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Abstract
The inductive method proposed by Torrents et al. [1] and improved by Cavalaro et al. [2] is used
to assess the fibre content and distribution in steel fibre reinforced concrete, providing valuable
information for the design and the quality control. Despite several advantages, the method presents
limitations. On one hand, it was conceived for the test of cubic specimens, which complicates its
application in existing structures due to the difficulty to extract cubic cores. On the other hand, only a
partial characterization of the fibre orientation is obtained given that the determination is restricted to
the three axes of the specimen. With these measurements, it is not possible to derive the fibre
orientation in other directions different from the ones used to test the sample. The objective of this
paper is to propose an assessment of the fibre content and distribution in any direction using the
inductive method and cylindrical specimens. For that, first a modification of the method is proposed.
Then, new equations are deducted to generalize the test to samples with different shapes and to assess
the anisotropy level as well as the directions with the maximum and the minimum fibre contribution.
Next, an extensive experimental program and FEM numerical simulations are performed to validate and
to determine the accuracy of the formulation developed. The results show that the application of these
equations and the execution of only one additional measurement per specimen are enough to
determine the fibre profile in all in‐plane directions with a high accuracy.
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1. INTRODUCTION
The increasing use of steel fibre reinforced concrete (SFRC) [1‐4] has generated the
need for tests that provide information about the material. Besides the traditional tests to
assess mechanical properties [5‐7], different techniques are required to evaluate the fibre
content and orientation. Both parameters are closely related with the quality and the
performance of SFRC [3], being of interest for the design of structures and for the systematic
quality control.
Several tests were developed with that purpose. An example is the inductive method
proposed by Torrents et al. [1] and improved by Cavalaro et al. [2]. As shown in Figure 1.a, the
equipment used in this test is composed by a LCR impedance analyser and a coil that receives
an electric current and generates a magnetic field. When a SFRC cubic sample is placed inside
the coil, a modification of the magnetic permeability of the medium is observed [12, 13]. This
modification leads to a change in the inductance [14] measured with the LCR impedance
analyser. The method takes advantage of the fact that steel fibres are several orders of
magnitude more magnetic than plain concrete [15]. This means that the test is highly sensitive
to the inclusion of even small amounts of steel fibres, whereas the concrete practically do not
affect the measurements regardless of its strength class or composition.
a)

LCR impedance analyser

Copper
spirals

b)

Copper
spirals

Figure 1. Inductive method by Torrents et al. [1] (a) and proposed modification (b)
The inductance change produced by the SFRC cubic specimen should be measured
once in each main direction since the contribution of the fibres is proportional to the angle
with the magnetic field inside the coil. Previous studies by Cavalaro et al. [2] proved that the
summed inductance in the three axes is linearly related to the fibre content. The same authors
also propose equations to estimate the orientation number based on the results obtained. This
capability, together with the small cost of the equipment and the small time required for the
characterization of each specimen, makes the inductive method an interesting alternative for
the systematic quality control of SFRC [16‐18].
Nevertheless, the method also presents limitations. For once, it was conceived and
validated for the test of cubic SFRC specimens, which present symmetry in the three axes. In
fact, the equations to predict the fibre content and orientation may not apply to specimens
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with other shapes that do exhibit such symmetry. This complicates the use of the method in
existing structures (for instance segmental linings [19], pipes [20] or slabs [21]) due to the
difficulty to obtain cubic extracted cores. In this context, the possibility of performing the test
in cylindrical specimens would represent an improvement.
Furthermore, only a partial characterization of the fibre orientation is obtained with
the method given that the determination is restricted to the three axes of the cubic specimen.
Based on these results it is not possible to derive the orientation in different directions. In
other words, the results provide no clear view on how the fibre distribution varies for
directions different from the actually measured. If, for instance, the crack in the real structure
should not coincide with these directions, it would not be possible to derive the orientation
number and the fibre contribution perpendicular to the crack. This hinders the application of
the test in elements such as slabs or shells in which the position of the failure plane is not well
defined. It is also impossible to determine the degree of anisotropy of the sample or the
directions with the highest and smallest contribution of the fibres.
The consideration of all these aspects related with the fibre distribution in real
structures is one of the keystones of the most recent philosophy applied to the design of SFRC
elements [23, 24], which account for the favourable or unfavourable orientations. In this
context, the achievement of a more complete characterization of both moulded and extracted
specimens is an essential step.
Taking that into account, the objective of this paper is to propose and validate the
assessment of the fibre content and distribution in any direction using the inductive method
and cylindrical specimens. For that, first a modification of the method is proposed. Then, new
equations are deducted to generalize the test for samples with different shapes and to assess
the fibre distribution. Next, an extensive experimental program and FEM numerical
simulations are performed to validate and to determine the accuracy of the formulations
proposed. The results obtained show that the application of these equations and the execution
of only one additional measurement per specimen are enough to obtain the fibre distribution
profile in any in‐plane direction with a high accuracy. Now, parameters such as the minimum
and maximum fibre orientation number, as well as the direction in which these values occur,
may be easily obtained with the inductive method. This expands the potential of the
technique, providing a reliable and simple tool to support the quality control and to supply the
information required for a more refined design.

