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Álvaro Meseguer and Fernando Mellibovsky for
their guidance in a subjet that was unknown to
me and thank my family for their support during
all these university years.

Abstract
Keywords: hydrodynamic instability, Tollmien-Schlichting waves, plane Poiseuille, Channelflow, pipe shear flows, wall-bounded flows, DNS(Direct Numerical Simulations), 2Dturbulence

The aim of this Bachelor’s Thesis is the study of a particular low-energy localized plane
Poiseuille solution while minimizing the error introduced by the streamwise periodicity
boundary condition. The fact that the instability of this shear flow is accepted to start
as a 2D phenomenom, justifies the study of plane solutions that are much less computing
power demanding. The main part of this work has consisted on very long time-integrations
of the solution up to very long domains, and later, up to near critical Reynolds; while
checking stability and performing various measurements. Finally, a domain-dependant
mechanism describing the behaviour of very particular instabilities at relatively high Re
was found and analyzed.
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Chapter 1
Introduction
In all engineering applications involving fluids, the system’s behaviour will heavily
depend on the turbulent or laminar nature of the flow. This way, there is no surprise
in transition to turbulence being a mayor concern and object of today’s research.
Linear stability predicts 2D disturbances to be unstable at lower Re than 3D ones.
However, then, secondary 3D instabilities manifest and dominate the flow towards
turbulence (Orszag, 1983). Actually, wall boundary transition to turbulences is
considered a 3D phenomenom, yet plenty of authors ([1], [2], [3]) have conducted
researches of turbulence in 2D Poiseuille flow.
Many properties of two-dimensional flows take place as well in three-dimensional
turbulence, and usually, the mechanisms observed in 2D flows are looked upon for
comprehension of the 3D problem. And in this regard, plane Poiseuille flow is
of special interest among other two dimensional shear flows for having particular
streamwise periodic solutions (Tollmien-Schlichting waves).
As an example of a real transition mechanism, pipe flows are known to develop
localized patches of turbulences that coexist wit the laminar flow. Ultimately, this
turbulences will increase when Re becomes greater than a critical value, dominating
all the flow. In this tesiture, this work aims to contribute with data about the
behaviour of a localized solution of plane Poiseuille at high Re. One particularity
about it, though, is that the error introduced by the spatial periodicity of the
domain will be adressed by integrating disturbances in very long domains. Which
is numerically affordable in the first place because of the two-dimensionality of the
problem.
This thesis is organized as follows: after a brief glance at the theory of plane
Poiseuille flow, the state of art and objetives of this research, the general metholodolgy
is introduced. Then, the results for both the domain and Re dependence studies
are presented and discussed, followed by a final evaluation of this research’s accomplishments.
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Chapter 2
Theory

2.1. Basics: Plane-Poiseuille
A Plane Poiseuille flow is characterized by a viscous, newtonian and incompresible
fluid that is driven between two infinite parallel planes by a gradient of preassure
in the streamwise direction (see Figure 2.1.1). Such flow is governed by the NavierStokes equations for viscous and incompresible flows:

1
∂u
+ u · ∇u = − ∇Π + ν∇2 u
∂t
ρ
∇ · u = 0.
Where u is the 2D velocity u = (u, v), ρ is the density, ν is the kinematic viscosity
and Π is the pressure field in the domain. Taking as y = 0 the vertical midpoint
of the channel, then the walls are situated at y = ±d. If there is a constant
streamwise drop of preassure, when the no slip condition is imposed (u(x, ±d, t) =
0), a parabolic streamwise velocity profile of the form ub = U0 (1 − y 2 /h2 ) where U0
is a particular constant, is a exact solution of the Navier-Stokes equations.
ub is commonly known as the laminar solution and will be adressed as ’base flow’
in this text.

2.2. State of art
The plane Poiseuille base flow is known to be linearly stable until a certain critical
Rec = 5772 [1] that does not coincide with the experimental critical Re for flows
with finite-amplitude disturbances. At Rec , the flow bifurcates subcritically into
a family of periodic travelling shear waves (Tollmien Schilchting waves). This solutions are known to be instable before superharmonic instabilities until a saddle
node bifurcation of Re around 2700. From the saddle node to higher Re, TSW are
3
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Figure 2.1.1. Basic croquis of plane Poiseuille problem.

Figure 2.2.1. Bifurcation diagram showing the overlapping of
two secondary branches for solutions of different wavenumbers.
Provided by the authors of [2].
linearly stable for superharmonic perturbations (perturbations with smaller wavenlength than the TSWs) until caotic behaviour appears at the higher end of this
upper branch.
In works [2] and [3], the authors identify the application of subharmonic perturbations (again, perturbations with greater wavelength than the traveling waves)
to TSWs as a means to obtain estable localized disturbances in longer domains.
In [2] the TSW are documented to become instable before subharmonic perturbations. After dilatations of the domain, the authors did find that these new disturbances lived in different secondary branches, in a similar fashion to the snaking
mechanism observable in other flows. Figure 2.2.1 shows the overlapping of two
secondary branches for different wavenumbers in the plane Poiseuille bifurcation
diagram. Such solutions are stable, and the dilatation of the domain was identified
as a mechanism of changing betwen branches. The localized flow that is the object
of study of this thesis is one such solution.

