
1981, Krener 1977]. But, even when we succeed in finding the controls and the momenta in
such a way that Hamilton’s equations can be integrated to obtain a trajectory on the manifold,
the controls and the momenta are not necessarily unique. In other words, different controls
and different momenta can give the same trajectory on the manifold, although the necessary
conditions in the Maximum Principle will be satisfied in different ways. The momenta and the
control determine the kinds of trajectories, which can be abnormal, normal, strict abnormal,
strict normal and singular. We point out that these different kinds of extremals do not provide a
partition of the set of trajectories in the manifold, because it may happen that a same trajectory
admits more than one momenta so that the trajectory is in two different categories.

For years, abnormal extremals were discarded because it was thought that they could not
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be optimal [Hamenstiddt 1990, Strichartz 1986]. The idea was that abnormal extremals were
isolated curves and thus it was impossible to consider any variation of these curves. However,
Montgomery [1994] proved that there exist abnormal minimizers by giving an example in sub-
Riemannian geometry. Then Liu and Sussmann [1995] made an effort to characterize strictly
abnormal minimizers in a general way for the length-minimizing problem in subRiemannian
geometry if there are only two controls. They succeeded in giving a set with abnormal extremals
that contains strict abnormal curves that are locally optimal for the considered control-linear
system [Liu and Sussmann 1994a;b; 1995, Sussmann 1996]. Let us give a short review of some
work that has been done concerning abnormal extremals.

Agrachev and Sarychev [1995b; 1996] study second—order necessary conditions for op-
timality since the first—order necessary conditions give little information about abnormal ex-
tremals. They state necessary and sufficient conditions for local optimality and rigidity (i.e.,
isolation) of abnormal extremals using the derivatives of the endpoint mapping, related to the
reachable set. They also use the theory of the Morse index.

Agrachev and Sarychev [1995a; 1996] consider subRiemannian geometry for a distribution
of rank 2. They arrive at the same definition of regular abnormal extremals given by Liu and
Sussmann [1995], but they also focus on control-affine systems. They also prove that when
the distribution is bracket—generating and the controls are constrained there exist local rigid
abnormal minimizers, something that does not happen for unconstrained controls.

Agrachev and Zelenko [2007] characterize the affine line subbundle that gives the abnormal
extremals for control-affine systems with one or two input vector fields. For two input vector
fields, they concentrate on the study of manifolds of dimension 4 and 5.

Bonnard and Trélat [2001] characterize the abnormal directions looking at the subRiema-
nnian sphere. In order to do this, they consider mainly the case of Martinet distributions.

Boscain and Piccoli [2002] study the time—optimal control problem for a control—affine
system with one input vector field. It turns out that the abnormal extremals are concatenations
of determined arcs coming from switching the control. They establish a classification of all the
possibilities.

Langerock [2001; 2003a;b;c] characterizes the abnormal extremals geometrically by con-
structing a suitable connection.

What makes abnormal extremals more special is that the abnormality does not depend on
the cost function. Hence, the abnormal extremals can be determined exclusively using the ge-
ometry of the control system. Thus abnormality and controllability must be closely related. In
fact, in order to have abnormal minimizers, the system cannot be controllable. Moreover, the
set of the trajectories given by the control system determines the reachable set, independently of
the cost function. That is why it is thought that the study of the reachability and/or the control-
lability [Jurdjevic 1997, Nijmeijer and van der Schaft 1990, Sussmann 1978; 1987] could help
to characterize abnormal extremals through the geometry of the reachable set [Bullo and Lewis
2005b, Langerock 2003a]. In control theory, controllability is still one of the properties under
active research [Agrachev 1999, Aguilar and Lewis 2008, Basto-Gongalves 1998, Bullo and
Lewis 2005¢, Cortés and Martinez 2003, Tyner 2007] and the same happens with abnormality
in optimal control theory as already shown.
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In contrast to the previous paragraph, the cost function is essential to prove that abnormal
extremals are strict abnormal minimizers. That is why the existence or non—existence of ab-
normal minimizers is only known for specific control problems, mainly time—optimal control
problems and optimal control problems with control-quadratic cost functions for control-linear
and control-affine systems [Agrachev and Sarychev 1995a; 1999, Agrachev and Zelenko 2007,
Bonnard and Chyba 2003, Chitour et al. 2006; 2008, Trélat 2001, Zelenko 1999].

In general, the necessary conditions given by the Maximum Principle are useful for de-
termining the control that will give us a possible optimal trajectory, except for abnormal and
singular extremals [Kupka 1987, Pelletier 1999, Zelenko 1999]. In such cases, it is necessary to
consider high—order necessary conditions that will help us to determine the control, as studied
by Krener [1977].

When a problem is difficult to deal with, we restrict to particular cases in order to figure out
a first idea of possible solutions. That is why we restrict Pontryagin’s Maximum Principle to
optimal control problems for mechanical systems described by affine connections [Bullo and
Lewis 2005b]. Singular extremals have already been studied in [Chyba and Haberkorn 2005,
Chyba et al. 2003]. In fact, the singular extremals are also abnormal for time—optimal problems.

The main aim of this dissertation is to give a detailed geometric study of how to characterize
abnormal extremals in nonlinear control theory and also for particular cases such as mechanical
control systems and control-affine systems. We believe that a better geometric understanding
of abnormality will give insights into strict abnormality because every strict abnormal optimal
curve is also an abnormal optimal curve.

In order to achieve our aim, we have gone through the entire proof of Pontryagin’s Max-
imum Principle translating it into a geometric framework, but preserving the outline of the
original proof. All details have been carefully proved, making us to go into the details of con-
cepts such as time—dependent variational equations and their properties, perturbation vectors
and the separation conditions given by hyperplanes. Afterwards, we focus on some geometric
approaches to the abnormality, establishing connections with the controllability.

Then we propose a method to characterize all the different kinds of extremals for any op-
timal control problem for any control system. In order to do that, the presymplectic theory is
used to adapt the so—called presymplectic constraint algorithm by Gotay and Nester [1979],
Gotay et al. [1978].

The next step is the study of the abnormality for affine connection control systems that
model mechanical systems. After applying the adapted presymplectic constraint algorithm,
we consider particular optimal control problems in order to give more information about the
different extremals. Then, we focus on some examples with small dimension where geometric
elements, as for instance, the symmetric product and the vector—valued quadratic forms, arise
in the reasoning about abnormality. Some ideas between these elements and the abnormality
are given.

We consider another approach to study the abnormality for the mechanical case that consists
of taking advantage of the results known in subRiemannian geometry. The control system in the
problem of finding the shortest paths in subRiemannian geometry is a kinematic control system.
Thus, we look into the nonholonomic control systems and their equivalence with the kinematic
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control system [Bloch 2003, Bullo and Lewis 2005a;c, Mufioz-Lecanda and Yaniz-Fernandez
2008] in order to find some connection between the optimal control problems associated with
both control systems.

Finally, we put aside our interest in abnormality, and we focus on the Skinner—Rusk for-
malism to give a unified approach to the non—autonomous optimal control problems.

1.3 Contributions and scheme of the thesis

Here let us point out the contributions in the area of differential geometry and optimal control
theory provided by this dissertation. We also give a brief description of the contents of every
chapter.

Chapter 2

This chapter is a review of the main elements of differential geometry used in this disser-
tation. A special importance is given to the study of the time—dependent variational equations,
the different definitions of a connection on a fiber bundle and the Skinner—Rusk formalism for
non—autonomous systems.

In spite of being a review, the study of the time—dependent variational equations given
in §2.2.2 gives a clear picture of the flows of the complete lift and of the cotangent lift of a
time—dependent vector field via Propositions 2.2.3, 2.2.4, 2.2.6 and Corollary 2.2.5. These
results although known, to our knowledge, have not appeared in the literature.

Chapter 3

In this chapter we give the background in control theory necessary for the understanding of
the subsequent chapters. We focus mainly on the sufficient conditions for controllability.

Chapter 4

Our main contribution is the complete geometric version of the proof of Pontryagin’s Max-
imum Principle in §4.2 and §4.4 in a symplectic framework, with all the details about the differ-
ent perturbation vectors in §4.1.3 and §4.3.2. The complete proof we give of Proposition 4.1.12,
although known, to our knowledge, there is not a self—contained proof of it in the literature.

In §4.5, we give a necessary condition for abnormality, valid for any optimal control prob-
lem and related with controllability, Proposition 4.5.2. The proof of Pontryagin’s Maximum
Principle suggests that all the perturbation vectors generate a linear approximation of the reach-
able set in some sense. That sense will become clear in Proposition 4.5.3, which proves a result
often assumed as true in the literature.

Finally, we are able to give a picture of the separation condition for a particular example in
§4.6.2 to show the differences when there exist momenta associated with the trajectory such that
it is both abnormal and normal. We will see that the separation condition is another key point
in the proof of Pontryagin’s Maximum Principle and must be well-understood geometrically to
understand abnormality.
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Chapter 5

The Maximum Principle is treated from the presymplectic viewpoint. We have two different
versions of Hamilton’s equations where the presymplectic constraint algorithm in the sense of
Gotay and Nester [1979], Gotay et al. [1978] can be applied.

Apart from the new results in §5.2.1 and §5.2.2, Proposition 5.2.9 summarizes how to use
the algorithm to characterize the different kinds of extremals when the domain of definition of
the curves is known. If the domain is not given, the adaptation of the presymplectic constraint
algorithm is described in §5.3.

To highlight the generality of the geometric process described, the usual examples in the
literature are revisited in §5.4: geodesics in Riemannian and in subRiemannian geometry and
control-affine systems.

In §5.5, we give for first time to our knowledge, a strict abnormal extremal for an optimal
control problem for a mechanical control system.

Chapter 6

In this chapter we focus on the mechanical control systems, called affine connection con-
trol systems, which are defined in §6.1. The controllability and the accessibility for these me-
chanical control systems is described in §6.2. Some sufficient conditions for accessibility are
obtained from Proposition 6.2.7, although known, never stated clearly in the literature.

After studying the concepts of control theory related to the affine connection control sys-
tems, we move to optimal control theory in §6.3 stating the optimal control problems for affine
connection control systems. In §6.4 we review an intrinsic version of Pontryagin’s Maximum
Principle given in [Bullo and Lewis 2005b]. Hence, a complete general study of Pontryagin’s
Maximum Principle is found in this dissertation. Moreover, this review will be useful for es-
tablishing a comparison with the approach considered in Chapter 7 to describe Pontryagin’s
Maximum Principle for nonholonomic optimal control problems.

Then, in §6.5 and §6.6 we consider the presymplectic approach to mechanical optimal con-
trol problems. The geometric method in Chapter 5 is used to obtain results about the abnormal
minimizers for particular cases in §6.7 such as problems with a control—quadratic cost function,
Propositions 6.7.1 and 6.7.2, and the time—optimal control problem, Proposition 6.7.4.

Moreover, in §6.8 particular examples for different values of the rank of the distribution
spanned by the input vector fields are studied. All the information provided by the constraint
algorithm is translated into the language of vector—valued quadratic forms in such a way it
is possible to state Conjecture 6.8.5 about necessary conditions for the existence of abnormal
optimal curves.

Chapter 7

Under suitable assumptions, there exists an equivalence between trajectories of kinematic
control systems and nonholonomic mechanical control systems [Bloch 2003, Bullo and Lewis
2005a;c, Muifioz-Lecanda and Yéniz-Ferndndez 2008]. Here the equivalence or not between
solutions to optimal control problems associated with both control systems is studied. As stated



1. Introduction 7

in Proposition 7.1.6, the solution to the nonholonomic optimal control problem determines a
solution to the kinematic optimal control problem for specific cost functions. The equivalence
between the solutions is fulfilled for the time—optimal control problem, Proposition 7.1.10 and
Remark 7.1.11.

In §7.2, we study the relationship between the different kinds of extremals for the non-
holonomic case and the kinematic case. It turns out that the approach given by the mechanical
version of Pontryagin’s Maximum Principle here is more natural than the one considered in
[Bullo and Lewis 2005b] and reviewed in §6.4 since the new momenta that show up has a
particular meaning because of the corresponding extended system.

Finally, in §7.2.4, all the previously proven results give us a locally strict abnormal min-
imizer for a nonholonomic optimal control problem obtained from a locally strict abnormal
minimizer for the corresponding kinematic control problem.

Chapter 8

Skinner and Rusk [1983] suggested the so—called unified Skinner—Rusk formalism, which
is applied here to give an intrinsic formalism for the non—autonomous optimal control problems,
including the implicit optimal control problems that appear in applications such as descriptor
systems. The new main results appear in Theorem 8.1.6 and in Propostion 8.2.2.

A unified formalism is considered for first time in optimal control problems for the con-
trolled Lagrangian mechanical systems §8.3.1 and for the descriptor systems §8.3.2.

This is the only chapter where we do not focus on the abnormality. The results are given
just for normal trajectories because we are more interested in the new approach to optimal
control theory for non—autonomous control systems given by the unified formalism inherited
from Skinner—Rusk.

Chapter 9

To conclude, we review all the main contributions and point out the future research lines to
work on.

Appendices A, B and C

Notions related with analysis, geometry and algebra are introduced here. They do not be-
long to differential geometry, although they are essential for the development of the dissertation.
Some of the results are not clearly proved in the literature, as for instance, Proposition A.1.7,
which is necessary in the proof of Pontryagin’s Maximum Principle.






Chapter 2
Background and notation

A minimum knowledge in differential geometry is assumed in this work, as for instance
some of the topics studied in [Abraham and Marsden 1978, Abraham et al. 1988, Conlon 1993,
do Carmo 1992, Kobayashi and Nomizu 1996, Koléf et al. 1993, Lee 2003, Saunders 1989].
However, the main geometric elements and their notations are briefly reviewed here. Some of
the sections in this chapter are explained in more detail than others, because they are important
for this dissertation and also because some concepts are not always clearly presented in the
literature, although in general they are assumed to be known.

In §2.1 we give a panorama of differential geometry used in this work, for the purpose of
fixing notation. Then, in §2.2 we focus on time—dependent vector fields. For instance, a vector
field depending on parameters defined in §2.2.1 can be understood as a time—dependent vector
field, if the parameters are functions of time. In Chapter 4 vector fields depending on parameters
define a control system and the variations of the system obtained by modifying the parameters
are considered. These variations depend on the time—dependent variational equations, which
are explained in §2.2.2 in detail because we do not know any reference where these equations
are studied.

Symplectic geometry is reviewed in §2.3 because the approach to optimal control problems
considered in Chapter 4 is symplectic. On the other hand, in Chapter 5 and §6.5 the approach
to optimal control problems is presymplectic since we adapt the presymplectic constraint algo-
rithm developed by Gotay and Nester [1979], Gotay et al. [1978] and reviewed in §2.3.2. That
adaptation, explained in general in Chapter 5, is useful for characterizing the different kinds of
solutions to optimal control problems.

The notion of Ehresmann connections and the splittings associated to them in §2.4 are
important to study the control mechanical systems in optimal control theory in Chapter 6. See
[Le6n and Rodrigues 1989] for more details on connections.

The general unified formalism for non—autonomous systems [Barbero-Lifidn et al. 2008,
Cortés et al. 2002b] due to Skinner and Rusk [1983] is introduced in §2.5, because in Chapter
8 the unified formalism for non—autonomous control systems is described. Some notions of the
geometry of the jet bundles and the forced Euler—Lagrange equations must be included in §2.6
to construct one of the examples in Chapter 8.

2.1 Manifolds and tensor fields

Here we present the usual definitions and notations in differential geometry, for more details
see [Abraham and Marsden 1978, Abraham et al. 1988, Conlon 1993, Kobayashi and Nomizu
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1996, Lee 2003]. In the entire work, unless otherwise stated, M is a manifold of dimension m
that is real, second countable and C*°.

The tangent bundle of M is denoted by T'M. The canonical tangent projection assigns to
each tangent vector its base point, 7p7: T'M — M. For each base point = in M, the tangent
space T, M at x is a R—vector space. Thus, we can consider the dual space T, M, which is
called the cotangent space at x of M and is the set of R-linear mappings from 7, M to R.
The union of all the cotangent spaces for every x in M is called the cotangent bundle of M,
denoted by 7% M. Elements in T M are called covectors or momenta at the point x € M. The
canonical cotangent projection assigns to each covector its base point, wp;: T*M — M.

Given two manifolds M and N, we may consider a smooth mapping f: M — N. The set
of all these mappings is denoted by C*°(M, N). The tangent map of f is a mapping between
the tangent bundles, 7'f: TM — TN. When N = R, we have the set of smooth real-valued
functions denoted by C*°(M).

A vector field X on M is a smooth mapping X: M — T'M such that 7jy o X = Idyy.
In other words, it assigns to each z € M the tangent vector X (z) € T,M. The set of all
vector fields on M is denoted by X(M ). An integral curve of a vector field is a curve y on M
satisfying 4(t) = X (y(¢)). Given an initial condition z, there always exists a unique integral
curve ¢z, : I — M of X with that initial condition because of the results about existence and
uniqueness of solutions for differential equations [Coddington and Levinson 1955]. The flow of
X isamapping ¢: I x M — M, such that ¢ (¢, xo) = ¢z, (t) and forevery t € I, ¢p: M — M
is a diffeomorphism on M given by ¢.(x) = ¢(t, x). Observe that ¢g(z) = x for every z € M
and ¢s4r = @50 @y for s,r € I.

In fact, the flow ¢: I x M — M is only defined for the so—called complete vector fields.
Otherwise, for every € M there exists ¢ > 0, a neighbourhood U, of x and a mapping
¢: (—e€,€) x U, — M with the same properties as the flow just defined [Abraham et al. 1988].
In the sequel, for simplicity it is assumed to have complete vector fields. If not, everything must
be understood locally.

Similar to the definition of vector fields, a 1-form w on M is a mapping w: M — T*M
such that my; o w = Idys. In other words, it assigns to each point x in M a covector w(z) €
T M. The set of all the 1-forms is denoted by Q*(M).

In fact, the vector fields and the 1-forms are particular cases of tensor fields on M. Given
r,s € NU {0}, an r—contravariant and s—covariant tensor field T on M is a C>°—section of
TI(M) = (TM® 7. @TM) ® (T*"M® .$. T*M); that is, it associates to each point
x € M an R—multilinear mapping:

r times s times
-

T(x): ToM x...xToM x TyM x ...x T,M— R.

That geometric element is also called an (r, s)—tensor field on M. Thus a vector field is a
(1,0)—tensor field and a 1-form is a (0, 1)—tensor field. The set of all the tensor fields on
M is denoted by 7 (M). The skew—symmetric s—covariant tensor fields are called s—forms.
The set of all the s—forms is denoted by 2°(M). By convention Q°(M) = C*(M), then
QM) = &2 (en$2°(M) is the exterior algebra M with the addition and the exterior product
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as operations. The exterior derivative is denoted by the mapping d: Q*(M) — QT1(M). An
s—form (3 is closed if d3 = 0 and it is exact if there exists n € Q%71 (M) such that 3 = dn.
Given a vector field X and a s—form (3, the inner or interior product of X and 3 is a (s—1)—form
denoted by (X ) or ix 3. For a vector field X, Lx: T, (M) — T7 (M) is the Lie derivative
operator with respect to X. The Lie derivative of a vector field Y with respect to X is exactly
the Lie bracket of vector fields, LxY = [X,Y]. The set X(M) is a real Lie algebra with this
Lie bracket.

Let f: M — N be a smooth mapping and w € Q*(N). The pullback f*w of w by f is given
by f*w(z)(vi,...,vs) = w(f(x))(Tef(v1),...,Tuf(vs)), where v; € T, M. Observe that the
pullback defines a mapping f*: Q°(N) — QF(M). If f is a diffeomorphism, the pushforward
fi is defined by f. = (f~'), = (f*)"". For a vector field X on M, the pushforward is the
vector field f. X on N given by Tf_1(y)f(X(f_1(y))) fory € N.

Let us refresh some basic notions about fiber bundles. For smooth manifolds M and B, a
differentiable fiber bundle is an onto submersion 7w: M — B such that it is locally trivial. That
is, there exists a manifold F' such that, for every b € B, there exists a neighbourhood W of b
and a diffeomorphism ¢: 771(W) — W x F such that 7 o 90|_I/Il/ = Idw, and moreover, given
two fiber bundle charts (W7,11) and (W3, 12) adapted to 7, the mapping 11 o 95 L called
transition function, is a diffeomorphism. Here F' is called the fypical fiber. A section of a fiber
bundle is a mapping X : B — M such that 7 o X = Idp. The set of sections is denoted by
I'(m) or I'(B) if there is no doubt about the fiber bundle used. The vertical subbundle V (1)
of 7 is the subbundle of 7'M given by the kernel of T'w. The set of vertical vector fields with
respect to  are the vector fields on M taking values in V(). This set is denoted by XV (M, 7).

A particular class of fiber bundles are the vector bundles whose fibers have the structure
of vector space and the transition functions are isomorphisms. The set of sections of a vector
bundle is a C*>°(B)-module.

Distributions and codistributions

Let M be a manifold. A smooth regular distribution D on M is a subbundle of T'M of
fiber k—dimensional. In other words, for every x € M, D, is a vector subspace of T, M. The
rank of D at x € M is the dimension of the subspace D,. A similar element can be defined as
a subbundle of T M and is called a codistribution.

A distribution is called involutive if [ X, Y] € I'(D) forevery X, Y € I'(D). An integrable
submanifold of D is a submanifold N such that T,N C D, for every z € N. A distribution
D is completely integrable if, for every x € M, there exists a maximal integrable submanifold
N of D such that T, N = D,. Frobenius theorem guarantees that involutivity and integrability
are equivalent as long as the distribution is regular.

Given a distribution D on M, the annihilator of D is a codistribution on M given by
ann D, = D0 = DX ={a € T'M | a(v) = (a,v) =0, Yv € D} (2.1.1)
for every x € M.

A foliation F of a smooth manifold M is a disjoint collection of immersed submanifolds on
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M whose union is equal to M. Each of the submanifolds in F is called a leaf of the foliation.
For an integrable distribution, the set of maximal connected integrable submanifolds defines a
foliation.

Riemannian geometry

A pseudo—Riemannian metric on a manifold M is a symmetric non—degenerate section of
T9(M). If it is positive definite on every fiber, we have a Riemannian metric. A Riemannian
manifold is a pair (M, g) such that M is a smooth manifold and ¢ is a Riemannian metric on
M. A pseudo—Riemannian metric defines the musical isomorphisms of C°°(M )-modules:

gt QY M) — X(M), ¢ : X(M) — QY(M).
The mapping ¢” is defined by ¢°(X) = ixg: X(M) — R, Y - g(X,Y), and g is its inverse.
A Riemannian manifold has associated an affine connection; that is, a mapping

V:X(M) x X(M) — X(M)
(X,Y) — V(X,Y)=VyxY,

satisfying the following properties:
1. itis R-linear on X and on Y;
2. VyxY = fVxY;
3. VxfY = fVxY + (Lxf)Y;
for every f € C>(M).

The mapping VxVY is called the covariant derivative of Y with respect to X. Given local
coordinates (z") on M, the Christoffel symbols for the affine connection in these coordinates
are given by

o, 9 _pid

o —— — - T .
227 O IT Ot

From the properties of the affine connection, we have

oY

0
\V4 — J
)(Y = <X 7

+ F;TXJYT> e

b

where X = X'9/0x" and Y = Y'0/0x".

Given X € X(M), the mapping Vx : 7 (M) — 7 (M) is the natural extension of the affine
connection as a derivation of order 0 that commutes with the inner product or contractions, see
[Conlon 1993, Lee 2003] for more details.

If (M, g) is a Riemannian manifold, the Levi—Civita connection is the unique affine con-
nection on M such that VxY — Vy X = [X,Y] and Vxg = 0. Then the Christoffel symbols
of the Levi—Civita connection are given in terms of the components of the metric as follows:

. 1 4 (0gqy;  Og, 0Og,
e — = il J ro_ Jr )
ir = 99 <3m’" 0w T o
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A curve v: I — M on a Riemannian manifold is called a geodesic if V,)¥(t) = 0. The
tangent curve to -y is an integral curve of the geodesic spray Z; that is, a second—order vector
field on T'M that links with particular linear Ehresmann connections in §6.4.1.1. Locally, the
integral curves of Z satisfy

#4478 = 0.

2.2 Time-dependent vector fields

As we will see in §3.1, control systems are associated to a time—dependent vector field through
a vector field along a projection defined in §2.2.1. For I C R, a differentiable time—dependent
vector field X is a mapping X : I x M — T M such that each (¢,2) € I x M is assigned to a
tangent vector X (¢,x) in T, M. For every (s,z) € I x M, the integral curve of X with initial
condition (s, x) is denoted by @é}x): J(s,z) € I — M and satisfies

1. @ém)(s) =z and

d X X
2. dt’t(b(s’x) — X (t, @(871,)(t)>, t S J(&m).

The domain of CIJ)g 2) is denoted by Js,) C I because the domain depends on the initial
condition for the integral curves.

The time—dependent flow or evolution operator of X is the mapping

OX:. IxIxM —M

(ts,x) s @¥(ts,0) = OX (1) (22.2)

and ®X satisfies

1. ®X(s,s,z) =z and

d
2. T t (@X(t,s,x)) =X (t, @X(t,s,m)).

To be more precise, the evolution operator is only defined in a maximal open neighborhood
of Ay x M, where Ay is the diagonal of I x I, unless the completeness of the vector field is
assumed.

To obtain the original vector field through the evolution operator, the expression in the
above second assertion must be evaluated at s = ¢,

4
dt

There is a time-independent vector field on the manifold I x M associated to X and given by
X(t,x) = (8/0t + X (t,2)) 4 1. For (t,5,2) € I x I x M, the flow of X is &*: Ix [ x M —

| (@X(t,s,x))]

= X(t,x).
s=t
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I x M such that @{g o) is the integral curve of X with initial condition (s,z) at time 0 and

OX(t,(s,7)) = (s +t,®%(s +t,(s,2))). The theorems in differential equations about the
existence and uniqueness of solutions guarantee the existence and uniqueness of the evolution
operator ®X .

For (t,s) € I x I,

‘I)X

(ts) " M — M

xr — @és) (z) = (I)é,x) (t)

is a diffeomorphism on M satisfying <I>*(>§ 5 = <I>*()§ r © <I>‘()7{ 5 for » € 1. For more details see
[Kolar et al. 1993].

2.2.1 Vector fields along a projection

A natural way to understand control theory in differential geometry is by means of the notion
of a vector field depending on parameters, see §3.1. Properties about how the integral curves
of differential equations depending on parameters evolve are explained in [Coddington and
Levinson 1955, Hairer 1999, Koléf et al. 1993] and used in §4.1.3 and in §4.3.2.

Let M be a differentiable manifold of dimension m and U be a set in R*. Consider the
projectionm: M x U — M.

Definition 2.2.1. A vector field X on M along the projection 7 is a mapping X : M x U —
T M such that X is continuous on M x U, continuously differentiable on M for every u € U
and Tpr 0 X =, where Tpp: TM — M is the canonical tangent projection.

The set of vector fields along the projection 7 is denoted by X (7). If (W, %) is a local chart
at x in M, then a vector field X along the projection is given locally by f0/0x, where f* are
functions defined on W x U.

Let I = [a,b] C R be a closed interval, (vy,u): I — M x U is an integral curve of X if
F(t) = X (y(t),u(t)). All these elements come together in Diagram (2.2.3).

TM (2.2.3)

In other words, X is a vector field depending on parameters in U. In this work, the parameters
are called controls and are assumed to be measurable mappings u: I — U such that Im w is
bounded. Given the parameter u, we have a time—dependent vector field on M,

xtub. 1 M — TM

(tal‘) — X{“}(t7 .7}) — X(x,u(t)) (2.2.4)
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For an integral curve (-, u) of X, it is said that y is an integral curve of X {4} as shown in the
following commutative diagram:

()
Ix M2y

WJwT J XT (2.2.5)

[ —— M x U
(v, u)

That is, X{% o (7,1d) =4 = X o (7, u).

Remark 2.2.2. As the controls u: I — U are measurable and bounded, the vector fields X {u}
are measurable on ¢, and for a fixed ¢, they are differentiable on M. Hence, the notion of
Carathéodory vector fields must be considered [Caifiizo—Rinc6n 2004, Coddington and Levin-
son 1955, Filippov 1988] from now on. Then, we only consider absolutely continuous curves
v: I — M to be generalized integral curves of the vector field X {u}; that is, they only sat-
isfy 4 = X o (v, u) at points where ~ is derivable, which happens almost everywhere. The
existence and uniqueness of these integral curves are guaranteed once the parameter is fixed
because of the theorems of existence and uniqueness of differential equations depending on

parameters. For more details about absolute continuity, see Appendix A and [Cafizo—Rincén
2004, Coddington and Levinson 1955, Varberg 1965].

2.2.2 Time-dependent variational equations

The variational equations give us an approach to how the integral curves of vector fields vary
when the initial condition varies along a curve. These equations have a formulation on the
tangent and the cotangent bundle. Here we are interested in studying the variational equations
associated to time—dependent vector fields defined in §2.2, and in proving the relationship stated
in §2.2.2.3 between the solutions of variational equations on the tangent bundle described in
§2.2.2.1 and the ones on the cotangent bundle in §2.2.2.2. See [Kolaf et al. 1993] for more
details about the required concepts.

2.2.2.1 Complete lift

From the evolution operator of a time—dependent vector field on M in Equation (2.2.2), it is
determined the evolution operator of a particular time—dependent vector field on T'M..

Let X;: M — TM be a vector field on M such that X;(x) = X (¢, z) forevery t € I. The
complete or tangent lift of X; to T M is the time—dependent vector field X/ on T'M satisfying

X! = kar o TX,,

where k) is the canonical involution of 77" M; that is, a mapping xpr: TT'M — TT M such
that ’?%\4 = Id and 7ps o kpr = T'7ps. See [Kolar et al. 1993] for more details in the definition.
Moreover, observe that X is a vector field that makes Diagram (2.2.6). If (x,v) € T'M, then
TXt((L‘, ’U) = (J), Xt(x), TxXt(U)) S T(x,Xt(a:)) (TM)
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Let (W, x%) be a local chart at z in M such that X; = X} 0/02" where X} (x) = X(t, )
and X € C°°(I x W). If (z*,v") are the induced local coordinates in 7'M, then locally
0X* .0

g j
T o (t,z)v v’

0
ozt

XT(t,x,’U> = XtT<x7U) = Xl(t,.’L')

(z,v) (z,v) .
The equations satisfied by the integral curves of X* are called variational equations for X.

TTM

TTM M

Tra \Txg m4/ \x; (2.2.6)
/ \/

M — M M

Proposition 2.2.3. If X is a time—dependent vector field on M and ® is the evolution opera-
torof X, thenthemap V: I x I x T'M — T M defined by

(s, (2,0)) = (0¥ (t,5,2), 7O, (v))
is the evolution operator of the complete lift X of X.

(Proof) We have to prove that
1. ¥(s,s,(z,v)) = (z,v);

d

2. =
dt |,

(U(t, s, (z,v))) = XT(t,U(t,s, (z,v))).

The first item is proved easily,

U(s,s,(z,v)) = (@X(s,s,:z:),Tx (@és)) (v)) = (z,v),

because @fg 5 = 1d.

As for the second assertion, we use that q)g o M — M is a C* diffeomorphism satisfying
d

i, (T2 () 1= <T“ (i't (9%i) 1>) v

- E@W@&ﬂm

ﬂ@m@mglz

and we obtain

(r.#5,0))
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Figure 2.1: Idea of the linear approximation of integral curves of a vector field.

= (X(t, dX(t,s,2)), (Tw (Xt(<I>X(t, s, x)))) (v))
= (XX (t,5,2)), (Tox (00 (X0) 0 To(@¥(1,5,2))) (v))

= (X5 0¥ (15, 2)), Tax (0 (X0) (Tal(@F )(0) ) = X7 (1, 9 (2, 5,,0)),

Hence, the evolution operator of X” is the complete lift of the evolution operator of X. The
integral curves of X7 are vector fields along the integral curves of X. [ |

About the geometric meaning of the complete lift

The integral curves of X7 must be understood as the linear approximation of the integral
curves of X when the initial condition varies along a curve in M. This idea will appear again
in Chapter 4.

Let us explain Figure 2.1. Given an integral curve of X with initial condition (s, ), we con-
sider a curve ¢ starting at the point x of the integral curve. Every point of ¢ can be considered
as the initial condition at time s for an integral curve of X. Thus the flow of X transports the
curve o at a different curve &; point by point. The resultant curve is related with the complete
lift of X as the following results prove.

Proposition 2.2.4. Let X: I x M — TM be a time—dependent vector field with evolution
operator ®X and (s,z) € I x M. Fore > 0, let o: (—e¢,€) C R — M be a C* curve such
that 0(0) = x = ®X (s, s, ). For every t € I, consider the curve

ot: (—e,6) — M
T — 5,5(7'):(135270”))(75).

Then 6,(0) = T, 9§, (5(0)).
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(Proof)
0 = @) 1| = (T (9o )) 4| = (B (o800)) 1|
= To0) @ (TO( (7)) dd >: Ty0) P14 (0(0)) = T ®;  (6(0)) -
]

Observe that the curve d; satisfies the following properties
1. §5(1) = o(7), and

2. 5:(0) = @, (1)

Corollary 2.2.5. Let X be a time—dependent vector field on M. For x € M, v € T, M and for
€>0,leto: (—e,¢) C R — M be aC™ curve such that o(0) = z and 6(0) = v. If 0 is the
curve defined in Proposition 2.2.4, then 5(,)(7'): I — TM, t — 6,(7) is the integral curve of
XT with initial condition (s, (T)).

(Proof) The proof just comes from Propositions 2.2.3 and 2.2.4 and the definition of the
curve 0;. [ |

2.2.2.2 Cotangent lift

Given (t,s) € I x I, the evolution operator & defines the following diffeomorphism on 7'M
T<1>g§78): TM — TM,

which is a linear isomorphism on the fibers on 7'M . We consider the mapping
Aoy T"M — T*M (2.2.7)

to be the inverse of the transpose of T@g 5) on every fiber of T M; that is, for p € T M and

v E T@()i S)(x)M

(eof@n) (20.0) = (5. (108) " 0) = (nTay o (25) " ).

The mapping A: I x I xT*M — T*M, A(t, s, (x,p)) = A5 (2, p), is the evolution operator
of a vector field on 7% M called the cotangent lift of X and denoted by X7~ The intrinsic
expression of the flow of X7 is given by

Mts, (o) = (0¥ (s, (7 (10)) ).

—1
where ( T (qu)é S)>) is the explicit way to write A(; ;) in Equation (2.2.7).
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In local coordinates (z, p) for T* M,

0 0X1I (t.2) p: 0
i T o J
ox (@.p) ox 8

xT (t,z,p) = XtT*(x,p) = Xi(t, x)
(wp)

The equations satisfied by the integral curves of the cotangent lift in the fibers are the adjoint
variational equations on the cotangent bundle for X. In the literature, they are sometimes
called adjoint equations for X .

2.2.2.3 A property for the complete and cotangent lift

The previous propositions allow us to determine an invariant function along integral curves
of X.

Proposition 2.2.6. Let X : I x M — TM be a time—dependent vector field and let XT: T x
TM — TTM and XT": I x T*M — TT*M be the complete lift and cotangent lift of X,
respectively. If v: I — M is an integral curve of X with initial condition (s,x), V: 1 — TM
is the integral curve of X with initial condition (s,v) where v € Ty M, and A: I — T*M is
the integral curve of X~ with initial condition (s, p) where p € T M, then

(AVY: T — R
to—= (AR, V()

is constant along .

(Proof) If ®X is the evolution operator of X, the evolution operators of X7 and X" are
T
X" (1,5, (z,0) = ((I)X(t, 5,2), T3, (u)) ,

(I)XT* (t,5,(z,p)) = <<I>X(t,s,x), (TT <I>(t 8)) (p)) ,

respectively, because of Proposition 2.2.3 and §2.2.2.2. Hence

aeven = ((meg,)” o) (>>

- (o Jorner)
_ <p,<(T o) o(T @{gs))> (v)>:<p,v>:constant.

2.3 Symplectic geometry

Let M be a smooth manifold and Q € Q?(M). Given = € M, the kernel of 2 at z is defined
by
ker Q, = {v € T, M |i,Q2 = 0},
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which is a subspace of the tangent space T, M. It is said that € is regular if the dimension of
ker €2 does not depend on the point z € M.

Under the assumption of regularity of €2,

ker Q) = U ker €2,
zeM

is a vector subbundle of the tangent bundle 7'M ; that is, a regular distribution on M. The set
of all the vector fields X € X(M) such that X (z) € ker Q, for all z € M is also denoted by
ker Q2. The vector subbundle ker €2 is involutive if and only if (2 is a closed form.

2.3.1 Symplectic manifolds

A symplectic manifold is a pair (M, ) where M is a m~dimensional manifold and 2 is a
closed non—degenerate 2—form on M. Note that to have a symplectic manifold, the dimension
of M must be even. For instance, the cotangent bundle has associated a symplectic structure.

The non—degeneracy of ) guarantees that Q°: X(M) — Q!(M), defined by the inner
product Q*(X) = ixQ, is a C>(M)-module isomorphism. The inverse of € is QF. These two
mappings are the so—called canonical musical isomorphisms. The Hamiltonian vector field X ¢
on M associated with f € C®(M) is X; = QF(df), where d: Q3(M) — Qs+1(M) is the
exterior derivative.

A vector field X on M is locally Hamiltonian if € is invariant under the vector field; that is,
Lx = 0, where L is the Lie derivative with respect to X of any tensor field. The invariancy
of 2 under Y implies that the 1-form ix {2 is closed and, by Poincaré’s Lemma, it is locally
exact.

A regular Hamiltonian system is given by (M, 2, a) where (M, §2) is a symplectic manifold
and « is a closed 1-form on M. Poincaré’s Lemma guarantees that given x € M there exists
an open neighbourhood W of z and H € C*°(W) such that ayyy = dH. Then, (W,Q, H) is
called a locally Hamiltonian system. If « is an exact form, then « = dH and H is called the
global Hamiltonian function. Thus, a regular Hamiltonian system is given by (M, 2, H) and is
associated with Hamilton’s equation ix,, €2 = dH that always has a unique solution under the
hypothesis of symplecticity.

A natural way to define a Hamiltonian system on the cotangent bundle 7 M is by means
of a vector field X on M. We take Hx : T*M — R, Hx (p.) = (p, X (x)) where p € T M,
as a Hamiltonian function to obtain the Hamiltonian system (7 M, 2, Hx ), with €2 being the
natural 2—form on 7% M. The corresponding Hamiltonian vector field is the cotangent lift of
X defined in §2.2.2.2, as proved in [Barbero-Lifidn and Muiioz Lecanda 2008b]. This proof
follows analogously to the proof of Proposition 2.2.3.

2.3.2 Presymplectic constraint algorithm

The Dirac-Bergmann theory of constraints developed in the fifties for quantum field theory
gave rise to the presymplectic constraint algorithm, which has been already adapted and used to
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study singular optimal control problems [Delgado-Téllez and Ibort 2003] and to study optimal
control problems with nonholonomic constraints [Ledn et al. 2004]. In this dissertation, this
constraint algorithm will be used in Chapters 5 and 6.

A presymplectic form on M is a closed and regular 2—form. A presymplectic manifold is a
manifold M with a presymplectic form Q € Q2(M). It is obvious that a symplectic manifold
is presymplectic with ker Q = {0}.

If (M,$) is a presymplectic manifold, some usual notions of symplectic manifolds ex-
plained in §2.3.1 also appear here. So if H € C°°(M), we may consider the equation

ixQ = dH, (2.3.8)

where the unknown, the vector field X € X(M), is called the Hamiltonian vector field associ-
ated with the Hamiltonian function .

If ker Q # {0}, the mapping Q”: TM — T*M given by Q(v,) = i, is not onto. Thus
Equation (2.3.8) does not always have a solution. It is indispensable to claim for dH € Im ©°.
This condition can depend on the point z € M where we compute Q?E With this in mind, we

define a presymplectic system (M, <), H) as a presymplectic manifold (M, 2) and a function
H e C>®(M).

Statement 2.3.1. (Presymplectic problem) Given a presymplectic system (M,Q, H), find a
pair (N, X) such that

(a) N is a submanifold of M,
(b) X € X(M) is tangent to N on N, and

(¢) N is maximal among all the submanifolds satisfying (a) and (b).

The solution to this problem gives rise to the so—called presymplectic algorithm described
as follows; see [Carifiena 1990, Gotay and Nester 1979] for more details. The condition (c)
cannot be assured.

Step zero: Let Ng = {x € M |3v, € T, M, i,,Q = d,H}, which is called the primary

T

constraint submanifold.

Proposition 2.3.2. No ={z € M |(LzH), =0, Z € ker Q}.

(Proof) It is a straightforward consequence of the fact that if o, € 7)) M, we have «, €
Im Q?; if and only if ker 0, C ker a. [ ]

On Ny there exists a solution of the presymplectic equation (2.3.8), but the solution is not
unique. Indeed, if X is a solution, then X + ker 2 is the set of all the solutions. We may
consider X as a vector field defined on M because Ny is closed. So X defined on Ny can be
extended to M by using partitions of unity on M.
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We assume that Ny is a submanifold of M.

Take the pair (Ng, Xo + ker Q), rewritten as (Ng, XV0) where X0 denotes the set of all
the vector fields solving the problem on Nj.

Step one: Now let
Ny ={zecNg|3X € XM | X(x) € T,No},

providing a new pair (N1, X™) where X is the set of the vector fields solution and we
assume again that N; is a submanifold. This step is usually called stabilization step or it is said
that the tangency condition is imposed.

Observe that the vector fields XV are tangent to Ny, but not necessarily to N;. Hence,
inductively, we arrive at (N;, X™V) where we assume that N; is a submanifold of M and we
define

Niy1={z e N;|3X e XN, X(x) € T.N;}.

So we obtain the sequence
MDONyDON; D...ON; D Nj41D....

Let
Ny= (N, XNr=[)x".
i>0 i>0
If Ny is a nontrivial submanifold of M, then (N, X N7) is the solution to the problem. If at
one step NV; = N, 1, the final submanifold is /V;. It could be a discrete set of points or even an
empty set.

Observe that each step of the algorithm can reduce the set of points of M where there exist
solutions; that is, N; C N;_1, and can also reduce the degrees of freedom of the set of vector
fields solution, X Vi C X Ni-1,

2.4 Ehresmann connections

There are different ways to describe a connection. Some similar descriptions for a connection
are given in [Echeverria-Enriquez et al., Le6n and Rodrigues 1989, Saunders 1989]. In §2.4.2,
we introduce an equivalent definition for a connection given by an almost product structure
used in [Le6n and Martin de Diego 1996] to study constrained dynamics. From §2.4.4 on, we
focus on particular Ehresmann connections useful in Chapter 6.

2.4.1 Notion of connection

Let B be a differentiable manifold and 7 : ¥ — B be a differentiable fiber bundle with typical
fiber F. Let dim B = m and dim F' = n. We denote by I' (B, E) or I' () the set of global
sections of 7. So, if ¢ € ' (7), then ¢ : B — FE is a differentiable mapping and 7 o ¢ = Idp.

Let (W, z#) be alocal chartat z in B forp = 1,...,m and y* be a local coordinate system
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in the fibers 7! (x) where z € W for A = 1,...,n. The following proposition is proved in
[Echeverria-Enriquez et al., Saunders 1989]

Proposition 2.4.1. Let m : E — B be a fiber bundle. The following elements can be canoni-

cally constructed one from the other:

1. A m—semibasic 1-form V on E with values in T'E; that is,
Vel (B, (T"B) T (B,TE),
such that V*a = o for every m—semibasic form o € Q' (E).
2. A subbundle H (E) of TE such that

TE=H(E)&V (r). (2.4.9)

3. A(global) section of m: J'E — E; that is, a mapping V: E — J'E such that 7' o¥ =
Idg.

Recall that a k—form Q on E is m—semibasic if iyQ = 0 for every Y € XV(E,n) =
I'(V (7)) = ker T'r. In a local coordinate system (z*,y*') adapted to 7, the vertical bundle

associated with 7 is spanned by {8@/%} for A =1,...,n and the most general local expression

of a semibasic 1-form on E with values in T'FE is

0 0
V = fuda" ® <g”axy + hAayA> :

where f,,, g, h# € C®(E). As V* is the identity on semibasic forms, it follows that V*da# =
dx*, so the local expression of a connection form V is

0 0
_ 1 A
V=dit® <8x“ + I ayA> : (2.4.10)

where F;‘ € C*°(E). For every e € E, the horizontal subspace H, (F) of T, E associated with
V is locally spanned by
0 4 0
. arA =
(8:6“ T 3yA> .

forp=1,...,m. Hence H (F) = ImV.
The splitting (2.4.9) of T'E determines the projectors
hy:TE — H(E), vy:TE — V(m), (24.11)

such that
h% = hy, 7)2v =y, hvyvy =vvhy =0.

A concept related to a connection is the curvature.
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Definition 2.4.2. The curvature of a connection V is a (1, 2)—tensor field on E given by
Ry (Z1,2Z2) : = (Id=V)([V(Z1),V(Z1)]) =i([V(Z1),V(Z1)]) (1d = V)
forevery Zy, Zs € X (E).

The curvature measures the lack of integrability of the horizontal subbundle. This subbun-
dle is integrable if the curvature is zero. Then it is said that the connection is flat.

Using the local expression of the connection form V in fibered coordinates (2.4.10), we
have

B B B B
. (arn ors _ ork or

0
— TAZZn _pAZTTH iz N &
2 O O I ayA n ayA) (dx A dx )® 8yB

2.4.2 Connection associated with an almost product structure on a fiber bundle

We give a notion of connection equivalent to the ones in Proposition 2.4.1. See [Le6n and Ro-
drigues 1989, Le6n and Martin de Diego 1996] for more details about the following geometric
structure.

Definition 2.4.3. Let 7: E — B be a fiber bundle. An almost product structure I is a
(1, 1)—tensor field on E such that T'* = 1d and ker(T" + 1d) = V(7).

In local coordinates (z*, y*) adapted to 7,

o .40 R,
Fdeu@(W—i_‘fHayA)_dy ®@

The almost product structure is not a projector, but its associated horizontal projector is hr =
%(Id—i—l“). Then, the corresponding Nijenhuis bracket of vector fields on F is defined as follows

%[hnhr](zbzﬂ = [hr (Z1) ,hr (Z2)] = hr ([hr (Z1) , Z2] + [Z1, hr (Z2)))
+ b [Zy, 2o

for Zl, Zy € %(E)

Definition 2.4.4. The curvature Rr of the almost product structure I is a (1, 2)—tensor field on
FE such that

1
Rr = 3 [hr, hr],

where hr is the horizontal projector associated with I and [hr, hr] is the Nijenhuis bracket.
It can be checked that

Rr (hr (Z1) ,hr (Z2)) = or ([hr (Z1),hr (Z2)]),
Rr (hr (Z1),vr (Z2)) = 0,
RF(UF(Zl),UF(ZQ)) = 0

3 A
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Thus, RF (Zl, Zg) = RF (hp (Zl) y ]’LF (ZQ))

Let us concentrate on the characterization of a connection as an almost product structure.
Then, Proposition 2.4.1 about different descriptions of a connection V on 7: ' — B can
be completed with the following equivalence, similar result is proved in [Le6én and Rodrigues
1989].

Proposition 2.4.5. Let 7 : E — B be a fiber bundle. The following elements are equivalent:

1. A subbundle H (E) of TE such that

TE=HE)®V(n).
2. An almost product structure such that T? = Id and ker (T' +1d) = V (7).

(Proof) 1 = 2. The existence of the projectors (2.4.11) associated with the connection V
defines the following tensor field on E/

I'= hv —Uvy.
It can be easily proved that I' is an almost product structure.

2 = 1. Conversely, given an almost product structure I, the connection form is given by
the horizontal projector

1
associated to I'; that is, .
V= 3 (Id+T). (2.4.12)
It can be easily proved that effectively V is a connection. [ |

In local coordinates (z*, y') adapted to , an almost product structure from a connection
form is given by

9 G, 9
I = dz* A ) —dyi e — ).
dx ®<8x“+ ”ByA> dy ®<8yA>

Remark 2.4.6. We have just proved that the connection form V defined in Proposition 2.4.1
and the connection defined by the almost product structure I' are equivalent. Thus it makes
sense that the curvatures of both connections in Definitions 2.4.2 and 2.4.4 must be the same.
The proof of this equality is just a computation.

To summarize, the tangent bundle 7T'FE admits four different and equivalent splittings:

ImV @ kerV,

ker(I' — Id) & ker(I" 4 Id),
Im Hr @ ker Hp,

ker vp @ Im vp.

TE=H(E)&V (1) =



26 2.4. Ehresmann connections

For each e € F, the tangent space T, F splits as H.(E)®V,.(FE). This gives an isomorphism
restricting the tangent map of the fiber bundle 7 to He(E), (Te7) g, (p): He(E) — Tre)B.
The inverse of the isomorphism (7.7)| g, () defines

o the horizontal lift of tangent vectors H:'(e) : Tre)B — H.(FE) C T.E, locally given by

. 0 0
Hae) (axu W@) = dur

o the horizontal lift of vector fields,h: X(B) — H(E) C TE,

0
A
+ F# (€)ay7A

)
€ €

h(X)(e) = hfr(e)(Xﬁ(e)) (2.4.13)

forevery e € F.

2.4.3 Splitting of T*E according to an Ehresmann connection

For a connection V on the fiber bundle 7: £ — B we have the splitting TE = H (E) &V (7).
Then, there exists a splitting of T* F,

T*E = (H(E))" @ (V(n))°,

where (H(E))? and (V (7)) are the annihilators of the horizontal and the vertical subbundle
of E with respect to 7, respectively. In local coordinates (z*,y“) adapted to 7, a basis for the
subbundles of T E'is

(H(E)" = (~Tjdat +dy*), . (V(r)" = (da¥)

geees TV /'L:17"'7m :

Observe that the dimension of (H (E)) is equal to the dimension of the vertical subbundle
V (), whereas the dimension of (V (7)) is equal to the dimension of the horizontal subbundle
H(FE) given by the Ehresmann connection.

2.4.4 Linear Ehresmann connection

Before introducing the linear Ehresmann connections, we need to introduce more geometric
elements.

Definition 2.4.7. Let 7: E — B be a vector bundle and X € X(B). A linear vector field Y
over X is a vector field on E that is m—projectable to X and Y : E — TFE is a vector bundle
map.

