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Abstract

Here we consider a class of generalized linear chains; that is, the ladder—like chains
as a perturbation of a 2n—path by adding consecutive weighted edges between opposite
vertices. This class of chains in particular includes a big family of networks that goes
from the cycle, unicycle chains up to ladder networks. In this paper, we obtain the
Green function, the effective resistance and the Kirchhoff index of those ladder—like
chains as function of the the Green function, the effective resistance and the Kirchhoff
index of a path.
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INTRODUCTION

The Kirchhoff Index was introduced in Chemistry as a better alternative to other parame-
ters used for discriminating among different molecules with similar shapes and structures;
see’ . Since then, a new line of research with a considerable amount of production has been
developed and the Kirchhoff Index has been computed for some classes of graphs with sym-

87 and the references therein. This index is defined as the sum of

metries; see for instance
all effective resistances between any pair of vertices of the network and it is also known as
the Total Resistance;? .

To find the Kirchhoff index of a general network has a high degree of computational
complexity. Hence, it is of interest to find closed formulae for the effective resistance and
the Kirchhoff index. Some works have been published in this direction, for networks such
that cycles, hexagonal chain, distance-regular graphs, see.One can also raise the problem of
computing the Kirchhoff index of composite networks in terms of factors, .

In this work we deal with the computation of Green function, effective resistance and
Kirchhoff Index of generalized linear chain. These networks can be obtained from a 2n path
by adding edges between opposite vertices. Hence, they are a perturbation of the path and
we can apply the result obtained in® to obtain the desired parameters.

Let T' = (V, E, ¢) be a network; this is a simple and finite connected graph with vertex
set V'={1,2,...,n} and edge set F, where each edge (i, 7) has been assigned a conductance
¢;; > 0. Moreover, when (i, j) ¢ E we define ¢;; = 0, in particular ¢;; = 0 forany i = 1,...,n.
The (weighted) degree of vertex i is defined as 6; = 37, cij.

The combinatorial Laplacian of I' is the matrix L, whose entries are L;; = —c¢;; for all

1 # 7 and L;; = §;. Therefore, for each vector u € R™ and for each i =1,...,n

(LU)Z = 51161 — Z Cij = Z Cij (ul — 'LL]').
j=1 7=1

It is well-known that Lu = 0 iff u = ae, a € R and e is the all-1 vector. Moreover, the
multiplicity of 0 as eigenvalue of L is equal to the number of connected components of I'. As

I" is connected, the projector onto the trivial eigenspace is J/n, where J is the all-1 matrix,



consequently (L + J/n) is non—singular and we define the Green matrix of I' as
G=(L+J/n)"t—1/n.

In other words, GG is the Moore—Penrose inverse of the Laplacian matrix L.

For any pair ¢, j € V, the effective resistance between i and j is defined as R;; = u; — uy,
where u € R" is any solution of the linear system Lu = e’ — e/, where e’ denotes the ith
unit vector with 1 in the ¢th position and 0 elsewhere. Note that R;; does not depend on

the chosen solution and in addition, the following equality holds,?

It is well-known that, for any 7, j,k € V the triangular inequality R;; < R, + Ry; is an
equality iff k& separates vertices ¢ and j. The Kirchhoff index of T is the value!?
L& n
k:iz:Rij:nZGii. (2)
ij=1 i=1

In order to define the objects we are going to work with, we first consider a fixed a path P
on 2n vertices, labelled as V' = {1,...,2n}. The class of generalized linear chains supported
by the path P, denoted by L,,, consists of all connected networks whose conductance satisfies
that ¢; = ¢j501 > 0fori=1,...,2n—1, a; = ¢jopr1—; > 0 forany i = 1,....,n — 1 and
¢;j = 0 otherwise.