2. MODIFICATION OF THE METHOD
As in any method based in the inductance change, the accuracy of the measurement is
highly dependent on the homogeneity of the magnetic field generated. For instance, imagine a
field produced by a coil with a non‐homogeneous flux distribution, as shown Figure 2.a. If the
flux at one point (φ1) has the double of the magnitude than at another point (φ2), a fibre
placed in φ1 will produce an inductance change twice as big as that placed in φ2. Therefore, the
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presence of non‐homogeneities would cause the same inclusion to produce different response
depending on the position inside the coil, thus compromising the reliability of the results.
b)
a)

c)

Figure 2. Fibres inside a non‐homogeneous magnetic flux (a) and detail of magnetic field across
cubic (b) and cylindrical (c) specimens
Two important inferences may be derived from this analogy. On one hand it becomes
evident that to increase the accuracy of the method it is necessary to apply a magnetic field as
uniform as possible. On the other hand, since a perfectly homogeny field may not be achieved
in reality, the interaction between the magnetic field and the specimen will always depend on
its position inside the coil.
The equipment proposed by Torrents et al. [1] is composed by a discontinuous square
coil manufactured with a copper cable of 0.2 mm of diameter and a length of 1600 mm,
resulting in a total of 2354 turns. The dimensions of the prismatic plastic element around
which the coil is placed are 15 x 17 x 17 cm (see Figure 1.a). It is known that the square is not
the optimal cross section in terms of the homogeneity of the magnetic field generated inside
the coil. In fact, the presence of corners contributes to variations in the field. Another
associated problem arises if the test should be performed in specimens that do not show
symmetry in the three axes, like in cylindrical cores. In this case, slight changes in the angle of
the specimen relatively to the sides of the coil could induce additional scatter in the
measurements. Both problems may be mitigated if a circular shaped coil would be used
instead, leading to a more homogeny magnetic field and, ultimately, to less variability and
more accurate results.
A different design of coil was proposed according with this idea in order to obtain a
method suitable to cylindrical specimens. As shown in Figure 1.b, the new coil consisted of two
spirals separated 13 cm apart and connected in a parallel discontinuous configuration. Each of
them had a circular cross section with 25cm of interior diameter and was made of a copper
cable of 0.3 mm of diameter with a total of 1200 turns.
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In theory, the modification of the coil should not affect the equations proposed by
Cavalaro et al. [2] to predict the fibre content and orientation number for cubic specimens.
However, the deduction of more general equations that could be applied to the test of any
shape of sample and to estimate the fibre distribution in any direction is still required.

3. ANALYTICAL DEDUCTIONS
3.1. Fibre content
In this study, equations were deducted to assess the fibre amount for a SFRC specimen
with an unknown form and a volume V. To simplify the deduction, at first it is assumed that
fibres are uniformly dispersed in the concrete mass. Regardless of its shape, the specimen
could be discretised in the differential volumes dV with the same fibre content (Cf in weight by
unities of volume), as depicted in Figure 3.

Figure 3. Discretization of a specimen

The inductance change (dLi) produced by each differential volume when measuring in
an axis i may be calculated according with Eq. 1, based on the study by Cavalaro et al [2]. This
equation depends of the magnetic nature of the fibre (k’), the electric current (I) that goes
through the coil, the magnetic flux density (B) generated in this point and the angel αi formed
between the magnetic field and the fibre in the differential element. The equation is also
related with the shape factor  that is constant for each type of fibre and may be obtained by
the ratio between the inductance of a single fibre perpendicular and parallel to the magnetic
field.
∙

1

∙

Eq. 1

Integrating Eq. 1 in the whole volume gives Eq. 2 for the global inductance change
measured Li in the direction i. Notice that the parameter BV,i represents the integral of the
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magnetic field over the volume of the sample. Such parameter does not depend on the fibre
used, being constant if the specimen is always placed in the same position and the coil is the
same.
∙

∙

∙

∙

Eq. 2

,

,

,

The sum of the inductance changes produced after measuring in three orthogonal axes
(x, y and z indicated in Figure 5) yields Eq. 3. It is easy to demonstrate that in cubic specimens,
the values of BV,x , BV,y and BV,z are equal due to the symmetry of the sample. Consequently, Eq.
3 may be reduced to Eq. 4. The latter could be further simplified since the angles αx, αy and αz
are complementary, meaning that x+y+z should equal the constant 1+2∙. Notice that all
parameters in Eq. 4 are constant except for the fibre content and the summed inductance,
which should hold a linear relation with each other. Consequently, if the constant of
proportionality (’) is known in advance, the content of fibres could be estimated based on the
summed inductance obtained in the test. This agrees with the demonstrated by Cavalaro et al.
[2] and could be represented according with Eq. 5
∙
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However, if a specimen without symmetry was tested, the values of BV,x , BV,y and BV,z
would not be the same. As a result, the simplifications used to obtain Eq. 4 and 5 would not
apply, meaning that the relation between the summed inductance and the fibre content
should not be linear. Consequently, it would not be possible to assess the fibre content
through the inductive method. To eliminate this problem and make the method applicable to
any shape of specimen, a mathematical artifice was used. Instead of calculating the summed
inductance in the three axes, the sum of the ratio between the measurement in each axis and
the corresponding constant BV,i should be used according with Eq. 6.