Such vector fields make Diagram (2.4.14) commutative. In bundle coordinates (x,y) for
E,

0 0
i/ x7 — X 14 €T “Y"A T B
( y) ( ) Oxh (z2) B( )y ayA (=)
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E-—Y-TE
wl iTW (2.4.14)
B—-7TB

Let us consider the Liouville vector field A on E. Consider the 1-parameter group of dilations
¢¢: E — E such that 3, — ely, for x € B, then the Liouville vector field is the infinitesimal
generator of this 1-parameter group; i.e.,

d (2.4.15)

This vector field is also known as the vector of field of the dilations, since the flow is a homo-
thety over the fibers with a positive ratio. Locally,

0
— A
=y ayA_

Now we can give other characterizations of the linear vector fields:
e avector field Y is linear over X if and only if it is w—projectable and LAY = 0;

e a vector field Y is linear over X if and only if ®) : Ej, — Ey X (v) is an isomorphism of
the fibers.

For instance the complete lift of a vector field X defined in §2.2.3 is a linear vector field over
X.

Definition 2.4.8. An Ehresmann connection V on a vector bundle w: E — B is linear if the
connection form is invariant under the Liouville vector field; that is,

LAV = 0.

In local coordinates adapted to 7: E — B, this condition implies that

A
B 8FM

A _
FM =y 8yB'

Then, by Euler’s Theorem for the homogenous functions, Fﬁ(x, y) = F;‘B(x)yB . In other
words, locally, the invariance of the connection under Liouville vector field is equivalent to the
fact that F;‘ are homogenous functions of degree 1 on the fiber.

There are many different ways of characterizing a linear Ehresmann connection as reviewed
in [Echeverria-Enriquez et al.]. For instance:

e a connection V is linear if and only if for every f € C°(B) and for every section
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@: B — FE of «, the connection induces a covariant derivative given by
V(fe)=df®@e+ f Ve

e aconnection V is linear if and only if the w—projectable horizontal vector fields are linear.

2.4.5 Dual of a linear Ehresmann connection

The definition of the dual of a linear vector field is useful for defining the dual of a linear
Ehresmann connection.

If 7: E — B is a vector bundle, consider the dual vector bundle 7*: E* — B.

Definition 2.4.9. Let X € X(B), Y be a linear vector field on E over X. The dual of Y is the
vector field Y*: E* — T E* such that

oH = (gb}:t)*u

where ¢Y is the flow of Y.

In other words, Y* is a vector field, 7*—projectable onto X; that is, the following diagram

1S commutative.
Y*
E*——TFE*

W*\L lTﬂ'*
X

B——1TB
For instance, the cotangent lift X7 in §2.2.2.2 is the dual of the linear vector field X”. In

0
bundle coordinates (x, a) for E*,if Y = X*(z)— + Y{\(x)

Bk then

Bi
v g,A

. 0
Y* = X“(:U)W -YP(@)a

9
B@aA'

From this local expression, it is clear that Y * is a linear vector field over X on the vector bundle
m*. Other possible characterizations of the dual of a linear vector field are described in [Kolar
et al. 1993].

If V is a linear Ehresmann connection on 7, the horizontal lift of vector fields on B is
denoted by H: X(B) — H(FE) C TE as described in (2.4.13). Locally,
(:B,y)>

)= <8i

Lemma 2.4.10. (Dual of a linear connection, [Koldr et al. 1993]) If V is a linear connection
onm: E — B, then there exists a unique linear connection V* on the dual bundle n*: E* — B

0
+Tp(2)y”

0
— gy [ rp _
X)) = 1P (1 52 » v s

for (z,y) € E.
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such that for any vector field X on B, the horizontal lift of X to E* via V* is the dual of the
horizontal lift of X to E via V.

Observe that the linearity of V is necessary to guarantee that the horizontal lift of a vector
field on B is linear.

In bundle coordinates (z, «) for E*, the horizontal lift H*: X(B) — H(E*) C TE*—de-
fined analogously to the horizontal lift to £ in (2.4.13)—is given by

)

9
Oxt

B (X)(z,a) = (b)) (f”

for f# € C*°(B). The connection coefficients of V* are
—FﬁB (x)aa;

that is, they are linear with respect to «v. Equivalently, the dual of a linear connection is a linear
connection on 7.

Analogously with connections on m, V* determines a splitting of the tangent space T, E*
for every e € E*,
TeE* e HG(E*) @ ‘/e(']'[‘*) ~ TTI'*(B)B @ E:r*(e)’

since (Te7") g, (B=): He(E™) — Tre(¢)B is an isomorphism and V¢ (7*) >~ E7

7 (e)"

2.4.6 Induced Ehresmann connection on m;: TM — M associated with a se-
cond-order differential equation

Now we are interested in studying the different connections that can be considered when the
fiber bundle is the vector bundle given by the tangent projection 7p;: TM — M, for more
details see [Le6n and Rodrigues 1989, Crampin 1981]. Throughout this section (z*,v"), i =
1,...,m, are the natural coordinates for 7'M .

Definition 2.4.11. A vector field S on T'M satisfies the second—order condition if

TTMOS:IdTM.

A vector field satisfying the second—order condition is also called semi—spray. Observe that
S is a semi—spray if and only if Jy/(S) = A, where A is the Liouville vector field in (2.4.15)
and Jpr: TTM — TTM is the vertical endomorphism. Remember that J is a (1, 1)—tensor
field on 7'M such that

Jy: TTM — TTM

Wy, +—— i (vg + tTTar(wy,)), (2.4.16)
dt|,_,
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with local expression

9
J :d J —_— .
M . ®81}7

Thus, a semi—spray is given by

i 0 i 9
S(x,v) =v pye . + S*(z,v) E (I’v).

Proposition 2.4.12. If S is a vector field on T M satisfying the second—order condition, then
the (1, 1)—tensor field I' = —LgJy on T'M is an almost product structure.
(Proof) It must be proved that the tensor I' = —LgJ /s satisfies
I?=1d, ker(I'+1d) = V(7a).

The local expression for —LgJ s is

—LsIy = —dv/® % +do’ @ (8(3;]. + gf; 8?}@.) .
As .
—Lgly+1d=da’ ® (288963 + gfj 8?)’) )
ker (—LgJp +1d) = <6?ﬂ> = V(rar). It is proved easily that (—LgJpr)? = Id. Thus
—LgJ s is an almost product structure. [ ]

Due to Proposition 2.4.5, we have a connection associated with a semi—spray. This connec-
tion defined by the almost product structure —LgJ s is denoted by F% - Where the subindex
indicates the vector bundle which the connection is defined on. To recover the connection form
V*% s associated with this almost product structure, we use the relation (2.4.12) given in § 2.4.2:

1
Vi = S(d+ 3. (2.4.17)
Locally,
, 0 198" 9
s, =dal _—t
™ e (Omﬂ +281ﬂ 81}1)
Hence the connection coefficients are
, 105°
? —_
I(z,v) 5 ol (z,v)

and the horizontal subspace at v,, € T'M is expressed as

J
HUI(TM):<8 108 6> .

9z 2 90 0w

Another way to define a connection on 7j; is explained in [Crampin 1981] and it consists of
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considering the following horizontal subbundle

Hﬂﬂﬂ::<;<[<;;)v,5 +<5i>T>>, (2.4.18)

where [+, -] is the Lie bracket of vector fields on 7'M and (-)V is the vertical lift of vector fields
on M. Then, the horizontal lift h?>: T, M — H, (T M) is given by

1
() = (5 (X", 8+ x7))
Vx
It can be proved that the horizontal subbundle defined by (2.4.17) and the one in (2.4.18) are
the same.

As in §2.4, the connection form V% A gives a splitting of the tangent space 1), 7'M for
every v, € TM,

As To, v, (T Hos (TM) — T, M is an isomorphism and V,,, (1as) ~ T M,

Ty, TM = H, (TM) &V, (1a1) ~ ToM & T, M.

2.5 Skinner—Rusk unified formalism for non-autonomous systems

We introduce the Skinner—Rusk unified formalism in order to give an alternative approach to
study optimal control problems for the non—autonomous control systems in Chapter 8.

This formalism is a particular case of the unified formalism for field theories developed in
[Echeverria-Enriquez et al. 2004, Ledn et al. 2003]. See [Cortés et al. 2002b] for an alternative
but equivalent approach, and [Gracia and Martin 2005] for an extension of this formalism to
more general time—dependent singular differential equations.

In the jet bundle description of non—autonomous dynamical systems, the configuration bun-
dleis 7: E——R, where E is a (n + 1)-dimensional differentiable manifold endowed with
local coordinates (¢, z*), and R has as a global coordinate ¢. The jet bundle of local sections of
7, Jim, is the velocity phase space of the system, with natural coordinates (¢, z*, v*), adapted
to the bundle 7: £ —— R, and natural projections

nl: JIWHE, o Jir—=R.
A Lagrangian density £ € Q'(J'7) is a 7'—semibasic 1-form on J'7, and it is usually written
as L = Ldt, where L € C*(J'n) is the Lagrangian function determined by £. In this

section and in Chapter 8, we denote by dt¢ the volume form in R, and its pullbacks to all the
corresponding manifolds.

The canonical structure of the bundle J!7 allows us to define the Poincaré—Cartan forms
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O, and Q) associated with the Lagrangian density £ and then the Euler-Lagrange equations
are written intrinsically, see for instance[Echeverria-Enriquez et al. 1991, Saunders 1989].

Furthermore, we have the extended momentum phase space T* F, and the restricted mo-
mentum phase space which is defined by J'7* = T*E/7*T*R. Local coordinates in these
manifolds are (¢, 2%, p, p;) and (¢, 2%, p;), respectively. Then, the following natural projections
are

it —FE, ft=nor!l: J'at —=R, u: T'E —= J'7*, p: T"E —=R.

Let © € QYT*E) and Q = —dO© € Q?(T*E) be the canonical forms of T*FE whose local
expressions are
O = pdz’ + pdt, Q=dz' Adp; +dt Adp.

Hamilton’s equations can be written intrinsically from these canonical structures; see, for in-
stance, [Echeverria-Enriquez et al. 1991, Kuwabara 1984, Mangiarotti and Sardanashvily 1998,
Rafiada 1992, Struckmeier 2005].

Now we introduce the geometric framework for the unified Skinner—Rusk formalism for
non—autonomous systems. We define the extended jet—-momentum bundle VV and the restricted
Jjet—-momentum bundle W,

W=JrxgTE, W, =J%xgJn",

with natural coordinates (t,z%,v%,p,p;) and (¢, z*,v*, p;), respectively. We have the natural
submersions

pr:W—=J1 pg W—=T*E, p,: W——>E, p,: W—>R, (2.5.19)

prWe —=Jlm, ph: Wy —=J'7*, pl W, ——E, pl: W, —=R.

Note that 7' 0 py = 71 o 1 0 pg = p,.. In addition, for j € J'7 and p € T*E, there is also the

natural projection
MW : W —_— Wr
@wp) =  (@p]),
where [p] = u(p) € J17*. The elements in T*E are in bold in order not to confuse it with the

momenta p for the time. The bundle WV is endowed with the following canonical structures.

Definition 2.5.1. 1. The coupling 1-form in WV is the p,—semibasic 1-form C e Qtow)
defined as follows: for every w = (j'é(t), ) € W—that is, a € T; (w)E and 'V €
E
T\wW—then
C(V) = a(Tuw(¢opy)V) -
2. The canonical 1-form ©yy € QY (W) is the p,—semibasic form defined by ©yy = p30©.
The canonical 2—form is Qyy = —dOyy = p3Q € Q2(W).

As C is a p,—semibasic form, there is C' € C>°(W) such that ¢ = C'dt. Note also that
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Qyy is degenerate, its kernel being the po—vertical vectors. Then (W, Qyy) is a presymplectic
manifold.

The local expressions for ©yy, 2yy and C are
Oy = pida’ 4+ pdt, Q= —dp; Ada’ —dpAdt, C = (p+ p')dt.

Given a Lagrangian density £ € Q'(J'7), we denote £ = piL € Q'(W), and we can write
L = Ldt, with L = p{L € C* (V). We define a Hamiltonian submanifold

Wo ={weW|L(w)=C(w)}.

So, W) is the submanifold of WV defined by the regular constraint function C — L = 0. Observe
that this function is globally defined in W, using the dynamical data and the geometry. In local
coordinates this constraint function is

p+pivt — L(t, 27, v7) =0, (2.5.20)

where p is the momenta corresponding with the time. The meaning of this function will be clear
when we apply this formalism to optimal control problems, see §8.1.1. The natural imbedding
is 50 Wy — W, and we have the projections (submersions), see Diagram (2.5.21):

0 Wo—Jlm, pS: Wy ——=T"*E, p%: Wy —FE, pﬂg: Wy —R,
which are the restrictions to W of the projections (2.5.19), and
P = o ph: Wo—s J'n*.
Local coordinates in Wj are (¢, z*,v%, p;), and we have

p(l)(nxijvi"pi) = (t’ J:Z:J}i)a ]O(taxi'a Ui'a pi) = (tvxi'a Uia L —pivi,pi),
ﬁg(taxlvvlvpi) = (t,l‘l,pi), pg(tvxlavlapi) = (t,$Z,L _pivl7pi)-

Proposition 2.5.2. W) is a 1-codimensional ji,,,~transversal submanifold of VW, which is dif-
Jfeomorphic to W;.

(Proof) For every (i, p) € Wy, we have L(3) = L(3, p) = C(7,p), and
(ki ©30)(Y, P) = 114 (9, P) = (4, p(P)) -
First, 1,,, 0 jo is injective: if (g1, p1), (Y2, P2) € Wo, then we have
(1 © 30)(F1, P1) = (K3, © 20) (U2, P2) = (U1, 1(P1)) = (Y2, 1(P2))

=0 =92, p(p1) = pu(p2),
hence L(ij1) = L(72) = C(j1,p1) = C(J2, p2). In a local chart, the third equality gives

p(p1) + pi(p1)v* (1) = p(p2) + pi(P2)v* (72)
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but 1(p1) = p(p2) implies that

pi(p1) = pi([p1]) = pi([P2]) = pi(P2)
therefore p(p1) = p(p2) and hence p; = pa.

Second, fi,,, © Jo is onto, then, if (7, [p]) € W,, there exists (y,q) € jo(WWo) such that
[q] = [p]. In fact, it suffices to take [q] such that, in a local chart of Ji7 xp T*E = W

pi(a) = pi([p]) and p(q) = L(y) — pi([p])v"(7) -
Finally, since W is defined by the constraint function C' — L and, as ker pyy, = 879 locally

0 A A
and a—(C’ — L) =1, then W) is j,,—transversal. ]
p

As a consequence of this result, the submanifold W, induces a section of the projection
Hyys .
h: W, —W.
Locally, h is specified by giving the local Hamiltonian function H = —L + pw'; that is,

ﬁ(t, zt vt py) = (t, 0, —fI,pi). In this sense, & is said to be a Hamiltonian section of oy -
The setting for this section is summarized in Diagram 2.5.21.

o Jir
P1 o P1
WO .700 W U\:\) WT
i
2 y 2.5.21)
h T*E
P2 P2
1
Jr*

2.6 Particular background in jet bundles

Finally, we describe some geometric features about Tulczyjew’s operators and contact systems
so as to explain the Euler—Lagrange equations for forced systems. The notions in this section
are necessary for studying the controlled Lagrangian systems in §8.3.1.

2.6.1 Jet bundles of order 1 and 2

Associated with every jet bundle .J'7, we have the contact system which is a subbundle C; of
T*J'7 whose fibres at every jl¢(t) € J'7 are defined by

Ca('o) = {aeTs (')

X B (2.6.22)
o = (T = Titoey (60 7)"8, B € Vi(m) ).
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One may readily see that a local basis for the sections of this bundle is given by {dz? — v'dt}.

Now, denote by .J27 the bundle of 2—jets of 7. This jet bundle is equipped with natural
coordinates (¢, z, v*, w’) and canonical projections

71’%2 Jr—=Jn, 7% J*r——E, 7% J*r—>R.
Considering the bundle .J'#!, the canonical injection Y: J?m — J17! is given by
T(5%(t) = (' (o)) (2.6.23)
Locally, Y (¢, z°,v', w') = (¢, 2%, v%; v, w?).

Thus, we have the Diagram (2.6.24) where J'#! ~ R x T(TQ) and the inclusion ¢; is
locally given by 21 (¢, z, v, w) = (¢, 1, z,v,v,w).

TJ'n =TR x T(TQ) T*(J?m)
\
TJj2m
. J?r =R x T?Q
it

(2.6.24)

Rx@

Observe that (72)*T*J'7 can be identified with a subbundle of T*.J?7 by means of the
natural injection i: (72)*T*J'w — T*J?n, defined as follows: for every p € Jm, a €

* 1 72
wa(;s)‘] m,and a € T J*m,

(i(p, @))(a) = a(Tpri(a) .

In the same way, we can identify (7?)*C, as a subbundle of (73)*T*J'm by means of .
The set of sections of the bundles
T*J*r — J%x, (22)*T*J'r — J%x, and (72)*Cp — J°n
have as local basis (dt,dz?, dv?, dw?), (dt,dx?, dv?), and (dz® — v'dt), respectively.

Incidentally, T'(.J?m, (73)*T*J'w) = C®(J?1) @coc(giny (71)*Q'(J'7), which are the
n2—semibasic 1-forms in J27.
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2.6.2 Tulczyjew’s operators

Given a differentiable manifold () and its tangent bundle 7¢g: T'Q) — (), we consider the
following operators, introduced by Tulczyjew [1974]: first we have j7: Q°(Q) — Q*~Y(TQ),
which is defined as follows: for every (p,v) € TQ, a € Q°(Q), and X1, ..., Xs—1 € X(TQ),

(ir @) ((p,v); X1, -+, Xs—1) = a(P; 0, T TQ((X1) (o)) - - 5 Tp o) TQ ((Xs—1) (pyo))) -
Then, the so—called total derivative is a map dp: Q°(Q) — Q°(T'Q) defined by
dr =dojir+irod.

For the case s = 1, using natural coordinates in 7', we have the local expression

dra = dp(Ajda?) = Ajdv? + viaaAgdxj .
€T
2.6.3 Implicit Euler-Lagrange equations

Let £ € Q!(J'7) be a Lagrangian density and L € C*°(J'r) be its associated Lagrangian
function. Observe that

dr©, € QYT T '7), 15drO, € QL (J?n), (22)*dL € QY (J?x).

Then, a simple calculation in coordinates shows that 1{d7©, — (7%)*dL is a section of the
bundle i((72)*C,) — J?m.

The Euler—Lagrange equations for this Lagrangian are a system of second—order differential
equations on Q; that is, in implicit form, a submanifold D of J?7 implicitly determined by:

D ={pe J*r|(1jdrOc — (7})*dL)(p) = 0} = {p € J*m | E£(p) = 0} = £;'(0),

where £, = 17d7O,—(73)*d L. Then, a section ¢: R—=R x Q is a solution to the Lagrangian
system if, and only if, Im j2¢ C £,%(0). In fact, working locally

oL oL , . 0%L . 0°L
- A i 9
drOr = Fydv <aw“ > di (t gtov ¥ axiour

2 2
+ iaL>¢f_F@%aL aﬁ

v ovtouT otovi ot
Loy ; 0°L 0L +i8L+j82L _OLN] 4.
U\ bziowi T ox Y\ o TV gviowi ~ av ’
. oL ., 0L . 0°L ; 0°L .
1drOc = ov” v+ ((‘%(%T v Ozt ov" T 8vi8vr> de
o [s0L oL i ; 9°L 0L i 0L
Votovi ot U\ wiowi 0w ) T Y Buiowi
(72)*dL = a—Ldt + oL dz" + a—Ldvr ;

ot ox" ov”
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and then

13drO, — (Pl =

0L i 0L - L L (da” — v7dt)
aviovr - T oo’ T atour oz ) 0 T Y

d (0L oL .
= th (81}’”) - 8957"] (da" —o"dt) .

Now, suppose that there are external forces operating on the Lagrangian system (J!7, £).
A force depending on velocities is a section F: J'm ——= C, see (2.6.22). As above, the
corresponding Euler-Lagrange equations are a system of second—order differential equations
on @, given in implicit form by the submanifold D of J?m determined by:

Dp = {peJ’r| (1jdrO, — (x})*dL)(p) = (F o m7)(p)}
= {pe’r|&(p)=(Fon)p)}.

A section ¢: R——=R x @ is a solution to the Lagrangian system if, and only if,

Ec(°0) = (7)) (F o) (%)) = (71)* F(j'¢) - (2.6.25)

In natural coordinates we have

d /oL oL . )
— — dz" —v"dt) = F;(da? —27dt) ;
[dt (6#) &UT] (da” —v'dt) j(de’ —vidt);

d /oLy _ oL .
dt \ Ovi oxi

that is,
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Chapter 3
Background in control theory

After a review in Chapter 2 of all the main tools in differential geometry required for the
subsequent chapters, we give a brief review of control theory before getting to the main core of
this work.

In control theory, there are interesting properties that have attracted the attention of many
researchers [Agrachev 1999, Agrachev and Sachkov 2004, Aguilar and Lewis 2008, Basto-
Gongalves 1998, Bianchini and Stefani 1993, Bloch 2003, Bullo and Lewis 2005a, Cortés Mon-
forte 2002, Cortés and Martinez 2003, Jurdjevic 1997, Nijmeijer and van der Schaft 1990, Os-
trowski and Burdick 1997, Sussmann 1978; 1983; 1987, Sussmann and Jurdjevic 1972]. Some
of these properties are related with the following questions: is the interior of the reachable set
empty?, what is the set of points reached by the control system from an initial point?, is there
any trajectory of the control system that connects two given points? In control terminology,
these questions refer to the accessibility and the controllability; the former is better charac-
terized than the latter, that still has a lot to do. We review the notions and properties about
accessibility and controllability in §3.2 and in §3.3 that will used at some point of this work for
particular control systems defined in §3.1.

3.1 Control systems

Whenever we have a dynamical system where we can chose some parameters in order to com-
pute trajectories satisfying different properties, we deal with a control system. This can be
defined formally as follows, using Definition 2.2.1.

Definition 3.1.1. Let M be an m~dimensional manifold and U be a subset of R¥. A control
system on M is a vector field X along the projection m: M x U — M. A trajectory or an
integral curve of the control system X is a curve (y,u): I C R — M x U such that vy is
absolutely continuous, u is measurable and bounded, and (t) = X (y(t), u(t)) a.e. fort € I.

The set of control systems is denoted by X(7); that is, the set of vector fields along the
projection. The curve w: I — U is called the control. Some particular cases of control systems
are:

e Control-affine systems with the dynamics given by
X(z,u) = fo(z) + v’ fs(z),

39
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where fo, fs are vector fields on M. Usually fj is called the drift vector field and f, are
called the control or input vector fields.

e Control-linear systems with the dynamics given by
X(z,u) = u’fs(x),

where f, are vector fields on M called the control vector fields. In fact, a control-linear
system is a particular control—affine system without drift.

Some examples of control-affine systems are mechanical control systems modeling a wide
range of rigid bodies such as the robotic leg, the snakeboard, the rolling disk and so on; [Bloch
2003, Bullo and Lewis 2005a, Chyba et al. 2003, Ostrowski and Burdick 1997]. These sys-
tems are called affine connection control systems and considered in Chapter 6. Examples
of control-linear systems appear in Riemannian and subRiemannian geometry [Agrachev and
Sarychev 1995a, Bonnard and Trélat 2001, Jean 2003, Langerock 2001, Liu and Sussmann
1995, Montgomery 1994, Strichartz 1986], as described in §5.4.1 and §5.4.2, respectively.

3.2 Accessibility and controllability

In a control system X € X(7), we are usually interested in the set of points that can be reached
from a initial point through trajectories (v, u): I C R — M x U of the control system, where
I = [a, b]. In this regard, the following definition is essential.

Definition 3.2.1. Let M be a manifold, U be a set in R¥ and X be a vector field along the
projection m: M X U — M. The reachable set from xq € M at time T € [ is the set of points
described by

R(xo, T)={x €M | thereexists (y,u): [a,b] — M x U such that
V() = X (1), u(t)), v(a) = zo, ¥(T) = z}.

Another definition given by the reachable points is the reachable set from a point xy € M
up to time T'; that is,
R(zo,<T)= |J Rixo.t).

a<t<T

Now it is possible to introduce the notion of accessibility.

Definition 3.2.2. Let m: M x U — M be a projection and X € X(w). The system defined
by X is accessible from x( € M if there exits a T > a so that the interior of R(xg, < t)
is nonempty for all t € (a,T]. If the system is accessible from every xo € M, the system is
accessible.

Remark 3.2.3. It is usual to assume as initial time 0, but in order to get used to the notation for
the domain of definition of the curves in this dissertation we use here a as initial time.
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From now on in this chapter, we restrict to the control-affine systems
X(z,u) = fo(z) +u’fs(z), (3.2.1)

where fo, fs € X(M), to define the following elements and their associated properties. See
[Bullo and Lewis 2005a, Jurdjevic 1997, Nijmeijer and van der Schaft 1990] for more details.

Definition 3.2.4. The accessibility algebra C' of the system (3.2.1) is the smallest Lie subalge-
bra of X(M) that contains { fo, f1,..., fr} C X(M). The accessibility distribution C is the
distribution on M that is R—spanned by the accessibility algebra.

For a description of the accessibility distribution for a general control system X € X(m)
see [Langerock 2003a; 2008].

Proposition 3.2.5. [Nijmeijer and van der Schaft 1990, Theorem 3.9] For the system (3.2.1),
if the accessibility distribution C has maximum rank, equal to the dimension of the manifold, at
xo € M, then for any T' > a, the reachable set R(xy, < T') contains a nonempty open subset
of M.

Proposition 3.2.6. [Nijmeijer and van der Schaft 1990, Corollary 3.13] If the system (3.2.1)
is accessible, then the rank of the accessibility distribution C at x € M is maximum for any x
on an open dense subset of M.

If the vector fields are analytic instead of C°°, then the condition is also necessary [Bullo
and Lewis 2005a].

As studied in [Tyner 2007], the control-affine system (3.2.1) admits a linearization along a
trajectory (v, u): [a,b] — M x U. Let X, be the vector field whose integral curve is v, the
linearization of the system is given by the control-affine system on T'M

XTM(U:an) = ng(vx) + wchsV(x)’

where fY denotes the vertical lift to TM of the vector field fs on M and w are the controls
taking values in U. The reachable set for the linearized system from v, is defined by

Rxpps (Vao, T) ={vy € TM | thereexists (Y, w): [a,b] — TM x U such that
T(t) = Xrar (Y (1), w(?)),
Y(a) = vgy, Y(T) =vy}. (3.2.2)

Let us next focus on the controllability, carefully studied in [Bullo and Lewis 2005a, Lewis
2001, Sussmann and Jurdjevic 1972, Nijmeijer and van der Schaft 1990].
Definition 3.2.7. Let (vy,u): [a,b] — M x U be a trajectory of the control system (3.2.1). Let
t1 € |a,b] such that y(t1) = x. The system (3.2.1) is:

(a) controllable at = along (v, u) if v(t) is in the interior of R(x,t) for eacht > ti;
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(b) linearly controllable at x along v if Rx;,,(0z,t) = Ty M for each t > ty;

(c) small-time locally controllable (STLC) from x if there exists T > 0 so that x is in the
interior of R(x, < t) for each t € [t1,T).

For a better understanding of the linear controllability see [Tyner 2007]. Roughly speaking,
the idea is that the reachable set of the linearized system is useful to obtain a linearization of
the reachable set in the sense used in Proposition 4.1.12. In this Proposition, the manifold and
the tangent space can be identified locally with the same Euclidean space R™ through the local
charts. This identification becomes clearer in Chapter 4, in particular in Proposition 4.1.12, and
in §4.5.2.

In order to point out the differences between accessibility and controllability, let us show
Figure 3.1 where R stands for the reachable set from zq. In the first two frames we consider
the reachable set up to time 7" and in the third one the reachable set at time 7T'. As it is observed,

Ig

/.\ g
'}

R

Figure 3.1: No accessible, accessible and controllable, respectively.

the difference between accessibility and controllability at a point o € M depends on the
topological description of the point with respect to the reachable set; that is, if the point is
in the interior or not of the reachable set. Thus it is clear to see that controllability implies
accessibility, but not always in the other way round as the figure depicts. For instance, the
second picture is accessible, but not controllable. However, the third one is both accessible and
controllable.

3.3 Sufficient conditions for small-time locally controllability

Accessibility is a notion that is well-studied, but this is not the case with controllability. There
are different results about zeroth—order, first—order and second—order sufficient conditions for
STLC related with the Lie brackets of the vector fields involved in the system [Bianchini and
Stefani 1993, Lewis and Murray 1997, Sussmann 1978; 1983; 1987]. There are also some
algebraic sufficient conditions for STLC under research by Aguilar and Lewis [2008]. Here we
just recall one of those results, one that will be useful in Chapter 6.

We are only interested in the sufficient condition for STLC stated in Theorem 3.3.2 because
in Chapters 4 and 6 that result connects with particular solutions to an optimal control problem.

Let X = {Xo,X1,...,X;} be a set of indeterminates, the free Lie algebra L(X) is the
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R—vector space generated by the indeterminates and their formal brackets, that satisfy the rela-
tions of skew—symmetry and the Jacobi identity. Thus, the product associated with this algebra
satisfies the properties of the Lie bracket used in the Lie algebras of vector fields on a manifold.
See [Lewis and Murray 1997] and references therein for more details about finitely generated
free Lie algebras and for the proofs of the results stated here.

Proposition 3.3.1. Every element of L(X) is a finite linear combination of brackets of the form
(X, [Xi-1, [ -, [ X2, X1, - - ]

where X; € X foreveryt=1,... 1l

Let Br(X) be the set of brackets in L(X); that is, the Lie monomials in L(X). Thus, Br(X)

generates L(X) as a R—vector space. For every element B in Br(X), it makes sense to count
!

the number of times that X, appears in B. That number is denoted by |B|s. The sum Z |B|s

s=0
is called the degree of B. If |B|s is an even number for every s = 1,...,l and |B]|p is an

odd number, then the bracket B € Br(X) is a bad bracket. Otherwise, B € Br(X) is a good
bracket.

Given the family of vector fields V = {fo, f1,..., fi} on M, we define a bijection ¢
between X and V as follows: ¢(X;) = fs for s = 0,...,[. Then, by the universal property of
a free Lie algebra, we have the following Lie algebra homomorphism

Ev(¢): L(X) — X(M),

such that each occurrence of X in a bracket in L(X) is replaced by f5 according to the bijection
¢. Thus, the smallest Lie subalgebra of X(A/) which contains V is exactly the image of L(X)
under the homomorphism Ev(¢). Observe that the image of L(X) is the accessibility algebra
of the system given by V, see Definition 3.2.4.

For every z € M, Ev,(¢): L(X) — T, M evaluates the vector field Ev(¢)(X) at z. It is
said that V is satisfies the Lie algebra rank condition (LARC) at x € M if Ev,(¢)(L(X)) =
T, M.

Let \S; be the permutation group of [ elements. For 7 € S; and B € Br(X), w(B) is the
bracket obtained by fixing X and sending X to X () for s = 1,...,[. Define the bracket

TES]

Theorem 3.3.2. ([Sussmann 1987]) Let X be the free Lie algebra generated by the set of
indeterminates { Xo, X1, . .., X;} and the control-affine system X (z,u) = fo(x) + u® fs(x).

Consider the bijection ¢ : X — { fo, f1, ..., fi} which sends X to fs fors =0,...,l.

Suppose that the given control system is such that every bad bracket B € Br(X) satisfies
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that

Eve(¢)(B(B)) = ) _ n'Eva(¢)(Ci)
i=1

where C; are good brackets in Br(X) of lower degree than B and i € R. If the control-affine
system satisfies the LARC at x, then the system is STLC at .

Thus, when the bad brackets do not satisfy the property in Theorem 3.3.2, it is said that
they are obstructions to the controllability of the system. This result will be useful in Chapter 6
to discuss when a tentative solution to an optimal control problem can be found.



Chapter 4
Geometric Pontryagin’s Maximum
Principle

In 1958 the International Congress of Mathematicians was held in Edinburgh, Scotland, where,
for the first time, L. S. Pontryagin talked publicly about the Maximum Principle. This Principle
was developed by a research group on automatic control created by Pontryagin in the 1950’s.
He was engaged in applied mathematics by his friend A. Andronov because scientists in the
Steklov Mathematical Institute were asked to carry out applied research, especially in the field
of aircraft dynamics.

At the same time, in the regular seminars on automatic control in the Institute of Au-
tomatics and Telemechanics, A. Feldbaum introduced Pontryagin and his collegues to the
time—optimization problem. This allowed them to study how to find the best way of pilot-
ing an aircraft in order to defeat a zenith fire point in the shortest time as a time—optimization
problem.

Since the equations for modelling aircraft dynamics are nonlinear and since the control of
the rear end of the aircraft runs over a bounded subset, it was necessary to reformulate the
calculus of variations known at that time. Taking into account ideas suggested by McShane
[1939], Pontryagin and his collaborators managed to state and prove the Maximum Principle,
which was published in Russian in 1961 and translated into English [Pontryagin et al. 1962]
the following year. See [Boltyanski et al. 1999] for more historical remarks.

Pontryagin’s Maximum Principle is considered as an outstanding achievement of the opti-
mal control theory. It has been used in a wide range of applications, such as medicine, traffic
flow, robotics, economy, etc. Nevertheless, it is worth remarking that the Maximum Principle
does not give sufficient conditions to compute an optimal trajectory; it only provides necessary
conditions. Thus only candidates to be optimal trajectories are found. To determine if they are
optimal or not, other results related to the existence of solutions for these problems are needed.
See [Agrachev and Sachkov 2004, Athans and Falb 1966, Filippov 1962, Lee and Markus 1967]
for more details.

Having in mind the definition of a vector field along a projection given in Chapter 2, we
give two different statements of Pontryagin’s Maximum Principle. In §4.1, §4.2, it is studied
the optimal control problem with both the time interval and the endpoints given. If the final
time is not given and the endpoints are not fixed but they must be in specific submanifolds, then
the problem is studied in §4.3, §4.4. These four sections have been written in an analogous
way. First of all, two different but equivalent statements of the optimal control problems are
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given. The so—called extended system is the useful one for the proofs in §4.2, §4.4 because the
functional to be minimized is included as a new coordinate of the system. In §4.1.4 and §4.3.3
the associated Hamiltonian problem, that leads to the statements of Maximum Principle and
their proofs in §4.2 and §4.4, is explained.

One part of the proof of Pontryagin’s Maximum Principle consists of perturbing the given
optimal curve, therefore we introduce in §4.1.3 and §4.3.2 how this curve can be perturbed
depending on the known data. Above all, it is important the complete proof of Proposition
4.1.12, although known, to our knowledge, there is not a self—contained proof of it in the
literature.

Our purpose is to give an intrinsic proof of the Maximum Principle, but at some point it will
be necessary the use of local results and coordinate expressions. For the understanding and the
proof of the Maximum Principle, it is essential to refresh all the elements defined in Chapter
2.1 and Appendices A and B, as well the notations and properties related with them. These
above—-mentioned elements are mainly vector fields along projections, Lebesgue times, convex
cones and separating hyperplanes.

In §4.5, we focus on obtaining necessary conditions for the existence of abnormal opti-
mal curves. These conditions are related with the concepts of accessibility and controllability
introduced in Chapter 3. The linear controllability of the system defined in §3.2 is used to char-
acterize abnormality, what justifies the careful study in §4.5.2 about the connection between the
reachable set and the tangent perturbation cone. The way to think about this relation is that the
tangent perturbation cone contains, in some sense, the vectors tangent to perturbation curves.

Finally, in §4.6 some examples are given to illustrate how the Maximum Principle is used
to solve optimal control problems and also to highlight the geometric part in the proof.

4.1 Pontryagin’s Maximum Principle for fixed time and fixed end-
points

First we study Pontryagin’s Maximum Principle with fixed time and fixed endpoints, that cor-
responds with the most simplified version of the necessary conditions for optimality.

4.1.1 Statement of optimal control problem and notation

Let M be a differentiable manifold of dimension m and U C RF a subset. Let us consider the
trivial Euclidean bundle 7: M x U — M.

Let X be a vector field along the projection m: M x U — M as in Definition 2.2.1. If
(V, x') is alocal chart at  in M, the local expression of the vector field is X = f%0/dz" where
f are functions defined on V' x U. Given a measurable and bounded control u: I — U, this
vector field can be rewritten as X (%} according to Equation (2.2.4).

Let I C R be an interval and (v,u): I — M x U a curve where ~ is an absolutely
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continuous curve. Given F: M x U — R, let us consider the functional
Shul = [ Fonwa
I

defined on curves (v, u) with a compact interval as domain. The function F: M x U — R is
continuous on M x U and continuously differentiable with respect to M on M x U.

Statement 4.1.1. (Optimal Control Problem, OCP) Given the elements M, U, X, F, I = [a, b
and the endpoint conditions x,, x, € M, consider the following problem.

Find (v*,u*) such that
(1) v*(a) = x4, v*(b) = xp (endpoint conditions),
(2) ~* is an integral curve of X1 }: 4 (t) = X (y*(t), u*(t)), for a.e. t € I, and
(3) S|v*, u*| is minimum over all curves (v, w) satisfying (1) and (2), (minimal condition).
The tuple (M, U, X, F, I, x,,xp) denotes the optimal control problem. The function F is
called the cost function of the problem. The mappings v: I — U are called controls.

Comments:

1. The curves considered in the previous statement satisfy the same properties as the gener-
alized integral curves of Carathéodory vector fields along a projection described in §2.2.1.
That is, 7y is absolutely continuous and the controls v are measurable and bounded.

2. Locally, condition (2) is equivalent to the fact that the curve (v*, u*) satisfies the differ-
ential equation & = f°.

4.1.2 The extended problem

Taking into account the elements defining the optimal control problem and their properties, we
state an equivalent problem.

Given the OCP (M, U, X, F, I, x4, xp), let us consider the extended manifold M=RxM
and the trivial Euclidean bundle 7: M x U — M.

Let X be the following vector field along the projection 7 : M x U — M:
X (2% ,u) = Fa,w)0/02%) (10 4,0) + X (2, ),

where 20 is the natural coordinate on R. According to Equation (2.2.4), this vector field can be
rewritten as X {4},

Given a curve (7,u) = ((2° 07,7),u): I — M x U such that 7 is absolutely continu-
ous and v is measurable and bounded, the previous elements come together in the following
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diagram:
T™
g

XX/7M
T

Statement 4.1.2. (Extended Optimal Control Problem, O/\CP) Given the above—mentioned
OCP (M,U, X, F,I,xq,x1), M and X, consider the following problem.

where 79 is the projection of M onto M.

Find (7%, w*) such that
(1) 7*(a) = (0,z4), v*(b) = z} (endpoint conditions),
(2) #* is an integral curve of X" }: 37 (t) = X (3* (), u*(t)), for a.e. t € I, and

(3) 'y*o(b) is minimum over all curves (7, u) satisfying (1) and (2), (minimal condition).

The tuple (]\//f ,U, X , I, x4, xp) denotes the extended optimal control problem.

Comments:

1. The functional v*’ (b) to be minimized in the OCP is equal to the functional defined in
the OCP. That is to say, we have

8,4 /m, — Sly,u]

for curves (7, u).

2. Locally, the condition (2) is equivalent to the fact that the curve (7*,u*) satisfies the
differential equations 2° = F, i’ = f*.

The elements in the problem (]\7 , U, X I, x4, xp) satisfy properties analogous to the ones
fulfilled by the elements in the problem (M, U, X, F, I, z,, z}), but for different spaces; see
§2.1, §4.1.1 for more details about the properties.

4.1.3 Perturbation and associated cones

The following constructions can be defined for any vector field depending on parameters—see
§2.2.1—in particular, for those vector fields defining a control system. In order not to make the
notation harder, we will construct everything on M, but the same can be done on M or on any
other convenient manifold, as for instance the tangent bundle 7'Q) for the mechanical case; see
Chapter 7.
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4.1.3.1 Elementary perturbation vectors: class I

Now we study how integral curves of the time—dependent vector field X%} : I x M — TM,
introduced in §2.2.2, change when the control u is perturbed in a small interval.

In the sequel, a measurable and bounded control w: I = [a,b] C R — U and an absolutely
continuous integral curve vy: I — M of X1u} are given. Let m; = {t1,l1,u1}, where ¢; is a
Lebesgue time in (a, b) always for the X o (y, u)—i.e., it satisfies Equation (A.2.3)—I; € RT,
w1 € U. From now on, to simplify, ¢; is called just a Lebesgue time. For every s € R™ small
enough such that a < ¢; — [y s, consider u[n{]: I — U defined by

S _ uy, te [tl - l137t1]7
ulmi)(6) = { u(t), elsewhere.

Definition 4.1.3. The function u[r3] is called an elementary perturbation of u specified by the
data 7, = {t1,l1,u1}. It is also called a needle-like variation.

Associated to u[r;], consider the mapping [7§]: I — M, the generalized integral curve

of X {u[mi1} with initial condition (a,~(a)). Figure 4.1 shows the situation obtained as a result
of perturbing the control.

: ulri]

U M

by — sty

R

Figure 4.1: Elementary perturbation of u specified by the data m and the integral curve on M
of X tulril},

Given € > 0, define the map

Om I x[0e] — M
(t,s) — onl(ts)=7[r])

Foreveryt € I, ¢! : [0,¢] — M is given by ¢! (s) = or, (L, 5).

As the controls are assumed to be measurable and bounded, it makes sense to define the
distance between two controls u,w: I — U as follows

d(u, ) = /I lu(t) —a(t)| dt,

where || - || is the usual norm in R*. Here, a bounded control means that there exists a compact
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set in U that contains Im u. The control u[r;] depends continuously on the parameters s and
m1 = {t1,11,u1 }; thatis, given € > 0 there exists 6 > 0 such thatif |[t; — 2] < 4, [l — l3] < 4,
lur — ugl| < 0, |s1 — s2| < 6, then d(u[r]'], u[m3?]) < e

Hence the curve gofn depends continuously on s and 1 = {¢1,l1,u1}, then it converges
uniformly to 7y as s tends to 0. See [Cafiizo—Rincén 2004, Coddington and Levinson 1955] for
more details of the differential equations depending continuously on parameters.

Let us prove that for a Lebesgue time ¢; the curve goﬁ}l has a tangent vector at s = 0.

Proposition 4.1.4. Let t| be a Lebesgue time. If u[nj] is an elementary perturbation of u
specified by the data w1 = {ty,11,u1}, then the curve @'} : [0, €] — M, @it (s) = y[x§](t1), is
differentiable at s = 0 and its tangent vector is [ X (7y(t1),u1) — X (y(t1), u(t1))] 1.

(Proof) Itis enough to prove that for every differentiable function g: M — R, there exists

A e 9P () — g2 (0)

s—0 S

As this is a derivation on the functions defined on a neighbourhood of ~(¢;), it is enough to
prove the proposition for the coordinate functions x? of a local chart at (¢1). Thus take g = z*:

(@' 0 g7 )(5) — (2" 0 1)(0) (' 0 y[m3]) (t1) — (2" 0 7)(t1)

A = lim = lim
s—0 S s—0 S
i[5 t1) — Zt
)
s—0 S

As ~ is an absolutely continuous integral curve of X1}, 4(t) = X(y(t),u(t)) at every
Lebesgue time ¢ € I. Then, integrating,

. . tl .
V() = (a) = [ f(y(E),u(t))dt
and similarly for v[7{] and u[rf]. As Figure 4.1 shows, v[7{|(t) = ~(t) and u[7{](t) = u(t)
fort € [a,t; — I1s). Then

Juh POl @), ulmf)(0)de — [ £ (), u(t))de

A = lim
s—0 S
S PO )l = R O, ut)d
s—0 S .

As t1 is a Lebesgue time, we use Equation (A.2.3):
t
. X(v(5), u(s))ds = hX (y(t), u(t)) + o(h)
t—
in such a way that

A = lim fi(,)/[ﬂ'ﬂ(tl)yul)lls — fl(’Y(tl)vu(tl))lls + 0(5)

s—0 S
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= lim[f'(y[mi](tr), ur) — f*(v(t2), u(tr))] .
As f* is continuous on M, we have

A = [fi(lig(lﬂ[ﬁf](fl)aul) — (), u))] h = [f (v(t), ua) — F (v (), u(t))]
= [(X(y(tr),u1) = X (y(t1), u(tr))) 1] (=)

Definition 4.1.5. The tangent vector v[m] = Iy [X (v(t1),u1) — X (v(t1),u(t1))] € Ty M
is the elementary perturbation vector associated to the perturbation data 7 = {t1,11,u1}. It
is also called a perturbation vector of class 1.

Comments:

(a) The previous proof shows the importance of defining perturbations only at Lebesgue
times, otherwise the elementary perturbation vectors may not exist.

(b) Observe that if we change w1 = {t1,11,u1} for my = {t1,l2, u1}, then it is satisfied that
v[m] = (I1/l2) v[ms]. If v[m] is a perturbation vector of class T and A € R, then \ v[m]
is also a perturbation vector of class I with perturbation data {¢1, A l1, u1 }.

(c) We write L£(w)g for the derivative of the function ¢ € C*°(M) in the direction given
by the vector w € T, M. Due to Proposition 4.1.4, for every differentiable function
g: M — R we have

995 () —9(r(t)) —s L[m])g
s s—0

Hence
g (#81(5)) = g (v(t1)) + s L(v[m1])g + o(s).

If (z*) are coordinates of a local chart at y(t1),

2’ (11 (s)) = 2" (v(t1)) + sv[m]* + o(s).

That is, ‘

(02)" (5) =+ (t1) + sv[m]" + o(s).
Now, if we identify the open set of the local chart and the tangent space to M at y(t1)
with the same space R™, we write the following linear approximation

o7 (5) = 7(tr) + sv[m] + o(s). (4.1.1)

The initial condition for the velocity given by the elementary perturbation vector evolves
along the reference trajectory ~y through the integral curves of the complete lift (X T){u} of
X1}, as explained in §2.2.2.1. Note that ¢!, (s) = @éiﬁ (¢kt (s)) fort > 1 because of the
definition of ¢, and u[r{].
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Proposition 4.1.6. Let V' [r1]: [t1,b] — T M be the integral curve of the complete lift (X T){u}
of X with initial condition (t1,v[r1]) where v[mi] € Tyt )M. For every Lebesgue time
t € (t1,0], V[m1](¢) is the tangent vector to the curve %, : [0,¢] — M at s = 0.

(Proof) The proof follows from Proposition 2.2.3 and the definition of the curves consid-
ered. [ |

4.1.3.2 Perturbation vectors of class I1

The control can be perturbed twice instead of only once, in fact it may be modified a finite
number of times. If ¢5 is a Lebesgue time greater than ¢; and we perturb the control with 7, =
{tl, l1, Ul} and Ty = {tQ, ls, UQ}, then the perturbation data 715 = {(tl, tz), (ll, 12), (ul, UQ)}
is obtained and is given by

uy, tE [ty —1Iis, t1],
ulrip](t) =< ua, t € [ta —las, ta),
u(t), elsewhere,

for every s € R small enough such that [t; —l1 s, t1]N[ta—l2s, to] = 0. Theny[n$y]: I — M
is the generalized integral curve of X {“[m2l} with initial condition (a,v(a)). Observe that
y[7%5](t) = ~(t). Consider the curve ©!2_: [0,¢] — M given by ©i2_(s) = vy[r,](t2).

T2 ° ™12

Proposition 4.1.7. Let t1, ty be Lebesgue times such that t1 < ta. If u[m5,] is the perturbation
of u specified by the perturbation data w9 = {(t1,t2), (l1,12), (u1,u2)}, then the vector tan-
gent to 2 : [0,e] — M at s = 0 is v[mg] + V[mi](t2), where V[my]: [t1,b] — TM is the

generalized integral curve of (X™T) Y syith initial condition (t1,v[m1]) where v[m] € Ty, M.

(Proof) Here we perturb the control first with 1 along - and we obtain u[r;]. Then we
perturb this last control with the other perturbation data, 7o, along ~y[75]. Then the superindices
of the tangent vectors denotes the curve along which the perturbation is made. As in the proof
of Proposition 4.1.4,

(' 0 y[miy])(t2) — (2" 0 ) (t2)

A = lim = lim
s—0 S s—0 S
- g PR ) (il () | ) -7)),
s5— S S5— S S

We understand ~y[77,] as the result of perturbing y[7§] with 72, and use the linear approximation
in Equation (4.1.1) for y[7{,](t2) and ~y[7§](t2) according to Proposition 4.1.4:

o, (8) = Aol (t2) = A (w3 (t2) + s v[ma] ") + o),
Vmil(t2) = ~(t2) + s VIm]"(t2) + o(s).

Then

A_mntwmmﬁy+dWMMWﬁ>—m%meﬂV+Wthm)

s—0 S S s—0
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As v[m$] depends on s and limg_. y[75](t) = Y(t), A = L (v[ma]” + V[m]" (t2)) x°. [ ]
Considering identifications similar to the ones used to write Equation (4.1.1), we have

gpffm(s) = (t2) + sv[ma] + sV [mi](t2) + o(s).

Now we define how the control changes When it is perturbed twice at the same time. If
t1 is a Lebesgue time, 77 = {t1,{},u}} and 7 = {¢1,1{, ]} are perturbation data, then
w1 = {(t1,t1), (14, 1)), (v}, uY)} is a perturbation data given by

uy, telti— {0 +1)s, ti—1s],
u[ﬂ-igl](t) = u/1/7 le [tl - llllsatl]a
u(t), elsewhere,

for every s € RT small enough such that a < ¢, — (I§ + I{)s. Then v[r§;]: [ — M
is the generalized integral curve of X “[™1l} with initial condition (a,v(a)). Observe that
Y[71](t) = ~(t). Consider the curve . : [0,€] — M, defined by ¢’ (s) = ~[m5;](t1).

Proposition 4.1.8. Let t1 be a Lebesgue time. If u[m3,] is the perturbation of the control u spec-
ified by the data w11 = {(t1,t1), (1},17), (u}, ul)} then the vector tangent to @' = [0,¢] — M
at s = 0 is v[r}] + v[7]], where v[r| and v[r]] are the perturbation vectors of class I associ-
ated to | and 7! respectively.

