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1 I N T R O D U C T I O N

Since the moment humans started to manipulate their surroundings to acommo-

date to their daily lives engineering became part of it as well. Humanity has come

a long way since then, and now priority has shifted from the ’what to build’ to ’how

to build it’ with the evolution of engineering and optimization driving every day

life. A change that has not been driven by anything else than the need to reduce

costs and understand mistakes. And what would be of a decent fluid structure

interaction themed project with out mention of the Tacoma bridge, the cornerstone

of modern era design failure.

Figure 1.1: Tacoma bridge oscillating before its collapse

In figure 1.1 the Tacoma bridge can be seen oscillating seconds before its collapse

into the river. At the moment not much was understood about what caused its

demise but surprisingly this proved to change the way dynamic processes were
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I N T R O D U C T I O N

seen and a new field of engineering was created, one in which the interaction

between fluid and solid were centerline.

On the other hand this change of paradigm into and optimization driven one was

further promoted with the advent of computation and cost reduction of material

processes. From the possibility to solve linear systems progressively faster, reduced

order modeling is born out of a necessity and a desire to save that which humans

are always running out of, time.

The underlying idea idea in ROM is to further increase the abstraction of any

kind of numerical system and treat it as any kind of data. This will be decomposed

into the most energetic modes and then use this as a way to recreate the same, or

similar processes. Much like a Fourier transform does to a dynamic process.

This project investigates in a more experimental fashion the collision between

the two areas, Fluid Structe Interaction and Reduced Order Modeling and is devel-

oped in a progessive manner, first benchmarking each particular physics and then

attempting to replicate the obtained results by use of ROM.

In this order of ideas firstly a review of the theory behind solid elasticity and

navierstokes equations is made with the respective benchmarking of the code. Then

a review of the fluid structure interaction problem from the mathematical point of

view is made to be able to finally study FSI with a common test case. Finally a

quick view of the theory behind reduced order models is done to conclude with

applications to solid dynamics, fluid flow and finally FSI.

It is the hope of the author that with this project a methodology can be under-

stood as to how to study FSI and then make progress into ROM analysis. This

project is the initial part of what will become a doctoral thesis in the same frame of

research.

During the development of this master thesis project several tasks have been

undergone, from coding a linear solid elasticity module in the code used by the

2



I N T R O D U C T I O N

research group, see chapter 6, re design of key features in the same code to be able

to study coupling between physical modules and by this be able to produce FSI

cases and application of previously coded algorithms to develop and understand

fluid flow and ROM.

3



2 L I N E A R E L A S T I C I T Y

Linear elasticity, despite being a simplification of the general theory of elasticity,

has been proved to provide exact, or nearly so, results to a broad range of en-

gineering problems. All the results presented in this paper have been obtained

by applying this theory. Hence it is worthwhile to have a look at the underlying

assumptions and its range of application.

The main assumptions under which linear elasticity is based upon are infinitesimal

strains and the existence of a neutral state. The first one means that there is no

distintion between the material and spatial tensors, which by getting rid of the

nonlinear part, collapses into the symmetric infinitesimal strain tensor.

If the strains are denoted by ε and the displacements by d, the relation between

these two variables is given by,

ε = 5sd (2–1)

On the other hand, for the second assumption the neutral state is generally un-

derstood as the initial configuration, or configuration of reference.

ε(x, t0) = 0

σ(x, t0) = 0
(2–2)

4



L I N E A R E L A S T I C I T Y

The next step is defining a relationship between stresses and strains. As in most

solid elasticity applications, it is desired to know what happens when certain stress

is applied to a given mechanical part, or on the contrary, what kind of stress will

this part undergo when deformed a certain amount. This relationship is called

Hook’s law and states that there exists a linear relationship between stress and

strain shown in 2–3.

σ(x, t) = Cε(x, t) (2–3)

Where C is a fourth order tensor known as the elastic tensor.

Variational problem and discretization

For a certain domain Ω with boundary ∂Ω and ]0, T [ the interval of analysis the

elastodynamic problem consists in finding a displacement u such that:

ρ∂2ttd −∇ ·σ = ρf in Ω, t ∈]0, t[ (2–4)

(2–5)

d = 0 On ΓD, (2–6)

n ·σ = t On ΓN, (2–7)

(2–8)

Where C is elasticity tensor, f is the force vector and t is a prescribed traction

on the boundary of the domain. It must be noted that when dealing with one di-

mensional problems the elasticity tensor collapses to a quantity known as Young’s

modulus E.

To proceed with the solution of this set of equations its important first to define

some notation that will make the problem more manageable.

5



L I N E A R E L A S T I C I T Y

The space of functions whose p power (p > 1) is integrable in a domain ω

is denoted by Lp(ω), and the space of functions whose distributional derivatives

of order up to m > 0 belong to L2(ω) by Hm(ω). The space H10(ω) consists of

functions in H1(ω) vanishing on the domain boundary ∂ω. The topological dual

of H1(ω) is denoted by H−1(Ω), and the duality pairing by 〈·, ·〉. A bold character

denotes a vector counterpart of these spaces. The L2 inner product in ω for scalars,

vectors or tensors is denoted by (·, ·)ω, and the norm in the Banach space X by ‖ · ‖X.

This notation is simplified in some cases as follows: (·, ·)Ω ≡ (·, ·),‖ · ‖L2(Ω) ≡ ‖ · ‖

and if K is the domain of an element ‖ · ‖L2(K) ≡ ‖ · ‖K.

Using this notation the displacements belongs to the following finite element

space, W = e ∈ H1(Ω)d|e = 0 on ΓD.

Now multiplying against a test function ν and integrating by parts we define a a

bilinear form B and a linear form L as,

B(d, e) = (C : ∇Sd,∇Se)Ω (2–9)

and,

L(e) = 〈f, e〉Ω (2–10)

with appropriate initial conditions at t = 0.

Spatial discretization

For the spatial discretization the standard Galerkin finite elements approximation

can be defined as follows. Let Ph denote a finite element partition of the domain Ω.

The diamater of an element domain K ∈ P is denoted by hk and the diameterof the

finite element partition by h = max{hk|K ∈ P }. We can now construct conforming

6



L I N E A R E L A S T I C I T Y

finite element spaces Wh ⊂ W as well as the corresponding subspace Wh,0. Then

the problem can be written as,

ρ(∂ttu, e) + B(dh, eh) = L(eh),∀eh ∈ Wh,0 (2–11)

Unless otherwise noted bilinear quadrilateral elements were used for all cases.