We define the link number of ' as s = |{i = 1,...,n — 1 : a; > 0}| which corresponds
with the numbers of holes or quadrangles. So, the link number of I' € L, equals 0 iff
a; = -+ = a,_1 = 0; that is, iff the underlying graph of I is nothing but the path P. On the
other hand, if the link number of I' is positive there exist indexes 1 <i; < - <i, <n—1
such that a;, > 0 when k =1,...,s, whereas a; = 0 otherwise, see Figure 1.

Generalized linear chains with link number s = 1 are unicycle. In particular, the 2n—cycle
corresponds to the case a; > 0and a; =0, 7 = 2,...,n—1. A generalized linear chain whose
link number equals n — 1 is called a linear chain or ladder in the Graph Theory framework.

Let G and R be the Green function and the effective resistance of the path P. Since each

interior vertex in a path is a cut vertex, we get

R’Lj = Rmin{kﬂ'} min{k,j} + Rmax{k,i} max{k,j}> i7j7 k= 17 R 2n. (3)
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2n m — 2n+1—1y n+1

Figure 1: A Generalized Linear Chain

The authors proved in? that for any 7,7 = 1,...,2n, the Green function of a path is

min{i,j}—1 2n—1 max{i,j}—1
1 k? (2n — k)* k(2n — k)
G = — — E —_— = E | >
J 4n? Z Ck * . Ck ray Ck
k=1 k=max{i,5} k=min{%,j}

where we use the usual convention that empty sums are defined as zero. Therefore, the

effective resistance and the Kirchhoff index of the path are,

max{%,7}—1 In—1
1 k(2n — k
R;; = Z —, 4,j=1,....2n and k= L
Cr CL
k=min{s,j} 1

Moreover, for a path with constant conductances, the expression of the Green function is

Gy = [(2n+ 1)(dn+1) + 3<i(i — 2 — 1)+ j(j—2n—1) — 2nli —jm

12nc

and hence, k = %(4712 —1) and R;; = [ ; J| for any i,5 =1,...,2n.

Given I" € L,, we denote its Green function as G'. If " has positive link number
s and {zj} _; Is its link sequence, then the combinatorial Laplacian of I' appears as the
combinatorial Laplacian of the weighted path perturbed by adding for all j = 1,...,s, an
edge with conductance a;; between opposite vertices i; and 2n + 1 — i; 45,

Since we interpret a generalized linear chain as a perturbation of the path by adding
weighted edges between opposite vertices, we use® Theorem 2.1 to obtain the Green function,
the effective resistances and the Kirchhoff index of such a chain. To this end, we consider the
(s x s)-matrix A with entries Aj, = Vi, @iy, Runasc{i; ir} 2n4+1-max{i; i} and we take into account

that | + A is non-singular because it is positive-definite. Let M be its inverse.
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For any j =1,...,2n, we define the vector v; whose components are

:@[RQTH*lfikj_Rikj]? k‘:l,...,sa (4>

ij 9

2n
and also the vector u; = Mv;. Moreover, we consider the vector r = 7 E Vj.
n
—

According to the previous notation, the Green function, the effective resistance and the

Kirchhoff index of a generalized linear chain, are given by the following result.

Theorem 1 For anyi,j =1,...,2n, we get
GZ :Gij — (I\/I(r—vl-),(r—vj)> and R{] :Rij — <<UZ'—U]'),<VZ‘—V]‘)>.
In particular, the Kirchhoff index of the generalized linear chain is given by

2n
k" =k 4 4n*(Mr,r) — 2n Z(uj,vj>.

j=1

Identity (3) allows us to give nice expressions for vectors v; and r. To do this, it is useful
to define for any h = 1,...,n— 1, the function ¢,,: {1,...,2n} — {h,...,2n+1—h} given
by

h, 1<j<h,
on(j) = 7, h<j<2n+1-h,
2n+1—h, 2n+1—h <75 <2n.
Clearly, ¢, is nondecreasing and moreover, given 7,k = 1,...,s, we have that

Njr = \/&ij&ikR@k (i5) $ip, 2n+1—ij) = \/GijaikR@j (ix) ¢i; (2n+1—iy)-

Lemma 2 For any k=1,...,s, we have
Vik = \/;Tk |:Rik onti—i, — 20, ¢ik(j):|7 1<j<n,
Vi = \/;_ik |:2Rq$ik(j)2n+1—ik - Ry, 2n+1fik]7 n+1<j<2n,
Vik — Vjk = \/;TkR@-k(i) B3y, () I<i<y<2n.



