advective model. Since the viscosity jump across the material interface produces a discontinuity in the derivatives of
the velocity, we use the eXtended Finite Element Method
(X-FEM) [6,7] to interpolate the velocities, adding a functional enrichment via the partition of unity method. The XFEM approach has already been used to solve multiphase
Stokes ﬂows in other contexts (e.g. [8]).
The remainder of the paper is structured as follows. Section 2 is devoted to present the problem to be solved and to
highlight the main assumptions and simplifying hypotheses. The proposed numerical methodologies are described
in Section 3. A validation test is used in Section 4 to demonstrate the performance of the numerical solver of the
mechanical problem and its desirable features. Finally, a
number of simulations of subduction mechanisms for a
set of diﬀerent parameters is analyzed in Section 5.

erned by the Stokes equation. Due to geophysical
timescales and the viscosity orders of magnitude involved
in this problem, dimensional analysis results in an extremely large Prandtl number (Prandtl number 1024).
Therefore the inertia term is neglected and Stokes equation
is considered in its quasi-static version:
r  ðgrs uÞ þ rp ¼ qg;
r  u ¼ 0;

ð1aÞ
ð1bÞ

where u is the velocity, g the viscosity, p the pressure, q the
density, and g the gravitational acceleration vector. The
operator $s is deﬁned as 1/2($T+$).
The nonlinear behaviour is introduced by the dependence of g on the solution u and p. Moreover, g is also a
function of the temperature, and consequently the mechanical and thermal problem are coupled. Material properties
are discussed in Section 2.3.
The transient equation (1) is said to be pseudo-static
because it does not contain any explicit time dependence.
The transient character of the solution is due to the motion
of the phases and temperature ﬁeld evolution.

2. Problem statement
The subduction process is a complex phenomenon in
which some of the Earth’s uppermost layers (lithospheric
plates) penetrate into the Earth’s interior (upper mantle).
The mechanical behaviour of the system is modelled as a
two-phase incompressible ﬂuid governed by the Stokes
equation. This approach is standard in subduction models
(e.g. [9,10]) because at the time-scale of the subduction phenomenon, the Deborah number is very small (lower than
4.55 · 10 4). The diﬀerent ﬂuid phases represent the tectonic plates and the underlying mantle. Although they
are modelled as a ﬂuid, tectonic plates are stiﬀ and can
transmit stresses over long distances. This behaviour is
obtained by imposing a high viscosity contrast between
the phases. In reality, the viscosity of the plates is usually
two to four orders of magnitude higher than the viscosity
of the upper mantle. As previously mentioned, incompressibility for both phases is assumed.
Since the physical properties of rocks depend on temperature and pressure, subduction processes are highly inﬂuenced by their thermal state. In the domain under
consideration, both temperature and pressure show drastic
variations. For instance, in the upper 700 km, temperature
and pressure increase with depth, respectively, from 273 K
and 0 GPa at surface, to approximately 2000 K, and
24 GPa at the bottom. These extreme variations in temperature and pressure result in very diﬀerent mechanical properties of the materials. For instance, the density of two
chemically identical rocks, one near the surface and
another at 700 km depth, may vary from 3200 kg/m3 to
4900 kg/m3. The rheological and thermal behaviour of
the rocks are also imbricated. Consequently, in order to
realistically simulate subduction phenomena, the mechanical and thermal models have to be coupled.

2.2. Thermal model
The standard heat equation reads
qC p ðT_ þ urT Þ ¼ r  ðkrT Þ þ qf ;

ð2Þ

where T is temperature, Cp the isobaric heat capacity, k the
thermal conductivity, and f fr + fsh a heat source term.
The later has two diﬀerent components: the constant term
fr corresponds to the decay of radioactive elements uranium, thorium and potassium and the shear heating term
fsh is associated with the mechanical heat dissipation. It is
computed from the solution of the mechanical problem
(1) as fsh ¼ rij e_ ij , where r is the deviatoric stress tensor
r ¼ 2g_e
and e_ is the strain rate tensor
T
e_ ¼ 1=2ðru þ ðruÞ Þ:

The dimensional analysis of Eq. (2) reveals that the convective term is three orders of magnitude larger than the
diﬀusive term (associated with k). The thermal problem
to be solved is therefore convection dominated.
2.3. Material parameters
The rheological and thermal properties of rocks are
functions of temperature, pressure, and in some cases,
strain rate. As a consequence of these dependencies, the
mechanical and the thermal problem are two-way coupled.

