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Abstract
Hybrid beams made of pultruded fiber-reinforced polymer (PFRP) shapes connected to reinforced concrete (RC) slabs are
regarded as novel cost-effective and structurally-efficient elements. The current study addresses the need for a robust
analytical procedure for the design of such members considering the structural implications of shear interaction effects.
The discussed analytical procedure is based on the Timoshenko beam theory and on the elastic interlayer slip model
extended from steel-concrete and timber-concrete composite beams, and presents the necessary mathematical tools for
evaluating deflections, flexural capacities and stress distributions of hybrid beams. Partial interaction effects are
quantified by using a proposed dimensionless parameter that depends mainly on the connection’s stiffness. The analytical
equations were validated successfully against available experimental data and conclusions indicate that the simplified
model for partial interaction is viable and should be used even for specimens with full interlayer shear capacity.
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diameter of connector
distance between centroids of layers
depth of profile web
modulus of elasticity
flexural stiffness
force
concrete strength
shear modulus
shear stiffness
height of the hybrid beam
height of the concrete slab
height of the PFRP profile
principal moment of inertia
connector shear stiffness
beam span
internal bending moment acting on the whole section
internal bending moment acting on layer 𝑗𝑗
internal normal force acting on layers
connector capacity
concentrated load
distributed load
uniformly distributed load
slip
first moment of area
Serviceability Limit State
spacing of connectors
thickness of flange
thickness of web
Ultimate Limit State
internal shear force acting on the whole section
internal shear force acting on layer 𝑗𝑗
deflection in the 𝑍𝑍 direction
longitudinal coordinate
relative longitudinal coordinate
depth of neutral axis at ULS
depth coordinate
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𝜙𝜙
𝜑𝜑

parameter
composite action parameter
parameter
variation/percentile difference, as specified
ultimate compressive strain of concrete
slip strain
degree of partial interaction acc. to EC4
Timoshenko shear coefficient
buckling length coefficient
partial interaction parameter
approximate partial interaction parameters
exact partial interaction parameter for static case 𝑖𝑖
normal stress
shear stress
curvature of hybrid beam
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Greek letters

Subscripts and superscripts
1,2,3
A,B,C,D
𝑎𝑎𝑎𝑎
𝑒𝑒𝑒𝑒𝑒𝑒
𝑐𝑐
𝑝𝑝
𝑖𝑖
𝑗𝑗
𝑐𝑐𝑐𝑐
𝑝𝑝𝑝𝑝
𝑒𝑒𝑒𝑒𝑒𝑒
𝑏𝑏
𝑠𝑠ℎ
𝑡𝑡
𝑢𝑢
𝑚𝑚𝑚𝑚𝑚𝑚

reference to static case
reference to approximate formulation
analytical
experimental
concrete
profile
reference to static case 1, 2 or 3
reference to material layer: concrete 𝑐𝑐, or profile 𝑝𝑝
complete interaction
partial interaction
effective
due to bending
due to shear
total
ultimate, at ULS
maximum

1. Introduction
While a large sector of the composites’ construction market is still devoted to strengthening applications, in the past two
decades new structures for road and pedestrian bridges, marine piers or buildings were created by including from the very
beginning composites that play a key role in their performance. In the aforementioned new structures pultruded FRP
shapes, or PFRPs, are commonly used because of their reduced cost of manufacturing, low maintenance requirements and
resemblance to standard steel profiles, in addition to their inherent high strength-to-weight ratio and resistance to
aggressive environmental factors.
Studies [1,2] have shown that the profiles alone, although strong, are more susceptible to failure due to instability and
high flexibility. Therefore, researchers have started to combine PFRP shapes with traditional materials such as reinforced
concrete in order to obtain hybrid members with superior structural characteristics [3–9]. The connection between the two
materials can be realized with mechanical joints, bonded joints or combined joints, depending on the design
considerations. Mechanical connections are usually preferred due to the ease of inspection and disassembly, the short time
they take to fully develop their strength capacity and to the ductility characteristics they can possess. In contrast, bonded
joints require special tools, materials and installation conditions, are difficult to inspect and disassemble, with temperature
and humidity possibly affecting their strength. A bonded joint will have a higher connection stiffness but also a reduced
post-elastic capacity compared to a mechanical connection.
One of the characteristics of hybrid/composite elements is that a certain degree of slip can develop at the interface, as
exemplified in Fig. 1. The slip causes a reduction of the beam’s flexural stiffness and thus an increase in bending
flexibility.
Partial shear interaction relies on many factors such as the capacity and stiffness of the connection system, chemical bond
at the interface, joint configuration and cracking of concrete [10,11]. For the design of composite steel-concrete members,
the European Eurocode 4 [12] and the American AISC 360-10 [13] specifications take into account the degree of shear

connection in calculating deflections and bending capacities of beams only based on the capacity of the installed
connectors, however due to the flexibility of the joint partial interaction can still occur. Many researchers have studied this
problem, especially for composite beams made of conventional materials like steel, concrete and timber. Girhammar et al.
[14–16] analyzed the static and dynamic behavior of beam-column elements with interlayer slip and deducted exact and
simplified first and second order formulations for the displacement functions and various internal actions for timberconcrete composite beams. Faella et al. [17,18] developed an “exact” displacement-based finite element model for steelconcrete composite beams with flexible shear connection and a simplified analytical procedure accounting for concrete
slab cracking and the resulting tension stiffening effect, nonlinear connection behavior and the reduction of connection
stiffness in hogging bending moment regions. Researching the shear slip effects in steel-concrete composite beams Nie et
al. [19–21] proposed a simplified analytical model that was validated against experimental data and design code
specifications. Frangi and Fontana [22] described an elasto-plastic model for timber-concrete composite beams with
ductile connection that is based on the capacity of the connectors and not on their stiffness modulus. The model was
compared to experimental data and further validated by Persaud and Symons [23]. Furthermore, Schnabl et al. [24] and
Xu et al. [25,26] considered also the effect of the transverse shear deformation on displacements in each layer and
concluded that shear deformations are more important to be evaluated for two-layer beams having a high connection
stiffness, a high flexural-to-shear moduli ratio, and short span. Martinelli et al. [27] carried out a comparative study of
analytical models for steel-concrete composite beams with partial interaction by employing a dimensionless formulation.
Shear-rigid and shear-flexible models were considered using the Timoshenko beam theory and the study indicated
possible threshold values beyond which certain effects become negligible.
In a straightforward manner, the same formulations can be extended and adapted for PFRP-RC beams with partial shear
interaction effects. Nevertheless, studies performed on hybrid beams so far have seldom considered these effects,
underestimating the real structural behavior. For instance, Sekijima et al. [28,29] investigated the experimental flexural
response of glass FRP-concrete beams mechanically connected with bolts and nuts arranged in a cross stitch pattern.
Because the calculations were based on the Euler-Bernoulli beam theory, it was concluded after an additional finite
element simulation that the shear deformation at the shear spans and the slip-off between the concrete slab and the upper
flange of the pultruded FRP shape should have been considered in order to model better the real behavior. Biddah [30]
studied the feasibility of using hybrid FRP-concrete beams instead of simple FRP profiles, by highlighting advantages
such as increase in load carrying capacity and flexural stiffness. Separation between the connected layers was observed
during the experimental tests, pointing out that the composite action was only partially developed. Thus, he concluded that
the performance characteristics of the hybrid system need further investigation and development. The structural behavior
of composite T-beams made of rectangular FRP tubes and concrete slabs was investigated by Fam and Skutezky [31]. The
beam-slab specimens were connected with GFRP dowels forced into holes drilled on the top of the profiles. Stiffness
degradation was observed, due to interface slippage, especially for hollow tube specimens. Correia et al. [32,33] took into
consideration the shear slip effects for evaluating the analytical flexural response of GFRP-concrete hybrid beams, by
using a simplified approach proposed by Knowles [34].
The current study presents an analytical procedure for the design of PFRP-RC hybrid beams including shear interaction
effects. The flexural behavior of the hybrid elements is modeled using the Timoshenko beam theory and the connection is

considered elastic with a uniform stiffness. In the procedure, the interaction effects are included only in the bending
component of the Timoshenko composite beam model, after being evaluated for an equivalent shear-rigid composite
beam. A dimensionless parameter is introduced to account for the degree of partial interaction, from the perspective of the
connection’s stiffness, and exact and approximate expressions are deducted for it. Exact and simplified formulations are
also presented for calculating deflections, interlayer slip, bending capacities, and normal and shear stress distributions for
hybrid beams under different interaction conditions. A validation of the analytical models is performed against published
experimental data so as to assess the feasibility of using approximate solutions for partial interaction effects.

