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NONLINEAR EQUATIONS FOR FRACTIONAL LAPLACIANS II:
EXISTENCE, UNIQUENESS, AND QUALITATIVE
PROPERTIES OF SOLUTIONS

XAVIER CABRE AND YANNICK SIRE

ABSTRACT. This paper, which is the follow-up to part I, concerns the equation
(=A)*v + G'(v) = 0 in R", with s € (0,1), where (—A)*® stands for the
fractional Laplacian—the infinitesimal generator of a Lévy process.

When n = 1, we prove that there exists a layer solution of the equation (i.e.,
an increasing solution with limits +1 at +00) if and only if the potential G has
only two absolute minima in [—1, 1], located at +1 and satisfying G'(—1) =
G’(1) = 0. Under the additional hypotheses G"(—1) > 0 and G”'(1) > 0, we
also establish its uniqueness and asymptotic behavior at infinity. Furthermore,
we provide with a concrete, almost explicit, example of layer solution.

For n > 1, we prove some results related to the one-dimensional symmetry
of certain solutions—in the spirit of a well-known conjecture of De Giorgi for
the standard Laplacian.

1. INTRODUCTION

This paper, which is a follow-up to our work [9], is devoted to the study of the
nonlinear problem

(1.1) (=A)°v = f(v) inR",

where s € (0,1) and

s v(z) —v(T)
is the fractional Laplacian. In the previous integral, P.V. stands for the Cauchy
principal value and C,, s is a normalizing constant to guarantee that the symbol of
the resulting operator is |£]?*; see [9] for more details. As shown by Caffarelli and
Silvestre [I1] (see also section 3 of [9]), this problem is equivalent to the nonlinear

boundary value problem

div (y*Vu) =0 in R+,
(1.3) ou i
(1+G)W: (u) on IR},
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where n > 1, ]R:L_H = {(z,y) € R® xR : y > 0} is a halfspace, BRTA = {y = 0},
u = u(x,y) is real valued, and
ou
v
is the generalized exterior normal derivative of uw. Points in R™ are denoted by

x = (z1,...,2,). The parameter a belongs to (—1,1) and is related to the power
of the fractional Laplacian (—A)® by

a=1-—2s.

:—1' a
Ly Oyu

Indeed, Caffarelli and Silvestre [I1] proved the following formula relating the frac-
tional Laplacian (—A)® to the Dirichlet-to-Neumann operator:

Ju
(1.4) (=2)" {u(-,0)} = ds 50
where d; is a positive constant depending only on s.

The aim of the present paper is to study some special bounded solutions of (II]).
The solutions we consider are the so-called layer solutions, i.e., those solutions which
are monotone increasing, connecting —1 to 1 at Foo, in one of the z-variables. We
focus on their existence, uniqueness, symmetry and variational properties, as well
as their asymptotic behavior.

In our previous paper [9], we proved a Modica-type estimate which allowed us
to derive a necessary condition on the nonlinearity f for the existence of a layer
solution in R. More precisely, we proved the following result. Here and throughout
the paper, G denotes the potential associated to the nonlinearity, i.e.,

G/:_fa

which is defined up to an additive constant.

in R” = OR}

Theorem 1.1 ([9]). Let a € (—1,1) and f any C*7(R) function, for some v >
max(0,a). Let n =1 and u be a layer solution of [[3)), that is, a bounded solution
of (3) with n = 1 such that u,(-,0) > 0 in R and u(z,0) has limits £1 as
T — £o0.

Then, for every x € R we have f0+oo t|Vu(z,t)|>dt < oo and the Hamiltonian
equality

+oo
(1+ a)/o %ta {u(z,t) —u(x, 1)} dt = G(u(z,0)) — G(1).

Furthermore, for ally > 0 and x € R we have
Y1
(1+a) /0 Eta {uZ(z,t) — u(x, )} dt < G(u(z,0)) — G(1).

In the previous theorem, the last estimate is uniform as s tends to 1, i.e., as
1+ a tends to 0. This led in [9] to the convergence of layers, as s 1 1, to a layer of
—v” = f(v) in R. In addition, using the Hamiltonian estimates of Theorem [T}, we

established the following necessary conditions for the existence of a layer in R.

Theorem 1.2 ([9]). Let s € (0,1) and f any CYY(R) function, for some v >
max(0,1 — 2s). Assume that there exists a layer solution v of

(1.5) (—=0zz)v = f(v) in R,
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LAYER SOLUTIONS FOR FRACTIONAL LAPLACIANS 913

that is, v is a solution of (LH) satisfying

v >0 inR and mgrﬂrzloov(x) = +1.
Then, we have
(1.6) G'(-1)=G'(1)=0
and
(1.7) G>G(-1)=G1) in(-1,1).

In the present paper, we prove that the two necessary conditions in Theorem [I.2]
are actually sufficient to ensure the existence of a layer solution in R. Under the
additional hypotheses G”(—1) > 0 and G”(1) > 0, we also prove the uniqueness (up
to translations) of a layer solution in R and we establish its asymptotic behavior
at infinity.

To study the asymptotic behavior of the layer solution for a given nonlinearity
f, it will be very useful to have the following almost explicit example of layer
solution for a particular nonlinearity. For every ¢ > 0, a layer solution for some odd
nonlinearity f! € C'([-1,1]) (see Theorem Bl below for more details) is provided
by the following function:

¥ 2
(1.8) vl (z) :—1+2/ ps(t,T) dT = —/
0

—00 m

°° sin(zr) e_tr2sdr,
r

where p, is the fundamental solution of the linear fractional heat equation
Opw + (—0zz)°w =0, t>0, veR.

When s = 1/2, the particular layer solution above agrees with the explicit one
used in [I0], namely

2 T 1
¢ _ : ¢ _ :
v j9(T) = - arctan o with f]5(v) = p— sin(mv).
In [I0], J. Sola-Morales and one of the authors studied layer solutions of
Au=0 in R},
0
8_Z = f(u) on IR},

which corresponds to the case a = 0 (that is, s = 1/2) in ([[3). The goal of our
paper is to generalize this study to any fractional power of the Laplacian between
0 and 1. We will make a great use of the tools developed in [10].

The study of elliptic equations involving fractional powers of the Laplacian ap-
pears to be important in many physical situations in which one has to consider
long-range or anomalous diffusions. From a probabilistic point of view, the frac-
tional Laplacian appears as the infinitesimal generator of a Lévy process (see the
book of Bertoin [6]). In our case, as in [I0], we will concentrate on the problem
([C3) and we will not consider probabilistic aspects.

Problem ([3)) is clearly a degenerate elliptic problem concerning the weight y°.
However, since a € (—1,1), the weight y* belongs to the Muckenhoupt class of A,
functions, i.e., it satisfies

1 1 .
sup (g [ wi( [wh <
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914 XAVIER CABRE AND YANNICK SIRE

where w(z,y) = |y|* and B denotes any ball in R**!. This fact allows us to develop
a regularity theory for weak solutions of (I3]); see [9].

Another important property of the weight y* is that it just depends on the
extension variable y and not on the tangential variable x. The equation is therefore
invariant under translations in z, which allows the use of the sliding method to
get uniqueness of the layer solution in R, as well as monotonicity of solutions with
limits +1 at do0.

Remark 1.3. Another interesting problem is to consider the existence of monotone
solutions of equation (II]) connecting v(xs, ..., x,) at —oco to T(xa,. .., x,) at 400,
where both v and ¥ are solutions of (—A)*w = f(w) in R*~!. We will not address
this problem here, but we believe that the methods developed in the present paper
(and in [910]) allow us to deal with this type of problem.

2. RESULTS

Throughout the paper we will assume that the nonlinearity f is of class C17(R)
for some v > max(0,1 — 2s). We will denote by G the associated potential, i.e.,

G =—Ff.

The potential G is uniquely defined up to an additive constant.

Let P; = Ps(x,y) be the Poisson kernel associated to the operator L, =div (y* V),
with @ = 1 — 2s. We then have (see section 3 of [9]): for v a bounded CZ _(R™)
function, v is a solution of (1)) if and only if

u(7y) = PS('?ZJ) *v,

a function having v as trace on 8R1+1, is a solution of (I3]) with f replaced by
(1 +a)d;1f = 2(1 — s)d;1f. Recall that d is the constant from (I4). It turns
out that 2(1 — s)d; ! has a positive limit as s 1 1. This is the reason why we wrote
problem (3] in [9] with the multiplicative constant 1 + a = 2(1 — s) in it; we
wanted uniform estimates as s 1 1.

Let us recall some regularity results from [9]. The first one is Lemma 4.4 of [9].

Lemma 2.1 ([9]). Let f be a C'7(R) function with v > max(0,1—2s). Then, any
bounded solution of

(=A)’v = f(v) in R"
is C2B(R™) for some 0 < 8 < 1 depending only on s and ~.
Furthermore, given sg > 1/2 there exists 0 < 8 < 1 depending only on n, so,
and y—and hence independent of s—such that for every s > sq,
vllc28@mny < C

for some constant C' depending only on n, so, || fllc1.~, and ||v|| g ®n)—and hence
independent of s € (sp,1).

