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Abstract. Understanding the motion of particles in biological systems is key in

many applications such as drug precision delivery, living-cells characterization, etc.

The dynamics of a particle in many of these systems is often non-ergodic and sub-

diffussive. In this thesis we present a model based on a walker performing a continuous

time Random walk with an exponential distribution of waiting times. The parameters

determining these waiting times at each step depend on the coincidence or not of

the walker with another random walker in the same lattice site. The model is tested

with kinetic MonteCarlo methods to show the dependence of the nonergodicity and

subdiffusion on the characteristics of the set of interacting walkers. We show that the

model provides an experimentally-testable microscopic model.

1. Introduction

The stochastic movement of microscopical particles in an environment has been

widely investigated for more than a century. A theory to describe the behavior of

‘microscopically-visible size bodies’ was introduced by Albert Einstein in a crucial

paper for this topic published in 1905 [1]. This theory permitted to explain the

experimental observations made by R. Brown in 1828 while investigating the movement

of pollen grains on water [2]. Einstein modeled the behavior of the collective motion

of microscopical particles in a medium with diffusion coefficient D using the diffusion

equation

∂

∂t
P (x, t) = D

∂

∂x2
P (x, t), (1)

where P (x, t) is the probability distribution function (PDF) of finding a particle in the

position x on the time t. This equation describes the so-called Brownian motion, where

the motion of a particle is considered as an stochastic process defined by the relation

between the particle and the surrounding media. If we consider that the particle is

released at the origin at time t = 0, the previous differential equation is solved as

P (x, t) =
1√

4πDt
exp

(
− x2

4Dt

)
. (2)
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One can also model the motion of particles subjected to random forces induced by

the environment with stochastic differential equations (SDEs). These equations were

introduced at the beginning of the XX century to describe Brownian motion by

adding a random driving function to an ordinary differential equation. Einstein and

Smoluchowski related the diffusion coefficient of the particle D with the temperature of

the media T , the friction coefficient µ, the Boltzmann constant kb and the mass of the

particle m through the explicit formula D = kbT/mµ.

An important figure of merit is the variance of the position, also called mean square

displacement (MSD) [3]〈
x2(t)

〉
=
∫ ∞
−∞

x2P (x, t)dx. (3)

For the kind of motion we are interested on, e.g the Brownian motion described by

Eq. (2), the MSD has a linear dependence with time, 〈x2(t)〉 = 2Dt. In 1926 L. F.

Richardson found an exception to this linear dependence while studying the relative

diffusion of two particles in a turbulent flow [4]. This kind of diffusion is known as

anomalous diffusion. It satisfies〈
x2(t)

〉
∼ tα. (4)

with 0 < α < 1 for subdiffusive movement and α > 1 for superdiffusion. In this thesis,

we will focus in the subdiffusive behavior.

Recent experimental studies have shown that this behavior occurs in biological

systems, like molecules and cells in different media [5, 6, 7]. Moreover advances in single

molecule tracking have permitted the characterization of the movement of biological

molecules with unprecedent precision [8] allowing to acumulate evindences to show that

anomalous diffusion is related to some functionality of the particles and the media.

Due to the importance of anomalous diffusion, there has been a strong effort to

find microscopical models showing this behavior. A number of models are based in the

interactions between the moving particles and the surrounding media. An example of

this is given in [9, 10], where a particle is introduced in a media with certain obstacle

concentration C. For low values of concentration, they found α ≈ 1, which means normal

diffusivity. By increasing the obstacle concentration, the particle shows a subdiffusive

motion. Another family of models have explored different generalisations of the SDEs,

such as introducing memory effects or non-linearities [11].

In a recent model, the diffussivity was considered random but constant on patches

of random sizes [12]. The particle begins moving with a diffusivity D1 during a time τ1.

Later, a new pair (D2, τ2) is sampled, so the particle has a diffusivity D2 between the

time τ1 and τ1 + τ2. The diffusion coefficients are taken from a probability distribution

that goes as PD(D) ≈ D−σ with σ > 0.