Chapter 3
Objectives
The goal of this work is the characterization of the behaviour of a particular localised
solution of the plane Poiseuille problem. This can be summarized in the following
objectives:
•
•
•
•

Determination of the stability of the solution at longer domains.
Determination of the stability of the solution at higher Re.
Determination of the mechanism of creation and evolution of those instabilites.
Characterization of the periodic orbit of the solution.

In other to achieve those goals, the research has been planned into two consecutive
major simulation stages:
(1) Time integration of the solution in increasingly longer domains. The aim of
this set of numerical simulations, besides the study of the process itself, is to
provide velocity fields of extreme realism (which is expected at long enough
domains) as a starting point in the second stage.
(2) Time integration of the dilatated solution at increasingly higher Re.
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Chapter 4
Methodology
This chapter exposes the main methodology aspects (as the particularities for the
Reynolds and domain study are developed in their respective chapters) of the
present research, which are of capital importance in such time-demanding simulations.
But first, some clarifications should be made:
• Even when not mentioned, in this document, the basic adimensional length
unit used is always half gap of the channel.
• In the same way, the viscous time is used.
• When no specific time is given for a value of an instantenous property of the
flow, it means that that given flow has shown stability after time integration,
and the previous value corresponds to such stage.

4.1. Resources
In term of computation power, I was granted access to the computer cluster of the
Applied Physics Department of the UPC. Most of the simulations were run in an
Intel Xeon Processor E5-2680 v3. In terms of the simulation ’platform’, Matlab
was considered at first for its familiarty. Also, there exist a lot of precendence
of similar researches using Matlab to time integrate and analyze plane Poiseuille
flows. And in fact, some initial explorations were even conducted with professor
Álvaro Meseguer’s scripts. However, the expected computation time for integrating
solutions of such a long domain was unacceptable. For this reason, Channelflow
was chosen as integrating platform.
Channelflow is a set of tools and libraries written in c++ by professor John Gibson
(University of New Hampshire). It is aimed to turbulence research in channel
geometries and it is easy-of-use, as it has already compiled general functions for
tasks such as time-integration of channel shear flows, and flexible, as its code is
designed o be easily adapted. For the simulations in this project, however, the
default tools did suffice.
7
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Matlab
Graphic representation of data and reTime integration
sults
Changes in grid and domain
Obtaining spectra
Flow study (calculation of energy, vorNewton-Krylov-Hookstep algorithm
ticity, turbulence dissipation, etc.)
Changing between data formats
Changing between data formats
Table 1. Task division.
Channelflow

The mayor advantage of studying a 2D flow instead of its 3D counterpart is that very
specific and faster numerical methods can be used, in addition to having simpler
equations and smaller flow files. But despite the fact that Channelflow works with
tridimensional flows, it was still considered faster than any Matlab script, what was
ratified once the simulations began. Also, there is precedence of scientific work that
studies the same kind of solutions using this software.
The general workflow consisted on uploading the solution base files to the cluster
server, running the pertinent simulations and then dowloading data for its processing in Matlab. In this matter, note that channelflow outputs hdf5 files, so format
exchanging was constant. Also, the Matlab scripts that channelflow provides for 3D
plotting of the flows were not used; instead, own code was written for it and other
calculations. Also, temporal series of properties of the flow have been obtained
from data previously storaged for very small time steps, and then processed. Table
1 highlights the general task division.
Version 1.5.1. of Channelflow was used, and Joshua Barnett (a student already
familiarized with the code) was of great help assisting with whichever issues were
encountered with the program.

4.2. Numerical resolution: Channelflow time integration
Numerical methods for the resolution and integration of plane Poiseuille flows that
can be find in bibliography usually involve some kind of spectral treatment. In
the case of [2], for example, streamwise Fourier and vertical Legendre spectral
expansion were used. Although this numerical models can be quite illustrative,
they do not deserve any further attention as the time integration code used was
that of Channelflow.
And again, Channelflow’s model is so potent that only the most relevant particularities of the method will be mentioned. More complete information in this matter
can be found in the user’s manual [4].
First, Channelflow works with three-dimensional domains with periodic streamwise
boundaries (when the fluid leaves the domain downstream, the same values of the
flow enter the domain in the upstream limit). The grid has a vertical Chevyshev
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distribution (for Chevyshev spectral treatment) and a streamwise and spanwise
uniform distribution (for Fourier spectral treatment).
Aside from the streamwise periodicity inherent in Channelflow’s architecture, other
two boundary conditions were imposed:
• No slip condition, that is, the velocity of the both walls is set to 0.
• The driving mechanism of the flow is an enforced constant mass flux equivalent
to a mean velocity of 2/3 the peak velocity of the base flow.
In terms of the driving mechanism, there are two options: maintain constant pressure drop throughout the domain or constant massflow. Although both mechanisms
are equivalent in very long laminar domains (according to [1], when the solutions
can be reduced to a steady state in some frame of reference), the constant pressure
drop leads to inaccuracies for increasing fractions of the domain with non laminar
behaviour. Once the mass flow is fixed, Channelflow derives the preassure from the
momentum equation.
Channelflow treats the velocity and pressure as the sum of a base value plus fluctuations. And after some mathematical treatment, the Navier Stokes equations can
be reduced to:
∂u
+ ∇q = Lu − N(u) + C
∂t
Where L is a linear term, N is a non linear term, C is a constant and q is the pressure
with a correction depending on the non linear term. To solve this expresion:
• The rotational form of the non linear term was considered. There are other
forms of this term that are identical in continuous formulation but not when
discretized. The rotational form is the least expensive to compute.
• The third order semi-implicit Backward Differentiation (or Adams-Bashforth
Backward Differentiation) was used as time integration algorithm, as it presents
the strongest asymptotic decay of all third order schemes, according to the
user’s manual.
Finally, the time-stepping was confined between dt = 0.018 and dt = 0.010, maintaining the CFL below 0.4.