∙
, ,

,

∙

1

2∙

Eq. 6
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Notice that the latter will reduce every time to x+y+z, which is constant and equal
to 1+2∙. In other words, the summed equivalent inductance (Le) should always be linearly
related with the fibre content. This suggests that the content of fibre could be estimated with
Le through Eq. 7 regardless of the shape of the specimen, being the formulation proposed by
Cavalaro et al. [2] and Torrents et al. [1] only a special case of it. In fact, Eq. 7 becomes Eq. 5 if
cubic specimens are considered.

Eq. 7
,

, ,

Comparing Eq. 6 and 7, it is possible to deduct the proportionality constant (see Eq.
8). It is usual to determine  with one or two specimens by dividing the fibre content weighted
after crushing the specimen and the corresponding value of equivalent inductance (Le)
measured. This division gives the slope of the straight line that passes through the origin of the
coordinate system and relates the measurements of the inductive method and the fibre
content. Alternatively, this parameter may be assessed directly by using a known content of
fibres that is subjected to the inductive method in the three directions. Notice that according
with the new formulation proposed, should be the same for any shape of specimen and
concrete type.

1

Eq. 8

2∙

3.2. Orientation number and contribution of fibres
For the deduction of the equations that determine the fibre distribution consider the
same example from section 3.1. To simplify the initial deduction assume that all fibres are
arranged with the same direction. The orientation number (ηi) is given by the average of the
cosine of the angle formed between the fibres and a line parallel to at an axis i [25‐27]. The
average of the cosine ‐ equivalent to the average orientation number in the direction i ‐ may
be obtained by isolating the cosi in Eq.2. This gives Eq. 9, which may be combined with Eq. 7
and 8 to derive Eq. 10 for the assessment of the orientation number of a general specimen
with all fibres arranges in the same direction. It is important to remark that Eq. 10 reduces to
the proposed by Cavalaro et al. [2] if cubic specimens are considered.
1
1

∙ 1

Eq. 9
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Eq. 10
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Eq. 10 is representative of a situation in which all fibres are aligned in the same
direction. In this context, the average of the cosine of the angle with the axis i equals the
square root of the average square cosine. Consequently, the orientation number may be easily
estimated through the results from the inductive method. Nevertheless, if the fibres are
dispersed with certain randomness, an overestimation could be obtained with Eq. 10 since the
average cosine of the angle with the axis i diverges from square root of the average square
cosine obtained with the inductive method. This mathematical incongruence was previously
explained by Cavalaro et al [2] who deducted that the average overestimation () per axis may
range from 0.07 and 0.10 depending on the specimen shape.
In order to compensate for this overestimation, the correction parameter  must be
introduced in Eq. 10. Another parameter () should be included to account for the non‐
homogeneity of the magnetic field that is not considered in the mathematical deductions. As a
result of both modifications, Eq. 11 is obtained for the prediction of the orientation number in
a general specimen with dispersed fibres. By definition, the fibre contribution (Ci) is still
calculated through Eq. 12.

∙

∙ 1

2∙
∙

∑

∙
,

∙ 1
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,

∙

Eq. 11

Eq. 12

3.3. Generalization for cylindrical specimens
The equations derived for the assessment of the content of fibres (Eq. 7) and the
orientation numbers (Eq. 11) are valid for any type of specimen. To apply them, it is only
necessary to assess the constants BV,i,  and  corresponding to the shape of specimen and the
coil used. These parameters are not easy to obtain analytically since the assessment of the
magnetic field at any point requires solving a complex set of equations. A more direct
approach considered in this study consists of the application of an electromagnetic finite
element. The mesh used is composed by cubic brick elements with a side of 1 mm. The
magnetic flux density (B) and the magnetic field (H) follow Eq. 13 and Eq. 14, with J being the
electric current density. These are the classic equations from electromagnetism theory that are
valid for static magnetic fields, in which the wavelength produced by the current is much
bigger than the dimensions of specimens or of the coil.
0

Eq. 13
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Eq. 14
Once the magnetic field is calculated it may be integrated over the volume occupied by
the specimen to obtain BV,i. The estimation of  and  requires the consideration in the finite
element of the concrete and the dispersed fibre inside the coil. For that, the algorithm to
simulate the fibre distribution and the analogy for the inductance change proposed by
Cavalaro et al. [2] are taken into account. It is important to remark that this model has been
validated with experimental results.
Each SFRC specimen is simulated with the magnetic field acting in the three main
directions, thus reproducing the procedure conducted during the test. After performing
several simulations, the parameters  and  are estimated. Table 1 summarizes the
parameters for the assessment of the fibre content and orientation in any cylindrical and cubic
specimens. Notice that these parameters remain constant regardless of the concrete mix, fibre
content and type.
Table 1. Constant parameters for cylindrical and cubic specimens
Shape
Cylindrical
Cubic