2. Analytical models
In the case of hybrid beams made of pultruded FRP profiles connected to reinforced concrete, the composite action in the
structural members depends mainly on the shear behavior of the connection system. For achieving full shear interaction,
high performance materials require more shear connectors, but because of the limited number that a top flange can
accommodate for an optimal design and due to the stiffness of the connection, a partial composite design may be
considered.
Consequently, the following section discusses analytical models suited for characterizing the short-term flexural behavior
of hybrid beams under both complete and partial interaction situations. Mathematical expressions for evaluating
deflections, slippage, flexural capacities and stress distributions are presented for a hybrid beam composed of an I-shaped
pultruded FRP profile connected to a rectangular reinforced concrete slab, as illustrated in Fig. 2. The formulations can be
extended to other prismatic, vertically symmetric cross-sections.
The composite profile is expected to behave elastically up to failure while the concrete has a typical nonlinear constitutive
law as described in Eurocode 2 [35]. The orthotropic mechanical properties of the composite material are the same in the
web and flanges, i.e. the profile’s section is transversely isotropic. At the Ultimate Limit State (ULS), the concrete’s
compressive stress distribution is simplified as a rectangle characterized by parameters 𝜆𝜆 and 𝑛𝑛, which are equal to 0.8 and

1.0 for concrete strength classes ≤C50/60. The depth of the neutral axis is designated 𝑥𝑥𝑢𝑢 , the ultimate compressive strain
𝜀𝜀𝑐𝑐,𝑢𝑢 = 3.5‰, the compressive strength of concrete 𝑓𝑓𝑐𝑐 , and the slip strain developing at the interface is denoted 𝜀𝜀𝑠𝑠 .

Material and design safety coefficients are not included herein and are to be found in specific design guides or manuals.
The scope of the analysis is restricted to beams subjected to positive bending so serviceability aspects (SLS) and failure
criteria (ULS) are discussed for this specific case. In order to obtain closed-form solutions to the following analytical
equations, three statically determinate beam cases are considered and depicted in Fig. 3. Other cases can be solved in a
similar manner by applying the appropriate boundary conditions. The loads 𝑄𝑄, 2𝑄𝑄 and 𝑞𝑞0 are applied over a span 𝐿𝐿 and

the displacements (deflections) registered in the 𝑍𝑍 direction are denoted with 𝑤𝑤(x) for the corresponding coordinate along

the 𝑋𝑋 axis.

2.1. Deflection
2.1.1.

Complete interaction

The analytical model of a PFRP-RC hybrid beam with complete shear interaction is based on the following assumptions:


plane sections remain plane after deformation;



there is no vertical separation or longitudinal slippage between the PFRP profile and the RC slab;



the top steel reinforcement contribution is neglected;



the whole width of the concrete slab is effective.

In addition, the evaluation of deflections is performed under the elastic range of the beam’s constitutive materials because
hybrid beams possess an inherent generally linear behavior until failure.
Due to the high ratio between the longitudinal elastic modulus and the shear modulus, for pultruded orthotropic composite
materials it is necessary to consider also the shear deformation contributions in computing deflections by employing
Timoshenko’s beam theory. Thus, the elastic curve that describes the deflected shape of a hybrid PFRP-RC element is a
function of its flexural rigidity 𝐸𝐸𝐸𝐸 and transverse shear rigidity 𝜅𝜅𝜅𝜅𝜅𝜅, so consequently the total deflection at a certain

coordinate 𝑤𝑤𝑡𝑡𝑐𝑐𝑐𝑐 (𝑥𝑥) is expressed as a sum of the deflection due to bending deformation 𝑤𝑤𝑏𝑏𝑐𝑐𝑐𝑐 (𝑥𝑥) and the deflection due to
shear deformation 𝑤𝑤𝑠𝑠ℎ (𝑥𝑥):

𝑤𝑤𝑡𝑡𝑐𝑐𝑐𝑐 (𝑥𝑥) = 𝑤𝑤𝑏𝑏𝑐𝑐𝑐𝑐 (𝑥𝑥) + 𝑤𝑤𝑠𝑠ℎ (𝑥𝑥) =

𝑓𝑓(𝑥𝑥) 𝑔𝑔(𝑥𝑥)
+
𝐸𝐸𝐼𝐼𝑐𝑐𝑐𝑐 𝜅𝜅𝜅𝜅𝜅𝜅

(1)

where 𝑓𝑓(𝑥𝑥) and 𝑔𝑔(𝑥𝑥) are functions given by the elasticity theory which depend on the load and supporting conditions.

The flexural rigidity under complete interaction conditions can be obtained from the following relation:

where:

𝐸𝐸𝐼𝐼𝑐𝑐𝑐𝑐 = 𝐸𝐸𝐼𝐼0 + ����
𝐸𝐸𝐸𝐸 ∙ 𝑑𝑑𝑐𝑐2

(2)

𝐸𝐸𝐼𝐼0 = 𝐸𝐸𝑐𝑐 𝐼𝐼𝑐𝑐 + 𝐸𝐸𝑝𝑝 𝐼𝐼𝑝𝑝

(3)

���� =
𝐸𝐸𝐸𝐸

𝐸𝐸𝑐𝑐 𝐴𝐴𝑐𝑐 ∙ 𝐸𝐸𝑝𝑝 𝐴𝐴𝑝𝑝
𝐸𝐸𝑐𝑐 𝐴𝐴𝑐𝑐 + 𝐸𝐸𝑝𝑝 𝐴𝐴𝑝𝑝

(4)

���� the axial stiffness ratio and 𝑑𝑑𝑐𝑐 the
where 𝐸𝐸𝐼𝐼0 represents the flexural rigidity when there is no shear interaction, 𝐸𝐸𝐸𝐸

distance between the centroids of areas 𝐴𝐴𝑐𝑐 and 𝐴𝐴𝑝𝑝 . Variables 𝐸𝐸𝑐𝑐 and 𝐸𝐸𝑝𝑝 represent the longitudinal elastic moduli of the

concrete and the profile (effective value) while 𝐼𝐼𝑐𝑐 and 𝐼𝐼𝑝𝑝 are the principal moments of inertia of the two. If the slab cracks
under tension, only the compressed concrete area should be considered for calculating 𝐼𝐼𝑐𝑐 .

When it comes to the shear rigidity of a hybrid beam, based on the fact that the majority of the shear stress in a composite
member develops in the web of the profile, it can be assumed in a conservative approach that its effective value can be

approximated as:

𝜅𝜅𝜅𝜅𝜅𝜅 ≈ 𝐺𝐺𝑝𝑝 𝐴𝐴𝑤𝑤

(5)

where 𝜅𝜅 is the Timoshenko shear coefficient, 𝐺𝐺𝐺𝐺 transverse shear rigidity of the beam, 𝐺𝐺𝑝𝑝 the effective in-plane shear

modulus of the FRP profile, and 𝐴𝐴𝑤𝑤 is the profile’s web area. Several studies [36–40] have proposed exact or approximate
expressions for computing the shear coefficient for orthotropic PFRP profiles but nevertheless they prove to be too

complex for current use. In the end, the differences between the exact and approximate methods of determining the
transverse shear rigidity for an I-shaped profile have been reported in [41] to be between 10 and 20%. However, in certain
scenarios ignoring the concrete’s contribution is not satisfactory, so the shear coefficient for the whole section can be
obtained from the following expression developed by Timoshenko [42]:
𝜅𝜅 −1 =

𝐴𝐴 𝑆𝑆 2 (𝑧𝑧)
�
𝑑𝑑𝑑𝑑
𝐼𝐼 2 𝐴𝐴 𝑏𝑏(𝑧𝑧)

(6)

where 𝐴𝐴 represents the total area of the beam, 𝐼𝐼 its corresponding principal moment of inertia, 𝑆𝑆 first moment of area at

vertical coordinate 𝑧𝑧 (measured from the neutral axis), and 𝑏𝑏(𝑧𝑧) the measured width at the same coordinate 𝑧𝑧. Although

several design guides recommend including all the time shear deformation effects in the analysis of flexural members,
others specify that for span-to-depth ratios greater than 20 the shear influence can be neglected.

2.1.2.

Partial interaction

If a partial interaction model is considered in the design, relative deformations are allowed at the interface between the
PFRP profile and concrete slab. It is therefore necessary to know how the behavior of a hybrid beam is modified by the
presence of slip. The shear-slip behavior between the FRP and concrete is problematic, presenting similar characteristics
to the steel-concrete slip behavior. Nevertheless, studies [43,44] have shown that the shear-slip relation can be simplified
as linear elastic under service load, in situations in which forces on connectors do not exceed about half their ultimate
strength.
The current analytical model of a PFRP-RC hybrid beam with partial shear interaction is based on the following
assumptions:


shear connection stiffness is uniform and continuous along the interface;



there is no vertical separation between the PFRP profile and the RC slab;



Bernoulli’s hypotheses are applicable to both materials independently;



the top steel reinforcement contribution is neglected;



the whole width of the concrete slab is effective.