4.3. Initial solution
This work’s research departs from one single solution alone. Because of this, an
overview of such flow is obligated.
Such solution was provided by Joshua Barnett and corresponds to a flow with
Reynolds number of 2800 and a domain of 52.4 half gaps of length that contains a
travelling disturbance on top of a plane Poisueille base flow (parbolic setreamwise
velocity). This particular solution was originally obtained by A. Meseguer and F.
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Figure 4.3.1. Kinetic characterization of the initial solution.

Mellibovsky as a part or their research on the localisation mechanism of nonlinear
waves in 2D Poiseuille flow (see [2]). The very origin of this first flow is a domain
full of TSWs. When this kind of flows is subjected to infintesimal subharmonic
perturbations, it evolves into a Hopf bifurcation. As an instability of this kind,
the TSW train becomes modulated on top of its inherent frequency, and when the
domain is dilatated, the disturbance can eventually localise. The initial solution of
this work has undergone such process and now belongs to different branch than that
of fundmental TSWs in the plane Poiseuille bifurcation diagram. In this branch of
lower energy, this solution is stable.
The structure of the disturbace in the initial solution is shown in Figure 4.3.1.
Figure 4.3.1 (a) and (b) show the kinetic profiles of both the total flow and the
disturbance alone (total flow minus Pouiseuille base flow) while Figure 4.3.1 (c)
shows (b) in a semilogarithmic scale and is specially illuminating as it clearly showns
the nature of the disturbance. There is a leading wave followed by a train of replicas
that decays exponentially (linear inclination of the trailing edge of the train in the
semilogarithmic diagram). Figure 4.3.2 shows the 2D vorticiy of the solution at the
same instant of Figure 4.3.1 around the energy maximum.

4.4. GRID SIZE
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Figure 4.3.2. Detail of instantaneous vorticity of the initial solution.
Vorticity has been calculated using Chevyshev and Fourier differenciation (see [7])
in the vertical and the streamwise direction respectively. The kinetic energy, however, is the most common calculation in this research as a means for data analysis,
and will be used as convergence indicator. Its streamwise profile is obtained integrating vertically via Clenshaw-Curtis quadratures weights [8]. When integrating
over the streamwise direction, the simpson method has been used [8].
It is relevant to note the particularities of both the leading and the trailing edges
of the traveling wave (it travels from left to right in the plots shown). While the
leading edge is quite vertical, the trailing edge is modulated and has a much slower
decay. This exponential decay of both edges translates in only the first few replicas
being observable in a diagram such as the vorticity plot of Figure 4.3.1. Figure 4.3.1
(c) also shows how the trailing quickly communicates with the front (drop of only
4 orders of magnitude). This ’feeding’ is a consequence of the periodic boundary
conditions and is unrelaistic, as the flow preceding the leading edge should be
completely laminar. Longer boxes should minimize this phenomenom.
From the merely numerical point of view, the velocity field provided as starting
point had a grid configuration of 432 streamwise and 81 vertical elements, which
equals to a grid density of 8 modes/half gap streamwise and 81 in the vertical gap.
This grid density would be found suitable in the first explorations, but when simulation time became an issue, other grid configurations were considered as discussed
in the next section.

4.4. Grid size
As developed before, Channelflow works with grids of equidistant points in the
streamwise (x) and depth (z) directions (Fourier spectral treatment) and a Chevyshev distribution in the vertical (y) dimension. Choosing a suitable grid density
demands a compromise between simulation time, data storage space and precision.
Working with such long domain lengths (up to 1684 half gaps) means that a grid
denser than strictly necessary would both slow the time-integration of the fields
and difficult the transferring, storage and processing of output data. To avoid this,
a study of the precision of the solution dependence with the grid configuration has
been conveyed.
Generally, in fluid numeric simulations, a spectral decay of 6 orders of magnitude
is considered acceptable (the least significant spectral coefficient should be 6 orders
smaller than the most significant one). As a base case, Figure 4.4.1 and Figure
4.4.2 show the value of the sorted spectral coefficients of a very dense grid (25
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modes/half gap) of streamwise length L = 52.4 and Re = 2800. Although the data
plotted corresponds to the coefficients of a single field; note that when they are
sorted this way, they match quite accurately the dependence of the spectral decay
with the grid density. Of course, the spectra of less dense grids has been studied,
and this ressemblance checked. The single spectra of the denser solution is shown
anways for purposes of clarity.
As Channelflow’s time integration function outputs physical data, the spectra was
obtained with an alternative Channelflow built-in function. For this, solutions at
instants of time at which a relative stabilization had been achieved were used.