(Proof) As in the proof of Proposition 4.1.4,

A= lim (0 o )(s) = (@' 0 o7 )(0) im Ylril(t) —+'(t)
5— S S— S

As v is an absolutely continuous integral curve of X {4}, 4(t) = X(v(t),u(t)) at every
Lebesgue time ¢ € I. Then, integrating,

. . tl .
V(t) =q'a) = [ F(y(t), u(t))dt
and similarly for y[7{,] and u[r$;]. Observe that y[n3,](t) = v(¢) and u[n},](t) = u(t) for
t € la,ty — (15 +17)s). Then

Joh POl (), ulmd ] (0)de — [ F1(y(8), u(t))dt

A = lir%
s— s
— lim ttll—(lll—l-l’l’)s fz(’y[ﬂ-il](t)v u[ﬂfl](t))dt - ttll—(l’l+l’1’)s fl(')/(t), U(t))dt
s—0 S
t 7[”5‘ ’L ,S Z
(B[O - £, uw)]
s—0 s
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As t; and t1 — [{'s are Lebesgue times such that a < t; — (I} + I{)s, Equation (A.2.3) is used.
Now we have

A = lim<f"(v[ﬂ'1]( — ). wh)lhs = P o(h — s). ults — 1fs))lhs

S

s—0

FrOlmt) ), w)ifs — f1(y(t), u(tl))l’{8>

S

= 1im (£~ Es),00) = £ (50 = s),ults = s))

s—0

(POl ) - Fom)am) 1)
As f*is continuous on M x U we have
A = (f (A lr)t - 1) et ) = £ (lim At — 1s), imu(ty — 5))) 1

+ (# (tmafri] (0.0 ) = (0 u(t) ) 8

= (F(r(ta),uh) = fi (), ute))) B+ (F1(v(t),uf) = f1(v(tr), u(t))
£ (v[m] + v[nt]) ().

|
Analogous to the linear approximation (4.1.1), we have
P (s) = (t) + sv[m] + sv[mi] + o(s).
If we perturb the control r times, 7 = {my,...,m}, witha < t; < ... < ¢, < b, then

~[m*](t) is the generalized integral curve of X {“™"I} with initial condition (a, y(a)). Consider
the curve ¢! : [0,¢] — M fort € [t,,b] given by L (s) = y[m®] ().

Corollary 4.1.9. Let t be a Lebesgue time in [t,,b]. If u[w®] is the perturbation of the control
u specified by the data @ = {1, ...}, then the vector tangent to the curve @' : [0, €] — M
ats =0is Vim](t) + ...+ V[m]( ), where V[m;]: [ti,b] — T M is the generalized mtegral
curve of (X7T) Y \vith initial condition (ti, v[mi]) where v[m;] € Ty )M fori=1,.

This corollary may be easily proved by induction using Propositions 4.1.4, 4.1.7, 4.1.8,
where all the possibilities of combination of perturbation data have been studied. If w is the
vector tangent to % at s = 0, the perturbation data will be denoted by 7. Bearing in mind the
different combination of vectors in Definition B.1.2, we make the following definition:

Definition 4.1.10. The conic non—negative combinations of perturbation vectors of class I and
displacements by the flow of X {u} of perturbation vectors of class I are called perturbation
vectors of class I1.
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4.1.3.3 Perturbation cones

Considering all the elementary perturbation vectors, we define a closed convex cone at every
time containing at least all displacements of these vectors. To transport all the elementary
perturbation vectors, the pushforward of the flow of the vector field X {“} is used. See §2.2.2
for notation related with the evolution operator of time—dependent vector fields. Observe that
the second comment after Definition 4.1.5 guarantees that the set of elementary perturbation
vectors is a cone.

Definition 4.1.11. For t € (a,b] C R, the tangent perturbation cone K, is the smallest
closed convex cone in T, ;M that contains all the displacements by the flow of X {u} of all
the elementary perturbations vectors from all Lebesgue times T smaller than t:

Kt = conv U (QX{u})*(V‘r) )

(t,7)
a<t<t
T is a Lebesgue time

where V. denotes the set of elementary perturbation vectors at T and conv(A) means the convex
hull of the set A.

To prove the following statement, we use results in Appendices A and B; precisely Corol-
lary A.3.2, and Propositions B.1.4 and B.1.5.

Proposition 4.1.12. Let t € (a,b]. If v is a nonzero vector in the interior of the tangent
perturbation cone Ky, then there exists ¢ > 0 such that for every s € (0, €) there exist s' > 0
and a perturbation of the control u[r}, | such that y[m;, |(t) = ~v(t) + s'v where wy is the
perturbation vector associated to the perturbation of the control.

(Proof) As v is interior to K, by Proposition B.1.5, item (d), v is in the interior of the
cone

C = conv U (Q)g{;)})* v |

a<t<t
T is a Lebesgue time

where V; is the cone of elementary perturbation vectors at time 7. Hence, v can be expressed
as a convex finite combination of perturbation vectors of class I by Proposition B.1.4.

Let (W, (z*)) be alocal chart of M at (t). We suppose that the image of the local chart and
W are identified locally with an open subset of R™. Through the local chart we also identify
T, M with R™. We consider the affine hyperplane II orthogonal to v at the endpoint of the
vector v and identify IT with R™~1,

A “closed” cone denotes a closed cone without the vertex. Observe that such a cone is
not closed, that is why we use the inverted commas. We can choose a “closed” convex cone
C contained in the interior of C such that v lies in the interior of C and (w,v) > 0 for every
w € C. For example, we can consider a circular cone with axis v satisfying the two previous
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conditions, as assumed from now on. Hence

IINC=v+ B(0,R),

where B(0, R) is the closure of an open ball in the subspace orthogonal to v, denoted by v
For r € v, we will write r instead of Ov + r as a vector in R™,

Let us construct a diffeomorphism from the cone Ctoa cylinder of R™. If w € C, the
orthogonal decomposition of w induced by v and v is

e (, led) ol (60, )]

Observe that &3 w — v is a vector in B(0, R) C v~. Considering the “closed” cone C without

the vertex, we have the map

g:C — Rt xB(0,R)

w (<<w>> ;Z”Zéw_v) — (s,7),

that is a C*° diffeomorphism with inverse given by

g': R*xB(0O,R) — C
(s,7) — s(v+r) =w.
Note that g and g_1 can be extended to an open cone, without the vertex, containing 5, so the
condition that g is a diffeomorphism is clear.

If we truncate C by the affine hyperplane II, we obtain a bounded convex set (Z,. The
restriction of g to C, is ¢,: C, — (0,1] x B(0, R), that is also a C* diffeomorphism with

inverse g, 1: (0,1] x B(0, R) — C,.

If r € B(0,R), then wg = v + r is interior to C. Hence, associated to wy we have a
perturbation T, of the control u. Let y[r}, |: I — M be the generalized integral curve of
X lmiol} with initial condition (a,v(a)) and consider the map

r: [0,1]xB(0,R) — M
(s,7) — D(s,7) = y[my,l(t) (4.1.2)
(0,7) — T(0,r) =~(t),

which is continuous because [, ](t) depends continuously on s and 7, and

lim I'(s,7) =~(t) =T(0,rg).
e (s,7) =~(t) =T(0,70)

Hence, for every ¢ > 0, there exist 01,02 > 0 such that, if |s| < é; and ||r|| < 02, then
IT(s,m) = T(0,0)[| = [ly[mg,, J(8) = () <.

Taking € > 0 such that B(v(¢), €) is contained in the open set W of the local chart at v(¢),
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there exist d1, 62 > 0 such that, if [s| < 61 and [|r[| < Jo, then y[r3, () € W.

We consider now the map

A [0, 51] X B(O, 52) — 'y(t)M ~ R™
(s,7) — A(s, 1) = [mg, () = (t)
(0,7) —  A0,r)=0

that is continuous because lim, ;) (0,r,) A(s,7) = 0 = A(0, 7). Note that we have identified
W with R™ via the local chart. With this in mind and using Equation (4.1.1), we can write

ol () =7 (8) = s(v +7) + 0r(s),
where o,(s) € R™.

We are going to show that, taking (s, r) in an appropriate subset, A(s, r) lies in the interior
of the cone C.

Next take a section of the cone through a plane containing v and w, and compute the dis-
tance from the endpoint of w to the boundary of the cone C. This is given by

s (R —lrl})

1+(’j>2.

This is the maximum value for the radius of an open ball centered at the endpoint of s(v + r)
to be contained in C.

Define the function

©: [0,0] x B(0,05) — R™

(s,7) — (i) —7(t) = s(v+7)) /s = op(s)/s
(0,7) — 0

which is continuous because lim ,y_,(0,r,) ©(s,7) = 0 = ©(0, 7). Taking
R — 6
1+ (ﬁ)Z
there exist 01, 62 > 0 such that, if |s| < 01 and ||7|| < &2, then ||©(s,7)|| = [lo,(s)/s| < e.
If (s,r) € (0,81) x B(0,35), then
R

1+ (i)2

[[]

JAGs,7) = s(v+ 1) = lIs(v +7) + 0,(s) = s(v + )] = lon(s)]] < se < s

since ||7|| < da < 82 < R. Thus we conclude that A(s,7) = s(v + 7) + 0,(s) is in the interior
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of the cone C for every (s, r) € (0,01) x B(0,d3).

Now, for s € (0,07), we define the continuous mapping

B(0782)
r

(0 R) c Rm!

— ( ):(ﬂ'gogoA) (3’7,)7 4.1.3)

where m: RT x B(0, R) — B(0, R), ma(s,r) = r. Observe that for ry € B(0,2) we have

i = im (v, v) s(v+7r)+o(s)) —v| =r
(s,r)li%,ro)GS(r) = (s,r)1—>(0,r0) s(v,0) + <o(s),v>( (v+7)+0(s))
and
(g0 A)(s,7m) = g(v[ma,) (1) = () = g(s(v +7) +0,(s)) = (s, 7). (4.1.4)

Suppose that there exists 7 € B(0, R) such that G4(r) = 0. Then, applying g~! to the above
equation, we have

A(s, 1) = [my, (1) —(t) = g 1 (s',0) = s'v. 4.1.5)
Hence, to conclude the proof we need to show that there exists r with G5(r) = 0 for s small
enough. To apply Corollary A.3.2, there must exist 7' € B(0,d2) such that |Gs(r) — 7| <
||r — 7’| for every r € O (B(O, 52)). We will show that the condition is fulfilled for " = 0.

Consider the mapping

g [0,51} X B(O,Sz) N B(()7R) C Rmfl
(s,7) — G(s,1) =Gy(r) —r
(0,7) — G(0,7) =0

For rg € B(0,02), we have lim s .y _(0.r4) G(5, ) = lim(s ;) _(0,r0)(Gs(r) —r) = 0. Thus G
18 continuous.

Given ro € OB(0, 62), take € = 62/2. Then there exist 5(0, 1), d1(0,79) > 0 such that, if
|s| < 60(0,70) and ||r — ro|| < 61(0,70), then ||G(s,7) — G(0,70)| < d2/2. Hence

{B(r0,61(0,70)) |70 € 0B(0,52) }

is an open covering of the boundary B(0,d5); i.e., 9B(0, d2). As this is a compact set, there
exists a finite subcovering,

{B(r1,01(0,71)),...,B(r;,0(0,17))}.

Take 0 as the minimum of {do(0,71),...,00(0,7;)}. Let us see that, for every (s,7) € [0, ] X
dB(0,02),

Gs(r) — || < ||r|l- As r is in an open set of the finite subcovering,

5 _
1G(s,r)[| = [|Gs(r) — 7]l < 52 < = |[r|.
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Hence, using Corollary A.3.2, for every s € (0, 6) the set G5(B(0,d2)) covers the origin; that
is, there exists 7 € B(0, d2) such that

Gs(r) = (mpogoA)(s,r) =0.

Then, because of the definition of the mapping G in Equation (4.1.3) and Equations (4.1.4)
and (4.1.5), there exists s’ € R such that

Yl () = (t) + s'v.

In other words, we have a trajectory coming from a perturbation of the control that meets the
ray generated by v, as wanted. u

4.1.4 Pontryagin’s Maximum Principle in the symplectic formalism for the opti-
mal control problem

In this section, the OCP is transformed into a Hamiltonian problem that will allow us to state
Pontryagin’s Maximum Principle.

Given the OCP (M, U, X, F, I, x4, xp) and the OCP (]\/4\, U,)?, I, x4, xyp), let us consider

the cotangent bundle 7" M with its natural symplectic structure that will be denoted by (2.

If (z,p) = (2° 2,p0,p) = (2°,2',..., 2™, po,p1,...,pm) are local natural coordinates on

T* M, the form € has as its local expression 2 = dz® A dpg + dz? A dp;.

Foreachu e U, H*: T *M — R is the Hamiltonian function defined by

H"() = H(p,u) = (b, X (&,0)) = poF(,u) + Y pif*(x,u),
i=1

where p € Txi‘]\//f . The tuple (T’ “M ,Q, H") is a Hamiltonian system. Using the notation in
Equation (2.2.4), the associated Hamiltonian vector field Y {4} satisfies the equation

iy Q= dHY.

Thus we get a family of Hamiltonian systems parameterized by u, and given by H : T*M x
U — R. The associated Hamiltonian vector field Y: T*M x U — T(T*M) is a vector field
along the projection 7y : T*M x U — T™* M. Its local expression is

9
Opo

OF of’ 0

It should be noted that Y = X7~ ; thatis, Y is the cotangent lift of X. See §2.2.2.2 for definition
and properties of the cotangent lift.

+0

~ 0 , 0
V) = (Flewg + e,
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Consider a curve (X, u): I = [a,b] — T*M x U such that it is absolutely continuous
on T*M, it is measurable and bounded on U, and 7 = my7 © A with the natural projection

Ve T*M — M. The previous elements come together in the following diagram:

o~

T(T*M)
S
X Trdf
H ~ T —~
R<=—T"M x U T*M

A\, U)T / T
I Ry
\ o

M

Statement 4.1.13. (Hamiltonian Problem, HP) Given the OCP (M, U, X, F,I, x4, xy), and
the equivalent OCP (M, U, X, I, x4, xy), consider the following problem.

Find (X, u) such that
(1) F(a) = (0,24) and y(b) = xp, if7 =770\ ¥ = M2 07

(2) ANt) = XT"(\(t),u(t)), forae t € I.
The tuple (T*Z\/J\ ,U, X 1, 2, xp) denotes the Hamiltonian problem as it has just been

defined and the elements satisfy the same properties as in §2.2.1.

Comments: The Hamiltonian problem satisfies analogous conditions to those satisfied by the
OCP and the OCP defined in §4.1.1 and §4.1.2 respectively.

1. Given (X, u), the function u: I — U allows us to construct a time—dependent vector field
— s\ Ul — =
on T* M, (XT ) Y I x T*M — T(T*M), defined by
(X)) 3.5 = X7 @5, ult)).

~ oo {ud
Condition (2) shows that X is an integral curve of (X T ) .

2. Condition (2) is equivalent to the commutativity of Diagram (2.2.5) replacing M, X {4},
~ e\ Ut~
v by T*M, (X T ) , A\, respectively.

Sk { } -~ ~
3. The vector field ( X7T ) b is m;—projectable and projects onto X {u} Thus if X is an

s\ (U ~. _ N
integral curve of (X T ) , ¥ = g7 © Als an integral curve of X {u},
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4. Locally, conditions (1) and (2) in Statement 4.1.13 are equivalent to the fact that the curve
(A, u) satisfies the Hamilton equations of the system (7" M,Q, H"),

i’ = 88210 =7,
Bo= St
Py = —E;Z:_O:H?O_Ct, (4.1.6)
pi = —%Z:_—Pogi_;—pjgﬁ, (4.1.7)

and satisfies the conditions 7(a) = (0, z4), 7(b) = .

In the literature of optimal control, the system of differential equations given by Equa-
tions (4.1.6), (4.1.7) is called the adjoint system. In differential geometry, the adjoint
system is the differential equations satisfied by the fiber coordinates of an integral curve
of the cotangent lift of a vector field on M. See §2.2.2.2 for more details.

Note that there is no initial condition for p = (pg, p1, - - . , Pm ), hence HP is not a Cauchy
problem.

Comment: So far we have considered a fixed control © € U. Therefore we have been working
with a family of Hamiltonian systems on the manifold (T* M , Q) given by the Hamiltonians
{H"|u e U}.

Given u: I — U, we consider the Hamiltonian H*(!), The equation of the Hamiltonian
vector field for the Hamiltonian system <T* M L, H ”(t)> is

Ty fu(t)) ) = d]\/ZHU(t),
where dg; is the exterior differential on the manifold T*M. Observe that we have studied
the system defined by (T*]\//f LU H “(t)) as an autonomous system by fixing the time ¢. The
corresponding Hamiltonian vector field y{u®} s a time—dependent vector field whose integral
curves satisfy the equation

Nt = YO X)), ter. (4.1.8)
Observe that Y {4} = (XT™){u(®)}

Now we are ready to state Pontryagin’s Maximum Principle that provides the necessary
conditions, which are in general not sufficient, to find solutions of the optimal control problem.

Theorem 4.1.14. (Pontryagin’s Maximum Principle, PMP) If (7*,u*): I = [a,b] — MxU
is a solution of the extended optimal control problem, Statement 4.1.2, such that ¥* is absolutely

continuous and v* is measurable and bounded, then there exists (3\\*, u*): I — T*M xU along
~* such that:

1. it is a solution of the Hamiltonian problem; that is, it satisfies Equation (4.1.8) and the
initial conditions 7*(a) = (0,x,) and v*(b) = xy, if v* = w2 0 7*;
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2. y* = 47 O X*
3. (a) H (X* (1), u*(t)) = SUP,cpy H(\*(t),u) almost everywhere;
(b) sup,cyr H(X*(t), u) is constant everywhere;
(c) N (t)#£0€ T%"*(t)]/w\for eacht € |a,b);
(d) Aj(t) is constant and \j(t) < 0.
Comments:

1.

There exists an abuse of notation between A(¢) € T *M and Nt eT */(t\) M. We assume
8!

that the meaning of X in each situation will be clear from the context.

Condition (2) is immediately satisfied because 2* is a covector along 7*.

. Conditions (3a) and (3b) imply that the Hamiltonian function is constant along the opti-

mal curve for almost every ¢ € [a, b].

In item (3a), if U is a closed set, then the maximum of the Hamiltonian over the controls
is considered instead of the the supremum over the controls. But in condition (3b) we
can always consider the maximum, instead of the supremum, because item (3a) guaran-
tees that the supremum of the Hamiltonian is reached in the optimal curve. Thus, the
supremum is, in fact, a maximum. In general we will refer to (3a) as the condition of the
maximization of the Hamiltonian over the controls.

. Condition (3c) implies that \j(t) # 0 € T;"*O(t)R or \*(t) # 0 € T7. ;M for each

t € [a, b]. Locally the condition (3c) states that for each ¢ € [a, b] there exists a coordinate
of A\*(t) nonzero, (p; o \*)(t) = A (t) # 0.

From the Hamilton’s equations of the system (T* M O H “(t)>, it is concluded that A

is constant along the integral curves of ()A( ™ ){“(t)}, since pp = 0—see Equation (4.1.6).
Hence the first result in (3d) is immediate for every integral curve of ()? THy{u®}, As
Ap is constant, 2* may be normalized without loss of generality. Thus it is assumed that
either \j = 0 or \j = —1 because of the second result in (3d).

. Pontryagin’s Maximum Principle only guarantees that, given a solution of OCP, there

exists a solution of HP. Hence, in principle, both problems are not equivalent.

Observe that the Maximum Principle guarantees the existence of a covector along the op-
timal curve, but it does not say anything about the uniqueness of the covector. Indeed, this
covector may not be unique as Figure 4.2 shows.

Depending on the covector we associate with the optimal curves, different curves can be
defined.

Definition 4.1.15. A curve (3,u): [a,b] — M x U for OCP is:
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Figure 4.2: An optimal curve with two different lifts to T* M so that it is abnormal and normal
at the same time.

1. an extremal if there exist \: [a,b] — T*M such that 5 = T © X and (3\\, w) satisfies
the necessary conditions of PMP;

2. a normal extremal if it is an extremal with A\ = —1, then X is called a normal lift or
momenta;

3. an abnormal extremal if it is an extremal with \q = 0, then X is called an abnormal lift
or momenta;

4. a strictly abnormal extremal if it is not a normal extremal, but it is abnormal,;
5. a strictly normal extremal if it is not an abnormal extremal, but it is normal;

6. a singular extremal if it is an extremal and

H(A(t),u(t) = sup H(A(t), w)

almost everywhere for any u: I — U.
The curve (A, u): [a,b] — T*M x U is called biextremal for OCP.

In [Agrachev and Sachkov 2004, Anisi 2003, Kirschner et al. 1997, Loewen 2004, Suss-
mann and Tang 1991, Troutman 1996] there are some examples of optimal control problems
whose solutions are searched using Pontryagin’s Maximum Principle.

As proved in Proposition 6.5.2 and Remark 6.5.3, the abnormal and singular extremals are
connected for some particular control systems. Usually in these systems the controls given
abnormal and/or singular extremals cannot be determined using PMP in Theorem 4.1.14 and
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the high—order Maximum Principle [Bianchini 1998, Kawski 2003, Knobloch 1981, Krener
1977] is necessary.

Observe thatif v: I — M is an integral curve of a vector field, there always exists a lift of
7 to a curve XTI —T*M , given an initial condition for the cofibers. The curve 7 is an integral
curve of the cotangent lift of the given vector field on M. Analogously, if the system is given
by a vector field along the projection 7 : M xU — M.

Therefore, the items 1 and 2 in Theorem 4.1.14 do not provide any information related with
the optimality. They only ask for the fulfilment of a final condition in the integral curve. The
accomplishment of this depends on the accessibility of the problem, see Definition 3.2.2 and
[Bullo and Lewis 2005a, Nijmeijer and van der Schaft 1990].

The real contribution of PMP is the third item related with the optimality through the max-
imization of the Hamiltonian, that will be only satisfied if the initial conditions for the fibers
in T* M are chosen suitably. This is the key element of the proof of Pontryagin’s Maximum
Principle. In other words, we can always find a cotangent lift of an integral curve such that con-
ditions 1 and 2 are satisfied under the assumption of accessibility, but it is not guaranteed the
fulfilment of the conditions in assertion 3 in Theorem 4.1.14. That is why the initial condition
for the fibers in T* M must be chosen conveniently as shows the proof of Theorem 4.1.14, see
§4.2.

If we write the Hamiltonian function for the abnormal and the normal case, the difference
is that the cost function does not play any role in the Hamiltonian for abnormal extremals. That
is why it is said the abnormality only depends on the geometry of the control system. But to
determine the optimality of the abnormal extremals, the cost function is essential. In fact, for
the same control system different optimal control problems can be stated depending for each
cost function and it might happen that the abnormal extremals are minimizers only for some of
them problems.

As for strict abnormality, it must be proved that the abnormal extremals are not normal. In
other words, there does not exist any covector along the given extremal that satisfies Hamilton’s
equations for normality. The cost function is also essential for proving that an extremal only
admits an abnormal lift.

4.2 Proof of Pontryagin’s Maximum Principle for fixed time and
fixed endpoints

To prove Pontryagin’s Maximum Principle it is necessary to use analytic results about absolute
continuity and lower semicontinuity for real functions, and properties of convex cones. For
the details see Appendices A and B and references therein. The reader is referred to §4.1.3 for
results on perturbations of a reference trajectory in a control system.

In the literature on optimal control, the proof of the Maximum Principle has been discussed
taking into account varying hypotheses [Agrachev and Sachkov 2004, Athans and Falb 1966,
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Bonnard and Caillau 2006, Bressan and Piccoli 2007, Jurdjevic 1997, Sussmann 1998; 2000;
2005]. Most authors believe and justify that the origin of this Principle is the calculus of varia-
tions; see [Zeidler 1985] for instance.

(Proof) (Theorem 4.1.14: Pontryagin’s Maximum Principle, PMP)
L. As (%, u") is a solution of OCP, if 7 is in [a, b], for every initial condition Ay in TZ, M.

we have a solution of HP, A [a,b] — T*M along ’/y?, satisfying that initial condition. The
covector \; must be chosen so that the remaining conditions of the PMP are satisfied.

According to §4.1.3, we construct the tangent perturbation cone I?b in 15+ (b)]\/f that con-
tains all tangent vectors associated with perturbations of the trajectory 4* corresponding to
variations of u*; see Definition 4.1.11.

o~

Let us consider the vector (—1,0)5- () € T5+(p) M—the zero in bold emphasises that 0 is a
vector in T’ « ;) M —which has the following properties:
1. the variation of 20(¢) = f(f F(y*(s),u*(s))ds along (—1, 0) is negative;

2. itis not interior to K, b-

Let us prove the second assertion. Take a local chart at 7*(b) and work on the image of
the local chart, in R™*!, without changing the notation.

Y+ (B)
0 [m®](B)

M
Figure 4.3: Situation if (—1,0)5+(y) is interior to K,
If (—1,0)5+ () was interior to I?b, by Proposition 4.1.12 there would exist a positive

number e such that, for every s € (0, €), there would exist a positive number s, close to
s, and a perturbation of the control u[7*] such that

For this perturbed trajectory we have
S 0 S *
P[re](b) <~ (b)) and [ (b) =7 (b).

Hence there would be a trajectory, ¥[7®], from v*(a) to v*(b) with less cost than 7%, as
pictured in Figure 4.3. Hence 7* would not be optimal. In other words, (—1,0)5+ )
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is the direction of decreasing of the functional to be minimized in the extended optimal
control problem.

The second property implies that K, » cannot be equal to T () M. As (=1,0)5+(p) is not interior
to I?b, there exists a separating hyperplane of I/(\'b and (—1,0)5+() by Proposition B.2.9; that
is, there exists a nonzero covector determining a separating hyperplane. Let Xb € T%‘*(b)]\/f be

nonzero such that ker Xb is a separating hyperplane satisfying

(A, 0p) <0 V7T, € K. o

Observe that if /):b =0el %Z ®) M. , ker //\\b does not determine a hyperplane, but the whole space
. =

B yM-

Given the initial condition Xb € T;:* ®) M, there exists only one integral curve 2 of ()? ) {w"}

such that X*(b) = \p. Hence (X*, u™*) is a solution of HP.
2. Obviously, by construction, ¥* = 77 0 2.
Now we prove that X*, the solution of HP, satisfies the remaining conditions of the PMP.
3a) H (X* (), u* (t)) = SUPycrr H(X* (t),u) almost everywhere.

We are going to prove the statement for every Lebesgue time, hence it will be true almost
everywhere because of Definition A.2.4 and Remarks A.2.5, A.2.6. Suppose that there exists
a control w: I — U and a Lebesgue time ¢; such that u* does not give the supremum of the
Hamiltonian at ¢1; that is,

HO\ (t1), (1)) > HN (t1), u*(t1)).

~

As H(p,u) = (p, X (Z,u)),

~ ~

N (0, XF* (1), () = X" (1), u" (1)) > 0;

~

that is, (\*(¢1),0[m1]) > 0 where
Olm) = XF* (1), u(t1)) — XG* (1), u* (1)) € Ky, C Toeppy M

is the elementary perturbation vector associated with the perturbation data w1 = {t1, 1, u(t1)}
by Proposition 4.1.4.

Let V[mi]: [t1,b] — TM be the integral curve of (X7){"} with (t1,9[m]) as initial

~

condition. For \*, solution of HP, the continuous function ():*, VIm]): [t1,b] — R is constant

~

everywhere by Proposition 2.2.6. Hence (A\*(t1),5[m1]) > 0 implies that (Ay, V[r1](b)) > 0,
which is a contradiction with (A, 0p) < 0 for every v, € K} in (4.2.9), since V[m1](b) € K.
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Therefore,

H&wmngﬁ&mm

at every Lebesgue time on [a, b], so almost everywhere.

~

(3b) sup, ¢y H(A*(t), ) is constant everywhere.

In fact, because of (3a) we know that the supremum is achieved along the optimal curve.

~

Thus (3b) is equivalent to prove that max,cy H (A*(t), u) is constant everywhere. To simplify
the notation we define the function

MoN:T — R
t o MO(t) = maxuey HA (1), w).

In order to prove (3b), it is enough to see that M (X* (t)) is constant everywhere.

First let us see that M o \* is lower semicontinuous on I. See Appendix A.1 for details
of this property. As M(A*(¢)) is the maximum of the Hamiltonian function with respect to
control, for every € > 0, there exists a control u¢: I — U such that

HOV (1), um(t) = MOV(1) - 5 (42.10)
everywhere.

For each constant control % € U, H" o \* = H (X*, u): I — R is continuous on /. Hence
for every to € I and € > 0, there exists § > 0 such that | ¢ — ¢y |< J, we have

| H (V) - H' (N (o) |< 5.

If % = wu(to), then using the continuity of H% o PN
MO (1) = max HO(t),u) > HO (), um(to))

> H(\ (to), um(to)) —

The last inequality is true by evaluating Equation (4.2.10) at t5. Hence M o 2* is lower semi-
continuous at every tg € I; that is, M o \* is lower semicontinuous on /.

The control v* is bounded, that means Im «* is contained in a compact set D C U. Let us
define a new function

MD:T*]/W\ — R
B+ Mp(B) =maxgep H(B,u).

As H(B,-): D — R, u — H((3,u) is continuous by hypothesis and D is a compact, for every
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B € T*M there exists a control wg that gives us the maximum of H (3, u)

Mbp(B) = meagH(ﬁa u) = H(B,wg). (4.2.11)
u
Hence Mp is well-defined on T’ *M. The following sketch explains in a compact way the
necessary steps to prove that M o \* is constant everywhere. In this sketch, the circled figures
in bold refer to statements which are going to be proved in the next paragraphs and a.c. stands
for absolutely continuous and a.e. for almost everywhere.

M o \*is lower semicontinuous on [
H" € C(T*M)
o
H"is locally Lipschitz Vo € D

to R ~®
M p is locally Lipschitz on Im \*

-~

:>@ Mp o A*is a.c. = Mp o A*is continuous
A*is a.c.

D Mp(+(1) < MR (1)), V1t € [a ]
® Mp(A*(t)) = M(A*(t)) a.e.
Mpo \*is a.c. } :>

@ M p o \* has zero derivative

© = (A.15) Mp(X*() = M(X*()) ¥ t € [a,b] _O MO (1)) is
= (A.16) Mp(A\*(t))is constant V t € [a, b] constant V ¢ € [a, b].

® H" € CY(T*M) = H is locally Lipschitz V& € D.

The Lipschitzian property applies to functions defined on a metric space. As the property
we want to prove is local, we define the distance on a local chart as is explained in Appendix
A.l. For every 3 € T*M, let (V;3, ¢) be a local chart centered at 3 such that ¢(3) = 0 and
»(Vg) = B, where B is an open ball centered at 0 € R?>™*2_ If 3, and (35 are in V3, define
dy(B1, B2) = d(¢(B1), #(B2)) where d is the Euclidean distance in R?™ 2,

For every (3 in T*M. , we get an open neighbourhood Vj using the local chart (Vg, ¢). As
H%isC 1(T*]/\4\ ) and « lies in the compact set D, by the Mean Value Theorem for every (3 in
T*M there exists an open neighbourhood Vj such that [H%(31) — H¥(B2)| < Kgdy(B1, Be)
where K3 does not depend on the control u. Thus H ¥ is locally Lipschitz on T* M. Moreover,
the Lipschitz constant and the open neighbourhood Vj can be chosen so as to not depend on
the control since % is in a compact set.

@ H% is locally Lipschitz V& € D = M p is locally Lipschitz on Im PN

Let 3 be in Im \*, there exists an open convex neighbourhood V3 such that

|H™(61) — HY(Ba2)| < Kpd(Bh, 3a)

for every w in D and (31, B2 in V. If w;, wo are the controls in D maximizing H (5, u) and
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H (2, w), respectively, then
H(/Blv ﬁ)/2) S H(ﬁla ’[El)a

H(B2,w1) < H(B2,ws).
Moreover, H”' and H”? are Lipschitz on V3 since the Lipschitz constant and the neighbour-
hood is independent of the control. Then using the last inequalities
H"(B1) — H™ (%) < H™ (61) — H™(Bs)

—Kpd(p1,32) <
< H"(By) — H™(82) < Kpd(B1, Ba).-

Observe that by Equation (4.2.11), H"'(8;) — H"2(f2) = Mp(B1) — Mp(f32). Hence

|IMp(B1) — Mp(Ba)| < Kgd(B1,32), VY B1,02 € Vg, (4.2.12)

that is, M p is locally Lipschitz on Im 2*. As A* s absolutely continuous, Im 2 s compact.
Thus we may choose a Lipschitz constant independent of the point 3. Hence

IMp(B1) = Mp(B2)| < Kd(B1,32), Y p1,B2 € V3.

(3 M p is locally Lipschitz on Im 2* and \* is absolutely continuous = Mp o NI >R
is absolutely continuous = Mp o A*: I — R is continuous.

For every t € I, let us consider the neighbourhood VA*( n where Equation (4.2.12) is satis-

fied. AsIm \* isa compact set,

e there exists a finite open subcovering V~, (t1) " V;

(1) of {VA*(t) ; t €I}, and

e there exists a Lebesgue number [ of the subcovering, that is, for every two points in an
open ball of diameter [ there exists an open set of the finite subcovering containing both
points.

For the Lebesgue number /, by the uniform continuity of X*, there exists a §; > 0 such that for
each t1, t2 in I with |to — ¢1| < &;, then d(A*(¢2), A*(£1)) < . Thus there exists an open set of
the finite subcovering containing A*(¢1) and A*(¢2).

On the other hand, taken ¢ > 0 the absolutely continuity of 2* determines a 9 > 0.

To prove the absolute continuity of M p o 2, take § = min{d;, d. }. Then, for every finite
number of nonoverlapping subintervals (¢;,, t,) of I and with >~7 , [t;, — ;] < 6,

>~ Mo (1)) = Mp (3 (1)) < D2 KR (1), X (1)) < Ke.
i=1 =1

In the first step we use that § < &; to guarantee that A*(t;,) and A*(¢;,) are contained in the
same open set of the finite subcovering of Im A\*. That allows us to use the property of being
locally Lipschitzian. Secondly, we use that § < J, to apply the absolute continuity of A*.

As Mpo N s absolutely continuous on I, Mp o \* is continuous on 1.
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@ MD(X* (1)) < M(X*(t)) everywhere.

Observe that

~

Mp(X*(t)) = gleagH(X*( );u) < rgeagH(/\ (£),u) = MO (1)),

foreacht € I.
3 M(A*(t)) = Mp(A*(t)) almost everywhere.

For each ¢ € [ there exists a control w(t) maximizing H (X*(t), u) over the controls in D
because of condition (3a),

Mp(N () = max HN*(t), u) = H*(t), w(t)).

ueD

Asu*(t) € D foreacht € I,

e H(N (1), u) = max H(V (), u) = M(X"(£)) = HO (1), u" (1)

almost everywhere by (3a). Thus M(X*(t)) = MD(X* (t)) ae.

® Applying Proposition A.1.7, we have M p(\* (1)) = /\/I(X*( t)) everywhere on I, be-
cause M p o \* is continuous on I, Mo A* is lower semicontinuous, M p(A*(t)) < M(A*(t))
everywhere and M p(A*(£)) = M(X*(t)) almost everywhere.

(D M p o X* has zero derivative.

As Mp o 2* s absolutely continuous on I, by Proposition A.1.4 it has a derivative al-
most everywhere. As the intersection of two sets of full measure is not empty—see Ap-
pendix A.1—there exists a to € I such that Mp o \* is derivable at ¢, and M p(\*(t)) =

H(X*(to), u* (o). For each t # tg, by the definition of M, we have

Mp(\*(t)) = max HN (t),u) > HO*(t), u* (o))

ueD

because u*(t9) € D. Thus
Mp(N*(£)) = Mp(X*(t)) > H(X(t),u* (t)) — H(N"(to), u* (to))-
Ift—1ty >0,

Mp(\*(t)) = Mp(X*(to) _ HO" (), w” (to)) = HO (to), u" (tn))
t—to o t—1o

Let us compute the right derivative of M p o 2\ at to

dMpoX)| . Mp(\*(t) = Mp(\(to)

+ J—
At | t—to




4. Geometric Pontryagin’s Maximum Principle 71

H ) (X*(¢)) — HY ) (¥ (¢ .
> lim (X'(1)) (A (o)) =L pur gy H" (to) =,
t—tt t— 1o X3s
0 (to)

since i)?T*{u*(t0>}Q =1 (XT*{u (io)}> 0= (dHu*(to))

N+ X*(to)"
X (to) A"(fo) (to)

Similarly, if t — tg < 0,
d(Mp o \*¥)

<0.
dt =0

t=t,

Hence the derivative of M p o A\* is zero almost everywhere.

Applying Theorem A.1.5, Mp o \* is constant everywhere, because M p o N* is abso-
lutely continuous.

® As Mp (/):* (t)) and M (X* (t)) coincide everywhere, MOo)* is constant everywhere on I.

(Be) N () #£0 € T;Y"*(t)]\/ffor eacht € [a,b].

Let us suppose that there exists 7 € [a, b] such that \*(7) = 0 € Ty M. As \*is a

generalized integral curve of (X7"){%"}, a linear vector field over X, we have X*(t) = 0 for
each t € [a, b]. As there exists at least a time such that \*(7) # 0, we arrive at a contradiction.
Hence \*(t) # 0 for each t € [a, b].

(3d) A\j(t) is constant, A§(t) < 0.

From the equations satisfied by the generalized integral curves of ()A( ( ){“*}, we have pg is
constant. It was seen that (A, (—1,0)) > 0 is equivalent to (po © A*)(b) = \o(b) < 0. Hence
Ao < 0foreacht € [a,b]. ]

Comment: As Xb is determined up to multiply by a positive real number, we may assume that
Ao € {—1, 0}

The way in which perturbations have been used in this proof gives some clue concerning
the fact that the tangent perturbation cone is understood as an approximation of the reachable
set defined in §3.2. A precise meaning of this approximation is explained in §4.5.2 and §4.6.2.

The covector in the proof has been chosen such that

</):b> <_170)> 2 O>
M, Ty) <0 VT € K.

In the abnormal case A\g = 0 and the first inequality is satisfied with equality. Thus the vector
(—1,0) is contained in the separating hyperplane, whereas for normal extremals (—1, 0) is not
contained in the separating hyperplane. These two situations are shown in Figure 4.4. It would
be interesting to determine geometrically what else must happen in order to have abnormal
minimizers.
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Figure 4.4: Separation condition for an extremal being normal and abnormal, respectively.

4.3 Pontryagin’s Maximum Principle for nonfixed time and non-
fixed endpoints

Now that Pontryagin’s Maximum Principle has been proved for time and endpoints fixed, let us
state the different problems related to Pontryagin’s Maximum Principle with nonfixed time and
nonfixed endpoints.

4.3.1 Statement of the optimal control problem with time and endpoints non-
fixed

We consider the elements M, U, X, F, S and w9 with the same properties as in §2.2.1, §4.1.1.
Let S, and Sy be submanifolds of M.

Statement 4.3.1. (Free Optimal Control Problem, FOCP) Given the elements M, U, X, F,
and the disjoint submanifolds of M, S, and Sy, consider the following problem.

Findb € R and (v*,u*): [a,b] — M x U such that
(1) v*(a) € Sq, v*(b) € Sy (endpoint conditions),
(2) ~* is an integral curve of X v} : 4+ = X1u"} o (v*,id), and
(3) Sy*,u*] = ff F(v*(t),u*(t))dt is minimum over all curves (y,w) satisfying (1) and
(2) (minimal condition).
The tuple (M, U, X, F,S,, S¢) denotes the free optimal control problem.

Statement 4.3.2. (Extended Free Optimal Control Problem, FOCP ) Given the elements M
and X defined in §4.1.2 and the FOCP, (M,U, X, F, Sy, Sy), consider the following problem.

Findb € R and (*,u*): [a,b] — M x U, with v* = 1 0%, such that
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(1) 7*(a) € {0} x Sq, v*(b) € S} (endpoint conditions),

(2) 7* is an integral curve of X '}: 3+ = X"} o (3%,id), and

(3) 7" (b) is minimum over all curves (¥, ) satisfying (1) and (2) (minimal condition).
The tuple (]\/4\ ,U, X , Sa, Sy) denotes the extended free optimal control problem.

4.3.2 Perturbation of the time and the endpoints

In this case of nonfixed time and nonfixed endpoint optimal control problems, we not only
modify the control as explained in §4.1.3, but also modify the final time and the endpoint
conditions. As was mentioned in §4.1.3, the following constructions obtained from perturbing
the final time and the endpoint conditions are also general for any vector field depending on
parameters.

4.3.2.1 Time perturbation vectors and associated cones

We study how to perturb the interval of definition of the control taking advantage of the fact
that the final time is another unknown for the free optimal control problems.

Let X be a vector field on M along the projection 7: M x U — M, I C R be a closed
interval and (y,u): I = [a,b] — M x U a curve such that y is an integral curve of X {u},

Letmy = {7,l;,07,u,}, where T is a Lebesgue time in (a, b) for X o (v, u), I, € RTU{0},
7 € R, ur € U. For every s € R" small enough that a < 7 — (I, — d7)s, consider
u[rg]: [a, b+ sd7] — U defined by

u(t), tea,m— (I —07)s],
ulmf)(t) =< ur, te(7—(ly—7)s,7+s07],
u(t), te(1+sdt,b+ soT],

if 67 < 0, and by

u(t), tela,m— (Il —o7)s],
ulri](t) = 9 ur, te(r—(y—067)s, 7+ s07],
u(t —sor), te (74 soT,b+ sot],
if o7 > 0.

Definition 4.3.3. The function u[r%] is called a perturbation of u specified by the data 7w+ =
{1,l,0T,u; }.

Associated to u[r%| we consider the mapping y[75]: [a,b + sd7] — M, the generalized
integral curve of X {1} with initial condition (a, y(a)).

Given € > 0, define

Oryt [T,0] X [0,] — M
(t,s) —— or(t,s) =[rL](t + s07).
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Forevery t € [7,0], ¢% : [0,€] — M is given by ¢! (s) = ¢r, (L, 5).

As explained in §4.1.3, the control u[7%] depends continuously on the parameters s and
7+ = {7,l;, 7, u, }. Hence the curve .. .. depends continuously on s and 71 = {7,1;,07, u, },
and so it converges uniformly to v as s tends to 0. See [Caifiizo—Rincén 2004, Coddington and
Levinson 1955] for more details of the differential equations depending continuously on pa-
rameters.

Let us prove that the curve 7, has a tangent vector at s = 0; cf. Proposition 4.1.4.

Proposition 4.3.4. Let 7 be a Lebesgue time. If u|[m%] is the perturbation of the control u
specified by the data 7o = {7,l;,0T,u:} such that T + st is a Lebesgue time, then the
curve o7 - [0,¢] — M is differentiable at s = 0 and its tangent vector is X (y(),u(T)) 6T +

(X (y(1),ur) — X (Y(7), u(T))] I

(Proof) As in the proof of Proposition 4.1.4, we compute the limit

A= lin (#7097, )(s) = (2" 2 7, )(0) _ iy V[ (r + s07) — (7).
S— S 55— S

As ~ is an absolutely continuous integral curve of X1 | 4(t) = X (v(t),u(t)) at every
Lebesgue time. Then, integrating,

7i(r) — 7(a) = / " (), u(t)dt

and similarly for y[7%] and u[7%]. Observe that y[7%](t) = ~(t) and u[r}](t) = u(t) for
tela,m— (Il —07)s].

Here, we should consider three different possibilities:

e if0 <07 <l thenT — (I; —07)s <7 < T+ $0T;

o if 7 <0, thenT — (I — 7)s < T+ sdT < T}

o if 0 <l <dr,thenT <7 — (I —07T)s < T + $OT.

We prove the proposition for the first case and the other cases follow analogously.

S Fi ] @), ulrd ] @)dt = [T (8, u())dt

A = lim
s—0 S
T+S80T i s T i
i f‘rj—(l-rfé‘r)s f (ry[ﬂ-:t](t)v UT)dt - fff(lf —o1)s f (’Y(t)’ u(t))dt
= 1m .
s—0 S

As T + s07 is a Lebesgue time, using Equation (A.2.3) we have

A = lm Fiym)(r + 807), ur)lrs — fi(y(7),u(T))(ly — 67)s + o(s)

s—0 S

= lim f(y[mL](r + 507), un)ls — Fi(3(7), u(r)) (L — 67).

s—0
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As f* is continuous on M, we have

A = [FOr(n),un) = F(0 (), u(n))] L+ F1(y(7), u(r)) 67
= L(X(v(r),u(r)) 7 + (X (v(7),ur) = X (v(7), u(7))) I])(a").

Definition 4.3.5. The tangent vector

vfre] = X (v(7), u(r)) 07 + [X (v(7), ur) = X ((7), u(7))] -

is the perturbation vector associated to the perturbation data 7. = {7,1;,07T,u.}.

If we disturb the control r times at r different Lebesgue times as in §4.1.3 and also the do-
main of the curve (v, u) as just described, we have the perturbation data 7 = {my, ..., 7, 71},
witha < t; < ... < t, < 7 < b. From the generalized integral curve [r®] of X {u[™"l}
with initial condition (a,y(a)), we construct the curve ¢’ : [0,¢] — M for t € [r,b] given by

7 (s) = A (t + s67).

Corollary 4.3.6. Let t be a Lebesgue time in [1,b]. If the data m = {71, ..., 7., 71} defines a
perturbation of the control u, then the vector tangent to the curve oL : [0,¢] — M at s = 0 is
X(v(t),u(t)) o1 + V[m](t) + ... + V]m|(t), where V[m;]: [ti,b] — T M is the generalized
integral curve of (X7T) Y \oith initial condition (ti,v[mi]) where vlm;| € Ty \M fori =
1,...,r.

(Proof) This corollary is proved taking into account Propositions 4.1.6, 4.1.7, 4.3.4, Corol-
lary 4.1.9 and §2.2.2.1. [ |

Now, at a Lebesgue time ¢ € (a,b), we construct a new cone such that it contains the
tangent perturbation cone K, in Definition 4.1.11 and =X (y(t), u(t)).

Definition 4.3.7. The time perturbation cone thE at every Lebesgue time t is the smallest
closed cone in T ;) M containing Ky and =X (y(t), u(t)).

K = conv | {£uX (y(t),u(t)) | p € R} U U (q)é%}L KERE

a<t<t
T is a Lebesgue time

where V; denotes the set of elementary perturbation vectors at T, see Definition 4.1.11.

Enlarging the cone K, to K= allows us to introduce time variations.

Proposition 4.3.8. Ifts is a Lebesgue time greater than ty, then

X {u} + +
(q>(t2’tl)>* K C K.
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(Proof) We have

K =conv [{£nx(m)ut) lneryJ | U (28) W

a<t<t1
T is a Lebesgue time

Just for simplicity we use Ctjf to denote

conv | (euX ()t e R} | U (o) »r

a<t<ty
7 is a Lebesgue time

1. The set th being convex, if v is interior to Ktjl[, then v is interior to CtjlE by Proposition
B.1.5, item (d). Hence, by Proposition B.1.4

v =loX (v(t1),u(t1)) + ZliV[m] (t1),
i=1

where every V[m;](1) is the transported elementary perturbation vector v[m;| from ¢; to
t1 by the flow of X{},1; € [0,1] fori = 0,...,7 and }"/_,I; = 1. By definition of the

cone and the linearity of the flow, <<I>€§ {1} ) vis in K, since
2,t1) / 2

(@20 (X( (1) u(t) = X (1(t2), ult2)),

because both sides of the equality are the unique solutions of the variational equation
along ~y associated with X {“} with initial condition (t1, X (v(t1),u(t1))). See §2.2.2.1
for more details.

2. If v is in the boundary of K il, then there exists a sequence of vectors (v;);en in the
interior of KtjlE such that

lim v; = v.
j—>OO

Due to the continuity of the flow
. x{u} . x{u}
]EHSO <(I)(t2,t1)> * Uj o (¢(t2’tl))* v

All the elements of the convergent sequence are in the closed cone K’ iQ, hence the limit

x{u} . . +
(CIJ(t%tl))* visalsoin K .

If the interior of KtjlE is empty, we consider the relative topology briefly defined in Ap-
pendix B.2 and the reasoning follows as before.

For the time perturbation cone K= and the corresponding perturbation vectors, it can be
proved properties analogous to the ones stated in Propositions 4.1.4, 4.1.6, 4.1.7 and 4.1.8.
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Proposition 4.3.9. Let t € (a,b) be a Lebesgue time. If v is a nonzero vector interior to K. *
then there exists € > 0 such that for every s € (0,¢) there are s' > 0 and a perturbation of
the control u[ry, | such that [, |(t 4 s6t) = ~(t) + s'v where wy is the perturbation vector
associated to the perturbation of the control.

(Proof) The proof follows the same line as the proof of Proposition 4.1.12, but now the
tangent space to M at y(t + sdt) is also identified with R™ through the local chart of M at

v(t).

We use the same functions as in the proof of Proposition 4.1.12, but having in mind that
['(s,r) = v[my,|(t) in Equation (4.1.2) is replaced by I'(s, r) = v[my, | (t + sdt). ]

4.3.2.2 Perturbing the endpoint conditions

Now we consider that the endpoint conditions for the integral curves of X {“} varies on sub-
manifolds of M. Let S, be a submanifold of M and v(a) in S,; consider the integral curve
~v: I — M of X{¥} with initial condition (a,~(a)).

We consider the curve ~y[r4] obtained from a time perturbation of the control u associated
with a vector in the time perturbation cone. The initial condition is disturbed along a curve
d: [0,¢] — S, with initial tangent vector v, in T’;(4)S, and 6(0) = y(a). Taking into account
§2.2.2.1, §4.1.3.1 and considering that 7', ,)S, and an open set at 6(a) are identified with R™,
the integral curve ;s [73]: I — M of X {ul*3]} with initial condition (a, 8(s)) can be written
as

) = (0) + 5 (o)
We define a cone that includes the time perturbation vectors, the elementary perturbation vec-
tors and the vectors coming from changing the initial condition on .S, along different curves
d:[0,€¢] — S, through y(a) and contained in S,,.

)* va + suma](t) + o(s).