As before, the evaluation of deflections is performed under the elastic range of the beam’s constitutive materials.
In the discussed analytical models the connected members are considered to be shear-rigid (the shear deformability is
neglected for both connected layers) and therefore the partial interaction effects are quantified only from the perspective
of the bending deflection 𝑤𝑤𝑏𝑏 .

The present study proposes the use of a dimensionless parameter 𝜉𝜉 that takes into account the influence of the reduced

flexural stiffness due to the connection flexibility, by affecting the deflection due to bending under complete interaction

assumptions:
𝑝𝑝𝑝𝑝
𝑤𝑤𝑏𝑏 (𝑥𝑥) = (1 + 𝜉𝜉) ∙ 𝑤𝑤𝑏𝑏𝑐𝑐𝑐𝑐 (𝑥𝑥)

(7)

where the corresponding effective flexural rigidity is:

𝐸𝐸𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒 =

𝐸𝐸𝐼𝐼𝑐𝑐𝑐𝑐
1 + 𝜉𝜉

(8)

The total deflection in the partial interaction model is obtained from:
𝑝𝑝𝑝𝑝
𝑝𝑝𝑝𝑝
𝑤𝑤𝑡𝑡 (𝑥𝑥) = 𝑤𝑤𝑏𝑏 (𝑥𝑥) + 𝑤𝑤𝑠𝑠ℎ (𝑥𝑥)

(9)

By using an inverse approach it is possible to obtain 𝜉𝜉 from the deflection formulation suggested in an earlier version of
Eurocode 4, for steel-concrete composite beams:

𝐸𝐸𝐸𝐸𝑐𝑐𝑐𝑐
𝜉𝜉𝐸𝐸𝐸𝐸4 = 𝑐𝑐(1 − 𝜂𝜂) �
− 1�
𝐸𝐸𝑝𝑝 𝐼𝐼𝑝𝑝

(10)

where 𝑐𝑐 is 0.5 for propped and 0.3 for unpropped construction, and 𝜂𝜂 represents the degree of partial shear connection

based on the capacity of the connectors, as defined by the code. Similarly, a second expression for 𝜉𝜉 can be obtained from
the equivalent flexural rigidity of composite beams discussed in Commentary part I3 of the American Specifications for
Structural Steel Buildings ANSI/AISC 360-10:
𝜉𝜉𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 =

−1

𝐸𝐸𝐸𝐸𝑐𝑐𝑐𝑐
𝐸𝐸𝐸𝐸𝑐𝑐𝑐𝑐
�1 + �𝜂𝜂 �
− 1��
𝐸𝐸𝑝𝑝 𝐼𝐼𝑝𝑝
𝐸𝐸𝑝𝑝 𝐼𝐼𝑝𝑝

−1

(11)

According to Eqs. (10) and (11), if a sufficient number of connectors is installed in a composite beam, i.e. 𝜂𝜂 = 1, then 𝜉𝜉 =

0 and the deflection is the same as under complete interaction assumptions. Nevertheless, research [45] has shown that

even in these cases larger deflections than predicted may occur, and hence it is necessary to include the connection’s
flexibility in evaluating the partial interaction parameter 𝜉𝜉.

From push-out tests performed on shear connectors, a typical load ratio-slip response is registered. The slope of the initial
linear elastic response is known as the connector stiffness 𝐾𝐾𝑐𝑐 . Deriving a reliable design formulation for calculating 𝐾𝐾𝑐𝑐

presents difficulties and where experimental data is unavailable empirical formulations obtained from previous research
may be used. In the case of steel-concrete composite beams with steel studs, after performing a large number of push-out

test, Oehlers and Couglan [46] deducted the following expression from statistical interpretation:
𝐾𝐾𝑐𝑐 =

𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚
𝑑𝑑(0.16 − 0.0017𝑓𝑓𝑐𝑐 )

(12)

where 𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚 is the maximum capacity of a connector, 𝑑𝑑 its diameter, and 𝑓𝑓𝑐𝑐 represents the concrete slab’s compressive

strength. For timber composite beams, Eurocode 5 [47] suggests an empirical formulation for the connector’s stiffness
based on the density of the connected material, however during the validation procedure this second expression was found
to be inappropriate for hybrid PFRP-RC beams so Eq. (12) is used subsequently throughout this study.

Starting from a differential element of a PFRP-RC hybrid beam with partial interaction as depicted in Fig. 4, and by
writing the appropriate equilibrium and compatibility equations based on the hypotheses mentioned before, one could
𝑝𝑝𝑝𝑝
arrive at the following two differential equations needed for determining the exact bending deflection 𝑤𝑤𝑏𝑏 (𝑥𝑥):

𝜕𝜕 6 𝑝𝑝𝑝𝑝
𝜕𝜕 4 𝑝𝑝𝑝𝑝
1 𝜕𝜕 2
1
2
(𝑥𝑥)
(𝑥𝑥)
𝑤𝑤
−
𝛼𝛼
𝑤𝑤
=
𝑞𝑞(𝑥𝑥) − 𝛼𝛼 2
𝑞𝑞(𝑥𝑥)
𝑏𝑏
𝑏𝑏
6
4
2
𝜕𝜕𝑥𝑥
𝜕𝜕𝑥𝑥
𝐸𝐸𝐼𝐼0 𝜕𝜕𝑥𝑥
𝐸𝐸𝐼𝐼𝑐𝑐𝑐𝑐
𝜕𝜕 2
𝐾𝐾𝑐𝑐 𝑑𝑑𝑐𝑐
𝑁𝑁(𝑥𝑥) − 𝛼𝛼 2 𝑁𝑁(𝑥𝑥) = −
𝑀𝑀(𝑥𝑥)
2
𝜕𝜕𝑥𝑥
𝑠𝑠𝑐𝑐 𝐸𝐸𝐼𝐼0

(13)
(14)

where 𝑀𝑀(𝑥𝑥) is the total bending moment acting on the element, N(x) the axial force, 𝑠𝑠𝑐𝑐 the longitudinal spacing of the

connectors, and 𝛼𝛼 is given by:

𝛼𝛼 = �

𝐾𝐾𝑐𝑐 𝐸𝐸𝐼𝐼𝑐𝑐𝑐𝑐
����
𝑠𝑠𝑐𝑐 𝐸𝐸𝐼𝐼0 𝐸𝐸𝐸𝐸

(15)

Exact solutions to differential Eqs. (13) and (14) can be found by applying suitable boundary conditions where, at specific
coordinates along the beam, the deflection, slope or curvature have a known value. As a result, by employing a
computational software program, the exact bending deflection formulations for the three static cases illustrated in Fig. 3
were determined and are summarized in Appendix A.
Using Eq. (7) and the relations in Appendix A, Table 1 summarizes the corresponding exact analytical expressions of the
dimensionless partial interaction parameter 𝜉𝜉 and its maximum values in function of relative coordinates 𝑥𝑥𝑟𝑟 = 𝑥𝑥/𝐿𝐿.

Due to the complexity of the expressions for bending deflection considering partial interaction, various authors have
suggested to use approximate solutions to the problem. By applying the proposed method from the current study, their
formulations for effective flexural stiffness or effective maximum deflection were converted into the dimensionless
parameter 𝜉𝜉.