Time discretization

In FSI stationary problems are rarely a case of interest as many of the variables

involved evolve through time. In this sense it is obvious that the best of efforts in

achieving a good spatial discretization and the posterior solution is worthless if the

solution can not be carried in time with similar or better precision.

All solutions were obtained by means of the Newmark time integration scheme,

which is of the following form,

vn+1 = vn +∆t [γan + γan + 1] (2–12)

xn+1 = xn +∆tvn +
∆t

2
[(1− 2β)an + 2βan + 1] (2–13)

Where xn+1, vn+1 and an+1 are approximations to the position, velocity and ac-

celeration vectors at a determined time step n. β and γ are parameters that define

the method and are of particular interest with value of 1/4 and 1/2 respectively,

which assumes that the acceleration over the time step is constant and equal to

(an − an+1)/2, reason by which it is also called ’Constant acceleration method’,[10],

most importantly it has degree of accuracy of order two and that it is non dissipa-

tive, reason why methods like BDF1 and BDF2 were not considered.

7



2.1 B E N C H M A R K I N G

The only inconvenience of this method is the need to store additional information

like the velocities and accelerations where the primary unknown are the positions

for different time intervals. On the other hand, this can be beneficial when dealing

with FSI problems where the solid is non linear and thus can affect flow behavior,

this calculated velocity can be passed to the solid as dirichlet conditions instead of

a prescribed mesh movement, this is not explored in this work but is left as a short

term objective. This set of equations can be treated implicitly but all solid dynamic

cases were run by explicitly solving these quantities.

2.1 B E N C H M A R K I N G

The process of Benchmarking any code, or piece of it, is a fundamental step of code

validation. With the aim of succesfully solving fluid structure interaction problems

two benchmarks have been produced for a linear elastic problem. The first one

dealing with the stationary results of a beam under effect of a distributed load and

the second one with the dynamic response of a common geometry undergoing free

vibration.

2.1.1 Stationary problem - Plain strain cook’s membrane

The Cook’s membrane problem is a common benchmark for validating element

formulations. The problem consists of a tapered beam which is clamped on one

side and free on the other. The free side undergoes a shear force P.

The general set up of the case is shown in figure 2.1.

8



2.1 B E N C H M A R K I N G

Figure 2.1: Diagram of Cook’s problem [11]

Mesh, Numerical and Physical parameters

Figure 2.2 shows an example of the meshes used. In this case bi-linear quadrilat-

erals and linear triangles are compared for increasing elements on the geometry’s

side.

(a) Triangular (b) Quadrilaterals

Figure 2.2: Example of 5 elements per side

9



2.1 B E N C H M A R K I N G

All cases were run for the following physical properties and numerical parame-

ters:

Young’s modulus 1

Poisson’s modulus 1
3

Shear force 1

Results

Results shown in figure 2.3 show a slightly improved convergence for triangular

elements compared to quadrilaterals for displacement of point C under the men-

tioned load. Beyond the 30 element limit convergence for both elements is almost

identical.

Figure 2.3: Displacement for triangles and quadrilaterals

A convergence plot is shown in 2.4

10



2.1 B E N C H M A R K I N G

Figure 2.4: Convergence for triangles and quadrilaterals

Obtained results are in agreement with the behavior seen in [3], although the case

was run with different parameters, and are almost identical to the results shown in

[11] in which the same case was run.

A Poisson of 0.5 the produces element locking in which non feasible results are

obtained, this is expected near the incompressible limit for the used elements.

2.1.2 Dynamic problem - Oscillating bar

The validation of the dynamic problem is of critical importance on the solution of

fluid structure interaction problems. The methodology consisted on reproducing a

problem that could be solved by both analytical and numerical ways. The oscilla-

tion of a bar with various boundary conditions has been extensively studied and

its development can be found in most structural dynamic or vibration textbooks

11



2.1 B E N C H M A R K I N G

like [10]. For the present case the the configuration of a clamped-free end bar was

selected.

Its analytical solution can be found by the following equation:

ωn = α

(
EI

ρL4

)1
2

(2–14)

Where α is equal to 3.52 for the first mode of vibration and to 22 for the second

one. From this the theoretical first and second modes of vibration for the present

problem are found to be:

ω1 40.815 Hz

ω2 259.731 Hz

Mesh, Numerical and Physical parameters

Figure 2.5 shows an example of the meshes used, as in the previous benchmark,

linear triangles and bi-linear quadrilaterals were used for all cases.

(a) Triangles

(b) Quadrilaterals

Figure 2.5: Example of 2X20 mesh

The following table shows the numerical and physical parameters used for all

cases run.

12



2.1 B E N C H M A R K I N G

Young’s modulus 200e9

Poisson’s modulus 1
3

Density 7810

time step 1e−5

total time 1

Time integration and Fourier transform

The time integration was done by means of the Newmark constant acceleration

method, other time integration schemes like the BDF1 and BDF2 produced too

much numerical damping. Point tracking was used in the middle section of the

free end. After solution a discrete Fourier transform was done to the obtained data.

A sample of the obtained spectrum is shown in figure 2.6 showing the first and

second harmonics of the geometry where both the first and second harmonics can

be seen to be quite close to their theoretical value.

13



2.1 B E N C H M A R K I N G

Figure 2.6: dFt of a case run

Convergence for various test cases is shown in the following section.

Results

Figure 2.7 shows the convergence for linear triangles and bi-linear quadrilaterals for

incremental number of elements for the first harmonic or natural mode of vibration

of the bar. The theoretical value is shown as a red continous line.

14



2.1 B E N C H M A R K I N G

Figure 2.7: Convergence for triangles and quadrilaterals

As it can be seen, for a low number of elements the frequency is found to be

much higher than its expected value converging in a rapid manner as the number of

elements is increased. In this case quadrilaterals exhibit an improved convergence

when compared to triangles.