In addition, the function defined by u(-,y) = Ps(-,y) * v (where Py is the Poisson
kernel associated to the operator L,) satisfies for every s > s,

||u||Cﬂ(Ri+1) + ||V$U’||Cﬁ(R1+1) + ||D§uHCﬁ(R1+1) S C

for some constant C' independent of s € (so, 1), indeed depending only on the same
quantities as the previous one.
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Following [10], we introduce
B ={(z,y) eR""" 1y > 0.[(z,y)| < R},
I'% = {(2,0) € OR}™ : |2| < R},
I'h={(z,y) eR" 1y > 0,[(z,y)| = R}.
We consider the problem in a half-ball

div (y* Vu) =0 in B,
(2.1) ou
(1+ a)ﬁ = f(u) onT%.

In the sequel we will denote by
L, =div(y*V)
the differential operator in (ZII). Obviously, there is a natural notion of a weak

solution of (ZTl); see Definition 4.1 of [9].
We have the following regularity result (Lemma 4.5 of [9]).

Lemma 2.2 ([9]). Leta € (—1,1) and R > 0. Let o € C°(TYy) for some o € (0,1)
and u € L (BJp) N HY(BJR,y*) be a weak solution of
Loyu=0 in By C R,
ou
e ¥
Tﬁn, there exists 3 6_(0,1) depending only on n, a, and o, such that u €
CA(B}) and y*u, € CP(B}).
Furthermore, there exist constants C}% and CIQ% depending only on n, a, R,
||uHLOC(B;R) and also on |[¢|| o,y (for C}L) and lelloera,,) (for C%), such that

0
on I'sp.

(22) ol i, < Ch

and

(23) ||ya“y||cg(37;) S 012{

Problem (Z1)) has variational structure, with corresponding energy functional
1 1

2.4 E = ~y*|Vwl|? —

(24) s = [ 5oVl + [ ),
R R

where G’ = —f. This allows us to introduce some of the following notions.

Definition 2.3. a) We say that u is a layer solution of (3] if it is a bounded
weak solution of (3]),

(2.5) Uy, >0 on BRiﬂ, and
(2.6) lim wu(z,0) =41 for every (zg,...,7,) € R" 1
r1—Foo

Note that we will indifferently call a layer solution a solution as above for problem
([L3) or a solution v of equation (L)) satisfying the same properties.

b) Assume that u is a C? function in R} for some 8 € (0,1), satisfying
—l<u<lin Riﬂ and such that for all R > 0,

y*|Vul® € L'(BY).

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



916 XAVIER CABRE AND YANNICK SIRE

We say that w is a local minimizer of problem (L3) if
EB; (u) < EB;;(U +v)

for every R > 0 and every C'* function v in R:ﬁ“ with compact support in BE ury
and such that —1 < u+1% <1 in BE. To emphasize this last condition, in some
occasions we will say that u is a local minimizer relative to perturbations in [—1, 1].
c) We say that u is a stable solution of ([3)) if u is a bounded solution of (3]
and if
(27) [owe = [ arwezo
Ry 0

nt1 1+ a
R™ +

for every function £ € Cl(RiH) with compact support in R’frl.

It is clear that every local minimizer is a stable solution. At the same time, it
is not difficult to prove that every layer solution wu is also a stable solution—for
this, one uses Lemma below and the fact that u,, is a positive solution of the
linearized problem to (L3)).

2.1. Layer solutions in R. The following result characterizes the nonlinearities f
for which problem (1)) admits a layer solution in R. In addition, it contains a
result on uniqueness of layer solutions.

Theorem 2.4. Let f be any CY7(R) function with v > max(0,1 — 2s), where
s €(0,1). Let G' = —f. Then, there exists a solution v of
(—=0zz)°v = f(v) nR
such that v' > 0 in R and lim, 1o v(x) = 1 if and only if
(2.8) G'(-1)=G'(1)=0 and G>G(-1)=G(1) in (-1,1).

If in addition f'(—1) < 0 and f'(1) < 0, then this solution is unique up to
translations.

As a consequence, if f is odd and f'(£1) < 0, then the solution is odd with
respect to some point. That is, v(z +b) = —v(—x + ) for some b € R.

Remark 2.5. The statement on uniqueness of a layer solution also holds for any
nonlinearity f of class C1([—1,1]) satisfying f’(—1) < 0 and f’(1) < 0. There is
no need for f’ to be C7([—1,1]). Indeed, we will see that the proof follows that
of [B] and thus only requires f to be Lipschitz in [—1,1] and nonincreasing in a
neighborhood of —1 and of 1. See also Lemma 5.2 of [10], where this more general
assumption is presented.

Note that a layer solution v = v(z), € R, as in Theorem 24] provides us with
a family of layer solutions of the same equation in R™. More precisely, for each
direction e € R™, with |e] =1 and e; > 0, let

(1, ..y xn) = v({ey (21, ..y x0))).
Then, v°¢ is a layer solution of
(2.9) (=A)*v° = f(v®) in R™

This fact is not immediate from the definition of the fractional Laplacian (L2)
through principal values in R and in R"—indeed, the integrals in R and in R"
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differ, but the normalizing constants C), s in front make them agree. This fact—
that v® solves (Z9)—follows directly from the equivalence of problem (1) with the
extension problem ([3)) and the fact that the constant dg in ([L4]) is independent
of the dimension n.

The equality G(—1) = G(1) is equivalent to

| 11 f(s)ds = 0.

Remark 2.6. Note that G may have one or several local minima in (—1,1) with
higher energy than —1 and 1, and still satisfy condition (Z8). Such a G will
therefore admit a layer solution, hence a solution with limits —1 and 1 at infinity.
Instead, such a layer solution will not exist if G has a minimum at some point in
(—1,1) with the same height as —1 and 1. In particular, when G is periodic (as in
the Peierls-Nabarro problem f(u) = sin(wu); see [23]), the previous theorem proves
that there exists no increasing solution connecting two nonconsecutive absolute
minima of G.

In [18], with different techniques than ours, Palatucci, Savin, and Valdinoci prove
that for potentials G with G'(—-1) = G'(1) =0, G > G(-1) = G(1) in (-1,1), and
G"(+£1) > 0, there exists a layer solution to equation (ILI]). They also establish its
main properties. As a main difference with our work, they do not use the extension
problem ([3]). We also refer to the interesting paper [I4] where properties of ground
state solutions are investigated.

Our next result gives the asymptotic behavior of layer solutions.

Theorem 2.7. Let f be any CY7(R) function with v > max(0,1 — 2s), where
€ (0,1). Assume that f'(—1) <0, f'(1) <0, and that v is a layer solution of

(=0zz)°v = f(v) inR.
Then, there exist constants 0 < ¢ < C such that
(2.10) clx|717% </ (x) < Clz| 72 for |z > 1.

As a consequence, for other constants 0 < ¢ < C,

(2.11) cx™ <1 —wv(x) <Cx™ for x> 1
and
(2.12) clz|7? <1+ v(x) < Clz| ™% for x < —1.

To prove the above theorem for a given nonlinearity f, the following almost
explicit layer solution (we emphasize that it is a layer solution for another nonlin-
earity) will be very useful. More properties and remarks on these concrete layers
will be given in section 3.

Theorem 2.8. Let s € (0,1). For every t > 0, the C°(R) function

vé(ﬂi) = —1—|—2/ ps(t,T)dT = z/ Me,t,ﬂs dr
0

o T T

is the layer solution in R of (L)) for a nonlinearity fi € C*([—1,1]) which is odd
and satisfies f1(0) = fL(1) =0, fL >0 in (0,1), and (f!)'(£1) = —1/t.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



918 XAVIER CABRE AND YANNICK SIRE

In the theorem, since f! € C'([—1,1]) and (f!)(+1) < 0, Theorem 2.4 and
Remark guarantee that its corresponding layer v! is unique up to translations.

As we will see in Theorem 2.11] below, every layer solution is a local minimizer
and, in particular, a stable solution. This holds in any dimension and for any
nonlinearity. Our next result states that the converse is also true in dimension
one and under a certain hypothesis on the nonlinearity. That is, under various
assumptions on GG, we prove that, for n = 1, local minimizers, solutions with limits
(not monotone a priori), or stable solutions are indeed layer solutions.

Theorem 2.9. Let f be any CY7(R) function, with v > max(0,1—2s). Letn =1
and u be a function such that

lul <1 in @

a) Assume that G > G(—=1) = G(1) in (=1,1), and that u is a local minimizer
of problem ([L3) relative to perturbations in [—1,1]. Then, either u = u(x,y) or
u* = u*(z,y) = u(—=x,y) is a layer solution of ([L3J).

b) Assume G"(—1) >0, G"(1) > 0, and that u is a solution of (L3]) with

hI:Itl u(z,0) = £1.