In a study of steel-concrete composite beams considering shear slip effects [19], the authors suggest after a number of
approximations the following formulation adapted here which was determined from the uniformly loaded beam case:
𝜉𝜉𝐴𝐴 =

12
3
(𝜑𝜑 + 1) �0.4 −
� ; 𝛼𝛼𝛼𝛼 ≥ 4
2
(𝛼𝛼𝛼𝛼)
(𝛼𝛼𝛼𝛼)2

(16)

A different research study presented in [48] suggests using in all cases the exact solution of the maximum deflection of a
uniformly loaded simply supported steel-concrete composite beam with interlayer slip, irrespective of the boundary
conditions. The following corresponding 𝜉𝜉 expression was determined from it:
𝜉𝜉𝐵𝐵 =

(𝛼𝛼𝛼𝛼)2
76.8
𝛼𝛼𝛼𝛼
�sech
�
�
𝜑𝜑
+
− 1� = 𝜉𝜉3,𝑚𝑚𝑚𝑚𝑚𝑚
(𝛼𝛼𝛼𝛼)4
2
8

(17)

Similar investigations have been carried out on composite beams made of mechanically jointed timber layers or timber
members connected to reinforced concrete with incomplete shear interaction. Annex B of Eurocode 5 offers an analytical
model for calculating the effective flexural stiffness for this type of members, where the equation provided represents the
exact solution for a simply supported beam with an applied sinusoidal load distribution. From its expression, the
corresponding 𝜉𝜉 value was deducted:

𝛼𝛼𝛼𝛼 2
𝜉𝜉𝐶𝐶 = 𝜑𝜑 �1 + � � �
𝜋𝜋

−1

(18)

Several studies [14,15] have adjusted the formulation for the effective flexural stiffness from Eurocode 5 by taking into
account the effective length of the analyzed composite member as in the Euler buckling model. The same studies proved
that differences between the effective – 𝜇𝜇𝑒𝑒𝑒𝑒𝑒𝑒 – and complete interaction – 𝜇𝜇𝑐𝑐𝑐𝑐 – Euler buckling coefficients are minimal

with a small exception for the pinned-clamped static case. Using Eq. (8), the dimensionless parameter obtained is:
𝜉𝜉𝐷𝐷 =

2
𝜇𝜇𝑒𝑒𝑒𝑒𝑒𝑒
2
𝜇𝜇𝑐𝑐𝑐𝑐

−1

𝜇𝜇𝑒𝑒𝑒𝑒𝑒𝑒 2
� (𝛼𝛼𝛼𝛼)2 �
𝜑𝜑 �1 + �
𝜋𝜋

(19)

For a simply supported composite beam 𝜇𝜇𝑒𝑒𝑒𝑒𝑒𝑒 = 𝜇𝜇𝑐𝑐𝑐𝑐 = 1.00 and the formulation reverts to Eq. (18).

One of the advantages of using this type of formulations as opposed to the exact ones is, besides their simplicity, the fact
that the results are not sensitive to the load type and supporting conditions and thus the expressions can be regarded as
generally valid.

2.1.3.

Parametric study

In the following comparison charts, key parameters of the expressions presented before were varied in order to identify a
single suitable approximate formulation for 𝜉𝜉 to be used in current design, which produces values sufficiently close to the
exact formulations presented in Table 1.

The dimensionless parameter ξ which quantifies the effects of the connection’s flexibility in a hybrid beam’s equation of
deflection is mostly dependent on three dimensionless factors: the relative coordinate along the beam 𝑥𝑥𝑟𝑟 = 𝑥𝑥/𝐿𝐿, the

composite action parameter 𝛼𝛼𝛼𝛼 and the relative bending stiffness parameter represented by the ratio 𝐸𝐸𝐼𝐼𝑐𝑐𝑐𝑐 /𝐸𝐸𝐼𝐼0 . Because 𝜉𝜉
displays a linear variation in function of the ratio, a constant value of 2.5 was set for 𝐸𝐸𝐼𝐼𝑐𝑐𝑐𝑐 /𝐸𝐸𝐼𝐼0 for the whole parametric

study, as averaged from the Table 4 ratios of investigated PFRP-RC hybrid beams with mechanical connections.

The variation of the exact and approximate formulations of 𝜉𝜉 for the three static cases illustrated in Fig. 3, in function of

the relative longitudinal coordinates, is plotted in Fig. 5. In addition, the variation is considered for three distinct values of
𝛼𝛼𝛼𝛼 which imply that the connection has a lower or greater shear interaction degree. It is noted that as the connection’s

stiffness increases, the greater the αL, the plotted curves of the equations merge. Even for low interaction cases, errors in
the increased bending deflection versus the exact formulations are smaller than 4% and for the maximum deflection are
even less, with the exception of 𝜉𝜉𝐴𝐴 .

A second comparison is made in Fig. 6 concerning the influence of the composite action parameter 𝛼𝛼𝛼𝛼 over 𝜉𝜉. The range

of 𝛼𝛼𝛼𝛼 values is chosen to cover most of the practical scenarios and midspan values for 𝜉𝜉 are presented for the static cases

depicted in Fig. 3. The discussed variation is also plotted against 𝜂𝜂, if the connection’s flexibility is accounted for in the

Eurocode 4 design model. The relation presented in the chart is highly nonlinear, whereas a linear increase in the

composite action parameter significantly reduces the value of 𝜉𝜉. As indicated also by Fig. 5, Eq. (16) produces higher

discrepancies compared to the others, especially for low interaction situations.

Finally, opting for the simplicity and accuracy of Eq. (19), which in this case is identical to Eq. (18), the normalized
effective bending deflection contribution is computed and plotted in Fig. 7 together with the normalized exact bending
deflection formulations for the previously mentioned cases, considering complete and partial shear interaction behavior,
against relative longitudinal coordinates. Normalization is performed by dividing the local expression with the maximum
deflection under complete interaction conditions. Composite action parameter 𝛼𝛼𝛼𝛼 was fixed to 5 so as to highlight the fact

that a weak connection between the PFRP profile and concrete slab may produce an almost 50% increase in deflection.
In the end, the total deflection of a hybrid beam is much more sensible to the connection’s stiffness 𝐾𝐾𝑐𝑐 and mechanical

properties of the connected materials than to the approximations considered in evaluating the partial interaction parameter

𝜉𝜉, as it will be proved in the validation analysis.
2.2. Interlayer slip
Besides deflections, stress distributions in PFRP-RC beams are important to be determined especially for failure analysis.
For a hybrid composite member with incomplete shear interaction, the first step in this analysis is to evaluate the slip and
consequently the slip strain which develops at the interface of the connected materials, as seen in Fig. 2.
Once again, by writing the appropriate equilibrium and compatibility equations based on the hybrid differential element
illustrated in Fig. 4 and on the hypotheses introduced in Section 2.1.2, the quadratic differential equation for the interlayer
slip 𝑠𝑠(𝑥𝑥) can be written as:

𝜕𝜕 2
𝑠𝑠(𝑥𝑥) − 𝛼𝛼 2 𝑠𝑠(𝑥𝑥) = −𝛽𝛽𝛼𝛼 2 𝑉𝑉(𝑥𝑥)
𝜕𝜕𝑥𝑥 2

where 𝑉𝑉(𝑥𝑥) represents the shear force acting on the element and
𝛽𝛽 =

𝑑𝑑𝑐𝑐
𝛼𝛼 2 𝐸𝐸𝐼𝐼0

(20)

(21)

For the three static cases illustrated in Fig. 3, the general expressions for slip and slip strain were obtained by considering
the relevant boundary conditions, and are presented in Appendix B. The slip strain 𝜀𝜀𝑠𝑠 (𝑥𝑥) equations were computed by

differentiating the corresponding slip equations. Since the maximum values for slip and slip strain are important in
estimating the flexural capacity of hybrid beams with partial interaction, Table 2 summarizes their expressions.

The main parameters on which slip and slip strain rely are the position along the beam, parameter 𝛽𝛽, the dimensionless
composite action parameter 𝛼𝛼𝛼𝛼, and the applied load (in a direct linear variation). The normalized longitudinal

distributions of slip and slip strain for the analyzed static cases are plotted in Fig. 8. The distribution profiles are highly
nonlinear, with maximum slip values occurring at the supports and maximum slip strains showing up at critical, maximum
bending moment sections.

2.3. Flexural capacity
Using the constitutive models of the hybrid beam’s materials, as described in the introductory part of Section 2 and
depicted in Fig. 2, coupled with the assumptions enumerated in Sections 2.1.1 and 2.1.2, the analytical expressions for the
flexural capacity of hybrid beams with full and partial shear connection were evaluated. The following corresponding
sections refer to the most realistic case in practice, where the neutral axis crosses the top concrete slab, considering that a
composite profile acting both in compression and tension would be undesired from a stability point of view.

2.3.1.

