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Abstract 

 

In the present thesis, a study about the particle rebound characteristics is presented. 

The rebound of a spherical particle was analyzed in details and specifically the 

coefficient of restitution of a sphere colliding to a planar surface was investigated. 

This study has been conducted by carrying out a series of finite element simulations 

using the software package ANSYS Autodyn. 

In the first part of the work, a summary about the existing studies and the theoretical 

models is done. While the theoretical model for the elastic collisions was applied and 

validated, predicting the coefficient of restitution for collisions where plastic 

deformation is a more complex task.  

In the second part, the experimental results of an aluminum oxide particle colliding to 

an aluminum alloy target surface are provided. Using a finite element analysis 

software these results are reproduced. The selection of the equation of state and the 

strength model for each material has a strong role in the results. For both materials, 

the Shock equation of state is used.  For the strength model, the Johnson-Cook and 

the Elastic model provided by the software are respectively used. 

The coincidence of the results obtained with the experimental values, confirm that the 

model proposed with ANSYS Autodyn fits the real behavior of the particle and 

therefore, it is validated to analyze other parameters.  

By fixing the velocity to 3.85 m/s and varying the impact angle, the effect of this 

second variable in the rebound is observed. To check how the impact velocity affects 

the rebound, the impact angle is set to 30º and 60º and the velocity is changed. After 

run of these simulations, the influence of the parameters such as the initial velocity, 

the impact angle or the coefficient of friction was obtained and analyzed. 
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Kurzfassung 

 

In der vorliegenden Arbeit wurde eine Studie über die 

Partikelrücksprungeigenschaften vorgestellt. Der Rückprall eines kugelförmigen 

Teilchens wurde in Details analysiert und besonders wurde der 

Restitutionskoeffizient (Stoßzahl) einer Kugel untersucht, der auf eine ebene Fläche 

stößt. Diese Studie wurde durch die Durchführung einer Reihe von Finite-Elemente-

Simulationen mit dem Softwarepaket ANSYS Autodyn durchgeführt. 

Im ersten Teil der Arbeit wurde eine Zusammenfassung über die bestehenden 

Studien von Literatur und die theoretischen Modellen durchgeführt, während das 

theoretische Modell für den elastischen Stoß angewendet und validiert wurde, um die 

Restitutionskoeffizienten für Kollisionen vorhersagen zu können. 

Im zweiten Teil wurden die Versuchsergebnisse dargestellt, wenn ein 

Aluminiumoxidpartikel mit einer Aluminiumlegierungszielfläche kollidiert. Mit 

Verwendung einer Finite-Elemente-Analyse-Software wurden diese Ergebnisse 

wiedergegeben. Die Auswahl der Zustandsgleichung und des Festigkeitsmodells für 

jedes Material hat einen starken Einfluss auf die Ergebnisse. Für beide Materialien 

wurde die Shock Zustandsgleichung verwendet. Als Festigkeitsmodell wurden die 

Johnson-Cook und das elastische Modell, die von der Software zur Verfügung 

gestellt sind, verwendet. 

Die Übereinstimmung der erzielten Ergebnisse mit den experimentellen Werten 

bestätigen, dass das mit ANSYS Autodyn vorgeschlagene Modell zu dem realen 

Verhalten des Teilchens passt und daher wird überprüft andere Parameter zu 

analysieren. 

Durch die Fixierung der Geschwindigkeit auf 3,85 m/s und Variieren des 

Aufprallwinkels, wurde die Wirkung dieser Variablen auf dem Rücksprung 

beobachtet. Um zu überprüfen, wie sich die Aufprallgeschwindigkeit auf den 

Rücksprung auswirkt, wurden die Aufprallwinkel auf 30° und 60° eingestellt und die 

Geschwindigkeit geändert. Nach Verlauf dieser Simulationen, wird der Einfluß der 

Parameter, wie die Anfangsgeschwindigkeit, die Aufprallwinkel oder die 

Reibungskoeffizient, festgestellt und analysiert. 
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1. Introduction and objectives 

 

A range of operations in the chemical, pharmaceutical, agricultural, manufacturing 

and power industries involves processing and the transportation of particles. As a 

consequence, the impact of these particles plays an important role on determining 

the evolution of the system. Understanding the particle impact behavior and rebound 

characteristics has gained rapidly importance as industry attempts to improve quality, 

efficiency and production rate. However, not many information has been 

accumulated and the precision of these data cannot provide an efficient support. 

Investigation of particle characteristics by using experimental test requires an 

expensive measurement system due to the precision needed. The motivation of the 

present work is to create a finite element model with the capacity to provide similar 

results as the ones that could be obtained with the experimental method. Once these 

results are obtained by using ANSYS Autodyn it can be easily analyzed how each 

parameter can affect the rebound of the particle. 

Apart from creating a simulation that fits experimental results, some primary works 

has been done. In this work, a big focus is put on the previous studies about 

rebounding phenomena by making an extended state of the art. Also a brief 

introduction of the Finite Element Method (FEM) is presented. After these two parts 

were carried out, an explanation of how the simulations were run and how the final 

results were obtained is presented. After this, some results are presented by 

differencing between the collisions with only a normal component and oblique 

impacts, which will be the major part. 
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2. State of the art  

2.1 Introduction 

 

During decades, predicting the rebound characteristics has been a big target for lots 

of researchers dedicated in fields like the transportation of particles, mechanical 

engineering, physics or chemical engineering.  Since the middle of the twentieth 

century, some investigators had published in several books, journals or in 

conferences, theories with the main objective of being able to predict the response of 

two different bodies colliding. 

