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Introduction

The use of lightweight steel structures has increased remarkably in the last
years [1]. With respect to other building technologies, the main advantages
are reduction of costs, low weight, and quickness in construction.
Some recent earthquakes have sadly highlighted the importance of good seismic performance of residential buildings. Enough lateral stiffness is required
to resist seismic loads without significant structural damage. In cold-formed
steel structures this lateral stiffness is provided by means of shear walls.
Another important issue is ductility. Staying in the elastic range is an uneconomical way to design buildings against earthquakes. A good seismic design
should provide energy dissipation mechanisms via plastic deformation.
The hysteretic behaviour of shear walls is thus a key factor in the seismic
response of cold-formed steel structures. Cyclic tests of full-scale shear walls
have been carried out in the context of the outgoing research project “Seismic
Design of Light-Gauge Steel Framed Buildings”. Figure 1 shows a typical forcedisplacement curve. Note that the hysteretic cycles exhibit pinching, stiffness
degradation (reduction of the elastic slope) and load deterioration (reduction
of peak load) as the loading cycles go on. Qualitatively similar results have
been reported by other researchers [2,3].

Figure 1. Experimental cyclic response of a full-scale shear wall

Two different types of hysteretic models for shear walls can be found in the
literature. On the one hand, there are non-differential models which consist
of force-displacement relations that reproduce the experimental behaviour of
shear walls. White and Dolan [4] proposed a finite element model for timber
shear walls based on a “sheathing-to-framing” element with a hysteretic forcedisplacement law. De Matteis and Landolfo proposed an analytical model with
an envelope curve and hysteretic cycles, first for connections [5] and then
for shear walls [2]. This force-displacement law was incorporated to a set of
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fictitious diagonals in a finite element model of a frame [6]. Fülöp and Dubina
[7] also incorporated an analytical force-displacement law to a set of fictitious
diagonals in a finite element model. In all cases, the numerical treatment for
these models is not described in the references.
On the other hand, there are a family of closed-form differential hysteresis
models. Bouc (1967) proposed a model of hysteresis that depends on four parameters. This model was later modified by Wen (1980), Baber and Wen (1981)
[8] and Baber and Noori (1985, 1986) to incorporate stiffness and strength deterioration and pinching (BWBN model). Foliente [9] modified the pinching
function. In these models, hysteresis is modelled by an additional variable in
the dynamic equation and an associated ordinary differential equation.
Another differential model is the one proposed by Mostaghel [10]. It is an
analytical hysteretic model for bilinear and multilinear systems based on a
single-degree-of-freedom (SDOF) mechanical system. Starting from an elastoplastic behaviour, the model is extended progressively to account for pinching,
stiffness degradation and load deterioration.
In the case of differential models, numerical treatment is straightforward: hysteretic behaviour of shear walls can be obtained by solving a small system of
ordinary differential equations (ODEs) with suitable integration schemes, such
as a Runge-Kutta method. This can be done by means of standard scientific
software such as Matlab, Maple or Mathematica. Differential models are, in
our opinion, a more general and versatile approach.
From an structural point of view, there are two types of shear walls: (1)
unsheathed shear walls, in which the structural contribution of cladding is
neglected and steel x-braces are the only source of lateral stiffness, and (2)
sheathed shear walls, where the diaphragm effect of cladding panels (of gypsum, plywood, steel or other materials) is accounted for and x-braces are not
needed. In the case of x-braced frames, hysteretic curves are bilinear, with
an extreme pinching caused by the global buckling of the x-braces. In the
case of sheathed shear walls, hysteretic curves are smooth (see Figure 1) and
present pinching, strength and stiffness degradation. We focus in this paper
on unsheathed x-braced frames and leave sheathed shear walls for another
contribution.
Our goal here is to simulate the hysteretic behaviour of x-braced frames by
considering them as single-degree-of-freedom systems. We have modified the
bilinear model proposed by Mostaghel [10]. This modified bilinear model accounts for two features of the hysteretic loops of x-braced frames not included
in the original model, namely slackness and different sources of stiffness. Once
this differential model is calibrated and validated, several analyses such as the
prediction of response of complete façades or the evaluation of the q-factor
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Note the unidirectional connection of the mass-spring-slider system to the
wall, which offers no resistance if the mass moves to the left. This means that
negative elongations z are not possible in this device (i.e. no compression).
Under tension (that is, for positive elongations z), this system has elastic
stiffness k up to the maximum elongation z = δ, and the restoring force is
F (z) = kz.
The unidirectional connection is modelled by an additional variable, xb (boundary displacement). Note that, with the sign criteria indicated in Figure 6(a),
xb ≤ 0.
We need an evolution equation for xb reflecting the following response:
(1) If there is a gap in the boundary (xb < 0), the system moves rigidly,
either to the left or to the right (ẋb = ẋ);
(2) If there is no gap (xb = 0) and the spring is under tension (z > 0), then
no gap will be created (ẋb = 0), because tension must be released first;
(3) If there is no gap (xb = 0) and no tension in the spring (z = 0), then (i)
a gap is created if the system moves to the left (ẋb = ẋ for ẋ < 0) or (ii)
no gap is created if the system moves to the right (ẋb = 0 for ẋ > 0).
Such a response is provided by equation
¾
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ẋb = ẋ M (xb ) + N (xb )M (z)M (ẋ) = ẋ 1 − N (xb ) 1 − M (z)M (ẋ)