Complete interaction

If the connection is capable of transmitting entirely the axial force developed in the reinforced concrete slab to the PFRP
profile and if the neutral axis lays inside the concrete layer as seen in Fig. 2(a), the depth of the neutral axis 𝑥𝑥𝑢𝑢 found from
the equilibrium of the cross-section is expressed by:
0.8𝑏𝑏𝑐𝑐

ℎ𝑝𝑝
𝑓𝑓𝑐𝑐 2
𝑥𝑥𝑢𝑢 + 𝐴𝐴𝑝𝑝 𝐸𝐸𝑝𝑝 𝑥𝑥𝑢𝑢 − 𝐴𝐴𝑝𝑝 𝐸𝐸𝑝𝑝 � + ℎ𝑐𝑐 � = 0
𝜀𝜀𝑐𝑐,𝑢𝑢
2

(22)

Therefore, the maximum bending moment that the hybrid beam can sustain, considering crushing of the concrete slab and
a full shear connection, is computed from:
𝑀𝑀𝑢𝑢,𝑐𝑐𝑐𝑐 = 0.6𝑥𝑥𝑢𝑢 𝐹𝐹𝑐𝑐 + 𝐹𝐹𝑓𝑓𝑓𝑓 �ℎ𝑐𝑐 − 𝑥𝑥𝑢𝑢 +

𝑡𝑡𝑓𝑓
ℎ𝑝𝑝
𝑡𝑡𝑓𝑓
� + 𝐹𝐹𝑤𝑤 �ℎ𝑐𝑐 − 𝑥𝑥𝑢𝑢 + � + 𝐹𝐹𝑓𝑓𝑏𝑏 �ℎ − 𝑥𝑥𝑢𝑢 − �
2
2
2

where the forces acting in the concrete slab 𝐹𝐹𝑐𝑐 , profile’s top flange 𝐹𝐹𝑓𝑓𝑓𝑓 , web 𝐹𝐹𝑤𝑤 , and bottom flange 𝐹𝐹𝑏𝑏𝑏𝑏 are:
𝐹𝐹𝑐𝑐 = 0.8𝑥𝑥𝑢𝑢 𝑏𝑏𝑐𝑐 𝑓𝑓𝑐𝑐

𝐹𝐹𝑓𝑓𝑓𝑓 = 𝐴𝐴𝑓𝑓 𝐸𝐸𝑝𝑝

𝐹𝐹𝑤𝑤 = 𝐴𝐴𝑤𝑤 𝐸𝐸𝑝𝑝

𝑡𝑡𝑓𝑓
𝜀𝜀𝑐𝑐,𝑢𝑢
�ℎ𝑐𝑐 − 𝑥𝑥𝑢𝑢 + �
𝑥𝑥𝑢𝑢
2

(24)
(25)

ℎ𝑝𝑝
𝜀𝜀𝑐𝑐,𝑢𝑢
�ℎ𝑐𝑐 − 𝑥𝑥𝑢𝑢 + �
𝑥𝑥𝑢𝑢
2

𝐹𝐹𝑓𝑓𝑓𝑓 = 𝐴𝐴𝑓𝑓 𝐸𝐸𝑝𝑝

(23)

𝑡𝑡𝑓𝑓
𝜀𝜀𝑐𝑐,𝑢𝑢
�ℎ − 𝑥𝑥𝑢𝑢 − �
𝑥𝑥𝑢𝑢
2

(26)
(27)

where 𝐴𝐴𝑓𝑓 represents the profile’s flange area and 𝐴𝐴𝑤𝑤 its web area. The rest of the geometric parameters are described in

Fig. 2.

2.3.2.

Partial interaction

For hybrid beams with partial shear connection, where a relative slip develops at the interface and the neutral axis is lying
in the concrete layer as shown in Fig. 2(b), the depth of the neutral axis depends in addition on the slip strain 𝜀𝜀𝑠𝑠 , and can

be determined from the following equilibrium equation adapted from [32]:
0.8𝑏𝑏𝑐𝑐 𝑓𝑓𝑐𝑐 𝑥𝑥𝑢𝑢2 + 𝐴𝐴𝑝𝑝 𝐸𝐸𝑝𝑝 �𝜀𝜀𝑐𝑐,𝑢𝑢 + 𝜀𝜀𝑠𝑠 �𝑥𝑥𝑢𝑢 − 𝐴𝐴𝑝𝑝 𝐸𝐸𝑝𝑝 𝜀𝜀𝑐𝑐,𝑢𝑢 �

ℎ𝑝𝑝
+ ℎ𝑐𝑐 � = 0
2

(28)

Hence, the maximum bending moment that the hybrid beam can sustain, considering crushing of the concrete slab and
incomplete connection, is:
𝑝𝑝𝑝𝑝

𝑀𝑀𝑢𝑢,𝑝𝑝𝑝𝑝 = 0.6𝑥𝑥𝑢𝑢 𝐹𝐹𝑐𝑐

𝑝𝑝𝑝𝑝

+ 𝐹𝐹𝑓𝑓𝑓𝑓 �ℎ𝑐𝑐 − 𝑥𝑥𝑢𝑢 +
𝑝𝑝𝑝𝑝

𝑡𝑡𝑓𝑓
ℎ𝑝𝑝
𝑡𝑡𝑓𝑓
𝑝𝑝𝑝𝑝
𝑝𝑝𝑝𝑝
� + 𝐹𝐹𝑤𝑤 �ℎ𝑐𝑐 − 𝑥𝑥𝑢𝑢 + � + 𝐹𝐹𝑓𝑓𝑓𝑓 �ℎ − 𝑥𝑥𝑢𝑢 − �
2
2
2
𝑝𝑝𝑝𝑝

𝑝𝑝𝑝𝑝

(29)
𝑝𝑝𝑝𝑝

where the forces acting in the concrete slab 𝐹𝐹𝑐𝑐 , profile’s top flange 𝐹𝐹𝑓𝑓𝑓𝑓 , web 𝐹𝐹𝑤𝑤 , and bottom flange 𝐹𝐹𝑏𝑏𝑏𝑏 are:
𝑝𝑝𝑝𝑝

𝐹𝐹𝑐𝑐

𝑝𝑝𝑝𝑝

= 0.8𝑥𝑥𝑢𝑢 𝑏𝑏𝑐𝑐 𝑓𝑓𝑐𝑐

𝐹𝐹𝑓𝑓𝑓𝑓 = 𝐹𝐹𝑓𝑓𝑓𝑓 − 𝐴𝐴𝑓𝑓 𝐸𝐸𝑝𝑝 𝜀𝜀𝑠𝑠
𝑝𝑝𝑝𝑝

𝐹𝐹𝑤𝑤 = 𝐹𝐹𝑤𝑤 − 𝐴𝐴𝑤𝑤 𝐸𝐸𝑝𝑝 𝜀𝜀𝑠𝑠
𝑝𝑝𝑝𝑝

𝐹𝐹𝑓𝑓𝑓𝑓 = 𝐹𝐹𝑓𝑓𝑓𝑓 − 𝐴𝐴𝑓𝑓 𝐸𝐸𝑝𝑝 𝜀𝜀𝑠𝑠

(30)
(31)
(32)
(33)

Using a different approach [19], by considering that the flexural moment is the sum between the flexural moment for the
same hybrid beam but with complete connection and the negative moment produced by the couple between the axial
forces developed from partial interaction, the decrease in flexural capacity due to the flexibility of the connection system
(i.e. slip) is:
𝛥𝛥𝛥𝛥(𝑥𝑥) =

ℎ𝑝𝑝
𝐸𝐸 �2ℎ𝑐𝑐 𝐴𝐴𝑓𝑓 + ℎ𝐴𝐴𝑤𝑤 �𝜀𝜀𝑠𝑠 (𝑥𝑥)
6ℎ 𝑝𝑝

(34)

Because the slip strain equation has to be solved afresh for each force increment and different boundary conditions, the
formulation is cumbersome for routine design. In exchange, by expressing the curvature increase of the beam through the
proposed dimensionless partial interaction parameter 𝜉𝜉 as below:
Δ𝜙𝜙(𝑥𝑥) =

𝜀𝜀𝑠𝑠 (𝑥𝑥) 𝑀𝑀𝑐𝑐𝑐𝑐 (𝑥𝑥)
=
𝜉𝜉(𝑥𝑥)
ℎ
𝐸𝐸𝐼𝐼𝑐𝑐𝑐𝑐

(35)

a simple, yet reliable formula may be obtained for the effective flexural capacity of hybrid beams with partial shear
connection:
𝑀𝑀𝑢𝑢,𝑒𝑒𝑒𝑒𝑒𝑒 = 𝑀𝑀𝑢𝑢,𝑐𝑐𝑐𝑐 − 𝛥𝛥𝛥𝛥 = 𝑀𝑀𝑢𝑢,𝑐𝑐𝑐𝑐 �1 − 𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚

ℎ𝑝𝑝 𝐸𝐸𝑝𝑝
�2ℎ𝑐𝑐 𝐴𝐴𝑓𝑓 + ℎ𝐴𝐴𝑤𝑤 ��
6𝐸𝐸𝐸𝐸𝑐𝑐𝑐𝑐

(36)

2.4. Axial and shear stresses
2.4.1.

Complete interaction

For hybrid beams with full composite action, the normal stress in a section can be computed using Navier’s formula:
𝜎𝜎𝑗𝑗,𝑐𝑐𝑐𝑐 (𝑥𝑥, 𝑧𝑧) = ∓