This part of the thesis is a small compilation of some of the most important works that 

had been done during approximately last 20 years about the rebound of particles and 

specifically about predicting the coefficient of restitution. 

The coefficient of restitution of two colliding objects is the ratio of the relative speeds 

after and before the impact. This positive real number will vary from 0.0 to 1.0 

depending on the characteristics of the materials used.  

 

 
  

|    |

|   |
   (1) 

 

 

.
Figure 1: A sphere colliding with a planar surface 
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During normal impacts, where no tangential components are included between a 

sphere and a substrate, there are two ways of losing energy; due to the dissipation of 

the stress wave propagation or due to plastic deformation.  

In the case of a colliding sphere, three different ranges of deformation can be 

identified; elastic, elastic-plastic and fully plastic. An elastic shock will take place at 

the beginning of the collision. At the moment that the stress is larger, plastic 

deformation begins to occur in the area of the contact point. This deformation will 

mainly depend on the incoming velocity and on the material properties of both of the 

materials involved. 

At the moment that the maximum compression is achieved, an amount of elastic 

energy is stored. At that moment, the contact force starts to decrease by giving some 

of that energy back to the sphere and promoting the rebound of that body. This 

restitution phase can be considered as elastic because only elastic strain energy is 

released. 

 

 

The method of analysing experimentally the coefficient of restitution with a good 

precision is a high costly procedure. That is why numerical works had been 

developed with Finite Element Analysis (FEA) methods. In the next sections an 

analysis of the theoretical models, the numerical studies and the experimental 

studies will be presented. 

  

Figure 2: Spherical contact model,(a) before contact, (b)during elastic deformation and (c)during plastic 
deformation 
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2.2 Theoretical models  

2.2.1 Elastic theoretical models 

 

When analysing elastic impacts, the behaviour of such collisions can be solved 

theoretically using Hertz theory through a quasi-static procedure (Hertz, 1882) and 

(Jonson, 1985). This theory was proposed by Heinrich Hertz also well known for his 

excellent work in electromagnetics research.  

 

 

Figure 3 depicts the contact between two spheres subjected to normal load P. The 

equivalent elastic modulus E* and the equivalent contact curvature 
 

   are given as 

follows: 

 

   (
    

   

    

 
    

   

    

)

  

 

 

  (2) 
 

And: 

  

  
 (

 

    

 
 

    

)

  

 

 

  (3) 
 

 

 

Figure 3: Two spheres in contact, subjected to normal load P 
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Where      is the radius of sphere  ,      and      the Poisson ratio and Young’s 

modulus of the material of sphere  , respectively. Similarly,      ,      and      are the 

same properties for sphere  . The contact area is a circle with radius   (Figure 4(a)). 

On the contact surface, the distribution of the Hertz normal pressure   is 

axisymmetric and shaped as half of an ellipse. At a point A of a distance   from the 

centre of the contact area (Figure 4(a)), the normal pressure       can be expressed 

as: 

 
       [  (

 

 
)
 

]
  ⁄

 

 

  (4) 
 

The normal pressure is related to the normal force P by: 

 
   

  

    
 

 

  (5) 
 

Figure 5(b) depicts the elliptic profile of the Hertz normal pressure across the 

diameter of the contact area. 

With the radius   of the contact area given by: 

 
  (

    

   
) 

 

  (6) 
 

The approach of two distant points on the two spheres be expressed as: 

 

Figure 4: Contact area and Hertz normal pressure 
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  ⁄

 

 

  (7) 
 

 

Introducing Equation (6) into Equation (5), we obtain:  

 

 
   

  

    
 .

       

       
/

  ⁄

 

 

  (8) 
 

 

Hertz’s theory assumes that the contact area is much smaller than the size of the 

spheres, i.e.,         and       . 

According to the Hertz theory with the Von Mises yield criterion and considering the 

case when an elasto-perfectly plastic sphere is in contact with a frictionless rigid 

surface, the relationship between the yield stress    and the yield normal load     ( 

the normal load at which an incipient yield occurs inside the sphere) can be 

expressed as: 

 
   

           

   
[       ]

  

 

  (9) 
 

Where       is a function of the Poisson ratio. In order to give an idea of the 

magnitude of      , for a material which      , we have         = 1.613; and for 

     ,         = 1.738. 

In an elastic normal collision between a sphere and a rigid surface, the force-

displacement relation during the collision can be described using the Hertz theory as 

if there is a nonlinear spring acting between two objects; the duration of the collision 

is given by: 

 

      .
    √         

 
/

  ⁄
 

        ⁄
 

 

  (10) 
 

Where   is the contact time during the collision,   the density of the sphere material, 

and     the incoming velocity. 

This model has been several times validated with numerical programs. 
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2.2.2 Elasto-plastic theoretical models 

 

At the moment that the yield stress    is reached, one of the two colliding bodies 

starts its plastic deformation. Several investigations and researches had taken place 

during lasts decades but it has been hard to find a general solution that fits with 

experimental results.   