i¾

. (6)

Regarding elongation z, we have modified the evolution equation (4) to take
into account the rigid motion (ż = 0) of the system if there is a gap at the
boundary (xb < 0) or if there is no gap but it is about to be created (xb = 0,
z = 0 and ẋ < 0):
½

h

i

¾

ż = ẋN (xb ) N (z) M (z − δ) + N (z − δ)M (ẋ) + M (z)N (ẋ) .

(7)

The model for a no-compression perfectly-plastic-tension system is summarized in Table 1. Figure 6(b) shows an hysteretic cycle ABCDEF GH. Note
the slackness caused by plastification and no compression (i.e. reloading with
elastic stiffness occurs at F ≡ D, not at F ≡ A).
Diagonal strap with hardening
We can add hardening to the system by adding a second spring attached
directly to the unilateral connection, see Figure 7(a). The restoring force is
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2.3.1 Elastic case
In this example, elastic behaviour (with a Young modulus E = 2.1×105 MPa)
is assumed for all the structural members, including straps. The only source
of nonlinearity is the no-compression response of diagonal straps, represented
by a bilinear stress-strain curve (see Figure 3).
The frame is pinned (zero bending stiffness at track-stud and strap-stud joints)
and axial joints between straps and studs are semirigid, with a stiffness of 10
kN/mm. Mass at the top of the frame is m = 300 kg. It is submitted to a
sinusoidal horizontal load in its left shoulder f (t) = P0 sin(ω̄t), with amplitude
P0 = 25 kN and frequency ω̄ = 90 rad/s. Damping is neglected.
We have computed the horizontal displacement of the frame with the two
approaches previously discussed, see Figure 10(a).
When we model the x-braced frame as a MDOF system, we use the nonlinear
finite element code CAST3M [15] to solve the system of ODEs (1). The frame
is discretized with 28 finite elements and the Newmark method is used to
integrate in time, with a time-step of ∆t = 0.1 s (566 time-steps).
For the SDOF approach we need to solve the system of ODEs of Table 3. The
corresponding parameters are summarized in Table 5. Note that α = 1 and
δ is not defined because the response is elastic, and that the stiffness ratio is
β = 0 because the frame is pinned. The stiffness k is obtained from a simple
linear static analysis (as the ratio between the applied horizontal load and the
horizontal displacement).
Table 5
Parameters for the modified bilinear model in the elastic case
Symbol Meaning
Value
m

Mass

300 kg

c

Damping

0

k

Stiffness

835 kN/m

α

Hardening ratio

1

δ

Yielding displacement

—

β

Stiffness ratio

0

To solve the system of seven ODEs, we use the Runge-Kutta-Felberg 45
method [16] with command ode45 in Matlab. It is a fourth order method
with adaptive time-step size based on error control. An error tolerance of 10−6
is prescribed. We can see in Figure 10(b) how the time-step indeed varies with
time. Note that very small time-steps are needed whenever the displacement
changes sign (i.e. when diagonal straps switch from elastic tension to no13