A /aik s
R;, 2n+1—ik>k71; Vi = Vi and Vonti1—j5 = Vanitl—i for

\/a_z (j—n)

In particular, —vop41-i, = Vi; = (

, which in turns implies

any 1 < 7 <1iy. Moreover, ry =

2n—iy, 2n—ig
\/ @iy, 1
e — Vjk = ~o— E =z _on E — |, 1<j<2n.

Unicycle linear chains

In this section we obtain the Green function, the effective resistance and the Kirchhoff index
for unicycle linear chains; that is, for those generalized linear chains whose link number
equals one. Therefore if 7; = h, then we add an edge with conductance ¢, = a5 > 0 between
vertices h and 2n 41— h. Since s = 1, the computation of M and uj;, j = 1,...,2n, is

straightforward. Thus,

1 2n—h 1
I+ A =1+ conBhons1-n = Con | — + ] (5)
Con &
j=h
Moreover, for any i,j = 1,...,2n, we have the following useful version of Identity (3),
Rij = Ruin{hs} min{h,j} T Bmax{2nt+1-h,i} max{2nt+1-h,j} T By () én()- (6)
Proposition 3 For anyi,j =1,...,2n, we get that
[min{i,j}—1 an—1 max{i,j}—1
1 k2 (2n — k)* k(2n — k)
G = — = ANV Mmert T
| k=1 k=max{i,j} k=min{:,j}
1 B 1 2n—nh 1 -1 [2n—n 2n—h 2n—nh 2n—h
iy Q+Za Z——Q”Z Z——Q“Z
L k=h k=h k= (i k=h k= ¢h(]
min{h,max{%,j}}—1 1 max{2n+1—h,i,j}—1 1
R = — -
K Z o Ck - Z oo Ck
k=min{h,i,j} k=max{2n+1—h,min{i,j}}
on—h =1 ¢ (max{i,j})—1 1 1 ér(min{i,j})—1 1 2n—h 1
R o B D SR IE T A SR TR S
k=¢p (min{i,j}) k=h k=¢n (max{i,j})



In particular,
2n

k(2n — k)

kl' = _

>

k=1
1 Qn—hl -1 thk’ 2 2n—h [2n—h 2 2n—h1 2
SR I I SEARE ol hoFc ISR hor
k=h k=h k=h

Proof. For any ¢,7 =1,...,2n, we have

Gl; = Gy — M (r—v;)(r —v;) and R}; = Ri; — M(v; —v;)*.

The expression for the Green function is a consequence of the last identity in Lemma 2,
whereas the expression for the effective resistance appears as a consequence of the mentioned

Lemma and Identity (6).

2n
Finally, since kI’ = 2n Z G]], we have
7=1
-1 2
1 1 2n—h 1 2n 2n—h 2n—h
K'=k— — | —+ — — —2n
ol ; i Zh Z
= J m m=¢p(j
On the other hand,
2n 2n—nh 2n—nh
S X om Y
Jj=1 [ m= h m= ¢h(J
2n—h m 2 2n—h 2n 2n—h
=2 —| —4
: [z m w32
m=h m=h J=1 m=¢y j)
2
2n 2n—nh 1
4n? —
+4n Z o
J=1 | m=¢n(j)
2n—nh 2 2n—h [2n—h 1 2 2n—nh m 2
_4 2 o o 2 o o e
n(h—1) [Z +4n . [Z Cm] 2n [Z Cm] ,
m=h j=h Lm=j =h
since
2n  2n—h 2nh1 2nh2nh1 2nhm
) Z —hZ D DD Dl P
=1 m=¢n(j m= m j=h+1 m=j =h
2 2
2n 2n—nh 1 2n—nh 2n—h [2n—h 1
ol Dol ISR ol B of b oP
J=1 | m=o¢n(j) m m=h m=j M
and hence, the expression for the Kirchhoff index follows. O
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Corollary 4 The Kirchhoff index of an unicycle chain with constant conductances a and ¢