One of the first equations purposed for finding the restitution coefficient   was 

purposed in (Chang, 1992) that used a model realised by Chang, Etsion and Bogy, 

the CEB model (Chang, 1987):  

 

 

   
,
 
 
 √     

                               -

2
 
  

 √ *    (  
  

  
)+

 
 ⁄

3

 

 

  (11) 
 

 

Where   is the interference between the hemisphere and the surface and the 

subscripts c and m mention the critical value at onset of plastic deformation and the 

maximum respectively and     stands for the yield strength.  

Few years later, Stronge (Stronge, 1995) predicted an equation for the coefficient of 

restitution as following: 

 

  
  

  
[
 

 
.
  

  
/

 

 
 

 
]

  ⁄

 

 

  (12) 
 

 

An inspection of this equation (12) shows that for Vi >> Vy  the equation degenerates 

to  

 

 
       (

  

  
)
  ⁄

 

 

  (13) 
 

And that, for Vi = Vy, e = 1. However, Stronge’s equation (12) also predicts e > 1 for 

Vy < Vi < 1.59Vy,  which is an impossible condition. 
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A couple of years after Stronge’s work, Thornton published his research in  

(Thornton, 1997) where he derived a new equation for the coefficient of restitution. In 

his work, he studied the collision of two spheres. The process was divided into four 

parts: the elastic loading, the yield strength, the plastic loading and the elastic 

unloading. Thornton ended proposing an equation by dividing the problem into a 

perfectly elastic portion and perfectly plastic portion. The resulting equation is: 
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In his work, Thornton explains that equation (12) satisfies that the coefficient of 

restitution is 1.0 when no plasticity occurs. When Vi ≤ Vy; e=1.0.  At higher velocities, 

(Vy/Vi)
2
0 equation (2) becomes: 
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And finally, if Vi>>Vy  the following coefficient is obtained: 
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In the case analysed in Thornton’s work, a sphere impacts a plane surface. For this 

particular case the yield velocity Vy will be defined as: 
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Then, for this particular case, substituting equation (17) into equation (16), the 

following expression is obtained: 

 

 
       .

  
 

    
/

  ⁄
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  (18) 
 

 

Loc Vu-Quo and Xiang Zhang (Vu-Quo, 1999), proposed a model of elasto-plastic 

normal-force displacement (NFD). The key feature of this model is the additive 

decomposition of the radius of the contact area into an elastic part and a plastic part.  

In their work they analysed a deformable sphere shocking to a rigid surface. In Figure 

5 this additive decomposition between the elastic part and the plastic can be 

observed. 

 

 

Li et al. presented (Li, 2002) where the model can be considered as an evolution of 

what was done in (Jonson, 1985). In this model the authors used a more detailed 

pressure distribution function that was based on the FEA results. The model 

presented better fit with lower velocities. 

 

Figure 5: Plastic deformation increases the radius of relative contact curvature 
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Kharaz and Gorham (Kharaz , 2000) presented a useful quantitative support for the 

theories of the restitution coefficient for normal impacts involving plastic deformation 

in the region close to the threshold at which plastic deformation begins. The study is 

based on the impact of 5 mm aluminium oxide spheres on to thick plates. The plates 

are made of mild steel, if the elastic case wants to be analysed, and of aluminium 

alloy in the case of a plastic impact. In the work of Tabor (Tabor, 1951), to fit the 

restitution coefficient, the authors use the rebound model presented. 

Tabor proposed the following equation to solve the outgoing velocity: 

 

        
     

      (19) 
 

Where   is related to the Meyer index n by: 

 

 
  

    

    
 

  (20) 
 

 

The Meyer index n typically varies between values of 2 for fully work-hardened 

(perfectly plastic) metal and 2.5 for fully annealed metal. A value of n=3 correspond 

to the analysis of an elastic contact. They have compared the model used with 

experimental results.  

In 2005, Weir and Tallon (Weir, 2005) examined the theoretical regimes that take 

part in a normal low-velocity impact.  They reviewed and extended the theory of the 

coefficient of restitution including the effect of variable particle size.  

Weir and Tallon (Weir, 2005)  theoretically noted that the coefficient of restitution for 

equally sized sphere-sphere contact is about 19% smaller than for sphere-plate 

contact. This statement was also proven experimentally. In this study is also 

demonstrated that for repeated collisions between two spheres in the same point, the 

restitution coefficient increase and it approach to the unity becoming an elastic 

collision. The equation purposed for this statement is  

 
    
  ⁄     

  ⁄    
  ⁄ 0     (

  

  
)
  ⁄

   
 1 

  (21) 
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In the following figure 6 proportionated in (Weir, 2005), the increase of the coefficient 

of restitution can be observed: 

 

 

The next work, (Jackson, 2010), presents a different methodology for modelling the 

impact between elasto-plastic spheres. Recent finite element results modelling the 

static deformation of an elasto-plastic sphere were used in conjunction with 

equations for the variation of kinetic energy to obtain predictions for the coefficient of 

restitution. The model predicts that a non-depreciable amount of energy will be 

dissipated in the form of plastic deformation such that as the speed at initial impact 

increases, the coefficient of restitution decreases. The work also derived a new 

equation for the initial critical speed, which causes initial plastic deformation in the 

sphere that is different than the one shown in previously derived equations and is 

strongly dependant on Poisson’s Ratio. The work also compares the prediction 

between several models that make different predictions. The results are also 

compared with some experimental data.  