Size (mm)
100x100
150x150
100x100x100
150x150x150

BV,x
536
1789
695
2342

BV,y
536
1789
695
2342

Parameter
BV,z
538
1809
695
2342


0.085
0.085
0.100
0.100


1.03
1.03
1.03
1.03

3.4. Orientation profile for cylindrical specimens
The use of cylindrical specimens not only is feasible through the general equations
proposed here, but also opens up the possibility of overcoming one of the main disadvantage
of the inductive method in its current configuration. As mentioned before, the method is not
capable of providing the fibre orientation in axes different from the ones used to measure the
inductance. Therefore, limited information is obtained when the crack does not coincide with
these directions and it is not possible to assess the anisotropy of the material in terms of the
maximum and minimum orientation number and their corresponding directions.
In any SFRC cylindrical specimen, the fibre distribution may be understood as the
superposition of two samples: one isotropic (Figure 4.a) and one with certain anisotropy
(Figure 4.b). If the inductance measurements are taken by spinning both samples at several
angles (), different behaviours would be observed. As shown in the graph from Figure 4.a, the
isotropic sample would show a constant inductance (Liso) since an evenly distributed number of
fibres is present in all directions. On the contrary, as depicted in the graph from Figure 4.b, the
inductance of the anisotropic sample should present maximum and minimums values that
coincide with the directions with more and less fibre contribution, respectively. Notice that the
9

minimum value could never be equal to 0 since the fibre produce an inductance change even if
placed perpendicular to the magnetic field. In this context, the final inductance measured in
the real specimen should be the result of the sum of the curves obtained for the isotropic and
anisotropic specimens (see Figure 4.c).

Figure 4. Detail and inductance profile of isotropic (a), anisotropic (b) and resultant (c)
specimens
Results by Laranjeira [25] and Grunewald [27] suggest that the variation of the angle
formed by the fibre and a certain axis may be represented through a Gauss or a Gumble
distribution. This indicates that the curve obtained for the anisotropic sample tend to have a
continuous shape with a clear maximum and minimum values. Consequently, it would be
possible to use the equations proposed in this study to predict the variation of the orientation
number depending  without the need of performing several additional measurements.
Making an analogy with the equations deducted in section 3.2, the inductive change
(L) at a certain angle  could be estimated mathematically through Eq. 15 that reflects the
superposition of two parts. The first of them represents the isotropic sample that should yield
a constant inductance equal to Liso. The second part represents the variation of the anisotropic
sample that may be approximated by means of Eq. 2, considering a maximum inductance Lani
observed at the angle with maximum fibre contribution (max).
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1

Eq. 15

∙

Notice that the only unknowns that should be determined to obtain the change in
inductance are Liso, Lani and max, which will be constant for each specimen. To obtain them, a
system of three equations must be solved. Therefore, three measurements of inductance in
the XY plane are required. Given that by default one measurement is already taken in the X
axis and another in the Y axis, it is possible to derive the complete profile of fibre distribution
with only one additional assessment in the XY plane. In order to improve the reliability of the
predictions, the additional measurement should be performed in the intermediate direction
that forms and 45 angle with X and Y, as depicted in Figure 5. It is important to remark that
this represents a change in the usual procedure applied up to date in the inductive method.
Instead of performing 3 measurements, 4 are required to achieve a complete characterization
of the specimen. By convention, it is assumed that the axes X and Y coincide with the angle of
0° and 90°, respectively.

Figure 5. Measurement axes to obtain the orientation profile

Solving the system of equations for the measurements in X (L0), Y (L90) and the
intermediate direction (L45) gives Eq. 16, 17 and 18 for the estimation of Lani, Liso and max.
Using Eq. 15, it is also possible to obtain the angle that will give the minimum inductance (min)
through Eq. 19. Notice that the formulation for the assessment of max has an initial sign that
might be positive or negative since two angles satisfy the arc cosine. A simple mathematical
proof should be performed with equation Eq. 15 to determine the correct angle. The results
obtained for the angles of 0°, 45° and 90° are compared with the measured experimentally
that served as input parameters for the analysis. The correct angle should provide identical
results for all measurements.
√2
1

°

°

°

°

2∙

°

Eq. 16
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°

∙ 1

°

Eq. 17

2
1
∙
2

°

Eq. 18

°

∙ 1

Eq. 19

90°

The orientation number may now be estimated at any axis with an angle  by
introducing in Eq. 12 the inductances L and L+90 estimated with Eq.15 for the same angle and
for  + 90. This is represented mathematically through Eq. 20.
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Eq. 20
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3.5 Isotropy of the fibre distribution
The maximum (Lmax) and the minimum (Lmin) inductance may be assessed by
introducing Eq. 16 and 17 in Eq. 15. The results are presented in Eq. 21 and 22.