Figure 4.4.1. Spectral decay dependance with streamwise grid
density (Fourier coefficients).
The chosen grid densities are 8 points/half gap in the x and 35 points/gap in the y
dimension because they have the desired spectral decay (red circle in Figures 4.4.1
and 4.4.2). In terms of the amount of z planes (all replicas), the optimal would
be only one. Unfortunately, since Channelflow is designed with 3D flows in mind,
that does not work. Two z planes is the functional minimum. This way, the grid
sizes used along this project vary from 420x35x2 to 12952x35x2 points, not having
into account the padding prolongations of the grid for Fourier de-aliasing which
Channeflow works with.
Of course, these grid densities have been determined for a certain Reynolds and
length of box, and the spectral properties might vary if Reynolds and/or the length
changes. Because of this, the spectra of the solutions has been checked at different
lengths and Reynolds throughout the simulations, and the variations in the spectral decay remain within reasonable boundaries. Figures 4.4.3 and 4.4.4 show its
experimental dependences, which resume into a slight gain of precision at longer
boxes and a slight loss at larger Reynolds.

4.4. GRID SIZE
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Figure 4.4.2. Spectral decay dependance with vertical grid density (Chev. coefficients).

Figure 4.4.3. Spectral decay dependance with domain length.
Finally, notice that this is the setup of fields for time-integrating purposes. In
some analysis calculations, the velocity fields have been interpolated to denser grids
according to necessity.
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Figure 4.4.4. Spectral decay dependance with Reynolds

Chapter 5
Dependence with the length of the
domain
The first mayor stage of numerical simulations comprises the streamwise dilatation
of the initial solution until very long domains. This procedure fulfills two interests:
(1) Further analysis will be improved if the base flow that precedes the leading
edge of the periodic orbit is recovered with maximum accuracy (up to machine precision if possible). And in this regard, longer domains allow further
development of the exponential trailing decay, minimizing the error induced
by streamwise periodicity.
(2) The evaluation of the solution at a wide range of lengths. In a longer domain,
further instabilities might appear, which motivates studying the dependence
of the solution with length.

5.1. Procedure
There are several approaches as to how to dilate the solution, some of them are:
• Recovering the velocity field from the spectra. Modes corresponding to the
additional length are set to zero, and then a physical field can be calculated.
• Addition of base flow. This technique can be found in bibliography as a
successful way of generating a train of TS waves from a domain full of them
[1].
• Dilatation over the velocity field. This the technique used in this research (the
spectral method is not even considered as Channelflow provides direct access
to the physical fields).
Any of the suggested methods wil obviously introduce a disturbance in the flow.
However, for a small enough dilatation, the flow should evolve towards the equivalent solution in the new box. Thus, the dilatation procedure has been planned
taken into account that the convergence of the new solutions will depend on the
magnitude of the dilatation. The procedure has consisted on iteratively:
(1) Dilate the previous stable solution 5, 10 and 15%.
15
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(2) Time integrate the new fields until stabilization. After the dilatation, to distinguish when the disturbance has shrunk, both the integral of the kinetic
energy of the disturbance and the kinetic energy profile are used as indicator.
Figure 5.1.1 shows the convergence of the dilatation up to L = 812. In this
particular example, the simulation time until the stabilization at t = 400 was
48 hours.
(3) A reasonable amount of time after convergence of the solution, the most dilated
field that does not present further instabilities or other changes to the flow,
becomes the new stable solution. Start from 1.
During this procedure, the solution’s travelling structure has been found to be very
resilient to this kind of deformations. It converges after dilatations of over 20%,
what led to increasing the dilatation limit per iteration from 15% to 20% at later
stages of the process.

Figure 5.1.1. Stabilization of solution for L = 812 after dilatation
of 20%
Finally, it must be noted that the edges of the disturbance are expected to depend
on the Reynolds number. And as the Re of the initial solution is the lowest end
of the spectra of interest (from 2800 to the critical Re) it is necessary to dilate the
box beyond the point at which machine precision is obtained, to ensure optimal
precision at higher Re as well. For this reason, the dilatations were carried on until
L = 1684. During the hole procedure, Re = 2800 was kept constant.

5.2. Results
Time integrations were carried over from 6 · 105 for the shorter domain of 52.4 half
gaps to 4 · 103 units of time for the longer domain of L = 1684.
Figure 5.2.2 showcases the evolution of the solution during the dilatation process.
This plots correspond to the instantaneous kinetic profile of the disturbance in
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semilogarithmic scale once stability is achieved. The differences between profiles
are a direct consequence of the length of the domain. While in the two shortest
boxes presented the trailing and leading edge comunicate with each other, for a box
of length L = 419, both edges decay below a noise level of 10−10 where the flow
can be considered laminar as far as the system’s precision allows it. Also, the true
configuration of the leading edge is recovered at longer boxes: profiles at L = 169
and L = 419 show that it has 2 different inclinations, both sharper than the trailing
edge.