In the work, the different phases of the shock are well explained basing it on previous 

works.  A new critical velocity is determined as a function of the critical interference 

ωc.   

In (Jackson, 2005) the critical interference is derived using the von Mises yield 

criterion. Because the relationship between hardness and yield strength is not proven 

to be constant, Jackson and Green provided the critical interference as a function of 

the yield strength. The resulting equation is: 

Figure 6: Coefficient of restitution depending on impact 
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Where C is: 

                       (19) 
 

The values of the Poisson’s ratio ( ) and the yield strength (Sy) to be used are those 

of the material that yields first. 

To reach the value of the critical velocity an analysis of the Elastic compression 

phase is done. This phase starts with the first contact between the sphere and the 

half-space and ends when the contact reaches the critical force. For the critical force 

the deformation is the critical deformation preciously mentioned ωc. During this 

phase, there are only elastic deformations, so the Hertz model is applied. The 

variation of the kinetic energy is: 

  

 
       

 

 
      

   ∫       
 

 

 
  (20) 
 

 

Where z is a dummy variable representing the intermediate interference when ω is 

the interference at the instant when the instantaneous velocity is  . The right part of 

(20) is negative because the velocity and force are in opposite directions. Then 

substituting in the contact force from the Hertz model results in: 
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And then integrating:  

  

 
       

 

 
      

   
 

  
  √    ⁄  

  (22) 
 

 

Then rearranging: 
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This phase ends when plastic deformation begins at ω= ωc . Substituting ω= ωc into 

equation (23) provides a prediction for the critical velocity at which the sphere will 

begin to yield plastically according to the Von Mises yield criteria: 
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  (24) 
 

 

The    is the instantaneous velocity during impact at which the sphere or the half 

space, depending on each material, begins to deform plastically. 

In that moment, the Elasto-plastic compression phase will start. In this stage the total 

variation in kinetic energy is: 
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Where  
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Vc is now defined as the critical initial velocity. When Vc≤V1, the impact is considered 

elasto-plastic. Vc, the velocity at the onset of plastic deformation, can be derived 

from: 

  

 
      

  ∫          

  

 

 
  (27) 
 

 

Uc  is the maximum strain energy that the sphere can accumulate before deforming 

plastically. The value is given in (Green, 2005) as: 

 
   

       
 

     
 

  (28) 
 

Uc can also be written as: 

 
   

 

 
     

  (29) 
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If substituting the Hertz model for elasti contact into equation (25), integrating and 

solving for Vc results in: 
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 √
   

 
  

  (30) 
 

 

Vc provides the initial velocity before impact that will result in an impact that deforms 

the sphere plastically. That is not to be confused with   , given in equation (24) for 

the instantaneous velocity at which the sphere starts deforming plastically during 

impact. Relating this two coefficients (Vc and   ), by definition when V1=Vc the 

instantaneous velocity      . 

The maximum deflection,  , can be found as a function of V1, by setting      in 

equation (25) such that: 
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The last Phase is the restitution phase, where the contact force decreases from the 

maximum value to zero. Since    is known as a function of V1, it is possible to 

calculate the restitution phase or elastic rebound of the sphere using the model 

presented in (Jackson, 2010). It is asumed that the sphere recovers in a complete 

elastic manner, the Hertz solution can be used. The sphere will not fully recover to its 

original shape so the radius of curvature will change to Rres and the surface will be 

compressed permanently by a residual interference     . Then this elastic force of 

restitution will start by equalling the elasto-plastic force at      such that: 

 
(   )  

 

 
  √             
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  (32) 
 

 

There are two ways which Rres and     can be otained. The first manner is by a 

equation proposed in (Etsion, 2005) as: 
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Where    is the contact radius at which the maximum interference    occurs. The 

second way is by fitting an equation to the finite element results of the model 

presented in (Jackson, 2005): 
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Where 
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Also, since (32) must be satisfied, Rres is solved for as: 
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Then the final velocity of the sphere as it comes out of contact with the half-space is 

solved from: 
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 Which the result is: 
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Here, either equation (33) or equation (35) can be used for solve     . 

 

Once every step of the process has been analysed the restitution coefficient can be 

obtained. To solve it first, equation (31) should be numerically integrated. Then the 

result of the integration and equation (33) or equation (35) should be substituted into 

equation (39). Finally the predicttion of the restitution coefficient is derived as: 
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Where Vi is the initial velocity and Vo is the resulting velocity after the impact. 

 

In (Jackson, 2010) the effect of varying material and geometrical properties like the 

yield strength, elastic modulus, Poisson’s ratio and sphere radius are explored.  

 

 

 

In results showed in Figure 7, it can be observed the effect of the variation of the 

elastic modulus and yield strength by observing the effect of the variable,        ⁄ .  