Results are close to the theoretical value, the difference is atributed to the bending

of the perpendicular planes along the beam’s geometry as the theory does not take

this into account, coming from the Euler-Bernoulli approximation. Results were

found to be the same for any number of elements on the beam thickness. One

factor that was found to improve convergence in quadrilaterals to the theoretical

value was reducing the poisson modulus to zero, on the other hand this did not

help for linear triangles.
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3 I N C O M P R E S S I B L E N AV I E R - S TO K E S

E Q UAT I O N S

Once linear elasticity has been reviewed the last step before dealing with FSI prob-

lems is dealing with fluid dynamics. In this section a short review of the necessary

theory and some test cases are explained. For a certain domain Ω with boundary

∂Ω and ]0, T [ the interval of analysis the Navier-Stokes problem consists in finding

a velocity u and pressure p such that:

∂tu − ν4u + u · ∇u +∇p = f in Ω, t ∈]0, t[

∇ · u = 0 in Ω, t ∈]0, t[
(3–1)

Where ν is the kinematic viscosity and f is the force vector.

Using the notation defined in chapter 2, the velocity and pressure finite element

spaces are V0 := H1
0(Ω), Q := L2(Ω)/R, X0 := V0 ×Q0.

Now if we define a a bilinear form B and a linear form L as,

B = ν(∇u,∇v) + (u · ∇u, v) − (p,∇ · v) + (q,∇ · u) (3–2)

and,

L = 〈f, v〉 (3–3)

16



I N C O M P R E S S I B L E N AV I E R - S TO K E S E Q UAT I O N S

The variational form of the Navier-Stokes equations can be written as,

Find [u,p] ∈ L2(0, T ; V0)× L1(0, T ;Q0(Γ)) such that

∂tu + B(U, V) = L(V), ∀ V ∈ X0 (3–4)

ForU ≡ [u,p] ∈X0 and V ≡ [v,q] ∈X0. Where initial and boundary conditions

should hold.

A feasible solution for this problem will be found depending on the Babuska-

Brezzi, defined in equation 3–5, condition which basically states that a suitable

interpolating space for velocity and pressure must be found. From this it can be

understood that the choice of elements cannot be random and why it is not possible

to use the same kind of element for both variables.

inf sup
qh,∇ · vh
‖qh‖‖vh‖1

> β > 0, (3–5)

for constant β independent of h.

S PAT I A L D I S C R E T I Z AT I O N

For the spatial discretization the standard Galerkin finite elements approximation

can be defined as follows. Let Ph denote a finite element partition of the domain

Ω. The diamater of an element domain K ∈ P is denoted by hk and the diameter

of the finite element partition by h = max{hk|K ∈ P }. We can now construct

conforming finite element spaces Vh ⊂ V , Qh ⊂ Q and Xh = Vh ×Qh as well as

the corresponding subspaces Vh,0,Qh,0 and Xh = Vh,0 ×Qh,0. Then the problem

can be written as,

17



I N C O M P R E S S I B L E N AV I E R - S TO K E S E Q UAT I O N S

Find Uh ∈Xh,0

∂tu + B(Uh, Vh) = L(Vh),∀ Vh ∈ Xh,0 (3–6)

T I M E D I S C R E T I Z AT I O N

For the temporal discretization the usual finite differences scheme is adopted. In

particular the Backward Euler (BE) or Backward Differences schemes, in particular

BDF1 and BDF2 that are of the form:

∂uj+1h
∂t

=
uj+1 − uj

∆t
+O(∆t) (3–7)

∂uj+1h
∂t

=
3uj+1 − 4uj + uj−1

∆t
+O(∆t2) (3–8)

After initial trial runs BDF1 was found to be too dissipative and BDF2 became

the default time integration algorithm for all fluid flow cases.

S U B G R I D S C A L E S

To deal with the stability issues associated to the different spaces to where velocity

and pressure belong, stabilized versions of equation 3–6 have been developed in

which the bilinear form B is replaced with a mesh dependent version Bh.

On the other hand, when the problem is convection dominated spurius oscilla-

tions may appear that propagate and possibly explode accross the time advance.

To handle this situations stabilized upwind schemes have been developed where

18



I N C O M P R E S S I B L E N AV I E R - S TO K E S E Q UAT I O N S

the residual is used as an additional diffusive term. All cases shown in this work

rely on this basic concept.

The idea is to divide the problem in two parts, the first one being the one that can

be solved as ussual by means of the normal FEM approximation over the defined

grid. The second one being the one that approximates what cannot be solved

directly of over the grid, or in other words, the sub grid. Though simple and

intuitive this idea is fairly recent and, when developed proved to be groundbraking

as it opened a whole new frontier for numerical approximation of highly convective

flows.

This formulations are based on the Variational Multiscale Method proposed by

Hughes on [8], and ,as mentioned, the idea is to approximate the space X as a

composition of the grid and subgrid spaces as X = Xh ⊕ X̃ . Where X̃ is the

space of subscales. This leads to the following modified continous version of the

Navier-Stokes problem,

∂tu + B(Uh, Vh) + B(Ũh, Vh) = L(Vh),∀ Vh ∈ Xh,0 (3–9)

∂tu + B(Uh, Ṽh) + B(Ũh, Ṽh) = L(Vh), ∀ Ṽh ∈ X̃0 (3–10)

Integrating by parts within each element equations 3–9 and 3–10 can be written

as,

(∂tu, v) + B(Uh, Vh) +
∑
K

∫
K

Ũ ·L ∗(Vh)dΩ+

∑
K

∫
∂K

ũ · (qhn+ νn · ∇vh)dΓ = L(Vh), ∀ Vh

(3–11)
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I N C O M P R E S S I B L E N AV I E R - S TO K E S E Q UAT I O N S

(∂tu, v) +
∑
K

∫
K

Ṽ ·L (Ũ)dΓ +
∑
K

∫
∂K

ṽ · (phn+ νn · ∇uh)dΓ

=
∑
K

∫
K

Ṽ · [F−L (Uh]dΩ,
(3–12)

Where L ∗ is the formal adjoint of the linear operator and has the form,

L ∗(Vh) =

 −ν∆vh −a · ∇vh −∇qh
−∇ · vh


If tractions are continous across element boundaries the first term of equation

3–11 cancels out which leads to,

L (Ũ) = R := F−L (U) +Vh,ort in K ∈ Ph, Vh,ort ∈ X̃ ⊥
0 , where the main idea

then is to approximate,

Ũ ≈ τKR (3–13)

Where τK is a matrix of parameters, denoted as the matrix of stabilization pa-

rameters, depending on K and the coefficients of the operator L and is the most

important aspect of stabilized finite element methods. For all applications in the

project τK is of the form,

τ =
(
c1
ν

h2
+ σ
)−1

+

(
c2

|a|

h

)−1

(3–14)

For further detail see [4, 5]. During all of this development nothing was said

about the time dependence of the subgrid part. As it turns out they can also be

found to depend on time, but this is a more complex analysis and goes outside of

the scope of this project, for further detail see [6].
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4 F L U I D S T RU C T U R E I N T E R AC T I O N

After a quick review of solid elasticity and fluid flow the interaction between these

two can be analyzed. In mathematical terms this is called an heterogeneous prob-

lem as two different systems of equations are interacting through certain coupling.

