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ABSTRACT
A mechanical model previously developed by the authors for the prediction of the shear-flexural
strength of slender reinforced concrete beams with rectangular cross-section with or without
stirrups has been extended to beams with T and I cross-sections. The effects of the section shape
on each shear transfer action have been identified and incorporated into the corresponding
equations. General expressions for strength verification and transverse reinforcement design
have been derived. The contribution of the flanges to the shear strength is accounted for by
means of an effective shear width, which depends on the section geometry and on the
longitudinal reinforcement ratio. The effect of the vertical confinement stresses introduced by
the shear reinforcement on the concrete web is also considered. The expressions derived are
valid, as particular cases, for beams with inverted T or rectangular cross sections. The proposed
equations have been checked with experimental results available in the literature, obtaining very
good results. The simplicity, straightforwardness of application and the accuracy of the method
make it suitable for daily engineering practice.

Keywords: Shear strength, reinforced concrete, T-beam, I-beam; stirrups, mechanical model,
shear-flexure interaction.
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1. INTRODUCTION
T-shaped sections are widely used in RC beams and slabs because of their high flexural
efficiency. The compression force generated by the bending moment is distributed along
the effective width of the compression flange, b, which is higher than the web width, bw,
generating a lower compression block depth and a higher lever arm z, compared to that
in a rectangular section of width b = bw. In addition, the weight of the section is reduced
with respect to a rectangular beam of the same top width.
Current codes usually separate the flexural and the shear resistant mechanisms: while
bending is taken by the pair of forces C (compression at the concrete chord) and T
(tension at the longitudinal reinforcement), shear is assumed to be taken by the web, by
means of a truss mechanism, see Figure 1. Therefore, they do not consider any
contribution of the flanges to the shear strength.
Such simplification does not represent with fidelity the behavior of slender RC
members with T-shaped sections at ultimate load levels. Even in the case of rectangular
sections, the truss analogy must be corrected to take into account that part of the shear is
taken not only by the web, but also by the compressed concrete chord, by the
longitudinal reinforcement (dowel action), by frictional forces along the crack length
and by residual tensile stresses in the closest part of the cracks. All these aspects are
included in a term called “concrete contribution to shear strength”, Vc, which in case of
slender beams does not include the “arch effect”.

Figure 1. Uncoupled resistant mechanisms: A) Flexure. B) Shear.

In slender beams subjected to shear and bending, flexural cracks initiate at the tensile
face, and subsequently develop inclined through the web. As the load increases, damage
concentrates around the so-called critical shear crack [1], whose first branch arrives to
the neighborhood of the flexural neutral axis. Under incremental loading, a second
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branch of the critical shear crack develops inside the concrete chord, which eventually
connects the first branch of the crack and the point where the load is applied, producing
failure, see Figure 2. This way of dividing the critical shear crack in two branches was
also observed by Zararis and Papadakis [2].

Figure 2. Cracking prior to failure and at failure in a rectangular beam with web reinforcement
(photographs from the authors) [3].

As the load increases, the inclined cracks open and the contributions to shear strength of
the frictional forces along the crack length and that of the residual tensile stresses
diminish. The shear stresses along the critical crack decrease and they concentrate in the
closest top part of the cracks and in the compression chord of the beam, especially after
stirrups yield. In addition, as the load increases, the compression force C and the normal
stresses due to bending at the uncracked concrete chord increase, thus increasing the
capacity of the concrete compression chord to resist shear stresses. Therefore, near the
ultimate limit state, the shear resisted by the concrete compression chord becomes very
relevant.
In the case of members with T-shaped sections this phenomenon is even more apparent
because of two reasons. Firstly, the neutral axis depth of a T-shaped section is closer to
the top compressed fiber. Therefore, for a given ratio M/Mcr > 1, where M is the applied
moment and Mcr is the cracking moment, and for the same reinforcement area and
effective depth, the crack opening is higher in a T-shaped section beam than in a
rectangular beam of the same web width, so the aggregate interlock is lower, see Figure
3. Secondly, the concrete flange of a T-shaped section produces that, once the shear
stresses concentrate on it, the contribution to the shear strength of the concrete chord is
higher than in a rectangular section of b = bw, turning out in higher total shear strength,
as can be seen in Figure 4.
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Figure 3. Comparison between T-shaped section beam and rectangular beam. A) Sections. B) Crack
pattern scheme of a rectangular beam. C) Crack pattern scheme of a T beam.

Experimental studies [4–9] show that a considerable increase in the shear strength of
slender RC beams and slabs with T-shaped section takes place with respect to beams
with equal height, web width and reinforcements amounts. Figure 4 shows that beams
with 30 cm or wider flanges had about 25% greater ultimate strength than the
rectangular beams [10]. This fact indicates that there exists some contribution of the
compression flange which is being ignored in the current codes shear provisions.

Figure 4. Effect of flange width, adapted from [10], based on an experimental campaign published in

[7].

In addition, rigorous theoretical and numerical studies carried out [11–13] confirm such
concentration of stresses towards the neighborhood of the crack tip and towards the
concrete compression chord. Figure 5 shows the concrete shear stresses in a rectangular
section at service and at ultimate load levels. In the case of T sections, the shear stresses
concentrate in the upper part and around the web, but they extend also to a certain
portion of the flanges, in consistency with the experimentally observed behavior. This
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fact has been also recognized by different researchers [5,7,14–19] which consider that
part of the flange width contributes to the shear strength.
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Figure 5. Analysis of a rectangular beam section subjected to an increasing shear forces and bending

moments using the coupled model proposed by Bairán and Marí [20]. A) Shear forces vs. shear
strains. B) Shear stress distribution at flexural cracking. C) Shear stress distribution after yielding
of the longitudinal reinforcement.

