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Abstract
The vibroacoustic equations can be solved by means of the finite element method. A
discretisation of the structure and the acoustic domains is required and highly influences the
quality of the numerical solution. There exist meshing criteria (a priori error estimators) for
the case of the Helmholtz equation but these studies have not focused their attention in the
case of the vibroacoustic problem. The fluid structure interaction represents a new source of
numerical errors and meshes in the interaction zone should be designed by not only taking
into account the physical properties of the acoustic medium but also the mechanical
properties of the structure. The goal of the work is to obtain an a priori error estimation
criterion for the vibroacoustic problem and Illustrate its efficiency by means of numerical
experiments.
Keywords: finite element, boundary element, error estimation.

1 Introduction
The solution of physical problems where the expected solution is a wave can be still
considered an open problem of the numerical techniques such as the finite element method
(FEM) or the boundary element method (BEM) [17]. If the wave length of the solution field is
too short, the discretisation of the physical domain must be fine enough in order to describe
this wave and the computational costs of the problem increase till they become unaffordable.
Acoustics and structural vibration are among those physical problems whose solution is a
wave. They are governed by the vibroacoustic equations. Several formulations are available
[5,14]. However, the discussion and the examples shown here are based on the steady
harmonic pressure-displacement equations:
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(1)
Where p is the phasor of acoustic pressure, k is the air wave number, the acoustic force term
is due to point sources, vn is an imposed velocity, ρ0 is the air density, n are outward normals
and linear elasticity is assumed for the solid part of the problem.
The numerical formulation of this problem is reviewed in [1]. Examples of the numerical
resolution of these equations in order to model physical situations of industrial interest can be
found in the literature. The sound transmission through walls has been studied by means of
the FEM in [11] or BEM in [3].
Studies on the numerical error for the uncoupled (acoustic or structural) problem have been
done. In the field of numerical acoustics, a usual rule of thumb is that six linear finite
elements per wave length are enough in order to obtain accurate results.
More detailed analyses [9,10]) predict that the interpolation error for linear elements can be
estimated as

(2)

where
and
are dimensionless wave number and element size,
is a characteristic length of the problem, Clocal is a constant that depends on each particular
situation but it is independent of
and
, p is the exact solution and pI is an interpolation
of p. The six-elements-per-wave-length rule of thumb only takes into account this local
interpolation error. Nevertheless, two additional phenomena make this criterion insufficient:
the dispersion effect (k-singularity) and the existence of eigenfrequencies of the equation (λsingularity) [2].
The wave number of the numerical solution has been proved to be different from the exact
wave number in the Helmholtz equation (for a linear one-dimensional finite element solution
of Helmholtz equation we have
. This causes an increasing
phase shift of the discrete solution. The error affects all the domain. Due to dispersion, a
numerical solution obtained by keeping constant
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frequencies. The increase of error due to the increase of dimensionless wave number
is
known as pollution effect [4].
Introducing the numerical wave number (affected by dispersion error) in the analysis, an
expression for the total error can be obtained as

(3)
ph is the numerical solution obtained by FEM. C1 and C2 are constants that should be
calculated for each particular situation (but they are independent of
and ) and q the
degree of polynomial interpolation. This is an important drawback because these a priori
error estimates give a tendency but the mesh should be correctly designed for each problem.
Note that in equation (3) we can associate the first term (multiplied by C1) with the
interpolation or local error (eI = (p-pI/p)) and the second term (multiplied by C2) with the
pollution error (ePOL = (pI-ph)/ph).
Numerical experiments that show the evolution of numerical errors in the BEM for the
Helmholtz equation can be found in [12,13]. In [16] an a posteriori error estimator for the
case of structural dynamics in the time-domain has been developed.
The work in the present contribution is focused in the analysis of possible sources of
numerical error due to the fluid-structure coupling in the vibroacoustic problem. In all the
previous references, the study is done in uncoupled acoustic or solid problems and uniform
domains. Thus, the waves of the problem (pressure or displacement waves) depends only
on the physical properties of the medium and the governing equation. The wavelength of the
solution fields is provided by the dispersion relation. In a bounded problem, the solution
tends to be similar to the eigenmode whose eigenfrequency is closer to the problem
pulsation.
However, the solution of the problem can also be composed of forced waves. They appear
when the solution is required to fit irregularities at the boundary of the system, or satisfy
some imposed force. In general, they can be different of any characteristic mode of
oscillation of the system.
This possibility is not considered in uncoupled system error analysis because for usual forces
acting on the problem (point forces, uniform loads,...) forced waves are not generated. This is
not the case of coupled vibroacoustic problems where an spatial oscillatory pressure is often
the excitation force on a structure or a sinusoidal velocity is imposed on an acoustic contour.
If the discretisation of a medium is designed taking as reference the wave length of resonant
waves and the solution is composed of forced waves of shorter wave length the numerical
errors would be larger than expected.
A similar idea is found when modal analysis is used for sound transmission problems. In [6]
both resonant and forced modes must be considered in order to accurately describe the
pressure fields in the rooms.

2 Structural problem
The dynamic response of the two structural systems in Figure 1 is analysed. The first one,
Figure 1(a), is a simply supported beam with a point force placed at
from the support (
is the length of the beam). It is a reference case where the solution will be only composed of
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resonant waves. On the contrary, in the second case (Figure 1(b)) a sinusoidal pressure is
imposed (
). The vibration field can be composed of resonant and forced
waves, depending on the relationship between the geometric and mechanical properties of
the beam, the pulsation of the problem and the force parameters Kf and θ.