2.1. Mechanical model

2.3.1. Density
The proper assessment of the density q is essential to the
accurate simulation of subduction. In fact, the driving
force is in this case generated by the contrast between the

As already mentioned, the mechanical part of the subduction system is modelled as an incompressible ﬂuid gov2

density of the cold subducting plate and the hot upper
mantle. The resulting pulling force on the oceanic plate is
of major importance in the system. The density is represented as a function of temperature and pressure by the following expression [11]:
q ¼ q0 ½1  aðT  T 0 Þ½1 þ bðp  p0 Þ;

2.3.2. Thermal conductivity
The thermal conductivity of rocks also depends on temperature and pressure. At high temperatures (T P 1500 K)
the electromagnetic radiation becomes important enough
to be included as an extra heat transfer mechanism [12].
The following empirical expression, which includes both
conductive and radiative eﬀects, is used (see [13]):


b
expðdpÞ;
ð4Þ
k ¼aþ
T þc

ð3Þ

where a and b are, respectively, the thermal expansion and
compressibility coeﬃcients, and T0 and p0 are reference values at surface.
A mineral phase diagram indicates which are the stable
mineral phases at any given temperature and pressure. The
equilibrium Clapeyron line separates the stability ﬁelds of
the three possible phases. That is, if two points (in the temperature pressure plane) are at diﬀerent sides of the line
given by the Clapeyron slope, then they correspond to different minerals. In this context, for our practical purposes,
the phase diagram is divided into three regions corresponding to three minerals: olivine, spinel-structured olivine, and
perovskite as shown in Fig. 1.
Two major mineralogical phase transitions occur, one at
410 km depth and other at 660 km depth (other deeper
transitions run outside the domain under study). The density increases discontinuously across these phase transitions. In order to take into account the eﬀect of these
discontinuities, the density q0 in Eq. (3) is taken as a reference density plus an increment Dq, i.e.

where a 0.73, b 1293, c 77, and d 0.00004, see [9].
Note that this expression is dimensional (W m 1 K 1) and
therefore temperature and pressure have to be expressed in
K and MPa, respectively.
2.3.3. Viscosity
The mantle is assumed to behave mechanically as a nonNewtonian ﬂuid with an average viscosity of 1021 Pa s.
Note that, compared to the viscosity of honey at room temperature (19 Pa s), the mantle viscosity is 20 orders of magnitude larger.
The following power-law expression is used to describe
how the viscosity depends on temperature, pressure, and
strain rate [14]


1 n
1
E þ P DV
;
ð5Þ
gcreep ¼ ð_eII Þ 2n F ðAD Þ n exp
nRT
where e_ II ¼ 12 e_ ij e_ ij is the second invariant of the deviatoric
strain rate tensor, and the material parameters are: the activation energy E, the activation volume DV, the material
constant AD, the stress exponent of the power-law n, and
a dimensionless coeﬃcient F, depending on the dominating
ﬂow regime (F 2(1 2n)/n for simple shear). This expression
is truncated if the resulting viscosity exceeds a predeﬁned
threshold or is lower than a minimum value.

q0 ¼ qol þ Dq;
where
8
>
<0
Dq ¼ Dqes
>
:
Dqper

if T  p is in the olivine region;
if T  p is in the spinel region;
if T  p is in the perovskite region:

2.4. Initial and boundary conditions
x 104

The complete problem statement requires appropriate
initial and boundary conditions for Eqs. (1) and (2).
The boundary conditions for the mechanical problem
(1) are described in Fig. 2a. The velocity is imposed on
the top of the domain. It is set to be zero on the left half,
and it is given certain horizontal velocity on the right side.
At the center point between these two domains, a downward velocity (55 with the horizontal) is prescribed. A free
slip condition is adopted at the bottom (uz 0, zero shear
forces). Along the laterals, labeled as Cs on Fig. 2a, periodic boundary conditions are imposed. This allows material to ﬂow trough the sides of the model in a conﬁned
domain. Finally, as a reference for the pressure ﬁeld, a
node on the surface is set to have null pressure.
The model domain is a 2D, 1000 km depth and 8000 km
wide rectangle. The initial thermal state corresponds to
that of a 100 km thick oceanic plate subducting beneath
another plate with identical features (shown in Fig. 2b).
The location of the material interface and the velocity ﬁeld
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Fig. 1. Phase diagram indicating stable mineral phases in the tempera
ture pressure plane. The phase diagram is divided into three regions
corresponding to three distinct minerals: olivine, spinel and perovskite.
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tion). However, as demonstrated in the examples and in the
test in Section 4.1, for the current application this method
is suﬃciently accurate and it does not require any post-process to reconstruct the distance shape.
The level set approach may describe changes in the
shape (topology) of the phases. In practice, this allows
the representation of detaching drops, merging bubbles,
breaking sets, etc. This feature of the level set method is
of great interest when used to model subduction processes.
In some cases the slab may break oﬀ and separates from
the surface plate sinking into the mantle. This topology
change in the interface can be represented by the level set
function.