In previous works, a shear-flexural strength mechanical model for the design and
assessment of reinforced concrete beams was developed by the authors and
experimentally verified with large databases of shear tests of steel and FRP reinforced
concrete beams with rectangular cross section [21–23]. The model is based on the
assumption that, at ULS, shear is resisted mainly by the un-cracked concrete chord, by
residual tensile stresses in the closest part of the critical crack, by the longitudinal
reinforcement (dowel action) if stirrups are provided and by the stirrups.
According to the observed behavior at failure, the concrete flanges in T-shaped sections
may play an important role in the shear strength, which can be quantified by this model.
Therefore, in this paper, the previously developed model is extended to beams with T
sections, and general expressions are obtained which can be also applied to beams with
rectangular sections, just for the particular case in which b = bw. The model is also
verified with large databases of RC T-shaped beams with and without stirrups available
in the technical literature.
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2. BRIEF DESCRIPTION OF THE MODEL FOR RECTANGULAR BEAMS
As widely accepted, the total shear resistance, Eq. (1), is considered to be the addition
of the shear resisted by concrete and by the transverse reinforcement (Vs). However, the
shear resistant contribution of concrete in this model is explicitly separated into the
following components (Figure 6): shear resisted in the un-cracked compression chord
(Vc), shear transfer across web cracks (Vw) and the contribution of the longitudinal
reinforcement (Vl).

V = Vc + Vw + Vl + Vs = fct ⋅ b ⋅ d ⋅ ( vc + vw + vl + vs )

(1)

where vc, vw, vl and vs are the dimensionless values of the shear transfer actions, whose
relative contribution to the shear strength varies along the different load stages. As the
load increases, the strains at the web, and consequently the crack width, increase and the
aggregate interlock decreases; therefore, due to equilibrium, the decrease on aggregate
interlock must be balanced by an increase in the shear transferred by the compression
concrete chord. The magnitude of each dimensionless contributing component at the
imminent failure can be estimated as presented in Table 1. A brief summary of the
derivation of each equation presented in Table 1 will be presented later on this paper. It
must be highlighted that, in Eq. 1, the individual components have been normalized
with respect to the section tensile capacity fct·b·d but, as will be seen later on this paper,
the model assumes that failure is given for a combination of biaxial stresses and,
therefore, the proposed formulation could be derived as a function of the tensile
concrete strength or the compression concrete strength, without affecting the final
result.
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Figure 6. A) Shear transfer mechanisms considered. B) Equilibrium. Adapted from [23].

Table 1. Summary of simplified expressions for rectangular beams of dimensionless
shear contributing components [22].
Contributing component

Final simplified dimensionless expressions

= 167

Cracked concrete web

1+

> 0 → v = 0.23
=0→

Longitudinal reinforcement
Transversal reinforcement

= 0.85/

-

=0

01

·"

#$%/

≈ 0.25 − 0.05 ≥ 0
)

*

= 3 450.88 + 0.70 6 + 0.027
3 = 1.2 − 0.2 · 8 ≥ 0.65 58 9 :;<;=>6
2

Compression chord

%

(2)
(3a)
(3b)
(4)
(5)
(6)

The following simplifications have been considered during the model formulation:
1. Neutral axis (x) depth and height of the un-cracked concrete zone are treated as
equivalent. It is assumed that it can be obtained by standard analysis of cracked
reinforced concrete sections under pure flexure (Eq. 7).

ξ=


x
2
= α e ρ  −1 + 1 +

d
αe ρ
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(7)

where αe= Es/Ec is the modular ratio between steel and concrete and ρ=As/(b·d)
is the longitudinal reinforcement ratio, being b the section width.
2. Based on experimental observations made by the authors [3,21,24,25], the
horizontal projection of the first branch of the flexural-shear critical crack is
considered to be equal to 0.85d. This is equivalent to considering that its
inclination is approximated as in Eq. (8).
cot B =

C.DE
#$

F
G

(8)

In fact, the inclination of the cracks is affected by the longitudinal and transverse
reinforcement ratios ρ and ρw, respectively, which influence the strains state.
However, as observed by other researchers [26], in general, this influence is
moderate, the effect of longitudinal reinforcement ratio being more important
[27]. For this reason, only the longitudinal reinforcement has been included,
through the neutral axis depth, allowing the model to be direct, non-iterative,
both for design and assessment. As a consequence of this assumption, the mean
angle of inclination of the critical crack decreases as the longitudinal
reinforcement ratio increases, which is consistent with the fact that for the same
shear strain, γ, the longitudinal tensile strain, εx, is lower.
3. The weakest section in front of a combined shear-bending failure is considered
to be placed at the tip of the first branch of the critical crack for beams with
constant geometry and reinforcement (Figure 7). Any other section closer to the
zero bending moment point has a bigger depth of the compression chord,
produced by the inclination of the crack and will resist a higher shear force. Any
other section placed between this section and the load application point will have
the same depth of the compression chord but will be subjected to higher normal
stresses and, therefore, will have a higher shear transfer capacity. The critical
crack (Figure 7) is assumed to start where the bending moment diagram at
failure reaches the cracking moment of the section, scr = Mcr/Vu, which is a
conservative assumption. A similar approach has also been used in other shear
models [28,29].
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4. Horizontal normal stresses (σx) are computed according to linear theory as
longitudinal reinforcement is generally in elastic regime in the critical section.
Figure 8 presents the different stress distributions assumed, in a simplify
manner, at the compression chord in the critical section (section B in Figure 7).
When setting the equilibrium of internal forces in the portion of beam of Figure
6B, the bending moment and the shear force can be considered applied
indistinctly at the crack initiation section (as indicated in Figure 6) or at the
critical section (crack tip). Let’s consider Vi and Mi the internal forces at the
crack initiation section, and Vt and Mt the internal forces at the crack tip section.
If it is taken into account that Vt=Vi and that Mt=Mi+Vi·0.85d, the same
equilibrium equations and the same values are obtained for the compression at
the concrete chord, C, and for the tensile force T. Moreover, when stirrups are
anchored in the compression zone, they collaborate in the strength of the
compression chord by producing a confining vertical compression (σy) at depth
larger than the concrete cover (d’).
5. Resistance of compression chord is governed by Kupfer’s biaxial failure
envelope. It is considered that failure occurs when the principal stresses reach
the Kupfer’s compression-tension branch of the failure surface [30].