Definition 4.3.10. Let t be a Lebesgue time for the reference control u. The cone IC; is the
smallest closed and convex cone in T, ;) M containing the time perturbation cone at time t and
the transported of the tangent space to S, from a to t through the flow of X {u},

K = conv(K; | (@55{;;})* (T(a)Sa))

Proposition 4.3.11. Let t be a Lebesgue time in (a,b) and S C M be a submanifold with
boundary. Suppose that (t) is on the boundary of S. Let T be the half-plane tangent to S
at y(t). If ICy and T' are not separated, then there exists a perturbation of the control u|ry, |,
where wy is the corresponding perturbation vector, and x, € S, such that the integral curve
Voo [Tiog) of X Wlmuol} swith initial condition (a, x.4) meets S at a point in the relative interior of

S.

(Proof) As Ky and T are not separated, by Proposition B.2.9 there no exists any hyperplane
containing both and there is a vector v in the relative interior of both K; and T'. By Corollary
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B.2.10, if K; and T are not separated,
TyyM =K —T.

See Appendix B for the notation and properties. If V' is an open set of a local chart at (¢),
we identify V' with R™ and also the tangent space at 7(t), T, 4)M, in the same sense as in

Equation (4.1.1). Let us consider an orthonormal basis in Tv(t)M ,{e1,...,em}. If we take
ep = —(e1 + ... + enm), the vector 0 € T,Y(t)M is expressed as an affine combination of
€0,€1y...,Em:

1 1

. 4.3.13
m+1eo+ +m+lem ( )

Each w in T’ ;) M is written uniquely as

w=a'e; +...+a e

and as an affine combination—see Definition B.1.2—of eg, e1, ..., emn:
m m m ;
. . 1-— v oat
w= Z; b (w)e; = reg + z;(r +a')e; with r = mzji_ll )
1= 1=

Hence, we define the continuous mapping

G:TyyM — R™
w o (B(w), b (w),.... b (w))

As b'(0) > 0 for every i = 0,...,m because of Equation (4.3.13), there exists an open ball
B(0,r) centered at 0 with radius r such that for every w € B(0,7), b'(w) > 0fori = 0,...,m.
Now we consider the restriction of G to the closed ball B(0, r), g : B(0,r) — [0, 1]™F1,

B(0,r) -
Choose vectors ef € Ky and eiT € T such that

ei=cf —el.
As v lies in the relative interior of both convex sets, eX -+ v is in the relative interior of K

and eiT + v is in the relative interior of 7". Thus, if we rename the vectors, we always have

e; = e;c — eiT, where each vector is in the relative interior to the corresponding set. For any
w € B(0,r),
m m
i K
w = Zb’(w)ez = Zb’(w) (e —€)
=0 i=0

Then we can define

F,: B(O,r) — T
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and let us consider the mapping
G:Rx B(0,r) — R™
’Y[W}g:l (w)](t) - V[W;Q(W)](t)

(s,w) +—— S )

where ([, (w)] is the perturbation curve associated to 77, and 7[%}2(11})](75) = 7(t) +
sFy(w) is the straight line through ~(¢) with tangent vector F»(w). As the perturbation vec-
tors are in the relative interior of the convex cones, we use Proposition 4.1.12 and the linear
approximation (4.1.1) in such a way that G(s,w) = F(w) — Fa(w) + o(1). Hence

lim G(s,w) = Fi(w) — F3(w) = w.

s—0

Hence, for any positive number €, there exists sop > 0 such that if s < s then ||G (s, w) —w|| <
€. Take € < 7, then
1G (s, w) —w|| <e<r=|uw]

for every w in the boundary of B(0, 7). Thus the map G,: B(0,r) — R™, Gs(w) = G(s,w),
satisfies the hypotheses of Corollary A.3.2 for the point 0 in B(0,r). Hence, the point 0 is in
the image of B(0, r) through G and there exists w such that Gs(w) = 0, that s,

VT ()| (E) = YT ()] (1)

Therefore, there exists a perturbation of the control, given by u[w}l (w)} such that the associated
trajectory meets .S in an interior point since F»(w) lies in the relative interior of 7. [ |

4.3.3 Pontryagin’s Maximum Principle with time and endpoints nonfixed

Bearing in mind the symplectic formalism introduced in §2.3.1 and §4.1.4, we define the corre-
sponding Hamiltonian Problem when the time and the endpoints are nonfixed.

Statement 4.3.12. (Free Hamiltonian Problem, FHP) Given FOCP (M,U, X, F,S,,S¢),
and the equivalent FOCP (M, U, X , Sa, Sf), consider the following problem.

Find b € R and (A, u): [a, b] — T*M x U, with‘?zﬂﬁo}\\and’yzﬂ'goﬂy\, such that

(1) 7(a) € {0} x Sq, v(b) € Sy, and

(2) Nt) = KT (N(8), u(t)) for a.e. t € I.

The tuple (T*J\//.T ,U, X ™. 8, S t) denotes the free Hamiltonian problem.

Comments:

1. The minimum of the interval of definition of the curves is a, but the maximum is not
fixed.
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2. The curves ~, 7 and \ are assumed to be absolutely continuous. So they are generali-

= oo {0}
zed integral curves of X {“}, X{u} and (X T ) h , respectively, in the sense defined in
§2.2.1.

Now, we are ready to state the Free Pontryagin’s Maximum Principle that provides the
necessary conditions, but in general not sufficient, for finding solutions of the free optimal
control problem.

Theorem 4.3.13. (Free Pontryagin’s Maximum Principle, FPMP)
If (7, u*): [a,b] — M x U is a solution of the extended free optimal control problem, State-
ment 4.3.2, then there exists (\*,u*): [a,b] — T*M x U such that:

1. it is a solution of the associated free Hamiltonian problem in Statement 4.3.12;
% k.
2.y =m 17 © ¥

3. (a) H (X* (1), u*(t)) = SUD,cy H(\*(t),u) almost everywhere;

~

(b) sup,cy H(X*(t),u) = 0 everywhere;
(c) N(t) £0 € T;;*(t)]\//ffor eacht € [a,b];
(d) Xj(t) is constant, \j(t) < 0;

(e) transversality conditions: \*(a) € ann T« (4)S, and X*(b) € ann Ty« Sy.

Observe that once we have the optimal solution of the F @P, the final time and the end-
point conditions are known and fixed. We might think of just applying Theorem 4.1.14 in order
to prove Theorem 4.3.13. However, this is not possible because the freedom to chose the final
time and the endpoint conditions, only restricted to submanifolds, in Statement 4.3.2 is used in
the proof of FPMP to consider variations of the optimal curve that are slightly different from
the variations used in the case of fixed time, see §4.1.3 and §4.3.2 to compare them.

Apart from the transversality conditions, the main difference between FPMP and PMP is the
fact that the domain of the curves in the optimal control problems is unknown. This introduces a
new necessary condition: the maximum of the Hamiltonian must be zero, not just constant—see
comment 4 after Theorem 4.1.14 to understand why the maximum can be used instead of the
supremum. Then, from (3a) and (3b) it may be concluded that the Hamiltonian is zero almost
everywhere. For instance, in the time optimal problems the Hamiltonian along extremals must
be zero.

There are different statements of Pontryagin’s Maximum Principle. In §4.1.4 we have con-
sidered the statement of PMP for a fixed—time problem without transversality conditions to
simplify the proof, although it may be stated the PMP for the fixed—time problem with vari-
able endpoints where the transversality conditions appear. There also exists the PMP for the
FOCP with the degenerate case that the submanifolds are only a point, then the Theorem is the
following one.
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Theorem 4.3.14. (Free Pontryagin’s Maximum Principle without variable endpoints)

If (7 ,u*): [a,b] — M x U is a solution of the extended free optimal control problem,
Statement 4.3.2, with endpoint submanifolds S, = {x,} and Sy = {xs}, then there exists
(X*,u*): la,b] — T*M x U such that:

1. it is a solution of the associated free Hamiltonian problem in Statement 4.3.12;

~
—~ 0 )\*;

2.yt =mgp

3. (a) H (X*(t),u*(t)) = sup,cy H (X*(t),u) almost everywhere;
(b) sup,cy H (X*(t), u) = 0 everywhere;

(c) N (t)#0 € Ta**(t)]\?for eacht € [a,b|;
(d) N\j(t) is constant, \§(t) < 0;

The only difference with Theorem 4.3.13 is that the transversality conditions do not appear.

4.4 Proof of Pontryagin’s Maximum Principle for nonfixed time
and nonfixed endpoints

In the proof of Theorem 4.3.13 we use notions about perturbations of the trajectories of a system
introduced in §4.3.2. Observe that they are slightly different from the perturbations in §4.1.3
used to prove Theorem 4.1.14.

(Proof) (Theorem 4.3.13: Free Pontryagin’s Maximum Principle, FPMP)

Given a solution of the F@P, we only need an appropriate initial condition in the fibers
of m37: T*M — M to find a solution of the FHP. Note that this initial condition is not
given in the hypotheses of the Free Pontryagin’s Maximum Principle. It is not possible to use
Theorem 4.1.14 directly because the perturbation cones are not the same. Indeed, we need to
consider changes in the interval of definition of the curves. These changes imply the inclusion
of £ X (7*(t1), w*(t1)) in the perturbation cone at time ¢1. All the times considered in this proof
are Lebesgue times for the vector field along the optimal curve.

By Proposition 4.3.8, for t9 > t1,
X" RE K
(t2;t1) ), "t C Ly,

Let us consider the limit cone as follows

>t Xl ot
K= U (efY) BE
a<t<b
T is a Lebesgue time
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Observe that it is a closed cone and it is convex because it is the union of an increasing family
of convex cones. Let us show that (—1,0)5«() is not interior to K, bi. Indeed, suppose that
(—1,0)5+(p) is interior to the limit cone, then it will be interior to

X\ 4
U <<I>(b,r) ) Le
a<1t<b
T is a Lebesgue time

by Proposition B.1.5, item (d). As we have an increasing family of cones, there exists a time 7

such that (—1, 0)5+ () is interior to (@{g{:)}) I/(\'f Let us see that this is not possible.

If (=1, 0)5+(y) is interior to (@{g{:)})*f(} then, by Proposition 4.3.9, there exists € > 0
such that, for every s € (0, ¢), there exist s’ > 0 and a perturbation of the control |7}, | such
that

V) (b + s67) = 77(b) + 5'(—1,0).

Hence
0
A0 [T, (b + 86T) <" (b) and  ~[my, J(b+ s6T) = ~v*(b).

That is, the trajectory ~[x3 ] arrives at the same endpoint as v* but with less cost. Then 7*

2 u
cannot be optimal as assumed. Thus (—1,0)5+ () is not interior to g[.

As (—1,0)5+() is not in the interior of K f, by Proposition B.2.9 there exists a covector
Ay € T$*(b)M such that

</):b7 (_17 O)> > Oa

Qo) < 0 Ve K

The initial condition for the covector not only must satisfy the previous inequalities, but also
the transversality conditions. In order to prove this, it is necessary to have the separability of
two new cones.

(3e) Hence, the initial condition in the fibers of T*M may be chosen satisfying the transver-
sality conditions. We consider the manifold with boundary given by

My ={(2°%z) |z € Sy, 2° <+ (b)}.

The set of tangent vectors to M at 5*(b) is the convex set whose generators are (—1,0)5+ ()
and Tf = {0} X T'y*(b)Sf'

Given T € [a, b], consider the following closed convex sets

K- = conv(KFU@FL)(TL)), where T, = {0} X Ty+(q)Sas

Jr = conv((—1,0)5(r) U(‘I)gg’:;})gl(Tf)), where Ty = {0} x T~ Sy,

and the manifold M, obtained transporting M from b to 7 using the flow of X"}, Observe
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that 7 is the closure of the set of tangent vectors to M, at the point 7*(7). We are going to
show that the cones K and 7, are separated, using Proposition 4.3.11.

Observe that 7, is a half-plane tangent to M, and 7*(b) is on the boundary of My by
construction. Hence, if K and J;, were not separated, by Proposition 4.3.11 there would exist a
perturbation of the control u[r;, ] and z, € S, such that the integral curve v, [r;, | with initial
condition (a,x,) meets M at a point in the relative interior of M. Hence we have found a
trajectory with less cost than the optimal one because of the definition of M. But this is not
possible because of the optimality of 4*. Thus K and 7} are separated. So, by Proposition
B.2.9, there exists a covector Xb c T;;*(b)]\/i such that

(M, p) < 0 V7, €Ky, (4.4.14)
Ko, @) > 0 Yy €T (4.4.15)

This covector separates the vector (—1,0)5+) € J, and the cone K bi C ICbi. Let A* be the
integral curve of (X7"){*"} with initial condition (b, \,).

As T} is contained in 73, we have <Xb, v) > 0 for every v € Ty. As T} is a vector space, if
v € Ty, then —v € T. Hence, we have

(Xb,@ =0 for every v e Ty.

That is,
(Ap, (0,v)) =0 for every v € T,)Sy.

This is equivalent to (A, v) = 0 for every v € T« ;) Sy; thatis, Ay = A*(b) € T, pyM is in
the annihilator of T’ «;) Sy as wanted.

For every wy, € Jp, C T:Y*(b)]/w\, if V: I — TM is the integral curve of (X7){*"} with
initial condition (b, @,) where @y, € Ty M, then by Proposition 2.2.6 the continuous natural
pairing function (A\*,V): I — R is constant everywhere and (A\*(a),V(a)) > 0 by Equa-
tion (4.4.15). As (@X {u*})*_ YJ) = J. by the continuity and the linearity of the flow, the

(b,a)
transversality condition at a is proved analogously as the transversality condition at b proved

above.

Since (7*,u*) is a solution of the FOCP, it is also a solution of OCP with time and
endpoints fixed given by the curve. Hence, we can apply Pontryagin’s Maximum Principle
Theorem 4.1.14, for time and endpoints fixed. If the curve (7%, u*) is a solution of OCP with
I = [a, b] and endpoints 7*(a) and 7" (b), O, u*): [a,b] — T*M x U is a solution of the HP,

such that 4" = 747 o A*, and moreover \* satisfies

(3a) H (X*(t),u*(t)) = sup,cy H (X*(t),u) almost everywhere,
(3b) sup,cy H (X*(t), u) is constant everywhere,

() N*(t) £0 € Tz (t)]/\/[\ for every ¢ € [a, b], and
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(3d) A§(t) is constant, Aj(¢) < 0.

Observe that it only remains to prove (3b) of the Free Pontryagin’s Maximum Principle,
since (3a), (3¢) and (3d) are the same in both Theorems 4.1.14, 4.3.13.

(3b) Due to (3a) we already know that the maximum of the Hamiltonian is constant every-
where along (\*, u*). Now, let us prove that it can be taken to be zero everywhere.

Take v, = i)?@*(b),u*(b)) € I?f C TyeyM. If V:1 — TM is the integral curve
of (XT){"} with initial condition (b, 3}), then the continuous function (X*, V): 1 — Ris
constant everywhere by Proposition 2.2.6. Thus,

(1), V() = (N (t), £ X (3 (), u*(t))) <0 for every t eI
by Equation (4.4.14), and this implies that
(A" (1), X (3" (1), u” (£))) = 0.

As (N (), X7 (), w* (1)) = H(N\*(t),u*(t)), the Hamiltonian function is zero everywhere
and the maximum of the Hamiltonian function is zero everywhere by (3b) in Theorem 4.1.14.1

Observe that the initial condition for the covector in this proof has been chosen such that the
tangent spaces to the initial and final submanifolds are contained in the separating hyperplane
defined by the covector. In this statement of the Maximum Principle the initial condition for the
covector must satisfy more conditions (namely the transversality conditions) than in Theorem
4.1.14.

4.5 Abnormality, controllability and optimality

In control theory, the reachable sets are useful to determine the accessibility and the control-
lability of the systems as briefly commented in §3.2. In optimal control, the reachable set has
great importance for distinguishing the abnormal optimal curves from the normal ones [Bullo
and Lewis 2005b, Langerock 2003a]—see Definition 4.1.15 for the different optimal curves.

We are going to establish relationships between abnormality, controllability and optimality;
always with the purpose of characterizing abnormality.

4.5.1 Generalization of the notion of linear controllable

The notion of linear controllability appears in Definition 3.2.7 for control-affine systems. We
are going to extend this notion to any general control system having in mind the elementary per-
turbations of the controls described in §4.1.3.1 and the tangent perturbation cone in Definition
4.1.11.

Definition 4.5.1. Let 7: M x U — M be a projection and (y,u): [a,b] — M x U be a
reference trajectory of a control system X € X(m). Let t1 € [a,b] such that ¥(t1) = x. The
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system is linear controllable at t, along ~ if the tangent perturbation cone K, is the entire
tangent space I y) M for each t > 1.

As stated in [Tyner 2007, Theorem 2.7], there exists an equivalent way to characterize
the reachable set (3.2.2) of the linearized system of a control-affine system along a trajectory
(7, u); that is,

XT
R (0g,t) = spang U 7 (vr)
a<t<t
vr€{w* 5 ((7)) [wel}
From here it is clear that Definition 4.5.1 coincides with the one of linear controllability in
Definition 3.2.7 for control-affine systems.

Proposition 4.5.2. Let (y,u): I — M x U be an optimal curve of OCP in Statement 4.1.1.

1. If the optimal curve is abnormal, then the system is not linear controllable at ~(t) for
every timet € I.

2. If the control system is linear controllable at t1 € I along -y, then it is small-time locally
controllable from ~(t1).

(Proof)

1. If an optimal curve is abnormal, according to Definition 4.1.15 there exists a lift A to the
cotangent bundle satisfying the conditions in Theorem 4.1.14 with py = 0. If so, the
separation condition in Equation (4.2.9) is

(A(t), Ky) <0.

Assume that the system is linear controllable, then K; = T, ;)M and the inequality is
satisfied only if X is the zero momenta. But, because of Theorem 4.1.14, (pg, A) cannot
vanish simultaneously.

As a result of this contradiction, we have that if an optimal curve is abnormal, then the
system is not linear controllable at (¢) for ¢ € I.

2. If the system is linear controllable at ~(t), then K, ;) = T,y M. Thus, by Proposition
4.1.12, ~(t) is in the interior of the reachable set; that is, the control system is small-time
locally controllable from ~(t).

This proposition provides a necessary condition for abnormality: not to be linear control-
lable. A sufficient condition for not being linear controllable is not to be small-time locally
controllable. At this point, the abnormality can be characterized using the results about suffi-
cient conditions for small-time locally controllability in the literature of control systems, see
for instance Theorem 3.3.2 and [Basto-Gongalves 1998, Lewis and Murray 1997, Sussmann
1978; 1987].
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4.5.2 The tangent perturbation cone as an approximation of the reachable set

The concept of linear controllable introduced in Definition 3.2.7, generalized in Definition 4.5.1
and used in Proposition 4.5.2 justifies the effort to understand the linear approximation of the
reachable set given by the tangent perturbation cone. Moreover, a key point in the proof of
Pontryagin’s Maximum Principle that comes from Proposition 4.1.12 also depends on the un-
derstanding of that linear approximation of the reachable set in a neighborhood of a point in
the optimal curve. This interpretation of the tangent perturbation cone has been studied by
Agrachev [2002b], Agrachev and Sachkov [2004], but we will study it in a great and clear
detail in this section.

In the sequel, we explain why this interpretation of the tangent perturbation cone is feasible.
Remember from §2.2 that a time—dependent vector field on M has associated the evolution
operator ®X: I x I x M — M, (t,s,x) — ®X(t,s,z) as defined in Equation (2.2.2).

Proposition 4.5.3. Let X, Y be time—dependent vector fields on M, then there exists a time—de-
pendent vector field Z such that

o3 (@) = (o8, 0 0f,) ()

and 7 = (o ) v = (@{;S)*)_l Y.

(Proof) For any initial time s, we define the diffeomorphism @f I x M — I x M,
(t,z) — (t,®X(t,z)) = (t, DX (t, s, 7)) such that X (s,7) = (s,z). We look for a time—de-
pendent vector field Z on M such that

XY (t,2) = (&F 0 DY) (t, ) . (4.5.16)

s

This expression has been assumed true in [Agrachev and Sachkov 2004, Bullo and Lewis 2000]
for s = 0, but it has not been carefully proved. On the left-hand side of Equation (4.5.16) we

have
XY (t,2) = (¢, 25TV (¢,2))

and the right-hand side is

(@ 0 @7)(t,2) = T (1, @7 (t,2)) = (1,27 (1, 27 (t, ) -
Thus Equation (4.5.16) is satisfied if and only if

XY (t,x) = X (¢, 04 (t,2)) = (B 0 ®D)(t,2), (4.5.17)

S S

or equivalently,

X+Y X Z
‘D(t:) = q)(t,s)oq)(t,s)‘ (4.5.18)
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Let us differentiate with respect to ¢ the left-hand side of Equation (4.5.17),

%@fﬁ,if(t) = (X +Y)(t,®5 (1) = (X +Y)(t, @ (1, D7 (t,2))) - (45.19)

The differentiation with respect to time of the right-hand side of Equation (4.5.17), for f in
C>®(M), is

d o FU@X (A RT (4 hy2)))) = F(@F (L, @7 (¢, 2))))
[ )@ @)~ (o8, )0 (@)
) h
n (f o @X)(t + h, @7 (t,z)) —(fo@‘f)(t,@f(t’w))}
h

= Z(t, (I)sz(tv x))(.f ° q’g,s)) + X(t, q’?(t, (I)sZ<t7 .’L‘)))f

= Toz(0) P 0 2L @0 (8 2)) f + X (8, DX (8, ®F(t,2))) f -

Hence

d
&((I)f(t (I)Sz(t,$))) = T@g(t,x)q)fg,s)z(tv (I)sz(ta l‘)) + X(t> (bg((t? (I)SZ(t,{L‘))) :

From Equation (4.5.19) we have

+ X(t 2 (1t )

that is,
Y((F 0 ) (t,2)) = Toz(1,0) P o Z (1, ®L (¢, 2)) .

Remember from §2.1 that the pushforward of a time—dependent vector field Z is another
time—dependent vector field given by

(P00 2)(t,7) = T(@éys))_l(x)q)év,s)(z(t? (®0) " () -

Then

(Yo(i)f o @SZ)(t,x) = (<I>X

(L)« Z) (6, O (7 (t,2)))

(t:5)

= (@, 2)(@X (1,07 (1, 2))) = (8, 2)(8F 0 87)(t,7) ,

or equivalently, ~ _ - -
Yod¥odZ =(0f,,2)0dF 0 d?,

that is, Y = ®X

(t,s)*Z'
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Hence Z = (<I>(t o) )Y = (@és))*Y. Now, going back to Equation (4.5.18) we have

(@F )Y
o (@) = <(I>€§S)o<ﬁ(t’;t)’) )(x). (4.5.20)

Once we know how to express the flow of a sum of vector fields as a composition of flows
of different vector fields, we are going to show that all the integral curves used to construct the
reachable set in Definition 3.2.1 can be written as composition of flows associated with vector
fields given by vectors in the tangent perturbation cone in Definition 4.1.11.

Each control system X € X(7) with the projection 7: M x U — M is a time—dependent
vector field X {*} when the control is given. Consider the reference trajectory (-, u) to be an
integral curve of X{*} with initial condition z at a. Take (1) to be a reachable point from
o at time 1. Let us consider another control @i: I — U and the integral curve of X{%} with
initial condition ¢ at a denoted by 4. Then (%) is another reachable point from z at time ¢;.

Let us see how to reach the point (¢ ) using Equation (4.5.20),

x (@) X{u}+(X{u} X{u}

() = @(tla)(xo)—fﬁ(?,}) (xo
= (o eallyn) )
= (onealiy o( fifif)) <I>€§f‘;§> @)
_ (I)ggl{’u}) (I)gj t, a)) (x{ar—x{u) . (q)éf:f))_l> (4t

Hence, from ~(t1) we can get every reachable point from xy at time t; through Equation
(4.5.21) composing integral curves of the vector fields X {*} and (q)él{:}))*(X{a} — x{uhy: Ix
M — T M, this latter with initial condition x at a.

In fact this is true for any time 7 in [a, ¢1], that is,
W\* ora
3 {u} o)) ) (xtH—xtu) fup\ 1
(1) = (‘I’é a) © q’((r,;) ) © (q)éa) ) (v(7)) -

If we compose with the flow of X (v} we get a reachable point from x at time ¢; because it is
a concatenation of integral curves of the dynamical system,

), {u} {u) ax) (xtm —x ) fup) 1
G = (#3900x oalth) o (®5)7) (a6

ox{v} {a} _ x{u} _
{u} o ) (X=X fup 1
= (@00l 2 o (2fim) >(7(t1))-

(4.5.22)
Hence, from ~y(¢1) we can also get reachable points from x at time ¢; through composition of
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integral curves of the vector fields X {*} and (@é {:)}) (X {u} _ x {“}), the latter with initial

condition y(a) at time a.

On the other hand, the tangent perturbation cone at y(¢;) is given by the closure of the

convex hull of all the tangent vectors ((bg;{":)) (X8 (7, 4(7)) — X1} (7,4(7))) for every

Lebesgue time 7 in [a, t1]. These vectors are related with the vector fields X {u} through Equa-
tions (4.5.21) and (4.5.22).

In this sense, we say that the tangent perturbation cone at y(¢;) is an approximation of the
reachable set in a neighborhood of ~(¢1).

4.6 Examples

Now some examples are given to make clear how to use Pontryagin’s Maximum Principle as
tool to find optimal solutions. First the Dubins car problem is studied in §4.6.1, see [Agrachev
and Sachkov 2004, Anisi 2003, Sussmann and Tang 1991] for more details, in particular about
the fact that not every extremal is optimal. Second, an example of a strict abnormal minimizer
is given in [Bullo and Lewis 2005b] and it is used in §4.6.2 to show graphically what the
separation conditions look like.

4.6.1 Dubins car

The time—optimal control problem posed here is considered from two different viewpoints: the
variational calculus and Pontryagin’s Maximum Principle.

Statement 4.6.1. Let M = R? x [—71/2,37/2) and U = [—1,1]. Find the final time b and an
integral curve (y,u): I — M x U of

&l = cosé,
&2 = siné,
0 = wu,

with local coordinates (x*,x2,0) satisfying the endpoint conditions v(0) = (0,0,7/2) and
~(b) = (2,2,37/2) and minimizing [} dt.

The problem consists of minimizing the time to go from an initial point to a final one with
constant linear velocity (equal to 1). Observe that the control changes the angular velocity; that
is, the direction of the car. It is impossible to change the direction of the car without moving it,
since the linear velocity is always a nonzero constant. This is the simplest model for a car as
appears in Figure 4.5.

Variational calculus: vakonomic
From a vakonomic viewpoint [Cortés et al. 2002a, Gracia et al. 2003], the Lagrangian

L:T(M xU x R?’) — R
(:L'l,x2,9,u, Al,)\g,)\g,it‘l,ZEQ,é,ﬂ, )\1,)\2,)\3) — 1+)\1(i'1 —COS@)
42 (% —sin @) + A3(0 — )
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defines the Euler—Lagrange equations whose extremal curves are given by

:Ul(t) = (t—tp)cosby+ 93(1),
22(t) = (t—to)sinby + 23,
o(t) = by,

if we assume u to be constant. Thus the car moves along straight lines. Imposing the initial
condition y(0) = (0,0, 7/2) we have

Yt) = t cos(m/2) =0,
2(1)
(t)y = =/2.

It is impossible to fulfill the endpoint conditions along this line. The only option would be
concatenate different straight lines, but 6 would not be a continuous function neither an abso-
lutely continuous function, as the extremals are assumed to be in the optimal control problems
considered along this chapter.

DR R
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The conclusion is that calculus of variations do not show the solutions for this problem
since the control set is closed. That is why Pontryagin’s Maximum Principle is the suitable tool
to solve this problem as explained in the following paragraph.

XZ

x!

Figure 4.5: Dubins car:

Pontryagin’s Maximum Principle

The result obtained to solve the problem is different when Pontryagin’s Maximum Prin-
ciple is used. Let us extend the system to M = R3 x [~7/2,37/2). For local coordinates,
(20, 21, 22, 6), the equations of motion are

0o _
= 1,
1

cosf,

2 = sin,

|
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We are looking for an integral curve (7, u): I — M x U of

S 0 0 ., 0 0

X = @ +COSQ$ +Sln0@ +’U,%
satisfying the endpoint conditions 7(0) = (0,0,0,7/2) and v(b) = (2,2, 37/2), minimizing
200 7.

Pontryagin’s Hamiltonian H : T*M x U — Ris

H(z2% 2, 22,0, po, p1,p2, p3,u) = po + p1 cosd + pa sin6 + p3 .

An extremal (7, u): [to, b,] — M x U must satisfy Hamilton’s equations,

AE N po = 0,
' = cosé, pp = 0,
2 = siné, py = 0,
0 u, p3 = pisinf — pycosh,

and maximize the Hamiltonian over the control, and be such that the Hamiltonian vanishes
almost everywhere, Theorem 4.3.13. Due to the expression of the Hamiltonian and the control
set, the control maximizing the Hamiltonian is

1, if ps > 0,
u = ¢ any value, if p3 =0,
-1, if p3 < 0.

When ps = 0, Hamilton’s equations implies that § must be constant and thus v = 0. Thus
the control is always a constant function equal to —1, 0 or 1. Moreover, From the equations of
motion, pg, p1 and py are constant. That is why in the following paragraphs we do not write
these functions.

Control u = +1

The integral curve and the momenta are

zt(t) = wsin(u (t —to) + 6p) — u sinfp + x4,

22(t) = —u cos(u (t —to) + 6p) +u cosby + x3,

0(t) = wul(t—to)+ bo,

p3(t) = pi(—u cos(u (t —to) + Og) + u cosby) — p2 (u sin(u (t — to) + o)

— u sin 90) +p3<t0),

taking into account that v = 1/u because v = #1. As u? = 1, the Hamiltonian along these
extremals is

H = po+picos—+ pasinh + [p1(—ucosb + wcosby) — pa(usin@ — usin )
+  ps(to)]u = po + p1 cos by + pasin by + p3(to)u = 0.
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The extremals can be

e abnormal and the associated momenta are py = 0, p1 cos 6y + pe sin Oy + p3(to)u = 0;

e normal and the corresponding momenta are py = —1, p; cos 0p+pa sin Oy +ps(to)u = 1.

Observe that not all the initial conditions for the momenta can be chosen independently. The
necessary conditions of Pontryagin’s Maximum Principle can restrict the momenta, as happens
in this case.

Control u=0

The integral curve for Hamilton’s equations are

xl(t) = (t—to) cosby+ xé,

xQ(t) = (t—tp) sinfy + 3:3,

0(t) = 6o,

ps(t) = [p1sinBy — pacosb)(t —to) + ps(to)-

As u = 0, the Hamiltonian along the extremal is
H = pg + p1cosby + pasinfy = 0.

The extremals may be

e abnormal and the momenta is pg = 0, p; = — sin by, po = cos by, p3(t) = —(t — to) +
p3(to);

e normal and then pg = —1, p; = cos by, p2 = sin Oy, p3(t) = p3(to).

Possible trajectories

The above assumptions show that the extremals on R? are concatenations of arc of circles
of radius 1 with center (x} — usin 6y, 3 + ucosfy) if u = +1 and straight lines if u = 0.
It must be easily proved that the endpoint conditions cannot be satisfied using only one of the
trajectories. According to Agrachev and Sachkov [2004], the straight lines goes from an arc of
circumference to another one tangent to both circumferences, so the trajectory is differentiable
everywhere. This property is used to compute the trajectory in Figure 4.7. Moreover, the
extremal curves do not have more than three different subtrajectories.

For the problem under study, there are three possible extremals satisfying all the necessary
conditions and guaranteeing the absolutely continuity of the curves on T* M.

In Figure 4.6 we have:

1. From (0,0, 7/2) at time 0 to (z'(¢1), 2%(¢1), 0(t1)) with control u = —1:

) —sin(—t+m/2) + 1,
22(t) = cos(—t+7/2),
0(t) = —t+m/2,
p3(t) p1cos(—t + 7/2) — pa(—sin(—t + 7/2) + 1) + p3(0),
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where p1, po are constants and p3(t) < 0 for ¢ € [0,¢4].
The abnormal lift must satisfy pg = 0 and p2 — p3(0) = 0.
The normal lift must satisfy pp = —1 and pa — p3(0) = 1.

2. From (x!(t1),2%(t1),0(t1)) to (x'(t2), 2%(t2), 0(t2)) following a trajectory with control

u=0:
zl(t) = (t—t1)cos(—t1 + m/2) —sin(—t1 + 7/2) + 1,
22(t) = (t—t1)sin(—t; + 7/2) + cos(—t1 + 7/2),
0(t) = —t1+m/2,
ps(t) = (prsin(—t1 +7/2) — pacos(—t1 + 7/2))(t — t1) + p3(t1),

where p1, p2 are constants and p3(t) = 0 for ¢ € [t1, ta].

The abnormal lift must satisfy pg = 0, p1 = —sin(—t1 + 7/2), pa = cos(—t1 + 7/2).
But then p3(t) = —t + t; + p3(t1) and it does not vanish for ¢t € [t1,¢2]. Thus the
abnormal lift is not possible.

The normal lift must satisfy pg = —1, p1 = cos(—t; +m/2), p = sin(—t; +m/2). Then
p3(t) = p3(t1) = 0. By the absolute continuity of the momenta curve, the normal lift on
[0,¢1] must be

pi(t) = cos(—t; +m/2),

pg(t) = sin(—tl + 7T/2),

p3(t) = cos(t—t1)— 1.
Observe that p3(¢) < 0 for any ¢t € R. It must be a change of the control at ¢; because
pg(tl) = 0

3. From (x(ts), 2%(t2),0(t2)) to (2,2,37/2) at time b following a trajectory with control

u=1:
pl(t) = sin(t —ty —t1 +7/2) — 2sin(—t1 + 7/2) + (t2 — t1) cos(—t1 + 7/2)
+1,
22(t) = —cos(t —ta —t1 +m/2) + 2cos(—t; +7/2)
+(ta — t1) sin(—t1 + 7/2),
0(t) = t—to—t +7/2,
p3(t) = —cos(—t+ta)+1,

where p3(t) > 0 for ¢ € [to, b] and taking the constant values for p; and po obtained on
[t1,ta].

The trajectory must satisfy the final condition. Then,
371’/2:9(1)) :b—tQ—t1+7T/2:>b:t1 +to + .

As z'(b) = 2%(b) = 2, we have a system of two equations to find ¢; and t5. As the
dependence on ¢ is affine, it is easy to prove that

to = t1 + 2cos(—t1 + 7/2) + 2sin(—t1 + 7/2).
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A solution of the system is given by t; = m/2 and t2 = 2 + 7/2. So the final time is
2+ 2.

The abnormal lift must satisfy pg = 0, p3(t2) = 1, assuming that we connect with the
normal lift on [¢1, 2] in such a way that we get an absolutely continuous momenta.

The normal lift must satisfy pg = —1, p3(t2) = 0, assuming that the momenta curve is
absolutely continuous on [0, b].

Thus, the extremal is normal on [0, 2+ 27 and also abnormal on [0, 77/2|U[2+7/2, 24 27].

3

x1

EE =
i

1
d:d

Figure 4.6: The value of the functional for this trajectory is 2 + 27 seconds.

In Figure 4.7 we have:

1. From (0,0, 7/2) at time 0 to (z'(¢1),2%(¢1),0(t1)) with control u = 1:

ri(t) = sin(t+7/2) -1,
22(t) = —cos(t+m/2),
0(t) = t+m/2,
p3(t) = —picos(t+ m/2) — pa(sin(t + 7/2) — 1) + p3(0),

where p1, p2 are constants and p3(t) > 0 for ¢ € [0, ¢1].
The abnormal lift must satisfy pg = 0 and ps + p3(0) = 0.
The normal lift must satisfy pg = —1 and ps + p3(0) = 1.

2. From (z!(t1),2%(t1),0(t1)) to (x(t2), 2%(t2), O(t2)) following a trajectory with control
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u=0:
zt(t) = (t—t1)cos(ty +m/2) +sin(ty + 7/2) — 1,
22(t) = (t—ty)sin(ty +7/2) — cos(t; + 7/2),
0(t) = ti+m7/2,
p3(t) = (pisin(ty +7/2) — pacos(ty +7/2))(t — t1) + p3(t1),

where p1, p2 are constants and p3(t) = 0 for ¢ € [t1, ta].

The abnormal lift must satisfy pg = 0, p1 = —sin(t1 + 7/2), p2 = cos(t; + 7/2). But
then p3(t) = —t + t1 + p3(t1) and it does not vanish for ¢ € [t1, t2]. Thus the abnormal
lift is not possible.

The normal lift must satisfy pg = —1, p1 = cos(t1 + 7/2), p2 = sin(t; + 7/2). Then
ps3(t) = p3(t1) = 0. By the absolute continuity of the momenta curve, the normal lift on
[0,¢1] must be

pi(t) = cos(ty +m/2),
p2(t) = sin(t; +7/2),
p3(t) = —cos(—t+t1)+ 1.

Observe that p3(t) > 0 for any ¢ € R. A change of the control might happen at t;
because p3(t1) = 0.

3. From (z!(t2), 2%(t2), 0(t2)) to (2,2, 37/2+ 27) at time b with control u = 1 identifying

3m/2 with 37 /2 + 27
wl(t) = sin(t —to+t +7/2) + (ta — t1) cos(ty + 7/2) — 1,
22(t) = —cos(t—to+t1 +m/2)+ (ta — t1)sin(t; + 7/2),
0(t) = t—ta+1t; +7T/2,
p3(t) = —cos(—t+t2)+1,

where p3(t) > 0 for ¢ € [t, b] and taking the constant values for p; and p2 obtained on
[t1,t2].

The trajectory must satisfy the final condition. Then,
3n/242m=0(0b)=b—to+ti1 +7/2=>b=1ty —t; + 3m.

As z1(b) = 2%(b) = 2, we have a system of two equations to find #; and t. As the
dependence on t is affine, it is easy to prove that

to =t1 +4cos(ty + w/2) 4+ 2sin(ty + 7/2).
Numerically, the approximate solution of the system that gives a smooth switch is ¢; ~

5.15 and to ~ 9.62. Then the approximate final time is 13.89.

The abnormal lift must satisfy pg = 0, p3(t2) = —1, assuming that we connect with the
normal lift on [¢1, 2] in such a way that we get an absolutely continuous momenta.

The normal lift must satisfy pg = —1, p3(t2) = 0, assuming that the momenta curve is
absolutely continuous on [0, b].
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Thus, the extremal is normal on [0, 13.89] and also abnormal on [0, 5.15] U [9.62, 13.89].

Figure 4.7: The value of the functional for this trajectory is 13.89 seconds.

In Figure 4.8 we have:

1. From (0,0, 7/2) at time O to (2 (¢1), 2%(¢1), 0(t1)) with a trajectory with control u = 0:

zi(t) = 0,

22(t) = t,

o) = w/2,

p3(t) = pit+ps3(0),

where p1, po is constant and p3(t) = 0 for ¢ € [0, t1].

The abnormal lift must satisfy pg = 0, p; = —1 and py = 0. But then p3(¢) # 0. Thus
there is no abnormal lift.

The normal lift must satisfy pg = —1, p; = 0 and po = 1. Then p3(t) = 0 for ¢ € [0, t1].

2. From (0, 2%(t1),7/2) at time 1 to (2,2, —7/2) at time b with control « = —1 identifying
the angle 37 /2 with —7/2:

x(t) —sin(—t +t; + 7/2) + 1,
22(t) = cos(—t+ 1ty +7/2) +t1,
6(t) = —t+t1+7/2,
p3(t) p1cos(—t +t1 + 7/2) — po(—sin(—t + t1 + 7/2) + 1),
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where p; and ps are constants, p3(t1) = 0 and p3(t) < 0 fort € [t1,b].
The trajectory must satisfy the final condition. Then,

—7m/2=0(b)=-b+t1+7/2=b=1t; + 7.

From x2(b) = 2 we obtain t; = 2. Thus the point where the control switches is
0,2,7/2).

The abnormal lift must satisfy pg = 0, p2 — p3(t1) = 0. As p3(t1) = 0, we have pa = 0.
There exists an abnormal lift on [2,2 + 7| as long as p; # 0.

The normal lift must satisfy pg = —1, pa — p3(t1) = 1. As p3(t1) = 0, we have py = 1.
By the assumption of absolute continuity of the momenta curve, p; = 0.

This third trajectory is normal on [0, 2 + 7| and abnormal only on [2, 2 + 7].
3.

251/

b5

02 06 112 16 2
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Figure 4.8: The value of the functional for this trajectory is 2 + w seconds.

Among the three trajectories studied, the optimal is the third because it gives us the smallest
time to arrive from the given point to the other one. However, all of them satisfy the necessary
conditions of the Pontryagin’s Maximum Principle. Moreover, observe that all the trajectories
are strict normal in the interval of time that « = 0 and are normal and abnormal when u = +1.

4.6.2 A strict abnormal optimal solution

Consider now a linear oscillator on a manifold M = R? with control set U = [~1,1] C R; see
[Bullo and Lewis 2005b]. The control system is given by

il = a2
’ 4.6.23
{ 2 =2l +u ( )
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and the final time, the integral curve and the control must be found such that the endpoint
conditions given by z(0) = (0,0) and x(b) = (2, 0) are satisfied and the time is minimized.

Considering the extended system, Pontryagin’s Hamiltonian is
H(xov xlv 332:]’07]917172; ’LL) =po+ ]31952 + p2<—.f131 + u)

and Hamilton’s equations are

'jjo = 17 pO = 07
i.l = .’EQ, pl = P2,
i*=—xl+u,  pa=—p1.

Assuming the control to be constant, the momenta are

pi(t) = —Acost+ Bsint,
p2(t) = Asint+ Bcost.

The maximum of the Hamiltonian is obtained when v = sgn(ps). Observe that if u = 0
the fulfilment of the endpoint condition at time 0 by the integral curves of the control system
(4.6.23) gives only constant curves. Hence, the options are

e u=1:(z!(t),2%(t)) = (— cost+1,sint). The Hamiltonian along the extremal is H =
B + pp = 0. The normal momenta is (p1(t), p2(t)) = (—Acost + sint, Asint + cost)
and the abnormal one is (p1(t), p2(t)) = (—Acost, Asint).

e u=—1: (z'(t),2%(t)) = (cost — 1, —sint). The Hamiltonian along the extremal is
H = —B + pp = 0. The normal momenta is (—A cost — sint, Asint — cost) and the
abnormal one is (—A cost, Asint).

Observe that both trajectories are normal and abnormal at the same time.

The extremals for this problem will be obtained as concatenation of integral curves with
control equal to 1 and integral curves with control equal to —1, alternatively. A curve is fol-
lowed until the momentum corresponding with -2 vanishes since the sign of this momentum
determines the value of the controls. The momenta must be absolutely continuous, therefore
continuous on the domain. With this in mind, the reachable set from the origin up to time 7 is
shown in Figures 4.9 and 4.10, assuming A = 1 for the integral curves starting at (0,0). When
the control switches, the initial condition for the new momenta is given such that the momenta
are continuous.

In Figure 4.9 the normal lift of the integral curves of (4.6.23) has been considered. Only
the pieces of the curves in magenta colour satisfy that u = sgn(p2). Thus they are extremals
for the optimal control problem associated to (4.6.23). All the curves in the figure are in the
reachable set and have associated a curve in the cotangent bundle in a normal way, but not all
of them are extremals. From Figure 4.9, it can be observed that there is not a normal extremal
that goes from (0, 0) to (2, 0) in time 7.
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Figure 4.9: Reachable set from (0,0) up to 7 given by curves that have been associated with a
normal lift

In Figure 4.10, the curves in the reachable set have associated an abnormal lift. The pieces
of curves in magenta colour are extremals because they satisfy u = sgn(p3). Observe that only
the integral curves for u = 1 are abnormal extremals, the remaining curves are not extremals
because u # sgn(pz). In particular, the integral curve from (0,0) to (2,0) is an abnormal
extremal and it is the minimizer. In order to gain a better understanding of the lifts of the
curves to the cotangent bundle, let us represent the separation condition for the optimal curve
when it is considered as normal and as abnormal. In order to do this, we consider the set of
admissible velocities given by the motion equations X (z!,22,u) = (1,22, —2' + ) with u
taking constant values in [—1, 1].

The tangent perturbation cone is constructed from the elementary perturbation vectors
which are, by Definition 4.1.5,

olm] = [me),ul) — X (y(t),u(t1))| l1 = (0,0,u1 — u)ly,

where [1 € RY, uy € [—1,1]. It is necessary to consider the transport of these elementary
perturbation vectors through the flow of the complete lift of X and also the transport of the
+X (7v(t1),1) to construct the tangent perturbation cone in Definition 4.3.7; see §2.2.2.1. As
the system is autonomous, we can always take the initial time to be zero. The result of the
transport of the elementary perturbation vectors is

V[m] = (0,—Dsint,u; —u)ly, DeR

If we follow the curve
v(t) = (—cost+ 1,sint)

from (0,0) to (1,1) in a normal way, then at time ¢ = 1 the tangent perturbation cone and the
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Figure 4.10: Reachable set from (0,0) up to time T given by curves that have been associated
with an abnormal lift

admissible velocities lie in the same half—space defined by the kernel of the following extended
normal momenta for A = 1
Mt) = (—1,—cost +sint, sint + cost).

That can be seen in Figure 4.11. However, the decreasing direction of the cost function in

Admissible velocities

Separating hyperplane

Tangent perturbation il ’ (-1.0)
cone (p .p)

Figure 4.11: Separation condition at t = 1 for the normal momenta.

light blue colour in Figure 4.11 appears in the other half—space defined by the extended normal
momentum. This direction is not contained in the separating hyperplane. To gather everything
together we are identifying M, T5(1)M and T2, M with R3.



4. Geometric Pontryagin’s Maximum Principle 101

When the same trajectory is followed in an abnormal way using the abnormal extended
momentum for A = 1
A(t) = (0, — cost — sint,sint — cost),

the decreasing direction of the cost function is contained in the separating hyperplane as men-
tioned at the end of §4.2 and shown in Figure 4.12. Thus, the separation condition for (—1, 0)
in (4.2.9) is satisfied with equality.

Admissible velocities

Separating hyperplane L Tangent perturbation cane
(-1.0)

Figure 4.12: Separation condition at t = 1 for the abnormal momenta.

Now, if we evaluate the trajectories at time £ = 3, then the normal momenta does not satisfy
the separation condition (4.2.9) any more because the tangent perturbation cone is not contained
in a half-space defined by the kernel of the extended momenta at ¢ = 3, as shown in Figure
4.13. This implies the momenta py has changed the sign and we should have been switched the
control to u = —1 in order to follow a trajectory satisfying the necessary conditions of FPMP
in Theorem 4.3.13.

"Separating" hyperplane Admissible velocities

Tangent 7
perurbation cone 2

(-1,0) 2"

Figure 4.13: The separation condition at t = 3 for the normal momenta is not satisfied.
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On the other hand, the curve followed in an abnormal way is still satisfying the separation
condition at time ¢ = 3 as appears in Figure 4.14.

Admissible velacities

Separating hyperplane

Tangent
perturbation cone - (-1.0)

Figure 4.14: Separation condition at t = 3 for the abnormal momenta.

In conclusion, the time—optimal problem with the given endpoint conditions is solved ex-
clusively with a strict abnormal trajectory. It will remain to prove there is no other trajectory
that reaches (2, 0) in less time. But the reachable set already shows that 7 is the minimum time
for fulfilling the endpoint conditions.

To get a better understanding of the abnormal extremals, the reachable set in the extended
system should be studied. If so, the abnormal extremals are in the boundary of the reachable
set as mentioned in [Bullo and Lewis 2005b, Langerock 2003b] and shown in Figure 4.15. The
colours are the same as in Figure 4.10 and they have the same meaning; that is, only the curves
in magenta are extremals. The green curve is the strict abnormal minimizer for the problem.
When we project onto R2, the Figure 4.10 is recovered.

Figure 4.15: Reachable set from (0,0, 0) up to time 7 of the extended control system of (4.6.23).



Chapter 5
Constraint algorithm for the extremals

A geometric method is described to characterize the different kinds of extremals in optimal
control theory. This comes from the use of a presymplectic constraint algorithm, in the sense
given in [Carifiena 1990, Gotay and Nester 1979, Gotay et al. 1978, Gracia and Pons 1992]
and reviewed in §2.3.2, starting from the necessary conditions given by Pontryagin’s Maximum
Principle, Chapter 4. Apart from the design of this general algorithm useful for any optimal
control problem, it is shown how to classify the set of extremals and, in particular, how to char-
acterize the strict abnormality. The procedure will be used for mechanical systems in Chapter 6.

Despite the fact that the natural geometric framework for Pontryagin’s Maximum Princi-
ple is the symplectic one [Barbero-Lifidn and Muifioz Lecanda 2008b, Jurdjevic 1997, Lewis
2006, Sussmann 1998] (see also Chapter 4), for our purposes the presymplectic formalism
[Barbero-Lifidn and Muiioz Lecanda 2008a, Delgado-Téllez and Ibort 2003, Martinez 2004]
will be more useful. We provide an implicit equation including some compatibility conditions
that are necessary for the maximization of the Hamiltonian over the controls according to the
classic Maximum Principle [Lee and Markus 1967, Pontryagin et al. 1962]. Hence, in the
presymplectic framework, a weaker version of Pontryagin’s Maximum Principle is stated, §5.1.
Instead of the above classical necessary condition for optimality, we have an implicit differ-
ential equation that sets up a constraint algorithm, useful for determining where the normal
extremals evolve and also for characterizing the abnormal extremals. We also obtain sufficient
conditions to have both kinds of extremals. These conditions elucidate how to determine strict
abnormality. This adaptation of the algorithm to the study of the extremals for the fixed time
optimal control problems is mostly developed in §5.2, under the assumption that the control set
is open and the differentiability with respect to the controls whenever is needed. After studying
the fixed time problem, in §5.3 we explain how the algorithm works for the free optimal control
problem given in Statement 4.3.1.

Finally, in §5.4 some results obtained by Agrachev and Sachkov [2004], Agrachev and
Zelenko [2007], Liu and Sussmann [1995] are revisited using our procedure that provides a
natural understanding of the dynamics of the extremals. In §5.5 a strict abnormal extremal for
a control-affine system is given using the presymplectic constraint algorithm.