Lately some studies have found an additional notorious effect in the anomalous

diffusion of particles through disordered media: if we take a certain observable of the

system, we see that the ensemble average over multiple observations and the time average

differ. This effect is called non-ergodicity [3]. In the case where our observable is the
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MSD [eq. (4)], we should compare the time-averaged mean-square displacement (tMSD)

of a particle j whose position xj is sampled at N discrete lag-times tlag = i∆t, defined

as

tMSD(tlag = m∆t) =
1

N −m

N−m∑
i=1

[xj (ti +m∆t)− xj(ti)]2 , (5)

with the ensembled-averaged MSD over J single particles trajectories

MSD(tlag = m∆t) =
1

J

J∑
j=1

[xj(ti +m∆t)− xj(ti)]2 , (6)

which is the discrete version of Eq. (3) when working with a sample of J identical

particles in the same media.

A quantitative measure of the non-ergodicity of our systems is given by the

ergodicity breaking (EB) parameter, calculated as EB = tMSD/MSD [13]. Systems

as the one we study here show what is called a weak-ergodicity breaking, signaled by

an EB > 0. We will show that the EB parameter tends to a value larger than zero

that will depend on the interaction between the particle and the surrounding media (see

also [14]). Lately, experimental studies have shown that this variation on the diffusion

can be originated by specific interactions between the particles and the media where

they diffuse [15]. Our goal is to introduce a microscopic model based on continuous-

time random walks (CTRW) in order to explain how those interactions should be to get

a subdiffusive pattern.

2. The model

We consider a random walker, called prey, interacting with a set of N additional random

walkers, called hunters. Both the prey and the hunters will perform a continuous time

random walk over a 1D or 2D regular lattice with L sites. The waiting times for each

step are taken stochastically from the exponential distribution ψF (t) = 1
τ

exp
(
− t
τ

)
.

During its walk, the prey can encounter one of the hunters. Then, the waiting time

for the next step will be drawn from the distribution ψκ(t) = 1
κτ

exp
(
− t
κτ

)
, with κ

stochastically chosen from the probability distribution

Pκ = (σ − 1)κ−σ, (7)

with σ > 0 and κ ∈ [1,∞). The probability for the prey doing n steps in a certain time

t is

ψn(t) =
∫ t

0
ψn−1(t′)ψ(t− t′)dt′, (8)

where ψ(t) is the waiting time distribution. However, depending on the interactions of

the prey and the hunters, the distribution from where we take the waiting times will

change. This means that during a time ti, the prey does not encounter a hunter, and

then taking times from ψF . Later, the prey can coincide with a hunter during a time
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tj, and then take times from ψκ. The total time can then be expressed as t =
∑n
i=1 ti

and the probability of doing n steps in time t is [16]

ψn(t)=
∫ t

0
. . .
∫ t

0
ψ(t1) . . . ψ(tn)δ

(
t−

n∑
i=1

ti

)
dt1 . . . dtn, (9)

Following the previous considerations we have that the waiting times will be drawn

from

ψ(t) = pFψF (t) + pHψH (10)

where pH and pF are the probabilities of hitting a hunter or performing a free movement.

For a lattice with constant density of hunters, both values will be constant over time

and equal to pF =
(
L−1
L

)N
and pH = 1− pF .

To calculate the probability distribution of waiting times when the prey hits a

hunter, we have to take into account every possible κ in the defined interval, which

means that

ψH =
∫ ∞

1
Pκψκ(t)dκ =

(σ − 1)

τ

∫ ∞
1

κ−(σ+1) exp
(
− t

κτ

)
dκ

To solve this integral it is useful to introduce the diffusivity coefficient D = 1/κ and do

the change of variable in the previous integral to get

ψH =
(σ − 1)

τ

∫ 1

0
Dσ−1 exp

(
−Dt
τ

)
dD =

=
(σ − 1)

τ

(
t

τ

)−σ
(Γ[σ]− Γ[σ, t/τ ]) (11)

where Γ[σ, t/τ ] =
∫∞
t/τ r

σ−1 exp[−r]d r is the incomplete Gamma function. For t → ∞
we can neglect the incomplete Gamma function in Eq. (11) as it tends to zero for this

limit. Also, we can neglect in this long time limit the exponential contribution of ψF (t)

in equation (10). Thus the waiting time distribution for long times can be written as