In this sense it is worthwhile to review the underlying theory of interaction between

subdomains to then advance to FSI.

4.1 T H E H E T E R O G E N E O U S P R O B L E M [ 1 ]

Let Ω be the domain composed by two boundaries Γ1 and Γ2 as in figure 4.1

Figure 4.1: Partitioned domain, taken from [1]

The problem to be solved is the following,
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4.1 T H E H E T E R O G E N E O U S P R O B L E M [ 1 ]

ρS∂
2
ttd −∇ ·σS = ρSf in ΩS,

d = 0 On ΓDs
,

ns ·σS = fS On ΓNs
,

ρF∂
2
ttu − µ∆u +∇p = ρFf in ΩF,

∇ · u = 0 On ΓF,

u = 0 On ΓDF
,

−pnF + µnF · ∇u = tF On ΓNF
,

nsσS + (−pnF + µnF · ∇u) = 0 On Γ ,

∂td − u = 0 On Γ ,

Together with initial conditions for u, d and ∂td in each respective domain.

In variational form the problem can be stated as,

ρS(∂
2
ttd, e)ΩS

+BS(d,e) = LS(e) + 〈tS, e〉ΓNs
, ∀e ∈ W ,

ρF(∂tu, v)ΩS
+BF([u,p], [v,q]) = LF([v,q]) + 〈tF, v〉ΓNF

, ∀[v,q] ∈ V ×Q,

〈µ,∂td − u〉Γ = 0 ∈ µ

Where the spaces W , V , Q have been defined previously in chapters 2 and 3.
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The discrete version of the fluid structure heterogeneous problem solved in a mono-

lithic manner is given as follows,

ρS(Dttdnh, eh)ΩS
+BS(dnh, eh) = LS(eh) + 〈tSF, eh〉 (4–1)

ρF(Dtunh, vh)ΩF
+BF,stab([unh, pnh], [vh, qh]) = LF,stab([vh, qh]) + 〈tSF, vh〉 (4–2)

It is worth noticing that a monolithic approach can be very expensive to solve

and specially to assemble, this is why in this project an iteration by subdomain

approach was taken which has the following form,

ρS(Dttd
n,i
h , eh)ΩS

+BS(d
n,i
h , eh) = LS(eh) − TF([un,i−1

h , pn,i−1
h ]) (4–3)

ρF(Dtu
n,i
h , vh)ΩF

+BF,stab([u
n,i
h , pn,i

h ], [vh, qh]) = LF,stab([vh, qh]) (4–4)

Where it can be seen how the second term on the right hand side of the first

equation is the one responsible for ensuring continuity between tractions between

solid and fluid when tested against the displacement test function.

4.3 B E N C H M A R K I N G

While the process of benchmarking solid elasticity or fluid flow can be achieved in

relatively simple cases in FSI this is not the case as there are specific restrictions

in each domain. A case was chosen in which the flow around a cylinder with
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a beam attached to it. The flow generates vortices that through traction initiate

and mantain a state of oscillation in the beam. This test is known as the turek

case and is ussually solved for non linear elasticity in which the beam deflection

is quite large and in turn can affect the fluid flow. This case is quite suitable for

ALE formulations as the mesh for the fluid domain moves to reproduce the solid

deformation, see [7] for the full description of the experiment. In this case, due

to time constraints the case was only analyzed for linear elasticity in which strains

are small, which means that while the solid motion is driven by fluid coupling, the

fluid is not affected by the solid motion.

Turek case

A diagram of the case is shown in figure 4.2 with definition of important parameters

and variables.

Figure 4.2: Description of the case, taken from [9]

Where the parameters have the values shown in table 4.1 for the cases run,
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Cylinder diameter d = 1

Center of cylinder Xc = Yc = 2.0

Channel length L = 25.0

Thickness of undeformed beam Hflag = 0.2

Right end of undeformed beam xtip = 6.0

Density of fluid 1

Viscosity of fluid 0.0025

Beam Young modulus 200e7

Beam density 7850

Beam Poisson 0.3

Table 4.1: Material properties and parameter of case

Figure 4.3 shows the actual geometry that was used. As the domain is large this

inevitably means that the mesh for the fluid domain will be composed by a large

number of elements, specially where the interface between solid and fluid exists.

Figure 4.3: Geometry of the case

Table 4.2 shows the boundary conditions for the case.
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Domain Fluid Solid

x = 0 velx = 1,vely = 0.0

x = 25 velx = vely = Free

y = 0 = 4 velx = free,vely = 0

cylinder surface velx = vely = 0

beam surface velx = vely = 0 tf = ts

cylinder beam union dispx = dispy = 0

Table 4.2: Mesh properties for both domains

Mesh

Important sections of the mesh are shown in the following figures. Figure 4.4

shows the mesh over the cylinder and part of the beam. For a correct solution of

the tractions over the beam it is necessary to correctly approximate the boundary

layer that the fluid forms over it, which required mesh refinement over the elements

in the interface.
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Figure 4.4: Mesh of fraction of domain

Figure 4.5 shows a close up of the mesh over the cylinder and a fraction of the

beam. It is clear by now that the mesh of the cylinder and that of the fluid are non

matching and most importantly, composed by different kind of elements. The fluid

domain is composed by linear triangles while the beam is composed by bilinear

quadrilaterals. This was chosen in this way for the fluid because triangles allow

more versatility in terms of geometry reproduction and refinement over boundary

layers. For the solid, as the physics are much simpler, a coarser mesh could be used

that could be solved quickly and correctly. Moreover the fact that it is symmetric

structured made the meshing process straightforward and produces more precise

results, as was seen from the solid dynamic benchmarking process.
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Figure 4.5: Mesh of the sphere

Finally figure 4.6 shows a close up of the mesh over the tip of the beam. Its worth

noting, once again, that the mesh of the boundary layer is much denser that that of

the beam. The issue of non conforming meshes could and was solved by used of a

mesh to mesh interpolator that was introduced into the code just in time to make

part of this project, see chapter 6 for more details.
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Figure 4.6: Mesh of tip of cantiliver beam

Table 4.3 shows important mesh parameters.