(i)

(ii)

(iii)

(iv)

Figure 5.2.1. Kinetic profile of the solution at different lengths.
(i) and (ii) both stages of the sharp leading edge, (iii) the modulated trailing edge and (iv) the maximum precision is obtained
Channelflow counts with an implementation of the Newton-Krylov-hookstep algorithm for finding equilibria, traveling waves and periodic orbtis of the Navier-Stokes
equations (see online documentation). Explorations of the solution with this numerical method were performed, but they presented unnafordable convergence times.
Thus, the only remaining criteria for characterizing the behaviour of the solution
at different domain lengths are the results of time integration.
In this regard, despite the disturbances introduced by the mere domain dilatations,
no further changes were observed. Once the solution converges to a neater version
of the peak structure, it remains an undisturbed solid body (from the kinetic point
of vew) traveling downstream. The fact that after time integration of the solutions

18
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for such long times, no flow experienced any observable alteration (the solutions
have been monitorized via snapshots of the kinetic profile and the time evolution
of the integral of such profile in the domain), indicates that the solution is stable
inside the range of lengts L = [52.4, 1684]

Figure 5.2.2. Evolution of the total kinetic energy of the solution
with the length of the domain
One last interestig result is how the stationary value of the total kinetic energy
of the solution increases asymptotically with the length of the domian (see Figure
5.2.2). Although this tendency might seem trivial since the snapshots of Figure 5.2.1
show that larger portions of increasingly low energy appear with each increase in
the domain (at least until machine precision is obtained); it is relevant to note that
such tendency may show in other measurables as well. Showing how inapropiate
the initialshorter solution might be for extrapolating realistic conclusions.

5.3. Periodic orbit measurements
The solution is a relative periodic orbit of the Navier-Stokes equations: It is a
solution whose properties change periodically but that also travels the domain in
the streamwise direction (relative).
At first, the measurement of the parameters of the periodic orbit was motivated
by the possibility of hastening the convergence of the Newton-Krylov method by
providing acceptable intial guesses. When this kind of explorations were dismissed,
however, the measurement of the periodic orbit aquired interest as a means to
evaluate changes in the solution when the domain is heavily increased.
The total kinetic energy contained in the domain, and the rate of turbulence dissipation were first used as indicators to determine the period of the periodic orbit.
Although the integral energy has been used as a solid indicator of convergence and
to determine the asymptotic behaviour of measurables with the domain (Figure
5.2.2), it actually oscillates. These oscillations are of order of 1h, but they exist
nevertheless. A Fourier analysis of the total kinteic energy reveald a period around
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T = 8.2. This value, however, is only half the period of the orbit (the same happens
in the case of the turbulence dissipatioin rate).
The kinetic energy is calculated squaring the velocity field and the frecuency of the
square of a periodic function (of the sinusoid type) is double that of the original
function. Also,the initial solution has been obtained after localization of TollmienSchlichting waves, and TSWs are known to be time-spatially symetric in the vertical
dimension of the domain. This means that along one domain, the TSWs change
symmetrically, what implies that integral measurements will not register the TSW
inherent modulation. However, the modulation trying to be measured probably has
no relation with the TSW motion degenerate frecuency.
At last, the period of the periodic orbit, its shift (distance that the peak travels
in one period) and its downstream velocity have been measured using recurrence
plots. In this plots, the 2-norm of the difference between vertical velocity matrices
of the initial solution shifted a distance xs and the solution at different times is
shown. The vertical velocity has been chosen because it has zero contributions
from the Poiseuille base flow.
z = L2N orm(uy (xs , 0) − uy (x, t))

Figure 5.3.1. Recurrence plot of the solution at L = 52.4 and Re
= 2800.
Figure 5.3.1 shows the recurrence plot of the solution at L = 52.4 and Re = 2800
(dark equals minimum values and bright blue the maximum ones). The minima of
this function are given in time-spatial conditions were there is extreme coincidence
between the original shifted solution and the solution at that time, thus, they
happen at multiples of the period and the shift of the preiodic orbit. The properties
of the periodic orbit can also be obtained from the very plot in Figure 5.3.1, as, for
example, the inclination of the macro structures containing the darkest lines is the
traveling velocity of the disturbance.
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Such recurrent plots are costly calculations, and they were conducted for lengths
of L = 52, 4; L = 134 and L = 419. Respectevely, periods of 16.4875, 16.208
and 16.200 and shifts of 12.000, 11.875 and 11.854 were obtained. These sght
discrepancies are in line with the overall tendency with the length domain showed
in Figure 5.2.2.

5.4. Conclusions
In terms of the stability, the solution has been found to be stable for the considered
range of domain lengths. Such stability has been justified by time integration of
the solutions, which experience no osbervable evolution.
And finally, although the flows with the starting and final dilatation lengths contain
the ’same’ solution. It has been shown that in longer boxes, not only a flow laminar
up to simulation precision appears between the peak’s edges (which minimizes the
inherent error introduced by the boundary condition of streamwise periodicity), but
also new properties of the kinetic profile of the disturbace are present. These new
particularities such as two stage decay of the leading edge, happen to have very low
energy levels. However the may play a rol in hypothetic instability mechanisms of
the flow. This way, results obtained in simulatios of the longer solutions are likely
to be much more realistic.
Such an hypothesis of asymptotic dependance of the precision of the simulations
with the length of the domain is reinforced by the measurements of the total kinetic
energy in the domain and the properties of the periodic orbit. This way, and
according to Figure5.2.2, lengths greater than 300 should be suitable for further
stages of research.