ψ(t) ≈ pH
Γ[σ](σ − 1)

τ

(
t

τ

)−σ
=

1

τ̃

(
t

τ̃

)−σ
, (12)

where (τ̃ /τ)σ−1 = pHΓ[σ](σ− 1). As we can deduce from this expression, τ̃ depends on

both the number of hunters and the number of sites in the following way

τ̃ = τ̃(N,L) ∝
[
1−

(
L− 1

L

)N] 1
σ−1

. (13)

This dependence of the waiting times on the density of hunters is a useful property of

the model, as it gives us a way to control the characteristics of the media where the prey

is moving. With the final expression for the waiting times, we can then calculate the

MSD of Eq. (4). For that we will work in the Laplace domain: first doing the Laplace

transform

ψ(s) =
∫ ∞

0
ψ(t)e−stdt,
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and then calculating the MSD, M2(t), in the Laplace domain as [16]

M2(s) = − d2P (k, s)

dk2

∣∣∣∣∣
k=0

=
ψ(s)

s[1− ψ(s)]

〈
l2
〉
, (14)

where P (k, s) is the Fourier and Laplace transform of the probability of finding the

particle in x at time t, P (x, t). To calculate the Laplace transform of the waiting time

in Eq. (12) it is useful to use the Tauberian theorems [16]. In particular, we will use the

fact that for a normalized asymptotic function ψ(t) ∝ τα/t(α+1), the Laplace transform

can be expressed as ψ(s) ∝ 1− (τs)α. In our case, by Eq. (12) we find that α = σ − 1.

We can now calculate the MSD as

M2(s) =
1− (τs)α

τ̃αsα+1
≈ 1

τ̃αsα+1
, (15)

where again we neglected the second term of the equation using the long time limit,

which in this case means to take s→ 0. Performing the Inverse Laplace to the previous

result we get the final result for the mean square displacement

M2(t) = L−1 [M2(s)] =
1

Γ[σ]

(
t

τ̃

)α
(16)

From these results we are able to retrieve the relation between the exponent σ of the

probability distribution of κ in Eq. (7) and the exponent α of the MSD. This introduces

a useful tool to control the degree of subdiffusion. As σ = α + 1, we can see that for

σ ∈ [1, 2] we get a subdiffusive pattern for the prey. A key aspect of the model is the

appearance of τ̃ in the MSD, which represents a relation between the motion of the prey

and the density of hunters, i.e. a relation between a particle and its surrounding media.

This is a very important result which provides a relevant experimental observable to

test our model.

As a generalization, let us consider that κ has a maximum value κ̄. Then, Eq. (11)

is transformed to

ψH =
∫ κ̄

1
Pκψκ(t)dκ =

1

τ

(
t

τ

)−σ [
Γ
(
σ,

t

κ̄τ

)
− Γ

(
σ,
t

τ

)]
. (17)

For pH = 1, which corresponds to a large density of hunters, ψH coincides with the

waiting time distribution, ψ(t) [see Eq. (10)]. If κ̄ → ∞ we recover Eq. (11), as

expected. In Ref. [17] we discuss how a finite κ̄ implies that subdiffussion will occur at

finite times, while the system is diffussive for very long times. In [17] we consider that

the environment is modelled by an Ising chain of spins.

3. The method

To illustrate the results obtained in the previous section, we will perform a series of

kinetic Monter Carlo simulations. In this method one compares the times at which

the different events of our model take place (i.e. to calculate the waiting times of each

event). We then choose the fastest event as the one ocurring. Iterating this algorithm we

get the evolution of the system. The possible different events are the movement of the
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prey and each of the hunters in the possible directions within the lattice. To calculate

the waiting time of each event we need first to find the probability of them occuring

in a time t. It is useful to introduce here the transition rate ω(1 → 2), defined as the

probability of going from state 1 to 2 between (t, t + dt). The probability of changing

from state 1 to 2 in a time t− t0 can be then calculated as the probability of remaining

in the same state until time t − t0 and then jump to the other state in a time t + dt,

with dt being an infinitesimal value. The former can be written as [18]

p(2, t|1, t0) = ω(1→ 2)ψ1(t− t0), (18)

where ψ1(t − t0) is the probability of remaining in state 1 until time t − t0, i.e. the

waiting time. In our model, this probability can take different forms. For the prey, we

find two cases: when it encounters a hunter, in which case we take ψ1(t) = ψκ(t) and

when it does not, where we take ψ1(t) = ψF (t). For the hunters, we will allways have

ψ1(t) = ψF (t). In our model, the only change of state that the prey or hunters can

experience is a movement through the lattice. For a 1D lattice, they can only move

right or left. The transition rates are ω(x→ x+ 1) = ω(x→ x− 1) = 1/2, for both the

prey and the hunters.