All the curves in the graphic are shifted and coincide at e=1 due to the normalization 

of V1 by Vc.  Another trend that is showed by the graphic is that as   increases, the 

magnitude of the slope decreases. It was also found that the radius does not affect 

the trends in the normalized form. The analysis also concludes that Poisson’s ratio 

has a minor effect on the predicted normalized results. 

In the work there is a comparison between the model predicted, some previous 

models and experimental results. In figure 7, the model is compared to the model 

done  in (Chang, 1992).  As it can be seen the different models give different 

prediction. This, is caused by the fact that the model proposed by Chang and Ling 

predicts that the contact become fully plastic immediately just after the contact, while 

the model shown in (Jackson, 2010) includes a smoother transition from elastic to 

elastic-plastic and eventually fully plastic deformation.  

Figure 7: Comparison of coefficient of restitution for different εy values as a function of normalized 

velocity for the current model and Chang and Ling model 
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Jackson et al. (Jackson, 2010).  proposed a couple of empirical equations based on 

the results presented.  

The first equation is fit to equation (35), which is used to predict the residual 

interference in the sequence to predict the coefficient of restitution. 

 

For 0 < (Vi)* < 1 

     
 

  (41) 
 

For 1 < (Vi)* < 60 
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  (42) 
 

For 60 < (Vi)* < 1000 

 
                    .
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  (43) 
 

These equations combine to create a continuous prediction of the coefficient of 

restitution in the range of 0 (Vi)* < 1000. Equations from (41) to (43)  differ from the 

results shown in Figure 7 by an average of 1.5% and by a maximum of 4.5%. When, 

to predict the coefficient of restitution equation (33) is used to find the residual 

interference, the following equation  is used: 

For 1 < (Vi)* 

               
           

     
          

 

  (44) 
 

 

This equation differs from the current results using (33) by an average of 5.3% and 

by a maximum of 8.4%. Equations from (41) to (44) may not be valid outside the 

range specified in the work being 0.0005<  <0.01 and 0.2< η <0.45. 
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2.3 Finite element analysis models 

 

The finite element method should be understood as a method for finding an 

approximate solution for a simplified model. Numerical treatment reduces the 

simplified model to a form which is solvable by a finite number of numerical 

operations. This means that the approximate solution has to be characterized by a 

finite number of parameters N, called degrees of freedom. The finite element analysis 

software used for the investigation about particle rebound characteristics were 

ABAQUS, ANSYS, and LS-DYNA. 

The first work that used a finite element software was the work done by C.T Lim and 

W.J Strong (Stronge, 1998).In their work the energy dissipation during an impact 

between hard cylindrical bodies with parallel axes was made. An energy analysis 

was realised in every step of the colliding process and it is also verified with 

DYNA2D. In the FEA simulation the cylinder, made of steel, was modelled as a rigid 

body while the aluminium alloy half-space was modelled as behaving in a linearly 

elastic-perfectly plastic manner. 

Stronge and Lim based their conclusions on the loss of energy. When no deformation 

occurs, the energy loss is based on the elastic waves. However when some plasticity 

appears, the losses due to the elastic waves become so small that can be neglected.  

 

 

Furthermore in this work, they conclude that it is important to take into account 

whether the deformation field is two or three dimensional in order to obtain an 

Figure 8: Finite element mesh for the cylinder and the half-space 
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accurate prediction for the coefficient of restitution as a function of normal impact 

speed. 

In the already mentioned work (Vu-Quo, 1999), Vu-Quo and Zhang used the 

nonlinear finite-element code ABAQUS to compare the model that they purposed. 

They studied two identical spheres in contact and subjected only to a normal force. 

This case, due to symmetry, turned into a single sphere contacting a frictionless rigid 

surface. In figure 9, the geometry and the mesh used can be observed. The used 

mesh had 2141 axisymmetric six-nodes triangular elements.   

 

 

 

The sphere has a radius of R=0.1m with properties of an aluminium alloy. In the 

work, the code used to implement their elasto-plastic normal force displacement the 

software was presented. 

In (Wu, 1999), a numerical study of the normal impact of elasto-plastic spheres with a 

rigid wall is performed by employing DYNA2D. Results about deformations, time 

evolution of the contact force and contact force-displacement relationships during the 

impact are presented. In this study, Thornton and Li present the influence of the 

material behaviour by analysing three different cases: an elastic material, an elasto-

plastic material and finally an elastic-perfectly plastic material. The sphere analysed 

measured 20 µm of diameter and the mesh used consist of 1250 four-nodes 

elements. 

 

Figure 9: Axisymmetric FEA mesh for normal contact problems 
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Figure 10 compares the kinetic energy per unit mass of the three different materials 

during the collision with an initial velocity Vi of 2 m/s. 

 

 

In their conclusions, they compare the coefficient of restitution obtained in their FEA 

with the models previously presented in (Jonson, 1985) and in (Thornton, 1997). 

In 2001 Zhang and Vu-Quo (Zhang, 2001) discussed the modelling of the coefficient 

of restitution as a function of the incoming velocity and they compare the results from 

the nonlinear finite analyse studied with two recent normal force displacement 

models: One created by Thornton (Thornton, 1997) and the other one modelled by 

themselves two years before (Vu-Quo, 1999). The relationship among the coefficient 

of restitution, the incoming velocity, the collision time, the contact force and the 

normal pressure distribution are presented and discussed. 