Domain Fluid Solid

Element Linear Tri Bilinear Quad

# Elements 65906 2760

# Nodes 33952 9134

Table 4.3: Mesh properties for both domains

Results

It was seen that for this particular problem the solution (velocity and pressure)

had a period of oscillation of around 20 seconds so it was decided to run the case

for 60 seconds with a time step of 0.05 seconds to be able to analyze at least three

full periods of the solution, this is also important in next sections when ROM is
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analyzed to be able to capture the lower modes of the fluids solution.

Results are displayed fro the fluid as contour plots for velocity and pressure

and for the solid as point tracking for the tip of the beam attached to the cylinder.

The motion of the tip is compared to the velocity of the fluid near it.

(a)

(b)

Figure 4.7: x velocity component, figure 4.7a shedding upper vortex, figure 4.7b shedding

lower vortex
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(a)

(b)

Figure 4.8: y velocity component, figure 4.8a shedding upper vortex, figure 4.8b shedding

lower vortex

(a)

(b)

Figure 4.9: Pressure contours, figure 4.9a shedding upper vortex, figure 4.9b shedding

lower vortex

It is intended to appreciate the oscillating nature of the solved quantities which

has an evident effect on the solid beam response as shown in figure 4.10.
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(a)

(b)

Figure 4.10: figure 4.10a Y velocity for fluid at point 8.3, 2), figure 4.10b displacement for

point (7.99, 2)

It can be seen that the displacement of the beam follows the same shape as the

Y velocity although out of phase. This is expected as the same point can not be

plotted both for fluid and solid and the solution takes more time to get to the

fluid sampling point than to the solid tip. On the other hand it can be seen that

the velocity undergoes larger changes across time hinting that higher frequency

modes are present, modes that the beam, with a higher mass and inertia, cannot
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reproduce.

Results are not compared with the ones obtained in [7] as non linear elasticity

is not reproduced in this project, this is left as a short term objective from the

finalization of this work.

33



5 R E D U C E D O R D E R M O D E L S

Proper Orthogonal Decomposition (POD) Reduced Order Models (ROM) consist

on projecting a full order solution (FOM) into low dimensional spaces of solutions.

The underlying idea is actually simple; it relies on the decomposition of the FOM

into its most important or representative components. It can be thought of as

obtaining the main frequencies of a signal and then through these reproducing

either the same initial signal or similar ones with certain precision.

As a developing subject of research there are still problems to solve. When the

solution is projected into the reduced dimensional space the components that are

not projected will not be taken into account when solving the reduced model. With

some degree of abstraction it can be seen that this is precisely the same problem

faced with the Navier-Stokes equations with highly convective flows that was

mentioned earlier. When the element used cannot reproduce on its enterity the

whole behaviour of the solution stabilization is needed. In other words the element

doesn’t capture the high frequency component of the solution so additional input

from the subgrid scale is added. In fact in [2] a novel approach is discussed where

the non present component of the FOM is added through the subgrid scales after

the decomposition has been made.
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Let us define a vector field U ∈ RM and the full order space V = RM where M

represents the dimension of the unknown and is associated with the number of

nodes of the used mesh. The non linear, transient, fully discretized problem is,

A(Un+1)Un+1 = R(Un,Un−1, · · · ), (5–1)

Where n is the timestep counter, A is the system matrix which might depend on

Un+1 and R is the right hand side which might also depend on the unkown.

The solution to this system can be projected into a low dimensional space in the

following way,

U ≈ ΦUΦ (5–2)

Where Φ ⊂ RM×m is an orthonormal base to this new space of solutions, VΦ ⊂

RM, where m is the dimension of the new low dimensional space. UΦ ∈ Rm are the

components of the solution in the new space.

It is convenient to express the solution as a sum of the mean and reduced order

representation,

U ≈ ΦUΦ +U (5–3)

As will be shown later the precision of the results depend greatly on the base

calculated. There are many ways to obtain this base, but in the development of

this project only Proper Orthogonal Decomposition was used. Then, introducing

equation 5–3 into equation 5–1 leads to an overdetermined system as follows,

AUΦ = R−AU (5–4)
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If the A matrix is positive definite and symmetric a least-squares Galerkin strat-

egy can be used to approximate the overdetermined system as,

ΦTAΦUΦ = ΦTR−ΦTAU (5–5)

Now, introducing the following notation,

AΦ := ΦTAΦ ∈ Rm×m (5–6)

RΦ := ΦT (R−AU) ∈ Rm (5–7)

The reduced system can be expressed as,

AΦU
n+1
Φ = RΦ, (5–8)

An algebraic system that has a many degrees of freedom as the base, which is,

tipically much less that the original full order model.

5.2 A R E V I E W O F P O D

The final step towards an understanding of the underlying ideas of reduced order

modeling is calculating the reduced order basis Φ. The processed can be summi-

rized as follows, first a series of snapshots of the solution of the FOM are stored

to then apply a Singular Value Decomposition (SVD) and finally obtain the most

important basis functions.
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The snapshot matrix is defined as:

U ∈ RM×N (5–9)

Where N is the number of snapshots. Each column of U corresponds to a snap-

shot of the solution of the FOM. In the cases explained later each one of this

columns corresponds to a solution of the whole system for each selected time step.

Of course the more snapshots that can be obtained the more data the reduced

system will have to display a more approximate solution.

This matrix will the be decomposed into the addition of a mean value matrix

and a product of three matrices in a process called Singular Value Decomposition,

in the following way,

U = U +Φ0Σ0Ψ
T
0 (5–10)

Where Φ0 ∈ RM×M is a basis for RM. Σ0 ∈ RM×N is the eigenvalue matrix and

ΨT0 ∈ RN×N is the representation of the snapshots in the new basis.

This SVD decomposition has the following properties:

• Φ0 is an othogonal matrix, which means that its product by it transpose is the

identity matrix, where the first N0 6 N columns can reproduce exactly the

snapshots contained in the matrix U

• Σ0 is a diagonal matrix which contains, from greatest to least, the eigenvalues

of the associated basis functions. The ordering of the eigenvalues is a measure

of the relative importance of each of the basis functions in the whole system.