𝑀𝑀(𝑥𝑥)𝐸𝐸𝑗𝑗
𝑧𝑧
𝐸𝐸𝐼𝐼𝑐𝑐𝑐𝑐

(37)

where subscript 𝑗𝑗 defines the material layer (𝑐𝑐 for concrete and 𝑝𝑝 for the PFRP profile), 𝑥𝑥 the longitudinal coordinate and

𝑧𝑧 the distance in the 𝑍𝑍 direction from the section’s neutral axis to the point of interest. The minus sign corresponds to the

top layer while the plus sign refers to the bottom layer. Maximum axial deformations are found at the extremities and even

though the distribution is considered to be linear, warping of the PFRP profile may occur especially in short, stocky
members.
The shear stress in a PFRP-RC beam can be obtained from the Jourawski-Collignon formula:
𝜏𝜏𝑗𝑗,𝑐𝑐𝑐𝑐 (𝑥𝑥, 𝑧𝑧) =

𝑉𝑉(𝑥𝑥)𝐸𝐸𝑗𝑗 𝑆𝑆(𝑧𝑧)
𝐸𝐸𝐼𝐼𝑐𝑐𝑐𝑐 𝑏𝑏𝑗𝑗 (𝑧𝑧)

(38)

where the shear force 𝑉𝑉(𝑥𝑥) is considered positive, 𝑆𝑆(𝑧𝑧) represents the first moment of area calculated at coordinate 𝑧𝑧, and
𝑏𝑏𝑗𝑗 (𝑧𝑧) is the width of material layer 𝑗𝑗 measured at 𝑧𝑧. Maximum shear stresses usually occur at the position of the hybrid

beam’s neutral axis or towards the interface between the connected elements.

2.4.2.

Partial interaction

In the case of hybrid beams with partial shear connection, where the connection’s flexibility affects the stress distributions
in the structural member, Eqs. (37) and (38) can be adapted in an approximate analysis [15] by substituting the flexural
rigidity under complete connection assumptions with an effective flexural stiffness determined from Eq. (8).
Thus, the expression for normal stress becomes:
𝜎𝜎𝑗𝑗,𝑒𝑒𝑒𝑒𝑒𝑒 �𝑥𝑥, 𝑧𝑧𝑗𝑗 � = �∓ �1 −

𝐸𝐸𝑗𝑗 𝑧𝑧𝑗𝑗
1 + 𝜉𝜉 1
�
� 𝑀𝑀(𝑥𝑥)
+ (1 + 𝜉𝜉)
1 + 𝜑𝜑 𝐴𝐴𝑗𝑗 𝑑𝑑𝑐𝑐
𝐸𝐸𝐼𝐼𝑐𝑐𝑐𝑐

(39)

where 𝑧𝑧𝑗𝑗 represents the coordinate measured from the centroid of layer 𝑗𝑗 towards the calculation point (in the 𝑍𝑍 direction),

and 𝐴𝐴𝑗𝑗 is the transversal area of sub-element 𝑗𝑗. The minus and plus signs are again applied as specified for Eq. (37).
The shear stress distribution is calculated from:
𝜏𝜏𝑗𝑗,𝑒𝑒𝑒𝑒𝑒𝑒 �𝑥𝑥, 𝑧𝑧𝑗𝑗 � = ��1 −

𝐸𝐸𝑗𝑗 𝑆𝑆�𝑧𝑧𝑗𝑗 �
1 + 𝜉𝜉 𝐴𝐴𝑠𝑠ℎ,𝑗𝑗 (𝑧𝑧𝑗𝑗 )
�
� 𝑉𝑉(𝑥𝑥)
+ (1 + 𝜉𝜉)
1 + 𝜑𝜑 𝐴𝐴𝑗𝑗 𝑑𝑑𝑐𝑐 𝑏𝑏�𝑧𝑧𝑗𝑗 �
𝐸𝐸𝐼𝐼𝑐𝑐𝑐𝑐 𝑏𝑏�𝑧𝑧𝑗𝑗 �

(40)

where the sheared area of layer 𝑗𝑗, denoted 𝐴𝐴𝑠𝑠ℎ,𝑗𝑗 (𝑧𝑧𝑗𝑗 ), the first moment of area 𝑆𝑆�𝑧𝑧𝑗𝑗 � and the width 𝑏𝑏(𝑧𝑧𝑗𝑗 ) are all determined

using local coordinates 𝑧𝑧𝑗𝑗 .
2.4.3.

Stress failure checks

For design purposes, the stresses developing in a PFRP-RC hybrid beam at the Ultimate Limit State (ULS) have to be
checked against allowable values such as material strengths. Because of the nature of composite materials, maximum
longitudinal stresses occurring in the flanges of the profile are usually way lower than the corresponding strength, while
maximum normal transverse stress and in-plane shear stress values are regarded as critical.
Due to the anisotropy of the composite material, pultruded profiles are susceptible to crushing failure at the reaction points
and under concentrated loads. Its compressive strength in transverse direction 𝜎𝜎𝑐𝑐𝑐𝑐,𝑇𝑇 is about five times lower than in the
longitudinal direction. Thus, the critical crushing force can be calculated using the following expression:

𝐹𝐹𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐ℎ = 𝜎𝜎𝑐𝑐𝑐𝑐,𝑇𝑇 𝐴𝐴𝑒𝑒𝑒𝑒𝑒𝑒

(41)

where 𝐴𝐴𝑒𝑒𝑒𝑒𝑒𝑒 is the effective area over which the force is applied.

Assuming the conservative hypothesis that shear stress in a hybrid beam is entirely carried by the profile’s web, and its
distribution is relatively uniform along the depth of the web, the critical shear force for a homogeneous profile due to web
material failure is:
𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚 ≈ 𝜏𝜏𝑚𝑚𝑚𝑚𝑚𝑚 𝐴𝐴𝑠𝑠ℎ

(42)

𝐴𝐴𝑠𝑠ℎ ≈ 𝑡𝑡𝑤𝑤 �𝑑𝑑𝑤𝑤 + 𝑡𝑡𝑓𝑓 �

(43)

where 𝜏𝜏𝑚𝑚𝑚𝑚𝑚𝑚 is the in-plane shear strength of the PFRP profile and 𝐴𝐴𝑠𝑠ℎ is the sheared area approximated as:

Often times the in-plane shear strength of GFRP profiles is not reported by manufacturers due to the complexity involved
by the experimental determination of this property. Nevertheless, the interlaminar (or out-of-plane) shear strength is
usually reported and can be used instead. Being about 30% smaller than the in-plane shear strength, the calculation will
lead to overly conservative designs for conventional pultruded profiles.

3. Validation of analytical models
3.1. Description of specimens
To assert the validity of the analytical models presented before, the published characteristics and experimental results of
six PFRP-RC hybrid beams were used in the current investigation. The chosen specimens featured only mechanical
connections with either steel bolts or GFRP dowels, had different spans, load conditions and cross-section geometries (see
Fig. 2 for a description of parameters). In addition to dimension ratios, Table 3 summarizes experimental values of the
𝑒𝑒𝑒𝑒𝑒𝑒

connection stiffness 𝐾𝐾𝑐𝑐

where push-out tests were performed, and corresponding analytical values determined from Eq.

(12). The percentile difference Δ between the latter two columns proves to be conservative.

The dimension ratios reveal that both slender and stocky beam types were taken into consideration for the analysis, with
specimen HB3 having the smallest shear span-to-depth ratio. According to Eurocode 4, the high degree of shear
connection 𝜂𝜂 suggests that the beams had full shear interaction, however during the reported tests larger deflections and

slippage at the interface were noticed in all cases. Therefore, the continuing analysis under partial interaction is based on
the connection’s flexibility reflected by the modulus 𝐾𝐾𝑐𝑐 .

With the help of the relations provided in Section 2, the main parameters of partial interaction were computed for each
hybrid specimen and presented in Table 4. The beams have a low to medium degree of composite action so the reduction

in the flexural rigidity varies between 13% and 39%. At the same time, the error Δ between the exact value of 𝜉𝜉𝑖𝑖,𝑚𝑚𝑚𝑚𝑚𝑚

depending on the static case 𝑖𝑖, as determined from the equations in Table 1 and the approximate value 𝜉𝜉𝐷𝐷 obtained from

Eq. (19) appears to be negligible.