uh ðx; tÞ ¼

X
j2Nlin

and
ph ðx; tÞ ¼

X

S

uj ðtÞN j ðxÞ þ

j2Nlin

aj ðtÞM j ðxÞ

ð12Þ

j2Nenr

Nbub

pj ðtÞN j ðxÞ þ

X

X

bj ðtÞM j ðxÞ;

ð13Þ

j2Nenr

where Mj(x) R(x)Nj(x), and aj and bj are the additional
degrees of freedom for velocity and pressure, respectively.
A compact expression of the interpolation of velocity
and pressure is used in the following:
uTh ðx; tÞ ¼ Nu U

ð14Þ

and
3.2. Space discretization

ph ðx; tÞ ¼ Np P;

The Stokes problem (1) is discretized using a mixed formulation, that is u and p are interpolated diﬀerently. The
stability of such a mixed formulation is guaranteed if the
LBB condition is fulﬁlled. Here the well-known mini element [15] is used: this triangular element passes the LBB
condition and has four nodes for the velocity (three at
the vertices with linear shape functions and one at the center with a cubic bubble function) and three pressure nodes
(piecewise linear interpolation).
Thus, denoting by Nlin the indices associated with the
vertex nodes and Nj, for j 2 Nlin , the corresponding shape
functions, the interpolated pressure is
X
N j ðxÞpj ðtÞ:
ð8Þ
pðx; tÞ ’ ph ðx; tÞ ¼

where
Nu ¼ ½N 1 ; N 2 ; . . . ; N nu ; M 1 ; . . . ; M ne ;
U ¼ ½u1 ; u2 ; . . . unu ; a1 ; . . . ; ane T ;
Np ¼ ½N 1 ; N 2 ; . . . ; N nlin ; M 1 ; . . . ; M ne ;
T

P ¼ ½p1 ; p2 ; . . . ; pnlin ; b1 ; . . . bne  ;
S
where nu ¼ cardðNlin Nbub Þ, nlin ¼ cardðNlin Þ and
ne ¼ cardðNenr Þ.
Note that the vector of unknowns U is deﬁned as a
(nu + ne) · 2 array and therefore is not suitable as an entry
in a linear system of equations. In order to properly write
the matrix form of the system, U has to be reshaped as

j2Nlin

T

Urs ¼ ½ux1 ; uy1 ; ux2 ; uy2 ; . . . ; uxnu ; uynu ; ax1 ; ay1 ; . . . ; axne ; ayne  ;

The interpolation of the velocity also includes the bubble
degrees of freedom Nj for j 2 Nbub , namely
X
uðx; tÞ ’ uh ðx; tÞ ¼
N j ðxÞuj ðtÞ:
ð9Þ
S
j2Nlin

which is a 2(nu + ne) · 1 vector. According to this reshape,
a similar reordering has to be done in Nu in order to obtain
an expression analogous to (14), namely


N 1 0 N 2 0 .. . N nu 0 M 1 0 ... M ne 0
rs
Nu ¼
:
0 N 1 0 N 2 .. . 0 N nu 0 M 1 ... 0 M ne

Nbub

The level set formulation is interpolated in terms of the linear degrees of freedom
X
N j ðxÞ/j ðtÞ:
ð10Þ
/ðx; tÞ ’ /h ðx; tÞ ¼

Nrs
u is a 2 · 2(nu + ne) matrix. It is worth noting that the
number of enriched nodes, ne varies along time as the interface described by the level set is transported. Consequently,
the size of Urs and Nrs
u changes.
Problem (1) is discretized in space using the interpolation introduced above and the Galerkin formulation. The
resulting system of algebraic equations reads

j2Nlin

In order to improve the ability of the interpolation to represent the gradient discontinuities across the interface, the
interpolation of the velocity and pressure are enriched
using a partition of the unity approach and a ridge function
R, deﬁned by



X
X


ð11Þ
j/j jN j ðxÞ  
/j N j ðxÞ:
RðxÞ ¼


j2N
j2N
enr

ð15Þ

Ku Urs þ GTu P ¼ f u ;
Gu Urs ¼ 0;

enr

where the matrices Ku, Gu and fu are deﬁned as
Z
BT gB dV ;
Ku ¼
X
Z
Gu ¼  NTp qðr  Nrs
u Þ dV ;
Z X
T
f u ¼ ðNrs
u Þ qg dV :