• Ψ0 is an orthogonal matrix containing the projection of the snapshots into the

new basis.
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Knowing that the eigenvalues decrease in value very quickly one can choose the

first m eigenvalues to get an approximation to the solution of the problem. Where

m can be very small compared to the total number of eigenvalues. At this point

the power of reduced order modeling can be appreciated. If m is sufficiently small,

the time to compute the reduced system is minimal. The set of snapshots can be

approximated as,

U − U ≈ ΦΣΨT (5–11)

Where the projected snapshots ΣΨT can be denoted as UΦ. Finally the solution

can be expressed as,

UΦ = ΦT (U − U) (5–12)

5.3 N U M E R I C A L E X A M P L E S

In the following sections numerical examples of solid, fluid and FSI will be dis-

played. The idea is to show the power, as well as some difficulties, of ROM. In

this sense it is worth noting that all results were obtained with a preliminary ver-

sion of the code and there still remains a lot to be done to achieve the expected

performance in some cases. During the development of this cases it was seen that

by applying a methodology, succesfull ROM simulations could be obtained. The

course of action was the following,

• Reach a stationary state of the FOM, in simple cases, as linear elasticity, this

proved to be not important

• Make a Fourier transform of one point of the domain were the quantities vary

noticeably
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• From the obtained spectrum obtain the most important frequencies

• Run ROM case in offline mode taking sufficient number of snapshots (de-

pends on case complexity)

• Run ROM case using the number of modes obtained from Fourier transform

In all cases, using this methodology proved to provide accurate results as will be

shown in the examples. It important to remark that all of the analyzed cases are

of dynamic nature so that is the reason why the Fourier transform is proposed as

part of the methodology. ROM should not be associated only to dynamic cases but

to any kind system in which there is a varying quantity.

The cases to be reproduced are modified versions of the cases that were bench-

marked in previous sections for each topic.

5.3.1 Solid - Rom

The following example illustrates the oscillation of a cantiliver elastic beam, the pre-

vious methodology is specially didactic in this case as, by using increasing number

of basis vectors the relative importance of each eigenvalue is seen.

Figure 5.1 shows the mesh used for this particular case composed of 100 bilinear

quadrilaterals. The properties are shown in table 5.1.

Young’s modulus 7850

Poisson’s modulus 0.0

Length 1.0

Thickness 0.05

Table 5.1: Material properties and geometry of beam
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Figure 5.1: Meshed beam,# elements = 100

The analytical first mode of the bar, calculated from 2–14 is found to be 20 Hz.

Figure 5.2 shows the Fourier transform of the displacement of the tip of the beam.

As it can be seen the first mode has been approximated quite well, the idea is that

the ROM case replicates this result, with less computational cost.

Figure 5.2: Full order model

Table 5.2 shows the parameters used to run the ROM case. From the solved sys-

tem 3 main eigenvalues where found, and as it was expected their value decrease

quite rapidly.

# of snapshots 2

size of calculated base 3

Table 5.2: Important ROM parameters
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Figure 5.3 shows the case where from the calculated base from the FOM case only

the main eigenvalue and its corresponding base was used to reproduce the case. As

it can be seen the result can reproduce exactly the main frequency, which is the one

with highest energy, but the other harmonics do not appear on the solution, as it is

expected as there is no information to be able to produce this data.

Figure 5.3: ROM, # modes = 1

In figure 5.4 one more eigenvalue and base were added, it can be seen that

around 110 Hz a second harmonic starts to appear. While the frequency of the

harmonic is the correct one the energy associated to it is lower that in the FOM

result.
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Figure 5.4: ROM, # modes = 2

Finally, on figure 5.5, all three calculated eigenvalues and basis vectors are used

to calculate the solution. As it can be seen the solution was reproduced exactly.

Figure 5.5: ROM, # modes = 3
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Table 5.3 shows the time and computational cost comparison for the FOM and

ROM cases.

Solution times

FOM ROM ROM ROM

Size of basis 1 2 3

solution time (s) 5.03 1.67 1.665 1.54

solution time speed up (%) - 66.8 66.89 69.38

Table 5.3: Comparison of FOM - ROM solution times

As it can be seen the speed up for the linear elastic case is in the worst case 66.8%

which is a considerable time save as the case is extremely simple and FOM solution

itself took only 5 seconds to calculate.

5.3.2 Fluid - Rom

While the linear solid elastic case was reproduced with no problem and exactly

with no difficulty sadly the case for the fluid proves to be quite different as the

physics associated to the flow is much more complex and non linear. To be able

to run a case succesfully with the ROM the initial transitory part of the evolution

of the flow had to be ignored from the sampling. It is possible that the evolution

of the flow during this period carries many frequencies that will dissapear over

time or that will be dampened once the flow becomes developed and statistically

stationary. When ROM was attempted during this stage the base recovered from

the eigensolver could not reproduce the FOM succesfully.
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Once this difficulty was overcome the flow around a cylinder was used to study

ROM on fluids. Physical properties and parameters are shown in table 5.4.

Cylinder diameter d = 0.4

Center of cylinder Xc = 0.8,Yc = 1.2

Channel length L = 7.0

Density of fluid 1

Viscosity of fluid 1e− 4

Table 5.4: Material properties and parameter of case

The geometry of the case is shown in figure 5.6 .

Figure 5.6: Geometry of test case

Boundary conditions for the domain are shown in table 5.5.

Domain Fluid

x = 0 velx = 1,vely = 0.0

x = 7 velx = vely = Free

y = 0 = 2.4 velx = free,vely = 0

cylinder surface velx = vely = 0

Table 5.5: Boundary conditions
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Parameters for the ROM run during offline phase are shown in table 5.6

# of snapshots 100

size of calculated base 10

Table 5.6: Important ROM parameters

Mesh

Figure 5.7 shows the mesh used to run all cases, notice the refinement made sur-

rounding the cylinder to be able to capture the boundary layer of the flow correctly.

Figure 5.7: Mesh of test case

The properties of the mesh are shown in table 5.7.