5.1 Presymplectic Pontryagin’s Maximum Principle
As in Chapter 3, a control system is given by a vector field along a projection, see Definition

3.1.1. Let M be a smooth manifold, dim M = m, U be an open set of RF called the control set
with £ < m.

103
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The problem to be solved is the fixed time optimal control problem, Statement 4.1.1, but
a presymplectic viewpoint is considered, as for instance in [Ledn et al. 2004, Delgado-Téllez
and Ibort 2003, Echeverria-Enriquez et al. 2003, Martinez 2004]. In this approach, the main
elements are the following.

e The presymplectic manifold (T*M x U, ), where €2 is the closed 2—form on T*M x U
given by the pullback through 7 : T*M x U — 1™ M of the canonical 2—form on 7 M.

e A presymplectic Hamiltonian system (T*M x U,Q, H), where H: T*M x U — R is
the Pontryagin’s Hamiltonian function:

H(\u) =\ X(z,u) + poF(z,u) = Hx (N, u) + poF(z,u),

with A € T M, pp € {—1,0} and the notation Hx (A, u) = (A, X (z,u)).

Observe that the kernel of €2 is precisely the m—vertical vector fields; that is, 71 —projectable
vector fields Z € X(T*M x U) such that (71 ).Z = 0. Thus, €2 is degenerate. For details about
the presymplectic formalism see [Carifiena 1990, Gotay and Nester 1979, Gotay et al. 1978,
Gracia and Pons 1992, Martinez 2004, Mufioz-Lecanda and Roméan-Roy 1992].

Theorem 5.1.1. (Presymplectic Pontryagin’s Maximum Principle) Let U C RF be an open
set. If (v, u): [a,b] — M x U is a solution of the optimal control problem 4.1.1 with endpoint
conditions x,, xy, then there exist \: [a,b] — T M along v and a constant py € {—1,0} such
that:

1. (X, u) is an integral curve of a Hamiltonian vector field X gy that satisfies

ix, Q= dH, that is, i Q=dH (), u(t)); (5.1.1)

A(#),a(t)

2. (a) H(\(t),u(t)) is constant everywhere in t € [a,b];
(b) (po, A(t)) # 0 foreacht € [a,b].

As () is degenerate, (5.1.1) does not necessarily have solution on the whole manifold
T*M x U. As explained in §2.3.2, it may have a solution if we restrict the equation to the
submanifold defined implicitly by

S={BeT"MxUl|i,dH =0, forv ¢ kerQg}. (5.1.2)
Locally,
oH
S={BeTMxU|2=(8)=0, I=1,...,k}
{sermxu|fhm=o 114}

Remark 5.1.2. Observe that .S is defined implicitly by a necessary condition for the Hamil-
tonian to have an extremum over the controls as long as U is an open set. In the classical
Pontryagin’s Maximum Principle [Pontryagin et al. 1962], the Hamiltonian is equal to the max-
imum of the Hamiltonian over the controls. Therefore, Theorem 5.1.1 is a weaker version of
the classical Maximum Principle.
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The necessary conditions of Theorem 5.1.1 determine the same extremals as in Definition
4.1.15. Remember that Pontryagin’s Maximum Principle lifts optimal solutions to the cotangent
bundle. The uniqueness of the lifts is not guaranteed; that is, some extremals could be lifted in
two different ways: normal and abnormal.

Remark 5.1.3. If the control set is not open, the presymplectic constraint algorithm can also
be applied to characterize the different kinds of extremals following the process described in
[L6pez and Martinez 2000].

5.2 Characterization of extremals

Here we take advantage of the necessary conditions in Theorem 5.1.1 to determine where the
different kinds of extremals in Definition 4.1.15 are contained. We are specially interested
in strict abnormal extremals and abnormal extremals as a consequence of [Liu and Sussmann
1994b; 1995, Montgomery 1994], where it is proved the existence of strict abnormal minimizers
for the problem of the shortest paths in subRiemannian geometry with two control vector fields.
A meaningful and constructive procedure in the presymplectic formalism to find a solution to
Statement 5.2.1 is the constraint algorithm [Carifiena 1990, Gotay and Nester 1979, Gotay et al.
1978, Gracia and Pons 1992, Muioz-Lecanda and Roman-Roy 1992].

Statement 5.2.1. Given a presymplectic system (T*M x U,Q), H), find (N, X) such that
(a) N is a submanifold of T*M x U,
(b) X € X(T*M x U) is tangent to N and satisfies ix2 = dH on N,
(c) N is maximal among all the submanifolds satisfying (a) and (b).

As mentioned in §2.3.2, the presymplectic equation (5.1.1), ix,, €2 = dH, has solution in
the primary constraint submanifold

Ny = {(/\,u) eT"M x U ‘ HU(/\’U) S T()\ju)(T*M X U), iU(A,u)Q = d()\yu)H},

or equivalently, No = {(A\,u) € T"M x U | (LzH)(ru) =0, V Z € ker Q}, where L7 is the
Lie derivative with respect to Z. Observe that Ny is exactly the submanifold .S in (5.1.2). See
[Gotay et al. 1978, Muiioz-Lecanda and Roman-Roy 1992] for details on this equivalence.

Locally, the Hamiltonian vector field Xy = A0/0x' + B;0/0p; + C;0/0u! in the
presymplectic equation (5.1.1) is given by A® = 9H/dp; and B; = —9H/0x7. Moreover,
as 0/0u! € ker Q,

J
Noz{()\,u)eT*MxU o _,\ X or

=N e =0, lzl,...,k}. (5.2.3)

The solution on Nj is not necessarily unique. Indeed, if X is a solution, then X+ ker €2 is the
set of all the solutions. We may consider Xy as a vector field defined on 7" M x U because we
assume that Ny is a closed submanifold. If Ny is not a submanifold we can use the adaptation
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of presymplectic constraint algorithm described in [Krupkova 1997]. Thus X can be extended
to 7" M x U by a construction using an open cover and partitions of unity [Lee 2003].

Take the pair (Ng, Xo + ker 2), rewritten as (Np, XV0). Observe that we are looking for
an element in X Vo tangent to Ng. Then,

Ni={zeNy|3X € XM | X(z) € T,Ny}.

Locally,
oH OH 0*°H  O0H 0°H
N, = {(/\,u) € No ’ 0=2Xpy (auz> ~ 9p; 0x'0ul 9z Bp;oul
0*H
"‘I_Crmy l—la-'-ak}' (5.2.4)

If the matrix (0%H /Ou"0u'),; is not invertible, the optimal control problem is called singular
[Delgado-Téllez and Ibort 2003]; otherwise it is regular.

This step stabilizes the constraints in Ny providing a new pair (N7, X V1) where XV is the
set of the vector fields solution and tangent to Ny. Inductively, we arrive at (N;, XV¢) where
we assume that /V; is a submanifold of 7*M x U and we define

Niyi={z e N;|3X e XN | X(z) € T, N, },
obtaining the sequence

and the corresponding X Vi+1. Observe that at each step the constraints should be independent
to guarantee that the corresponding subsets in 7*M x U are submanifolds. Let

Ne=()Ni, XNr=[)x™,
i>0 i>0

if (Ny, X N7) is a nontrivial pair, it is the solution to the problem in Statement 5.2.1. If at one
step N; = Nj1, the algorithm finishes with Ny = N;.

Note that each step of the algorithm can reduce the set of points of T*M x U where there
exists solution, that is, V;+1 C IV;, and can also reduce the degrees of freedom of the set of
vector fields solution, X™i+1 C XN In terms of control systems, the desirable objectives
are to restrict the problem to a smaller submanifold of 7% M x U and to determine the input
controls. Observe that, generally, a step of the algorithm can provide us new constraints and the
determination of some controls at the same time. Hence, either a unique vector field is found or
the new constraints must be stabilized or the set must be split in such a way that the constraints
define submanifolds. At the final step, we have either a unique or nonunique vector field and a

submanifold that could be an empty or discrete set.

Remark 5.2.2. Observe that this procedure does not exclude any extremal, in contrast to the
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method used in [Liu and Sussmann 1995] for the problem of the shortest paths in subRieman-
nian geometry. There, using a less geometric approach, the constant extremals are missed.

Now, let us focus again on optimal control problems where there are two distinct Hamilto-
nians depending on the value of the constant py. Thus, from Equation (5.2.3) it is deduced that
the constraint algorithm must be run twice, once for each Hamiltonian, as is explained in §5.2.1
and §5.2.2.

5.2.1 Characterization of abnormality

First, we characterize a subset of 7* M x U where the abnormal biextremals evolve if they exist;
see Definition 4.1.15. In this situation pg = 0 and the corresponding Pontryagin’s Hamiltonian
is H) = Hx. Then the primary constraint submanifold (5.2.3) becomes

0.¢

0 *
N(E]:{()\,u)eTMxU’)\jaul

=0, l:l,...,k}, (5.2.5)

the submanifold (5.2.4) is

92X J i 2 Y J
A (X“?X OXTOX' o O°X ):o, l:l,...,k},

[o] _ [0]
M= {(WGNO orod ~ 0w ol owrou

and the algorithm continues. Once we have the final constraint submanifold N ][00} for abnor-

mality, we have to delete the biextremals through the zero fiber because these biextremals do
not satisfy the necessary condition (2b) of the presymplectic Pontryagin’s Maximum Principle,
Theorem 5.1.1. For the sake of simplicity and clarity, we denote this actual final constraint
submanifold with the same symbol N ][00}.

Considering the natural projection of the cotangent bundle 7p;: T*M — M and the
above—defined elements, we have the following result.

Proposition 5.2.3. Let N ][CO] be the final constraint submanifold solution to the presymplectic
problem in Statement 5.2.1 with the Hamiltonian HO = Hy. IfN][cO] # (), then there exists a
curve in (\,u): I — N][co] with A # 0 such that

(v, u) = (mar x 1d)(A, u)
is an abnormal extremal in terms of the presymplectic Pontryagin’s Maximum Principle, Theo-
rem 5.1.1.
5.2.2 Characterization of normality
Analogous to § 5.2.1, for pg = —1, Pontryagin’s Hamiltonian is H=1 = Hy — F.

Then the primary constraint submanifold (5.2.3) becomes

- X7
N} ”:{(A,u)eT*MxU M%-%:o, l:l,...,k} (5.2.6)
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and the submanifold in (5.2.4) is

N = {(A,u) e N1 ‘ by <X

X1 PF
+Cy (Ajauraul - awa“l) =0, l_l,...,k}.

; 02XI 9XJ oX! ;. O°F
oztoul  Oxt Oul Oztou!

The determination of the controls for normal extremals depends on the given cost function.
To better understand this process we refer the reader to the examples in §5.3, §5.4 and §5.5.

It can be observed that Hamilton’s equations for @’ are the same for both Hamiltonian
functions, for pyp = 0 and pg = —1, since the cost function does not depend on the momenta.
Hamilton’s equations for p; are equal for cost functions not depending on x*. For instance, if
the cost function is constant, as in the case of time—optimal control problems.

The final constraint submanifolds N ][co} and V }—1} restrict the set of points where the biex-
tremals of the optimal control problem in Statement 4.1.1 evolve. But, even in the case that
Hamilton’s equations are the same, N J[IO} and N J[p_l] could be different. Then the integral curves
of the same vector field in 7" M x U along the same extremal in M may be different, depend-
ing on where the initial conditions for the momenta are taken. In other words, there may exist
abnormal extremals being normal and vice versa. For a deeper study of the extremals, we need
to project the biextremals onto the base manifold M x U using mpy xId: T*M xU — M x U.

Summarizing all the above comments and keeping in mind the elements previously defined,
we have the following propositions.

Proposition 5.2.4. Let (M,U, X, F,1,x,,xp) be an optimal control problem in Statement
4.1.1 and N }71} be the final constraint submanifold solution to the presymplectic problem in
Statement 5.2.1 with the Hamiltonian H'™Y = Hx — F. If there exists a curve (\,u): [ —
N][c_l], then (y,u) = (mpr x Id)(\, w) is a normal extremal for the given OCP.

Proposition 5.2.5. Let (M,U, X, F,I,x4,xp) be an optimal control problem in Statement
4.1.1 and (vy,u) be an abnormal extremal for this OCP. If there exists a covector \ along
~y such that (\,u) € N][fl], then (y,w) is also a normal extremal for the given OCP.

Let (7, u) be a normal extremal for the given OCP. If there exists a covector \ along ~ such
that (\,u) € N ][co]’ then (7, u) is also an abnormal extremal for the OCP.

Proposition 5.2.6. Let (M,U, X, F,I,x,,xp) be an optimal control problem in Statement
4.1.1, and N J[co] and N J[c_l} be the final constraint submanifold solution to the presymplectic
problem in Statement 5.2.1 with the Hamiltonian HOY = Hy and HY = Hx — F, respec-

tively. If there exist curves (A% ul0): T — N}O] with A% = 0 and A=Y, w210y 1 — N}_l]
such that myy (N = 70, (\YU) = ~, then ~ is an abnormal extremal and also a normal

extremal for the OCP.

Remark 5.2.7. In this last proposition we do not consider the control as a part of the extremal,
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because it may happen that different controls give the same extremals in M depending on the
control system. So we project onto M the biextremals to compare them.

However, under some assumptions about the control system, such as control—-affinity with
independent control vector fields, different controls give different extremals. If this happens,
we may project the biextremals onto M x U through 7y, X Id to compare them.

Remark 5.2.8. The union of both final constraint submanifods do not cover exactly the set of
extremals in Definition 4.1.15, because the condition (2a) in Theorem 5.1.1 is not included in
the final constraint submanifold. See § 5.3 to get a better understanding.

5.2.3 Characterization of strict abnormality

The normal and abnormal extremals in Definition 4.1.15 do not constitute a disjoint partition of
the set of extremals as Propositions 5.2.5 and 5.2.6 show. While in §5.2.1 we do not care about
the cost function, in §5.2.2 the cost function is involved in the description of the extremal. To
characterize strict abnormal extremals, the cost function is fundamental because these extremals
are abnormal but not normal. The only way to guarantee that an extremal is not normal is to
use the cost function.

As a consequence of the final constraint submanifolds obtained from the algorithm for
abnormality and normality, strict abnormality can be studied. The adjective “strict” denotes
that the extremal only admits one kind of lift to the cotangent bundle. To find strict abnormal
extremals we have to project the final constraint submanifolds to M. In the intersection are the
extremals admitting two different kinds of lifts: with pg = 0 and with pg = —1.

To summarize, all the biextremals in N ][00} and N ][fl] are projected to M via p = mys o
m1: T*M x U — M to be compared due to Remark 5.2.7, as shown in Figure 5.1.

Y

Figure 5.1: Final situation in the constraint algorithm for the extremals.
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Proposition 5.2.9. Let (M,U, X, F,1,x,,xp) be an optimal control problem in Statement
4.1.1, and N ][CO] and N }71} be the final constraint submanifold solution to the presymplectic
problem in Statement 5.2.1 with the Hamiltonian HO = Hy and HY = Hyx — F, respec-
tively. Let p = mpromy: T*M x U — M be a projection with the projection i : T*M x U —
T*M and P = p (NJ[P}) nop (N}:”).

(i) If P =0and p (N JLO]) # (), then all the abnormal extremals are strict.
(ii) If P =0 and p (N J[c_l]) + (), then all the normal extremals are strict.
(iii) If P # 0 and p (N }[CO]> = P, then there are no strict abnormal extremals.
(iv) If P # D and p (NJ[CO]> = P, then there are locally strict abnormal extremals.

(v) If P # 0 and p (N}O]> =p <NJ[C_1]> = P, then all the abnormal extremals are also

normal and viceversa.

In item (iv), it is said that there are strict abnormal extremals, but only locally since the
extremal could have pieces in P. So at some points the extremal can be locally normal.

5.3 Free optimal control problem

Now that the theory has been introduced, let us deal with the particular case of the free optimal
control problem, Statement 4.3.1. In this case the interval of definition of the extremals is an
unknown of the problem.

Pontryagin’s Maximum Principle is the same as Theorem 5.1.1, but replacing (2a) by
(2a") H(A(t),u(t))is zero everywheret € I.

Thus the presymplectic equation (5.1.1) must be restricted to the submanifold defined by the
condition
H=Hx +pyF =0.

Hence, it must also be stabilized in the algorithm. Due to the properties of Hamiltonian systems
[Abraham and Marsden 1978], the condition H = 0 is trivially stabilized. Thus its tangency
condition does not add any new constraint to the submanifolds of the algorithm. The same
happens with I = constant, but this is not a suitable constraint for a submanifold. This
is why it is not included in the primary constraint submanifold for the fixed—time OCP in
Statement 4.1.1 whose extremals have been studied in § 5.2. In contrast to Remark 5.2.8,
the final constraint submanifolds we find here recover the entire set of extremals since all the
necessary conditions of Theorem 5.1.1 are taking into account. The trivial stabilization of
H = 0 makes it possible to run the algorithm putting aside that constraint. Then the same final
constraint submanifolds for abnormality and normality as in § 5.2.1 and §5.2.2, respectively,
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are obtained. Those submanifolds are renamed N ][gl and N ][c}l] since the actual final constraint

submanifolds are obtained by considering the vanishing of the Hamiltonian:

N = NEn{(\u) e T*M x U|Hyx = 0},
N7 = NG A {(u) e TPM x U | Hx — F = 0}

Due to condition (2b) in Theorem 5.1.1, the zero fiber must be deleted from N }0].

Proposition 5.3.1. Let (M, U, X, F, x4, xp) be a free optimal control problem in Statement
4.3.1:

1. If N }0} has only zero covectors, there are no abnormal extremals.

2. IfNJ[co} has nonzero covectors and N][cojl C {(\u) € T*"M x U |Hx = 0}, then every
abnormal extremal is strict and there are no normal extremals as long as F does not
vanish along the extremal.

(Proof) 1Itis similar to the proof of Proposition 6.7.4. [ |

5.4 Examples revisited

There are some classical optimal control problems where the classification of extremals has
been described with different tools and approaches: geodesics in Riemannian geometry [Liu
and Sussmann 1995], shortest—paths in subRiemannian geometry [Agrachev and Gauthier 2001,
Liu and Sussmann 1995] and optimal control problems for control-affine systems [Agrachev
and Sachkov 2004, Agrachev and Zelenko 2007, Trélat 2000; 2001]. All of them can be studied
in a unified way by direct application of the method we have proposed in this chapter.

5.4.1 Geodesics in Riemannian geometry

Let M be an m—dimensional Riemannian manifold and assume that there exist m linear inde-
pendent vector fields {Y7, ..., Y,,} on M. Consider the following control-linear system:

X =ul'Y] + ...+ u™mY,,.

The problem of finding the geodesic curves in M can be addressed as an optimal control prob-
lem for the previous system with cost function F(x,u) = || X ||, where || - || is the Riemannian
norm.

For abnormality, pg = 0, the primary constraint submanifold (5.2.5) is
NI = {Ow e MxU|(\Y)=0, I=1,...,m}

Note that the controls do not appear in the primary constraint submanifold. As the number
of controls coincides with the dimension of the state space, the annihilator of all the control
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vector fields is the zero covector. But Theorem 5.1.1 says that (pg, A(f)) # 0. So in Rieman-
nian geometry there are neither abnormal nor strict abnormal extremals, as stated in [Liu and
Sussmann 1995].

For normality, pg = —1, the primary constraint submanifold (5.2.6) is

N[Q‘”:{(A,u)eT*MxU \Y;) — gfl:o, 1:1,...,m}.

For instance, if the vector fields {Y7,...,Y,,} are orthonormal, the cost function is
Flau) = () 4.+ ™),
where 1/2 is written by convention, and we have
N ={0weTMxU | (\Y) —u =0, I=1,...m

Hence, all the controls are known and the Hamiltonian vector field X g is uniquely determined.
Then N][c_l] = N(g_l] as explained in § 5.2. We are in case (i) in Proposition 5.2.9.

The projections on M of the integral curves of X g satisfy the well-known geodesic equa-
tions on M, as can be easily proved.

5.4.2 SubRiemannian geometry

As before, let M be an m—dimensional Riemannian manifold and {Y7,..., Y%} be linearly
independent vector fields on M, but with £ < m. Now the corresponding control-linear system
is

X =u'Yy + ...+ 4. (5.4.7)

We state a problem analogous to the one in the previous section: find the integral curve in M
of the vector field (5.4.7) such that it minimizes the functional of the cost function F(z,u) =
| X||. This optimal control problem has as a solution the shortest paths—i.e., geodesics—in
subRiemannian geometry.

For abnormality, pg = 0, the primary constraint submanifold (5.2.5) is
NP = {0 ) eT"MxU|(\Y)=0, I=1,.. k}
and the Hamiltonian vector field on N(go} is X = Zle u" Xy,, where Xy, denotes X, .
The tangency condition is

k
0= Xyo(Hy) = Y u Xy, (Hy) ZquHYl Xy,) = ZUT{HYMHH}
r=1 r=1

k
= > u'Hpy,y,
r=1
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forl = 1,..., k. Here, the properties of the Poisson bracket, which is denoted by {-, -}, have
been used. See [Abraham and Marsden 1978, pp. 192] for more details about the Poisson
brackets. Then

NP = {(A,u) e NV

k
ZUTH[YMYZ]:O’ lzl,,k}

r=1

Liu and Sussmann [1995] gives a characterization of the abnormal extremals when there are
only two control vector fields. In [Agrachev and Gauthier 2001] the abnormal extremals are
studied more generally, without any assumption about the number of control vector fields.

For two input vector fields, the submanifold NV 1[0] is defined implicitly by the constraints
{UIH[Yl,YQ] = O, UQH[Y%YI] = O}

As both controls cannot be identically zero—otherwise there is no motion—then the only con-
straint is Hy, y,] = 0. Following the algorithm we obtain

0 0
Ny = {(A,u) € N | w! Hyy, s o) + 02 Hiys v 33 = 0} '

If we assume accessibility, then at least one of HJy, [y, v,)) and Hy, |y, y,)] must be nonzero.
Hence, as we have a linear dependence between the controls, the motion is determined up to
reparametrization.

To recap, the abnormal extremals, if they exist, are in

0 0
Ny - {(%U) e N | Hpys o yal) = 00 Hiva il = 0} :
See [Liu and Sussmann 1995] for similar results with another approach.

For normality, pg = —1 and the primary constraint submanifold (5.2.6) is

N(Q‘”:{(A,u)eT*MxU (A,Yl>—a—f 0, lzl,...,kz}.

oul
As in § 5.4.1, if the vector fields {Y7, ..., Y} } are orthonormal, the cost function is
1
F(x,u) = 5((%61)2 +o 1t (WF)?)

and we have N\ = {(\uw) € T"M x U | (\,Y}) —uF =0, 1 =1,...,k}. Thus,
—1 —1
N = Ny,

Observe that the momenta associated with an abnormal extremal can be associated with a
normal extremal if the controls are zero. As the system is control-linear, zero controls give
constant curves. According to Proposition 5.2.9, we are either in case (7i7) or (iv) or (v). In
other words, it is guaranteed the existence of extremals being abnormal and also normal.
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As the input vector fields are assumed to be linear independent, the curves in T*M x U
must be projected to M to be compared. The different biextremals—i.e., the curves in T*M X
U—associated with an extremal are used to discuss in how many classes of Definition 4.1.15
the extremal can be.

5.4.3 Control-affine systems

Now we consider an m—dimensional manifold M and the control-affine system
X =Y +u'Vi+.. .+,

where {Y7,...,Y}} are linear independent vector fields and Y is the drift vector field. Let F
be the cost function for an optimal control problem.

For abnormality, pg = 0, the primary constraint submanifold (5.2.5) is
NY={weT MxU|(\Y)=0, I=1,... k}

and the Hamiltonian vector field is X j;j0) = Xy —i—Zle u” Xy, on N, [O], with the same notation
asin §5.4.2.

The tangency condition is

k
0=Xyo(Hy) = Hyyy+ Y _uHy,yp, 1=1,... .k

r=1
Then Nl[o] = {()\,U) c NO[O] ’ H[Y,Yl] + Zle U’TH[YT,Yl] = 0, l = 1, ey k}

In [Agrachev and Sachkov 2004, Agrachev and Zelenko 2007, Trélat 2001] this situation is
studied when there are at most two controls and in [Trélat 2000] more general results related to
control-affine systems are given.

Depending of the rank of the matrices A = (H}y, y;)) and B = (A| H}yy;}), we have the
following situations, cf. [Agrachev and Sachkov 2004, Agrachev and Zelenko 2007, Trélat
2000; 2001]:

(i) The rank of A is maximum and then all the controls are determined. Hence, given the
initial conditions for the momenta, the abnormal extremals are known.

(i) The rank of A is not maximum and is equal to the rank of B. Then some controls are
determined and others are free. There are no new constraints and the algorithm ends.

(iii) The rank of A is not maximum and different from the rank of B. Then some controls
are determined and others are free. But there are also new constraints and the algorithm
continues. At every step, a similar analysis to (i—iii) must be done to stabilize the new
constraints.
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For normality, pg = —1, and the primary constraint submanifold (5.2.6) is

N :{(A,u)eT*MXU <A,Yz>—g£:07 lzlv--”“}'

For instance, if the cost function is

we have Ny ' = {(\u) € T"M x U | (\,Y)) =¥ =0, ©=1,....k}. Thus, N| | =
N

Suppose that the momenta that makes an extremal abnormal, it also makes the same ex-
tremal normal. Then all the controls for the extremal must be zero. In contrast with the exam-
ple in §5.4.2, if the controls are zero, the curves are not necessarily constant because they are
integral curves of the drift vector field of the control-affine system. According to Proposition
5.2.9, we are either in case (iii) or (iv) or (v). In other words, it is guaranteed the existence of
extremals being abnormal and also normal.

5.5 A strict abnormal extremal in a control-affine system

Following the described method in §5.2, we find a strict abnormal extremal for a control—affine
system on 7'Q), that, in fact, models an affine connection control mechanical system. See more
details about these systems in §6.1 and [Bullo and Lewis 2005a]

Let M = TQ = TR3 (i.e., @ = R?), U be an open set in R? containing the zero. In natural
local coordinates (z, y, 2, Uy, Uy, v;) for T'Q, the drift vector field of the control-system is

Z =wv E—H)Q—H;g
C Pox Yoy o Coz

0 0 0
dYs = (1 — 2)— + 22
vy and Y5 = ( x)avy o 0v,

is given by Z + u'Y] 4+ u2Y3. The endpoint conditions in T'Q) are

and the input vector fields are Y, =

. So the control system

Vo = (2,0,0,0,vy,4(1 = vp)), vp = (2,1,0,0,2(1 — v)), 4v) — 4)

(u1)2 + (u2)2

with vg # 1. The cost function is F = . Hence Pontryagin’s Hamiltonian is

2
132 22
us )+ (u
H()\,UI,UQ) = PxVz + PyUy + P2Uz + UIQz + U2(1 — ZL‘)(]y + U2ZL‘2(]z +p0< ) 2 ) )
with Hamilton’s equations for abnormality and normality being
T = Vg, 'Ux - U17 px = qyu2 —_ 2qzu2:p’ QI = —Dgz,
y.:,uy’ ’U.y:U2(1—:E), py:(), Qy:_pya

. . 22 .
2=, U, =ux", p. =0, 4z = —Pz,
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where p’s and ¢’s are the momenta for the states and the velocities, respectively, and the Hamil-
tonian vector field X = Zie{%y’z} (A0/0i+ B'0/0v; + C;0/0p; + D;0/0¢q;) + E10/0ut +
E20/0u?, where A?, B', C;, D; are determined by Hamilton’s equations.

The constraint algorithm for abnormality gives us

0]
N = {()\,u) eT*TQ x U agll (A u) = Hy,(\) =0, for [ = 1,2}
u
{Nu) eT*TQ xU | ¢, =0, qy(1 —x)+q,x*> =0}

NP =t u) e N | Hizyy(\) =0, for 1 =1,2}

= {()‘7 u) € N([)O] | pe =0, (_1 + x)py - x2pz — UzQy + 22vzq, = 0}

0 0

NQ[ = {(Au) € Nl[ ] ’ (H[Zv[Zle}szzluT[Yr,[Z,Yz]])(/\) =0, for [ =1,2}

= {(nu) e N | (~ay + 2xq,)u? =0,

(—qy + 2xqz)u1 = —(2pyvy — dzvLp, + 21)%(]2)} .

In order to satisfy the endpoint conditions, to not have the zero covector, and to have a strict
abnormal extremal, the subset defined by x (z — 1) ¢, u?> = 0, coming from the above bold
equations, must be deleted from the constraint submanifold. Then

N = () e T TQ x U\ {a(z — 1)gzu? = 0} [ o = 0, —q, +4g: = 0, p, =0,
py_4pZ:O7 x:27 UQT:O}
NO - {(\,u) e N |vy =0, u! =0}
3 - 9 2 T — Y -
N = {uw) e N ul =0, By =0} = N = N

By restriction to the final constraint submanifold and integrating Hamilton’s equations on [0, 1],
we have the abnormal lift

A(t) = (0,4p2, p2,0, —4p%t + 4¢2, —p2t + ¢°)

and
12
v(t) = ( , —u2§ + Ugt, 22t + 4(1 — vg)t, 0, —u’t + Ug, 4t + 4(1 — vg))

with u? = 2(v)) — 1).
The constraint algorithm for normality gives us

B oHY
N(g 11 _ {()\,u)eT*TQxU W(A,u):o,forzzl,Q}
= {MNuw)eT*TQxU | q—u'=0,

1 ) 7~ =0 = N =

If we substitute the curve  in Hamilton’s equations, we have u' = 0 and u* = 2(v]) — 1).
Then, for the primary constraint submanifold, ¢, = 0 and u? = —@y + 4q.. Due to Hamilton’s
equations, p, = 0 and 0 = p, = —(u?)2. This last equality is only possible if vg = 1, but that
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was not the hypothesis. Thus there does not exist a lift with pg = —1 along ~; that is, v is a
strict abnormal extremal whenever vg £ 1.
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Chapter 6

Pontryagin’s Maximum Principle for
mechanical systems

After a general overview of optimal control theory providing new insights into this topic,
we focus on a particular class of control systems: affine connection control systems. These
systems, defined in §6.1, model a wide range of mechanical systems, such as the rolling disk,
the snakeboard, the planar rigid body, the robotic leg; see for instance [Bloch 2003, Bullo and
Lewis 2005a;b].

The mechanical control systems studied here are governed by second—order differential
equations on a manifold @), the so—called configuration space of the mechanical system. Thus
they can be rewritten as first—order differential equations on 7'Q). Then we have a control—affine
system on 7'Q). Notions related to the accessibility and the controllability of these mechani-
cal systems are briefly reviewed in §6.2, but more details can be studied in [Bullo and Lewis
2005a, Cortés and Martinez 2003, Lewis and Murray 1997, Nijmeijer and van der Schaft 1990,
Ostrowski and Burdick 1997, Sussmann 1987, Zefran et al. 1999].

In §6.3 we pose an optimal control problem for these mechanical systems. As these sys-
tems are reinterpreted as first—order differential equations on 7'Q, so the cost function for that
problem may depend on the velocities and the endpoint conditions for the curves can be either
on ()—i.e., without restrictions on the velocities—or on 7'Q). Thus, there are a few possible
statements for the optimal control problem for mechanical systems.

The evolution of the previous chapters leads us to an intrinsic Pontryagin’s Maximum Prin-
ciple and to a weak Pontryagin’s Maximum Principle in a presymplectic framework, both for
the optimal control problems for affine connection control systems stated in §6.3.

According to the theory developed in §2.4.6, there exists a particular splitting of the tangent
bundle 7'Q) defined by the linear connection associated with a specific second—order vector
field. Similar splittings for different tangent bundles are used to state intrinsically Pontryagin’s
Maximum Principle for the mechanical systems as explained in [Bullo and Lewis 2005b] and
reviewed here in §6.4. The purpose of this review is to give a panorama, as complete as possible,
of Pontryagin’s Maximum Principle. Moreover, §6.4 is important to establish a comparison
with some results in §7.2.1.

As described in Chapter 5, one of the contributions of this dissertation is the characterization
of the different extremals in optimal control theory through the adaptation of a presymplectic
constraint algorithm in the sense given by Carifiena [1990], Gotay and Nester [1979], Gotay
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et al. [1978], Gracia and Pons [1992], Mufioz-Lecanda and Roman-Roy [1992]. To apply the
process of characterizing extremals in optimal control problems for affine connection control
systems, it is useful to use a weak or presymplectic mechanical Pontryagin’s Maximum Princi-
ple, stated in §6.5 and similar to Theorem 5.1.1. Once the foundations are clear, the constraint
submanifolds are computed for both abnormal and normal extremals in §6.6.

Some new results can be obtained in the study of abnormal extremals, in particular optimal
control problems such as those with a control-quadratic cost function and the time—optimal
control problem [Barbero-Lifidn and Muiioz Lecanda 2008d], in §6.7.1 and §6.7.2, respectively.
We mainly focus on the abnormal and strict abnormal extremals because of the interest in these
as a result of some papers in mid 1990’s [Liu and Sussmann 1995, Montgomery 1994], where
the existence of strict abnormal minimizers is proved.

Furthermore, we consider some particular examples of optimal control problems with a
given number of input vector fields and on a given configuration manifold, in order to better
understand the constraint algorithm and to be mindful of the different situations that arise along
the process, see §6.8. In the stop conditions to find the final constraint submanifolds, some
geometric constructions such as symmetric products, vector—valued quadratic forms appear;
see Appendix C and [Bullo and Lewis 2005a, Hirschorn and Lewis 2002]. There is still work
to do in this direction, as shows Conjecture 6.8.5, to take advantage of the geometry in the
problem as much as possible, especially to study abnormal extremals and necessary conditions
for high—order maximum principle [Bianchini 1998, Kawski 2003, Knobloch 1981, Krener
1977].

6.1 Affine connection control systems

A general simple mechanical system is defined by (Q, g, F, D, % ,U), where
e () is a smooth n—dimensional manifold called the configuration manifold,
e ¢ is a Riemannian metric on (),

e ["isavector field along the projection 7¢) defining a vector force including all the external
forces; e.g., the potential and the non—potential forces,

D is the so—called nonholonomic distribution that restricts the set of velocities,
e % isaset of k input vector fields on (), and

U C RF.

The Lagrange—d’ Alembert principle [Bloch 2003] states that the solutions v: I C R — @) of
this mechanical system are given by

Vi (t) —u*(6)Ys(v(1) — F(3(8)) € DH(7(1)), 4(t) € D((2)),
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where D is the g—orthogonal distribution to D, V is the Levi—Civita connection associated
with g and the controls u: I — U are locally integrable; see [Bullo and Lewis 2005a; 2007,
Lewis 1998] for more details. Thus, these general systems describe forced mechanical systems
with nonholonomic constraints; that is, when the velocities at each point x in () are restricted
to be in a subspace D, C T,(). These general control systems will be studied in Chapter 7
beyond the scope of optimal control theory in the particular case of having the nonholonomic
distribution equal to the distribution spanned by the input vector fields.

Here, we focus on the affine connection control system (ACCS) that is a mechanical system
givenby ¥ = (Q,V, % ,U) where V is an affine connection on () and ¢ is the family of input
vector fields {Y7, ..., Yy }. Thus, there are neither external forces nor nonholonomic constraints
(D, = T,Q for every x € (). An affine connection V is considered in place of the connection
associated with the Riemannian metric.

The dynamical equations of the control system are given by

Vi (t) = vl (£)Yi((1)), (6.1.1)

where v: I C R — @ is absolutely continuous and the controls u: I — U C R* are locally
integrable.

Equation (6.1.1) can be rewritten as a first-order control-affine system on 7'Q),
T(t) = Z(T(t) +u' ()Y (T (), (6.1.2)

where Y: I — T'Q, Z is the geodesic spray associated to the affine connection on () and is the
drift vector field of the system, YZV denotes the vertical lift of the vector field Y;; see [Abraham
and Marsden 1978]. The geodesic spray is the element of this control system that carries the
information about the connection on (). Observe that this control system can be understood as a
control-linear system with k+ 1 input vector fields given by {Z, Y}V, ..., ka} with the control
set {1} x U, that is, the control corresponding with the geodesic spray can only be equal to 1.

Remark 6.1.1. The linear independence of the input vector fields is assumed in the sequel to
guarantee that different controls determine different curves in 7'Q) satisfying Equation (6.1.2).
This is also pointed out in Remark 5.2.7.

6.2 Accessibility and controllability for mechanical systems

Let us review the definitions and main results related with accessibility for ACCS [Bullo and
Lewis 2005a;b, Cortés and Martinez 2003, Lewis and Murray 1997, Ostrowski and Burdick
1997].

Definition 6.2.1. Let ¥ = (Q,V, % ,U) be an ACCS and v, € T,Q.

1. The reachable set from v, at time T in Q) is

Ry g(ve, T) ={v(T) | (v,u): I CR — @ x U satisfies (6.1.1) , ¥(0) = v }.
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2. The reachable set from v, at time T in T'Q is

Ry 1q(vy, T) ={Y(T) | (YT,u): I CR—TQ x U satisfies (6.1.2),
T(0) = vg}.

3. The reachable set Ry, (v,, < T) from v, up to T in Q) is

Ry (v, <T) = U Ry q(vz, ).
0<t<T

4. The reachable set Ry, 7q(v,, < T) from v, up to T in TQ is

joQ(vx, < T) = U RE’TQ(’Um,t).
0<t<T

Once the reachable sets are defined, we can introduce the notion of accessibility and con-
trollability.

Definition 6.2.2. Let > = (Q,V, % ,U) be an ACCS and v, € T,Q.

1. The system Y. is accessible from v, if there exists T' > 0 such that

int Ry, 7¢(ve, < t) # 0
foreveryt € (0,T7.

2. The system % is configuration accessible from v, if there exists T > 0 such that
int Ry, o (vg, < t) # 0 for every t € (0,T1.

3. The system X is small-time locally controllable from v, if there exists T > 0 such that
vy € int Ry, 7g(vy, < t) for every t € (0,T.

4. The system Y. is small-time locally configuration controllable from v, if there exists
T > 0 such that x € int Ry, (vs, < t) for every t € (0,T).

Remark 6.2.3. Observe that if a system is accessible, then it is configuration accessible. Anal-
ogously, if the system is small-time locally controllable, then it is small-time locally configu-
ration controllable. The converses are not necessarily true.

Remark 6.2.4. According to Ostrowski and Burdick [1997], the notion of small-time locally
controllable only has sense if the initial velocity is assumed to be zero, otherwise we cannot
guarantee that the trajectory stays in a neighbourhood of the initial condition. There exist results
related with controllability for mechanical systems in the literature on control theory as long as
the initial velocity is zero; see for instance [Lewis and Murray 1997].

Before proceeding, we need an assumption about the control set; for more details see [Bullo
and Lewis 2005a;b;c]. In the following statement, conv (U) is the convex hull of the open
control set (that is, the smallest convex set containing U), and aff (U) is the affine hull (that is,
the smallest affine subspace of R¥ containing 7). See Appendix B for definitions of convexity
and affinity.
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Definition 6.2.5. The control set U C R” is almost proper if
1. 0 € conv(U), and

2. aff(U) = R”.

Using the notation in Chapter 3, this assumption on the control set guarantees that the span
of the vector fields { fo, f1, ..., fx} defining a control-affine system is equal to the span of the
vector fields { fo + 215:1 u’®fs | w € U}. This is useful to analyze the structure of the reachable
set.

If the mechanical system is studied as a control-affine system on 1'Q); see Equation (6.1.2),
then the notions of accessibility reviewed in §3.2 and described in [Nijmeijer and van der Schaft
1990, Sussmann and Jurdjevic 1972] can be used. Thus, according to Definition 3.2.4, the ac-
cessibility distribution of the system (6.1.2) is Lie™ (Z YV, YkV). The system is accessi-
ble if

Lie®(Z, Y)Y, ..., )y, = T, TQ

x

because of Proposition 3.2.6.

At first, the mechanical system is defined on ). Thus if the initial velocity is taken to
be zero, there is a characterization of the accessibility in terms of constructions on ¢ without
considering vector fields on the tangent bundle. In order to obtain results, it is necessary to study
the symmetric product of two vector fields X, Y € X(Q) denoted by (X : Y') and defined as
follows

(X:Y)=VxY +VyX. (6.2.3)

The geometric meaning of the symmetric product is the characterization of the geodesic invari-
ance of a distribution; see [Bullo and Lewis 2005b] for more details.

Theorem 6.2.6. (/Bullo and Lewis 2005a, Cortés and Martinez 2003, Lewis and Murray
1997]) Let ¥ = (Q,V,%,U) be an ACCS with the control set U being almost proper and
Sym® (%) be the smallest distribution such that % C Sym™ (%) and (X : Y) € ' (Sym™ (%))
foreach X, Y € T'(Sym®™(%)). If Lie*™®(Sym™(#)), = T,Q, then ¥ is configuration ac-
cessible from 0. If Sym™ (%), = T,Q, then X is accessible from 0.

This result is related with the fact that
Vo (1q@) = Sym™ (%), and Hy, (TQ) = Lie™ (Sym®(#),) .

To try to generalize the results of accessibility for non—zero initial velocities, we compute some
Lie brackets of the control vector fields and the drift vector field. In natural local coordinates
(z,v) for TQ,

9 9 9
Z=v— T —, YV=v_—= 6.2.4
Y o Y Gy ovt’ ( )
where T, Y* € C*°(Q), and then we have

ZyV) = -y viaylwivf’(ﬂ +T0%) ) 57 (6.2.5)
’ N ox’ Oxt g I gl o
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Proposition 6.2.7. If Y is an ACCS with the control vector fields Y1, . .., Y}, linearly indepen-

dent, then the vector fields in the family {[Z,Y,Y],Y.V'},—1 . are linearly independent.

-----

(Proof) The proof of this result is due to the expression of the Lie bracket (6.2.5) and the
hypothesis of linear independence of the control vector fields. The (2n x 2k)—matrix given by
the components of the family of vector fields {[Z,Y\],...,[Z,Y}Y],Y},..., Y}V }, according
to Equation (6.2.5), is

i0Y! o] ; i L.
(0755 + Y0 (T 4 T5)) (V)
fori =1,...,n,7=1,...,kand 0 € M, . Thus, we conclude that the matrix (6.2.6) has
maximum rank. u

Remark 6.2.8. Observe that given a family of vector fields on () and an affine connection on
Q, if the involutive distribution containing this family spans the whole tangent space on @),
then the vertical lift of those vector fields and their Lie bracket with the geodesic spray span the
tangent space of T'Q).

As a result of the previous remark and Proposition 6.2.7 the following result is immediately
proved.

Corollary 6.2.9. Let ¥ = (Q,V, % ,U) be an ACCS with an almost proper control set U and
vy € TQ. IfLie™ (%), = T,Q, then ¥ is accessible from v,.

Thus, Corollary 6.2.9 characterizes the accessibility of an affine connection control system
even from a nonzero velocity. It would be interesting to give more specific results analogous in
some sense to Theorem 6.2.6 as explained in Chapter 9.

6.3 Optimal control problem for affine connection control systems

As defined in §6.1, ACCS are given by ¥ = (Q, V, %, U) where @ is a smooth n—dimensional
manifold called the configuration manifold, V is an affine connection on @), % is the set of
input vector fields {Y1,...,Y;} and U is a set in R*. After studying these systems in control
theory, let us associate them with an optimal control problem.

From Chapter 4, it is known that there are two different classes of optimal control problems:
fixed time and nonfixed time, depending on whether the interval of definition of the curves is
given or not. However, for mechanical systems there are more possible statements because the
endpoint conditions can be in ()—that is, without restricting the velocities—or in 7'Q); see §6.1
for the reinterpretation of these systems as control-affine systems on 7'Q). Thus, it makes sense
that the cost function depends on the velocities.

The assumptions for all the elements in the following problems are analogous to the as-
sumptions considered in §2.2.1 and §4.1.1.
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If 7: TQ x U — R is the cost function, we have the functional

S[T, u] = /I}"(T(t),u(t))dt

defined on curves (Y, u): I — T'Q x U where I = [a, b] is a compact interval in R. Consider
the following problems, where 7 : T'Q) — () is the natural projection of the tangent bundle:

Statement 6.3.1. (Optimal control problem for ACCS without velocity endpoint conditions)
Given (Q,V, % U), F, I = [a,b], xg,x € Q. Find (y,u): I — Q x U such that for a curve
T:1—TQ satisfying rgo Y =,

(1) ~(a) = zq, ¥(b) = xp,

(HYWZZG@HWWMHNMAM

(3) S[T,u] f[ F(Y(t),u(t))dt is minimum over all curves on TQ x U satisfying (1) and
(2)-

Statement 6.3.2. (Optimal control problem for ACCS with velocity endpoint conditions)
Given (Q,V, %, U), F, I = [a,b], vq € T;,Q, vp € Ty, Q. Find (y,u): I — Q x U such that
foracurve Y: I — TQ satisfying g oY =1,

(1) Y(a) = vq, Y(b) = vy,
(@Tszﬁwﬂw%MHNMAw

(3) S[Y,u] = [; F(L(t),u(t))dt is minimum over all curves on TQ x U satisfying (1) and
(2)-

The tuple X = (Q, V, %, U, F, I) denotes a fixed time optimal control problem. The no-
tation ¥z (x4, xp) is used when the velocity endpoint conditions are not restricted and X £ (vg, vp)
when they are restricted.

Observe that the condition (2) in both previous Statements 6.3.1 and 6.3.2 implies that T is
the natural lift of v, that is, T = 4.

It is possible to define free optimal control problems for ACCS with(out) velocity endpoint
conditions; analogous to the problem in Statement 4.3.1. Remember that in such problems the
interval [ is also an unknown and it must be computed.

6.4 Intrinsic mechanical Pontryagin’s Maximum Principle

It has already been mentioned that an important resource in optimal control theory is Pontrya-
gin’s Maximum Principle, in a both geometric and computational sense. We are interested
in studying the necessary conditions for optimality in mechanical control systems such as the
ones defined in §6.1. The solution to the problem is on the manifold 7'Q) x U. Then, as we
saw in Chapter 4, Pontryagin’s Hamiltonian is a real-valued function on 7*7T'Q) x U. Particular
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splittings of T*7T'() and other tangent and cotangent bundles are explained in §6.4.1 because
they are necessary to state intrinsically the mechanical Pontryagin’s Maximum Principle. In
§6.4.2 an intrinsic version of mechanical Pontryagin’s Maximum Principle is given, according
to Bullo and Lewis [2005b].

The contents in this section are mainly a review of the intrinsic Pontryagin’s Maximum
Principle for the mechanical case so that this dissertation describes as complete as possible the
geometric information related with Pontryagin’s Maximum Principle.

6.4.1 Useful splittings

The technique of using splittings to the benefit of the geometry of the control system has been
used previously in [Lewis and Murray 1997] to study the controllability of ACCS starting at
zero velocity. Keeping in mind §2.4.4, it is possible to define the setting necessary for stating
the mechanical Pontryagin’s Maximum Principle.

6.4.1.1 Linear connection on 71q: TQ — Q

The notion of an induced Ehresmann connection on 7p;: T'M — M has been defined in
§2.4.4. This connection is associated with a semi—spray; that is, a vector field satisfying the
second—order condition, Definition 2.4.11. The affine connection on () defines a linear connec-
tion on 7¢ associated with the geodesic spray.

Definition 6.4.1. A vector field S: TQQ — TTQ is a spray if it satisfies the second—order
condition and LAS = S, where L denotes the Lie derivative with respect to the Liouville
vector field A\ in Equation (2.4.15).

By Euler’s Theorem for the homogeneous functions, in natural local coordinates (x, v) for
TQ, a spray is given by

S(z,v) =v* + S'(z,v)

(2.0) ovt

()

ox’
where S’ is a homogeneous function of degree 2 with respect to v:
4 : -
S'(x,v) = S (z)v!v'.

When S;.l are the Christoffel symbols of the affine connection V, S is the geodesic spray Z, cf.
Equation (6.2.4).

According to Propositions 2.4.5 and 2.4.12, the geodesic spray defines a linear connection
V on 7 as in Equation (2.4.12). This connection defines a splitting of the tangent bundle into
horizontal subbundle and vertical subbundle:

T(TQ) = H(TQ) & V(7q).
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Ateach point v, € TQ, wehave T, (T'Q) = H,,(T'Q)®V,, (7¢) and a basis for the subspaces
are

0 1 ; 0 0
H, (TQ)® Vy,(19) = <8a:l - 5(% "‘Pgi)”lavj> & <3vi> :

In order to simplify the forthcoming computations, the connection is assumed to be the Levi—Ci-
vita connection; that is, symmetric and compatible with the metric. The symmetry of the con-
nection implies zero torsion, Ffi = Fgl. Then, the associated subspaces at v, € T'() are spanned

> 0 0 0
Hvz(TQ) = <8l’l - Féjvjavl> ) ‘/UI(TQ) = <8U1> :

6.4.1.2 Splitting of 77'() according to the linear connection on 7

From the linear connection on 7¢: T'Q) — () associated with the affine connection V on @), it
is possible to give a splitting of 7*7'Q as defined in §2.4.3. Recall that T(T'Q)) = H(TQ) &
V (1q) so that

T*(TQ) = (H(TQ))" & (V(r0))"

where (H(TQ))* and (V (7g))" are the dual subbundles of H(T'Q) and V (7), respectively.

For every v, € T'Q, there exists the following isomorphism
T;,TQ = (Hy,(TQ))" & (Vo (19))" = T;Q & T; Q.

Observe that the elements in (H,, (7'Q))" annihilate the elements in H,, (7'Q) and the ones in
(Vo (7q))" annihilate the elements in V,,, (7). Local bases of the two subspaces of T} T'Q are

(Hy, (TQ))" = (da'), , (Vi (1Q))" = <dzﬂ' + %(r;l, + r;'j)vldxﬂ‘> ,

Vx

fort =1,...,n, as aresult of Equation (6.4.1.1).

6.4.1.3 Dual of a linear connection on 7q : TQ — Q associated with an affine connection

on Q

As described in §2.4.5, the dual of a linear connection on 7: T'Q)Q — (@ is indeed a linear
connection on g : 10 — Q.

Remember that a connection is defined once the horizontal subbundle is given; see Propo-
sition 2.4.1. Due to Lemma 2.4.10, the horizontal subbundle of the linear connection in which
we are interested is given by the dual of the horizontal lift of vector fields on @ to T'Q) via
h: X(Q) — H(TQ), see (2.4.13).

Hence, T'(T*Q) = H(T*Q) @ V (mg). Observe that for every € @,
Ja TQ

;Q = 1T"Q — @

p = Pz = X
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where j, is the inclusion map. As mg o j, is a constant function, we have T;Q) ~ V,, (7g). So
it makes sense to define the vertical lift (v*)2” : TxQ — V},, (mg) with local expression

, 0
P (dal) = :
v an) = o)

Hence for every p, € T*Q,

T, T°Q = Hp, (T7Q) ® Vp, (mq) ~ T:Q © T, Q.