Figure 7. Position of the shear critical section in the beam. Adapted from [22].
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Figure 8. Considered distributions of stresses at the un-cracked concrete chord. Adapted from [22].

The tensile concrete strength, fct, is evaluated in the application of the previous
equations by using EC-2 equations, but limiting the concrete compressive strength to 60
MPa, as has been previously shown that the shear strength of reinforced concrete beams
without stirrups does not increase significantly for high-strength concrete beams due to
the fracture of the aggregates [24,25]. The concrete modulus of elasticity has also been
evaluated according to EC-2, limiting also fck to 60 MPa for its calculation. Gf in Eq. (2)
C.#D C.O
is the concrete fracture energy whose recommended value is GI = 0.028fKL
dN [22].

In fact, the fracture energy, Gf, depends primarily on the water-cement ratio, the
aggregate type, the maximum aggregate size, the age of concrete and the curing
conditions. According to the Model Code 2010 [31], Gf can be expressed as a function

which depends only on the concrete mean compressive strength, fcm, but Wittmann [32]
proposed an expression which only depends on the maximum aggregate size dmax. In
this paper, the expression recommended depends on the two parameters, fcm and dmax.
The correlation of this expression with experimental results may be seen in [22].
The complete derivation of the dimensionless shear contributing components (Eqs. 2-6)
may be found elsewhere [22,23]. Shear resistance of cracked concrete in the web (Eq. 2)
is considered as the residual tensile stress of cracked concrete transferred in the closest
part of the crack with a depth equal to xw (see Figure 6A). The contribution of
longitudinal reinforcement, or dowel action, is taken into account only when transversal
reinforcement exists, Eq. (3a), being negligible when there are no stirrups, Eq. (3b).
Stirrups provide a constraint to the vertical movement of the longitudinal bars, enabling
them to transfer a certain shear. In order to evaluate such shear force, it was considered
that the longitudinal bars are doubly fixed at the two stirrups adjacent to the crack
initiation, and subjected to bending due to a relative imposed displacement between
those points. This vertical relative displacement is caused by the critical crack opening
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and the shear deformation of the compression chord. The contribution of transversal
reinforcement, Eq. (4) of Table 1, is taken as the integration of the stresses cut by the
inclined crack up to a height of (d-x), see Figure 6, and assuming that transversal
reinforcement is yielded along the total crack height.
Finally, the shear capacity of the compression chord (Eq. 5) is evaluated assuming that
failure occurs when the first fiber in the compression chord reaches the Kupfer’s failure
envelope. By means of a Mohr’s circle analysis, Eq. (9) can be derived where σx is the
normal stress in the most critical fiber (Figure 8), located at position λ·x from the
bottom of the neutral axis. Kλ is a parameter relating the mean shear stress in the
compression chord with stress in the critical fiber; therefore, it depends on the shape of
the distribution of shear stresses in the compression chord, and the critical fiber.
W
P2 = QC R5S6 · T · US = Y·Z·5#$Z6
= [Z · T · \ · ]# ^1 −

%

V ·X·%

_`F a`0 b
`c

+

_`F `0 b
`c

(9)

In order to obtain the beam strength, the shear capacity must be calculated at the critical
section, placed at the tip of the first branch of the critical shear crack. Equilibrium
between the internal forces (V, M) and the stress resultants (Figure 6B) at the concrete
chord (C, Vc), along the crack (Vw), at the stirrups (Vs) and at the longitudinal
reinforcement (T, Vl) is taken in the portion indicated by Figure 6B. Equilibrium of
moments is taken with respect to the point A (Figure 6B), where the critical crack
reaches the reinforcement.

C = T + V w ⋅ tan θ

(10)

V =Vc +Vw +Vl +Vs

(11)

C ⋅ z = M +Vc ⋅ 0.85⋅ d +Vw·z w+ 0.5⋅Vs ⋅ 0.85 ⋅ d

(12)

where Vw is the vertical component of the tensile force transferred along the crack, and
zw is its lever arm with respect to point A (Figure 6B):
zw =

0.85 ⋅ d − 0.5 ⋅ xw ⋅ cot θ
cos 2 θ
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(13)

The normal stress σx in the most critical fiber (y = λx) of the compression chord can be
expressed as function of the internal forces by means of a classical flexural analysis of a
cracked section. In dimensionless terms it may be expressed as in Eq. (14):
σx
f ct

=

2·λ ⋅ ( µcr + 0.85 ⋅ vc + vw ⋅ zw + vs ⋅ 0.425)

(14)

ξ

ξ ⋅ (1 − )
3

Where µcr is the dimensionless moment (Eq. 15) existing at failure in the section where
the critical crack initiates, which is the cracking moment Mcr in the proposed model,
whose value for rectangular sections is:
M cr
b ⋅ h2 ⋅ fct
1 h
=
= ⋅   ≈ 0.2
2
2
fct ⋅ b ⋅ d
6 ⋅ fct ⋅ b ⋅ d
6 d
2

µcr =

(15)

and ξw = xw/d, xw is the depth of the tension zone where residual tensile stresses are
transferred across the crack.
After a numerical parametric study, it was observed that the position of the critical fiber
can be reasonably considered constant, for reinforced elements, and approximately
equal to λ≈0.425.
Further, by relating the vertical confining stress (σy) with the capacity of the transversal
reinforcement (vs), Eq. 16 is derived for the shear capacity of the compression chord,
where Rt = σ1/fct, is a reduction factor of the tensile stress due to the biaxial stress state.
2

= de [Z 3f g1 −

·Z5h i aC.DEj aj1 k1 aC.l Ejm 6
n

o
#$
p

q

jm

C.DEq

j

m
− 1 − C.DEq

(16)