T—>1T 00

Then, u is a layer solution of (L3).
c) Assume that G satisfies:

(2.13) if —1<L <L"<1,G(L7)=G (L") =0,
(2.14) and G>G(L™)=G(L") in (L™,L"),
(2.15) then L~ = —1 and LT = 1.

Let u be a nonconstant stable solution of (L3)). Then, either u = u(x,y) or u* =
u*(x,y) == u(—=x,y) is a layer solution of (LJ).

Remark 2.10. Notice that the hypothesis (2I3)-(2I5]) on G in part ¢) of the theo-
rem is necessary to guarantee that u connects +1. Indeed, assume that —1 < L™ <
LT < 1 are four critical points of G with G > G(—1) = G(1) in (—1,1) and with
G>G(L7)=G(L")in (L~,L*"). Assume also that

G(+1) < G(LH).

Then, by our existence result (Theorem 24]) applied twice—in (—1,1) and also in
(L, L") after rescaling it—we have that (—9,,)*v = f(v) in R admits two different
increasing solutions: one connecting L* at infinity, and another connecting 1.

Instead, as pointed out in Remark 28] if G > G(£1) = G(L*) in (—1,1), then
there is no increasing solution connecting +1, as a consequence of our Modica
estimate (Theorem [[T]), which gives (7).

Note that an identically constant function u = s is a stable solution of (1)) if
and only if G'(s) = 0 and G”(s) > 0. This follows easily from the definition (21) of
stability. Therefore, regarding part ¢) of the previous theorem, a way to guarantee
that a stable solution w is nonconstant is that v = s € (—1,1) at some point and
that either G'(s) # 0 or G”(s) < 0.

2.2. Stability, local minimality, and symmetry of solutions. The following
result states that every layer solution in R:L_'H is a local minimizer. This result is
true in every dimension n. See also [18] for a related result which does not use the
extension problem.
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Theorem 2.11. Let f be any C7(R) function and v > max(0,1 — 2s), where
s € (0,1). Assume that problem (L3) admits a layer solution w in R’} with
n>1. Then:

a) u is a local minimizer of problem ([I3).

b) The potential G satisfies

(2.16) G'(-1)=G'(1)=0 and G>G(~1)=G(1) in (~1,1).

The strict inequality G > G(—1) = G(1) in 2I6) is known to hold when n =1
or, as a consequence, when u(-,0) is a one-dimensional solution in R"™. We estab-
lished this in [9] (it is one of the implications in Theorem 2] above). The strict
inequality G > G(#£1) also holds when n = 2 (as a consequence of Theorem
below) and when n = 3 and s > 1/2 (as a consequence of a result from []). It
remains an open question in the rest of the cases.

For n = 2, we prove that bounded stable solutions u (and hence also local
minimizers and layer solutions) are functions of only two variables: y and a linear
combination of 27 and xo. This statement on the 1D symmetry of u(:,0) is closely
related to a conjecture of De Giorgi on 1D symmetry for interior reactions, proved
in [2BL15] in low dimensions and partially settled by Savin [20] up to dimension
8. We also refer the reader to [211[22] where some rigidity properties of boundary
reactions have been established through a more geometric approach. Particularly,
n [21], the following symmetry result in dimension n = 2 is proved by using a
completely different approach than the one used in the present paper, relying on a
weighted Poincaré inequality (see also [13]).

Theorem 2.12. Let f be any C7(R) function and v > max(0,1 — 2s), where
s € (0,1). Let v be a bounded solution of

(=A)*v = f(v) in R2

Assume furthermore that its extension u is stable.
Then, v is a function of one variable. More precisely,

v(x1,29) = vg (cos(f)xy +sin(f)xs) in R?

for some angle 0 and some solution vy of the one-dimensional problem with the
same nonlinearity f, and with either vy > 0 everywhere or vy identically constant.

For n = 3 and s > 1/2, this 1D symmetry result has been proved by E. Cinti
and one of the authors in [7l[8]. It remains open for n = 3 and s < 1/2, and also
for n > 4.

A simpler task than the study of all stable solutions consists of studying solutions
w of (I3 with |u| < 1 and satisfying the limits (Z8) uniformly in (xa,...,2z,) €
R"~!. Under hypotheses f'(—1) < 0 and f’(—1) < 0, it is possible to establish
in every dimension n that these solutions depend only on the y- and z;-variables,
and are monotone in x;. Here, by the uniform limits hypothesis, the xz-variable
in which the solution finally depends on is known a priori—in contrast with the
variable of dependence in Theorem For the standard Laplacian this result
was first established in [4[5[T2]. We will not provide the proof of the result because
it is completely analogous to the one in [I0] (which uses the sliding method, as in
[5]). Since our operator L, is invariant under translations in x, one can perform
the sliding method together with the maximum principles proved in [9].
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Theorem is a partial converse in dimension two of Theorem 2.11] a), in the
sense that it establishes the monotonicity of stable solutions and, in particular, of
local minimizers. The remaining property for being a layer solution (i.e., having
limits +1 at infinity) requires additional hypotheses on G, as in Theorem 291

2.3. Outline of the paper. In section 3 we construct an almost explicit layer
solution (Theorem 2.8)) and we use it to establish the asymptotic behavior of any
layer solution in R as stated in Theorem 2.7l In section 4 we prove the existence of
minimizers to mixed Dirichlet-Neumann problems in bounded domains of Riﬂ—a
result needed in subsequent sections. In section 5 we prove the local minimality
of layer solutions in any dimension and the necessary conditions on G for such a
layer in R™ to exist, Theorem 2-TTl The 1D symmetry result for stable solutions in
R?, Theorem 2.12] is established in section 6. Finally, section 7 concerns layers in
R and establishes the existence result, Theorem [2.4] and the classification result,
Theorem 2.9

3. AN EXAMPLE OF A LAYER SOLUTION. ASYMPTOTIC PROPERTIES
OF LAYER SOLUTIONS

In this section we provide with an example of a layer solution based on the
fractional heat equation. From it, we get the asymptotic behavior of layers for all
other nonlinearities. Let us first explain how the concrete layer is found.

The starting point is the fractional heat equation,

(3.1) 0w + (=0ze)*w = 0, t>0, r€R,

which is known to have a fundamental solution of the form

(3.2) palt,z) =172 q,(t7 % z) > 0

for x € R,t > 0. Being the fundamental solution, ps has total integral in x equal
to 1, i.e.,

(3.3) /ps(t,a:) de =1 for all ¢ > 0.
R

To compute ps, one takes the Fourier transform of ([BI]) to obtain
QiP5 + €1**ps = 0,
where p; = py(t, ) is the Fourier transform in x of ps(¢,x). Thus, since p,(0,-) is
the Delta at zero and hence p;(0, ) = 1, we deduce that
Ps(t,€) = exp{—t[¢[**}.

From this, by the inversion formula for the Fourier transform, we find

1 [ Cpp2s
(3.4) ps(t,x) = — cos(zr)e " dr.

™ Jo

It follows that the function

x x
(3.5) o) = —1 + 2/ pa(t, ) d7 = 2/ pa(t,7) d7

—0o0 0
is increasing and has limits +1 at +oo. The concrete expression (3.8 below for

vt is obtained by interchanging the order of the two integrals when using (3.4) to
compute the primitive of ps.
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That v! is a layer solution is stated in the next theorem, which contains all
statements in Theorem 2.8 and also the asymptotic behavior of v!, among other
facts. The proof of the theorem is given at the end of this section.

Theorem 3.1. Let s € (0,1). For every t > 0, the C*°(R) function

vi(x) = —1—|—2/ ps(t,f)dE:Z/ ps(t,T) dT
0

—0o0

2 [*si s
_ _/ 51n(x7")67”2 dr
0

™ r

2 [*si s
(3.6) = sign(x)—/ we_t(z/m)2 dz
™ Jo

z

is the layer solution in R of (L)) for a nonlinearity fi € C*([—1,1]) which is odd
and twice differentiable in [—1,1] and which satisfies

RO =F) =0, f>0m (0.1, (=)=
and
<0 f0<s<1/2
=0 ifs=1/2,
>0 ifl/2<s<]1.

ey wcos(ms) T(4s)
(3.7) (L)) = =% Siims) TEs))2

In addition, the following limits exist:

(3.8) | l‘im || * 25 (9,08 (z) = t4—s sin(ms)['(2s) > 0
z|—00 ™

and, as a consequence,

2
lim |2*vl(z) F 1| = t= sin(7s)['(2s) > 0.
™

r—Fo0
Remark 3.2. As stated in the theorem, we have f! € C*([—1,1]) and (f!)’(£1) <0
for every s € (0,1). In particular, by Theorem 24 and Remark 25 its correspond-
ing layer v¢ is unique up to translations.

S
When s = 1/2, the particular layer above agrees with the explicit one used in

[10], namely
: 2 T . ‘ 1 .
vy o(2) = - arctan T with fi,5(v) = p— sin(7v).