Eq. 21

Eq. 22

∙

As indicated by Eq. 19, the maximum and the minimum value of inductance should be
separated by 90. Consequently, the maximum (ηmax) and the minimum (ηmin) orientation
numbers corresponding to the same angles may be estimated by using Lmax and Lmin in Eq. 20.
This leads to Eq. 23 and 24, respectively.
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Eq. 24
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The possibility of estimating the complete orientation profile with one additional
inductance measurement allows the proposal of a parameter related with the level of isotropy
of SFRC. This parameter, called isotropy factor (Ω), is defined in Eq. 25 as the ratio between
ηmin and ηmax. It may assume values ranging from nearly 0 to 1. If the fibre distribution is
perfectly isotropic, ηmax and ηmin acquire the same value and Ω equals 1. Otherwise, if all the
fibres are aligned in the same direction, the value of ηmax is orders of magnitude bigger than
ηmin and the Ω tends to 0.

Eq. 25

4. EXPERIMENTAL VALIDATION
In total, three experimental programs were conducted in order to confirm the accuracy
of the equations deducted in the present study. One of them was dedicated to validate the
formulations proposed for assessing the fibre content in section 3.1. Another was performed
to contrast the equations for assessing the orientation number and the contribution of the
fibres from sections 3.2 and 3.3. A third experimental program was conducted to confirm the
predictions for the orientation profile based on the formulation proposed in sections 3.4
and 3.5.

4.1. Fibre content
4.1.1. Materials and methods
In order to evaluate the fibre content, cubic specimens with 150 mm of edge and
cylindrical specimens with 150 mm of diameter and height were tested with the inductive
method and then crushed to assess the weight of fibre. The specimens were cast with 6
concrete mixes, using 2 types of concretes (conventional and self‐compacting) as well as 3
nominal fibre contents (30, 45 and 60 kg/m3).
The steel fibres used in the SFRC were BASF Masterfiber 502 with a circular cross‐
section of 1 mm diameter, 50 mm of length and hooked ends. These fibres are made of low
carbon steel with approximately 3000 unities per kg. A 250 litres vertical mixer was used to
produce batches of 120 l, which was enough to cast all samples of the same mix. Table 1
presents the composition of the concrete mixes tested and their fresh state properties
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measured. For each mix and geometry, 4 specimens were produced in accordance with EN
12390‐2.
Table 2. Concrete mixes tested
Components

Characteristics

Gravel (12/20 mm)
Granite
Gravel (5/12 mm)
Granite
Sand (0/5 mm)
Granite
Cement
CEM I 52,5 R
Water
‐
Superplasticizer
Glenium TC 1425
Hidratation activator
X SEED
Fibres
Steel fibres
Reference
Slump (mm) according UNE 83503
Flow extent (mm) according EN 206

Content (kg/m³)
Conventional
Self‐compacting
810
200
404
500
817
1200
312
380
156
165
2.19
4.56
6.24
7.6
30
45
60
30
45
60
CC30 CC45 CC60 SC30 SC45 SC60
3
5
3
‐
‐
‐
‐
‐
‐
650
650
670

In the first step of the testing procedure, the three main axes of the specimen were
marked. In the case of cylindrical samples, the Z axis was the revolution axis parallel to the
casting direction, whereas the axes X and Y were randomly selected. For the cubic, the Z axis
was parallel to the casting direction while the axes X and Y were parallel to the sides of the
moulds. The second step consisted of measuring the inductance for the three directions. For
that, the modified coil shown in Figure 1.b was used. The input of the electrical current and the
inductance measurements were performed with the equipment AGILENT LCR 4263B. The
electrical current was set as alternating with a frequency of 1 kHz and a voltage of 1 V.
Finally, the fibre content was estimated according with the EN 14721. A hydraulic press
was used to crack the specimens that were then crushed in a grinding machine. Afterwards,
the fibres were manually separated with the help of a magnet and weighted. Considering the
laborious and long time required, this procedure was performed only in 20 specimens: 10
cylindrical and 10 cubic. In each group, 5 specimens were of conventional concrete and 5 were
of self‐compacting concrete.
In this study, the accuracy of the formulation developed is evaluated in terms of the
trueness and the precision. The trueness is given by the mean difference between the real
values measured in the experimental program and the estimated with the equations
developed in previous sections. It marks how close the average predictions are from the
reality, being small values indicative of high accuracy. The precision is obtained as the the
standard deviation of the differences between estimated and real values. It provides
information on how individual values might vary around the average. Once more, small values
indicate higher precision.
4.1.2. Results and analysis
Figure 6 shows the fibre content (Cf) assessed after crushing and the equivalent
inductance (Le) calculated from the inductances as proposed in section 3.1 for cubic and
14

cylindrical specimens. It is evident that a linear relation exists between Le and Cf. Notice that
despite considering specimens of different shapes, the results fit to the same linear regression
with a R2 of 0.99. The linear regression starts approximately at the origin of the coordinate
system and assumes a slope  approximately equal to 5909.4.