18

o n [(4n* — Dc+a(2(n —h) + 1)(n(2(n — h) + 1) + 4h(h — 1) — 1)]
B 3e(c+a(2(n—h)+1) '

Next, we particularize the above theorem to h = 1 that corresponds to the 2n—cycle. Al-
though the case of cycles with constant weight and conductances is well-known, see for

6

instance®, as far as authors’ knowledge, this is the first time that the orthogonal Green

function for a weighted cycle is obtained.

Corollary 5 The Green function and the effective resistance for the weighted 2n—cycle are

gien by
or 1 “‘i“%“ B 2 (20— k)? ma"%}l k(2n — k)
U 4p2 — Ck; e . Ck; = Ck
| = =max{1,j } k=min{z,j}
[ 2n 1711 2n 2n 2n 2n
1 1 k 1 k 1
= il RANY il L9 il
Lk=1 " = =i = =j
on 1 -1 _max{i,j}—l 1 min{s,j}—1 1 2n 1
r _
mola | AR i 2l
k=1 _k:mln{zd} k=1 k:max{z,]}

Moreover, the Kirchhoff index is given by

g [ 5l

k=1 k=1 k=1 j=1 Lk=j
In particular, if ¢, = c for allk =1,...,2n — 1 and ¢y, = a, we get
G%z1me%%+DMn+1)+3G@—2n—1)+ﬂj—%r—D—QMi—ﬂﬂ
a _ .
_ y P —) [2(n — 1) + 1] [2(n — j) + 1],
r_ i —J|

; (c+a(n—1-1i-),

v cle+a2n—1

and hence,
r n(n® —1)(c+a(n—1))

= 3c(c+a(2n —1))




The last expression, when a = ¢, coincides with the one obtained in®.
To end this section we rise the problem of optimizing the Kirchhoff index of an unicycle

linear chain. Firstly, we assume a = ¢, then for 1 < h <n —1,

K (h) = n(8h3 — 12h%n + 8hn® — 4n® — 12h% + 12hn — 80 + 2h + n + 2) -
N 6a(—1 —n + h)

and its derivative with respect to h is

16h% — 36(n + 1)h2 + 24(n + 1)%h — 4n® — 12n2 — 150 — 4)

(K)'(h) = . 6a(—1—n+ h)?

Let ¢(h) = 16h> — 36(n + 1)h? + 24(n + 1)?h — 4n3 — 12n? — 15n — 4, as

Y'(h) = 48(h — (n+1)) (h_ n—g1)

vanishes only at (n + 1)/2 in the interval [1,n — 1]. Therefore, 1) vanishes at most once in

[1,(n+1)/2] and once at most in [(n+1)/2,n—1]. Moreover, ¢/ < 0 on [(n+1)/2,n—1] and
n+2

(n—1) > 0, then ¢ is positive on [(n+1)/2,n—1]. On the other hand, w(T) =—3an <0
and ¢(n2:2) = Za(n2 + 1) > 0, so the k'(h) has a minimum for h € nl—l) n2:2>
Taking into account that h € 7Z, the minimum value of the Kirchhoff index for unicycle
linear chains is attained for h = [%W . Finally, the maximum is attained for h = n — 1 since
KI'(1) < kF(n —1).

Let us now assume a # ¢, more precisely a = Ac¢ with A # 1. Then, for 1 <h <n —1

KT (h, ) = n(8AR® — 12M(n + A? + 20(4n” + 60+ Dh — AAn*(n+ 1) + A(n+1) — 4 +1).