This work use the nonlinear FEA code ABAQUS. The authors generated mesh in 

three different ways to see how it influences. They mesh it with 928, 1640 and 2951 

six node triangular elements.  

In the study of the elastic part, there is a close agreement between the simulations 

and the Hertz theory. When analysing the elasto-plastic case, they compare the 

simulations done with their three cases and the model purposed in (Thornton, 1997), 

in (Vu-Quo, 1999) and in (Stronge, 1995). The result of the analysis can be observed 

in Figure 11. 

Figure 10: Time histories of kinetic energy for an impact velocity of 2 m/s 
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Thornton, Wu, and Li presented (Wu, 2003). The finite element analysis of the impact 

of sphere with a substrate is performed using DYNA2D. Figure 12 shows the finite 

element model used. Because of geometrical and loading symmetries, only half 

space and half the substrate are considered. 

 

 

 

Comparing this mesh with meshes that has been previously analysed, the evolution 

and the refinement of the analysis was observed. 

Figure 11: Coefficient of restitution versus impact velocity 

Figure 12: Finite element model for the impact of a sphere with a half-space 
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Several cases are simulated. For each case they considered a wide range of impact 

velocities, at which the deformation behaviour ranges from elastic to significant 

plastic deformation.  

The influence of the substrate is also evaluated by changing its size. When the size 

is varied, there is the possibility that the restitution coefficient varies due to stress 

waves.  However, in the work, it can be seen that the coefficients of restitution 

obtained by varying the size of the substrate are close and the maximum relative 

deviation is only about 2% in relative high initial velocities. 

At the end of the work, after the FEA, they concluded the work presenting equations 

for the coefficient of restitution: 

 
      .

    ⁄

   ⁄
/

   ⁄

 
  (45) 
 

 

For the impacts of an elastic sphere with an elastic-perfectly plastic half-space,  

 
      .

    ⁄

   ⁄
/

   ⁄

 
  (46) 
 

 

for the impacts of an elastic-perfectly plastic sphere with a rigid wall. 

The onset of finite plastic-deformation impact has been determined in terms of Vi/Vy 

and E*/Y for different impact configurations. The FEA results showed that, for the 

impact of small deformation, the coefficient of restitution is mainly dependant on Vi/Vy 

which is consistent with those predicted by the theory of impact mechanics; while for 

the impact of finite-plastic-deformation it is also dependent on E*/Y.  

The conclusion of the work is that when finite-plastic deformation occurs, the 

restitution coefficient is proportional to [(Vi/Vy)/( E*/Y)]-1/2. 

 

In another work, Thornton, et al. presented (Thornton, 2003). The results of a finite 

element analysis of elastic and elasto-plastic oblique impacts of a sphere with a wall 

using the finite element analysis code DYNA3D.  As it can be seen in the following 

figures, a three dimensional finite element model is used. Because of the geometrical 

symmetry, only the half of the model is simulated. 
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In the work the sphere used had a radius of 10 µm, while the substrate measured 10 

µm in both the x- and z- directions and 20 µm in the y-direction.  The meshes had 

18632 and 21896 elements for the sphere and the half-space respectively.  

Three different impact cases for the oblique impact are investigated. The sphere is 

treated as a rigid and as an elastic-perfectly plastic body, while the substrate is 

analysed as elastic, elastic-perfectly plastic and as a rigid body. 

 

 

The impact is modelled by applying an initial velocity to every node of the sphere. 

The angle of the body varies from 0º (normal impact) to 85º (close to glancing). After 

the impact, the normal restitution coefficient and the tangential restitution coefficient 

will be analysed. Due to the friction between the sphere and the half-space, an 

angular velocity will appear in the sphere. 

In the work, the following formula is determined for the tangential restitution 

coefficient: 

Figure 14: Diagram of the oblique impact 

Figure 13: Finite element model for the oblique impact 
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                     (47) 
 

 

Thornton et al. demonstrated that in oblique impacts, the normal coefficient of 

restitution does not depend only on the normal impact velocity, it also depends on the 

impact angle. 

Jackson and Green (Jackson, 2005) presented finite element study of elasto-plastic 

hemispherical contact. The numerical results are compared to other existing models 

of spherical contact truncation model (often attributed to Abbot and Firestone (Abbot, 

1933) ) and the perfect elastic case (known as the Hertz contact (Timoshenko, 1951) 

and (Hertz, 1882)). The software used is the commercial program ANSYS, however 

the results were confirmed by using ABAQUS. An axisymmetric 2-D model is used 

and yielding occurs according to the von Misses criterion. The resulting mesh 

consists of at least 11,101 four-nodes elements, since the number of meshed 

elements will vary with the expected region of contact. 

The work, theoretically demonstrate that the fully plastic average contact pressure is 

not always at the same point. This point varies when the geometry is deformed. 

Therefore, it is dependent on material properties. 