Chapter 6
Dependance with Reynolds
Once the stability of the solution at long domains has been observed, as the flow
preceding the leading edge is laminar up to machine precision, this flows are used
to determine the dependance of the stability of such localized disturbances with
the Reynolds number. This chapter adresses the methodology and results of such
research.

6.1. Procedure
In order to characterize the behaviour of the solution at higher Re, it has been
time integrated at gradually larger Re, searching for instabilities and their creation
mechanism. Vital aspects that must be chosen are the length of the domain and
the algorithm for increasing Re.
From the dilatation procedure, the solutions obtained for lengths over 300 half
gaps had laminar flow before the peak with error below 10−10 . The precision would
increase only to 10−11 at the highest length of L = 1684. This difference is not
significant enough to justify the increase in storage data and simulation time that
further time integration of the longest solution would require. For that reason, the
solution chosen to be submitted to changes in Reynolds is that of length L = 419
(slightly above the accuracy threshold). As noted in the previous chapter, however,
the sharpness of the edges of the travelling structure in the solution is expected
to change with Re, and thus, the accuracy. This way, three different lengths have
actually been shifted in Re and time integrated parallely: L = 419, L = 564 and
L = 812.
The Reynolds number has been increased in stages. One stage comprehends an
increase between Rei0 and Reif and follows the algorithm (it has been applied to
flows of each of the three lengths):
(1) The stable flow at Rei0 is time integrated at Re from Rei0 to Reif with a
resolution of 100 (i.e. from 3000 to 3300 would be 3100, 3200 and 3300).
(2) After t = 1000, the solutions are checked for instabilites.
(3) If the traveling structure remains stable, the new stage begins with Rei+1
=
0
Reif .
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Figure 6.1.1. Kinetic profile of the solutions used as starting
points in the Reynolds explorations for L = 812.
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(4) If instabilities are observed, the larger Re at which the former do not appear,
becomes the new Rei+1
0 . Although registering these instabilities is the aim
of this research, they could be the plain consequence of an excesive increase
Reif − Rei0 over the last stable solution. By relaunching the stage from the
last intermediate stable flow, there are greater chances that the observed phenomenom is linked to Re and not to the particular increase that has been
used.
It must be noted that an integration over 1000 units of time is not necessarily enough
for the solution to completely return to its stable configuration nor for instabilities
to completely develop. When the solution has been found in this transitory state,
if data indicated that the instabilites were decreasing, the simulations were carried
over as in point (3) of the previous algorithm. As usual, the kinetic energy profile
of the flow has been used as indicator and Figure 6.1.1 shows the kinetic profiles of
all the solutions used as starting points of the increasing stages. The first solution
that did present instabilities that did fully grow at t = 1000 was that of Re = 5600.
As a consequence, solutions forRe = 5500 and above were relaunched from the last
solution for Re = 5400 at that moment.
Lastly, this ’permissive’ approach was adopted both because of lack of the necessary
time to integrate all solutions until full stabilization between stages, and because
of the low energy levels of the overlooked disturbances.
In terms of the length of the domain, the trailing edge’s decay has been found
to change with Reynolds to such an extent that it comunicates directly with the
leading edge over the zero of precision for solutions in the shorter boxes of L = 418
and L = 564. Figure 6.1.2 shows an overlapping of the solution for Re = 5000 of
the solutions living in boxes of lenght 419 and 812. Although at this relatively early
stage (the wavenumber of the trailing waves and the energy level of the remnant
’bubble’ of disturbance are very similiar), the direct communication between edges
motivated that from Re = 5000 in advance, only the box of length 812 were used.
As conclusion, all the measurements, figures and discussion shown in the rest of
this chapter are based on the solutions for this domain alone.

6.2. Trail evolution
Finally, a range from Re = 2800 to Re = 6000 was covered, and the solutions were
integrated a minimum of 4000 units of time.
The first observable change in the solution when Re increases is the shape of the
edges of the disturbance. In this regard, Figure 6.2.1 shows the instantaneous
kinetic profile of the disturbance at various Re. The leading remains the same at
each Re with the difference that the preceding laminar flow is recovered with less
precision at increasing Re (a drop of 102 in the interval Re = [2800, 5000]).
The trailing edge, on the other hand, does present noticeable changes. The most
notorious beeing the appearance of a very wide modulation that travels along the
edge, on top of its natural frecuency and even leaving it, as it can bee seen in the
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Figure 6.1.2. Solution at Re = 5000 and T = 900 for two different boxes.