This can be easily seen computing ([3.4]) explicitly when s = 1/2, using integration
by parts, to obtain

21 1

S S eyt

We may try to see which function we obtain in the above formulas setting s = 1.

In this case, [34) can be checked to be equal to a Gaussian, and thus v¢, two times
its primitive, is the error function erf(x)—up to a scaling constant. Its derivative is

8xv§/2(x) =2p1a(t,x) =

therefore e_ch, which does not have the correct decay e“* at +oo for the derivative

v" of a layer solution to —v”" = f(v). This is due to the fact that the limit as s — 1
of f! will not be a C*([—1,1]) nonlinearity at the value 1—even if they all satisfy
(fY)’(1) = —1/t. The reason is that their second derivatives at 1, (f)”(1), blow-up
as s — 1 as shown by B0).
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Note also that ([B.7) shows that, when 1/2 < s < 1, the nonlinearity f! is positive
but not concave in (0, 1).

The following immediate consequence of Theorem [B.J] will give the asymptotic
behavior of layer solutions for any nonlinearity f.

Corollary 3.3. Let s € (0,1) and t > 0 be a constant. Then, the function

cpt = 311)2 > 0,
where v% is the explicit layer of Theorem Bl satisfies
(3.9) (=)0 () + 2t L' () > 0 for x| large enough,
(3.10) (=)' (z) + 27 1! (x) <0 for |z| large enough,
and that the following limit exists and is positive:
(3.11) ‘Illiinoo |z|1 25t () € (0, 400).

Proof. Clearly ¢! = 9,v% > 0 satisfies the linearized equation
(=0s2)"¢" = (fs) (vi(2) " =0 InR.
Using that ! > 0, v} has limits £1 at oo, f!is C*([—1,1]), and that (fI)/(+1) =
—1/t, both (39) and BI0) follow. The statement [BIT) follows from (B.8]). O
With this corollary at hand, we can now prove the asymptotics of any layer.

Proof of Theorem 271l The proof uses Corollary B3labove and a very easy maximum
principle, Lemma 4.13 and Remark 4.14 of [9]. Its statement in dimension one is
the following.

Let w € C2.(R) be a continuous function in R such that w(z) — 0 as |z| — oo
and
(3.12) (=0zz)w + d(z)w > 0 in R

for some bounded function d. Assume also that, for some nonempty closed set
H C R, one has w > 0 in H and that d is continuous and nonnegative in R\ H.
Then, w > 0 in R.

Now let f and v be a nonlinearity and a layer as in Theorem 2771 We then have

(3.13) (=0z2)%v" — f'(v)v" =0 inR.
To prove the upper bound for ¢ in (2I0), we take ¢ large enough such that
2t~! < min{—f’(—1),—f(1)}. Then, for any positive constant C' > 0,
w = Cypt —2'

satisfies, by 39) and BI3), (—0:)%w + 2t 1w > 0 for |z| large enough, say for =
in the complement of a compact interval H. Next, take the constant C' > 0 so that
w > 1 in the compact set H, and now define d in H so that (—0,,)°w + dw = 0
in H—recall that w > 1 in H and hence d is well defined and bounded in H. We
take d = 2¢t=% in R\ H. Thus, (3.I2) is satisfied and, since w — 0 at infinity, the
maximum principle above leads to w > 0 in R. This is the desired upper bound for
v in (2I0), since ¢ satisfies (BIT]).

To prove the lower bound for v' in ([2I0), we proceed in the same way but
replacing the roles of v and ¢!. For this, we now take t > 0 small enough such
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that max{—f'(—1), —f'(1)} < 2741, Thus, @ := Cv' — ¢’ satisfies (=0, )W +
271t=4% > 0 for |z| large enough. One proceeds exactly as before to obtain @ > 0
in R for C large enough, which is the desired lower bound for v’ in (2I0). O

It remains to establish Theorem B.Il For this, we use the following well-known
technical lemma due to G. Pdélya [19], 1923. We prove it here for completeness; in
fact, the proof as explained in [I9] only works for s < 1/2. For s > 1/2, we follow
the proof given in [10].

Lemma 3.4. For x>0 and s € (0,1), we have

lim sin(z)z“flef(z/z)zs dz = sin(ksm/2)T(ks).
=+ [

Proof. For every x > 0, we have

/ sin(z) 2"l dy = Im/ ¢l phs—le=(2/) g,
0 0

= Im/ hz(z)dz,
0

where
hm(Z) — Znsfleizf(z/z)zs.
Let us also denote
hoo(2) = 27716t

For 0 < 6§ < 7/2, let 49 be the half-line from the origin making an angle 6 with
the positive z-axis. We will next see that, for certain angles 6, Im fw hs(z) dz are
all equal and independent of those 6. For this, given two angles 0 < 01 < 6 < 7/2
and R > 0, we integrate counterclockwise on the contour given by the segments of
length R starting from 0 on <, and on 7p,, and by the arc ng 0 of radius R with
center at the origin and joining the two end points of the previous segments. We
also need to remove a neighborhood of zero and add a small arc with center at the
origin connecting the two half-lines. The integrals of h, and of h., in this small
arc will tend to zero as the radius tends to zero, since |h;(2)] + |heo(2)| < C|2]7*71
near the origin.

The key point is to make sure that the integral of h,,, and later of h,, on the arc
1“(1}1)92 of radius R tends to zero as R — oo if we choose the angles 0 < 6 < 03 < /2
correctly. Note that if z € C belongs to such an arc, then z belongs to the sector

So1.0, ={2€C: 6 <Arg(z) <0q}.

To guarantee the convergence to zero of the integral on the arc, note that

(3.14) |he(2)] = |2|" " exp{—Im(z) — 7% Re(2**)}
and
(3.15) |hoo(2)] = |2]"* 7" exp{~Im(2)}

for all z € C in the first quadrant.
We need to distinguish two cases.

Case 1. Suppose that s < 1/2. In this case we take §; = 0 and 0y = /2. Then,
if z lies in the sector Sy /o (the first quadrant), 2%% is also in the first quadrant,
since 2s < 1. Thus, the real and imaginary parts appearing in ([B.I4]) are both
nonnegative, and at least one of them is positive up to the boundary of the quadrant.
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Thus, by B.14), |h.| — 0 exponentially fast—as exp{—c(z)|z|?* }—uniformly in all
of the quadrant. Hence, the integral on the arc I’(Ifﬂ /2 tends to zero as R — co. We
deduce that

/ sin(z)zm*167(Z/””)2S dz=TIm [ hy(z)dz=1Im hs(z) dz
0

Yo Vr/2

= Im {eiK,Sﬂ'/Q /OO yns—le—y—izs(y/m)zs dy} .
0

Note that the function in the last integral is integrable since

_ mu—eos(sm) (/0> < o~y

|efy*i25(y/:v)2s‘ — |€*y*(COS(S7r)+iSin(Sﬂ))(y/z)r"S

due to s < 1/2. Thus, the limit as z — 400 exists and is equal to

lim sin(z)z“_le_(z/w)zs dz = Im{em"/z/ ylemy dy}
T—+00 0 0
= sin(nsw/?)/ YtV dy
0
(3.16) = sin(ksm/2)[(ks),
as claimed.

Case 2. Suppose now that 1/2 < s < 1. In this case (814 does not tend to zero at
infinity in all of the first quadrant, since 2s > 1, and thus Re(22*) becomes negative
somewhere in the quadrant. Here, we need to take
01 =0 and 02 = 1

4s
Now, in the sector Sy r/(4s), the real and imaginary parts appearing in (3.14) are
both nonnegative, and at least one of them positive up to the boundary of the
sector. Thus, as before, we now deduce

/ sin(z)z”sflef(z/””)% dz=TIm [ hy(z)dz=1Im he(z)dz.
0

Yo Y/ (45)
Note that in the last integral on v /(4s), we have
ha(2)] = [2]" " exp{~Im(z) — 2~ *Re(z**)}
|2 exp{~Im(2)} = |hoo(2)]
for 2 € 7, /(4s)- Besides, by the last expression, ho is integrable on 7, /(4. Thus,

by dominated convergence, we have

o

(3.17) lim sin(z)z“_le_(z/w)% dz =Tm heo(2) dz.
=+ Jo Y/ (4s)

Finally, for this last integral we work on the sector Sy /(45),x/2. By B.I8), hoo(2)
tends to zero exponentially fast and uniformly as |z| — oo on the sector. Thus,

Im hoo(2)dz = Im hoo(2) dz
'Y7r/(4s) 'Y7r/2
i o0
— Im {615571'/2/ yns—le—y dy} )
0
Recalling (BI7), one concludes as in ([316]). O
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Finally, we can prove our results on the explicit layer.
Proof of Theorem Bl Let vl be defined by @B.8]). It is clear that
(3.18) vi(z) = vl (™Y ®)yg).

Hence, by the definition (L2)) of the fractional Laplacian, we have (—8,;)%v(z) =
t=1( =0y )*v} (¢~ (%) z). Thus, having proved all the statements for v}, they will
also hold for v! with nonlinearity f!(v) =t"1fl(v).