3c(2hA — 2 n — A — 1)

Let (KY)(h, ) be its derivative with respect to h.
n+1 n+ 2]
"4

and the minimum of the function is attained again for h = {gw On the other hand, for

It can be easily proved that for A > 1, (k')/(h, \) vanishes at the interval |

TN n+2
A < 1 thisis a < ¢, there is a zero of (k') (h, A) in the interval | YRR

when the conductance a is very small compared with ¢, the Kirchhoff index of the unicycle

|. Consequently,

chain is minimum for A~ = 1. In any case, the Kirchhoff index of the unicycle chain with

conductances a and ¢, reaches its maximum for h =n — 1.



Ladder—like chains

A ladder-like chain is a generalized linear chain obtained by adding s consecutive edges,
1 < s <n—h, from vertex h with the same conductance a > 0, to the path with constant
conductance ¢ > 0, (see Figure 2), so iy = h+k—1landa;, =a >0, k=1,...,s. In
particular, when s = n — 1 the corresponding generalized linear chain is nothing else but
a ladder network. In this section, we aim to compute the Green function, the effective
resistance and the Kirchhoff index for the ladder—like chain.

1 h h+1 h+s—1 n

2n+1—nh 2n+2—h—s n—+1

Figure 2: A ladder-like chain

Associated with the ladder—like chain, we consider ¢ = 1+ 2 and we define the following
c

auxiliary function in terms of Chebyshev polynomials

(2(n—h —s) + 1)Vi(q) + 2Uk(q), k>0,
Qr(q) =
2n—h—s+k)+3 k<0,

where Vi(q) = Ug(q) — Ur_1(q) and Ug(q) is the k—th Chebyshev polynomials of second kind,
see” and Annex A. Observe that Qy(q) is defined unambiguously, since Vy(q) = Up(q) = 1.
Moreover, it is clear that {Qx(¢)}x>0 is a Chebyshev sequence. In addition, taking into
account that V(1) =1 and Ug(1) = k + 1 for any k € Z, then

Qr(q) = (2(71 —h—s)+ 1)Vk(1) + 2Ux(1), for any k <0,

which implies that {Qx(¢) }x<o is also a Chebyshev sequence.
From Lemma 2 we get va,,1—; = —v; which leads to ug,41-; = —uj, forany j =1,...,n

and moreover, r = 0. Therefore, for ladder-like chains, Theorem 1 reads as follows.
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Corollary 6 For anyi,j=1,...,n, we get

GiFj = ng+1—i2n+1—j = Gij — (ui, vj),
Gir2n+1—j = ng—l-l—ij = Gigny1-j + (Ui, vj),
Rl = Royi ion1j = Rij — (Ui, vi) — {uj,vj) +2(us, v),
REQn—H—j = Rgn—i-l—ij = Riont1-j — (Ui, vi) — Uz, vi) — 2(ui, vy).
n n
r_ o2 gy .
Moreover, k' = 30(471 1) —4n Z(u],v]>.
7j=1
Notice that in order to compute the Green function and the effective resistance for a
ladder-like chain, it suffices to obtain the values (u;,v;) for any ¢,5 = 1,...,n. Therefore,

the key is to compute M. Applying the results of® Proposition 2.5 we get the following

expression for M.

Lemma 7 IfM = (b;;), then

anin{i,j}fl(Q)stmax{i,j} (q)
Vi(q) +a(2(n—s—h) +1)Us_1(q)

bij = 04 —

c+a2(n—nh)+1)

Notice that when s = 1, the above formula gives b;; = , that coincides

with the inverse of (5) for constant conductances.