Where ζ is the size effect parameter for the compression chord (Eq. 6), which can be
assimilated to that of a splitting test, as proposed by Zararis and Papadakis [2]. Equation
16 is a general expression based on a rational mechanical analysis; however, it must be
solved iteratively since Rt depends on the principal compression stress which is not
known “a priori”. Nonetheless, it was found that the exact solution of Eq. (16) can be
very well approximated by the simplified linear equation presented in Eq. (5) of Table
1, in which the applied bending moment at the critical crack initiation was
conservatively considered as the cracking moment. It is observed that the shear
transferred by the un-cracked concrete chord depends linearly on the neutral axis depth,
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as previously obtained in [17] using a similar approach. Since the neutral axis depth
depends on the longitudinal reinforcement ratio, ρ, and on the modular ratio, αe = Es/Ec,
the higher the longitudinal reinforcement amount, the higher the shear resisted by the
concrete chord. In addition, it is observed that vc depends also on the shear carried by
the transverse reinforcement, vs, as was observed experimentally [24,33].
In the previous model derivation, a constant shear force in the shear span was assumed.
In the case of beams subjected to uniformly distributed loads, due to the different shear
forces and bending moment distributions with respect to point loads, the model predicts
that the critical shear crack will be even closer to the support, as observed in the results
of the Stuttgart tests [34]. The concrete chord contribution Vc can be similarly derived
by including the distributed load in the equilibrium equations as Marí et al. [23]
deduced. The reaction should be calculated by adding to the predicted ultimate shear at
the critical section, the portion of distributed load in the support neighbourhood who
runs directly to the support. In relation to the shear span, a, for beams under uniformly
distributed loads, the parameter that can be used in the calculation of the size effect,
according to Eq. (6), is considered to be equal to a=L/4, being L the span of a simply
supported beam or the distance between points with null bending moment.

3. EXTENSION OF THE SHEAR-FLEXURAL STRENGTH MECHANICAL
MODEL FOR T-SHAPED BEAMS
3.1. Influence of the T-shape on the shear response
In order to extend the flexural-shear strength mechanical model to beams with T-shaped
sections, the following four aspects must be taken into account:
1) According to numerical analyses performed [11,12,20] only a portion of the
flanges closer to the web contributes to resist shear, being this portion
approximately equal to hf at each side of the web. The analyses were performed
for different structural elements. For example, Figure 9 shows the analysis of the
shear stresses in a beam-and-block floor rib [11] by a nonlinear analysis
smeared-crack model with rotating-cracks. The model used in this study [20]
takes into account warping and distortion of the cross-section in both vertical
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and horizontal directions, hence the spreading of the shear stresses in the
compression flange is obtained in terms of the damage state in the different parts
of the section. Note also the parts per unit of the total shear transmitted in the
area enclosed by a black line presented in the figure (area close to the flangeweb intersection, Figure 9) just before failure. For this particular case, the ratio
of shear force carried by the top part of the web and the flange arrives to a value
of 0.79 of the applied shear at that moment. Similar analyses have been
performed to other T-shaped beams, arriving to similar results. Consequently, in
this work a shear effective flange width bv is defined as indicated in Eq. (17) and
in Figure 10.

bv = bw + 2h f ≤ b

(17)

Eq. (17) is coincident with that proposed by Placas and Regan [7] and Zsutty
[10]. However, Moayer and Regan [35] reduced the influence of the flanges
considering an effective width equal to bw + 1.5hf, although Moayer and Regan
considered the influence of all the flange depth, hf, and not only until the neutral
axis depth, x, as in this proposal. Wolf and Frosch [19] proposed an effective
flange width equal to bw + hf.

Figure 9. Shear stresses at high load levels in a T-shaped section. Adapted from [11].
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Figure 10. Effective width in a I-shaped section.

2) The cracking moment of a T section (or I section) is different to that of a
rectangular section. This fact affects the position where the critical crack
initiates, the position of the critical section and the level of normal stresses at the
compression concrete chord. The ratio between the cracking moments of the T
or I section (Mcr,T) and that of a rectangular reference section of the same height
and b=bw, (Mcr,Rw), is called Kcr=Mcr,T/Mcr,Rw, and can be obtained analytically.
A very good approximation can be also obtained by Eq. (18).
K cr =

M cr ,T
M cr , Rw

≃ 0.9 + 0.1

h
b

b
+ 2.5 f ,tens  tens − 1
bw
h  bw


(18)

It is also possible to define a coefficient KT as a product of Kcr by the ratio bw/b.
This coefficient will be useful in the derivation of the contribution of the
compression concrete chord for T or I-shaped beams, and it is given by Eq. (19).
Note that in Eq. 19 the width b is used, and not bv, as the cracking moment is
related to the flexural behavior and not to the shear stresses.
KT =

h f ,tens  btens − bw 
M cr ,T bw
b
≃ 0.1 + 0.9 w + 2.5

M cr , Rw b
b
h 
b


(19)

3) In a cracked T beam, in the case that the neutral axis depth, x, is placed inside
the concrete chord (x ≤ hf), the width of the concrete compression block is equal
to the flexural effective width of the flanges, b. The neutral axis depth becomes,
therefore, smaller than that of the reference rectangular section of b=bw. The
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following equation provides the limit condition for the location of the neutral
axis depth with respect to the flanges depth, hf:

x ≤ hf

if

αe ρ ≤

1 δ2
;
2 (1 − δ )

δ=

hf
d

; ρ=

As
b·d

(20)

In that case, Eq. (7) which corresponds to a rectangular section of effective
depth, d, and width, b, may be used to obtain the neutral axis depth (see Figures
11 and 12A). Therefore, in a T-sheap beam the neutral axis depth will be lower
than that of a similar rectangular beam with a constant width equal to that of the
web of the T beam, bw, and the cracks will be more vertical as predicted by Eq.
(8). This fact was recognized by Leonhardt in 1965 [36].
If Eq. (20) is not satisfied, the neutral axis depth will be x > hf and it can be
calculated by solving Eq. (21), derived by setting the equilibrium of horizontal
forces in the section, accounting for the two different widths of the section, see
Figure 12B.

Figure 11. Scheme of cracking in a beam with T section (x ≤ hf).