Hence, we may take t = 1. To simplify notation, we denote

: and f=fL

From v'(z) = 2ps(1,z) and expression ([B4), it is clear that v € C*(R). By
expression ([BE), we have v(—oco) = —1. Since v = 2¢; = 2p4(1,) > 0, v is
increasing.

The fact that v(+00) = 1 is a consequence of B3), [, ps(1,y)dy = 1. It also
follows from expression (3.6) and the well-known fact that [ sin(z)z~! dz = 7/2.
This can also be proved by adding a factor 2% in the integral ([3.0]), and then using
Lemma B4 and that sin(ksm/2)T(ks) = sin(ksm/2)(ks) 1T (ks +1) — 7/2 as k | 0.

We now prove that there exists a function f such that

(=0zz)°v = f(v) inR.

For this, we use the expression ([B.2]) and that p, solves the fractional heat equation
@B1). Because of the commutation of the derivative with the fractional Laplacian
(recall that v € C°°(R) and that v and v" are bounded), we deduce that

{(=0w)*v} (x) = (=022)*V'(x) = 2(—0ux)*qs(2) = —204ps(1, @)
= {a@) 2 @)

Therefore, integrating by parts,
s L[ / 1 Lo,
(=0uz)’v(@) = = [ {as(2) + 2¢i(2)} dz = —wqs(2) = —xv' ().
S J_ oo S 2s

Since v’ > 0, the C* function v = v(x) is invertible on R, with inverse 2 = x(v),
a C'*° function on the open interval (—1,1). We now set

(3.19) F(0) = 5-r o)/ (a(v))

so that our semilinear fractional equation is satisfied. We know that f € C*°(-1,1).
Also, since v is an odd function, its inverse x is also odd and therefore f is odd, by
(BI9). This expression also gives that f > 0 in (0,1).

It remains to verify that f € C'([—1,1]) once we set f(+1) = 0 and f/(+1) = —1,
and that f is twice differentiable in [—1, 1] and having values for f”(+1) given by
B0) with ¢ = 1. It also remains to establish the asymptotic behavior of v’.

For all this, using (4] we compute

1 [ 25
(m/2)v'(z) = qu(x):E/ cos(z)e” /)7 dz
0
1 [ 25
—/ {sin(z)} e~ /D7 4z
T Jo

(3.20) = 2590_1_23/ sin(z)2% " lem /9% gz
0

vVi=v
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by integration by parts. Hence using Lemma 3.4 with x = 2, we deduce
4s

3.21 li 25y (2) = lim 22'T*%g () = — i (2

(3.21) Jm 2 (2) Jm 207 (x) - sin(ws)T'(2s),

as claimed in ([B8)—for other values of ¢, simply use [BI8). In particular,

lim zv'(z) =0
T—>400

and thus, by (3I9), f is continuous on [—1, 1] defining f(£1) = 0. In addition, we
also deduce

(3.22) 1—w(z)= /00 v (y) dy = 2 sin(ms)['(2s)2 ™% 4 o(z~2%)

™

as r — +00.
Next, we differentiate ([B.19), that is, f(v(z)) = (2s) '/ (x) = (25) " '22¢s(2),
to obtain

F/0 = oo 0! + ()24, (2 (0)}

and hence

o= L L1 @)
(3.23) J'v) = 5 {1+ ( )qs(x(v))}.

Thus, using (4] we compute
o0
mrg.(z) = —/ arsin(zr)e" dr
0

o0 2s
= —;v_l/ zsin(z)e” /D7 4z
0

—z! / {sin(z) — zcos(z) Ve /D gz
0

= —2$x*1*25/ {sin(z) — zcos(z)}z%*le*(z/‘”)% dz.
0

We also compute 7{(1 + 2s)gs + z¢,} by adding (B:20) (multiplied by 1 + 2s) to
the previous expression. Integrating by parts, and at the end invoking Lemma [3:4]
with k = 4s, we obtain

m{(1+25)qs + 7}
o0
= 2337_1_28/ {2ssin(z) +zcos(z)}zzs_1e_(z/x)25 dz
OOO 2s
= 2337_1_25/ {sin(z)z>*} e~ /)7 dz
0

)25

(28)253_1_45/ sin(z)z* e (/07 4z
0

= 27171 {4s%sin(27s)[(4s) + o(1)}
(3.24) = 17 {8s%sin(ms) cos(mws)T(4s) + o(1)}
as r — +00.
Therefore, from B23), B24), and [B21]), one has
1 (1+2s)qs + 2,

(3.25) fo(z)=-1+ P —1 4 O(x™%).
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Thus, setting f'(+1) = —1 and using that f’ is even, we have that f is differentiable
at £1.

Finally, using (3:25), 324), (322)), and B21]), we have
@) = /() _ fo() +1

v(z) —1 v(z)—1
1 (L42s)gs + g, . cos(ms)T'(4s)
2s (v—1)gs sin(ms)(T'(2s))?

as z — +oo. This establishes that f € C1([—1,1]) and also that f is twice differ-
entiable in all of [—1, 1] with

cos(ms) TI'(4s)
sin(rs) (T'(2s))?”

The proof is now complete. (Il

(3.26) F(£1) = Fr

4. MINIMIZERS OF THE DIRICHLET-NEUMANN PROBLEM
IN BOUNDED DOMAINS

In this section, we concentrate on the existence of absolute minimizers of the
functional Fq(u) on bounded domains €. This is an important step since, as in
[10], the existence theory of layer solutions goes through a localization argument in
half-balls of R’

Let Q C R:ﬁ“ be a bounded Lipschitz domain. We define the following subsets
of 0
(4.1) °Q = {(2,0) € OR}™ : BF (2,0) C Q for some ¢ >0} and
(4.2) otQ =00nR}.

Let H'(Q,y) denote the weighted Sobolev space

H' (Qy") ={u: Q=R : y*(u®+|Vul?) € L'(Q)}
endowed with its usual norm.

Let u € C?(Q) N H'(2,5%) be a given function with |u| < 1, where 3 € (0, 1).
We consider the energy functional

(4.3) EQ(’U)Z/Q%|V’U|2+/8 = G(v)

091"’@

in the class
Cua(Q)={ve H'(Q,y"): —1<v <1ae. in Qand v=uon d"Q},

which contains v and thus is nonempty.
The set Cy () is a closed convex subset of the affine space

(4.4) H,o(Q)={ve H (Q,y") :v=uon d"Q},

where the last condition should be understood in terms of the fact that v — u
vanishes on 97 in the weak sense.

Lemma 4.1. Letn > 1 and Q C Riﬂ be a bounded Lipschitz domain. Let
u€ CB(Q) N HY(Q,y*) be a given function with |u| < 1, where § € (0,1). Assume
that

(4.5) f(1) <0< f(=1).
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Then, the functional Eq admits an absolute minimizer w in Cy o(Q). In partic-
ular, w is a weak solution of

Low=0 n Q,
(4.6) (1+a) glfl = f(w) on 8°Q,
1%
w=u on 01Q.

Moreover, w is a stable solution of [6l), in the sense that
1

4.7 avz—/ —— (W)€ >0

(@) [t [ e >

for every & € H*(Q,y*) such that £ =0 on dTQ in the weak sense.

Hypothesis (@3] states simply that —1 and 1 are a subsolution and a supersolu-
tion, respectively, of (4.6]).
Proof of Lemma HJl As in [I0], it is useful to consider the following continuous
extension f of f outside [—1,1]:
f(=1) ifs< -1,
) if —1<s<1,
F)  if1<s.

Gls)=- [ 7
0
and consider the new functional

= y* 2 L =
Egv:/—Vv —|—/ G(v),
)= [ Gk [ 6w

in the affine space H,, ,(Q?) defined by (£4).

Note that G = G in [—1, 1], up to an additive constant. Therefore, any minimizer
w of Eq in H, () such that —1 < w < 1 is also a minimizer of Eq in Cy, 4(€2).

To show that EQ admits a minimizer in H, ,(12), we use a standard compactness
argument. Indeed, let v € H,, (). Since v—u = 0 on 97, we can extend v —u to
be identically 0 in R:‘_‘Ll \Q, and we have v—u € H! (Rfrl, y*). By Nekvinda’s result
[17], the trace space of H' (R}, y?) is the Gagliardo space Wz 2(R™) = H*(R").
The Sobolev embedding (see [1])

H*(R™) < L% (R™)
(or into any LP(R™) if n = 1 < 2s) and the classical Rellich compactness theorem
immediately give the compactness of the inclusion
H,.(Q) € L*(9°Q).

Now, since H, () € L*(3°Q) and G has linear growth at infinity, it follows
that Eq is well defined, bounded below, and coercive in H, (). Hence, using the
compactness of the inclusion H, ,(Q) € L?(8°Q), taking a minimizing sequence in
H, .(Q) and a subsequence convergent in L?(9°2), we conclude that Eq admits an
absolute minimizer w in H, 4(£).