It is revealed large differences between approximate analytical models and other 

numerical solutions. It is found that the contact area, the force and the pressure are 

dependent on the deformed geometry and also effectively dependent upon the 

material properties in both cases, the elasto-plastic and the plastic regime.  
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2.4 Dissipation of energy 

 

When analysing the coefficient of restitution   , which is the relation between the 

velocity before the impact and the velocity after it, it is important to note that the 

variation of the value will depend on how much energy dissipates.  In the following 

paragraphs, a little summary of a study that treats this dissipation will be done. The 

work studied the loss of energy in normal impact of elastic and elastic plastic 

spheres, so the mechanism of losing energy in this case will be the wave propagation 

and the plastic deformation.  

Wu et al. (Wu, 2005) used a finite element analysis to investigate the loss of energy 

during an elasto-plastic impact to a plane surface. In order to analyse the energy 

dissipation, the problem was divided into two parts: when the substrate act as an 

elastic body and when it suffers some plastic deformation. 

On the elastic case, the effect of the size of the substrate was investigated. By 

changing the substrate size, the number of reflections of stress wave propagation is 

altered. It was found that the energy dissipation is negligible if there is more than one 

reflection during the contact between the sphere and the substrate. If the substrate is 

big enough and there is no reflection during the contact duration, a non despicable 

amount of energy is dissipated due to stress wave propagation. 

The number of stress wave reflections Ne is determined as follows:  

 
    

  
  

 
  (48) 
 

 

Where Tc is the contact duration obtained from the finite element analysis, and T1 is 

the shortest time for the stress wave to reflect back to the contact point once, that is, 

the time for the stress wave to travel a distance twice as long as the depth of the 

rectangular substrate, which can be calculated as: 
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Where Vsw is the velocity of the stress wave and is given by: 

     √   ⁄    (50) 
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Figure 15 shows the coefficient of restitution as a function of normalised impact 

velocity  Vi/Vsw  for the impact of an elastic sphere with an elastic substrate of two 

different sizes: L=2R and L=10R, where R is the radius of the sphere ( 20 mm in this 

case) and L is the length of the substrate.  

 

 

 It can be observed that in this elastic case, the coefficient of restitution is very close 

to the unity for the impact with a substrate of L=2R. However for the impact with a 

substrate of L=10R, the coefficient of restitution decreases as the impact velocity 

increases, indicating an increased amount of kinetic energy is dissipated. 

For the impact of an elastic sphere with an elastic-perfectly plastic substrate, it has 

been identified that the impact can be classified into two regimes: elasto-plastic 

impact and finite-plastic-deformation impacts. The demarcation between elasto-

plastic and finite-plastic-deformation impacts is characterised by a critical impact 

velocity Vi
*: 
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   (51) 

 
 

Where Vi
* is the impact velocity at which plastic initiates.  Y is the yield stress and E* 

is given as: 

  

  
 

    
 

  
 

    
 

  
 

  (52) 
 

 

Figure 15: Coefficients of restitution of elastic impacts with different substrates 
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Ei and    (i=1,2) are Young’s modulus and Poisson’s ratio of the contacting body i, 

respectively. 

The elasto-plastic impacts represent the classical impact cases in which the 

deformation of the contacting bodies is small and piling-up or sinking-in is not 

significant. This regime involves three conventional indentation behaviours: elastic, 

elastic-plastic and fully plastic with small deformation. At impact velocities higher than 

Vi
*, i.e., in the finite-plastic-deformation impact regime, the coefficient of restitution 

decreases at higher rate than that predicted by contact theory. As explained in (Wu 

L. T., Energy dissipation during normal impact of elastic and elastic-plastic spheres, 

2005), this is attributed to the onset of finite plastic deformation, which is generally 

represented by the occurrence of pilling-up and sinking-in around the perimeter of the 

indentation. In this case, more work is required to mobilise the displaced material. 

Consequently, more kinetic energy is dissipated by the irrecoverable plastic 

deformation (compared to when piling-up or sinking-in does not occur). Therefore, a 

higher rate of reduction of the coefficient of restitution with impact velocity is 

observed for finite-plastic-deformation impacts. 

Du and Wang (Du, 2009) studied energy dissipation between two elasto-plastic 

spheres. This study is also realized with a finite element analysis software. The 

theoretical model purposed show a good agreement with the predictions done in the 

numerical analysis. 

Both of these articles present a case where no oblique impact takes part. It should be 

mentioned that in oblique impacts, the resulting rotational speed absorbs a non-

depreciable amount energy. 
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2.5 Experimental cases 

2.5.1 Experimental methods 

  

Measuring experimentally the rebound particle characteristics with an extremely good 

precision is a process with a high economical cost. However, this method will provide 

the reality of what we are investigating. In this part of the work, the measurement 

technique used in works of (Gorham, 2000) and (Kharaz, 2001) are explained.  

In this experiment, spherical particles of about 5 mm diameter fall under gravity onto 

an inclined anvil and a camera with strobe illumination is used to form a sequence of 

images on a single frame. A digital camera was used and measurements obtained by 

image processing software. From these direct measurements of the speeds and 

angles of impact and rebound, and the rotation after the impact, other useful 

quantities can be derived such as normal and tangential coefficients of restitution. 

