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it is possible to write 

_j. _l_r_-af2+c ] 
Yli,O(t) - lcJ_cr/

2 
Zli,O(w,t) exp(jwt)dw cosw0t, i = O • . .. ,N- l 

r 1 ,-al2+c ] 
= -lzJ z2i 0(w,t) exp(j j)t)dw sinw 0t, i = op .. ,N- 1 

-a/2 ' 

where {Z . 0(w,t)} , m= 1, 2, i = O, ... ,N- 1, are the of 
ml ' 

(14a) 

(14b) 

N-1 . 
L: (-1) 1 exp(-j( w+rc)hlwoJ z1i 0(w,t) = exp(jrct), r= O, ... ,N- 1 (15a) 

i=O ' 

N-1 . 
L: (-1) 1 exp(-j(w+rc)(2:i+1)nl2w 0] z2i,-O(w,t) = exp(jrct). r= O, ... ,N-1 {15b) 

i=O 

in -cr/2< w < -a/2 +c. Note that, since 

cos _ .
1 

nk cos 
sin lwa(t - n TN) = (-1) sin {16) 

we obtain the separate interpolation formulas 
N-1 oo 

1. (t) ( 1)nk ( T . I ) ( T ) x =.L: L: - x n N- 1n w0 z1i,O·t- n N 
1=0 n=-oo 

(17a) 

N-1 oo 
q x ( t) = . L: L: ( -1 ) n k x [ n T N - ( 2 i + 1 ) 11 I 2w 0] z 2 i , 0 ( t - n T N ) 

1=0 n=-oo 
(17b) 

where 
= _cl J-a/2+c 

zmi,O(t) Zmi,O(w,t) exp(jwt)dw, m=l, 2; n = O, ... ,N-1 
-a/2 

(18) 

It is possible to simplify the obtention fo {z . 0(t)}, m= 1, 2, m1, 
i = O, ... ,N- 1, introducing the functions 

Ali,O(t) = (-1); exp(-jwinlw 0 ) Zli,O(w,t) 

A2;, 0(t) = (-l)i exp(-jw(2i + 1)1T/2w 0]Z2;,o(w,t) 

the systems (15a, b) become 

N-1 . 
L: 

0
(t) = exp(jrct), r = O, ... ,N-1 

i=O 1
' 

N-l r( i+l/2) _ . _ 
L: wk A2. 0(t) - exp(Jrct), r- o, ... ,N- 1 

i=O 1
' 

(19a) 

(19b) 

(20a} 

(20b) 

where wk = exp(-j2nlk) is the k-th root of the unity. In accordance to this, we 
will have 



A2/3/6 

; 1 f-cr/2+c 
z1;,o(t)= (-1)' A1 . 0(t)- exp(jw(t + in/w 0 )J dw = 

1, c -cr/2 

,. 1-(N-l.)/·ry sin[cr(t+ in/w 0)/2N) 
= (~1) A1i,O(t)wk '- cr(t+ iTI/wo)/2N exp(-j N?Nl crt), i= O, ... ,N-1 

(21a) 
i 1 -o/2+c _ 

z2. 0(t)= (-1) A2. 0(t) -1 exp{jwlt+ (2i+ 1)-.r/Zw ~ }dw = 1, 1, c _012 

i (ii(N-1)/2 sin{cr(t+ (2i+ 1)TI/2w0]/2N } . N- 1 = (-1) A2; 0(t)wk ( J exp(-J --v:r-crt), i=O, ... ,N-1 
' a t + ( 2 i + 1 ) crI 2w 0 /2 N · 

(21b} 
(17a, b) (with (20a, b) and (21a, b)) constitute the generalization 

of Grace-Pitt-Brown•s bandpass sampling technique. 

Ill. AN ILLUSTRATIVE EXAMPLE 

If N = 2, systems (20a, b) will become 

{ 

AlO,O(t) + A11 , 0(t) = 1 

A10 ,0(t) + wk A11 ,0(t) = exp(jcrt/2) 

{ 

A2o,o(t) + A2l,O(t) = 1 

1/2 3/2 ( ) ( ) wk A20 ,0(t) + wk A21 , 0 t = exp jot/2 

from which 

A10 ,0(t) = (exp(jcrt/2) - wk] /(1 - wk) 

A11 ,0(t) = (1 - exp(jcrt/2)] /(1 - wk ) 

A20 ,0(t) = [exp(jcrt/2) - w~/ 2 ] ;wt/2(1 - wk) 

A21 ,0(t) = (wt/2 - exp(jcrt/2)] /w~/ 2 (1- wk) 

(22a) 

(22b) 

(23a) 

(23b) 

(23c) 

(23d) 

introducing these values in (21a, b) and operating, the interpolation functions 

result 

= sin(crt/4 + n/k) sin(ot/4) 
sin (n/k) crt/4 (24a) 

= sin(ot/4) sin(o(t +n/w 0 )/4] 
sin (n/k) cr(t+ n/ w0 )/4 (24b) 

r ~ - -- --- --·- -- ---- - - · - ----



z20,0(t) 
sin(0t/4 + 3n/2k) sinl0(t + n/2wo)!4i 

sin(n/k) 0(t + n/2w 0 )/4 
(24c) 

Zzl,O(t) = 
sin(0t/4 + n/2k) sin[0(t + 3n/2w 0 )/4J 

sin(n/k) 0(t + 3n/2wo)/4 
(24d) 

and inserting them in (17a, b) with N = 2, TN = T2 =n/20 , we obtain the correspond
ing separate interpolation formulas. 

CONCLUSIONS 

We have generalized Grace-Pitt-Brown's quadrature bandpass sampling 
method, introducing the following procedure: it is possible to recover separately 
the lowpass components of a band-limited bandpass signal x(t) from the samples 
of {x(t- in/wo)} ' {x[t -(2i + l)n/2wJ} ' i = o, ... ,N- 1, (where Wo is the center 
angular frequency of the signal) taken at a rate 1/TN = a/2nN (where 0 is the 
angular bandwidth of the signal) when w0 =ka/2N. 

Generalizations of this result to transforms that correspond to 
zero quadrature and zero in-phase component impulse response systems are also 
possible. 
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