Let

Since f is a continuous function, E is a C! functional in H, (). Making
first and second order variations of E at the minimum w, we obtain that w is a
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weak solution of (&B) which satisfies {@7), with f and f’ replaced by f and f’,

respectively, in both (£6) and [{@7).
Therefore, it only remains to show that the minimizer w satisfies

—1<w<1 aee. in Q.

We use that —1 and 1 are, respectively, a subsolution and a supersolution of (6],
due to hypothesis [@35). We proceed as follows. We use that the first variation of Eq
at w in the direction (w—1)" (the positive part of w—1), is zero. Since |w| = |u] <1
on 07 and hence (w—1)" vanishes on 7, we have that w+e(w—1)T € H, ,(Q)
for every €. We deduce that

= *“VwV(w-1)" - fw)(w — 1)+
0= [yvuvw-1t = [ fuw-1

:/ wwm—nﬁ—/' F)(w—1)*
QN{w>1} 00QN{w>1}
z/www—nw7

Q

where we have used that f(s) = f(1) for s > 1, and that f(1) < 0 by assumption.
We conclude that (w—1)7T is constant, and hence identically zero. Therefore, w < 1
a.e. The inequality w > —1 is proved in the same way, now using f(—1) >0. O

5. LOCAL MINIMALITY OF LAYERS AND CONSEQUENCES.
PROOF OF THEOREM 2111

The fact that for reactions in the interior (that is, s = 1 in our equation), layer
solutions in R™ are necessarily local minimizers was found by Alberti, Ambrosio,
and one of the authors in [2]. For the fractional case, this is the statement in
Theorem 211l a) above. The proof in [2] also works in the fractional case, working
with the extension problem. It uses two ingredients: the existence result from the
previous section (Lemma ) and the following uniqueness result in the presence
of a layer.

Lemma 5.1. Assume that problem ([L3) admits a layer solution u. Then, for every
R > 0, u is the unique weak solution of the problem

Low =0 in B C R,
—1<w<1 in B,

5.1 0

5-1) (1—0—&)8;1; = f(w) onTY,
w=1u on I’E.

Proof. We refer the reader to the proof of Lemma 3.1 in [I0] since the proof is
identical in our case. Indeed, since the operator L, is invariant under translations
in z, this allows us to use the sliding method as in Lemma 3.1 of [I0] to get the
uniqueness. The only other important ingredient in the proof is the Hopf boundary
lemma; in our present context it can be found in Proposition 4.11 and Corollary
4.12 of [9]. |

Part b) of Theorem 2IT] will follow from the following proposition. It will be
useful also in other future arguments. Notice that the result for n = 1 follows from
our Modica estimate, Theorem 2.3 of [9] (rewritten in Theorem [[T] of the present
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paper). Instead, the following proof also works in higher dimensions but only
gives G > G(L™) = G(L") in [—1,1]—in contrast with the strict inequality G >
G(—1) = G(1) obtained in dimension one from the Modica estimate (Theorem [LT])
when Lt = £1.

Proposition 5.2. Let u be a solution of [[3)) such that |u| < 1, and

lim u(x,0) = LT for every (zo,...,x,) € R* 1

x1—Foo

for some constants L~ and Lt (that could be equal). Assume that u is a local
minimizer relative to perturbations in [—1,1]. Then,

G>GL7)=GLY) in[-1,1].

Proof. Tt suffices to show that G > G(L™) and G > G(L™T) in [—1, 1]. Tt then follows
that G(L™) = G(L*). By symmetry, it is enough to establish that G > G(L™)
in [-1,1]. Note that this inequality, as well as the notion of local minimizer, is
independent of adding a constant to G. Hence, we may assume that

G(s)=0< G(LT) for some s € [—1,1],

and we need to obtain a contradiction. Since G(L*) > 0, we have that

T G(t)>e>0 fortin a neighborhood in [-1,1] of L
a

for some £ > 0.
Consider the points (b,0,0) = (1 = b,29 = 0,...,2, = 0,y = 0) on 8Ri+1.
Since for R > 0,

1
Ept iy o0 (1) 2/ G(u(z,0)) dx
B, (b,0,0) 9. (5,0) 1+a

and u(z, 0) = LT, we deduce that
xr1—>+00

(5.2) lim Eng(b,O,o) (u) > ¢(n)eR™ for all R > 0.

b—+o0

The constant ¢(n) depends only on n.

The lower bound (5:2)) will be a contradiction with an upper bound for the energy
of u, that we obtain using the local minimality of w.

For R > 1, let £ be a smooth function in R”*! such that 0 < £g < 1,

; +
£ = 1 in B(l—n)R’
0 on RYTN\BE,

and |VE&g| < C(n)(nR)~t, where n € (0,1) is to be chosen later. Let

Erp(x,y) ==Er(x1 +b,22,..., 20, V).
Since
(1—¢pp)u+E&rps =u+Erp(s —u)

takes values in [—1,1] and agrees with u on I'5(b,0,0), we have that

Eng(b,O,O) (u) < EBg(b,o,o)(U +&rp(s —u)).
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Next, we bound by above this last energy. Since G(s) = 0, the potential energy

is only nonzero in B} \ B(J;—n) > Which has measure bounded above by C(n)nR".

On the other hand, since we proved in Lemma 4.8(i) of [9] that
HvquLw(Bg(m,o)) — 0 as 1 — $oo,

we deduce that

Im VIV gnals =) <2 [ yIVeRP
b—=+oo /Bt (5,0,0) B,
C’(n) R Rrtlta Rr—2s
< WRTL/O y*dy = C(”)W =C(n) e

Putting together the bounds for Dirichlet and potential energies, we conclude that

bg_inoo Epipo0) = bg_gloo Ept,00)(t + Erp(s —u))

IN

C{an + ,’772Rn72s}’

for some constant C' > 0 depending only on n, a, and G.

Recalling the lower bound (52), we now choose 1 small enough so that Cn
(1/2)e(n)e. In this way, (52) and the last upper bound lead to (1/2)c(n)eR"
Cn~2R™ 2, This is a contradiction when R is large enough.

OIA I

Proof of Theorem XTIl We proceed exactly as in the proof of Theorem 1.4 in [10],
page 1708.

To prove part a), for R > 1 we consider problem (5J) in a half-ball. Lemma [T
gives the existence of a minimizer w with —1 < w < 1. Note that in the lemma one
needs condition ([@H). But in the presence of a layer, we showed in Lemma 4.8(i)
of [9) that one has f(—1) = f(1) =0.

On the other hand, Lemma [B.1] states that the layer u is the unique solution of
(GI). Thus, v = w in B}. This shows that u is a local minimizer.

To prove part b), G'(—1) = G’(1) = 0 was shown in Lemma 4.8(i) of [9]. We
have established the other relation, G > G(—1) = G(1) in [—1, 1], in Proposition[5.2]
above. (]

6. MONOTONICITY AND 1D SYMMETRY OF STABLE SOLUTIONS IN R2.
PrROOF OF THEOREM [2.12

To prove Theorem 212, we need two lemmas. The following one, applied with
d(z) = —(1+ a)~ 1 f'(u(x,0)), establishes an alternative criterium for a solution u
of ([I3) to be stable.

Lemma 6.1. Let d be a bounded and Hélder continuous function on 8RT‘1. Then,
(61) [ooveks [ dwe=o
Ry oR7H

for every function £ € CI(R?_H) with compact support in ]R:L_H, if and only if

there exists a Hélder continuous function ¢ in RTFI such that ¢ > 0 in RTFI,
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pE Hlloc(RT'l,ya), and
Lap=0 in R,
6.2 0
(6:2) 8—@(1 +d(z)p=0 ondR}.
v

Proof. First, assume the existence of a positive solution ¢ of ([6.2)), as in the state-

ment of the lemma. Let £ € C 1(Ri+1) have compact support in RT‘I. We multiply
Lap = 0 by £2 /¢, integrate by parts and use the Cauchy-Schwarz inequality to ob-

tain (61)).

For the other implication, we follow [10]. Assume that (G.I)) holds for every

¢ € Cl(RiH) with compact support in R’frl. For every R > 0, let Ag be the
infimum of the quadratic form

(63) (@)= [ y1vel+ [ e

'z

among functions in the class Sg, defined by
Sp = {5 € HY(B%,y?) : £€=0on I}, and fr%gz = 1}
C Hoo(Bf) ={¢€ H (B}, y*) : £=0onT}}.

We recall that the space Ho ,(B},) was already defined in (Z4).

By our assumption, Ag > 0 for every R. By definition it is clear that Ag is a
nonincreasing function of R. Next, we show that Ag is indeed a decreasing function
of R. As a consequence, we deduce that Ag > 0 for every R, and this will be
important in the sequel.