Fiber content Cf (kg/m3)

100

b)

80

Cf = 5909.4Le
R² = 0.988

60
40
20
0
0

5
10
Equivalent inductance Le (x10‐3)

15

Figure 6. Relation between equivalent Inductance and fibre content
The average trueness calculated as de difference between the fibre content measured
and the predicted with the equivalent inductance is 0.38 kg/m³. The value obtained
considering only the cylindrical or the cubic specimens are 0.46 kg/m³ and ‐0.33 kg/m³,
respectively. Such small errors may be considered negligible taking into account the usual fibre
content in SFRC and the wide range measured in the experimental program (from 20 kg/m³ to
almost 100 kg/m³), thus confirming the high accuracy of the method. These results validate the
formulation proposed in section 3.1 to estimate the fibre content. It confirms that the
consideration of the summed equivalent inductance (Le) should be the reference parameter to
assess the fibre content since the same calibration curve applies regardless of the shape of
specimen characterized. Likewise, good predictions are achieved for both conventional and
self‐compacting concrete.

4.2. Orientation of fibres
4.2.1. Materials and methods
With the intent of evaluating the equations for the orientation number and the
contribution of fibres, a cylindrical specimen with a known fibre orientation was made by
hand. For that, 13 layers of non‐magnetic cardboard sheets were cut in a circular shape and
glued together in order to form a specimen with 150 mm of diameter and 150 mm of height,
as shown in Figure 7.
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Figure 7. Cardboard specimen with aligned fibres
In total, 243 g of fibres of the same type used in the first experimental program were
placed between adjacent sheets. All fibres were distributed uniformly along the height with
the same alignment, being orthogonal to the theoretical axis of the specimen (Z axis). The
specimen was then tested with the inductive method. Measurements were taken at the Z axis
and in the XY plane for the angles of 0°, 10°, 20°, 30°, 40°, 50°, 60°, 70°, 80° and 90° between
the alignment of the fibres and the direction of the magnetic field.

4.2.2. Results and analysis
Figure 8.a shows the curves for the real orientation number and the estimated with Eq.
10 by using the results of the inductive method. Both curves practically coincide. The trueness
and the precision from the proposal indicate an error of prediction that might be considered
negligible, again confirming the accuracy of the equations developed here.
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Figure 8. Variation of the orientation number (a) and the fibre contribution (b) depending on
the angle of measurement for the cardboard specimen
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Figure 8.b presents the real contribution of fibres and the estimated with the values of
inductance and Eq. 12. In the same way as the orientation number, the real and the calculated
curves practically overlap. Once more, the low values of trueness and precision suggest a
negligible error in the predictions. The high accuracy corroborates the efficacy of the equations
and confirms that the integrals of magnetic flux density were well calculated.

4.3. Orientation profile
4.3.1. Materials and methods
The 24 cylindrical specimens produced in the first experimental program were also
used to validate the equations proposed to obtain the orientation profile. The aim was to
evaluate if the predictions with Eq. 15 to 19 agrees with the values actually measured. For
that, the specimens were marked with 8 directions of measurement in the XY plane separated
22.5° from each other, as shown in Figure 9. The inductance was evaluated in each direction as
well as along the Z axis. To avoid favouring a better fit of the data, the directions used to
estimate the orientation profile were selected randomly prior to the test.

Figure 9. Axes of measurements in a cylindrical specimen

4.3.2. Results and analysis
Figure 10.a shows the orientation profile measured and estimated for two of the
specimen characterized. The estimations were performed with Eq. 15 to 18 and the
inductances for the angles of 0°, 45° and 90°. All samples presented a similar trend regardless
of the fibre content or the concrete type. The results reveal that the complete inductance
profile is well reproduced by Eq. 15 to 18. As predicted, the profiles show the same period (180
degrees) but different amplitudes that is related with the level of anisotropy of the samples.

17

10

a)

8

L estimated (mH)

L estimated (mH)

10

6
4
2

b)

8
6
4
2

0

0
0

45

90
Angle (°)

135

180

0

2

4
6
L real (mH)

8

10

Figure 10. Inductance profile (a) and comparison between real and estimated values (b)
Figure 10.b presents the real inductance measured at different angles and the
estimated with Eq. 15 to 19 for all samples tested. It is evident that the equations proposed
are capable of predicting the experimental results with a high accuracy. In fact, the theoretical
estimation had a trueness of 0.04% and a precision of 1.01% in relation with the
measurements. Both results confirm that it is feasible to estimate the inductance and the
orientation profile with only one additional measurement in the XY plane.
Figure 11 presents the comparison between the real values obtained in the
experimental program and the ones estimated with the simplified equations deducted
previously. This evaluation is performed for the maximum (Lmax) and the minimum (Lmin)
inductance calculated, as well as for the direction (θmax) with the maximum contribution and
the direction (θmin) with the minimum contribution. In the case of the experimental results, a
linear regression was used to assess these parameters, whereas in the analytical approach the
equations proposed here were used with the measurements at 0°, 45° and 90°.
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The figures reveal that the basic parameters that determine the fibre distribution
profile are well predicted by the model developed. A small error is obtained in all cases.
Observe, for instance, the error of prediction of the direction with the maximum and the
minimum fibre contribution. In both cases, the real values are predicted with a trueness
smaller than 1°. Similar outcome is also verified for the maximum and the minimum
inductance, in which even better predictions are achieved.