Figure 6.2.1. Dependence of the edges with Reynolds.
diagram for Re = 5000. The later phenomenon will be discussed in the next section
’Instability Mechanism’. Returning to the ’stationary’ properties of the trail:
• The inclination of the trailing edge changes in such a way that there is lesser
exponetial decay at higher Reynolds.This inclination has been found to slightly
oscilate, probably as a consequence of the mechanism of absorption and ejection of the disturbance remnants later discussed. Also, the amplitude of the
inherent modulation of the trailing edge does increase at lager Re.
• The wavenumber (k = 2π/λ) of the modulation of the trailing edge (it can be
considered as a train of decaying waves) has been measured in kinetic energy
plots and are shown in Figure 6.2.3. Despite discrepancies at Re = 4000, the
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wavenumber decreases from k = 1.7 to k = 1.59 in a Re increase from 2800
to 5600.
• The kinetic profile of snapshots of the flow indicates that both the new large
modulation and the trail waves are moving away from the peak: they travel
streamwise at a lower speed. Figure 6.2.2 shows how the difference between
the measured speed of the trailwaves and the peak slightly increase wit Re.
During the measuremets of these properties, variables such as the traveling speed
of the trailing waves or their wavelengths have been found to vary along the edge.
This happens at any Re. The values showcased correspond to measurements near
the peak of maximum energy. In the case of the traveling speed, it was measured
for the first trailing wave under the threshold of 10−1.5 energy as the linear velocity
after 100 units of time. In the case of the wave number, it is an average over the
first 10 waves under the same energy threshold. Particularly, the trailing wavespeed
decreases greatly as the wave is further from the peak, experimenting decreases up
to 10% in the 100 units of time examined (and thus, the wave saparates faster from
the peak).
All the measurements were conducted for stabilized solutions or in the latest snapshot of the flow available at the time (note that instable samples are differenciated
in Figure 6.2.3). And despite the already-pointed dependance of the trailing wave
properties with its location in the edge, the samples were selected meticulously to
attain realistic relations with Re.

Figure 6.2.2. Traveling velocity of the peak of the solution and
the waves in the trailing edge.

The basic length unit in the wavenumber and velocity calculations is the half gap.
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Figure 6.2.3. Experimental wave numbers of the waves of the
trailing edge.

6.3. Instability mechanism
Figure 6.1.1 shows the existance of a large round modulation of the solutions for
Reynolds larger than 3900. In fact, this phenomenom was first observed at Re =
3400, after increasing Re in the Re = 3300 solution. This modulation travels along
the trailing edge from the peak to the upstream laminar flow. Once it arrives there,
a portion of the trail is ejected and travels through the previously laminar flow (as
signaled before, it does not travel upstrem, it travels downstream and much slower
than the main peak). This is the state of the snapshot in Figure 6.2.1 for Re = 5000.
Eventually, and because the streamwise dimension is periodic, the remnants reach
the leading edge of the original disturbance. Then, they are absorbed by the leading
edge, that shows no alteration in the process (at least from the kinetic point of view).
After this ’crossing’, a new disturbance arises in the trail that does descend along
the edge until becoming a new remnant. The kinentic energy of the remnants that
leave the trail is higher than that of the absorbed ones. It is believed both remnants
are actually the same, that is amplified after crossing the original solution.
In terms of the stability of these solutions for different Reynolds. New peaks have
been found in flows for Re greater than 5300. To somehow show the evolution
mechanism of these instabilities, time-spatial representations of the evolution of
the kinetic profile of the flows are shown in Figures 6.3.1, 6.3.2 and 6.3.3. They
correspond to flows at Re = 4800, 5200 and 5600 respectively. In these plots, all
the profiles have been aligned with the peak of the main disturbance in order to
study the relative motion of the remnants.
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In the flow at Re = 4800, the decay of the remnant along the box is evident. For
this domain, two separate remnants of different energy coexist at the same time.
This can be easily observed in the initial solution for Re > 5000 shown in Figure
6.1.1. This is the reason why the second ejected disturbance has more energy than
the first; they belong to different remnants. After one loop, the disturbances had
decayed to noise leves and the solution (with the trail inclination, wavespeed and
wavenumber for the new Reynolds) remained stable for as long as the the simulation
was prolongued in time.

Figure 6.3.1. Time-space plot of the kinetic energy profile for Re
= 4800. Case in which the remnants are clearly decaying.

Remnants in the flow at Re = 5200 are also decaying with each loop: the energy
loss along the domain is greater than the gain with the interaction with the peak,
although the difference is hardly perceptible in Figure 6.3.2. On the other hand,
the plot clearly shows that the remnants lose downstream speed with consecutive
loops (dilatation of the remnant in the time dimension).
And lastly, in the flow at Re = 5500, the energy increase after crossing exceeds the
losses for a domain of this particular length. And after a few loops, the remnant
grows until becoming a secondary peak with the same structure than the initial
one. Note that both peaks move in the same reference system.
No case of a new peak developping from the remmnant when it is traveling in the
laminar portion of the domain has been observed. All new peaks are generated
when the remnant is a modulation (from the perspective of the kinetic profiles
shown) of the trailing edge near the mean peak, as happens in Figure 6.3.3.
Also, the causality between the remnant that collides with the leading edge and the
ones created in the traling edge is proven by the straight line that the trajectory of
both disturbances describres in the time-spatial domain of the previous figures.
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Figure 6.3.2. Time-space plot of the kinetic energy profile for Re
= 5200. Case in which the remnants are slowly decaying.

Figure 6.3.3. Time-space plot of the kinetic energy profile for Re
= 5500. Case in which the remnants grow.