Participation ratios of the internal moments and forces acting in the hybrid beam sub-systems were computed in Table 5
considering a linear elastic behavior of the materials, for both complete and incomplete connection cases. The numbers

indicate a significant reduction up to 26% in the coupling moment 𝑁𝑁𝑑𝑑𝑐𝑐 between the two layers, for the partial connection

model. As a result the individual moments carried by the profile 𝑀𝑀𝑝𝑝 and concrete slab 𝑀𝑀𝑐𝑐 increase significantly. The
percentile differences regarding the shear force in the two layers are by comparison not so important, however if the

reinforced concrete element carries a large part of it, then instead of using the approximate Eqs. (5) and (42) in evaluating
the deflection and shear stress, Eqs. (6), and (38) or (40) are recommended.

3.2. Serviceability analysis
Based on a survey [49] of the main guides and manuals for the design of structures using PFRP elements, a maximum
value for the deflection under serviceability conditions has been suggested equal to 𝐿𝐿/250 for quasi-permanent load
combination for floors, that is used in the current validation routine.

Considering models with both complete and partial shear interaction under different hypotheses and given the fixed
experimental deflection 𝑤𝑤𝑡𝑡𝑒𝑒𝑒𝑒𝑒𝑒 , the maximum total load 𝑄𝑄𝑡𝑡 acting on each beam is computed and presented in Table 6
together with the percentile difference versus the experimental value.

The numbers suggest a minimal error between the exact and effective partial model, and an acceptable one versus the
experimental data. However, the difference increases when simplifying the model by considering that only the web of the
profile carries shear.

3.3. Failure analysis
As observed from Table 7, the main reported failure mode of the investigated hybrid beams was characterized by the loss
of shear strength capacity in the web of the PFRP profile. Nevertheless, maximum bending capacities were calculated for
each specimen according to Eqs. (29) and (36), assuming that the concrete slabs crushes under compression, and results
show a tolerable difference Δ between using the complex formulations including slip and the more robust, approximate

formulation of using the dimensionless parameter of partial interaction 𝜉𝜉. By using Eqs. (40) and (42) for determining the

𝑠𝑠ℎ
, are represented
critical in-plane shear stress, the calculated maximum flexural moments limited by the shear load, 𝑀𝑀𝑢𝑢,𝑝𝑝𝑝𝑝

in Table 7 as percentages of the capacities considering the previously mentioned concrete crushing hypothesis.

Once more, after studying models with both complete and partial shear connection under different hypotheses and
provided the experimental results, the analytical values for the total acting loads 𝑄𝑄𝑡𝑡 and midspan deflections 𝑤𝑤𝑡𝑡 are

grouped in Table 8 together with the difference in percentage versus the experimental values.

Results show that partial interaction formulations model better the flexural response of the hybrid beams compared to the
complete interaction equations and deflection values are underestimated due to the fact that concrete has a profound
nonlinear response closer to its maximum strength. The analysis also reveals that deflections obtained considering only
the shear deformation contributions of the profile’s web are more conservative, as expected.

3.4. Capacity-deflection comparison
Fig. 9 plots the experimental and analytical load-midspan deflection curves obtained for the hybrid beam specimens,
considering incomplete and full composite action. For the partial interaction model, approximate values of the
dimensionless parameter 𝜉𝜉 were used, as specified in Table 4. Results indicate that by including the slip effects in the

design of PFRP-RC beams, better predictions can be made as the displayed effective flexural stiffness is closer to the

experimentally recoded response. Nevertheless, for specimens No1 and No2 the complete interaction curves are more
accurate probably because of the empirical nature of Eq. (12) used to determine the flexibility of the connection system.
The validation diagram presented in Fig. 10 confirms that the ultimate bending capacity 𝑀𝑀𝑢𝑢 as well as the corresponding
ultimate midspan deflection 𝑤𝑤𝑢𝑢 , using the formulations for the simplified model with partial connection, are more
accurate than the analytical model with complete shear connection.

3.5. Strain and stress distributions
A final comparison is made by validating the available experimental strain and stress distributions of the hybrid beams
with the results computed from the equations discussed in Section 2.4.2. Firstly, the load-strain curves obtained from
cross-sectional strain gauge measurements on the profiles and concrete slabs are compared against analytical values
calculated with Eq. (39) under partial interaction premises. The plots depicted in Fig. 11 prove that the analytical model is
sufficiently accurate.
Secondly, Eqs. (38) and (40) which calculate the complete and effective in-plane shear stresses were used to plot the
sectional stress distributions for hybrid beams specimen HB1 in Fig. 12. The diagrams were validated against the
experimental data measured at the instrumented location 𝜏𝜏𝑚𝑚,𝑚𝑚𝑚𝑚𝑚𝑚 and the strength of the pultruded composite material
𝜏𝜏𝑚𝑚𝑚𝑚𝑚𝑚 .

As indicated in Table 6, HB1 ultimately failed due to shearing of the profile’s web, a fact also confirmed accurately by the

analytical maximum effective in-plane shear stress distribution. In addition, Fig. 12 supports the hypothesis that the
majority of the shear force is carried by the hybrid beam’s profile web, as approximated in Eqs. (5) and (43).

4. Conclusions
Studies performed on hybrid beams so far have rarely included the influence of the connection’s stiffness over flexural
behavior. The current paper presented a detailed analytical design procedure suitable for hybrid beams made of pultruded
FRP profiles connected to reinforced concrete slabs considering both complete and partial shear interaction scenarios. The
following main observations are made:
i.

A dimensionless parameter is introduced to account for the shear interaction effects, which depends mainly on the
connectors’ stiffness and the flexural rigidity characteristics of the hybrid member.

ii.

After performing a parametric study, the simplified expression of the introduced parameter, derived from the
Eurocode 5 method, is found to be the most suitable for current design due to its accuracy and independence to
the load and supporting conditions.

iii.

Exact and simplified expressions are detailed for calculating deflections, stiffness, slip and bending capacities, as
well as normal and shear stress distributions for hybrid PFRP-RC beams.

iv.

Experimental data from four separate investigations are successfully matched with analytical results compiled for
load-displacement curves, axial strain variations and shear stress profiles.

v.

The validation analysis highlights one of the issues that hybrid beams possess, that the flexural capacity is usually
limited by the shear strength of the composite material, thus the structural element should be designed to have a
pseudo-ductile compressive concrete failure before.

vi.

Deflection and shear stress results justify the conservative approach in assuming that the entire shear force is
carried by the profile’s web.

The analytical procedure should be used for the design of hybrid PFRP-RC beams regardless of the amount of shear
connection provided because partial interaction effects can lead to substantially higher deflections, reduced flexural
capacities and lower shear stress values.
As a future task the authors would like to validate the proposed analytical procedure against experimental results of hybrid
beams with a low degree of shear connection. Furthermore, a reliable method for obtaining the stiffness modulus of
connectors for hybrid beams should be developed as this property greatly influences the results considering partial
interaction.
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Appendix A. Exact bending deflection formulations for specific cases
The exact closed-form solutions to the bending deflection contributions of hybrid beams with partial shear interaction
were obtained using a computational software program, Mathematica, for the three static cases presented in Fig. 3, by
applying appropriate boundary conditions to differential Eqs. (13) and (14).
For Fig. 3(a), the exact bending deflection and maximum bending deflection solutions are as follows:

𝑝𝑝𝑝𝑝

𝑐𝑐𝑐𝑐 (𝑥𝑥)
𝑤𝑤𝑏𝑏,1 (𝑥𝑥) = 𝑤𝑤𝑏𝑏,1
+
𝑝𝑝𝑝𝑝

𝑤𝑤𝑏𝑏,1,𝑚𝑚𝑚𝑚𝑚𝑚 =

for Fig. 3(b):
𝑝𝑝𝑝𝑝

𝑐𝑐𝑐𝑐 (𝑥𝑥)
𝑤𝑤𝑏𝑏,2 (𝑥𝑥) = 𝑤𝑤𝑏𝑏,2
+
𝑝𝑝𝑝𝑝

𝑐𝑐𝑐𝑐 (𝑥𝑥)
𝑤𝑤𝑏𝑏,2 (𝑥𝑥) = 𝑤𝑤𝑏𝑏,2
+
𝑝𝑝𝑝𝑝

and for Fig. 3(c):
𝑝𝑝𝑝𝑝

𝑄𝑄

𝛼𝛼 3 𝐸𝐸𝐼𝐼𝑐𝑐𝑐𝑐

𝑤𝑤𝑏𝑏,2,𝑚𝑚𝑚𝑚𝑚𝑚 =

𝑐𝑐𝑐𝑐 (𝑥𝑥)
𝑤𝑤𝑏𝑏,3 (𝑥𝑥) = 𝑤𝑤𝑏𝑏,3
+

𝑄𝑄

𝛼𝛼 3 𝐸𝐸𝐼𝐼𝑐𝑐𝑐𝑐

𝑄𝑄

2𝛼𝛼 3 𝐸𝐸𝐼𝐼𝑐𝑐𝑐𝑐

𝜑𝜑 �𝛼𝛼𝛼𝛼 − sech �

𝛼𝛼𝛼𝛼
� sinh(𝛼𝛼𝛼𝛼)� ; 𝑥𝑥 ∈ [0, 𝐿𝐿/2]
2

𝑄𝑄𝐿𝐿3
𝑄𝑄
𝛼𝛼𝛼𝛼
𝛼𝛼𝛼𝛼
+
𝜑𝜑 � − tanh � ��
48𝐸𝐸𝐼𝐼𝑐𝑐𝑐𝑐 2𝛼𝛼 3 𝐸𝐸𝐼𝐼𝑐𝑐𝑐𝑐
2
2

𝛼𝛼𝛼𝛼
𝜑𝜑 �𝛼𝛼𝛼𝛼 + sinh(𝛼𝛼𝛼𝛼) �sinh(𝛼𝛼𝛼𝛼) tanh � � − cosh(𝛼𝛼𝛼𝛼)�� ; 𝑥𝑥 ∈ [0, 𝑏𝑏]
2

𝛼𝛼𝛼𝛼
𝜑𝜑 �𝛼𝛼𝛼𝛼 + sinh(𝛼𝛼𝛼𝛼) �sinh(𝛼𝛼𝛼𝛼) tanh � � − cosh(𝛼𝛼𝛼𝛼)�� ; 𝑥𝑥 ∈ [𝑏𝑏, 𝐿𝐿/2]
2

𝑄𝑄𝑄𝑄
𝑄𝑄
𝛼𝛼𝛼𝛼
(3𝐿𝐿2 − 4𝑏𝑏 2 ) + 3
𝜑𝜑 �𝛼𝛼𝛼𝛼 − sinh(𝛼𝛼𝛼𝛼) sech � ��
24𝐸𝐸𝐼𝐼𝑐𝑐𝑐𝑐
𝛼𝛼 𝐸𝐸𝐼𝐼𝑐𝑐𝑐𝑐
2

(𝛼𝛼𝛼𝛼)2 𝛼𝛼 2 𝐿𝐿𝐿𝐿
𝑞𝑞0
𝐿𝐿
𝛼𝛼𝛼𝛼
�𝛼𝛼
�𝑥𝑥
��
�
�
𝜑𝜑
�cosh
−
sech
−
+
− 1� ; 𝑥𝑥 ∈ [0, 𝐿𝐿/2]
𝛼𝛼 4 𝐸𝐸𝐼𝐼𝑐𝑐𝑐𝑐
2
2
2
2

𝑝𝑝𝑝𝑝

𝑤𝑤𝑏𝑏,3,𝑚𝑚𝑚𝑚𝑚𝑚 =

(𝛼𝛼𝛼𝛼)2
5𝑞𝑞0 𝐿𝐿4
𝑞𝑞0
𝛼𝛼𝛼𝛼
+ 4
𝜑𝜑 �sech � � +
− 1�
384𝐸𝐸𝐼𝐼𝑐𝑐𝑐𝑐 𝛼𝛼 𝐸𝐸𝐼𝐼𝑐𝑐𝑐𝑐
2
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(A.1)
(A.2)

(A.3)
(A.4)
(A.5)

(A.6)
(A.7)

Appendix B. Slip and slip strain expressions for specific cases
The slip solutions for the second order differential Eq. (20) were determined for the three static cases illustrated in Fig. 3
by considering that no slip occurs at the midspan and slip strain is zero at the ends of the hybrid beams. Subsequently, slip
strain equations were differentiated from the slip expressions and are presented below.
For the static case illustrated in Fig. 3(a), where 𝑥𝑥 ∈ [0, 𝐿𝐿/2], the expressions are:
𝑠𝑠1 (𝑥𝑥) = 𝛽𝛽

for Fig 3(b), when 𝑥𝑥 ∈ [0, 𝑏𝑏]:

and when 𝑥𝑥 ∈ [𝑏𝑏, 𝐿𝐿/2]

𝑄𝑄
cosh(𝛼𝛼𝛼𝛼)
�1 −
�
2
cosh(𝛼𝛼𝛼𝛼)

𝜀𝜀𝑠𝑠,1 (𝑥𝑥) = 𝛼𝛼𝛼𝛼

𝑄𝑄 sinh(𝛼𝛼𝛼𝛼)
2 cosh(𝛼𝛼𝛼𝛼)

𝛼𝛼𝛼𝛼
𝐿𝐿
𝑠𝑠2 (𝑥𝑥) = 𝛽𝛽𝛽𝛽 �1 − sech � � cosh �𝛼𝛼 � − 𝑏𝑏�� cosh(𝛼𝛼𝛼𝛼)�
2
2
𝛼𝛼𝛼𝛼
𝐿𝐿
𝜀𝜀𝑠𝑠,2 (𝑥𝑥) = 𝛼𝛼𝛼𝛼𝛼𝛼 �sech � � cosh �𝛼𝛼 � − 𝑏𝑏�� sinh(𝛼𝛼𝛼𝛼)�
2
2
𝛼𝛼𝛼𝛼
𝐿𝐿
𝑠𝑠2 (𝑥𝑥) = 𝛽𝛽𝛽𝛽 �sech � � sinh �𝛼𝛼 � − 𝑥𝑥�� sinh(𝛼𝛼𝛼𝛼)�
2
2
𝛼𝛼𝛼𝛼
𝐿𝐿
𝜀𝜀𝑠𝑠,2 (𝑥𝑥) = 𝛼𝛼𝛼𝛼𝛼𝛼 �sech � � cosh �𝛼𝛼 � − 𝑥𝑥�� sinh(𝛼𝛼𝛼𝛼)�
2
2

respectively for Fig 3(c), where 𝑥𝑥 ∈ [0, 𝐿𝐿/2]:

(B.1)
(B.2)

(B.1)
(B.2)

(B.1)
(B.2)

𝐿𝐿
1
𝛼𝛼𝛼𝛼
𝐿𝐿
𝑠𝑠3 (𝑥𝑥) = 𝛽𝛽𝑞𝑞0 �� − 𝑥𝑥� − sech � � sinh �𝛼𝛼 � − 𝑥𝑥���
2
𝛼𝛼
2
2
𝛼𝛼𝛼𝛼
𝐿𝐿
𝜀𝜀𝑠𝑠,3 (𝑥𝑥) = 𝛽𝛽𝑞𝑞0 �1 − sech � � cosh �𝛼𝛼 � − 𝑥𝑥���
2
2

(B.1)
(B.2)
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Figure captions
Fig. 1. Flexural behavior of a hybrid beam with complete or partial shear interaction.

Fig. 2. Generic hybrid cross-section geometry with corresponding strain (𝜀𝜀) and stress (𝜎𝜎) distributions considering: (a)
complete or (b) partial shear interaction; at ULS.
Fig. 3. Static cases analyzed. Simply-supported hybrid beams subjected to: (a) a concentrated midspan load; (b) two
symmetrically applied loads; (c) a uniform load.
Fig. 4. Differential element for a hybrid PFRP-RC beam with partial interaction.
Fig. 5. Variation of partial interaction parameter 𝜉𝜉 to relative coordinates.
Fig. 6. Influence of composite action parameter 𝛼𝛼𝛼𝛼 over 𝜉𝜉, at midspan.

Fig. 7. Variation of complete and partial normalized deflections to relative coordinates.
Fig. 8. Normalized longitudinal distributions of slip and slip strain for the static cases illustrated in Fig. 3.
Fig. 9. Experimental and analytical load-deflection curves of hybrid beam specimens. Partial and complete interaction
considered.
Fig. 10. Validation diagram for the analytical model in terms of flexural capacity and maximum deflection.
Fig. 11. Experimental and analytical load-strain curves of hybrid beam specimens. Only partial interaction considered.
Fig. 12. Analytical in-plane shear stress distribution over the depth of hybrid beam HB1.

Tables
Table 1. Exact analytical expressions for partial interaction parameter 𝜉𝜉 and corresponding maximum values.

Table 2. Analytical solutions for the maximum slip and slip strain.

Table 3. Characteristics of the hybrid beam specimens chosen for validation analysis.
Table 4. Computed parameters of partial interaction.
Table 5. Participation percentages of hybrid beam sub-systems.
Table 6. Maximum loads considering various hypotheses at SLS.
Table 7. Experimental failure characteristics and maximum computed moments.
Table 8. Maximum loads and total deflections considering various hypotheses at ULS.