To sum up: the SDOF approach based on the modified bilinear model is a
simple, accurate and computationally efficient way to compute the seismic
response of x-braced frames. In the remainder of this paper we will illustrate
the applicability of this approach with two cases of practical interest: the
evaluation of the q-factor and the coupling of various frames.
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Evaluation of the q -factor of x-braced frames

In common engineering practice, seismic analysis is carried out by means of
response spectra [17]. This technique relies on modal analysis and only maximum responses are obtained. Since it is based on the principle of superposition,
this approach is only valid for linear analysis. To take into account nonlinear
phenomena such as plasticity or buckling, a nonlinear dynamic analysis would
be needed.
However, these type of nonlinear analyses are not common in the practical
design of structures. Instead, energy dissipation due to plasticity is taken into
account by scaling the elastic response spectra by a reduction factor, the qfactor, which depends both on the structure and the loading. It is defined as
the ratio
V elas
(10)
q = max
plas
Vmax
plas
where Vmax
is the maximum shear at the basis of the structure during the
elas
loading history and Vmax
is the hypothetical maximum shear if the response
was linear.
The two approaches discussed in Section 2 can be used to estimate the qfactor. If the x-braced frame is modelled as a MDOF system (finite element
method), the procedure is:
(1) Perform a nonlinear dynamic analysis of the frame, as described in Section
plas
2.1, and obtain the maximum shear at basis Vmax
.
(2) Perform a linear dynamic analysis of the frame, assuming elastic behaviour in all the structural members and including only one diagonal
strap (so that the total stiffness of the frame is correctly reproduced),
working both in tension in compression. Obtain the maximum shear at
elas
.
basis Vmax
plas
elas
.
/Vmax
(3) Evaluate the q-factor as q = Vmax
If the x-braced frame is treated as a SDOF system, the procedure is very
similar:
(1) Obtain the nonlinear response of the frame by solving the system of ODEs
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Note the change in the slope of the force-displacement law of the façade in
Figure 17(b). It is due to the fact that frame 1 gets into the plastic range
before frame 2, so the initial stiffness of the façade is reduced after reaching a
displacement of 10.5 mm. Besides, we can clearly see from Figures 17(c) and
17(d) the different load carrying capacity of both frames: frame 1, which has
smaller diagonal straps, gets a smaller fraction of the total horizontal load
than frame 2.
In this case, the computational efficiency of the SDOF approach over the FE
model is a more relevant factor than in the modelling of one x-braced frame:
since here the structure is more complex and more structural members are
involved in the finite element modelling, the difference in computational cost
between both approaches is much more significant.

4.2 Extension to n shear walls
The coupling strategy just discussed for two shear walls can be extended in
a straightforward manner to the case of n shear walls, see Figure 18. If we
assume that all the frames have the same horizontal displacement, x1 = x2 =
· · · = xn ≡ x (i.e. axial deformation of the top track neglected), then the
equations of dynamics for each frame can be summed up into
Ã n
X
i=1

!

mi ẍ +

Ã n
X
i=1

!

ci ẋ +

Ã n
X

!

βi ki x +

i=1

n
X
1 − βi
i=1

2

ki (yi1 − yi2 )
=−

n
X

mi ag (t) . (20)

i=1

The hysteretic responses of the frames are given by Equations (17)-(19), with
i = 1, . . . , n (n frames) and j = 1, 2 (two straps per frame).
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Concluding remarks and future work

We have presented a differential model of the hysteretic behaviour of unsheathed x-braced frames. Taking the bilinear model of Mostaghel [10] as our
starting point, we have incorporated two key features of x-braced frames: slackness due to buckling of diagonal straps and two different sources of stiffness.
With this hysteretic model, the frame can be treated as a SDOF system, and
its hysteretic response is modelled by a small system of ordinary differential
equations (ODEs).
22
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