Next results are devoted to obtain the vectors v;,uj;, 7 = 1,...,n and their inner product.
Proposition 8 It is satisfied that v; = v, and hence uj = up, 7 =1,..., h. Moreover, for
any j=1,...,nand anym=1,... s, we get

Vjm = % (2(7”6 — Gnam-1(j)) + 1>,

U — ﬁ Vmin{qﬁh(j)—h,m—l}(q)Qs—l—max{¢h(j)—h,m—1}(Q)
2 Vi(q) +a(2(n—s—h)+1)Us_1(q)

Proof. Given j=1,...,nand m =1,...,s, from Lemma 2 we have

£[2n+ 1= i = 2[61,(j) — im] | = \2/—65 20— 61, () +1].

Vj7m =
and the expression for v, ,,, follows bearing in mind that i,, = h +m — 1.
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Since u; = My;, if we consider a = ¢V,(q) + a(2(n — s — h) + 1)Us—1(q), then for

m=1,...,s, we have
uj,m = g(Z(n - (thrmfl(j)) + 1> Qs m Zvlc 1 ( n— (bh‘i’kfl(j)) + 1)

_E£ 1(q) 2 Qs_k(q)(2(”—¢h+k—1<j))H)'

a 2c m k=m+1
The result follows after carefully considering each of the cases 1 < 7 < hjh < j <

h+s—1;h+s—1<j<n and applying Lemma 13 in Annex A.

Corollary 9 Given 1 <1i,5 <n, then
a(2(n—1i)+1)(2(n — j) + 1)Us-1(q)
4eleVi(q) +a(2(n— s —h) + 1)Us—1(q)]

when h+ s < 1,7 <n, whereas

<UZ7VJ>

) CV¢h (min{i,j}) h(Q)QS 1+h—¢p (max{i,j}) (q)
Vi(q) +a(2(n—s—h)+1)Us_1(q)

1
<UZ’, Vj) = 4_0 (2(n - th(max{z,j})) +
otherwise.

Once we have obtained the inner product, the expression for the Green function of a
ladder—like chain is straightforward. Next we compute the effective resistance of a ladder—

like chain according to the position in the path of the involved vertices.

Corollary 10 For anyt,7 =1,...,n, we get

BT — U B li — J| [CVS(‘J) + a(2(n —s—h)+1—]i— j’)Us—l(q)]
5T i T T O B s — )+ DUia@)]

i D[ el - 2 0)U )
i2n+1—j = ont1-ij = c[eVi(g) + a(2(n — s — h) + 1) Us_1(q)]
for h+s<i,7<n and

i — j
2c

Rzrj = Rgn+1—i2n+1—j =
Vmin{i,j}—h(Q) <Qs+h—1—min{i,j}<Q) - Qs-i—h—l—max{i,j} (q>>
4[0‘/3((]) + a(2(n —s—h)+ l)US_l(qﬂ

Qs4h—1-max{ij}(q) (Vmax{i,j}—h(Q) - Vmin{i,j}—h(Q))
4[cVi(q) +a(2(n— s —h) +1)U,-1(q)]

_|_

_|_
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2n 4+ 1 — max{i, j}
R§2n+1fj = RgnJrlfij = 2%

Viningij}—h(q) (Qerhflfmin{i,j}(Q) + Qs+h717max{i,j}(Q)>
4[cVi(q) + a(2(n — s — h) + 1) Us1(q)]

Qs-i—h—l—max{i,j} (Q) (Vmax{i,j}—h<Q) + Vmin{i,j}—h(Q))
4[cVi(q) +a(2(n— s —h) + 1)Us—1(q)]

+
for h <i,7 <h+s.