Figure 1 – Sketches of the two structural problems analysed: (a)Beam loaded with a point
(b)Beam loaded with a sinusoidal load
.
force at the position
In all the examples shown in the contribution, the coupling and forcing terms are calculated
with enough accuracy. As shown in [8] for static beams loaded with sinusoidal forces, the
incorrect integration of the force term can be a source of error, especially if the force is
integrated using the same accuracy that has been used for the mass matrices (typically
linear or quadratic polynomials for structural analysis FEM). In any case, this possible source
of error in vibroacoustic coupled problems will not be analysed in the contribution.
The error measure in this structural problem is

(4)
uh is the phasor of the numerical value of the structural displacement for a mesh of size h,
while u is the reference value. It is calculated by means of the modal analysis solution.
The material properties of the structure are shown in Table 1.
The calculated numerical errors can be seen in Figures 2 and 3. The point force example
should be understood as the reference for the convergence behaviour. The interpolation of
the normal displacement in an Euler Beam element is of degree q = 3 and the slope of the
log10(||e||) - log10(h) curve is q +1 = 4. The error is clearly related with the structural wave
number and increases with frequency as shown in Figure 1. The expression of the structural
wave number for an Euler beam is

(5)

Table 1 – Geometrical and mechanical properties of the structure.
Meaning
Symbol
Value
Thickness
5 mm
Young’s modulus
2,061·1011N/m2
Density
7500 kg/m3
Damping
2%
Length
4m
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Figure 2 – Error analysis for a point loaded beam: on the left, dependence on the number of
elements per wave length; on the right dependence on the frequency.
In the sinusoidal load case of Figure 3 the value of the `force wave number' Kf = 100 π / ,
has been chosen in order to perfectly match the excitation force with the mode that has 50
wave lengths inside the beam. In that case the exact solution is composed by only one
forced wave.

Figure 3 – Error analysis for a beam loaded by means of an oscillatory force where Kf = 100
π / (exactly 50 load waves per beam length) : (a)relative error depending on the number of
nodes per structural wave length; (b)relative error depending on the number of nodes per
pressure load wave length.
In Figure 3 (a) the error has been plotted depending on the structural wave number and in
Figure 3 (b) depending on the force wave number Kf (number of structural elements per
imposed pressure wave length). The results take sense in the second case because the
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displacement field wave length is Kf. This means that the mesh must be designed by
considering the excitation wave number Kf instead of the structural wave number.

3 Acoustic problem
The effect of spatial oscillatory excitations can be also found in the acoustic problem. The
acoustic radiation in a semi-infinite semi-space has been calculated by means of boundary
elements (a similar situation has been analysed in [15]). An imposed velocity vn = Kvy =
2πn/Ly has been imposed along a 4 m length vibrating boundary.
The error measure in this acoustic problem is

(6)
where ph is the phasor of the numerical value of the acoustic pressure for a mesh of size h,
while pref is the reference value. This value is now taken as the pressure in a mesh with
smaller elements. The integration of the outputs is performed along the 4 m length contour
with boundary elements (radiating part of the contour).

Figure 4 – Convergence of the relative error in acoustic pressure for the acoustic radiation of
sound inside a semi-infinite space. Constant frequency of the problem (250 Hz), with
increasing value of the spatial wave number of the imposed velocity at the contour.
The obtained results are shown in Figure 4. We can see how the convergence of the
numerical error depends again on the wave number of the imposed velocity. For the case of
n = 15 waves inside the computational domain the expected convergence slope is obtained.
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However, for larger number of waves inside the computational domain (n = 30 and n = 50),
the convergence with the expected slope starts for a smaller element size. At less, more than
one element per excitation wave length is required in order to reach the convergence of
order 2. In these cases the excitation wave length is shorter than the length of propagation
waves in the air.
The wave number of the excitation oscillation is smaller than the wave number of air (k =
ω/c). In this situation the pressure field is mainly composed of evanescent waves. This waves
decrease with distance and vanish away from the source location (vibrating contour in this
case).

4 Conclusions
It has been shown that for both structural and acoustic problems the convergence of
numerical methods such as FEM or BEM can depend on the excitation action. In these
methods, the spatial discretisation of the physical domain must be designed according to the
expected waves in the solution. In general the length of these waves can be predicted by
considering only the physical properties of the medium (resonant or propagating waves).
However for some excitation actions forced waves can be induced. This causes the final
solution to have contributions related to different frequencies and consequently modifies the
expected performance of the considered numerical methods.
This behaviour in uncoupled problems should be studied for vibroacoustic problems in the
following cases:
• Acoustic domains that are in contact with structures vibrating with a wavelength
smaller than the length of the waves generated in the air. It is the case of acoustic
domains coupled with lightweight structures and frequencies below the critical
frequency. The discretisation in the acoustic part of the problem should be done by
taking into account the structural wave length.
• Structures surrounded by acoustic fluids and frequencies above the critical frequency.
The discretisation in the structural part of the problem should be done by taking into
account the acoustic wave length.
According to the presented preliminary results, it can be concluded that the element size
should be decided not only by taking into account the medium properties but also the
excitation forces of the problem. In addition, it will be checked if for coupled vibroacoustic
problems this effect is also relevant in the coupling interface and the shortest wave length of
any of the media involved in the problem should be considered.
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