Domain Fluid

Element Linear Tri

# Elements 36186

# Nodes 18487

Table 5.7: Mesh properties

45



5.3 N U M E R I C A L E X A M P L E S

Figure 5.8: Mesh around the cylinder

Results

Results will be analyzed for velocity and pressure for the FOM and for a ROM

approximation using 3 basis vectors. From the POD decompositon a base of 10

eigenvalues was obtained where the first three were the ones with the highest

energy. The rest decreased rapidly and therefore could, for experimental purposes,

be discarded. It was found that by using the first seven basis vectors the solution

had little difference from the FOM, so to be able to appreciate some difference,

and from this, the full power of ROMs it seemed like a proper choice to compare

against 3 basis vectors.
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Figure 5.9: velocity X for FOM

Figure 5.10: velocity X for ROM, 3 basis vectors used

It can be seen from figures 5.9 and 5.10 that by using the first three modes the

solution appears to be very similar to the FOM but with some degree of added

diffusion in the solution for the x component of the velocity. This can further be

seen by the decreased magnitude of the results.
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Figure 5.11: velocity Y for FOM

Figure 5.12: velocity Y for ROM, 3 basis vectors used

Unlike the previous case, figures 5.11 and 5.12 show an amplified solution and

a higher intensity of the vortex that the cylinder sheds through time. Also the

’bubbles’ appear to be more symmetrical in ROM than in the FOM counterpart.

Probably the lower modes decrease the symmetry of the solution.
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Figure 5.13: Pressure for FOM

Figure 5.14: Pressure for ROM, 3 basis vectors used

The results shown in figures 5.13 and 5.14 are quite interesting as they are sim-

ilar in magnitude but differ in the numerical phenomena that carries the solution

through time. While in the ROM case the cylinder sheds pressure bubbles, account-

ing for the vortex shedding of the previous cases, in the ROM case the pressure is

dissipated continously in a oscillatory manner.

Finally, in figure 5.15, the y velocity was plotted for point (1.3,0) just behind the

cylinders geometry. It can be seen how each added mode interacts in such a way

to approximate in a better manner the solution until when it is barely noticeable

the difference between ROM and FOM.
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Figure 5.15: Velocity in Y for point (1.3,0)

Solution times

FOM ROM ROM ROM

Size of basis 3 5 10

solution time (s) 687.843 20.049 18.25 18.18

solution time speed up (%) - 90.28 97.34 97.35

Table 5.8: Comparison of FOM - ROM solution times

It is interesting to see how the speed up of the solution is much higher than the

previous solid elastic case. This is expected though as the phenomena is much
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more complex and the FOM solution takes much more time too compute. It is also

worth noting that as the number of basis vectors increases the speed up does as

well. This can be due to a much better representation of the solution and in turn

faster convergence to the FOM solution.

5.3.3 FSI - Rom

Finally the main objective of the proyect, fluid structure interaction approximated

using ROM, was tackled using as test case the turek benchmark shown in chapter 4.

For this test case the same geometry, mesh and boundary conditions were used.

The ROM parameters are shown in table 5.9.

# of snapshots 600

size of calculated base 50

Table 5.9: Important ROM parameters

In the following sections results will be shown for fluid and solid separately. In

the same manner as in the flow past a cylinder rom benchmark, see section 5.3.2,

results are shown compared to their ROM counterpart with increasing number of

modes.

This case proved to be much more complex than the previous ones as the flow

is more involved and obtaining a stationary state involved a lot of computational

time. The results, then, are regarded as preliminary as more study has to be done

to properly characterize this case and represent it. The main idea and approximate

results are obtained.
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Fourier transform of FOM solution

Before running the ROM cases a Fourier transform was done for the tip displace-

ment of the beam and a for a point in the fluid domain near the tip, see figures 5.16

and 5.17 to get a notion of the principal frequencies acting on this particular prob-

lem. The results were used to choose the number of eigenvalues and eigenvectors

used for the ROM computations. This is an important decision as the objective

is to reduce dramatically solution time by having a sufficiently small base. The

only inconvenience being that if the chosen base is not representative enough im-

portant modes of the full order solution maybe lost as was shown in solid ROM

benchmarking, see section 5.3.1 where this is exemplified.

Figure 5.16: FFT of displacement Y at (7.99, 2)

From figure 5.16 around 7 main modes can be seen.
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Figure 5.17: FFT of velocity Y at (8.3, 2)

From figure 5.17 around 20 main modes can be seen, it is worth noting that it

is not a coincidence that the most energetic modes in figures 5.16 and 5.17 are

the same ones as the solution is coupled. In this particular case, as the solid is

not influencing fluid movement, the fluid drives the motion. The principal modes

are around 7Hz and 20.2Hz. It is most interesting to see that as the solid cannot

react inmmediately to the highest frequencies of the fluid, it is mostly affected by

the lower continous modes, reason why even though the 20.2Hz mode is the most

energetic one in the fluid flow, in the solid it is the 7Hz one.
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Results for cantiliver beam

As it was mentioned, the fluid is the one driving the motion as the assumption is

that the solid is linearly elastic, so its influence is minimal in the flow. All ROM

solution were run using 7 modes and for different values of fluid modes.

Figure 5.18: Comparison between FOM and ROM using 10 modes for displacement Y at

(7.99, 2)

As it can be seen from figure 5.18 the ROM solution appears to have amplitude

problems, and after the first 30 seconds, important phase disorders. After 50 sec-

onds it can be seen how the approximated solution starts to oscillate strongly. It can

be seen how this solution is not approximated satisfactorily with so little amount

of modes.
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Figure 5.19: Comparison between FOM and ROM using 15 modes for displacement Y at

(7.99, 2)

Figures 5.18 and 5.19 show similar results. It can be seen how the amplification

moved from 50 seconds to 40 seconds. This solution again produces non feasible

results after the first 30 seconds.
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Figure 5.20: Comparison between FOM and ROM using 20 modes for displacement Y at

(7.99, 2)

From figure 5.20 it can be seen how by using 20 modes the phase problems

have been corrected notoriously as well as the amplitude issues. There remains

some problems with the amplitude of the solution and some modes are not being

reproduced at all, see figure 5.20 at around 23 seconds. This will be discussed in

later sections.

Results for fluid flow

From figure 5.21 it can be seen how after the first 30 seconds the solution begins to

present amplitude and phase problems, much like in the associated solid case.
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Figure 5.21: Comparison between FOM and ROM using 10 modes for velocity Y at (8.3, 2)

Figures 5.21 and 5.22 present, once again similar behavior. It appears that by

adding 5 more modes the solution is better approximated for the first 30 seconds.