Figure 12. Neutral axis depth in a T section. A) x ≤ hf. B) x> hf.
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ξ 2 + 2ξ δ (η − 1) + α e ρη  − δ 2 (η − 1) + 2α e ρη  = 0

(21)

Where η = b/bw and the rest of parameters have been previously defined. The
exact solution to Eq. (21) is presented in Appendix A.
4) When x<hf, the crack may penetrate into the flanges, assuming a more
horizontal path than in the web (Fig. 3C), due to the difference in the ratio
between the normal and the shear stresses generated by the change of width, see
Figure 13. Therefore, the horizontal projection of the critical crack, βd, is higher
than in the reference rectangular section. This fact has three consequences:
a. It affects the position of the critical section, which is placed slightly
farther from the support and, therefore, subjected to higher compressive
stresses in the un-cracked concrete chord, thus increasing its shear
transfer capacity. Nevertheless, the increment of shear capacity due to
the slight change of position of the critical section is very small.
b. The transverse reinforcement contribution to the shear strength, Vs,
increases because the horizontal projection of the crack increases. This
fact, which only affects beams with transverse reinforcement in which
the neutral axis depth is smaller than the flanges depth, may increase the
stirrups contribution to the shear strength.
c. The relative vertical displacement between the crack surfaces is higher
because the global inclination of the critical crack is higher, see Figure
13, affecting the dowel action. This effect is small in the global shear
strength and it is neglected in the proposed equations. Additionally, for
the two expressions given in Eq. 3a for the longitudinal reinforcement
dimensionless shear contribution, only the first one will be considered, as
the approximation given by 0.25x/d -0.05 is only valid for rectangular
sections.
d. The residual tensile stresses transferred in the closest part of the crack,
Vw, may be located in two different domains: the flanges and the web. As
this transfer action is relatively small compared to the compression chord
transfer capacity and for simplicity, only the residual stresses included in
17

bw will be accounted for in the proposed model, which is a conservative
assumption. For this reason, Eq. (2) valid for rectangular sections must
be normalized taken into account only bw.
In order to evaluate the effect in Vs, it is essential to obtain the inclination of the
crack in the flanges and the global angle of inclination. From Figure 13, the
following ratio between the global crack angle, θ, and the inclinations of the web
crack, θw, and the flange crack, θf, is obtained from geometrical considerations
(Eq. 22). The value of cot θw is directly obtained by Eq. (8).

cot θ =

( d − h ) cot θ + ( h
f

w

(d − x)

f

− x ) cot θ f

(22)

Figure 13. Inclined crack with two branches in beams with T section.

Assuming that the ratio between the angle of inclination of the crack in the web and in
the flanges is similar to the ratio between the angle of inclination of the tensile principal
stress in the crack and in the flange, this ratio can be obtained, in an approximate
manner, from the Mohr’s circle of stresses. See Appendix B for the complete derivation.
In summary, Eq. (22) can be rewritten as Eq. (23):

cot θ = cot θw

(d − h ) + (h
f

f

( d − x)

− x ) Rθ

= cot θ w

(d − h ) + (h
f

d −x

(d − h ) + (h
f

Kθ =

f

f

− x)

d−x

− x)

bv
bw

=

0.85
K
x θ
1−
d

(23)

bv
bw
(24)

and the horizontal projection of the crack will be:

β d = 0.85·Kθ ·d
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(25)

In any case, after the first branch of the shear critical crack reaches the compression
flanges, a higher load is necessary to crack the compression flange due to its higher
width. Nevertheless, sometimes, while the load increases, the crack propagates
horizontally along the web-flanges joint due to the longitudinal shear stresses at that
joint produced by the shear lag. This effect is conservatively not taken into account in
this model.

3.2. Compression chord contribution to the shear strength, Vc, in T-shaped beams
In order to obtain the beam shear capacity, the non-dimensional compression chord
contribution to the shear strength, vc given by Eq. (5), must be modified to take into
account the influence of the T-shape, according to the above considerations. Related to
the position of the neutral axis depth, the following situations can take place:
3.2.1. Neutral axis inside the compression flange (x ≤ hf)
The formulation developed for rectangular sections is still valid for this case, with small
modifications. When calculating the normal stresses due to bending, Eq. (14), the
neutral axis depth must be obtained with a reinforcement ratio ρ =As/(b·d) relative to the
compression flange flexural effective width, b. In addition, the cracking moment of the
T section, Mcr,T, must be used. Then, Eq. (14) can be rewritten, as in Eq. (26):
 M
( β − 0.5ξ w cot θ ) + v 0.5β  2λ  0.2 K + β ⋅ v + v ( β − 0.5ξ w cot θ ) + v 0.5β 
2λ  cr ,T2 + β ·vc + vw



s
T
c
w
s
cos 2 θ
cos 2 θ
σx
 f ct bd
=


=
ξ
ξ
f ct
(26)
ξ ⋅ (1 − )
ξ ⋅ (1 − )
3
3

Since the neutral axis lies in the flanges, not the whole flanges width but the shear
effective flange width bv must be used when integrating the shear stresses. Then Eq.
(16) becomes:
2

= de [Z 3f

Xr
X

g1 −

·Z5C. st auj aj1 k1 aC.E·ujm 6
n

o
#$
p
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q

jm

uq

j

− 1 − uqm

(27)

3.2.2. Neutral axis in the web (x > hf)
In order to obtain Vc, Equation (9) must be integrated in two domains, corresponding to
the flanges (x<hf, b=bv) and to the compressed part of the web (x>hf , b=bw), and
becomes:
v

%

P2 = QC R5S6 · Tj · US + Qv R5S6 · T · US =

VW ·Xr,

·%

Y·Z·5#$Z6

(28)

where


b
bv ,eff = bv ν 2 ( 3 − 2ν ) + w 1 − 3ν 2 + 2ν 3 
bv



(

)

;

ν =

hf
x

(29)

Then, Eq. (27) is also valid in the case x>hf substituting bv by bv,eff. Eq (27) has been
solved for x/d adopting different values of b/bw, (or KT), and different transverse
reinforcement shear capacities vs. Figure 14 shows the solutions obtained for vs= 0 and
0.25, b/bw=1, 3 and 5 and hf/d=0.125.
0.40
b/bw=1
b/bw=1 ; vvs=0.00
s=0.00
b/bw=1
b/bw=1 ; vvs=0.25
s=0.25
b/bw=3 ; vvs=0.00
b/bw=3
s=0.00
b/bw=3
b/bw=3 ; vvs=0.25
s=0.25
b/bw=5 ; vvs=0.00
b/bw=5
s=0.00
b/bw=5
b/bw=5 ; vvs=0.25
s=0.25

Non-dimensional shear vc

0.35
0.30
0.25
0.20
0.15
0.10
0.05
0.00
0.10

0.15

0.20

0.25

0.30

Neutral axis depth x/d
Figure 14. Concrete chord contribution to shear strength for different T or rectangular beams.