5. NUMERICAL VALIDATION
The experimental programs demonstrate the effectiveness of the formulation
proposed here. Although specimens with perfectly aligned fibres or with 3 nominal fibre
contents and 2 concrete types were tested, it is important to consider that in practice other
levels of anisotropy may occur. Moreover, although only cast samples were characterized, in
practice it should be also feasible to obtain the fibre distribution for extracted cores. In this
context, it is advisable to evaluate the equations proposed for cast and extracted samples with
a wider range of anisotropy levels. However, this is not easy to perform experimentally
provided the difficulty to control de fibre distribution and the limitation in terms of resources
to assess such a wide range of concrete types.
Therefore, instead of performing this verification based on additional experimental
results, a numerical approach similar to the already conducted by Cavalaro et al. [2] was
performed. The viability of this approach was confirmed by the authors for 15 cm edge cubic
specimens and for a square coil. In the present study, a similar finite element model (FEM) was
first developed and validated. Then it was used to evaluate the accuracy of the formulation
proposed for the assessment of the orientation number, the contribution and the orientation
profile.

5.1. Description and validation of the FEM
The FEM developed contained two modules. In the first of them, several probabilistic
laws are responsible for defining the distribution and the orientation of each fibre within a
concrete specimen that could be either cast in a mould or extracted from an existing structure.
Aspects such as the geometry of the sample, the wall‐effect of the formwork in cast specimens
[28‐30] and the cut of fibres in extracted specimens were taken into account. Once the fibres
are distributed inside the specimen, the second module calculates the inductance change
produced in the circular coil when the inductive test is performed. The magnetic field
generated by the coil is implemented simulating the same conditions as in the experimental
program. Finally, with the inductance change and the distribution of fibres, the model is able
to compare the real fibre distribution and the predicted with the inductance measurements.
For more details on the FEM, check Cavalaro et al [2].
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To validate the FEM applied in the numerical study, the cardboard specimen from the
experimental program described in section 4.2 was simulated and the inductance changes
were assessed for several angles. Figure 12 presents the inductances estimated with the FEM
and measured in the laboratory for equivalent angles. The values of trueness and precision of
the inductance predicted with the FEM are 0.0735 and 0.1632, respectively. Such values
indicate that the FEM is capable of reproducing the inductance change in the coil due to the
presence of fibres.
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Figure 12. Comparison between the inductance measured in the laboratory and the results of
the FEM for a cylindrical coil

5.2. Parametric study
Once the FEM was validated simulations were performed considering a wide range of
levels of anisotropy in the fibre distribution. The different distributions were achieved by
modifying the values of the director vectors
and
that govern the probability of
,
,
finding fibres in each of the main axes. For instance, if all axes shared the same value of these
parameters, an approximately isotropic distribution would be obtained in zones not influence
by the wall‐effect. Consequently, almost the same number of fibres would be observed in all
directions. On the contrary, if one axis presented a smaller
or
, fibres would
,
,
have a lower probability of appearing alongside directions that approach this axis. In the
varied from ‐0.5 to ‐1.0 and
ranged from 0.5 to 1.0.
simulations
,
,
Each level of anisotropy was simulated for  of 0.000, 0.025 and 0.050 that account for
the inclusion of fibres with different aspect ratios. A shape factor of 0 represents a theoretical
situation in which the diameter of the fibre is negligible in comparison with its length. On the
other hand, a shape factor of 0.05 is representative of the fibre used in the experimental
program.
The combination of parameters led to 63 cases, all of them consisting of the simulation
of the inductive test of cylindrical cast specimens with fibre content of 60 kg/m³. For each
case, 20 models were analysed in order to derive a representative sample. This approach is
necessary since the probabilistic laws behind the fibre distribution in the FEM produce a
slightly different specimen every time. Therefore, a minimum number of models are required
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to perceive a clear trend. Specimens were simulated and the inductance change was assessed
in the Z axis and at every 15° in the XY plane.
These simulations were repeated for extracted cores. Contrarily to the observed in cast
specimens that have a fibre orientation induced by the lateral surface of the moulds, the
extracted cores are not affected by this wall‐effect. Instead it presents several fibres that are
cut during the extraction process. To simulate these conditions, no lateral restriction to the
position of the fibre was considered. Furthermore, the stretches of fibre that extend beyond
the lateral extraction boundary were eliminated since in reality they would be cut.
5.3. Results and analysis
5.3.1. Orientation number
Figure 13.a shows the relation between the real orientation number of the specimens
modelled with the FEM and the calculated with Eq. 11 using the inductance change for the
same specimens. The results from the simulations performed with cast and extracted samples
are included in the figure. Notice that the orientation numbers obtained cover the usual range
found in practice, reaching even extreme values that unlikely would be observed. Despite that,
the estimated orientation numbers agree with the real ones in the whole range considered. In
fact, the trueness and the precision of the estimations suggest an average error far below
0.5%.
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Figure 13. Comparison between real and estimated orientation number (a) and fibre
contribution (b) for cast and extracted samples
Figure 13.b shows analogous results for the fibre contribution using Eq. 12. Such
results confirm the accuracy of Eq. 11 and 12 for the assessment of fibre contribution and
orientation number based on the inductive method applied for cylindrical specimens. This
remains true regardless of the type of sample, the aspect ratio of the fibres or the degree of
anisotropy.
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5.3.2. Orientation profile
The inductance obtained with the FEM at the angles of 0°, 45° and 90° in the XY plane
were used to derive the complete inductance profile according with Eq. 15 to 19 for any
direction. This profile is then compared with the real ones. This comparison for all models
considered in the parametric study is presented in Figures 14.a.
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Figure 14. Comparison between real and estimated inductance profile (a) and orientation
profile (b)