In local coordinates (z, p) adapted to mg : T*Q — @, for every p, € T*Q),

. 0 1 ; 0 0 )
Hy, (T7Q) = <8:ci +2(F§Z+Fg¢)pj8pl> , Vi (mg) = <ap-> , fori=1,...,n.
Pz v/ pe

6.4.1.4 Linear connection on 7rq: TTQ — TQ associated with an affine connection

on Q

The construction is similar to the one in §6.4.1.1, so we need a vector field on T'Q) that satisfies
the second—order condition. A first try would be consider the complete lift Z7 of the geodesic
spray associated with the affine connection V on () —see §2.2.2.1 for more details about this
lift—but it does not satisfy the second—order condition as can be seen from the local expression.

Lemma 6.4.2. Let Z be the geodesic spray associated with the affine connection V on Q) and
kg: TTQ — TTQ be the canonical involution (that is, kg o kg = Idrrg and T7q o kg =
T1q). The kg-pushforward vector field (kq), ZT of the complete lift of the geodesic spray
satisfies the second—order condition on TT Q).

(Proof) The vector field (kg), ZT € X(TTQ) satisfies the second—order condition on
TTQ if, forevery W € TTQ,

Twrrq [((kQ), Z2") ] = 1d(W).
Let f € C*°(T'Q). By the properties of the canonical involution, we have
Twrrq [((kQ), Z7) ] f = (k@) Z7)y, (f 0 1q)
= Tnél(W)’%Q ZZéI(W) (f © TTQ) = TKQ(W)K;Q (Z,ZQ(W)) (f © TTQ)

= Twrre ([T (Zyan) |, ) = Trau (rra e m) (Zlyan) ) 1
= Trow) (T'7Q) <ZZQ(W)) f

Then,
TWTTQ [((HQ)* ZT)W:| = THQ(W) (TTQ) (Z;FQ(W)>

= ((Trq 0 5Q) W), Dy (T2l 1) ) = W.



6. Pontryagin’s Maximum Principle for mechanical systems 129

According to Propositions 2.4.5 and 2.4.12 the vector field (k¢), Z7 defines a linear con-
nection on 77 as in Equation (2.4.12) such that

T(TTQ)=H(TTQ)® V(rrq)
and, for every W,,, € T, T'Q), we have the isomorphism
TWUITTQ = HW% (TTQ) D VWUI (TTQ) ~ TvxTQ D TWTQ.

The linear connection on 7 then gives the isomorphism
Hw, (TTQ) Vivy, (T1q)

Hoy, (TQ) Vo (TQ) Ho, (TQ) Vg (TQ)
A~ N ~ N ~ N A~ N
Tw, TTQ ~ T,Q & T.Q © T, & T.Q .

Thus, from vector at z on @ it is possible to define the lifts to vector in Ty, TT'Q step by step
using different connections; see [Bullo and Lewis 2005b] for a local expression of the basis of
this last splitting.

6.4.1.5 Dual of a linear connection on 77q: TTQ — TQ associated with an affine con-
nection on Q

As before, let us construct the dual of a linear connection as explained in Lemma 2.4.10.
In other words, the linear connection on mrq: T*T'(Q) — T(Q is defined by the horizon-
tal subbundle given by the dual of the horizontal lift of vector fields on T'Q to TTQ via
h': X(TQ) — X(TTQ) associated to the connection defined in §6.4.1.4 and defined anal-
ogously to (2.4.13).

Thus there exists a splitting T'(7T*T'Q) = H(T*TQ) @ V(nrg) and, for every A,, €
T*TQ,
Th,,T°TQ ~ Hp, (T7TQ) © W, (77q) ~ T, TQ & T, TQ.
The connection on 7g: T'QQ — () defined in §6.4.1.1 and the splitting of Tv*qTQ in §6.4.1.2
allows us to write

HA’UI (T*TQ) VAvm (TFTQ)

Hop(TQ)  Viw(rq)  (Hup(TQ)*  (Vea(ra)”
gy * *
T, T'TQ~ T,.Q o T.Q © T; o T

Thus tangent vectors in T;.() can be naturally lifted to tangent vectors in Ty, T™T'Q).

6.4.2 Intrinsic Pontryagin’s Maximum Principle for affine connection control
systems

We continue with the definition of all the geometric elements necessary for the suitable state-
ment of Pontryagin’s Maximum Principle in this chapter. We refer the reader to [Bullo and
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Lewis 2005b] for a thorough study of this topic. Associated with the affine connection V on )
defining the ACCS, we have the torsion tensor T'; that is, the (1, 2)—tensor field on () defined
by

T(X,Y)=VxY —-VyX — [X,Y],

and the curvature tensor R; that is, the (1, 3)—tensor field on () defined by
R(X, Y)Z - VXVYZ - VYVXZ - V[X7y}Z,
for X,Y,Z € X(Q). Let us define the following tensor fields:

T 01(Q) % X(Q) — 2'(Q), T* (0, X)(2) = (o, T(X, 2)),
R*: QI(Q) X :{(Q) X X(Q) - QI(Q)) R*(ava Y)(Z) = <a’ R(X7 Y)Z>7

for Z € X(Q). For any vector field Y € X(Q), we have
(VY)": @HQ) = Q1(Q), (VY)*(@)(X) = (a, VxY),
for X € X(Q).

Definition 6.4.3. Given the dffine connection control system ¥ = (Q,V,%,U), a U-de-
pendent (0,7r) tensor field on Q is a map A: Q x U — TY(Q) such that A is continuous
and © — A(zx,u) is a smooth (0,r)—tensor field for every u € U C R*. Analogously, a
U-dependent (r,0) tensor field on ) may be defined.

Given A = (A, f) where A is a U-dependent (0, r)—tensor field on ) and f € C*(R), we
define a cost function for ¥ = (Q,V, % ,U) associated with A as a function F4: TQxU — R
such that

Fa(vg,u) = f(A(z,u)(vg, .7, v5)). (6.4.7)
For vy, ...,v,_1 € T,Q, we define fl(vl, ooy Up1) € TXQ by

<f1(111, .. .,vr,l);v> = A(v,v1,...,0-1)

for v € T, Q. If B is a symmetric (r, 0)—tensor field and o', ..., a" ! € TF(Q, then we define
B(at,...,a" 1) € T,Q by

<ﬂ,f)’(a1, ... ,o/"’l)> — B (57 al, o arfl)
for 5 € T Q.
Pontryagin’s Hamiltonian for the ACCS X is given by H: T*(TQ) x U — R,
H(Ao, ) = (Ao, Z(02) + 0V (v2)) + poFalve, u), (64.8)
with A, € T TQ.

The splitting of 77y T'Q) defined in §6.4.1.2 and the splitting of T;,, T'Q) in §6.4.1.1 enable us
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to write the Hamiltonian as
H(aw, ® Bu,,u) = (ay, ® Bu,,v ® (u’Ys(2))) + poFa(ve, u), (6.4.9)
where o, @ By, € (Hy, (TQ))" & (Vo,(1g))" with local expression
H (o, ® B, u) = aiv’ + BV u® + poFa(va, u).

Theorem 6.4.4. (Pontryagin’s Maximum Principle for Affine Connection Control Systems,
[Bullo and Lewis 2005b]) Let > = (Q,V, % ,U) be an affine connection control system with
the cost function F 4 where A = (A, f). If (y,u): I — @Q x U is a solution of the fixed
time optimal control problem in Statement 6.3.2 with velocity endpoint conditions v, € T}, Q,
vy € T, Q. Then there exists a smooth covector field \: I — T*(Q) along ~y and a constant
po € {—1,0} such that

(i) for almost every t € I we have

Vi(t)/\(HR*(/\(t) YY) = T (Vi A1), 7(1))
u(t)(VYa)* (A1) = Ao f' (A3 (D), ..., (O (VAG(E), ..., 4(1))
—r(Vsn A (1), ... (t))—r(?”—l) (HAYa(r (1)), (t),---d(t
+rT*(A(¥ (),--~,7(t)),ﬁ(t)))
A f (A1), .. A ONVAGE), -, 7(1): 7))
+rut () AYa(y(0)), (), -, 4O AG@), - - A (1);

(ii) H(O(t) ® A(t),u(t)) = sup,ey H(0(t) & A(t), w(t)) where

0(t) = 3T*(M1),7(t) — VsmAlt)
) 6.4.10
T oA, ADAGE), A0, (410
fort e I;
(iii) either po = —1 or 0(a) ® A(a) # 0;
(iv) H(O(t) & A(t),u(t)) is constant almost everywhere.
If (v,u) is a solution of a free optimal control problem for ACCS with velocity endpoint

conditions, (i) — (iii) are satisfied and (iv) is replaced by H(0(t) & A\(t),u(t)) = 0 almost
everywhere.

If (7y,u) is a solution of the fixed time optimal control problem in Statement 6.3.1 without
velocity endpoint conditions, (i) — (iv) are satisfied and also \(a) = A\(b) = 0.

If (y,u) is a solution of a free optimal control problem for ACCS without velocity end-
point conditions, (i) — (iii) are satisfied (iv) is replaced by H(0(t) & A\(t),u(t)) = 0 almost
everywhere, and it is also satisfied that \(a) = 0 and \(b) =

The proof of this theorem consists of using Theorem 4.1.14 plus all the splittings explained
in [Bullo and Lewis 2005b, Coombs 2000] and briefly reviewed in §6.4.1.
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When the velocity endpoint conditions are not restricted and endpoint conditions on the
configuration manifold are fixed, the transversality conditions in Theorem 4.3.13 are

0(a) ® Ma) € ann Ty gy ({za} X T, Q),  0(b) ® A(b) € ann Ty ({zp} x Ti, Q).

These conditions imply that A(a) = A(b) = 0.
Remark 6.4.5. Observe that once the momenta associated to the vertical subbundle is known,

the momenta of the horizontal subbundle is also determined independently of the controls be-
cause of Equation (6.4.10).

The necessary conditions in Theorem 6.4.4 define again different extremals, in the same
way as in Definition 4.1.15.

6.5 Weak mechanical Pontryagin’s Maximum Principle

The optimal control problem defined in §6.3 can be also solved through the method described
in Chapter 5 as long as the control system is rewritten as a control-affine system on 7'Q)—see
Equation (6.1.2)—the control set U is open and all the elements are differentiable enough. The
particular expressions of the drift vector field (the geodesic spray) and the control vector fields
(being vertical lift of vector fields on @) give a nice geometric description of the constraint
submanifolds, particularly in the abnormal case. The geometry will be defined by vector—valued
quadratic forms; see Appendix C and [Bullo and Lewis 2005a, Hirschorn and Lewis 2002] for
more details.

As in §5.1, to state Pontryagin’s Maximum Principle we use a presymplectic framework,
in this case given by the presymplectic Hamiltonian system (7*(7'Q) x U, 2, H) where {2 is
the pullback of the canonical 2—form on 7%(7'Q) through 71 : T*(TQ) x U — T*(TQ) and
the Hamiltonian is given in Equation (6.4.8). For more details on the presymplectic formalism
see §2.3.2 and [Carifiena 1990, Gotay and Nester 1979, Gotay et al. 1978, Gracia and Pons
1992, Munoz-Lecanda and Roman-Roy 1992] and for the specific use in optimal control theory
see Chapter 5 and [Barbero-Lifidn and Mufioz Lecanda 2008a, Delgado-Téllez and Ibort 2003,
Martinez 2004].

Theorem 6.5.1. (Weak Pontryagin’s Maximum Principle for ACCS)
If (Y,u): [a,b] — TQ x U is a solution of the optimal control problem in Statement 6.3.1,
Y5 (xq, xp), then there exist A: [a,b] — T*(T'Q) along Y, and py € {—1,0} such that:

1. (A, u) is an integral curve of a Hamiltonian vector field X iy defined by
ix,Q = dH; 6.5.11)
that is, (A, u) satisfies i; ;) = dH (A(t),u(t));

2. (a) supgzcy H(A(t), u) is constant everywhere in't € [a, b];
(b) (po,A(t)) # 0 foreacht € [a,b].
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As €2 is a degenerate 2—form, the presymplectic equation (6.5.11) does not have solution
in the entire manifold 7*(7'Q) x U, exactly the same as in §2.3.2 and §5.1. The equation has
solutions if we restrict it to the primary submanifold defined by

No={peT*(TQ) x U |i,dH =0, for v € ker Qg}.

Remark 5.1.2 explains that this submanifold is defined implicitly by the necessary condition
for the maximization of the Hamiltonian over the controls along the optimal solution. Remem-
ber that the maximum can be used instead of the supremum as explained in comment 4 after
Theorem 4.1.14.

The necessary conditions of Theorem 6.5.1 determine different kinds of extremals as in
Definition 4.1.15. Among all the different extremals, there are abnormal and singular extremals.
As the control system studied here is a control-affine system, the next result holds.

Proposition 6.5.2. For an optimal control problem Sigmar for ACCS, the abnormal extremals
(YT,u) on TQ x U, i.e. the extremals satisfying the necessary conditions in Theorem 6.5.1 for
po = 0, are always singular extremals.

(Proof) If (Y, w) is an abnormal extremal, then the Hamiltonian to be considered is H 0] =

Hz + w”Hyy, and the presymplectic equation (6.5.11) has a solution when restricted to the
points satisfying

oHO

ous’

Thus the Hamiltonian becomes H!

:HYSV:O, for s=1,... k.

Ol = H, and it does not depend on the controls. Neither,

therefore, does the maximum. Then the abnormal extremals are singular, see Definition 4.1.15.
|

Remark 6.5.3. In fact, an abnormal extremal is also singular provided that the system is con-
trol-affine, as in ACCS [Bullo and Lewis 2005b] or, in particular, for control-linear systems as
in subRiemannian geometry [Liu and Sussmann 1995, Montgomery 1994]. As pointed out in
§3.1, a control-linear system is a particular case of a control-affine system.

6.6 Constraint algorithm for extremals in optimal control prob-
lems for affine connection control systems

Through the techniques described in Chapter 5 and [Barbero-Lifidn and Mufioz Lecanda 2008a]
we determine where the dynamics of normal and abnormal extremals take place for the mechan-
ical control systems considered in this chapter.

We have the presymplectic Hamiltonian system (7*(7'Q) x U, §2, H) with the Hamiltonian
function H = Hy + u*Hyv + poF, where Hz(A) = (A, Z) and similarly for Hyv.

The presymplectic equation (6.5.11), i x,, 2 = dH, has a solution in the primary constraint
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submanifold

H
Np = {(A,u) € T*(TQ) x U‘ % = Hyv +p0% =0, s= 1k} (6.6.12)

The tangency condition of the Hamiltonian vector field Xz to Ny on Ny defines

Xy <8H> =0, s—l,...,k}. (6.6.13)
ous

Ny = {(A,u) € Ny

Successive stabilization steps are done until a final constraint submanifold is found. All the
propositions in §5.2 related with the different kinds of extremals are also valid here, included
the characterization of the strict abnormality in Proposition 5.2.9. In this chapter more specific
details about strict abnormality will be given in §6.7.1, §6.7, but before that we proceed with the
general expression of the constraints for abnormality and normality in optimal control problems
for ACCS.

6.6.1 Characterization of abnormality

First we characterize a subset of 7*(7'Q)) x U where the abnormal biextremals evolve when
they exist. In this situation we take py = 0 and the corresponding Pontryagin’s Hamiltonian is

H[O} =Hy+ USHYSV.
The primary constraint submanifold (6.6.12) becomes

N(EO] _ {(A,u) e T*(TQ) x U|HYSV =0, s= 1,,..,]{}. (6.6.14)

Thus the abnormal biextremals must lie in the annihilator of the distribution spanned by %'V
Note that N([)O} is a submanifold defined by the zeroes of k independent functions on T*7T'Q if

the k control vector fields are linear independent.

Remark 6.6.1. The Hamiltonian vector field on N(EO] is Xy =Xz + uSXYSv, where X 7 de-

notes the Hamiltonian vector field associated to the Hamiltonian function Hz, and analogously
for Xyv.

The stabilization step consists of guaranteeing the tangency of the Hamiltonian vector field
X0 tO Ng)]. Then the submanifold (6.6.13) becomes

N = {8, 0) € NP X (A, w) € Tia i NYT )
This tangency condition is

0 = Xpyuo (HYSV) = dHySv (XH[O]) = dHYSV (Xz + UTXYTV)
= —{JJ'Z7 HYSV} — ’U,T{HYTV s HYSV} = H[Z,YSV} + ’U'TH[YTV,YSV]
- H[Z,YSV]’ (6615)

where properties of Poisson bracket explained in [Abraham and Marsden 1978, pp. 192] have
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been used, and also the fact that Lie brackets of vertical lift of vector fields on () are always
zero. Then,
N = { (A w) € NP Higyyy) =0, 5= 1,0k} (6.6.16)

This submanifold is defined as the zeroes of 2k independent functions by Proposition 6.2.7.
That is, k£ new independent constraints have been added if the k control vector fields are linear
independent.

The vector field X o) restricted to V. 1[0} is tangent to N([)O], but we would like that X o) is

tangent to V. 1[0}

define

. The next step of the constraint algorithm is similar to the previous one. We

N = {(A, u) € N X o (A, u) € T(A,u)Nl[O]}'

The tangency condition is now

0 = (_XZ =+ UTXYTV)(H[Z,YSV]) = dH[Z,YSV](XZ + UTXYTV)

= Hyzyvy + Huyy zyv) = Hzzyvy — (Z2,Y))(u")Hyv
+ W Hyy zyvy = Hizjzyyy + v Hyy jzyyy,

for s = 1,...,k, using similar computations as in Equation (6.6.15) and keeping in mind that
(Au) € Nl[o}. Then,

Ny = {(Aw) € NI | Hig gy + 0" Hiy vy =0, s =1k

The algorithm continues until a final constraint submanifold N }0] where the abnormal biex-
tremals are is obtained. The vector field X ;o) could be completely determined or not as re-
marked in Chapter 5 and [Barbero-Lifidn and Muiioz Lecanda 2008a]. The biextremals in N ][co]
are not necessarily abnormal in the sense of Pontryagin’s Maximum Principle: the zero fiber
must be deleted in order not to contradict condition (2b) in Theorem 6.5.1.

Remark 6.6.2. Observe that in N(go] and NV 1[01 the controls do not appear, but they do in NQ[O}.
If we determine some controls in NQ[O] without having a new constraint to be stabilized, the

algorithm stops. It could happen that the vector field is completely determined. So we avoid
having to use Lie brackets of higher degree.

]

Example: For a system with two—input vector fields, the constraints in N2[O are

1 2 _
H[Z,[Z,Ylvﬂ +u H[Ylv,[Z,Ylv]] +u H[YQV,[Z,YIV]] = 0, } (66]7)

H[Z,[Z,YQVH + UIH[Yl‘/,[Z,Y2V]] + UZH[Y2V,[Z,Y2V]] =0.

Here, it is useful to refresh the symmetric product of two vector fields X, Y € X(Q) denoted
by (X : Y) and defined in Equation (6.2.3). Observe that

Y. 12y = (Yo )Y

This relation allows us to rewrite the matrix of coefficients of the linear—system (6.6.17) on the
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controls as follows:

H(Y1: Y1)V H<Y1: Ya)V )
H(Yl: Y2>V H<Y21 Y2>V

This matrix is symmetric since the symmetric product is symmetric. Observe that all the ele-
ments can be written in terms of the configuration manifold () because all the Hamiltonians in
this matrix are associated with vertical vector fields. Then, only the momenta in (V'r(t) (TTQ)) :
take part, those momenta correspond with § in Equation (6.4.9). In other words, for every
x € Qand %, = {Y1(x), Ya(z)} we define

6.1
(w1, we) +—  wg, ((Wr: Wa)), (6.6.18)

where W7 and W5 are vector fields in % extending w1, wy € %, and 7y, : T,Q — T,Q /%, is
the natural projection. This mapping is a well-defined vector—valued quadratic form, because
it does not depend on the extensions considered, as explained in Appendix C.

The matrix of the vector—valued quadratic form (6.6.18) is given by n — 2 symmetric ma-
trices B!, ..., B"2 of dimension 2 x 2 such that B (z) = (ni, 74, ((Y, : Ys))), where 7\, is
abasis in (T,Q/%;)*.

For any A\ € (T,Q/%,)* ~ ann %, we have the real quadratic form

(AB)e = ABw, (%): % x % — R

(wi,way) —— (A, (W Wa)(z)) = Hy,. W2>(>\)7 (6.6.19)

where Hy, . w,): ann? — R and its associated matrix corresponds to the matrix of the
system (6.6.17). Assuming the regularity of the matrix, the controls can be determined and
there are no more constraints. Then, NQ[O] =N }O]. The regularity of the matrix can be given
using the properties related with the definiteness of the vector—valued quadratic form (6.6.18)
in Definition C.1.1. If it is definite or it is essentially indefinite and nonzero, then the matrix of
coefficients is regular and the controls are

-1
< u; ) - < Hy:vyy Hy:va)v ) ( _H[Z7[Zvy1v]] ) (6.6.20)
u Hyiiveyy Hivas vy “Hizzyyy
The properties for vector—valued quadratic form in Lemma C.1.2 guarantee that the definite-
ness of these quadratic form implies some separation conditions that connect with the separation
conditions for optimality that appear in the proof of Pontryagin’s Maximum Principle in §4.2
and in §4.4. On the other hand, indefinite vector—valued quadratic forms are related with con-

trollability in some sense [Hirschorn and Lewis 2002] and therefore abnormality cannot exist,
as shown in §4.5.2.

Given the controls in (6.6.20) and an initial condition in NQ[O} for the fibers, we have a
unique integral curve of the vector field X ;;0;; that is, a solution of the Cauchy problem given
by Hamilton’s equations. So we have an abnormal extremal in this case.
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Suppose now that the matrix of coefficients is singular on a strict submanifold N 1[0} of N 1[01

]

with smaller dimension than V. 1[0 . Then we have to:

e search for abnormal extremals in the open submanifold N = N. 1[0] \]\7 1[U] where the ma-
trix of coefficients is regular, and

e search for abnormal extremals in NI[O], once the constraints defining this submanifold

are stabilized, we can also have new constraints from Equation (6.6.17) that must be
stabilized.

6.6.2 Characterization of normality
For the normal case, pg = —1, Pontryagin’s Hamiltonian is

Hzﬂz—i-usHysv - F.

The primary constraint submanifold (6.6.12) becomes

N = {(A, u) € T(TQ) x U | Hyy — gj; =0,s=1,.. k:} (6.6.21)

Note the significant role that the cost function plays for normal extremals: the possibility for the
controls to be determined essentially depends on the given cost function. To better understand
this process we address the reader to Chapter 5, [Barbero-Lifidn and Muifioz Lecanda 2008a]
and to examples studied in §6.7.

6.7 Applications to optimal control problems

We apply the constraint algorithm described in §6.6, obtained from the theory developed in
§5.2, to two particular optimal control problems. We are able to give new results about the
abnormal extremals for these problems.

6.7.1 Some control-quadratic cost functions

A control—-quadratic cost function is given by a quadratic form in U C R¥

AU — R
1 1<
U — §UtAu:§ Zlarsurus
r,8=

where u is a k—vector, A is a (k x k)-matrix and u! denotes the transpose of the vector u. We
assume that A is positive—definite, hence it is also regular. Then the cost function associated to
Ais
F:TQxU — R
1 1<
t
(vg,u) +— iuAu =3 Z arstu’ u®

r,s=1
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that is a particular case of the cost functions defined in (6.4.7), given by a U—dependent (0, 0)
tensor field on Q).

The study for abnormality is the same as in §6.6.1 because the cost function does not play
any role, so the primary constraint submanifold is (6.6.14). However, given the cost function,
we can study more carefully the normal constraint submanifolds in §6.6.2.

k
Assume pg = —1. Pontryagin’s Hamiltonian is H = Hz +u’Hyv —1/2 Z arsu’u’.
r,s=1
The primary constraint submanifold (6.6.21) is

k
N LA ) e T*(TQ)x U | Hyv =S agu” =0, s=1,....kS.  (6.7.22)
0 Y,

r=1

As A is regular, the controls are determined and the algorithm stops:

(1] _ ps[—1]
Ny 7 =Ny .
Proposition 6.7.1. Let X r be an optimal control problem in Statement 6.3.1 or 6.3.2 with a cost
function F given by a positive—definite quadratic form in U C RF. Let (Y,u): I — TQ x U
be a nonconstant abnormal extremal for X r. If the controls u are zero, then the extremal is
also normal; that is, the extremal is not strict abnormal.

(Proof) If (Y, u) is an abnormal extremal, there exists a nonzero momenta along Y such
0]

that (A, u) € N} .

The extremal will admit a normal lift—see Definition 4.1.15—if there exists an initial mo-
menta in the final normal constraint submanifold N ][fl] given by (6.7.22). Observe that the
abnormal lift vanishes the vertical lift of the controls vector fields. Thus the zero controls
and the abnormal lift also satisfy the constraints in the normal primary constraint submanifold
(6.7.22). Hence (Y, 0) is a normal extremal. ]

Proposition 6.7.2. Let > r be an optimal control problem in Statement 6.3.1 or 6.3.2 with a
cost function F given by a positive—definite quadratic form in U C R,

1. The curves (Y,0): I — T'Q x U are always normal extremals for ¥ r.
If they are abnormal extremals, then they are not strict abnormal.

2. The curves (Y,0): I — TQ x U satisfying the endpoint conditions are minimizers of
the functional S[Y,u] = [; F(Y(t),u(t))dt.

(Proof) The first result follows from Proposition 6.7.1. The second one is immediate using
the positive—definiteness of the quadratic form A defining the cost function. [ |
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6.7.2 Time-optimal control problem

The time—optimal control problem is a free optimal control problem in Statement 4.3.1 with
fixed endpoint conditions and with cost function F = 1, that is a particular case of the cost
functions defined in (6.4.7) with f = 1. Thus the constraint algorithm must be used as ex-
plained in §5.3. There is one unknown more, the final time, and there is also a new condition
in Pontryagin’s Maximum Principle that must be stabilized; that is, the Hamiltonian along the
optimal curve is zero almost everywhere.

Statement 6.7.3. (Time—optimal control problem)
Given’¥ = (Q,V, % ,U)and F =1, find I = [a,b] C Rand (y,u): I — Q x U such that,
given the endpoint conditions x, xy € Q, there exists T : I — T'Q) along vy satisfying

(1) v(a) = x4, ¥(b) = x4,
(2) T(t) = Z(L () + u* ()Y (Y(t)), and

(3) S[Y,u] = [;dt is minimized over all curves on TQ x U satisfying (1) and (2).

The abnormal and normal Hamiltonians are related by H 97 = HI=141. Then the abnormal
and normal Hamiltonian vector fields are the same:

XH :XZ+USXYSV.

The presymplectic equation (6.5.11) must be restricted to the submanifold defined by the new
condition
H=H, —I—USHYSV + po =0,

which also has to be stabilized in the algorithm. As pointed out in §5.3, the stabilization step,
0 = Xy (H), is immediately satisfied because of the properties of the Hamiltonian vector fields.
Therefore, the tangency condition of H = 0 does not add any new constraint to the successive
submanifolds of the algorithm and the condition H = 0 can be put aside until the end of the
algorithm. Then the primary constraint submanifolds for abnormality (6.6.14) and normality
(6.6.21) are the same:

_ H
ND:N(go} :N([) 1] = {(A7U) GT*(TQ) x U gus :HYSV 207 S:].,...,k}.

The next constraint submanifold is
Ni = {(A,u) € T*(TQ) x U | Hyy =0, Hizyv; =0, s=1,....k},
and so on until getting the final submanifold Ny, when it exists.

Finally, the vanishing of the Hamiltonian must be considered to have the actual final con-
straint submanifolds

N = Ny {(A,u) € T*(TQ) x U| Hy +u* Hyy = o} ,
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N = Ny {(A,u) € T*(TQ) x U| Hy + u* Hyv = 1} .
Proposition 6.7.4. Let¥1 = (Q,V, %, U, 1) be the time—optimal control problem in Statement

6.7.3 and let NJ[P] be its abnormal final constraint submanifold :

1. If N J[co] only has zero covectors, then there are no abnormal extremals.

2. If N ][co] has nonzero covectors and

Ny C {(A,u) eT*(TQ)xU|(Hgz —|-USHYSV) = 0},

then there are only strict abnormal extremals.

(Proof) First, if N JLO] only has zero covectors, then there are no abnormal extremals for
contradicting (2b) in Theorem 6.5.1.

Secondly, if NV ][co] has nonzero covectors, then there exists (A,u) € N J[CO] such that A is
nonzero along an abnormal extremal (Y, u) on T'Q) x U; see Proposition 5.2.3. Fort € I,
(N}O])(T(t)’u(t)) is a subspace in T4y (7T'Q) x {u(t)}. Under the assumption of abnormality
and the Hamiltonian being zero, we have H; = 0 along (Y, u); that is, this constraint defines
a subspace. If

(V1) (r@yuiey) € {(7\7 W) € Ty (TQ) x U | Hz(A) = 0}7

then (A(t),u(t)) ¢ N][fl} and (Y(t),u(t)) is a strict abnormal extremal for every ¢ € I. If the
hypotheses are satisfied for all the extremals, then all the abnormal extremals are strict. |

6.8 Study of abnormality for particular cases

Let us consider different dimensions for the configuration manifold and the distribution of the
input vector fields so as to illustrate the process explained in §6.6. Here we also explain how
to reason with the vector—valued quadratic form to obtain conditions to determine the controls;
see Appendix C and references therein for a brief introduction to these quadratic forms.

The abnormality in some other particular cases of control-affine systems have been studied
in [Agrachev and Zelenko 2007, Chitour et al. 2006; 2008], but here we concentrate on the
mechanical systems where the drift vector field and the control vector fields satisfy specific
properties. These make them impossible to apply the results related with the Goh matrix used
in [Chitour et al. 2006; 2008]. The Goh matrix is given by the Hamiltonian associated with the
Lie brackets of the control vector fields. For the systems considered in this chapter the Goh
matrix is (Hyv yv))rs, which is identically zero on T*7T'Q) because [Y,V,YY] = 0. Then we
are forced to go to the next stabilization step to determine the extremals. The matrix of the
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system for the controls at this step is (H (Y,”YS)V)TS, a symmetric matrix. Thus the reasoning
about skew—symmetric matrices used in [Chitour et al. 2006; 2008] cannot be applied here.

6.8.1 Fully actuated

If the number of linearly independent input vector fields is the same as the dimension of the
configuration manifold, the system (6.1.2) is said to be fully actuated. For time—optimal control
problems associated with the systems, there are no abnormal extremals as is proved in [Ailon
and Langholz 1985, Chen 1989, Chyba et al. 2003, Sontag 1989, Sontag and Sussmann 1986].
But in fact, this result can be proved for any optimal control problem.

Theorem 6.8.1. If X is an optimal control problem such that X is a fully actuated affine
connection control system, then it does not have abnormal extremals.

(Proof) By Proposition 6.2.7, {[Z, 8 V] , %V} is a family of linear independent vector
fields. As the system is fully actuated, these vector fields span the entire tangent space of 7'Q).

On the other hand, the abnormal constraint submanifold Nl[o] in Equation (6.6.16) deter-
mines the momenta as the annihilator of { [Z Y V] , %V} Thus, the unique possible abnormal
momenta is zero, contradicting (2b) in Theorem 6.5.1. ]

Recalling the kinds of extremals in Definition 4.1.15, the result in Theorem 6.8.1 is also
true, replacing “abnormal” by “singular” for any optimal control problem associated with fully
actuated affine connection control systems, because of Proposition 6.5.2 and Remark 6.5.3.
This is proved for time—optimal control problems with control-affine mechanical systems in
[Ailon and Langholz 1985] for small dimension and in [Chen 1989, Chyba et al. 2003, Sontag
1989, Sontag and Sussmann 1986] for more general cases.

From Definition 4.1.15 and Theorem 6.8.1 we immediately obtain the following result.

Corollary 6.8.2. If Xr is an optimal control problem such that ¥ is a fully actuated affine
connection control system, then it does not have strict abnormal extremals.

6.8.2 One control vector field in two dimension
In this case, the control-affine system on 7T'() is given by
T(t) = Z(X() +u(t)Y V(T (t),
where Y: I — TQ, Y" denotes the vertical lift of the vector field Y € X (Q) and dim @ = 2.
For abnormality, pg = 0, the first three steps of the constraint algorithm give

N = {(Au) € THTQ) x U | Hyv =0},
N = {aw) e N iy =0},

Ny = {(Avu) € N Higzyvy + uly yyv = 0} '
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Different cases have to be studied:

1. If (Y : Y) and Y are linearly independent on V. [0], the control is completely determined
as long as Hy.yyv (A) # 0 for A € T*(TQ).

2.If (Y : Y)and Y are linearly independent on NI[O} and Hyy.yyv(A) = 0, then the
momenta corresponding to the velocities vanishes identically because Y and (Y: Y")
span the whole vertical tangent bundle. Moreover, from Hamilton’s equations in (6.5.11),
the momentum is zero. Thus, there are no abnormal extremals. That connects to Remark
6.4.5, the momenta corresponding to the velocities determine the momenta in the dual
horizontal subbundle.

3. If (Y : Y) and Y are linearly dependent on V. [0], then NQ[O} is defined in Nl[o] by 0 =

H\z 7 yv) because (A,u) € ann %V x U, see (2.1.1) for the definition of the annihila-
tor. The algorithm must continue with the stabilization of the constraint H z 7 yv) = 0,
which does not depend on the controls at all.

4. If (Y : Y) and Y are linearly dependent only on a submanifold S of NV 9 then the

control is not determined on S. The algorithm must go on with the stabilization of
0 = Hjzzyv) and also the stabilization of the constraints that define implicitly the
submanifold S.

[0]

In the open submanifold Ny —S, the control is completely determined if H y-.y-yv (A) # 0.

5. Same assumptions as in case 4, but H<Y:Y>v(A) = 0 on Nl[o] — S. Thus there are no
]

. 0 . . .
abnormal extremals in V. 1[ — S because the momentum is zero, using the same reasoning

as in case 2.

These different cases can be distinguished by the vector—valued quadratic form (6.6.18)
defined at every = € @ by

By: % x %, — TzQ/%
(wy,we) +—  ma, ((Wr1: Wa)),

where W and W5 are vector fields in ¢ extending wy, wy € %, and 7o, : T,Q — T,.Q /%,
is the natural projection.

As dim ) = 2 and there is only one input vector field, dim (7,,()/%;) = 1. Thus the matrix
B, associated with the vector-valued quadratic form is 1 x 1. Then for any A € (1,Q/%;)* ~
ann %, we define the real quadratic form analogous to (6.6.19):

()\B)x: % X % — R
(’U}l,wg) [ </\, <W1: WQ)({L‘)) = )\Balag,

where W; = ;Y and B = (\, (Y: Y)).

According to definitions about the definiteness of vector—valued quadratic forms—see [Bullo
and Lewis 2005a, Section 8.1] and Appendix C—every vector—valued quadratic form is either
strongly semidefinite or essentially indefinite.
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A vector-valued quadratic form at x € (@ is strongly semidefinite if there exists A &€
ann %, \{0}, such that (AB), is nonzero and positive—semidefinite. Observe that, according
to this definition, a definite vector—valued quadratic form is also strongly semidefinite. If a vec-
tor—valued quadratic form is positive—definite, then it is also negative—definite because of Defi-
nition C.1.1. A vector—valued quadratic form is essentially indefinite if, for each A € ann %/,
(AB), is either zero or neither positive—semidefinite nor negative—semidefinite.

Remark 6.8.3. As the image of B, has dimension at most 1, the vector—valued quadratic form
is never indefinite or semidefinite. It will be zero or positive—definite.

Letm: T*TQ x U — T*TQ, the different previous cases correspond respectively with:

1. If (Y : Y) and Y are linearly independent on NI[O] and Hy . yyv(A) # 0, then B,
is definite at each = € (1g o mpg o 1) (Nl[o]) C @ because there exists a A € ann %,

such that (AB); is positive—definite since dim Im B, = 1.

2. If (Y : Y) and Y are linearly independent on Nl[O] and Hy . yyv(A) = 0, B, is strongly
semidefinite. The hypotheses make A be the zero momentum. But another A\, € ann %,
can be chosen such that (AB), is positive—definite because (Y : Y') and Y are linearly
independent.

3. If (Y : Y) and Y are linearly dependent on V- [0}, for every « € (17 o g o ™) (Nl[o})

in Q, B, is essentially indefinite because B, is zero; that is, for each A € ann %, (AB),
is zero.

4. If (Y : Y) and Y are linearly dependent on a submanifold S of Nl[o], B, is essentially

indefinite on .S and strongly semidefinite on [V 1[0] - S.

5. If (Y : Y) and Y are linearly dependent on a submanifold .S of NI[O} and Hyy . yyv =0,

B, is essentially indefinite on .S and strongly semidefinite on [V- 1[0] — 5, as in the case 3.

Remark 6.8.4. Note that the vector—valued quadratic form cannot distinguish between cases
1 and 2. It is important to make clear, specially for assertion 2, that we only have one vec-
tor—valued quadratic form associated to the problem, but for every momentum in ann ¢ there
exists an associated real quadratic form. The above cases are classified in terms of the vec-
tor—valued quadratic form.

Observe that if the vector—valued quadratic form B, is essentially indefinite, then B, is the
Zero mapping.

6.8.3 Underactuated by one input

Now consider the control-affine system with n — 1 input vector fields,
T(t) = Z(T(1) + wr (V) (T(X) + .+ w1 ()Y, 1 (T(1)),

where the dimension of Q) is n.
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The constraint submanifolds for abnormality are given by

N([)O] = {(A7U)€T*(TQ)XU|HYSV207 S:]-a"'an_]'}7
N = {(A>U)€N$0]|H[z,m:0’ 5:1""’”_1}’
Ny = {(Aau)eNl[O]|H[Z,[Z,YSV]]+u7"H<Yv-1Ys)V:O’ 5:1""’”_1}'

As the codimension of the distribution of the input vector fields is 1, in a neighbourhood of
every (A,u) € N 1[0] there exists a vector field Y on ) complementary to the subspace spanned

by the control vector fields. Then, for (A, u) € Nl[o] Camn#V x U,

Hyy, . y,yv(A) = crsHyv (A),

n—1
where (Y,.: Y;) = Z LY+ ¢sY and by, ¢y € C°(Q).
i=1
At present, keeping in mind that the matrix ¢, is a function on @), the cases to be considered
are:

1. The matrix ¢,s has maximum rank on Nl[o] and Hyv (A) # 0, so that the controls are
completely determined on NQ[O] and the algorithm stops.

2. The matrix ¢,5 has maximum rank on Nl[o] and Hyv (A) = 0, so that the controls cannot
be determined on NQ[O], but the momenta corresponding with the velocities are zero be-
cause of the rank of % and the choice of Y. Due to Hamilton’s equations (6.5.11), the
momentum is zero. Thus there are no abnormal extremals.

3. The matrix c,s has nonzero rank, the rank is not maximum on V. 1[0] and Hyv (A) # 0, so
that some controls are determined but some conditions must still be stabilized.

4. The matrix c,s has nonzero rank, the rank is not maximum on Nl[o} and Hyv (A) = 0,
so that the controls cannot be determined, but the momentum corresponding with the
velocities is zero. Due to Hamilton’s equations (6.5.11) the momentum is zero. Thus
there are no abnormal extremals.

5. The matrix ¢, is identically zero on V. 1[0] ,sothat (% : %) C % . The controls remain un-
determined on N2[0] and the algorithm must go on with the stabilization of Hz 7 yv) = 0

withs=1,...,n— 1.

6. The matrix ¢, is identically zero on a submanifold .S of V- 1 5o that (% : %) C¥. The

controls remain undetermined on N2[O] and the algorithm must go on with the stabilization
of Hizzyy) = 0withs =1,...,n—1and also with the stabilization of the constraints
that determine implicitly the submanifold S.

In Nl[o} — S, the matrix ¢,; may have maximum rank or not. See cases 2-5.
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The associated vector—valued quadratic form for every = € @ is

(wi,wp) +—— T, ((W1: Wa))

as defined in (6.6.18). Its associated matrix is a (n— 1) x (n—1)-matrix given by (c,s), because
dim T,Q /%, = 1 and there are n — 1 input vector fields. For any A\ € (T,Q/%,)* ~ ann %,
we have the real quadratic form

(AB)y: % x %, — R
(wi,we) +—— (N, (W1: Wa)(z)) = Brsajas,

where W; = alY, and B,s = (\, (Y;: Y5)) = ¢r5(\, Y).

The above different cases in terms of the vector—valued quadratic forms are:

1. If the matrix ¢, has maximum rank on Nl[o] and Hyv (A) # 0, then B, is definite or
indefinite on IV 1[0].

2. If the matrix ¢,s has maximum rank on V- 1[0] and Hyv (A) = 0, then B, can be strongly

semidefinite or essentially indefinite, having in mind Remark 6.8.4. The zero momen-
tum makes B, essentially indefinite and a nonzero momentum can make B, strongly
semidefinite, although this momentum does not satisfy the hypotheses in this case.

3. If the matrix ¢, has nonzero rank, the rank is not maximum on Nl[o] and Hyv(A) # 0,

then B, is either strongly semidefinite or essentially indefinite on /V. [0}, depending on the
rank of the matrix c,; and the sign of the eigenvalues.

4. If the matrix c,s has nonzero rank, the rank is not maximum on V. 1[0] and Hyv(A) =0,
then B, is strongly semidefinite or essentially indefinite.

5. (% : %) C %, then B, is essentially indefinite on V. 1[0]. To be more precise, it is zero.
]

6. If the matrix c,5 is zero on a submanifold S of V. [0 , By is essentially indefinite on S,

0 . . .
and on V. 1[ J S the previous cases arise again.

Whenever B, is essentially indefinite, every (A B), is indefinite. The property (i) in Lemma
C.1.2 makes us believe that those abnormal extremals will not be optimal. The idea is to estab-
lish a connection between the tangent perturbation vectors and the image of the vector—valued
quadratic form. Then, due to (i) in Lemma C.1.2 the necessary separation condition for op-
timality will not be satisfied if B, is essentially indefinite. This result has not been proved
yet.

Conjecture 6.8.5. Let X r = (Q,V, %, U, F, I) be an optimal control problem. If (T, u): I —
TQ x U is an abnormal optimal solution, then the vector-valued quadratic form Brgor(t) IS
either zero or semidefinite at every t € I.

This conjecture gives a necessary condition for having abnormal extremals. It does not
discard the existence of normal lifts associated to these extremals.
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This conjecture makes sense to Proposition 4.5.2 and results in [Hirschorn and Lewis 2002].
There, among other hypotheses if the vector—valued quadratic form is indefinite, then the con-
trol-affine system is STLC. In Proposition 4.5.2, a necessary condition for abnormality is not
to be STLC.

Here we have studied carefully the constraint algorithm, twice applying the tangency con-
ditions. The final submanifolds cannot be always obtained at this point. That is why a new
research has already been started to connect the constraint algorithm with the high—order Max-
imum Principle [Krener 1977], in order to give a geometric version of the results stated by
Krener [1977] through the constructions of mappings related to the vector—valued quadratic
form at each step of the algorithm.



Chapter 7

Strict abnormal extremals in
nonholonomic and kinematic control
systems

We continue the study of abnormality in optimal control problems for mechanical control
systems. The approach considered in this chapter consists of taking advantage of particular
nonholonomic control mechanical systems, which are equivalent to kinematic control system.
For more details in that equivalence see, for instance [Bloch 2003, Bullo and Lewis 2005a;c,
Muiioz-Lecanda and Yaniz-Fernandez 2008].

The control system in subRiemannian geometry [Montgomery 1995; 2002] is control-linear,
as with kinematic systems. As mentioned by Liu and Sussmann [1994b; 1995] and Mont-
gomery [1994] there exist local strict abnormal minimizers for the problem of the shortest
paths. As the kinematic control systems can be equivalent to nonholonomic control systems,
we are going to use the strict abnormal minimizers in subRiemannian geometry to character-
ize the abnormal extremals for certain mechanical control systems. Dealing with a kinematic
system is by far easier than dealing with a mechanical control system, which is either con-
trol—affine or nonlinear, because there is no drift and because more information is known about
the control-linear systems [Liu and Sussmann 1995, Montgomery 1994; 1995; 2002].

Firstly, we investigate whether it is feasible to obtain any connection between the optimal
control problems associated to the two control systems. Then, Pontryagin’s Maximum Principle
will be used to connect the abnormal extremals of both optimal control problems [Barbero-
Lifian and Munoz Lecanda 2008c].

This chapter is organized as follows: In §7.1 the different definitions and results associated
with the optimal control problems for nonholonomic and kinematic systems are described, in
particular, the possible equivalence between both problems. The Hamiltonian problems for
both control problems are stated in §7.2 so as to apply the Maximum Principle. Definition 7.2.1
about the different kinds of extremals for the mechanical case is especially important as it gives
a justification of the study made in [Bullo and Lewis 2005b]. In §7.2.4 it is shown how to use
the strict abnormal minimizers in subRiemannian geometry to characterize the extremals for
the corresponding optimal control problem with nonholonomic mechanical system by means
of an example where there exists a local strict abnormal minimizer for the time—optimal control
problem for the mechanical system.

147
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7.1 Optimal control problem with nonholonomic mechanical sys-
tems versus kinematic systems

First, we study the nonholonomic and kinematic control systems from the viewpoint of control
theory. Then, we study them from the approach of optimal control theory in §7.1.2.

7.1.1 Nonholonomic mechanical systems with control

Let (Q, g) be a Riemannian manifold of dimension n and V be the Levi—Civita connection
associated to the Riemannian metric g, see [do Carmo 1992] and §2 for more details in these
notions. Let T'Q) be the tangent bundle with the natural projection 7g: T'Q) — (. Consider
D C TQ, a nonintegrable distribution in () with rank k& and spanned by the input or control
vector fields {Y1,...,Yy}. The nonintegrability of the distribution is not necessary. But, the
integrable case is not that interesting because, under the assumption of integrability, once the
velocity of the trajectory starts in D, it stays there.

Let D be the orthogonal distribution to D according to the metric g. Assume that D= is
spanned by {71, ..., Z,_1}, a family of vector fields on Q).

It is also possible to consider a vector field F' € X(Q) describing an external force. Then, a
nonholonomic mechanical system with control is given by ¥p = (Q, g, F, D). A differentiable
curve v: I — Q is a solution of ¥.p for certain values of the control functions u’ € C*°(T'Q)
if it satisfies the conditions

n—k k
Vi = F07+ZMT’ZTOW+ZUSYSO% (7.1.1)
r=1 s=1

4 € D.

where u: TQQ — U C R* being U an open set. The Lagrange multipliers 1" are determined
by the condition v € D using D’ Alembert principle [Bloch 2003].

The dynamical equations of mechanical systems are second—order differential equations in
the configuration manifold @, so they may be rewritten as first—order differential equations in
T'Q using the following vector field along the projection 7: TQ) x U — T'Q)

n—=k k
Y =Zg+FV+ ) wz) +> uwyY, (7.1.2)
r=1 s=1

where Z, is the geodesic spray associated with g and Y,V is the vertical lift of Y, analogously
for FV and Z) . The vector field Y satisfies the second—order condition.

On the other hand, a differentiable curve v: I — @ is a solution of the kinematic system
associated to (7.1.1), if there exist w: I — V C R¥ such that

() =D w () Ys(v(1)) ; (7.1.3)
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that is, v is an integral curve of the vector field X = 21;21 w?Ys.

The systems (7.1.1) and (7.1.3) are equivalent if and only if every solution of (7.1.1) is also
a solution of (7.1.3) and vice versa. Notice that, in spite of the equivalence of the systems, a
solution to both systems could have different control functions, but the curve on () is exactly
the same.

Remark 7.1.1. In this chapter, we consider the nonholonomic control system called fully ac-
tuated because the constraint distribution is exactly the distribution given by the input control
vector fields. If the distribution of the input vector fields has rank strictly less than the rank of
the constraint distribution, then we have underactuated systems. In this case (7.1.1) and (7.1.3)
are not equivalent any more, but weak equivalent. See [Bloch 2003, Bullo and Lewis 2005a;c,
Muiioz-Lecanda and Yaniz-Fernandez 2008] for more details.

Theorem 7.1.2. [Bullo and Lewis 2005c, Muiioz-Lecanda and Ydniz-Ferndndez 2008] Ev-
ery fully actuated nonholonomic control system Y.p is equivalent to the associated kinematic
system.

7.1.2 Associated optimal control problems

Given a control system we define an optimal control problem adding a cost function whose
integral must be minimized over solutions of the control system. First, we consider an optimal
control problem with a fully actuated nonholonomic mechanical control system. The equiv-
alence of this system with a kinematic system, that is, a control-linear system, is known by
Theorem 7.1.2. It should be useful to find a cost function for the kinematic system such that
some connection between the optimal solutions to both problems may be established.

Let us point out the importance of relating those two optimal control problems. In [Liu and
Sussmann 1994b; 1995] the strict abnormal minimizers have been described for the problem of
shortest—paths in subRiemannian geometry. The control system in subRiemannian geometry is
control-linear, so it can be understood as a kinematic system that comes from a nonholonomic
mechanical control system as the example in §7.2.4 shows. Thus it might be expected to char-
acterize abnormal extremals for mechanical control systems using the well-known abnormal
minimizers in subRiemannian geometry.

Let us consider a cost function F: T'(Q x U — R for the mechanical control system. The
optimal control problem for (7.1.2) is stated as follows.

Statement 7.1.3. (Nonholonomic optimal control problem) Given x,, xy, € Q, find (v, u): I —
Q x U such that

1. ~ satisfies the endpoint conditions on Q, i.e. y(a) = x4, 7(b) = xp;
2. 4 is an integral curve of Y in (7.1.2), i.e. ¥(t) = Y (§(t), u(t));

3. (4, u) gives the minimum of [; F(¥(t),u(t))dt among all the curves satisfying 1 and 2.

This optimal control problem is denoted by ¥, = (¥p,F). In optimal control theory,
it is common to consider the functional to be minimized as a new coordinate of the system;
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see §4.1.2 for more details. In this way, all the elements in the optimal control problem are
included in a control system, usually called the extended system [Athans and Falb 1966, Lee
and Markus 1967, Pontryagin et al. 1962]. Nevertheless, the minimization of the functional
must be included in the extended system, what turns out to be the minimization of the new
coordinate; see Statement 4.1.2.