Afterwards the solution becomes polluted and spurious oscillations appear.
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Figure 5.22: Comparison between FOM and ROM using 15 modes for velocity Y at (8.3, 2)

Similarly to the associated solid case figure 5.23 presents a much better approx-

imation of the solution even though some amplifications and phase issues still

persist.
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Figure 5.23: Comparison between FOM and ROM using 20 modes for velocity Y at (8.3, 2)

It can be seen that neither solid or fluid converged as closely as in the previous

cases to the FOM solution. In the following sections this will be discussed.

Velocity contours

In the following figures the contour plots of velocities and pressure are shown to

better exemplify what the previous plots show. It is interesting to see that adding

more modes removes spurious oscillations and in turn converges more closely to

the FOM solution.
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Figure 5.24: Velocity magnitude for FOM

Figure 5.25: Velocity magnitude for ROM using 10 modes

Figure 5.26: Velocity magnitude for ROM using 20 modes

Pressure contours

Figure 5.27: Velocity magnitude for FOM
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Figure 5.28: Pressure for ROM using 10 modes

Figure 5.29: Pressure for ROM using 20 modes

Solution times

FOM ROM ROM ROM

Size of basis 10 15 20

solution time (s) 7,838.9 6,541.8 7,000.0 7,689.9

solution time speed up (%) - 16.54 10.70 1.90

Table 5.10: Comparison of FOM - ROM solution times

It is clear from table 5.10 that for a much more complex problem were a great

number of degrees of freedom are involved the speed up is not that dramatic as

was seen in sections 5.3.1 and 5.3.2. As it will be pointed out in the next section

this decrease in speed up can be due to a great variety of reasons, but as a first

approach with the simplest of iterative by sub domain couplings this is considered

quite a success.

61



5.3 N U M E R I C A L E X A M P L E S

General discussion

The effect of using varying amount of modes was seen in the previous sections and

it is worth noting that even though the solution for 10 modes presents oscillations,

amplifications and phase disorders. It can actually approximate the first 30 seconds

quite similarly to the other case which used more modes and took longer solve

time. This issue remains to be solved as it can be due to various factors which

by time reasons were not explored like, taking more snapshots during the build

phase of the ROM module, increasing convergence of the linear solver of the ROM

module, changing time step size.

Due to time constraints only the mentioned Galerkin proyection of the system

was explored. It is a possibility that by using a Petrov-Galerkin approach the

calculated ROM solution would fall within an expected converged tolerance. This

is left as a short term objective.

The flow present in this case is quite complicated and the fact that the bar appears

to be rigid to the fluid creates complicated flow patterns that exhibit symmetry

over large periods of time, which for the present case is around 20 seconds. This

coupled with the fast energetic modes makes the associated base calculated by the

SVD quite large. A good approximation was obtained for up to 20 modes with

lower solution time compared to the FOM problem. After this time started to be

similar and, if the whole base was used, the solution took longer than the FOM,

which made the analysis, aside from purely didactic, useless.
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Most of the computational time during the ROM run was used to project the

reduced solution back to the full order space,

U = ΦUΦ (5–13)

It is worth noting that if the problem is large the dimension of the base can get

quite large as well and the solution time of equation 5–13, even though it is just

a mulitplication, can be actually costly in terms of computational time, specially

if the code is not fully optimized, this is, using fully vectorized operations and

reduced cycle control like if and switch statements.
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All cases were run using FEMUSS, Finite Element Methods Using Subgrid Scale, a

code developed currently at CIMNE. FEMUSS, running on FORTRAN is conceived

as modular code adapted to run different kinds of physical problems. Currently

FEMUSS can solve fluid flow problems of low viscosity turbulent flows, highly

viscous fluids, highly compressible flows, near Mach number flows as well as

acoustic and wave propagation scenarios and as of this project solid elastodynam-

ics and the corresponding coupling between Fluid and Solid modules to achieve

FSI with ROM. As any conventional numerical simulation code FEMUSS relies

upon a master driver to control program execution, from initializations, module

iteration, convergence calculation to program termination.

For the development of this project the added input into the code was the ad-

dition of the Solids module which up to this point only solves linear elasticity but

it expected to expand to non linear in the short term. As it was seen, the coupling

between domains can be relatively straightforward, for the simplest of cases, but

in reality its implementation poses some problems. The first of which is how

to achieve proper information transfer between physics or, in this case physical

problem modules, specially, as it was the case, when one of the domains requires

much less degrees of freedom than the other one and uses non conforming meshes.

To solve this complication an abstraction of the master driver was done as well
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as design of a container class which enables the code to instance dynamically each

module and most importantly each case to be solved. The idea was to treat each

module as a separate case which by use of a communicator class that can send

data, and if necessary, interpolate it to deal with possible non conforming meshes.

The following diagram exemplifies the mentioned concepts with hope that it

will break down a little bit the abstraction.

Channel Container

FEMUSS Case Container

Domain Variables

Run variables

Module Driver

Physical Problem

Communicator Container

Module Container

Figure 6.1: Container scheme

As it can be seen from figure 6.1 each case is composed of a series of container ob-

jects and some local case variables that control the run. The most important aspect

of this implementation is the new capabilites between modules to share informa-

tion and if necessary to process it. This can be better understood from figure 6.2

where a hypothetical case is run. In this problem a fluid-temperature structure

interaction problem is going to be solved. For this case a series of communicators

are set up as shown.
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In

Out

In

In

In

Out

Out

Out

FSI

Heat

FSI

Heat

Traction

Velocity

Temperature

Displacement

Traction

Velocity

Temperature

Displacement

NavierStokes

Temperature

Solid

Communicator ChannelModule

Interpolator

Figure 6.2: Communicator scheme of each container

The idea is that while the NavierStokes and Temperature module run in the same

mesh, the Solid module runs with another one, note that it has be assumed that

the Solid is not affected by thermal effects, just the fluid. This makes it necessary

to interpolate the information when transfering data. With the mentioned imple-

mentation, using communicators and channels, this is readily done as the output

is interpolated before reaching its destination.

From the programming point of view, each of this containers is a linked list

that can be iterated in any direction. The core of this link list is an unlimited

polymorphism pointer that allows storage of any kind of data. With this the linked

list, termed as container, can store any collection of data and iterate through it. It

is the same concept of template in C++.
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