Proposition 11 The Kirchhoff index of the ladder—like chain is
n(dn*—-1) n

kl' = ” —E[(h+s—1)(2(n—h)+1)—5(3—1)]
+ n[(h - 1)@5—1((]) - f(n7 h7 S)Us—l(q) + g(na h7 S)US(Q)]
[cVi(q) + a(2(n — h —s) +1)Us_1(q)] ’
where
@—h=s)+1)((c+a)s—c) —c(s+1)
f(nhys) = (2¢+ a)
an—h—s+1)(2(n—h—s)+1)(2(n —h—s)+3)
+ 3¢
_ 2cs(n—h—s5+1)
g(n,h,s) = ot a) )
Proof. First, we have
> (ww) = 7=Ueala) Y (2n—5)+1)°
, dea ,
= o—Uea(@)(n—h—s+1)(20n—h—s5)+1)(2n—h—s)+3),
in addition,
& & . Vg () -1(0)Qs-14n-6,)(4)
2 (il =0 2 | Bl =) 1) = o By ¢ 0|
Moreover,
h+s—1 h+s—1
Z 2(n—¢n(j)) +1) =(h=1)(2(n—h) +1) + Z (2(n—j)+1)
j=1 j=h

=(h+s—1)(2(n—h)+1) —s(s— 1),
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whereas taking into account the last identity in Lemma 14,

h+s—1

Z Vo () -1 (@) Qs—14h—6,,(7) (@) = (h — 1)Qs1( +ZV 0)Qs—;(

230(n—h—s—|—1)

= (h—1)Qs-1(q) + et a Us(q)

(2ln-h-s)+ 1)2(£c++&a)s —c) —c(s+1) Us(a)
Thus,

h+s—1
Kl=—~— (4n —1) —4n i (uj,v;) —4n Z uj,Vvj)
j=h+s
Cnn?-1) 'S N b (i B V() - (D Qs—11n-6, () (0)
B 3c c ; [(2( (i) +1) Vilq) +a(2(n—s—h) +1)Us_1(q)
_na " (2(n—j) + 1)2Us_1(q)
¢ G Ac [cVi(q) +a(2(n — s — h) +1)Us_1(q)]

:% — 2 (s =D2m—h)+1) —s(s - 1))
N n(h —1)Qs-1(q) 2scn(n —h — s+ 1) Us(q)

[ch(q) + a(2(n —s—h)+ l)Us,l(q)} * (2¢ + a) [CVS(q) + a(2(n —s—h)+ 1)Us,1(q)}
n((Q(n —h—s5)+1)((c+a)s—c)—c(s+ 1))US,1(q)
(2¢+ a) [ch(q) + a(2(n —s—h)+ 1)US_1(q)}

na(n —h—s+1)(2(n—h—s)+1)(2(n — h —s) + 3)Us1(q)
3¢[cVi(g) + a(2(n — s — h) + 1)Us1(q)]

(|
For the standard ladder; that is, when s = n — 1 and hence h = 1, we have the following

result.

Corollary 12 The Kirchhoff index of the standard ladder is

n(n?+2) N n[2¢(n — 1)Un-1(q) — (c(a(n + 1) = ¢) + a* = ) Up—2(q)]
3c c(2c+a) (Vi1 (q) + aUpn—2(q)] '

In particular, when a = c, then

k' =



Proof. The first Identity follows substituting s = n — 1 and h = 1 in Proposition 11. On
the other hand, when a = ¢, then ¢ = 2 and

n2(n — DUp_1(2) —nUp—2(2)]  nUL_1(2) 1= 1
- - km
3cU,-1(2) Un-1(2) ¢ €= 2—cos(")
since {cos('%’)};:ll are the zeroes of the Chebyshev polynomial U,,_, see”. O

In the Chemistry community, standard ladders are known as linear polyomino chains.
Then, the last formula coincides with that obtained in® Theorem 4.1 for a linear polyomino

chain with n — 1 squares.

Annex A

In this section we write the results related with the Chebyshev sequences that we need across
the paper.
The following Lemma shows a useful property for the sum of Chebyshev polynomials,

see for instance”.

Lemma 13 If {P,}72, is a Chebyshev sequence, given S(k) = ak+ (3, where o, 5 € R, and
r,t € N* such that t < r then,

> S0 Pa) = 5| S0) (Praala) = Po(a) = SO (P) = Pa(a)) + a(P) = Po(0))].