Due to the stochastic nature of our model, one should consider that, for each of the

events, the probability p(i, ti|j, tj) is a random number Û ∈ (0, 1). If we consider t0 = 0,

we can isolate the waiting times from Eq. (18) to find

t = −2 ln(Û)κ. (19)

Note that κ equals one when calculating the waiting for the hunters and also for

the prey when there are no coincidences. However, when there is an encounter, the

waiting time will be multiplied by a value of κ, which is stochastically retreived from

the probability distribution (7). To implement this into our numerical calculations, we

will need to create a series of random numbers following the shape of the probability

distribution (7). A simple way of doing this is to use the Inverse transform sampling.

This method generates a sample of numbers at random from any probability distribution

given its cumulative distribution function (CDF), which in our case can be calculated

from Eq. (7) as

C(κ) = (σ − 1)
∫ κ

1
κ′−σdκ′ = 1− κ1−σ.

Then, if κ is a random variable with CDF C, then the random variable Y = C(κ)

has a uniform distribution on [0, 1]. By doing the inverse process, i.e. calculating

X = C−1(Y ), we get a random variable X with same distribution as Pκ. Applying this

to our distribution and using Eq. (3) we get that the κ from Eq. (19) can be retrieved

from

κ = (1− Y )
1

1−σ . (20)

Let us note that we consider that the particle will not affect the surrounding media.

This means that the prey has no effect on the hunters. Implementing this in the numerics

means that the hunters evolve on their own and only the prey takes into account the
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coincidences. In the waiting times algorithm this translates to the following: we calculate

the waiting time tp of the prey and evolve the hunters independently until their waiting

times th give
∑k
h=1 th = tp, with the k being the number of hunters’ steps within tp.

4. Results

The main goal of our work is to introduce a model in which we can control the

subdiffusive coefficient. In Fig. 1(a) we show the theoretical PDF [from Eq. (10)] and the

numerically calculated one. Note that both the numerical and theoretical distributions

tightly overlap. By decreasing σ, one reduces the slope of the PDF, which means that

long waiting times have a higher probability of being picked. This causes the particle to

be trapped longer times, exploring then less space over time and having a smaller MSD

slope. In Fig. 1(b) we show the MSD of the prey for different values of σ, calculated

using the simulations perfomed with the method presented in section 3. It can be seen

that the smaller the σ, the smaller is also the slope of the MSD.

σ = 1.40 α = 0.41

σ = 1.50 α = 0.49

σ = 1.80 α = 0.80

M
2

10 105

10

102

103

(b)
103 t10 102 103 t

10-5

10-3

10-2

Ψ
(t)

(a)

Figure 1. (a) Probability distribution function of the waiting times of the prey for

σ = 1.6. The solid line shows the numerical calculation from equation (19) using

the Inverse transform sampling to calculate κ. The dashed line shows the analytical

waiting time distribution (10). (b) MSD of the prey-hunters model for different values

of σ. The black solid line indicates the slope α = 1. As can be observed, all the cases

show subdiffusivity with a slope α = σ − 1 according to the theoretical results. The

ensemble average has been performed over 500 trajectories, for a 1D lattice of L = 20

sites and N = 8 hunters.

Let us now show that this system is non-ergodic. In a simple way, non-ergodicity

causes that a single trajectory is not representative of the behavior of a larger system

(e.g. a system with a big number of preys). In fact, the tMSD of each trajectory

[calculated in Eq. (5)] will remain a random variable at all time lags. The ergodicity

breaking parameter EB gives a quantitative measure of the non-ergodicity of our model.
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Analytically, for models relaying on CTRW with power law distributed waiting times,

the EB is calculated as [13]

EB =
2Γ2[σ]

Γ[2σ − 1]
− 1. (21)

In panel (a) of Fig. 2 we plot the tMSD for a particular value of σ and many trajectories.