To show that Ar is decreasing in R, note first that since d is assumed to be a
bounded function, the functional Qg is bounded below in the class Sg. For the same
reason, any minimizing sequence (£x) has (V&) uniformly bounded in Lz(Bg, y®).
Hence, by the compact inclusion Ho,(Bf;) € L?(I'%) (already mentioned in the
proof of Lemma [.T]), we conclude that the infimum of Qg in Sg is achieved by a
function ¢r € Sg.

Moreover, we may take ¢r > 0, since |¢| is a minimizer whenever ¢ is a mini-
mizer. Note that ¢ > 0 is a solution, not identically zero, of

Lopr =0 in B,
dPr _ 0

opa d(z)pr = Ar¢r on I'g,
¢r =0 on I'}.

It follows from the strong maximum principle that ¢r > 0 in Bk’f.

We can now easily prove that Ag is decreasing in R. Indeed, arguing by con-
tradiction, assume that Ry < Ry and Ag, = Ag,. Multiply L,¢r, = 0 by ¢r,,
integrate by parts, use the equalities satisfied by ¢r, and ¢gr,, and also the as-
sumption Agr, = Ag,. We obtain

/r 00r, ¢r, =0,

+ Ove
Ry

and this is a contradiction since, on FEl, we have ¢r, > 0 and the derivative
8(;531 /8ua < 0.
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Next, using that Ag > 0 we obtain
[ owveps [ awezae [ ¢z -on [ dwi
Bf, % % %
for all ¢ € Hoo(Bj},), where dp is taken such that 0 < 0r < Ag/||d| z. From the
last inequality, we deduce that

(6.4) | ot [ d@ezen [ yeiwe

for all € € H(LG(BE)7 foreg > 0 given by eg =1 —1/(1 4 dR).
It is now easy to prove that, for every constant cg > 0, there exists a solution
¢r of

Lopr=0 in BE,
dpr _ 0
(6.5) o0 T d(x)pp =0 onT%,
Va

_ +
YR =CR on I'y.

Indeed, rewriting this problem for the function ¥z = pr — cr, we need to solve

Loyr =0 in Bf,
gqﬁf +d(x)Yr + crd(z) =0 onT%,
Yr=0 on I'}.

This problem can be solved by minimizing the functional

[ 51vee s [ {3awe s cntore

in the space Ho,(B}). Note that the functional is bounded below and coercive,
thanks to inequality (64). Finally, the compact inclusion Ho ,(B) € L*(I'%) gives
the existence of a minimizer.

Next, we claim that

wr >0 in BE.
Indeed, the negative part ¢p of ¢r vanishes on I'j;. Using this, (65), and the
definition ([G3) of Qr, it is easy to verify that Qr(¢y) = 0. By definition of the
first eigenvalue Ar and the fact that Ag > 0, this implies that ¢z =0, i.e., g > 0.
Now, Hopf’s maximum principle (Corollary 4.12 of [9]) gives ¢z > 0 up to the
boundary.

Finally, we choose the constant cg > 0 in ([G.5) to have ¢(0,0) = 1. Then, by
the Harnack inequality in Lemma 4.9 of [9] applied to ¢ with S > 4R, we deduce
that

sup pg < Cr for all S > 4R.

By
Now that (ps) is uniformly bounded in Bj,, we use ([Z2) in Lemma to get a
uniform Cﬁ(BE/z) bound for the sequence. Note that the constant Ck in ([Z2))
depends on the L* (and not on the C?) of dpg, which we already controlled. How-
ever, to apply Lemma [2.2] we need to know that dpg is C?. This is a consequence
of the linear problem solved by ¢g and the fact that dpg € L>°. This leads to
s € C7 as shown in the beginning of the proof of Lemma 4.5 of [9].
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Now, the uniform C*(Bj}; /2) bound gives that a subsequence of (pg) converges
locally in R%™! to a Cp (R}) solution ¢ > 0 of (6.2). O

The previous lemma provides a direct proof of the fact that every layer solution
u of (L)) is stable, which was already known by the local minimality property
established in section 5. Indeed, we simply note that ¢ = wu,, is strictly positive
and solves the linearized problem (6.2)), with d(z) = —(1 +a)~'f’(u(z,0)). Hence,
the stability of u follows from Lemma

We now use the previous lemma to establish a result that leads easily to the
monotonicity and the 1D symmetry of stable solutions in dimensions n = 1 and
n = 2, respectively.

Lemma 6.2. Assume that n < 2 and that u is a bounded stable solution of ([L3).

Then, there exists a Hélder continuous function ¢ > 0 in Rfrl such that, for every
i1=1,...,n,

Uy, = C;P m Ri+1
for some constant c;.

Proof. Since u is assumed to be a stable solution, then (1) holds with d(z) :=
—(1 +a)~'f'(u(x,0)). Note that d € C? by Lemma Hence, by Lemma [61]

there exists a Holder continuous function ¢ > 0 in RTFI such that

Lap =0 in R,
0
ai — (14a) ' (u(z,0)p =0 on IRTT.
v
For i =1,...,n fixed, consider the function
Uy,
o= )
¥

The goal is to prove that o is constant in Rﬁ“.
Note first that

©*Vo = Vg, — u,, V.
Thus, we have that
div (y*¢°Vo) =0 in R}

Moreover, we have gfa =0 on 8R1+1 since

2 _
Yooy = Py, — Ug, Py =0,

due to the fact that u,, and ¢ both satisfy the same linearized boundary condition.
We can use the Liouville property that we established in [9] (Theorem 4.10 of
[9]), and deduce that o is constant, provided that the growth condition

(6.6) / y*(po)? < CR? for all R > 1
By,

holds for some constant C independent of R. But note that po = u,,, and therefore

/ Y (p0)? < / ¥ Vul?.
Bt Bt

R R

Thus, we need to estimate this last quantity.
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To do this, we perform a simple energy estimate. Multiply the equation
div (y*Vu) =0

by £2u and integrate in B;‘ 1y Where 0 < ¢ < 1is a C° cutoff function with compact
support in Byg such that £ =1 in Bg and |V¢| < 2/R. We obtain

/ y® {§2|Vu|2+2§uV£~Vu}:/ 1+ a)" ' f(u)€u.
Bt ro

2R 2R

Thus, by the Cauchy-Schwarz inequality and since v and £ are bounded,

1

[owevap<g [ weivapac [ ek cirg

+ 2 Jp+ Bt
2R 2R 2R

for a constant C' independent of R. Absorbing the first term on the left hand side,

using that £ =1 in Br and |V¢| < 2/R, and computing fozR y® dy, we deduce that

/ ya ‘vu|2 S C{R72Ran+a +Rn} — O{RTLfQS +Rn} S CR2
Bt

R

since n < 2. This establishes (6.6]) and finishes the proof. O

We can now give the

Proof of Theorem Let n = 2. The extension u of v is a bounded stable
solution of (L3)) with f replaced by (1 + a)d;'f.

Lemma establishes that u,, = c;p for some constants ¢;, for ¢ = 1,2. If
¢1 = ¢z = 0, then u is a constant. Otherwise we have that coug, —ci1ug, = 0 and we
conclude that u depends only on y and on the variable parallel to (0, ¢y, c2). That
is,

w(z1, T2,y) = U ((01961 + szfz)/(cf + 03)1/2,9) = uo(z,¥),

where z denotes the variable parallel to (0, ¢1, c2). We have that ug is a solution of
the same nonlinear problem now for n = 1 thanks to the extension characterization;
recall that the constant ds in (4]) does not depend on the dimension.

In particular d,ug = (3 +c3)'/?¢p, and hence d,ug > 0 everywhere. This finishes
the proof of the theorem. |

7. LAYER SOLUTIONS IN R

This section is devoted to the case n = 1. The Modica estimate that we proved
in [9] (see Theorems [l and [[2] above) gave that

G > G(-1)=G(1) in (~1,1)

is a necessary condition for the existence of a layer solution in R. Note the strict
inequality in G > G(+£1).

The rest of the section is dedicated to proving the existence of a layer solution
under the above condition on G, in addition to G'(—1) = G'(1) = 0, as stated
in Theorem 2.4l The existence part of Theorem [2.4] is entirely contained in the
following lemma.
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Lemma 7.1. Assume that n =1, and that
G(-1)=G'(1)=0 and G>G(-1)=G(1) in(-1,1).

Then, for every R > 0, there exists a function ug € Cﬁ(B_E) for some B € (0,1)
independent of R, such that

~1<ugr<1 inBj,
ur(0,0) =0,
Orur >0 in B;’%]
and ug s a minimizer of the energy in BE, in the sense that

Epi(ur) < Egi(ur +¢)

for every i € Cl(B_E) with compact support in BE UT% and such that —1 <
ur + 19 <1in BE.
Moreover, as a consequence of the previous statements, we will deduce that a

subsequence of (ugr) converges in Cy, (R%) to a layer solution u of (L3).

Proof. For R > 1, let
Qr = (=R, R) x (0, R®).