From the expression for products of Chebyshev polynomials, see” Chapter 2, we deduce

the following equalities.

Lemma 14 For any 1 < m < s+ 1 we have

astm(Q)Umfl<Q) + gvmfl(Q) [stm(Q) - stmfl((n = C‘/S(Q) + CL(2(77, —S— h) + 1) U571<Q)-

Moreover, if for any k € Z, Ty and Wy denote the k—th Chebyshev polynomial of first and
fourth kind, respectively; that is Wi(q) = Uk(q) + Ux_1(q), then

c
a—+ 2c¢

> V@) = - [5(200 —h =) £ )T 0) + 5Wila) 2 — h 5+ DU 1)
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which is equivalent to

ZV 00 (g 23(n—h—3—i—1)Us(q)_(2(n—h—s)+1)(qs—1)—s—1

q+ 1 q+ 1 Us—l(Q)
Proof.
Zv DQu-5(0) = 3 (U1(0) ~ Up-al@) ) (20— h = ) + 1) (Ui—s(0) = Uiy (@) + 20 (a))
= il (Uj—l(q) Uj—2(q) ((2(n—h—s)+3)US_](q) (2(n —h —s) +1)Us—; 1(q))

<.
Il
-

_ (2(n - Z_ ) +3) [3T5+1(Q) _ ZTSJJ-H(q) — sTs(q) + Z T372j+2(Q)}

2(q* = 1)
I ) - 3 Teas0) - 5T @)+ D ey 0]
j=1 =1
_ (3 ;(Z - 1))+ s [ Tt1(a) = 2Tu(q) + Toa(0)| + 2((1223_1) Ton0) - 1@+

(2(n—h—s)+1

AL 1) ) [ —2 Z T 2541(0) + > Teajrala) + ) T372j(Q)} +
j=1 =1
[ ZTS 2+1(q) + ZT5—2j+2(Q)]
j=1

B (2(n —h— 5) + 1)5(61 — ]_) S(Ts+1(Q) - TS(Q))
- (42— 1) Lo+ ¢ —1
(2(n—h—s)+2)

q—l

(q+1) Us—l(Q)
_ 2s(n—h—s+1) (2(n—h—s)+1)(gs—1) —s—1
- T Us(q) — | Us-1(q)

taking into account

ZTszE(Q) = ZT3+272£(C]) = Us(Q) - Ts(Q) = qufl(Q)> ZTerlsz(Q) = Usfl((ﬁ'
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CONCLUSIONS

We have obtained the Green function, the effective resistance, and the Kirchhoff index of
a class of generalized linear chains that includes cycles, unicycle chains and ladder chains
also known as polyomino chains in the Chemistry community. The starting point is a path
with arbitrary conductances on their edges, then we interpret each generalized chain as
a convenient perturbation of the mentioned path. Therefore, we obtain the expressions
of the Green function, the effective resistance, and the Kirchhoff index as function of its
corresponding in the path. In particular we obtain, as far as we know for the first time,
the Green function of a weighted cycle. We explicitly give the Kirchhoff index for unicycle
chains with two different conductances and we discuss when the Kirchhoff index is optimum
according to the size of the cycle. The last section is devoted to the study of ladder—like
chains again as a perturbation of the path. For them we have also find the desired results.
In order to achieve the last goal, we have had to deal with Chebyshev polynomials’tools that

are included in Annex A.
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Figure 3: Place Figure 1 caption here. In the case of reproduced figures in review articles,
you must obtain the publisher’s permission and state a suitable notice here along with a

citation.

Figure 4: Place Figure 2 caption here. Figures should be uploaded as individual files, prefer-
ably .tif or .eps files, at high enough resolution (600 to 1200 dpi) to ensure clarity. Please
see the authoras guide for more details and specifications. For high quality illustrations, we

highly recommend the use of the TikZ package.

19