In the case of mechanical control systems, two new coordinates are added in order to main-
tain the second—order condition of the vector field (7.1.2). Let Q =R x Q, then the cost
function is considered as a vector field along the projection 7, : TQ xU —=T Q with local
expression F0/0z". Then (7.1.1) becomes

n—k k

= ~ ~ —~ ~ 5y 8
Vﬁ’yZFO’V-FZMTZTOW‘FZUSYSOW+FO(%U)@# (7.1.4)
r=1 s=1

where 7: I — Q is a differentiable curve and V denotes the Levi—Civita connection extended
to Q considering the natural product connection on Q taking V and the trivial connection on
R. Moreover, we have 73 o fy 4 € D with the projection 7o : TQ TR x TQ — TQ.

The second—order differential equation (7.1.4) admits a first—order differential equation
given by the vector field

Zg
f_"a\ﬂ D) n—=k k
v .0 \% § : r oV § : svV

along the projection 7, : TCAQ xU — T@, where 2; is the geodesic spray of the above—mentioned
extended connection V. The differential equations added to (7.1.2) are

j;(]

o — F (7.1.6)

taking into account the extension of the Levi—Civita connection to @ The value that must be
minimized in the optimal control problem is v* = [ ; Fdt.

Now consider the kinematic system (7.1.3) with a cost function G: Q x V' — R such that
the problem to be solved is the following one.

Statement 7.1.4. (Kinematic optimal control problem) Given x,,x, € Q, find (y,w): I —
Q x V such that

1. ~ satisfies the endpoint conditions on Q, i.e., Y(a) = 4, 7(b) = xp;
2. v is an integral curve of X = 2521 wYs, Le., y(t) = X (y(t), w(t));

3. (v, w) minimizes [; G(~(t), w(t))dt among all the curves satisfying 1 and 2.

This optimal control problem is denoted by ¥; = (X,,,G) because the nonholonomic
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control system and the kinematic control system considered here are equivalent, see Theorem
7.1.2.

Remark 7.1.5. The problems in Statements 7.1.3 and 7.1.4 are called fixed optimal control
problems because the domain of definition of the curves is given. However, the free optimal
control problems may also be defined, analogously to Statement 4.3.1.

As before, let us extend the control system to the manifold @ = R x @ such that we look
for integral curves of the vector field

k
s 0
X =G— Y, 1.
98$0+;w (7.1.7)

defined along 7 : @ XV — @ The differential equation added to (7.1.3) is

.0

T =g (7.1.8)
and the value to be minimized is 20 = f I gdt.

By Theorem 7.1.2 we know that (7.1.1) and (7.1.3) are equivalent. We are interested in
establishing a connection between (7.1.6) and (7.1.8) in such a way that it is obtained a rela-
tionship between the problems ¥,,, and ;, in Statements 7.1.3 and 7.1.4, respectively.

In some sense, G = v¥ = [ F, but this equality must be properly understood. Observe that
G is a function on ) X V, meanwhile F is a function on 7'Q) x U. Hence, some simplifications
must be considered. Before proceeding with the exact interpretation of G = [ F, note we also
have to check what happens with the minimization conditions when G = [ F; that is, if the
curves minimizing [ G determine the curves minimizing [ and/or in the other way round.

Proposition 7.1.6. Let G: [ x Q@ — R. If (y,u): I — TQ x U is an optimal curve of
a nonholonomic mechanical control system with cost function F = 0G /0t + v'0G / ox' =
@: I x TQ — R, then there exists w: I — V such that (v, w) is an optimal curve of the
kinematic system with cost function G.

(Proof) If (4,u): I — TQ x U is an integral curve of (7.1.2), then by Theorem 7.1.2 there
exist w: I — V such that (7, w) is an integral curve of (7.1.3). Thus, it only remains to prove
that the optimality condition for F implies the optimality condition for G.

As (%, u) minimizes [ F, then, for any other integral curve (7, 7) of the vector field (7.1.2)
satisfying the endpoint conditions, we have

G(t,7(t) — G(a,7(a)) = [1dG(s,4(s)) = [} F(s,%(s))ds <

< Ju Fls,4(s)ds = [1dd(s,7(s)) = G(t,7(1)) — G(a,7(a)).

As v and 7 satisfy the endpoint conditions and none of the cost functions depends on the
controls, we have

gt v(1) < G(t,7(t)
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forany ¢ € I, then [; G(t,~(t))dt < [; G(t,7(t))dt by the monotony property of the integral.m

The result just proved holds provided that the cost function for the nonholonomic optimal
control problem is the total derivative of the cost function for the associated kinematic optimal
control problem. Observe that both cost functions are independent of the controls.

Remark 7.1.7. Necessary conditions for a curve to be an optimal solution for a nonholonomic
optimal control problem is to be an optimal solution to the optimal control problem for the
associated kinematic system.

Remark 7.1.8. The inverse implication of Proposition 7.1.6 is not necessarily true. If (v, w)
is an optimal curve for the kinematic system, then for any other integral curve (7, w) of the
kinematic system

/Idt/:}“(s,ﬁ(s))ds:/Ig(t,y(t))dt< /Ig(tﬁ(t))dt:/Idt/:f(sﬁ(s))ds.

The monotone property of the integral is satisfied only in one direction. We should think of
conditions such that

“/f < /g = f<g, almost everywhere (a.e.)”.
I I

In general, we cannot expect better results than a.e., hence we will have optimal curves in
a weak sense. For instance, if f and ¢ are both positive or both negative, the implication
is satisfied. Moreover, if f and g are continuous functions, then the inequality is satisfied
everywhere.

Definition 7.1.9. A nonholonomic optimal control problem Y., is equivalent to an optimal
control problem Xy for the associated kinematic control system if there exists a curve vy on @)
and controls w: I — U and w: I — V such that (v, u) is a solution to ¥, and (v, w) is a
solution to Xy,

Once the equivalence between the optimal control problems 3.,,, and > has been defined,
we can give the following result.

Proposition 7.1.10. The nonholonomic time—optimal control problem ¥, = (Xp, 1) is equiv-
alent to the associated kinematic optimal control problem ¥y, = (£,,,G = t).

(Proof) A solution of the 3J,,, gives a solution of 3, because of Proposition 7.1.6. Let us
prove now that the optimal curves for kinematic systems with G = t are optimal curves for the
nonholonomic time—optimal problem.

If (y,w): I — @ x V is a minimizer of [, tdt = ¢*/2 satisfying the kinematic system,
then by Theorem 7.1.2 there exist u: I — U such that (%, u) is an integral curve of the non-
holonomic mechanical control system. For any other integral curve of the kinematic system
with the same endpoint conditions as 7,

t2/2 < 12/2.
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As t, t are positive numbers, ¢ < t. That is (4, u) is a minimizer of the nonholonomic
time—optimal control problem because of the equivalence of integral curves of (7.1.2) and
(7.1.3) given by Theorem 7.1.2 and because of the nature of the cost function. The cost function
G = t is positive, so we are in one of the cases where the reverse implication of the monotony
property of the integral in Remark 7.1.8 is satisfied. [ |

The optimal control problems considered in Proposition 7.1.10 are free in the sense given
in Statement 4.3.1.

Remark 7.1.11. Indeed, it is feasible to consider the time—optimal problem for both control
systems, and then ¥, = (Xp, 1) and ¥ = (X,,, 1) are equivalent because the time is pos-
itive. Thus, to minimize the time or to minimize the square of the time is exactly the same.
Moreover, the curve on the configuration manifolds are related to the same curve on () since
the equations defined by (7.1.2) and (7.1.3) also appear in the extended systems (7.1.5) and
(7.1.7), respectively.

The following corollary links with the fact that some optimal control problems can be un-
derstood as time—optimal control problems, as for instance happens in the problem of shortest
paths in subRiemannian geometry [Liu and Sussmann 1995]. There, to minimize the functional
given by the square of the length of a path for a fixed optimal control problem generates the
same solutions as to solve the time—optimal control problem with the same control system but
with some restriction on the control set and assuming the control vector fields to be orthonormal
by the metric.

Definition 7.1.12. Two optimal control problems for a control system on Q are equivalent if
the sets in (Q given by the image of the solutions to both problems are the same.

Corollary 7.1.13. If %, = (Xp, F) is an optimal control problem equivalent to the time—optimal
control problem X!, = (Xp, 1), then ¥, is equivalent to the associated kinematic optimal con-
trol problem %), = (3, 1).

(Proof) Observe that the first “equivalent” in the statement is the notion in Definition
7.1.12, but the second “equivalent” is related to the notion in Definition 7.1.9. Keeping this
in mind, the proof of this corollary is obtained from Proposition 7.1.10 and Remark 7.1.11. =

7.2 Hamiltonian problems for nonholonomic mechanical systems
versus Kinematic systems

In order to make use of the optimal control problems defined in §7.1.2, let us associate them
with a Hamiltonian problem in the sense of Pontryagin’s Maximum Principle given in §4.1.4.

As explained in §4.2, the proof of this Principle consists of choosing the initial condition
for the fibers of the cotangent bundle in a suitable way. In fact, at the final time b we ask that

A(b), 5(b))

~

(A(b), (=1,0))

0,

0 (7.2.9)

(AVARVAN
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where X(b) € T3, b)]\/f\ and v(b) are the perturbation vectors given by
5(b) = X(3(b), us) — X (F(b), u(b)) (7.2.10)

obtained from a determined variation of the control with value u, € U, see Definition 4.1.5 and
[Barbero-Lifidn and Muiioz Lecanda 2008b, Lee and Markus 1967, Lewis 2006, Pontryagin
et al. 1962]. Moreover, (—1, 0) is the direction of decreasing in the functional, remember that
as in Chapter 4 the 0 in bold points out that 0 € T’,(;) M. Both vectors are in 7- wb)J\? . Note
that the initial condition for the momenta is, indeed, final since it is taken at final time.

7.2.1 Nonholonomic Pontryagin’s Hamiltonian and extremals

For the extended mechanical system Y given in Equation (7.1.5) we have Pontryagin’s Hamil-
tonian function Hy,: T*T'Q) x U — R defined by

n—k k

~ ~ 0 0

(A, u) — <A’UO(9xO +F55 —I—Zg—l-FV—l—Z,urZ,Y—I—ZuSY;V> .
r=1 s=1

The Lagrange multipliers " are fixed because they are chosen such that Y in Equation (7.1.5)
is tangent to D. Another way to consider the Lagrange multipliers is modifying the connection,
see [Lewis 1998].

For simplicity to write down the local expressions, we consider the system with zero con-
nection and without external forces. Then the Lagrange multipliers are zero and the local
expression of the Hamiltonian function is

k
Hyp = pov” + qoF +piv' + Z Yy

s=1
with Hamilton’s equations
i'o = an pO = 07 ]
R . oF SOV
’[)0 = fv QO = —Po, a
vt o= WYY, ¢ = P05 5

where p;, g; are the momenta of the states and the velocities, respectively.

Observe that the Hamiltonian is autonomous. Pontryagin’s Maximum Principle for this
problem tells us that the elementary perturbation vector at time ¢ for u; € U along an optimal
curve is given by Y (5(¢t),u1) — Y (3(t), u(t)), see (7.1.5) and (7.2.10),

Bnlt) = (05— O + (FEW),m) ~ FEO ) g - (G212)

s=1 A(t)
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The covector A associated to the optimal curve by Pontryagin’s Maximum Principle satisfies a
separation condition analogous to (7.2.9):

(A1), () = (@(1), () < 0,
<A(t)v(070>_170)>:_QO(t) > 0,

where K(t) € T%‘(t)T@. The vectors Uy, (¢) and (0,0, —1,0) are in Tﬁ(t)T@. The two zeroes in
bold point out that (0,0) € T%,T'Q. Here we do not use the vector (—1,0), but (0,0, —-1,0)
as the direction of decreasing in value of the functional | ; F. Remember that the value to be
minimized is v".

An analogous separation condition must be satisfied for the vector (—1,0, —1,0) in order
not to contradict the hypothesis of optimality in Theorem 4.3.13; see the first part of the proof of
Pontryagin’s Maximum Principle in §4.2 and [Barbero-Lifidn and Mufioz Lecanda 2008b, Lee
and Markus 1967, Lewis 2006, Pontryagin et al. 1962] for the details of that contradiction. But
0 is in the same half—space as the perturbation
vectors, we do not necessarily arrive at a contradiction because, in general, a decrease in z°

does not imply a decrease in ©°.

if (—1,0,0,0), the direction of decreasing in x

Thus, in the mechanical case, the momenta must separate all the perturbation vectors from
the vectors (0,0,—1,0) and (—1,0,—1,0), which implies the nonpositiveness of go. Taking
into account Hamilton’s equations (7.2.11), pg is constant and by normalization can be consider
to be 0, —1 or 1. Then the different possibilities for the mechanical momenta are the following:

1. po = 0 and go = 0: Here the cost function does not take part in the computations.
Note that in this case (—1,0,0,0), (—1,0,—1,0) and (0,0, —1,0) are in the separating
hyperplane defined by the kernel of the momenta.

2. po = 0 and gqg = —1: Here the cost function appears in the computations. We have
(—1,0,0,0) in the separating hyperplane, but (—1,0, —1,0) and (0,0, —1, 0) are not.

3. po = —1 and qo = t+ A: The separation conditions will be satisfied or not, depending on
the value of the final time and the constant A. It is necessary that A < O and ¢ty < —A.
In this case, (—1,0,0,0) is also separated from the perturbation vectors, but it is not in
the separating hyperplane.

4. po = 1l and gy = —t+ A: The separation conditions will be satisfied or not, depending on
the value of the final time and the constant A. It is necessary that A > Oand tg > A+ 1.
In this case, (—1,0,0,0) is contained in the half—space where the perturbation vectors
are. Thus it could be associated with a perturbation vector, depending on the directions
that are covered by the perturbations of the controls that give rise to the time perturbation
cone in Definition 4.3.7.

To sum up, the last two previous cases cause more difficulty in chosing the initial condition for
the momenta and the final time in the case of a free optimal control problem. Pontryagin’s Max-
imum Principle guarantees the existence of a momenta, but without determining it. Hence, we
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can chose the momenta that appear in the cases 1 and 2, as long as all the necessary conditions
in Pontryagin’s Maximum Principle are satisfied. Under this restriction, qg is a constant that
plays a similar role as the constant momentum in Definition 4.1.15. Moreover, our mechanical
Hamiltonian turns out to be the Hamiltonian considered in [Bullo and Lewis 2005b] to apply
Pontryagin’s Maximum Principle for affine connection control systems. Thus, the framework
described here guarantees that the second—order condition is satisfied in the approach given in
[Bullo and Lewis 2005b] and reviewed in §6.4 because it corresponds with our case of pg = 0.

In the extended problem for the mechanical system we have added two new coordinates,
thus two new covectors have appeared. If we look at Definition 4.1.15, it is not clear how to
define the extremals in this case. What we have to remember is that the abnormal extremals are
characterized only using the geometry of the control system before extending it; that is, the cost
function does not play any role in the computation of abnormal extremals. For the mechanical
Hamiltonian H,,, this will happen if and only if py and go vanish simultaneously. Otherwise,
the extremals are normal.

Definition 7.2.1. A curve (‘y\, u): I — T@ x U is

1. a normal extremal for the nonholonomic optimal control problem in Statement 7.1.3 if
it is an extremal with

(a) either pg being a nonzero constant,

(b) or gy = —1, then py = 0;

2. an abnormal extremal for the nonholonomic optimal control problem in Statement
7.1.3 if it is an extremal with py = qo = 0O;

7.2.2 Kinematic Pontryagin’s Hamiltonian and extremals
For the kinematic system, Pontryagin’s Hamiltonian function is
Hy: TQxV — R

_ R BN A
(@, w) — <a,gaxo+;w YS>,

with local expression Hp = agG + Zle a;w*Y}, and Hamilton’s equations are given by

i’ = g, a = 0, ‘
y oG LOYY (7.2.13)

syt .
= wdY, a; = —apg—— — ajw —.
57 ozt 7 Ozt

The elementary perturbation vector along the optimal curve at ¢ for w; € V' is

(1) = (g — 0t ()Y + (G w1) ~ G, w(1) g L oam
s=1 (¢t
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according to (7.2.10). The covector @ defined along the optimal curve that comes from Pon-
tryagin’s Maximum Principle satisfies a separation condition analogous to (7.2.9):

(@(t), vx(t))
(a(t), (=1,0)) = —ao

0,
0,

IV INA

where U (t) and (—1,0) are in T@(t)@, and a(t) € T t)@. Here the definition of extremals is
exactly the same as in Definition 4.1.15 because there is only one more momentum, just as in
Theorem 4.1.14.

7.2.3 Connection between nonholonomic and kinematic momenta

Thus we have two different Hamiltonian problems, one defined on 7™ T@ x U and the other one
defined on T*@ x V. We investigate if there is any way to relate the momenta of both problems
such that not only satisfies Hamilton’s equations, but also the necessary conditions of Pon-
tryagin’s Maximum Principle. Using the Tulczyjew diffeomorphism d)@ defined in [Tulczyjew

1974], there is a natural way to go from 77T @ toT *@ with local expression,

A ~ ~

~ @ Tr«d
THTQ) —> T(I*Q) 5 T*Q (7.2.15)
(z,v,p,q) +— (x,q,v,p) +— (2,q),

~

and vice versa only for a curve a: I — T*Q

0 Q) Q. THTQ) (7.2.16)

where all the coordinates are functions of ¢ and (z,q, %, q) is the canonical lift of a curve
(z(t), q(t)) to the tangent bundle.

Due to (7.2.15), we could think that, knowing the momenta for the mechanical system, the
covector for the kinematic system is given by the momenta of the velocities. But this is not true
in general because the momenta for the kinematic system we are looking for must also satisfy
the other necessary conditions of Pontryagin’s Maximum Principle. Moreover, both Hamilton’s
equations are not exactly the same as shown by (7.2.11) and (7.2.13).

In the sequel we consider optimal control problems for nonholonomic control systems in
Statement 7.1.3 only with the cost function equal to 1 or the cost function given in Proposition
7.1.6; that is, F = dg.

Proposition 7.2.2. Let AT — T (T@) be a covector curve along a solution ﬁ to the non-
holonomic optimal control problem %, = (E'D,@) (Xm = (Ep,1)). If there exists a
t1 € I such that the momenta q for the velocities satisfy (q(t1),vk(t1)) < 0 for every elemen-
tary perturbation vector of the associated kinematic optimal control problem ¥, = (X,,,G)
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(3 = (Xm, 1)), then q(t1) is the initial condition for the kinematic covector along 7 to solve
the Hamilton’s equation (7.2.13) for X, = (£,,G) (Zx = (i, 1)).

(Proof) As ﬁ is the optimal solution to the problem 3,,, there exist controls such that
7~ is solution to X; by Proposition 7.1.6 (Remark 7.1.11). Thus, we can apply Pontryagin’s
Maximum Principle that assures the existence of kinematic momenta. But if for some ¢; €
I, we have (q(t1),vk(t1)) < 0, g(t1) is taking to be the initial condition for the momenta
to integrate Hamilton’s equations. For this choice of the initial condition, all the necessary
conditions of kinematic Pontryagin’s Maximum Principle are satisfied. The sign of the above
inequality is unchanged because of the property of the integral curves of the complete lift and
the cotangent lift of a vector field on @ given in Proposition 2.2.6. Thus at every time ¢ € I all
the perturbation vectors in (7.2.14) and their transport lie in one half—space determined by the
hyperplane given by the kernel of the momenta. |

Corollary 7.2.3. The abnormal optimal curves for the problem %, = (ZD,@) (Em =
(Xp, 1)) with covectors satisfying the hypothesis in Proposition 7.2.2 determine abnormal op-
timal curves for the problem X, = (X,,,G) (X = (3, 1)).

(Proof) The momenta of abnormal solutions to the nonholonomic optimal control prob-
lems are given by pyp = go = 0 because of Definition 7.2.1. If the hypothesis in Proposi-
tion 7.2.2 are satisfied, then the initial condition for the kinematic momenta is g(t); that is,
ao(to) = 0. As ag is constant because of Hamilton’s equations (7.2.13), the abnormal solutions
to the nonholonomic optimal control problem determine abnormal solutions to the associated
kinematic optimal control problem. [ |

Remark 7.2.4. There is an analogous result for the normal solutions as long as the momentum
for py is taken to be equal to 0. In other words, if we consider the case of normal solutions to
nonholonomic optimal control problems with momenta given by py = 0 and gy to be a nonzero
negative constant, then these momenta determine a normal solution to the associated kinematic
optimal control problem.

Remark 7.2.5. Observe that the extremals for the kinematic system are extremals for the non-
holonomic optimal control problem, considering as necessary conditions for optimality the
ones given in Proposition 7.2.2. But from the kinematic momenta is not necessarily possible to
specify the mechanical momenta.

7.2.4 Example

Let us prove that the strict abnormal minimizer given by Liu and Sussmann [1995] can be
understood as a solution to a nonholonomic control mechanical system, that turns out to be a
local strict abnormal minimizer.

Let Q = R? with coordinates (z,y, z). We consider the distribution given by

D = kerw = ker(z%dy — (1 — x)dz) = span{X, Y}, (7.2.17)
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where 9 9 5
X=_—", andY =(1-2)= 2

5y A ( x)8y+x 5
Consider the Riemannian metric on @, g = dz ® dz + ¥ (z)(dy ® dy + dz ® dz), where
Y(x) = ((1 — )%+ 2*)~1. Observe that X and Y are a g—orthonormal basis of sections of Q.

Pontryagin’s Hamiltonian function for the time—optimal control problem for the kinematic
control system associated to D is

Hy (@, wy,w) = ag + a1wy + agwy(1 — x) + azz?ws.

The curve (3, w): [0,1] — Qx[0,1]x[0,1], ¢ — (¢,0,¢,0,0, 1) satisfying the initial conditions
v(0) = (0,0,0) and (1) = (0, 1,0) is a local strict abnormal minimizer for the time—optimal
problem. It is impossible to find momenta with ag = —1 verifying all the necessary conditions
of Pontryagin’s Maximum Principle. Let us check this. The corresponding Hamilton equations
for abnormality and normality are the same for this particular problem:

To =1, ag = 0,
T = wi, a1 = aswo — 2xWoas,

7.2.18
y:wg(l—l‘), dzZO, ( )
3 = x?wo, a3 = 0.

The kinematic Hamiltonian along an abnormal biextremal a(t) € T t)@ is
Hk(a, w1, wz) = a1w1 + aw>.

As the maximum of this Hamiltonian over the controls must be zero and must be given by
wy = 0, wy = 1, it is necessary to have a; = as = 0. Then, the abnormal momentum is
a:[0,1] — T*@, t — (0,0,0,a3) along 7(t), with a3 being a nonzero constant. Observe that
Hy(a(t),w1,ws) = 0forall ¢t € [0,1].

For the normal case, ag = —1, in order to guarantee the maximization of the Hamiltonian
over the controls along a(t) € T$(t)@ it is necessary a; = 0, ag = 0. But then for all ¢ € [0, 1]
Hy(a(t), w1, ws) = —1 # 0, contradicting a necessary condition of Pontryagin’s Maximum
Principle; see Theorem 4.3.13. Thus, « is a strict abnormal extremal, as claimed. The local
optimality is proved in [Liu and Sussmann 1995].

According to the metric, the Christoffel symbols that do not vanish are

—1+z+ 223

i, =T, =

22 33 ((1—%)24-%4)2’
1—z— 223

2 _ 12 _

I112_]‘—‘21 - (1_$)2+$47
1—x—223

3 _ 13 _

F13_F31 - (1—IE)2+$4’

where 1 stands for coordinate x and so on. We use numerical subscripts to make easier the
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notation in the subsequent paragraphs. Observe that the connection associated to the metric has
zero torsion.

Having this in mind, Pontryagin’s Hamiltonian function for the time—optimal control prob-
lem for the nonholonomic control system is

Hy (A ur,ug) = povo + qo + prv1 + pava + p3vs3
@1 (T3 — Tgv5 + )

@2(—2T3 0901 + un(1 — ) + g3(—2T 350103 + 22us).

Hamilton’s equations are

':tO = o, ]50 = Oa )

. . ar}k ik

=1, P1= qujv + qau — 2zU2q3,

Y = v, p2 =0,

Z =3, p3 =0, (7.2.19)
g =1, do = —Do,

b1 = —T308 —Thvd +ur,  ¢1 = —p1 + 22302 + 2¢3T3503,

by = —2T% vav1 + u2(l — z), do = —p2 + 21T 3yva + 2213, 01,
b3 = —2I%v103 + 22ug, 43 = —p3 + 2103503 + 2¢3T350; .

The strict abnormal minimizer for the kinematic system gives rise to the extremal ﬁ(t) =
(t2/2,0,t,0,t,0,1,0) for the mechanical system. Substituting into the Hamilton’s equations
for the states along 4 we have u; = —1 and uy = 0.

Remark 7.2.6. The controls are different for the equivalent control systems, which possibility
was mentioned in §7.1.1.

For a biextremal A(t) € T%‘ (t)T@,

Hp(A(t), w1, ug) = pot + qo + p2 + q1 (1 + u1) + qaus.

The maximum of this Hamiltonian over the controls must be given by u; = —1 and us = 0 for
every t € [0, 1], thus ¢; = g2 = 0. From the Hamilton’s equations for the momenta we have

p1 =0, p1 =0, p2 =0, ¢3 = —p3,

where ps is constant. These restrictions on the momenta are valid for abnormal and normal
extremals because of the cost function considered.

Then, the abnormal momenta, pg = g9 = 0, is
A(t) = (0,0,0,p3,0,0,0, —pst + A) (7.2.20)

with p3 and A being constants, that cannot vanish simultaneously. If now we evaluate the

~

Hamiltonian, H,,(A(t), u1,u2) = 0. Thus, the abnormal minimizer for the kinematic system
gives an abnormal extremal in the nonholonomic case.
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Let us try to find the normal momenta; that is, either gg = —1 or pg = +1. The different
cases are:

1. po = +£1: then by Hamilton’s equations ¢o(t) = Ft + B with a constant B;

2. po = 0: then gg = —1.
Thus, the normal momenta along 3 is either
Ai(t) = (£1,0,0,p3, Tt + B, 0,0, —pst + A)

or
As(t) = (0,0,0,p3,—1,0,0, —pst + A).

If we evaluate the Hamiltonian H,,, at these covectors,

(
(

(t),u1,u2) = =£tFt+ B =B,

H m Kl
Hm Kg(t), uy, Ug) = -1

The Hamiltonian evaluated at JA\l does not vanish because the discussion about the values of pg
and qg in §7.2 and the fact that the initial time is zero imply that B < 0. Thus the strict abnormal
minimizer for the kinematic system does not give a normal extremal for the mechanical case.
Therefore, we have a strict abnormal extremal for the nonholonomic optimal control problem

because of Corollary 7.2.3, and Remarks 7.2.4 and 7.2.5.

As for the elementary perturbation vectors (7.2.12) and (7.2.14) along the extremals con-
sidered, we have

~ - N 0
’Uk(t) = wl%—k(wQ—l)aﬁy’
~ N o _ 0

For the momenta @ and A calculated for the kinematic and the mechanical systems respectively,
the separation conditions (7.2.9) are

<(070707a3)7@\k(t)> = 0,
((0,0,0,p3,0,0,0, —pst + A), 0y (t)) = O.

Thus all the elementary perturbation vectors for the kinematic and the mechanical case are in
the separating hyperplane for the momenta found.

Observe that the kinematic momenta and the mechanical momenta are related through
(7.2.15) and (7.2.16). At time ¢; € [ the kinematic momenta a(t1) = (0,0,0, a3) gives the
nonholonomic momenta

(0,0,0,0,0,0,0,as3)

because of the relation (7.2.16). This is the initial condition at ¢; € I for the nonholonomic
Hamilton’s equations (7.2.19). After integrating, it turns out that the nonholonomic momenta is
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constant along ﬁ That is, in (7.2.20) we take pg = 0 and A = ag in order to have the nonholo-
nomic momenta determined by the kinematic one. But observe that not all the nonholonomic
momenta must be constant, see Equation (7.2.20). Only the constant nonholonomic momenta
can be related with a kinematic momenta, as we have just seen.

Vice versa, at time t; € I the nonholonomic momenta in (7.2.20) is
(07 07 O7p3a Oa 07 07 _p3t1 + A)

Using (7.2.15) the corresponding kinematic momenta at t; € I is (0,0,0, —pst; + A). This is
the initial condition to integrate the kinematic Hamilton’s equations (7.2.18). Then, the kine-
matic momenta along 7 is a(t) = (0,0,0, —pst; + A). For every time t; € I, we have a
different initial condition for the kinematic momenta and we obtain different kinematic mo-
menta after integrating equations (7.2.18).

Observe that using (7.2.15), we obtain all the possible kinematic momenta. But using
(7.2.16) we do not obtain all the possible nonholonomic momenta. Thus, it must be highlighted
the fact that the mappings (7.2.15), (7.2.16) defined using Tulczyjew’s diffeomorphism do not
establish a one—to—one relation between the momenta of both Hamilton’s equations for every
time.

Remark 7.2.7. Due to Proposition 7.1.10 and Remark 7.1.11, the strict abnormal extremal
found for the nonholonomic time—optimal control problem defined by D in Equation (7.2.17)
is a local strict abnormal minimizer.



Chapter 8

Skinner—Rusk unified formalism for
optimal control systems and
applications

A geometric approach to time—dependent optimal control problems is proposed. This for-
mulation is based on the Skinner and Rusk formalism for Lagrangian and Hamiltonian sys-
tems, which seems to be a natural geometric setting for Pontryagin’s Maximum Principle
[Barbero-Lifidn et al. 2007]. Following [Cortés et al. 2002b, Echeverria-Enriquez et al. 2004,
Leén et al. 2003], we adapt the Skinner—Rusk formalism [Skinner and Rusk 1983] to study
time—dependent optimal control problems. In this way we obtain a geometric version of the
weak Maximum Principle given in Chapter 5 that can be applied to a wide range of control
systems, provided that the differentiability with respect to controls is assumed and the space of
controls is open. For instance, these techniques allow us to tackle geometrically implicit opti-
mal control systems; that is, those where the control equations are implicit, F'(¢,z, &, u) = 0
where the x’s denote the state variables and the u’s the control variables. In fact, systems of
differential-algebraic equations appear frequently in control theory, as for instance the descrip-
tor systems in §8.3.2 and [Miiller 1998; 1999]. Usually, in the literature, it is assumed that it is
possible to rewrite the problem as an explicit system of differential equations, & = G(t, x, u),
perhaps using the algebraic conditions to eliminate some variables, as in the case of holonomic
constraints.

Taking into account the formulation in §2.5 and [Barbero-Lifian et al. 2008], we develop
a unified formalism for explicit time—dependent optimal control problems, giving a geometric
Pontryagin’s Maximum Principle in a weak form in §8.1, and analogously for implicit optimal
control systems in §8.2. These two sections contain the main contributions of this chapter.
Finally, §8.3 is devoted to examples and applications. First we study the optimal control of
Lagrangian systems with controls; that is, systems defined by a Lagrangian and external forces
depending on controls [Agrawal and Fabien 1999, Blankenstein et al. 2002, Bloch 2003, Bloch
et al. 2000]. These are considered as implicit systems defined by the Euler—Lagrange equations.
Second, we analyze a quadratic optimal control problem for a descriptor system [Miiller 1998].
We point out the importance of these kinds of systems in engineering problems, see [Miiller
1999] and references therein.
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8.1 Non-autonomous optimal control problems

In contrast with the approach in Chapter 4, we consider a non—autonomous control system
such that the dependence on the time comes not only from the controls, but explicitly. For a
m~dimensional manifold M, a control set U in R¥ and a time interval I C R, this class of
systems are determined by a vector field

Y IxMxU—-TM (8.1.1)

defined along the projection 7w: I x M x U — M, see Definition 2.2.1. Locally, the set of
differential equations given the state equations is

it = it 27 (t),ul (1), 1<i<m,

where ¢ is time, 27 denote the state variables and u!, 1 < [ < k, are the control inputs of the
system that must be determined. Prescribing initial conditions of the state variables and fixing
control inputs, we know completely the trajectory of the state variables 27 (¢). In the sequel, all
the functions are assumed to be at least C2. The objective is the following.

Statement 8.1.1. (Non-autonomous optimal control problem) Find a C*-piecewise smooth
curvey: I — I x M xU andT € R satisfying the endpoint conditions for the state variables,
being an integral curve of the control system (8.1.1), and minimizing the functional

T
Sy u] = /0 Fly()dt.

The solutions to this problem are called optimal trajectories or curves. The necessary condi-
tions to obtain the solutions to such a problem are provided by Pontryagin’s Maximum Principle
for non—autonomous systems [Pontryagin et al. 1962]. In this case, considering the time as an-
other state variable we have the same statement of the Principle as in Theorem 4.1.14. Now, the
control system is given by the vector field ¥ : (R x M )xU — T (R x M ) along the projection
e (R X ]\/Z) x U — R x M with local expression

0 0 ; 0
Y(t,x,u) = En —i—f(t,x,u)w +f (t,m,u)@.

Pontryagin’s Hamiltonian is a function H: T*(R x M) x U — R defined by
H(t,z,p,u) = (p,Y),

where p includes the momentum for the time—i.e., the new variable—and the momentum for
the value of the functional S. In local coordinates (p, po, p;) for the momenta,

H(tvxovxiapapﬂapia ul) =p +p0F(t7xia ul) +p]fj(ta Ii)ul)‘ (812)

Observe that p denotes the fiber in 7% (R x M ) and also the momentum for the time. It is
assumed that the meaning in each situation will be clear from the context.
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As explained in the weak Pontryagin’s Maximum Principle, Theorem 5.1.1, the maximiza-
tion of the Hamiltonian over the controls is replaced by

p==o=0, 1<1<k, (8.1.3)

when the optimal controls are in the interior of the control set and all the functions are differ-
entiable with respect to the controls.

Remark 8.1.2. Despite the interest in abnormality during the whole dissertation, here we fo-
cus on the normal case, pg = —1, for the sake of simplicity. Analogous formalism can be
constructed for abnormality.

An optimal control problem is said to be regular if the following matrix has maximal rank
a(pl 82H

= . 8.14

< ou? > ( Ouldus @14

In the following sections we develop a geometric formulation of the weak Maximum Prin-
ciple, similar to the Skinner—Rusk approach to non—autonomous mechanics as was explained
in §2.5 and references therein.

8.1.1 Unified geometric framework for optimal control theory

In a global description, we have a fiber bundle structure 7¢: C' — F and 7: E——>R, where
E is equipped with natural coordinates (¢, z*) and C is the bundle of controls, with coordinates
(t, 2%, ub).

The state equations can be geometrically described as a smooth map X : C — J!'7 such
that the following diagram is commutative:

which means that X is a jet field along 7€ and also along the projection 7. Locally we have
X(t,2",ul) = (t, 2", fi(t, 27, u)).

Geometrically, we will assume that an optimal control system is determined by the pair
(L, X), where L € Q'(C) is a #%—semibasic 1-form; that is, L = Fdt, with F € C=(C)
representing the cost function; and X is the previous jet field along 7€ .

In this framework, Theorem 4.3.14 can be restated as follows.

Theorem 8.1.3. If v : I — C'is a solution to the non—autonomous optimal problem in State-
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ment 8.1.1, then there exists a curve A : I — C xg T*E and py € {—1,0} such that
1. X satisfies Hamilton’s equations for the Hamiltonian (8.1.2);

2. the maximization of this Hamiltonian over the controls is equal to the Hamiltonian along
the optimal curve;

3. the Hamiltonian vanishes along the optimal curve a.e.
Now we develop the geometric model of optimal control theory according to the Skin-

ner—Rusk formulation.

The graph of the mapping X, Graph X, is a subset of C' x g J!7 and allows us to define
the extended and the restricted control-jet—-momentum bundles, respectively:

WX = Graph X xp T*E, WX = Graph X xp J'7*,

which are submanifolds of C x gpW = CxgJ ' x g T*E and C x g W, = C x g Jinw x g Jin*,
respectively.

In WX and WX we have natural coordinates (¢, z%, u’, p, p;) and (¢, 2%, u!, p;), respectively.
We have the immersions
iX : WXC_)CXEWa iX(t7xi7ulvpapi) = (t’xivulafi(t’xjaus)ap7pi)’
i WE = CxpWe, X (et ul ) = (G2t dl F (a0 uf), )

see Diagram (8.1.5).

Id
CxpW allald C x5 W,

(8.1.5)

ow,.

Taking the natural projection

ow: C xpW—=W,

and keeping in mind Definition 2.5.1, we can construct the pullback of the coupling 1-form ¢
and of the forms ©yy and Oy to WX

CWX = (O’W e} iX)*é, @WX = (UW o) ZX)*@W s QWX = (JW e} iX)*QW = (p‘;)*Q,
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whose local expressions are:
Cyx = (p+ pifilt, 27 ub))dt,  Oyx = pida’ + pdt, Qyyx = —dp; Ada’ —dp Adt.

Hence, we can draw the commutative Diagram (8.1.5), where ps*, pa, fiy,x and oyy, are natural
projections.

Furthermore we can define the unique function H,,,x : WX — R by the condition
Cx — (p¥)7L = Hypxdt |
where pf : WX —— C'is the natural projection. This function Hy,x is locally described as
Hyyx (t,xi,ul,p,pi) =p+pifi(t, xj,ul) — F(t, a2l ul). (8.1.6)
This is exactly the natural Pontryagin’s Hamiltonian function (8.1.2), cf. Equation (2.5.20).
Let W' be the submanifold of WX defined by the vanishing of Hy,x:
W = {w e WX | Hyyx (w) =0} .
In local coordinates, WOX is given by the constraint
p+pifi(t,a?,ut) — F(t, 27 ub) = 0.

Observe that, in this way, we recover the fact that Pontryagin’s Hamiltonian is zero along the
optimal curves. An obvious set of coordinates in Wé( is (¢, 2%, u', p;). We denote by

]5(: ng — WX
the natural embedding; in local coordinates,
jé((t) xiv ulapi) = (ta xiv ula f(t) xja us) - pzfz(ta 'rj) us)vp])

In a way similar to that of Proposition 2.5.2, we may prove the following result.

Proposition 8.1.4. W(f( is a codimension 1, I, x —transverse submanifold of W, diffeomor-
phic to WX.

As a consequence, the submanifold Wg( induces a section of the projection pt

WX WX (8.1.7)
Locally, ¥ is specified by giving the local Hamiltonian function HX = p;jf? — F; that is,
X (t, xt ul, py) = (t, 2%, ul,p = —HX,p;). The map h*~ is called a Hamiltonian section of
Hoox

Thus, we can draw the commutative Diagram (8.1.8) where all the projections are natural.
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Finally we define the forms
@ng = (Jé()*ewx ) ngf = (Jé()*QWXa
with local expressions

Oy = pida’ + (F = pif)dt, Qux = —dp; Ada’ = d(F = pif') Adt.

(8.1.8)

8.1.2 Optimal control equations

Now we are going to establish the dynamical problem for the system (Wg( , ng(), and as a
consequence we obtain a geometrical version of the weak form of the Maximum Principle.

Proposition 8.1.5. If (L, X) is a regular optimal control problem, then there exist a submani-
fold Wi of W@X and a unique vector field Z € %(Wg( ) tangent to W{* such that

[’Lzﬂwg(]‘wlx = 0, (8.1.9)
[izdtHWIX = 1 (8.1.10)

The integral curves \ of Z satisfy the necessary conditions of Theorem 8.1.3.
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(Proof) In a natural coordinate system we have

o 0 B
oxt +B ou! +Czapi ’

0 .

where f, A*, B!, C; are functions on ng to be determined. Then Equation (8.1.10) leads to
f =1, and from (8.1.9) we have

coefficients in dp; :  f* — A* =0, (8.1.11)
coefficients in du! : gi — pj‘;"; =0, (8.1.12)
coefficients in dz* : g; —pj gi j - C; =0, (8.1.13)
coefficients in dt : —A° g; + Aipj Z“Z — Blgf; + Blpjg{; +Cift=0.

Now, if A(t) = (t,z%(t), u(t), p;(t)) is an integral curve of Z, we have

- dat du! dp;
Al = Bl=— ¢ ="
dt’ dt’ dt

Pontryagin’s Hamiltonian function is H = p + p; f* — F. As we are in Wé( , the condition
H = 0 is satisfied. Furthermore, we make the following observations

. . dzt  0H
e From (8.1.11) we deduce that A* = f*; that is, & ,
dt 8])2'

from Hamilton’s equations.

e Equations (8.1.12) determine a new set of conditions

OF ofi  OH
_of o5 _oH 1.14
L= 0u " P T 0 @ )

which are equations (8.1.3). We assume that they define the new submanifold W1X of
Wi, We denote by 53 : Wi{¥ — W the natural embedding.

dp; OH
e From (8.1.13) we completely determine the functions C; = i _

& I from Hamil-
T

ton’s equations.

e Finally, using (8.1.11), (8.1.12) and (8.1.13) it is easy to prove that equations for the
coefficient of d¢ holds identically.

Furthermore Z must be tangent to WlX ; that is,

0H

20 =2 (5

> =0  (on W)
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In other words,

0°H . OH 0°H  OH O°H
0= ior B — A ). 8.1.15
otou! +f Oxiout + Ousoul  dx' Op;Oul (on Wi™) ( )
2
However, as the optimal control problem is regular, the matrix ENE has maximum rank.
uSou

Then Equations (8.1.15) determine all the coefficients B*. [ ]

As a direct consequence of this proposition, we state the intrinsic version of Theorem 8.1.3.

Theorem 8.1.6. (Geometric weak Pontryagin’s Maximum Principle) If v: [ — C'is a solu-
tion to the regular optimal control problem given by (L, X)), then there exists an integral curve
of a vector field Z € X (Wg( ), whose projection to C' is vy, and such that Z is a solution to the
equations

izﬁwgc =0, 1izdt=1,

in a submanifold WiX of W@X , which is locally given by the condition (8.1.14).

Remark 8.1.7. In fact, Equation (8.1.10) could be relaxed to the condition
igzdt # 0,

which determines vector fields transversal to m whose integral curves are equivalent to those
obtained above, up to reparametrization.

Note that, using the implicit function theorem on the equations ¢; = 0, we get the functions
u! = wu'(t,x,p). Therefore, for regular control problems, we can choose local coordinates

(t, 2%, p;) on Wi, and H |W1X is locally a function of these coordinates.

If the control problem is not regular, then one has to implement a constraint algorithm to
obtain a final constraint submanifold W}X (if it exists) where the vector field Z is tangent; see,
for instance, §2.3.2, Chapter 5 and [Barbero-Lifian and Mufioz Lecanda 2008a, Delgado-Téllez
and Ibort 2003].

If 51: W — W is the natural embedding, the form Qyx = (5% )*ng( is locally
written as
lex = —dp; ANdx" — dH‘Wlx Adt.

Hence, for optimal control problems, taking into account the regularity of the matrix (8.1.4),
we have the following result.

Proposition 8.1.8. If the optimal control problem is regular, then (W1X , QWIX ,dt) is a cosym-
plectic manifold; that is, (lex )™ A dt is a volume form; see [Leén and Rodrigues 1989].

8.2 Implicit optimal control problems

The formalism presented in §8.1.1 is valid for a more general class of optimal control problems
not previously considered from a geometric perspective: optimal control problems whose state
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equations are implicit; that is,
Ut q,¢,u) =0, 1<a<s, withdl!A...AdU*#£0. (8.2.16)

There are several examples of these kinds of optimal control problems, some of them com-
ing from engineering applications. In §8.3 we study two specific examples: the controlled
Lagrangian systems which play a relevant role in robotics and the descriptor systems which
appear in electrical engineering.

8.2.1 Unified geometric framework for implicit optimal control problems

From a more geometric point of view, we may interpret Equations (8.2.16) as constraint func-
tions determining a submanifold M¢ of C' x g J'm, with natural embedding yM¢: My —
C x g J'm. We will also assume that (7€ x 71) 0 yM¢: Mo —— E is a surjective submersion.

In this situation, the techniques presented in §8.1 are still valid. Now the implicit optimal
control system is determined by the data (L, M), where L € Q! (M) is a semibasic form
with respect to the projection 7¢: M —— R, and hence it can be written as L = Fdt,
for some F € C*°(M¢). First define the extended control-jet-momentum manifold and the
restricted control-jet—-momentum manifold

WMe = Mo xp T*E, WMe = Mg xp Jin*,

which are submanifolds of C x pW = CxgJ 't xgT*E and C x g W, = C x g Jinw x g Jio*,
respectively.

We have the canonical immersions (embeddings)
Mo wMe . ¢ xpw, Mo wMe s € xpW,.
So we can draw a diagram analogous to (8.1.5) replacing the core of the diagram by

Mc

—_—

HywrMe
e

where all the projections are natural.

Now, keeping in mind Definition 2.5.1, consider the pullback of the coupling 1-form C and
the forms o073,,©yy and 03, () to WMe by the map iMo: WMo — - C x5 Wi, that is

CWJ\/IC = (O'W o i]‘/[c)*é, @WMC = (O’W o iMc)*@yv, QWMC = (O’W o iMc)*Qw,

and denote by C' € C>®°(WM¢) the unique function such that Coypmg = Cdt. Finally, let
Hyue : WMe — > R be the unique function such that Cyy . — (piwc)*L = Hym.dt.
Observe that Hyn, = C — F, where F = (pjlw @)*F, and remember that Hy, is the
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Pontryagin’s Hamiltonian function; see (8.1.6).

Let Wéw “ be the submanifold of YWM¢ defined by the vanishing of Hyynmg,ie.,
Wy'e = {w e WMe | Hypu (w) = (C — F)(w) = 0}, (8.2.17)

and denote by jé/[ c: Wé\/[ ¢ < WMCc the natural embedding. As in Proposition 2.5.2 we may
prove the following.

Proposition 8.2.1. Wéw  is a codimension 1, jiyy,m.—transverse submanifold of WMe  diffeo-
morphic to WMe.

As a consequence, the submanifold W induces a section of the projection 1
pMe . ywMe s yMe
Then we can draw the following diagram,

CXEJ17T

which is analogous to (8.1.8), where all the projections are natural.

Finally, we define the forms

M, M,
ewé\/fc = (Jo “) Oyymc, QWOMC = (Jo 7)) Qync -
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8.2.2 Optimal control equations

Now, we will see how the dynamics of the optimal control problem (L, M) is determined by
the solutions (when they exist) of the equations

Z'ZQWMC = 0, (8.2.18)
0
izdt = 1, (8.2.19)
for Z € X(Wp'e).
As in §8.1.2, the Equation (8.2.19) can be relaxed to the condition

izdt £0.

In order to work in local coordinates we need the following proposition, whose proof is
obvious:

Proposition 8.2.2. For a given w € Wéu C, the following conditions are equivalent:

1. there exists a vector Z,, € T, wWé‘/l < verifying that

QW]\/IC (Zw,Yy) =0, forevery Yy, € TwWé\/[C ;
0

2. there exists a vector Z,, € T,,(C x g W) satisfying

(i) Zw € ToWL'C and
(ii) iz, (o3 Qw)w € (TS0, where (TyWa'€)0 is the annihilator of T, Wy ©.

As a consequence of this last proposition, we can obtain the implicit optimal control equa-
tions using condition 2 as follows. There exists Z € X(C x g W) such that

(i) Z is tangent to WMC nd
(ii) the 1-form iz07y,,Q2yy is null on the vector fields tangent to Wéw c.

As Wé\/[ ¢ is defined in (8.2.17), and the constraints are ¥¢ = (O and C — F = 0, then there
exist fiq, pp € C°(C x g W) such that

(120w W) [yio = (1ad¥® + pd(C = F))| o -

0

As usual, the undetermined functions p,’s and p are called Lagrange multipliers.

Now using coordinates (£, 2%, u!, v*, p, p’) in C' x g W, we look for a vector field

) B ) B B )
J=—+4+A—"—+B = 1+ E—
ot T A TP ga T g T Pig, T g,
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where A*, By, C*, D;, E are unknown functions in Wé\/‘[ ¢ satisfying

0 = iz (dxi Adp; + dt Adp) — ped¥® — ud(p + piv’ — F(t, x,u))

o OF oF  ove .
B 2 b, da
< He 5t +“at)dt+<“axz Ho g )dx

+ 8i _ @ dul + | - P aE dvi
/‘I’aul :LLOé 8'[1,[ l‘l’pl /~La 8'()2'
+

(A" — p")dp; + (1 — p)dp .

Thus, we obtain 4 = 1, and

. S V) L) oF  owe
A=t Di=gn ~hagur B = Gy THaTg s Pis THay i 0= g —Hag s

together with the tangency conditions

S
0 = Zp+p'— f(t,a:,u))|wg4c .
Therefore, the equations of motion are:
i (1ol 10000600000 ) + 520,20, 0(0) = 1100 G (0,200, u() = O,
oF ove

W (¢, z(t), 2(t), u(t)) = 0.
(8.2.20)
Let Fo = F — o ¥ be the classical extended Lagrangian for constrained systems. Then
these last equations are the usual dynamical equations in optimal control obtained by applying
the Lagrange multipliers method to the constrained variational problem. The first equation in
(8.2.20) are the Euler—Lagrange equations for Fy, the second one is the extremum necessary
condition at interior points, and the third one are the constraints.

Here we recover again that idea that the optimal control problems come from the calculus
of variations, as was roughly pointed out in §4.6. For more details about it see [Lewis 2006,
Sussmann and Willems 1997].

Remark 8.2.3. In the particular case that ¥/ = v/ — fJ = (), the vector field Z obtained above
is just the image of the vector field obtained in §8.1.2 by the Hamiltonian section (8.1.7), as a
simple calculation in coordinates shows.

Remark 8.2.4. If k is any integer, another obvious but significant remark is that we can take
7k: J*¥m ——= R (the bundle of k—jets of ) instead of 7: F — R, and hence J*7* and
T*J*n instead of J'7!' and T*E, respectively. These changes allows us to address those
optimal control problems where we have ®*C : C' — J¥7; that is, we deal with higher—order
equations, and their solutions must satisfy that (y(t), j**1 (7% o ®*C o ~)(t)) € M, where M
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is a submanifold of C' x ji J**1x.