The fact that the trajectories are initially straight but show some width is an indication

of the presence of non-ergodicty. This is better captured with the EB parameter, which

is the asymptotic value in Fig. 2 (b), here plotted for different values of σ. Note that in

all cases it tends to the theoretical value calculated with Eq .(21), which is represented

as horizontal black lines.

tlag

tM
SD (a)

102

103

10

103 104

σ=1.40

σ=1.60

σ=1.90

(b)
5

4

3

2

1

EB

102 103 104 105 t

Figure 2. (a) Time average mean square displacement of 20 different trajectories with

σ = 1.8, N = 6 and L = 20. The curves present a linear behavior but a large values of

amplitudes due to the non-ergodicity of our system. Dashed lines correspond to linear

behavior and are meant as a guide to the eye. (b) Ergodicity breaking parameter for

different values of σ. The asymptotic behavior towards the value calculated in equation

(21) is high-lighted.

Importantly, the MSD depends on the density of hunters. Increasing the number

of hunters N , we increase the weight of pH in Eq. (10). As the density is increased the

subdiffussive behavior appears at shorter times [see Fig. 3 (a), where the straight dashed

lines correspond to the subdiffussive linear behavior]. The time at which subdiffusion

starts to dominate, shown in panel (b) of Fig. 3, can be calculated by finding the

crossing point between the two terms of equation (10), which represents the time in

which the power law long-time behavior surpasses the exponential short-time behavior.

This time can be calculated analitically as tsub = 101−α

pHΓ[σ]2
and shows great accordance

with the numerical results presented in panel (a) of Fig. 3.



Nonergodic Subdiffusion of a Random Walker from Interactions 9

N =18 
N = 8 
N = 2
N = 1 

101

10

102

M
2

102 10410 t103 105 302010 N40

t su
b

50

σ=1.20

σ=1.40

σ=1.60

(a) (b)

Figure 3. (a) Numerical results of the eMSD for different number of hunters with

σ = 1.2. As highlighted by the dotted lines, the power-law behavior of the eMSD is

independent of the number of hunters. However we see a disparity in the times in which

the subdiffusive behavior starts. (b) Analycatically-calculated time tsub at which the

subdiffusive behavior occurs, as a function of N . We show how the bigger the density

of hunters, the earlier subdiffusion happens. This is valid for all σ.

5. Conclusions

In this thesis we presented a microscopic model to describe the movement of particles

in disordered media. In particular, we focused on a model which shows nonergodic

subdiffusive behavior, as observed in many biological systems [5, 6, 7, 8]. We used

CTRW with power law distributed waiting times to replicate these effects. We calculated

analytically the MSD of the particle, which showed a dependence not only on the

distribution of the waiting times, but also on the characteristics of the surrounding

media. This last feature enables our model to be tested experimentally.

To illustrate our theoretical results, we performed a serie of kinetic Monte Carlo

simulations. The algorithm consist on comparing the waiting time for each of the

possible events in our system and taking the fastest as the one occuring. To do so, we

performed the Inverse transform sampling in order to produce the waiting times needed

to describe the interactions between the particle and the surrounding media.

Finally, we analyzed the non-ergodic subdiffussive behavior of our model by means

of three observables. Firstly, we showed the dependence on the slope of the MSD of

the waiting time distribution via σ. Secondly, we performed a quantitative measure of

the non-ergodicity of our model by means of the EB parameter. Last, we showed the

relationship between the density of the media and the time in which we can expect the

particle to start subdiffusing.

As an outline, we are currently studying a single walker coupled to an Ising chain,

which plays the role of an environment [17]. Here it is important the cut-off introduced

by the fact that the system is not infinite [as in Eq. (17)]. Also, we are interestd in
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studying the generalizations in which the hunters are afected by a coincidence with

the prey. This implies that correlations are built between the different particles and

we expect that it leads to the formation of clusters of particles showing subdiffussive

behavior.
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