6.4. Conclusions
First of all, the observed evolution mechanism of the new instablites (remnants of
the trailing edge) should not be doubted because of the fact that these remnants
were carried away from lower Reynolds. The fact that in the solutions in which
the remnants do grow into new peaks, these disturbances cross the leading edge
at least twice before ultimately developping; strongly suggests that the main actor
is the energy increase in such crossing and not the initial state of the remnant
before time integration. This way, if the flows at lower Re would have been time
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intregrated until decay of the remnants below the working precision before beeing
used as initial fields at larger Re, the same behaviour would have been observed.
Remnats of lower energy would have been originated anyways (as they seem to be
motivated by discrete increases in Re) and then, they would have been energized
by the already stablished traveling disturbance.
A question remains, however, about wether the energy increase experienced when
the remnants cross the leading edge is solely dependant on Re or is it also proportional to the magnitude of the remnant. If this were the case, the threshold
Re registered would vary if the solutions would be exposed to greater or minor
disturbances of the same type.
For the particularities of the flows obtained during this research, in solutions of
Re above 5300, the unstable remnants did develop into new peaks similar to the
original, that quickly adapt to the traveling speed of the mean peak (see Figure
6.3.3). Below this threshold, the decay of the remnats along the domain was such
that the their energy levels would asymptotically fade below the simulation noise
despite the crossing energy input. In can also be concluded that these modulations
appear at lower Reynolds as well, but are not resgistered by the precision of the
simulations.
Obviously, this ’feeding’ mechanism is only possible because of the periodicity of the
domain. In fact, the same phenomenom in a different length of box would present
a different critical Reynolds: at longer boxes, a greater amplification at the peak
would be needed to overcome the greater energy loss of energy of the remnant along
the new domain. A domain-independant conclusion, however, is that apparently,
there is an energy threshold that dictates the growth of new peaks. Disturbances of
this very particular type have been found to always decay after crossing the original
traveling structure, unless a certain energy is attained (what happens when the
remnant is still a modulation of the original trailing edge) and the remnant grows
to a full disturbance. Measuring of this threshold or its dependance with flow
parameters have not been conducted.
And finally, as to the nature of the trailing edge, the wavespeed of the decaying
trailing waves have been measured and a clear dependance of the edge inclination
(degree of exponential decay) with Reynolds has been observed. But the most
illuminating finding is that the trail wavenumbers vary from 1.70 to 1.59. In [2],
the wavenumber of the fundamental Tollmien-Schlichting and of families of replicas
of these waves in longer domains is documented. [2] stipulates that fundamental
TS wavenumer is k = 1.2. The measured waves are completely out of range, so it
can be concluded that they are of a differenet nature.

Chapter 7
Final remarks
Stability-wise, the initial solution has been found to remain stable to gradual dilatations of the domain up to very long boxes. Although flow measurables such as
energy and the periodic orbit’s properties have suffered adjustments when the domain did accommodate bigger edge lengths. And as a consequence of later increase
of Re, trail remnant based instabilities have been observed.
It is important to notice that the instability mechanism found in this work is
only applicable to traveling localized solutions (with kinetic profile such as the one
showed throughuot this thesis) when they encounter in the leading edge disturbance
packets of certain energy levels and modulation. Even so, in such mechanism, the
length of the domain determines if the energy input at the peak surpases the losses
of the secondary disturbances until they reach the front edge. Thus, a different
critical Re would have been obtained in diferent simulation boxes.
Although it might be argued that this mechanism has little to no applicability,
truth is that such restrictive conditions do resemble quite reasonably what might
be encounterd in a real experiment. If similar solutions are researched, it is posible
that several localizations travel downstream as a train in such numbers and with
such distance between them that the remmnants ejected by the trailing edge of the
first structure is amplified by the followings as in a periodic domain.
Applicability aside, if perturbances of different nature from this remnants want to
be researched, two ways of eliminating them from the dynamics of flow come to
mind. First, longer domains and a more gradual increase in Re would decrease the
magnitude of these remnants to noise. This method is non practical as it is slowing
a simulation process that is already very time consuming and is not an optimal
solution as at larger Re the remnants wont be so easily absorbed by the domain.
An atractive alternative would be to implement a filter that travels downstream
with the energy peak of the solution that would set the velocity of the flow just in
front of the leading edge to base flow values. This should not suppose a tremendous
effort within Channelflow, and is specially adequate because the extreme dilatations
of the domain achieved during this research have ensured laminar flow preceding
the leading edge with machine precision, so no error is induced by such a procedure.
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In fact, the degree of realism and accuracy obtained by working with such long
domains can be considered the main achievement of this thesis (remember that
such thing is only practical in 2D flows, which for Pouiseuille shear flow, is minimally representative of the three-dimiensional counterpart). Even the undeniable
applicability limitations of the remnant mechanism described are a most formidable
exposure of the intrinsic limitations of traiditional fluids numerical simulations of
pipeflows.
Finally, posible continuations of this research would be implementing a remnantproof filter that travels with the main disturbance and time integrate the solution
at even larger Re, searching for instabilities of an alternative nature; or studying
the new peaks that appear in unstable Re. As a consequence of the instability
mechanism, the secondary peaks’ front edges are communicated with the trailing
edge of the preceding peak above the precision limit of the simulations. This way, it
would be interesting to determine, for example, if they phase or not after a suitable
amount of time and as a consequence of a union of such high energy.
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