Note that R is deﬁned such that is only diﬀerent from zero
in the elements containing part of the interface [7]. The
enrichment aﬀects only the degrees of freedom corresponding to the vertex nodes of the elements in contact with the
interface. The set on indices corresponding to such nodes is
denoted as Nenr . Thus enriched interpolations of velocity
and pressure are expressed as

X

5

ð16aÞ
ð16bÞ

where the gravity vector g used in fu is the column vector in
the right hand side of Eq. (1a). The gradient matrix B is deﬁned as

M/ /_  G/ / ¼ 0;

e 1; . . . ; B
e n ;
B ¼ ½B1 ; B2 ; . . . ; Bnu ; B
e
2 oN i
2 oM i
3
0
ox
ox
6 1 oN i 7
6 1
e
6
6
7
Bi ¼ 4 0 ox2 5 and B i ¼ 4 0

NTT NT dV ;
Z
G/ ¼  NTT uT ðrNT Þ dV :

oN i
ox2

oN i
ox1

oM i
ox2

0
oM i
ox2
oM i
ox1

where
M/ ¼

3
7
7:
5

3.3. Integration quadrature for the multiphase elements
In the elements cut by the level set, the functions to be
integrated are discontinuous because the material properties are diﬀerent at diﬀerent sides of the level set. The standard Gauss quadratures used in the FE context are not well
suited to integrate these discontinuous functions. There are
two alternatives to obtain an accurate response in the multiphase elements: either to use a very large number of integration points or to decompose the element into simple
one-phase subdomains for integration purposes. Here, we
choose the second option because we are using triangular
elements in 2D. Probably in more complex situations, especially en 3D, using a large number of integration points is
advantageous because it precludes a complex coding that
must account for all the possible geometrical
conﬁgurations.
The multiphase elements are easily detected because
they have nodal values of the level set with diﬀerent sign.
In 2D, linear triangles may be decomposed in two ways.
If the straight interface contains one of the nodes (the level
set is zero in this node) the triangle is cut in two triangles. If
not, the three nodal values are nonzero and the interface
cuts two sides of the triangle. In this second case, the triangle is split in a new triangle plus a quadrilateral (which is
cut into two triangles).
The implementation of this kind of quadrature requires
using a numerical criterion to detect the intersection
between the element and the interface. The results are sensitive to the tolerance used to detect if some point lies in the
interface. This is because the ridge function takes a very
small value when the level set is close to a node. In this case
enriching the solution results in a ill-conditioned problem
because the coeﬃcient associated with the enriched part
of the solution must compensate the tiny values of the ridge
function. Here, the tolerance is set to a 10 percent of the
element size.

i2Nlin

where
NT ¼ ½N 1 ; N 2 ; . . . ; N nlin ;
T

T ¼ ½T 1 ; T 2 ; . . . ; T nlin  :
And the system of ordinary diﬀerential equations resulting
from the spatial discretization (17) reads

MT ¼
GT ¼

Z
Z

ð20bÞ

X

The discretization of the thermal problem (2) is performed
using the linear interpolation, in a similar way as with pressure. The thermal conductivity is not expected to be discontinuous across the interface and therefore the interpolation
is not enriched. The approximation of the temperature is
X
N i ðxÞT i ðtÞ ¼ NT T;
ð17Þ
T ðx; tÞ ’ T h ðx; tÞ ¼

where

ð20aÞ

X

Note that the spatial derivatives of Mi contained in matrie i , for i 1, . . . , ne account for the enrichment and deces B
pend on the level set /. Therefore, the chain rule must be
employed to evaluate those derivatives.
Eq. (16) are compacted in the following block matrix
form [15]
"
#
  
Urs
fu
Ku GTu
¼
:
P
0
Gu 0

MT T_ þ GT T ¼ KT T þ f T ;

Z

ð18Þ

NTT qC p NT dV ;
X

qC p NTT uT ðrNT Þ dV ;

X

Z
T
KT ¼ ðrNT Þ krNT dV ;
ZX
NTT q dV :
fT ¼
X

The level set is discretized in space using a linear interpolation (same as with temperature)
X
N i ðxÞ/i ðtÞ ¼ NT /;
ð19Þ
/ðx; tÞ ’ /h ðx; tÞ ¼

3.4. Time discretization
The level set function tracking the interface is updated at
each time step by the transport equation (7), which is
rewritten as

i2Nlin

where
T

/ ¼ ½/1 ; /2 ; . . . ; /nlin  :

/_ ¼ U  r/:

The transport equation of the level set (7) is discretized
using (19) and yields

This equation is integrated upon time using a two-step
third order Taylor Galerkin method (2S-TG3), namely
6

lithosphere and the upper mantle. Note that this interface
is described by the level set function.
The slab dip is computed at many stages in each simulation. Fig. 6 shows the ﬁnal dimensionless temperature distributions for ﬁve diﬀerent simulations, and the slab dip
measurements. Due to the extremely low conductivity,
the temperature ﬁeld is a good proxy for identifying the
slab geometry.
Fig. 7 shows the results of a set of numerical simulations
in terms of slab dip and convergence rate: every circle in the
plot corresponds to a speciﬁc measurement in each simulation, all with diﬀerent conditions. A clear correlation is
found: high velocities are associated with low subduction
angles. Taking into account all the velocity-dip measurements (a grand total of 412 corresponding to 39 diﬀerent
simulations) the correlation parameter is R 0.71. The
same analysis performed only with the measurements taken
after a period of constant velocity (at the end of the simulation or before the velocity change, that is 61 measures)

5. Application example
The convergence of two tectonic plates is simulated to
model the subduction process, where one moving plate
bends and sinks below the other plate. The relative velocity
of convergence between tectonic plates is called convergence rate and does not refer to the approximation properties of any particular numerical scheme. The goal of the
simulation is to ﬁnd a relationship between the convergence rate and the geometry of the subducted oceanic plate
(slab). The geometry of the slab is parameterized by the
slab dip (angle with respect to the horizontal) and the curvature at the discontinuity occurring at the depth of
660 km.
Observations of real subduction zones reveal that the
slab dip increases gradually from the surface to a depth
of 80 150 km. Below this depth, it remains almost constant
down to the limit between the upper and the lower mantle
at 660 km depth, where the slab may deﬂect [16].
The problem statement is illustrated in Fig. 2a. The simulation is performed to reproduce approximately 1360 km
of plate convergence, that is, one plate moves 1360 km
against the other. The velocity of the plates at the surface
is imposed by the boundary conditions, as explained in Section 2.4. In order to test the inﬂuence of the velocity in the
slab dip, the surface velocity is changed during each simulation. Three diﬀerent realistic values for the velocity are
used: low (2.5 cm/yr), moderate (5 cm/yr) and high
(10 cm/yr). Each simulation uses two of these velocities.
The transition from one velocity to another is either gradual or sudden.
The slab dip is computed between 200 and 400 km
depth. Ignoring the upper 200 km precludes the inﬂuence
from the shallow dip, possibly biased by the surface boundary conditions. The lower 400 km limit is above the curved
part of the slab caused by the deﬂection at 660 km.
The slab dip is computed by a linear least squares ﬁtting
of the position of the interface between the subducted
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Fig. 7. Velocity dip values.

Fig. 6. Final temperature distributions (dimensionless) resulting in ﬁve diﬀerent simulations. Complete computational domain (a) and zoom into the zone
of interest (b) (f). The slab dip is indicated for each simulation.
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We interpreted that two forces are in competition to
control the dip: the viscous force of the mantle resisting
the slab penetration, which depends on the plate velocity,
and the mass excess caused by the lateral density contrast,
depending on the temperature contrast between the slab
and the mantle (the slab-pull force). If, as it is found in
the present simulations, the velocity correlates with the slab
dip, the mechanical viscous forces have a greater inﬂuence
in the slab geometry than the gravitational forces. The
eﬀect of the thermal state is in this case of second order.
6. Concluding remarks
A numerical model of the tectonic plate subduction is
presented.
The physical model accounts for the complexity of this
natural system and its main features are summarized in
the following points:
• the pseudo-static mechanical problem (inertia terms are
neglected and therefore no time derivatives appear) is
governed by the Stokes equation, being a two-phase
ﬂuid with a sharp viscosity contrast,
• highly-nonlinear rheology,
• two-way mechanical thermal coupling, being the thermal problem advection dominated and with a heat production term associated with shear eﬀects, based on
strain rate,
• the physical properties depend on both temperature and
pressure.
The resulting model is numerically solved using the
X-FEM approach for the space discretization and explicit
time-marching schemes which handle properly the advective character of the problem.
The results of the numerical tests allow assessing the
relation between the plate convergence velocity and the
subducted plate dip. These observations are relevant for
the geophysical interpretation of the model. A clear correlation between these subduction parameters is found and it
is concluded that the mechanical viscous forces have a larger inﬂuence on the dip than the thermal forces. These con-
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clusions may be extended to assess the origin of the driving
forces of the plate motion in the subduction zones.
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