Consider the function
v (z,y) =0l (2) =

Note that —1 < v® <1in Q.
Let u® be an absolute minimizer of EQ+R in the set of functions v € H(Q7,y?)

arctan

atctall b At
arctan R for (z,y) € Q-

such that [v] < 1 in Qf and v = v in 9TQ}, in the weak sense. Since we are
assuming G'(—1) = G’(1) = 0, the existence of such a minimizer was proved in
Lemma 1l We have that u’ is a weak solution of

Lu® =0 in QE,
du”t R 0+

(1+a) e f(u™) on 0"QF,

ult =R on 0T QF,

and, by the strong maximum principle and Hopf’s lemma (Corollary 4.12 of [9]),
Wl <1 in Q_;.
The function u’ is Holder continuous by Lemma

We follow the method developed in [I0] and proceed in three steps. First we
show:

(7.1) Claim 1: E,+(u®) < CRY4

o
for some constant C' independent of R. Here we take G — G(—1) = G — G(1) as
a boundary energy potential. We will use this energy bound to prove in a second
step that, for R large enough,

(7.2)  Claim 2:  [{u®(-,0) > 1/2}| > R¥* and [{u%(-,0) < —1/2}| > R¥/4.
Finally, in a third step independent of the two previous ones, we prove that

(7.3) Claim 3: v =0, >0 in Q.
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With the above three claims, we can easily finish the proof of the lemma, as
follows. Since uft(-,0) is nondecreasing (here, this is a key point) and continuous
in (=R, R), we deduce from (Z2) that for R large enough,

uf(xg,0) =0 for some g such that |zg| < R — R¥/*
Since |zg| < R — R** < R — RY3®, we have that
B, . (zr,0) C (~R, R) x [0,RY®] C QF.
We slide u* and define
wprs(,y) = (@ +apy) for (r,y) € BJa(0,0).

Then, relabeling the index by setting S = R'/®, we have that ug € C’B(B;r((), 0)),
—1 < ug < 1in B¥(0,0), ug(0,0) =0, and d,ug > 0 in B (0,0). Moreover, ug is
a minimizer in B (0,0) in the sense of Lemma [Tl This follows from extending a
given H'! function ¢ with compact support in (B UT'%)(xg,0), and with [u+| < 1
in B¢ (zg,0), by zero in Q}, \ B (2R, 0). Hence ¢ is a H'(QF) function. Then one
uses the minimality of % in QE and the fact that the energies of «f and v + ¢
coincide in Q}, \ B& (zr,0) to deduce the desired relation between the energies in
B (25, 0).

Now we prove the last statement of the lemma: a subsequence of (ug) converges
to a layer solution. Note that we use the sequence (ug) just constructed, and not
the sequence (u’?) in the beginning of the proof.

Let S > 0. Since |ug| < 1, Lemma 22 gives C#(BZ) estimates for ug, uniform
for R > 2S. Hence, for a subsequence (that we still denote by ug), we have that
upr converges locally uniformly as R — oo to some function u € C@C(@) By the
additional bound ([Z3) on y®*u, given by Lemma 22 one can pass to the limit in
the weak formulation and u weakly solves (3)).

We also have that |u| <1,

u(0,0)=0 and u, >0inR3.

Since u(0,0) = 0, we have |u| # 1 and hence |u| < 1 in R%, by the strong maximum
principle and Hopf’s lemma. Note that +1 are solutions of the problem since, by
hypothesis, G'(+1) = f(£1) = 0.

Let us now show that u is a local minimizer relative to perturbations in [—1, 1].
Indeed, let S > 0 and v be a C! function with compact support in B;f UTI'? and
such that |u + 1| < 1 in BE. Extend ¢ to be identically zero outside BZ, so

that ¢ € Hlloc(@) Note that, since =1 < u < 1 and —1 < u + ¢ < 1, we have

—l<u+(l—-g)p <1lin B—g for every 0 < € < 1. Hence, by the local convergence of
(ur) towards u, for R large enough we have B§ C B, and —1 <up+(1—¢)y <1
in B;f, and hence also in BE. Then, since ug is a minimizer in BE, we have
Eps (ug) < Ep+ (up + (1 —€)y) for R large. Since ¢ has support in BS UT'Y, this
is equivalent to

Ep+ (ugp) < Ept (ur + (1 —e)y) for R large.

Letting R — oo, we deduce that EB; (u) < EB; (u+ (1 —€)y). We conclude now
by letting € — 0.
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Finally, since u, > 0, the limits L* = lim,_, 4., u(x,0) exist. To establish that
u is a layer solution, it remains only to prove that L* = 41. For this, note that
we can apply Proposition to u, a local minimizer relative to perturbations in
[—1,1], and deduce that

G>G(L)=G(L"Y) in|[-1,1].

Since in addition G > G(—1) = G(1) in (=1, 1) by hypothesis, we infer that |L*| =
1. But u(0,0) = 0 and thus u cannot be identically 1 or —1. We conclude that
L™ = —1and L* = 1, and therefore u is a layer solution.

We now go back to the functions u® defined in the beginning of the proof, and
proceed to establish the three claims made above.

Step 1. Here we prove (1)) for some constant C' independent of R. We take
G — G(-1) = G — G(1) as a boundary energy potential.
Since Eg+ (uf?) < Eg+ (v®), we simply need to bound the energy of vf*. We have
R R

1 1 <c 1
arctan R 1+ 22 = 14 22’

|vvR| = |azUR| =

and hence

a R|2 o [T da 1/4
Y[ Vori|s < ORs m <CR7,
Q% -R

since 0 < 1+4+a < 2.
Next, since G € C?7, G'(—1) = G'(1) = 0 and G(—1) = G(1), we have that

G(s) — G(1) < C(1 + cos(ws)) for all s € [—1,1],

for some constant C' > 0. Therefore, using that 7/ arctan R > 2, we have

Gloe.0) = G0 < 0 {1+ con (w2020 |

arctan R
< (1 + cos(2arctanz))

2C
= 2 2 - .
C2 cos*(arctan x) a2
We conclude that
R R R dr
— 1 < <
| (cet@oy—capazc [ <o

This, together with the above bound for the Dirichlet energy, proves ([1l).

Step 2. Here we prove ([T.2) for R large enough.
Since u* = v on {y = R'/®} and ffR vE(z) dz = 0, we have

R R R
/ uR(ac,O)dx:/ uR(ac,O)dx—/ uR(x,Rl/S)dxz—/ uff.
R _R _R Q; 1

The energy bound (ZI]) and the hypothesis that G—G(1) > 0 give that the Dirichlet
energy alone also satisfies the bound in (ZI]). We use this together with the previous
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equality and Cauchy-Schwarz inequality (writing |u5| =y @/ 2y/ 2\u5|), to deduce

R 1/2
[ o] < [ uis{ [ e [ e
(7.4) -R Qk Q% Qf

< C{RR(I—a)/8R1/4}1/2 < CR3/4,

since 0 <1—a<2.

Next, by ([Il) we know that ffR{G(uR(x,O))—G(l)} dx < CRY* < CR3/*. On
the other hand, G(s) —G(1) > ¢ > 01if s € [-1/2,1/2], for some € > 0 independent
of R. Moreover, G — G(1) > 0 in (—1,1). We deduce

R
el{lu(-,0)] < 1/2}] < / {G(uf(,0)) = G(1)} dw < CRY,
-R
and therefore |{|u®(-,0)] <1/2}| < CR3/*. This combined with (Z4) leads to

(7.5) u(x,0) dz| < CR¥4,

’ /(—R7R)O{|UR('70)|>1/2}
We claim that
{uf(-,0) > 1/2}| > R¥* for R large enough.

Suppose not. Then, using (Z5) and [{uf(-,0) > 1/2}| < R3/4, we obtain

1
Liul(,0) < =172} < ‘/ (2,0) dz| < CR¥A.
2 (=R, R)N{ur

UR
(-,0)<—-1/2}

Hence, all the three sets {|uf(-,0)| < 1/2}, {uf(-,0) > 1/2}, and {u®(-,0) < —1/2}
would have length smaller than CR3/4. This is a contradiction for R large, since
these sets fill (=R, R).

Step 3. Here we establish the monotonicity result (Z.3]). This is done exactly as in
Step 3 in the proof in [I0], to which we refer. One simply uses the sliding method
with the aid of the Hopf boundary lemma of [9]. O

Proof of Theorem [Z4l The necessary conditions on G follow from our previous
paper [9]; see Theorem above.

That the conditions are sufficient for the existence of a layer v = v(x) follows
from Lemma [l which gives a layer solution v = u(z,y) of the corresponding
nonlinear extension problem ([3]), and then by taking v := u(-,0). Note that we
consider the extension problem with f replaced by (1+ a)d;!f due to the relation
(T4 between the fractional Laplacian and the Neumann derivative.

Finally, the proof of the uniqueness result follows exactly that of Lemma 5.2 in
[10] for the half-Laplacian. It uses the sliding method combined with the maximum
principle Lemma 4.13 and Remark 4.14 in our previous paper [9]. ]

Proof of Theorem 2.9l The proof is identical to that of Proposition 6.1 in [10], page
1727. O
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