It can be observed in Figure 14 that in T beams (b > bw), when the neutral axis depth is
higher than the flange depth (x/d > hf/d), the slope of vc diminishes, since the web width
is lower than the flange width, and bv,eff diminishes as x/d increases.
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Eq. (30) can be used, that conservatively fits quite well the actual results of Eq. (27)
valid for any value of the neutral axis depth:
2

= 3 4 0.70 + 0.18[x + 0.20 + 0.50

X

X1

%

+ 0.02[x 7

Xr,

X

(30)

For a rectangular section, in which b = bv = bv,eff =bw and KT = 1, Eq. (30) results
identical to Eq. (5).

3.3. Maximum shear strength due to strut crushing
The web width in T beams, bw, may be relatively thin, and the beam failure may be
governed by the concrete struts. This proposal adopts the same formulation of the
current EC-2 but considering the angle of the compression strut given by Eq. (8).

4. SUMMARY OF SHEAR MODEL FOR RECTANGULAR AND T-BEAMS
The shear strength of rectangular and T beams is given by Eqs. (31-32):

V = Vc + Vw + Vl + Vs = fct ⋅ b ⋅ d ⋅ ( vc + vw + vl + vs ) ≤ VRd ,max
VRd ,max = α cw bw dv1

f ck
cot θ + tan θ

(31)

(32)

where vc, vw, vl and vs are presented in Table 2. The value of the angle of inclination of
the struts, θ, may be obtained from Eq. (23); the size effect term, ζ, is given by Eq. (6);
KT is defined by Eq. (19) and Kθ by Eq. (24). The parameters αcw and ν1 are given in
the current EC-2 [37]. The effective width for shear strength calculation, bv,eff, is
calculated as follows:
•

If x ≤ hf, bv,eff = bv = bw + 2hf ≤ b

•

If x > hf, use Eq. (29).
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Table 2. Summary of simplified expressions for rectangular or T beams of
dimensionless shear contributing components
Contributing component

= 167

Cracked concrete web

>0→
=0→

Longitudinal reinforcement
Transversal reinforcement
Compression chord

Final simplified dimensionless expressions

2

1+

= 0.85[y /

-

= 0.23
=0
01

X1
X
·"

(33)

#$%/

= 3 4 0.70 + 0.18[x + 0.20 + 0.50

(34a)
(34b)
X

%

X1

+ 0.02[x 7

Xr,

X

(35)
(36)

For design purposes it is recommended to consider Kθ equal to 1.0 which is a
conservative assumption. This value will be considered in this paper from now on.
Considering VEd the design value of the applied shear force, and vEd = VEd/(fctbd) its
dimensionless value, the needed amount of shear reinforcement, vs, may be directly
obtained from the previous equations, resulting in Eq. (37):

=
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(37)

5. EXPERIMENTAL VERIFICATION
5.1 Database for T-beams without shear reinforcement
The following references of experimental campaigns on T beams have been considered:
Ferguson and Thompson 1953[4], 24 beams; Al-Alusi 1957[38], 25 beams; Placas and
Regan 1971 [7], 7 beams; Kani et al. 1979 [6], 178 beams, only with T section; Taylor
et al. 1980 [39],1 beam; and Palaskas et al. 1981 [40], 4 beams. Therefore, 239 beams
of the campaigns mentioned above have been reviewed, of which 188 elements have
been selected for analysis. The following selection criteria have been used: 1) the beams
had a ratio a/d>2.5, where a is the shear span and d is the effective depth; 2) the beams
had a compression flange; and 3) the beams had a shear failure.

5.2 Database for T-beams (or I-beams) with shear reinforcement database
The ACI-DafStb Evaluation Database for RC beams with stirrups has been considered
for the analysis of T-beams and I-beams with shear reinforcement [41]. Only the beams
with T or I section have been selected, resulting in 70 RC T- or I-beams with stirrups.
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5.3 Global comparison
In this paper, three shear design procedures have been used to compare their predictions
with the experimental results of the T-shaped reinforced concrete beams with and
without stirrups. These procedures are the formulations given in Eurocode 2 [37], ACI
318-11 [42] (simplified equation 11-3 of the ACI Code) and in Model Code 2010 [31].
The equations used for the calculation with the proposal presented in this paper are the
equations summarized in Section 4 (Eqs. 31-36), considering Kθ equal to 1.0 as
previously commented. All explicit safety factors have been removed from the original
formulations. Moreover, the reported mean values of the concrete compressive strength
and of the tensile strength of the reinforcing bars have been used. The tensile concrete
strength, fct, is evaluated according to EC-2 [37], but limiting the concrete compressive
strength to 60 MPa, as previously commented. Different remarks on the three code
design procedures compared in this paper may be found in a similar study made for
rectangular beams [22].
Table 3 presents the comparison of the proposal model and the code formulation with
the experimental databases. As can be seen, the proposed equation correlates better with
the experimental results that any of the considered code formulations, as it presents the
lowest standard deviations and the most accurate predictions for the two considered
databases.