It is observed that the profile calculated with the FEM agrees with the obtained by
using the simplified formulation developed here. The same outcome remains true when
orientation profiles estimated with Eq. 20 are compared with the actual fibre distribution from
the specimen, as shown in Figure 14.b. This confirms that the estimation of the inductance and
the orientation profile is possible with only one additional measurement for a wide range of
levels of anisotropy and different fibre types. In fact, the new formulation proposed and the
test of cylindrical specimens allows detecting the orientation number in axes different from
the ones used for the measurement, thus providing a much clearer picture of the fibre
distribution in SFRC elements.
Verifications were also performed to evaluate the accuracy of the predictions of Lmax,
Lmin, θmax, θmin, ηmax, ηmin, and  according with Eq. 21, 22, 18, 19, 23, 24 and 25, respectively.
The estimations were compared with the values calculated for the same specimens with the
FEM. Figure 15 presents the results obtained.
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Figure 15. Comparison between real and estimated values for Lmax and Lmin (a), max and min (b),
ηmax and ηmix (c) and Ω (d) based on the numerical analysis
In all cases, the formulation proposed remains accurate even if extreme values are
considered. This is observed especially for the maximum and minimum inductance and
orientation number, which show average errors below 0.5%. Good results are also obtained
for θmax and θmin, with a trueness that indicates an average error of prediction below 1.5°. In
the comparison shown in Figure 15.d between the real and the estimated isotropy factor () a
noteworthy fit is obtained regardless of the level of isotropy because of the accurate
prediction of ηmax and ηmin.

6. CONCLUSIONS
In this work, an increase in the capability of predicting the fibre content and
distribution with the inductive method applied to specimens with any shape was achieved.
After analytical deductions, several equations were proposed and then validated with an
extensive experimental and numerical study. The following are the main conclusions derived
from this work.
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A modified coil was designed. This coil is more compatible with the test of specimens
that do not present symmetry in the three axes (such as the cylindrical ones) since it
tends to reduce potential variability in the results.



The analytical deductions indicate that the formulation currently used to predict the
fibre content in cubic specimens could lead to errors if applied to specimens without
symmetry in the three axes. A new approach valid regardless of the shape of the
specimen and based on the equivalent inductance (Le) was proposed in the present
study. The experimental program performed with cubic and cylindrical specimens
confirm that with this approach the same calibration curve applies to both specimens
with an average error of only 380 g/m³. The good accuracy is verified for both
conventional and self‐compacting concrete.



The numerical validation shows that the formulation proposed to determine the
orientation number of the fibres (Eq. 11) and their contribution in one direction (Eq.
12) based on the results from the inductive method in cylindrical specimens is capable
of estimating the real values with an average trueness below 0.5%. Negligible errors of
prediction are obtained in cast or extracted specimens for a wide range of orientation
numbers.



The equations deducted expand the application of the inductive method, allowing the
determination of the orientation number in any direction (Eq. 15 and 20). The validity
of these equations was confirmed experimentally and in numerical simulations. A high
accuracy of the predictions is obtained in both cases, with trueness and precision
values that are below 0.43% and 1.69%, respectively.



The inductive method may now be used to assess in a simplified way the maximum
and minimum orientation numbers (Eq. 23 and 24), as well as the directions in which
these values occur (Eq. 18 and 19). Such assessment may serve to determine potential
planes of weakness of real scale element. Moreover, a new parameter was proposed
to quantify the degree of anisotropy of SFRC (Eq. 25) based on the maximum and the
minimum orientation number. The experimental and the numerical validations
indicate that all these parameter may be obtained only by applying the equations
proposed here and by performing 4 measurements per sample instead of the 3
currently used. This minute additional effort leads to a much more complete
assessment of the characteristics of SFRC, providing the information required for the
quality control and the design according with the most recent guidelines.
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