8.3 Applications and examples

To conclude this chapter we study two different optimal control problems as application of the
theory described in §8.2 for implicit optimal control problems.

8.3.1 Optimal control of Lagrangian systems with controls

See §2.6 and [Barbero-Lifian et al. 2007] for previous geometric concepts which are needed
in this section related with Tulczyjew’s operators. For a complete study of these systems see
[Blankenstein et al. 2002, Bloch et al. 2000] and references therein.

First, recall that, associated with every jet bundle J L7, we have the contact system, which
is a subbundle C,; of T* J'7 whose fibres at every jl¢(t) € J'7 are defined as

Cr(j'0(1) = {a € Ty (J'm) | a = (Tjgm — Tjgu(@om)) B, € Viym}) .
One may readily see that a local basis for the sections of this bundle is given by {dq’ — v'dt}.

Now we provide a definition of a controlled—force, which allows dependence on time, con-
figuration, velocities and control inputs. In a global description, one assumes a fiber bundle
structure ®1¢ : ¢ — Jlw, where C is the bundle of controls, with coordinates (t,z,v,u).
Then a controlled—force is a smooth map F : C —=Cy, so that 71, o F = ®'C; see diagram
(2.6.24). In a natural chart, a controlled—force is represented by

F(t,z,v,u) = Fi(t, z,v,u)(dz’ — v'dt) .

According to notation in §2.6.3, a controlled Lagrangian system is a pair (£, F) which deter-
mines an implicit control system described by the subset D¢ of C' x 1, J27:

Dc = {(e,p) € Cx g J2m | (drO, — (n7)"dL)(p) = ((n1)"F)(c)}
{(e.p) € O x jng P | £2(p) = ((wf)"F)(c)}
= {(e,p) € Cx i J2m | (E opra — (n7)"F o pry) (e, p) = 0},
where pry and pry are the natural projections from C x 1, J27 onto the factors. In fact, D¢ is

not necessarily a submanifold of C' x ;1. J?7. There are a lot of cases where this does happen.
In local coordinates

0L - 92L .
DC = {(t7Qavvwvu) eC X Jig J27T oI (taQa U)w] + 81}23(]] (taqvv)’L)J
0’L oL
ENE =y - FZ 4y, Yy = .
+8v’8t (t,q,’U) aql (t,q,’l}) (t q,v u) O}

A solution to the controlled Lagrangian system (£, F') is a map v: R —— C satisfying:

(i) o€ oy=jl(mlo H1C o ) and
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(i) (y(t),72(7' o @1 0 4)(t)) € D¢, for every t € R.

The condition (i) means that 1€ o ~ is holonomic—i.e., the canonical lift of the curve 7! o

¢ o yv—and (ii) is the condition (2.6.25); that is, (ii) are the Euler—Lagrange equations for the
controlled Lagrangian system (£, F).

Now, consider the map (Id, Y): C x j1, J?m1——>C x j1. JI7!, where T: J?r—=J 7l is
defined in (2.6.23) and let M = (Id, T)(D¢). As (Id, T) is an injective map, we can identify
D¢ C C x i J?r with this subset Mg of C' x j1,. J'7!. Observe that there is a natural
projection from M¢ to J!7.

If 7: Mc —— R is a cost function, we may consider the implicit optimal control system
determined by the pair (L, M), where L = Fdt, and apply the method developed in §8.2.

Let W' = Me X i, T*J'r and we=c X jip JYAY X 1, T*J 7. The natural pro-
jection from Wc to T*.J'm allows us to pullback the canonical 2—form €2 ;1,. to a presymplec-
tic form QWC € 0? (WC) Furthermore, in J'7! x j1,. T*J!' there is the natural coupling

form C, see Definition 2.5.1. We denote by C its pullback to WC. We denote by L and F the
pullback of L and F from M¢ to WC, for the sake of simplicity.

Then, let Hyyc : WS — =R be the unique function such that C — L = Hy,cdt, whose
local expression is fIWc =p+ piv" + p;w' — F, and consider the submanifold

Vel ~ 50 5 ~
Wo={GeW" | Hyc(q) = 0}.
The pullback of Hyyc to W€ is Pontryagin’s Hamiltonian, denoted by H. WM -

Finally, the dynamics evolve in the submanifold Wéw ¢ = WMC NWp of WC, where ]i\/lc is

the natural embedding. Wéw “ is endowed with the presymplectic form QWJVIO = (Jiwc)*QWc.
0

Therefore, the motion is determined by a vector field Z € X (Wé\/[ ) satisfying the equations

izﬁwéuc =0, izdt=1.

A local chart in W is (t,q', vt 0%, wt uy, p, ps, bi ), where (0¢, w?) and (p, p;, p;) are the natural
fiber coordinates in J'7! and T*.J' 7, respectively. The manifold W is given locally by the
2m constraints:

0L 0%L 0L

S - B B . >
pi(t,x", 0", 0" W' ', p,pi, i) = WJW(R%U)—FU]WU’%U)+m(ta$,1’)
oL
_%(th:v) - Fi(t,x,v,u) = Oa
@i(t7xivvivﬂivwivulapapiapi) = Ui_qji :Oa

W is given by

S o _ _ L o 3
¢(ta xlavl7vl7wlau 7p7pi7pi) = HWC(t7xzvvlvvlvwzvu 7papi7pi)
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= p+p0 + pw’ - F(t,z,v,u) =0,

and

Qoome = dz® A dp; + dv® A dp; + dt A d(F — pit® — paw’).
0

Following Proposition 8.2.2, we look for a vector field Z € X (WC> such that, for every
we Wy,
(i) Zw € T,

(if) iz, Qe € (TwWé”C)O,

or, equivalently
@ (") (Z(e) =0, (") (Z(@) =0, () (Z(¢)) =0.

Qi) (s (iZQWc> ~0.

Remember that the constraints are ; = 0, gbi =0, ¢=0.

If Z is given locally by
0

TRy Ay (I +Bli+D2+C,-i+C‘i 0

7= %5 o ot v ow' oul ap ap; i’

then A%, A%, A*, A B!, D, C;, C; are unknown functions in W such that
i7Qp0 = p'dg; + 1;d@’ + pd(p + pv" + prw’ — F(t, z,0, 1)),

Z(pi) =0, Z(¢") = 0,and Z(p + p;v* + pjw' — F(t,x,v,u)) = 0. From these equations we
obtain

 aF ey ~ oF ~6(,0j _ Y i Op;
Ci - oz J@xg’ CZ - avi_'u]avi_'ui’ D = W_M]Tt]’
, - 0%L S 52
_  OF OF, = D, = 9°L
0 = Gutwod v = Bi—Wymss b= T am
and the tangency conditions
8(,02' 7-8(,01' -8901' - 82L l(‘)Fi <3 82L
Z(pi) = ) ) — 4+ A ——— - B o =
W) = e T T 0w ¥ viow P out T Guigw =
Z(SEZ) = w'— AZ = 07
Z(¢) = Zp+piv' +pw' — F(t,z,v,u)) =0,

where the third condition is satisfied identically using the previous equations.
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Assuming that the Lagrangian L is regular, that is, det(W;;) = det ( o J) # 0, then

from the above equations for p; and p; we obtain explicit values of the Lagrange multipliers ;’
and fi;. Therefore, the remaining equations above are now rewritten as the new set of constraints

_ oF ii_ OF;
?Pl(t»x,U,U,p) = W_WJPZW =0, (8.3.21)
OH,, »,
which corresponds to Thwme 0
oul
The new compatibility condition is
81#1 ;0 Oy o | = O
VA = B’ =0. 8.3.22
(V) = +v 8ﬂ+ 6J+ s s ( )

Furthermore, we assume that

det<awl> £ 0.

Then, from the tangency condition Z(y;) = 0 and Equation (8.3.22), we obtain the remaining
components A’ and B', and we determine completely the vector field Z.

The equations of motion for a curve are determined by the system of implicit—differential
equations:

Bil) = oo (0) #(0), u(6)) — 2 2(0), 0), D) 9 0, (), (0, (0, (),
Bilt) = oo (b a(0) (0, u(t)) ~ 1)
. 2
19 (6200 4(0)5(0)) (S22 (02(0). 50005000 ult) + 5052 (1.a(0).6(0))
0 = 4 (Guatta@)30)) = G50 (0,(0) - Fite, 0,0, ().

0 = 3}; (t, (t), 2(t), u(t)) — Wij(t,x(t),ab(t))pi(t)gig (t, 2(t), &(t), u(t)).

The last equation is the explicit expression of (8.3.21).

Agrawal and Fabien [1999] study optimal control of Lagrangian systems with controls in a
more restrictive situation using higher—order dynamics, obtaining that the states are determined
by a set of fourth—order differential equations. First it is necessary to assume that the system is

gF}) = m. Moreover, in the sequel we
(%

fully actuated, that is k = m, and rank (=;;) = rank <
assume that the system is affine in controls. That is, we assume that

Fi(ta'xa .’E,U) = A’L(ta xz, x) + Alj(ta x7x)uj :

Therefore, =;; = A;;. Then, from the constraint equations in the previous system of im-
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plicit—differential equations, applying the implicit function theorem, we deduce that

u'(t) = 't a(t), @(1), (1)

= a7 [ 4 (G (ta0.60) = 5 x(0,50) - Ayt at0).360)|.
Blt) = () (0 o (1, 2(0) #(0), (), (1), 5(0),

where (Hf ) are the components of the inverse matrix of the regular matrix (W Ay;).

Taking the derivative with respect to time of the equation for p;(¢), and substituting the
value of p;(t) we obtain a fourth—order differential equation depending on the states. After
some computations we deduce that

. 2 4.8
M, 2(0) #(0)) s (10 (0) 6(0), (0) S

() = Gi(t, x(t), 2(t), &(t), T(t)) -

Finally, under the assumption that the matrix (%) is invertible, we obtain a explicit
fourth—order system of differential equations:

dizt

2 ) — G tal0), 100 50), (1),

as appears in [Agrawal and Fabien 1999].

8.3.2 Optimal control problems for descriptor systems

Control systems given in a descriptor form have many applications in engineering, as for in-
stance in electrical, mechanical or chemical problems. In [Miiller 1998] there are illustrative
examples of these controls systems and, in particular, the academic example we study here.
Consider the problem of minimizing the functional

1 [To° ,
S = / [ai(x’)Q + ruQ] dt,
2 Jo
1 <4 < 3, with control equations
Ry , 3 = 2% + bou , 0=2%+bsu

with parameters a;, b; > 0 and r > 0.

As in the previous section, the geometric framework developed in §8.1.1 is also valid for
this class of systems. Let £ = R x R? with coordinates (¢, %), and C = R x R3 x R with
coordinates (¢, %, u). The submanifold Mc C C x g J!'7 is given by

3

Mc = {(t,z', 22 23 v 02 03 u) | v? = 2! +biu, v = 2% + bou ,0 = 23 + b3u} .
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The cost function is

F C — R
1
(t, 2t 2%, 23 u) — 3 [al(wl)z + ag(2?)? 4 az(x3)* + ru2}

We analyze the dynamics of the implicit optimal control system determined by the pair (L, M¢).

Let WMe = Mo x g T*E and W€ = C x g J'm x g T*E with coupling form C inherited
from the natural coupling form in J'm x T*E. Let Hyyc : WC — R be the unique function
such that C — L = Hyycdt, and consider the submanifold Wy = {§ € WY |H,yc(§) = 0}.
Finally, the dynamics evolves in the submanifold WMC = WMe N W, of WC. Locally,

3

M, 1,2 .3 .1 .2 .3 2 1 2
W() ¢ = {(t,.%' y 'y, ,0,0 7u7p7p17p27p3>‘v =T +b1'LL,U =T +bQ’U,,

23+ b3u=0,p+ pro' + ppv® 4+ p3vd — F = 0}.
Therefore, the motion is determined by a vector field Z € %(Wéwc) satisfying the Equations

(8.2.18) and (8.2.19), which according to Proposition 8.2.2 is equivalent to finding a vector field
Z € X(WY) (if it exists):

I R RV O B R R )
Z = 8t+A81 A82+A83 C’81 082+C8v3+B5)u
0 0 0 0
+ Dlap +D28 +D387}?3+E67p
such that

izQye = prd(z' + bru — v?) + pad(x? + bou — v®) + psd(z® + bzu) + pdHyye
Z'+bu—v) =0, Z@®+bu—0*)=0, Z(@+bgu)=0, Z(Hpc)=0,

where Q,yc € 22(WC) is the 2—form with local expression
Qe = dzt Adpy +da? Adpy +da® Adps +dt Adp .

After some straightforward computations, we obtain that

Al = ol A2 = z' 4 b, A3 = 22+ bou,
poo= 1 E =0, 0 = ru—>bips — baps — b3us,
c? = Ul—l—blB, c? = A2+bQB, 0 = A3+bgB,
= 0, P2 = p, p3 = pe,
D1 = aiz' —py, Dy = a*—ps, D3 = azz®— ps.
We deduce that

1 1
pi3 = —(ru —bips — baps) , B =——(z* +bou) .
b3 bg



8. Skinner-Rusk unified formalism for optimal control systems and applications 181

Therefore, the new constraint submanifold wa ¢ Wé\/‘[ C is
Mg _ 1,2 1 _
Wl - (t’l‘ y L,V )uvpl)p27p3) ’pl—O}

Consistency of the dynamics implies that

0= Z(pl) = D1 = alxl —pP2.
Thus,

M,
WZ &= (tv xlax2vvl7u7p27p3) | al‘rl — P2 = 0}

and once again we impose the tangency to the new constraints:

1

0=Z(az' — p2) = a1v' — asx® + p3,

which implies that
Wéwc = {(t, 2%, 2%, vt u, p3) | arvt — aga? + p3 =0} .
From the compatibility condition
0 = Z(ajv' — asx® + p3)

and the constraints we determine the remaining component C'! of Z:

1
= —— ((azbs - arbr)z! — boaga? + (agbibs + azbi + r)u + barv') .
193

Therefore the equations of motion of the optimal control problem are:

i'il(t) = a11b3 ((ang — albl)xl(t) — a2b2$2(t) + (agblbg + agbg + T)u(t) + albgi“l(t)) s
P2(t) = x'(t) 4 bu(t),

0 = $2(t> + bQ’u(t) — bgﬂ(t).

From the first equation we deduce that

1
t) = by — ashs)zt (t box? (t) — ajboit (¢ b3t (1)) .
) a2b1b3+a3b§+r((a11 azbs)a (1) + azbya”(t) alga:()+a13x())

This is the result obtained by Miiller [1998], where the optimal feedback control depends on
the state variables and also on their derivatives (non—casuality).

Choosing local coordinates (£, 2", 22, !, u) on W€, if 35 : WiTe s WC s the canonical
embedding, then 2, v = 73§yc is locally written as
3

Qwéuc = —adzt A da? + agbsda® A du — arbsdot A du + dt A dssp,
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where 75p : Wé\/‘[ ¢ —— R is the function

1 1 1
3D = —§a1(x1)2 — 5@2(952)2 + 5(7“ + azb2)u? — aybiztu — agboru + arbyv'u + ajzie’ .
Obviously, (QWMC,dt) is a cosymplectic structure on Wéw “—see Proposition 8.1.8—and
3
there exists a unique vector field Z € %(Wév ley satisfying

iZQWé”C =0, izdt=1.



Chapter 9
Conclusion and future work

The closing chapter of this dissertation is a summary of the contributions of the work. A
guideline for the future line research is also described.

9.1 Summary of the contributions

After clarifying some aspects in differential geometry related with the time—dependent varia-
tional equations in §2.2.2 in an intrinsic way, we move to optimal control theory.

The importance of Pontryagin’s Maximum Principle in optimal control theory justifies that
the entirety of Chapter 4 is devoted to giving a geometric proof and to the understanding of the
Maximum Principle. A key point in that proof is the selection of the initial condition for the mo-
menta to integrate Hamilton’s equations such that the separation conditions pictured in §4.6.2
and in Figure 4.4 are fulfilled. Another key point is the linear approximation of the trajectories
so that the reachable set and the tangent perturbation cone are identified locally, as explained in
§4.5. All this new approach to the proof of Pontryagin’s Maximum Principle including all the
necessary details from the different areas of mathematics appears in [Barbero-Lifidn and Mufioz
Lecanda 2008b], paper accepted in Acta Applicandae Mathematicae in September 2008.

After a first symplectic approach to optimal control problems, we consider the presymplec-
tic framework. Then, under the assumption of having an open control set and differentiability
with respect to the controls, a new adaptation of the presymplectic constraint algorithm is de-
scribed to study the different kinds of extremals for an optimal control problem in §5.2 and §5.3.
The presymplectic formalism generates two different Hamiltonians, thus we have two different
presymplectic equations that must be solved. How to take advantage of the final constraint
submanifolds to characterize the extremals is summarized in Proposition 5.2.9. In §5.5, we are
able to find a strict abnormal extremal for an academic optimal mechanical control problem
by means of the geometric method given in Chapter 5. The contents in Chapter 5 correspond
with the preprint [Barbero-Lifidn and Mufioz Lecanda 2008a], which has been submitted for
publication.

Then, in Chapter 6, we focus on mechanical systems modeled by affine connection control
systems and optimal control problems for them. The geometric method described in Chap-
ter 5 is applied for these particular mechanical control systems. We mainly study specific
optimal control problems, such as problems with a control-quadratic cost function and the
time—optimal control problem, obtaining new results about the extremals in Propositions 6.7.1,
6.7.2 and 6.7.4. Finally, in §6.8, we establish connections between the constraints in the al-
gorithm and vector—valued quadratic forms for particular examples. From the careful study of

183
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these examples we guess a feasible way to characterize abnormal extremals in terms of vec-
tor—valued quadratic forms, as stated in Conjecture 6.8.5. The description of the adaptation of
the presymplectic constraint algorithm for the study of the extremals in the mechanical case
and the application to time—optimal control problem were explained in a talk in the X VI Inter-
national Workshop on Geometry and Physics held in Lisbon (Portugal) from 5 to 8 September
2007. This talk is published in the Proceedings of the conference [Barbero-Lifidn and Mufioz
Lecanda 2008d].

In our search for strict abnormal minimizers motivated by R. Montgomery, W. Liu and H.
J. Sussmann, we decide to attack the problem for the mechanical case using the existent equiv-
alence between nonholonomic mechanical control systems and kinematic control systems. In
Chapter 7, we establish connections between the optimal control problems associated with both
control systems, and in particular, between the extremals for both problems; Propositions 7.1.6,
7.1.10 and §7.2.3. As a result, a local strict abnormal minimizer is found for a nonholonomic
control system in §7.2.4. This chapter was an invited talk in the Special Session Nonholonomic
constraints in Mechanics and Optimal Control Theory organized by M. de Leén, J.C. Mar-
rero, D. Martin de Diego in the 7th AIMS International Conference on Dynamical Systems,
Differential Equations and Applications in the University of Texas (Arlington , USA) from 18
to 21 May 2008. These results have been submitted to a Meeting—Issue number in a journal,
independent of the Proceedings of the conference.

Finally, in Chapter 8, we present a different formalism for the non—autonomous optimal
control problems based on the Skinner—Rusk formalism that gives rise to a geometric formula-
tion of the weak Pontryagin’s Maximum Principle in Proposition 8.1.5 and in Theorem 8.1.6.
That approach is also valid for the implicit control systems as showed in §8.2. The theory de-
veloped in Chapter 8 is applied to the implicit optimal control problems given by the controlled
Lagrangian systems in §8.3.1 and by the descriptor systems in §8.3.2, that is a common system
in engineering. This formalism, its results and applications are published in Journal of Physics
A: Mathematical and Theoretical [Barbero-Linan et al. 2007].

9.2 Future work

Once we have laid the foundations of the geometric optimal control theory to understand the
abnormality of optimal trajectories, there remains much to be done.

9.2.1 Search for strict abnormal minimizers

Our study of optimal control theory has provided some new insights into abnormal extremals.
Some particular examples have been obtained for strict abnormal extremals and local strict
abnormal minimizers in the mechanical case in §5.5 and §7.2.4, respectively.

The study of strict abnormal minimizers forces us to consider different cost functions, be-
cause only the property of being an abnormal extremal depends exclusively on the geometry of
the control system. That makes the problem much harder and the possible forthcoming results
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will be valid only for specific optimal control problems.

Moreover, it will be interesting to find strict abnormal minimizers in real mechanical sys-
tems. So far we know the existence of abnormal extremals for the planar rigid body, but we
have not found any cost function that guarantees this abnormal extremal to be strict. A method
of finding strict abnormal minimizers consists of first finding an abnormal extremal for a given
control system. Then, to find a cost function that makes this extremal to be strict abnormal.

Liu and Sussmann [1995] proved the existence of strict abnormal minimizers, but also their
density in some sense. It will be useful for understanding the importance of strict abnormal
minimizers to find similar results in particular optimal mechanical control problems. Although
there are some results about the non—existence of strict abnormal extremals in a generic sense
for control-affine systems satisfying particular conditions, [Chitour et al. 2006; 2008], these
conditions are not fulfilled by the affine connection control systems. Thus, there is still hope.

9.2.2 Lie algebroids and abnormality

The presymplectic constraint algorithm described in Chapter 5 has been applied to characterize
the extremals for any optimal control problem. However, the control systems considered can be
included in a bigger class of control systems defined on Lie algebroids [Cortés et al. 2006, Ledn
et al. 2005, Iglesias et al. 2007]. Lie algebroids also make it possible to study the mechanical
case considered in Chapter 6.

In some sense the Lie algebroids provide a splitting associated with a vector bundle dif-
ferent from the one considered in §6.4.1.1. It is expected that the constraints obtained from
the presymplectic constraint algorithm will give different information about the abnormal ex-
tremals and might make easier the study of some examples, as for the instance the ones in
[Sachkov 2006].

Pontryagin’s Maximum Principle has already been considered in the framework of Lie al-
gebroids in [Cortés and Martinez 2004, Martinez 2004]. A first approach about how to apply
the presymplectic constraint algorithm on Lie algebroids, in particular for abnormal extremals,
is given in the poster titled “Lie algebroids and optimal control: abnormality” presented in XVII
International Workshop on Geometry and Physics held in Castro Urdiales (Cantabria, Spain)
from 3 to 6 September 2008. This work has been submitted by publication to the proceed-
ings of the conference. This line research was started as a result of a short stay in Instituto de
Ciencias Matematicas (CSIC-UAM-UC3M-UCM) in Madrid (Spain) under the supervision of
Professor David Martin de Diego from 30 March 2008 to 12 April 2008.

9.2.3 Geometric high-order Maximum Principle

Pontryagin’s Maximum Principle provides first—order necessary conditions for optimality. As
shown in this work, these conditions are not enough to determine the controls for abnormal
and singular extremals. That is why in Chapters 5 and 6, when we focus on abnormality, the
stabilization steps must continue. Thus, an analogy must exist between the constraint algorithm
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and the high—order Maximum Principle [Bianchini 1998, Kawski 2003, Knobloch 1981, Krener
1977].

Pontryagin’s Maximum Principle works with linear approximation of the trajectories, whe-
reas in the high—order Maximum Principle high—order perturbations must be considered [Bian-
chini 1998, Bianchini and Stefani 1993, Gabasov and Kirillova 1972, Kawski 2003, Knobloch
1981, Krener 1977]. The way to construct the proof is the same as in Pontryagin’s Maximum
Principle, but now the tangent perturbation cones are bigger since not only linear approximation
of the trajectories are considered.

In the same way, we have provided a geometric meaning to most of the elements in Pon-
tryagin’s Maximum Principle, we expect to give a geometric version of high—order Maximum
Principle suggested by Krener [1977], focusing on abnormality. First studies have been done
in that and presented in a talk titled “Abnormality for affine connection control systems” in the
Special Session Control Theory and Mechanics organized by Professor Andrew D. Lewis in the
18th Mathematical Theory of Networks and Systems (MTNS) held in Virginia Tech (Blacks-
burg, Virginia, USA) from 28 July to 1 August 2008.

9.2.4 The algebra of accessibility without zero velocity

In the literature on control theory, there exist necessary and sufficient conditions for accessibil-
ity, and only sufficient conditions for controllability for the affine connection control systems
when it is assumed to start with zero velocity [Cortés and Martinez 2003, Lewis and Murray
1997, Nijmeijer and van der Schaft 1990, Ostrowski and Burdick 1997, Sussmann 1987, Zefran
et al. 1999]. Under this assumption, the previous conditions can be written in such a way that
only constructions on the manifold () are involved. But if the initial velocity is nonzero, the
conditions will be written in terms of constructions on the tangent bundle 7°Q).

During the stay at Queen’s University (Kingston, Ontario, Canada) from 21 October to 21
December 2007, the algebra of accessibility for mechanical systems at nonzero initial velocity
was studied. It was expected to obtain useful results to describe the constraints that appear as
a result of applying the adapted presymplectic contraint algorithm to optimal control problems
for ACCS in §6.5 and §6.6. Although this effort has not been fruitful in that sense, we have been
able to give a recursive way to obtain the algebra of accessibility for ACCS at nonzero initial
velocity. Thus we have tackled a more general problem than the one in [Lewis and Murray
1997] where the initial velocity is assumed to be zero.

The splitting explained in §6.4.1.1 is useful to describe the accessibility distribution on 7'Q)
for ACCS, as already used in [Lewis and Murray 1997]. Unless the velocity is assumed to
be zero, the computations for the accessibility distribution become slightly involved because
it is necessary the use of geometric elements defined along the tangent projection bundle 7,
such as connections and their curvature [Martinez et al. 1992; 1993, Szilasi 2003]. All these
constructions make it possible to obtain the horizontal and vertical submodules of the algebra
of accessibility in the splitting given by a linear connection on 7¢ associated with an affine
connection on Q).
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Proposition 9.2.1. Let m be a natural number and ¥ be an ACCS. The horizontal sub-
module H(D,,) of degree m of the smallest involutive distribution containing Z and %"V =
{Y1,...,Yy} is spanned over R by

{V7(0,X) =W, dy. X | X € H(Dm1), W € V(Dp 1), Y; € @},
and the vertical submodule V (D) of degree m is spanned over R by

{R(X,v)o+ VT (0,W), dy W =V (X,Y;) | X € H(Dp1),
W e V(Dma),Y; €%},

where V' denotes an affine connection along 70, R is its curvature and dV' is a vertical
derivative according to 7.

From this result, research must continue in order to try to give the horizontal and vertical
subbundles as distributions invariant by some geometric element. We are interested in finding
geometric results analogous to Theorem 6.2.6 and the ones in [Lewis and Murray 1997], so that
conditions about accessibility and controllability of mechanical control systems from nonzero
initial velocity can be established.
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Appendix A
Lebesgue times

In this Appendix, we focus on some necessary technicalities, mainly for Chapter 4. These are
related with results from analysis and the notion of a Lebesgue point for a real function that is
applied for this dissertation for vector fields as pointed out in Remark A.2.7. For more general
details see [Royden 1963, Varberg 1965, Zaanen 1989].

A.1 Results on real functions

Definition A.1.1. Let (X, dx) and (Y, dy) be metric spaces. A function f: X — Y is Lips-
chitz if there exists K € R such that dy (f(z1), f(x2)) < K dx(z1,x2) forall x1,z9 € X.

A function f: X — Y is locally Lipschitz if, for every x € X there exists an open neigh-
bourhood V of x and K € R such that dy (f(x1), f(x2)) < K dx(z1,x2) for all 1 and x2
inV.

If M is a differentiable manifold, g is a Riemannian metricon M and d,: M x M — Ris
the induced distance; then (M, d,) is a metric space where the notion of Lipschitz on M can be
defined. A real-valued function F': M — R is locally Lipschitz if, for every p € M we take
the local chart (V, ¢) such that ¢(p) = 0, (V') = B(0, r) is the open ball centered at the origin
with radius 7 > 0 in the standard Euclidean space, and F o ¢~ 1: B(0,7) — R is Lipschitz.
That is, there exists X € Rt with

|E(p1) = F(p2)| = [(Fod™)(@(p1)) — (Fod™ ) (é(p2))| < Kd(é(p1), $(p2)), Yp1,p2 € V.

Hence, given the local chart (V, ¢), we define a distance dg: V x V' — Ron V, dy(p1,p2) =
d(¢(p1), ¢(p2)). Consequently, (V, ¢) is a metric space with the topology induced by the open
set V in M. This distance is equivalent to the distance induced by the Riemannian metric on
V. Observe that the notion of locally Lipschitz for functions on manifolds depends on the local
chart, but C! functions are always locally Lipschitz. See [Ferreira 2006] for more details about
the notion of Lipschitz functions on a manifold.

Now, we give two extensions to the notion of continuity.

Definition A.1.2. A function f: [a,b] — R is uniformly continuous on [a, b| if, for every ¢ > 0,
there exists § > 0 such that for any x,y € [a,b] with |x — y| < §, we have | f(z) — f(y)| < e

Definition A.1.3. A function f: [a,b] — R is absolutely continuous on [a,b] if, for every
€ > 0, there exists § > 0 such that for every finite number of nonoverlapping subintervals

(a;,b;) of [a,b] with Y| |bi — a;| < 6, we have Y ;| |f(b;) — f(ai)| < e

189
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We consider an interval I = [a,b] in R with the usual Lebesgue measure. A statement is
said to be satisfied almost everywhere if it is fulfilled in I except on a zero measure set. A
measurable subset A C [ is said of full measure if I — A has measure zero. Recall that if
A,B C ITand I — A, I — B have measure zero, then A N B is not empty.

Results in [Royden 1963, pp. 96, 100, 105] allow one to prove the following result.

Proposition A.1.4. If f is absolutely continuous, then f has a derivative almost everywhere.

Theorem A.1.5. [[Royden 1963, pp.105], [Varberg 1965, pp.836]] If f is absolutely continu-
ous and f'(x) = 0 almost everywhere on [a,b|, then f is a constant function.

Definition A.1.6. A real-valued function f on a metric space (X, d) is called lower semicon-
tinuous at v € X if, for every € > 0, there exists §(e,xog) > 0 such that f(x) > f(xg) — €
whenever d(x, zg) < 0(€, xp).

If f is lower semicontinuous at every point of (X, d), it is said to be lower semicontinuous

on (X,d).

The following result is stated in [Pontryagin et al. 1962, pp. 102], but it is neither proved
nor stated as a proposition. We believe it is appropriate to write it with more detail because it
is used in §4.2.

Proposition A.1.7. Let f and g be real functions, f,qg: [a,b] — R. If f is continuous, g is
lower semicontinuous, f < g and [ = g almost everywhere, then f = g everywhere.

(Proof) Lettg € [a,b]. As g is lower semicontinuous on [a, b], for every € > 0 there exists
d(e, o) = & > 0 such that

g(t) = g(to) — e

whenever |t — to| < (e, to).

Since f and g coincide almost everywhere on [a, b], there exists t; € (to — d,to + §) such
that f(t1) = g(t1). Moreover, f < g, so

f(to) < g(to) < g(t1) +e= f(t1) +e (A.1.1)

The continuity of f guarantees that for every € > 0, there exists &’ > 0 such that if |t —to| < &,
then f(t1) — € < f(to) < f(t1) + €. Hence Equation (A.1.1) is rewritten as follows:

fto) < g(to) < f(to) +€ +e

As this inequality is valid for every €, ¢’ > 0, g(to) = f(to) for every to € [a,b]. Thus f =g
everywhere. [ |

A.2 Lebesgue points for a real function

After introducing the concept of measurable function and some properties of such functions,
we will state Lebesgue’s differentiation theorem, which enables us to distinguish certain points
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for a measurable function. In the entire work we consider the Lebesgue measure in R. See
[Zaanen 1989] for more details.

Definition A.2.1. A function f: [a,b] — R is measurable if the set {x € [a,b] : f(x) > a}is
measurable for every a € R.

Definition A.2.2. A function f: [a,b] — R is Lebesgue integrable over each Lebesgue mea-
surable set of finite measure if v(x) = [ fdu is well defined for every x € [a, b].

Theorem A.2.3. (Lebesgue’s Differentiation Theorem [Zaanen 1989]) Let 1 be the Lebesgue
measure. If f: [a,b] — R is a Lebesgue integrable function over every Lebesgue measurable
set of finite measure, then for v(x) = [¥ fdu

Du(ay) = Du(a_) = f(x)

holds for p—almost every x € [a,b], where Dv(xy), Dv(x_) are the right and left derivatives
of v, respectively.

The equality Dv(z_) = f(x) may be rewritten in the following four different equivalent
ways, almost everywhere for A > (

vl —h)—v(z) [T pmat— [T F(dt _
ilzli% ~h = f(z) a.e; }lzli% — = f(z) ae;
lim M = f(z) a.e; ’ f(t)dt = hf(z)+o(h) a.e.. (A.2.2)
h—0 h o—h

Definition A.2.4. If f: [a,b] — R is a integrable function, x € (a,b) is a Lebesgue point for
fif,
L @)

dt = 0.
h—0 J,._p h

Remark A.2.5. As Theorem A.2.3 is true almost everywhere, the set of Lebesgue points for a
measurable function has full measure.

Remark A.2.6. Observe thatif u: I — U is measurable and bounded, then it is integrable and
the set of Lebesgue points for « has full measure. If f: U — R is continuous, then fou: I — R
is integrable, and the intersection of Lebesgue points for  and f o w has full measure.

Remark A.2.7. Assume we have a manifold M, a set U C R¥ and a continuous vector field X
along the projection w: M x U — M. If (y,u): I C R — M x U, where 7 is absolutely con-
tinuous and u is integrable and bounded, then X o (y,u): I — T'M is an integrable vector field
along (7, u), in the sense that in any coordinate system its coordinate functions are integrable.
A pointt € [ is a Lebesgue point for u if

t

- X(y(s),u(s))ds = hX (y(t),u(t)) + o(h). (A.2.3)

The Lebesgue points for a vector field will be useful in §4.1.3 and §4.3.2 to guarantee the dif-
ferentiability of some curves; that is, the existence of its tangent vector. See [Canizo—Rincén
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2004, Coddington and Levinson 1955, Filippov 1988] for more details about differential equa-
tions and measurability.

A.3 One corollary of Brouwer Fixed-Point Theorem

From the statement of Brouwer Fixed—Point Theorem, it is possible to prove a result in [Lee
and Markus 1967, Scholium, pp. 251] useful for the proof of Proposition 4.1.12.

Theorem A.3.1. (Brouwer Fixed—Point Theorem) Let BY" be the closed unit ball in R™. Any
continuous function G: B* — BT" has a fixed point.

Corollary A.3.2. Let g: B* — R™ be a continuous map. Let P be an interior point of B".

If ||lg(x) — z|| < ||z — P)|| for every x in the boundary OBY", then the image g(BY") covers P.

(Proof) Without loss of generality, we assume that P is the origin of R”. Consider the
mapping ¢ as a continuous vector field on the unit ball B{".

As |lg(x) — z|| < ||z||, we are going to show that g(x) makes an acute angle with the
outward ray from the origin through x for every x € 9B™. Let us consider the equality

ly =217 + Iz = z[* = lly — |® + 2{y — 2,2 — 2),
and take y = g(x) and z = 0. Then

2(9(2),2) = llg@)II* + z]* — llg(z) — «|* > llg(@)|* + |z — |||
= lg(@)II* > 0.

Thus g(x) makes an acute angle with z. So g(z) has an outward radial component at every
point z € OB]". The vector —g(z) has a negative radial component. For a sufficiently small
positive number « the function + — z —a g(x) goes from B{" to B{". By Theorem A.3.1 there
exists a fixed point z¢ such that o = z¢o — ag(zp), then ag(xg) = 0 and g(xo) = 0 since
a € R*. As g is continuous and g(z) = 0, the image of a neighbourhood of x( covers the
origin. ]



Appendix B
Convex sets, cones and hyperplanes

»V e study some properties satisfied by convex sets and cones; see [Bertsekas et al. 2001,
Rockafellar and Wets 1998] for details. Unless otherwise stated, we suppose that all the sets
are in a n—dimensional vector space E.

B.1 Convex sets and cones

We need to define the different kinds of cones and linear combinations used mainly in Chapter 4.

Definition B.1.1. A cone C with vertex at 0 € E satisfies that if v € C, then Av € C for every
A>0.

Definition B.1.2. Given a family of vectors V C E.

1. A conic non-negative combination of elements in V is a vector of the form \jv1 + ...+
AUy, With \; > 0 and v; € V foralli € {1,...,r}.

2. The convex cone generated by V is the set of all conic non—negative combinations of
vectorsin V.

3. An affine combination of elements in 'V is a vector of the form A\v1 + ...+ \.v,., with
vieV,\ieRforallie{l,...;r}and ) ;_; N\ =1

4. A convex combination of elements in 'V is a vector of the form A\vy + ... + \v,., with

v e V,0< N\ <1forallie{l,...,r}and >, ;N =1

Remember that a set A C F is convex if, given two different elements in A, then any convex

combination of them is contained in A. Thus, all the convex combination of elements in A are
in A.

Definition B.1.3. The convex hull of a set A C E, conv(A), is the smallest convex subset
containing A.

Let us prove another characterization of the convex hull that will be useful.

Proposition B.1.4. The convex hull of a set A is the set of the convex combinations of elements
in A.

193
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(Proof) Let us denote by C' the set of all convex combinations of elements in A. First, we
prove that C' is a convex set. If x, y are in C, then they are convex combinations of elements in

A;thatis, z = YL Nvg, y = SO0 pawg, with Sh_ A = 1, 7y = 1. For s € (0,1),

consider
se+(1—s)y (Zx\ vz> (1—2y5) (Zuiw,) ,

i=1

that will be in C if the sum of the coefficients is equal to 1 and each of the coefficients lies in
[0, 1]. Observe that s Zizl Xi+ (1—s)> 7, pti = s+ (1 —s) =1 and the other condition is
satisfied trivially. As C'is convex and contains A, the convex hull of A is a subset of C.

Second, we prove that C' C conv(A) by induction on the number of vectors in the convex
combinations of elements in A. Trivially, when the convex combination is given by an element
in A, it lies in the convex hull of A.

Now, suppose that a convex combination of  — 1 elements of A is in conv(A). Let

l -1
T = Zﬂwi = Zuivi + -
i=1 =1

If ZZ 1 i = 0, then gy = 1. By the first step of the induction, z is in conv(A). If ZZ 1M €
(0, 1], then g € [0,1) and we can rewrite x as

= (1- ) (Zﬂzl—ul 1i>+MlUZ-

Observe that Zl (1 =)t = (1 — m)(1 — )" = 1, and so Zi;i wi(1l — )"ty is
in conv(A). By the first step of the induction, v; is in conv(A). As (1 — ;) + py = 1, x is in
conv(A). Thus C' C conv(A) and so C' = conv(A). |

Proposition B.1.5. Let C be a convex set. If C and int C' are the topological closure and the
interior of C, respectively, we have:

(a) forevery x € int C, ify € C, then (1 — Nz + \y € int C forall X € [0,1);
(b) C =int C;

(c) the interior of C' is empty if and only if the interior of C is empty;

(d) int C' = int C.

(Proof) (a)If x € int C, then there exists €, > 0 such that B(z, e,) C C, where B(z, €;)
denotes the open ball centered at x of radius €.

Observe thatif y € C, forany € > 0,y € C + eB(0,1) = {z + ez |z € C, 2 € B(0,1)}.

For every A € [0,1), we consider z) = (1 — A)z + Ay. Let us compute the value of € such
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that x) + €, B(0,1) C C.
zx+ e B(0,1) = (1 — Nz + Ay + e,B(0,1)
C(1=XNz+AC+XeB(0,1) +exB(0,1) = (1 — Nz + (Ae +€x)B(0,1) + \C.
If ex = (1 — N)exz — Ae, then
(I =Nz + (Ae+e€x)B(0,1) C (1 -N)C,

and x)+€)B(0,1) C C. For e > 0 small enough, €) is positive. Here we use the sum operation
of convex sets, which is well-defined if the coefficients are positive (if C; and C5 are convex
sets, 11 C1 + u2Cs is a convex set for all p1, uo > 0).

(b) Asint C c C,int C C C.

On the other hand, each point in the closure of C' can be approached along a line segment
by points in the interior of C' by (a). Thus C' C int C.

(¢) Asint C' C int C, if int C is empty, then int C'is empty.

Conversely, if int C' is empty, then by (b) C is empty. So C is empty and int C' is also
empty.

(d) Trivially int C' C int C.

As the equality of the sets is true when they are empty because of (c), let us suppose that
int C'is not empty. If z € int C' and take = € int C. Then there exists a small enough positive
number § such thaty = z + §(z — ) € int C C C.

Hence, .
Trat T
Note that
0<L<1 O<L<l L—|—L:1
1+6 7 1+6 7 146 1490
Asy € C,z € int Cand 1/(1 + 6) liesin (0,1). By (a), z € int C. ]

Remark B.1.6. Consequently, if C'is convex and dense, then C is the whole space.

B.2 Distinguished hyperplanes

The following paragraphs introduce elements playing an important role in the proof of Pontrya-
gin’s Maximum Principle, §4.2 and §4.4.

Definition B.2.1. Let C' be a cone with vertex at 0 € E. A supporting hyperplane to C at  is
a hyperplane such that C' is contained in one of the half-spaces defined by the hyperplane.

Remark B.2.2. In a geometric framework, we will define a hyperplane in E as the kernel of a



196 B.2. Distinguished hyperplanes

nonzero 1-form « in the dual space E* of E. Then the hyperplane P, associated to « is ker «
and the supporting hyperplane to C at 0 is a hyperplane P, such that a(v) < 0 forallv € C.
A supporting hyperplane to C' at 0 is not necessarily unique.

From now on, we consider that all the cones have vertex at 0.

Definition B.2.3. Let C' be a cone, the polar of C is

C*={acE"|a(v) <0, VveC}

Note that the polar of a cone is a closed and convex cone in £*.

Definition B.2.4. Let C be a cone, the set
C*={weFE|aw)<0,VaeC"}

is called the polar of the polar of C.

Observe that C C C**. The following lemma is used in the proof of the existence of a
supporting hyperplane to a cone with vertex at 0.

Lemma B.2.5. The cone C'is closed and convex if and only if C** = C.

(Proof) Observe that

C*={weFE|aw)<0,VaeC'}= m{WEE’O‘(w)SO}-
aeC*

Rockafellar and Wets [1998, Theorem 6.20] prove that the closure of the convex hull of a set is
the intersection of all the closed half-spaces containing the set. Then C** = conv(C). Now,
the result is immediate. u

The following proposition guarantees the existence of a supporting hyperplane to a cone
with vertex at 0. This result is used throughout the proof of Pontryagin’s Maximum Principle
in Chapter 4.

Proposition B.2.6. If C is a convex and closed cone that is not the whole space, then there
exists a supporting hyperplane to C' at 0.

(Proof) If there is no supporting hyperplane containing the cone in one of the two half—spaces,
then for all @ € E™* there exist vy, v2 € C with a(v1) < 0 and a(v2) > 0. Thus C* = {0} and
C** = E. Then, by Lemma B.2.5, C' = C** = F in contradiction with the hypothesis on C. &

Corollary B.2.7. If C is a convex cone that is not the whole space, then there exists a supporting
hyperplane to C' at 0.

(Proof) If C # E, then C' # E by Proposition B.1.5 (d). Hence, by Proposition B.2.6,
there exists a supporting hyperplane to C' which is also a supporting hyperplane to C. |
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Definition B.2.8. Ler C and Cy be cones with common vertex 0. They are separated if there
exists a hyperplane P such that each cone lies in a different closed half-space defined by P. P
is called a separating hyperplane of C1 and C-.

A point x is a relative interior point of a set C, if x € C and there exists a neighbourhood
V of x such that V Naff(U) C U. Then, a useful characterization of separated convex cones is
the following:

Proposition B.2.9. The convex cones Cy and Cs, with common vertex 0, are separated if and
only if one of the two following conditions are satisfied:

(1) there exists a hyperplane containing both Cy and C,

(2) there is no point that is a relative interior point of both C and Cs.

(Proof) = If C and C5 are separated then there exists a separating hyperplane P, such
that
a(v1) <0 Vo € Cp, a(ve) >0 Vg € Cs.

If a(v;) = 0 forall v; € C; and i = 1,2, then we are in the first case.

If some v; € C satisfies the strict inequality, then both sets do not lie in the hyperplane
P,. They lie in a different closed half—space. If the convex cones intersect, the intersection lies
in the boundary of the cones and in the hyperplane. Hence, there is no point that is a relative
interior point of both C; and C; since the aff (C;) is equal to the subspace that contains the
whole cone, for: =1, 2.

< First, we are going to prove that if (1) is true, then C; and Cs are separated. As there
exists a hyperplane determined by « such that a(v;) = 0 for all v; € Cj;, o determines a
separating hyperplane of C and Cj.

Now, we are going to prove that if (2) is true, then C and C; are separated. As C; and Cy
are convex cones,

Cl—C'g:{ueE|u:v1—v2, v € C, UQECQ}

is a convex cone. Since there is no relative interior point of both C'; and Cs, 0 does not lie in
C1 — (5. By Corollary B.2.7 there exists a supporting hyperplane P, to C7y — Cs such that
a(vy —v2) <0, thatis, a(vy) < a(ve), forall v; € Cy, ve € Cs.

Observe that a supporting hyperplane to C; — C is a supporting hyperplane to C, because,
taking v = 0, a(v1) < a(v) = 0forall v; € C).

As 0(C1 — C2) NCy C 0Cq, we consider a supporting hyperplane P, to C; — C3 such that
a(vy) = 0 for some v; € dC;. Hence a(v2) > a(vy) = 0 for all vg € Co. As a(v1) < 0 for
all v; € C1, a determines a separating hyperplane of C; and Cs. [ |
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This proposition gives us necessary and sufficient conditions for the existence of a separat-
ing hyperplane of two convex cones with common vertex. Observe that a separating hyperplane
of two cones with common vertex is also a supporting hyperplane to each cone at the vertex.

Corollary B.2.10. If the convex cones C and Cy with common vertex 0 are not separated, then
E=C - (.
(Proof) If the cones are not separated, by Proposition B.2.9 there exists no any hyperplane

containing both and the intersection of their relative interior is not empty.

Let us suppose that the convex cone C; — Cy # E. Then, by Corollary B.2.7, there exists a
supporting hyperplane determined by \ at the vertex such that A(v) > 0 for every v in C; — Cs.

Because of the definition of cones, if v; € Cj, then v; € C; — Cy and A(v1) > 0.
Analogously, if vo € Cb, then —ve € C1 — Co and A(—wv3) > 0, that is, A(vz) < 0. [ |



Appendix C
Vector—valued quadratic forms

Recently, there has been a new interest in vector—valued quadratic forms to try to give more
conditions about the controllability of the systems. This is a field still under research as shown
in [Basto-Gongalves 1998, Bullo and Lewis 2005a, Hirschorn and Lewis 2002].

C.1 Definition and properties

Let V and W be finite—dimensional R—vector spaces. The set of symmetric R-bilinear maps
from V x V' — W is denoted by ¥o(V'; W) and also called the set of vector-valued quadratic
forms. For B € ¥5(V; W), we define the mapping Qp: V — W by Qp(v) = B(v,v) and is
called the quadratic form associated with B.

For A € W*, we define AB: V x V — R, AB(v1,v2) = (X, B(v1, v2)).
Definition C.1.1. Let B € Xo(V; W).
(i) B is definite if there exists A\ € W* such that AB is positive—definite;
(ii) B is semidefinite if there exists \ € W* \ {0} such that \B is positive—semidefinite;

(iii) B is strongly semidefinite if there exists A € W* \ {0} such that A\B is nonzero and
positive—semidefinite;

(iv) B isindefinite if, for each \ € W*\{0}, AB is neither positive nor negative—semidefinite;
(v) B is essentially indefinite if, for each A\ € W*, AB is either

® zero or

e neither positive nor negative—semidefinite.
Observe that the notion of (semi)definite can be also defined saying that the real quadratic
form is negative—(semi)definitive. It is enough to consider —\ € W*.
A useful result from [Bullo and Lewis 2005a] is the following:

Lemma C.1.2. Let V and W be finite—dimensional R—vector spaces with B: V. x V. — W
being a nonzero vector-valued quadratic form. Define Qp: V. — W by Qp(v) = B(v;v).
The following statements hold:
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(i) B is indefinite if and only if
0 € inbagr(im(Qp)) (conv(Im(@p)));

(ii) B is definite if and only if there exists a hyperplane P through 0 € W such that

(a) Im(QpR) lies on one side of P and
(b) Im(Q@p) N P = {0};

(iii) if Qg is surjective, then B is indefinite.

C.2 A particular vector—valued quadratic form

In this dissertation we are interested in the following vector—valued quadratic form. Let @
be a manifold of dimenstion n and a % be distribution on (). We define the vector—valued
quadratic form at = € () as follows:

B, (%) % x % — T,Q/%
(w1, w2) +—— wa, ((W1: Wa))

where W7y and W5 are vector fields on () spanned by Y7, . .., Y% and extending w1, we € %, and
oy, T,Q — T,Q/%; is the natural projection onto the quotient space. This vector—valued
quadratic form is well-defined; that is, it does not depend on the extensions considered. Let WW;
and V; be two different extensions for w;, i = 1,2, we need to prove that 7, (Wi Wy)) =
g, ((Vi: Va)). f W; = a]Yj,

Vi, Wa = a}(Y;(dh))Y; + ad) Vy, Vi,

then 7'('@/1(<W1: WQ)) = a{aéw%(Vyle + V)/ZY}) = W%«Vl: V2>)

Assuming to have a regular distribution on () with rank k, the matrix of the vector—valued
quadratic form is given by n — k symmetric (k x k)-matrices denoted by B', ..., B"~* such
that B;l = (%, ma, ((Y; : V1)), where 1%, is a basis of (1,Q/%,)*.

For any \ € (T,Q/%,;)* ~ ann %, we have the following real quadratic form at x € Q

(AB)y = ABu, (%): % x ¥, — R

(wi,wp) (A (W Wa)(2)) = \iBijalab,

(C.2.1)

where )\iB;.l = (A (Y, Y))).
According to Bullo and Lewis [2005b], Hirschorn and Lewis [2002], any vector—valued
quadratic form By, (%) = B is

o cither strongly semidefinite; that is, there exists A\ € ann %, \{0} such that the real
quadratic form (A B), is nonzero and positive semidefinite;
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e or essentially indefinite; that is, for all A € ann %, the real quadratic form (A B), is
zero or nondefinite.

In [Bullo and Lewis 2005a, Chapter 8] there are results of first—order controllability related
with the vector—valued quadratic form.
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