Table 3. Verification of different procedures for T and I beams with and without stirrups
Vtest/Vpred
Average
Median
Standard deviation
COV (%)
Minimun
(Vtest/Vpred)5%
Maximun
(Vtest/Vpred)95%

188 beams without stirrups
ACI
MC10
EC-2
Proposal
318-11
Lev II
1.32
1.89
1.36
1.02
1.21
1.72
1.32
0.98
0.388
0.564
0.239
0.193
29.33
29.92
17.62
19.02
0.80
0.86
0.92
0.71
0.94
1.28
1.05
0.79
3.00
4.25
2.44
2.12
2.11
3.05
1.81
1.35
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EC-2
1.25
1.27
0.298
23.86
0.56
0.71
2.00
1.75

70 beams with stirrups
ACI
MC10
Proposal
318-11 Lev III
1.82
1.41
1.14
1.76
1.37
1.15
0.391
0.272
0.170
21.42
19.29
14.90
0.92
0.85
0.62
1.33
1.11
0.87
3.12
2.38
1.53
2.49
1.81
1.39

Figure 15. Correlation between the prediction and the experimental results in terms of the ratio of flange to
effective depths (hf/d).

Figure 15 shows the correlation between Vtest/Vpred and hf/d, where hf is the flange depth
and d is the effective depth. Elements with and without shear reinforcement are
distinguished, and the linear regression of each group is presented. In Figure 15 can be
observed not only the lowest dispersion of the proposal presented in this paper, but also
that the higher the ratio hf/d is, the safer the predictions of the codes are. This increment
of safety in current code predictions is due to the fact that the codes do not include the
effects of flanges, as it is recognized specifically in the Model Code 2010 [31].
Furthermore, the aforementioned tendency is especially significant for beams without
stirrups. However, the proposal includes the beneficial effects of the flanges regarding
to shear strength, so the linear regressions of the proposal for beams with and without
shear reinforcement remain practically horizontal for increasing values of hf/d, as is
shown in Figure 15.
Kani et al. [6] conducted an extensive campaign in which 178 T-shaped beams without
shear reinforcement were tested. 140 of these beams verified the selection criteria
24

commented in Section 5.1 and, therefore, they are included in the database of elements
without stirrups used in this paper. The studied parameters in this experimental
campaign [6] were ρ, a/d, fc and two different values of b. The value of the ratio hf/d
varied only between 0.37 and 0.42 for these beams, as only small changes in d were
done. As none of the compared code formulations take into account properly the
different studied parameters for T-shaped beams, a huge scatter can be seen in Figure 15
for this domain (0.37<hf /d<0.42), specially for ACI 318-11 and EC-2. However, the
scatter is much lower for the model proposed in this paper.
An important assumption of the model is that the horizontal projection of the first
branch of the flexural-shear critical crack is considered to be equal to 0.85Kθd (Eq. 25),
being Kθ=1 for rectangular sections. Figure 16 compares this assumption with the
horizontal projection of the actual cracks observed in four beams tested by the authors
in two different experimental campaigns [3,43]. It can be seen that, for these four tests,
the average value is 0.875Kθd, very similar to the assumed value.

Figure 16: Horizontal projection of the first branch of the flexural-shear critical crack for four beams tested
by the authors [3,43].

6. CONCLUSIONS
In this paper, a mechanical model previously developed by the authors for the prediction
of the shear-flexural strength of slender reinforced concrete beams with rectangular
cross section with or without shear reinforcement has been extended to beams with T
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and I cross sections. For this purpose, the effects of the section shape on the shear
transfer actions considered by the model have been identified and incorporated into the
corresponding equations. Thus, general expressions both for strength verification and
for transverse reinforcement design have been derived, assuming that, when shear
failure does not take place by web crushing, failure occurs by propagation of the critical
shear crack throughout the compression chord. These expressions are also valid, as
particular cases, for beams with inverted T or rectangular cross sections. The following
conclusions can be drawn from the works performed:
1) In the present model it is considered that the critical section is placed at the tip
of the shear crack, which develops from a previously formed flexural crack.
Therefore, in beams with T or I sections, the critical section is placed farther
from the zero bending moment point than in a beam with a rectangular cross
section with the same height and web width (b=bw), because their cracking
moment is higher. This fact is recognized by the model through a theoretically
derived shape factor KT, affecting the concrete contribution Vc. The factor KT
depends on the cross section dimensions and is equal to 1 for rectangular
sections.
2) According to the present model, near the ultimate limit state, a relevant part of
shear stresses concentrate at the compression chord. Therefore, when shear
failure does not take place by web crushing, the contribution of the
compression flanges to the shear strength is relevant and cannot be neglected.
Such contribution is taken into account in the model by defining an effective
shear width, which depends on the cross section geometry and on the
longitudinal reinforcement ratio
3) Due to the existence of compression flanges, the flexural neutral axis depth is
smaller than in rectangular beams width the same web width. Therefore, the
crack opening and, consequently, the shear transferred along the crack is lower.
On the opposite, the dowel action may slightly increase, although the estimated
variations of both components are not relevant.
4) When the neutral axis lies into the flanges, both the global inclination and the
horizontal projection of the critical crack increase. Consequently, the global
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concrete contribution and the contribution of the web transverse reinforcement
increase, resulting in a higher shear resisted.
5) The presence of transverse reinforcement increases the concrete contribution to
the shear strength due to two main effects. In one hand the transverse
reinforcement introduces vertical confinement stresses in the concrete which
enhances its strength, especially in the un-cracked concrete region, i.e. the
intersection between the web and the compressed flanges. On the other hand,
transverse reinforcement provides a direct contribution to the shear strength
and, therefore, an increment of the bending moment acting at the critical
section, thus, increasing the shear transfer capacity of the concrete compressed
chord.
6) The proposed equations have been checked with experimental results available
in the technical literature. In general, very good results have been obtained in
terms of mean value (m) and coefficient of variation (cov) of the ratio between
the experimental and the predicted results. For the 188 beams without shear
reinforcement studied, m=1.02, cov=19.02%, while for the 70 beams with
shear reinforcement studied, m=1.14 and cov = 14.90%. These results present
more accuracy and less scatter than those obtained with the ACI, Model Code
2010 and Eurocode 2.
7) The proposed simplified equations are direct, (i.e. without need of performing
iterations), both for strength verification and for design of the transverse
reinforcement. The simplicity, straightforwardness of application and the
accuracy of the method make it suitable for daily engineering practice.
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APPENDIX A. Expression for the neutral axis depth for T beams when x>hf
When the neutral axis depth of a T beam is in the flange (x > hf), x/d may be obtained
solving Eq. (21). The exact solution is:


δ 2 (η − 1) + 2ηα e ρl
x

= δ (η − 1) + ηα e ρl  −1 + 1 +
2

d 
δ (η − 1) + ηα e ρl 

where η = b , δ =
bw

hf
d

, αe =






(A.1)

Es
A
and ρ = s .
Ec
b· d

APPENDIX B. Derivation of Kθ
The ratio between the angles of inclination of the crack in the web and in the flanges
can be obtained, in an approximate manner, from the Mohr’s circle of stresses. Let’s
consider two points inside the section placed where the web intersect the flanges, both
at a distance y = hf from the top, but one (Pw) inside the web and the other (Pf) inside
the flanges. When point Pw cracks, the normal and shear stresses at this point are σxw
and τw, and the principal tensile stress equals the concrete tensile strength, fct.

σ xw

σ 
+  xw  + τ w2 = fct
σ1,w =
2
 2 
2

(B.1)

For this load level, point Pf inside the flanges will not be cracked, since its normal stress
is equal to that in the web,

σ xf = σ xw , but its shear stress, τf =τw·bw/bv. is lower than in

the web, due to its bigger width (note than the effective flange width, bv, is used). A
higher load will be necessary to crack the flanges. Nevertheless, sometimes, while the
load increases, the crack propagates horizontally along the web-flanges joint due to the
longitudinal shear stresses at that joint produced by the shear lag. Assuming that the
load which produces the initiation of cracking inside the flanges is λ times the load
which produces cracking at point Pw, the normal and shear stresses generated by this
load at point Pf inside the flanges are:

σ xf = λσ xw ; τ f = τ wλ
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bw
bv

(B.2)

Then, the principal tensile stress will reach the concrete tensile strength, σ1,f = fct:

σ 1, f

2 
2
2

 σ xf 
σ xw
 σ xw   bw  
2

=
+ 
+ 
 +τ f = λ 
 +  τ w  = f ct
2
2
 2   bv  
 2 



σ xf

(B.3)

The angle of a crack can be approximated, according to the theory of elasticity, as the
angle which forms the principal compression stress with the longitudinal x-axis, which
is given, assuming σy = 0, by cot(θ) = τ/σ1. Then, the ratio between the angles of
inclination of the web and flanges cracks, Rθ will be:
Rθ =

cot θ f
cot θ w

=

τ f σ 1w λτ wbw σ 1w
b σ
=
= λ w 1w
bv σ 1 f
τ wσ 1 f
τ wbv σ 1 f

(B.4)

Substituting Eqs. (B.1) and (B.3) into Eq. (B.4), the following expression for factor Rθ
is obtained (Figure B.1), which depends on bw/bv and on the ratio between the shear and
normal stresses at the considered section:
σ xw
Rθ =

σ 
+  xw  + τ w2
2
 2 

 2τ 
−1 + 1 +  w 
 σ xw 

2

2 
2

 σ xw +  σ xw  +  τ bw  
w


 2
 2   bv  



=

2

 2τ b 
−1 + 1 +  w w 
 σ xw bv 

2

(B.5)
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bv/bw
Figure B.1. Factor Rθ as a function of bv/bw.
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3.5

4.0

4.5

It can be observed that for T beams with ratios hf/h ≤ 0.25, factor Rθ can be assimilated
to bv/bw, while for beams with thicker flanges, Rθ is lower than bv/bw. In this paper, a
simplified value Rθ = bv/bw will be adopted, since most T-shaped beams in practice have
flanges with depths that do not exceed the 25% of the total section depth.
Then, Eq. (22) can be rewritten as:

cot θ = cot θw

(d − h ) + (h
f

f

( d − x)

− x ) Rθ

= cot θw

(d − h ) + (h
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Figure captions
Figure 1. Uncoupled resistant mechanisms: A) Flexure. B) Shear.
Figure 2. Cracking prior to failure and at failure in a rectangular beam with web
reinforcement (photographs from the authors) [3].
Figure 3. Comparison between T-shaped section beam and rectangular beam. A)
Sections. B) Crack pattern scheme of a rectangular beam. C) Crack pattern scheme
of a T beam.
Figure 4. Effect of flange width, adapted from [10], based on an experimental campaign
published in [7].
Figure 5. Analysis of a rectangular beam section subjected to an increasing shear forces
and bending moments using the coupled model proposed by Bairán and Marí [20].
A) Shear forces vs. shear strains. B) Shear stress distribution at flexural cracking.
C) Shear stress distribution after yielding of the longitudinal reinforcement.
Figure 6. A) Shear transfer mechanisms considered. B) Equilibrium. Adapted from [23].
Figure 7. Position of the shear critical section in the beam. Adapted from [22].
Figure 8. Considered distributions of stresses at the un-cracked concrete chord. Adapted
from [22].
Figure 9. Shear stresses at high load levels in a T-shaped section. Adapted from [11].
Figure 10. Effective width in a I-shaped section.
Figure 11. Scheme of cracking in a beam with T section (x ≤ hf).
Figure 12. Neutral axis depth in a T section. A) x ≤ hf. B) x> hf.
Figure 13. Inclined crack with two branches in beams with T section.
Figure 14. Concrete chord contribution to shear strength for different T or rectangular
beams.
Figure 15. Correlation between the prediction and the experimental results in terms of
the ratio of flange to effective depths (hf/d).
Figure 16: Horizontal projection of the first branch of the flexural-shear critical crack
for four beams tested by the authors [3,43].
Figure B.1. Factor Rθ as a function of bv/bw.
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Table captions
Table 1. Summary of simplified expressions for rectangular beams of dimensionless
shear contributing components [22].
Table 2. Summary of simplified expressions for rectangular or T beams of
dimensionless shear contributing components.
Table 3. Verification of different procedures for T and I beams with and without
stirrups.
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