To obtain accurate results it is necessary to ensure both that impacts are 

reproducible and that measurements of these events are precise. Achieving this, has 

involved critical attention to the mechanical design, construction, calibration, image-

forming optics, direction and uniformity of illumination, precise electronic control, 

reproducible surfaces, accuracy of the particles, and the computer-based 

measurement procedures. Because of this, the final system has produced 

measurements of particle rotation, normal restitution coefficient within 1º of glancing 

incidence, and tangential restitution coefficient to within 1º of normal impact, with a 

very high accuracy and reproducibility.  This has allowed reliable, comprehensive, 

quantitative data to be obtained considering the effect of material properties and 

surface conditions on impact parameters. 

 

The experiment method: 
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The main objective of this system used in (Kharaz, 1999) is to record a sequence of 

images of a particle impacting on an inclined anvil on a single frame. In Figure 16 an 

outline of the system is shown.  

 

 

Before the impact, the particle is held at the appropriate height by a vacuum nozzle. 

Depending on the velocity required in the impact, the particle is dropped from 

different heights. When particle is released it falls through an optical-fibre triggering 

device. An electronic system then generates a sequence of pulses to control the 

camera and the strobe light, to take a single frame of images in a predetermined 

manner. The image is transferred from the camera to the PC for measurement using 

a commercial image processing package.  

To obtain such a good resolution and accuracy the experimental methods are as 

follows: 

 The geometries of the mechanical and optical arrangements were maintained 

using two perpendicular optical benches. A helium-neon laser was built in and 

used to align the mechanical and optical axes in all planes. Vibrations could 

be a significant source of error but they were minimised. 

 The digital camera (Pulnix TM-9700) had a non-interlaced resolution of 

768x484 pixels, and was used in a single frame mode with exposure times up 

to 200 ms in the present experiments. 

Figure 16: Main components of the experiment system 
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 The strobe (EG&G model 2613) illuminated the impact event from a direction 

very close to the imaging axis, with a uniform bean. This well-controlled 

lighting had a major effect on the accuracy of the image measurement 

process. 

 A systematic, interactive process for image measurement was based on the 

centre-of-area tool in the image processing package Flobal Lab Image. A 

calibration map of the frame was obtained from measurements of stationary 

particles. The overall positional accuracy from measured impacts was better 

than ± 0.1 pixels for a particle location and about ± 0.05º for the orientation of 

the anvil plate. Both the impact and rebound motion were extrapolated back to 

the point of impact. 

 The high stability and good mechanical positioning, and the precise control of 

the strobe pulses, allows virtually identical pictures to be obtained from 

repeated impacts with the same particle from the same drop height. This high 

reproducibility allows the exact position of each image to be adjusted by the 

digital and strobe controls, so that the arrangement of images on the frame is 

optimum for the computer measurements process. It has also allowed a large 

number of results to be produced from precisely the same impact angle, so 

that averaging can improve further the reliability of the measurements. 

As it has been observed, the procedure for obtaining these experiments is so 

complicated and therefore really expensive. 

 

 

2.5.2 Experimental articles 

 

Seifried et al. (Seifried, 2005) proved what happened with multiple impacts of a 

sphere on a rod. This work includes some repeated impacts with identical initial 

conditions with the exception of the deformation history of the contact region caused 

by the previous impacts. 

In Figure 17 it is shown the finite element model for the collision between the sphere 

and the rod. The work was analysed using finite element analysis. 

 



31 
 

 

Figure 17: Finite element model for elasto-plastic sphere to rod impacts 

 

The simulation of repeated impacts on different aluminium surfaces shows that, due 

to plastic deformation of the contact area and the resulting residual stresses, an 

increase of the coefficient of restitution with the number of impacts until a stationary 

value is reached. In Figure 18, the results for the coefficient of restitution for one of 

the materials analysed, is shown. 

 

 

For the first impact, the kinetic energy loss described by the coefficient of restitution 

is caused by plastic deformation and also by the initiation of waves. For the 

successive impacts the amount of energy dissipated in plastic deformation 

decreases, and at the end, the wave phenomenon is the only way of losing energy. 

The last work that is going to be analysed is (Gorham, 2000). In this article, some 

accurate measurements are made for the behaviour of a 5 mm aluminium oxide 

spheres impacting to a thick soda-lime glass anvil (which will have a fully elastic 

response) and to an aluminium alloy anvil (with some plastic deformation involved). 

With the process that has been explained in the section of experimental methods, the 

velocity, the angle and the rotation of particles before and after the impact were 

measured and the results were presented in the work. 

Figure 18: Coefficient of restitution analysis for one of the 
materials 
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Materials properties used in the work are presented in the following table: 

 

  Table 1: Elastic properties of materials used  

 

In the first part of the work of Kharaz and Gorham, the results of the elastic impact 

parameters are shown. The normal restitution coefficient en varied between 0.976 

and 0.986 for a fixed velocity of 3.9 m/s. The range of en is close enough to 1 to 

confirm that the material response can be assumed as fully elastic at this speed. 

Therefore, the parameters analysed experimentally are the tangential coefficient of 

restitution and the rotation of the aluminium oxide particle. 

 An equation that relates the normal coefficient of restitution en with the tangential 

coefficient of restitution et is presented: 

 

                     (53) 
 

 

 

 

Figure 19: Variation of the tangential restitution coefficient 
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As it can be observed in Figure 19, the measured points from impact angles between 

30º and 90º fit very closely a straight line corresponding to µ= 0.0092 

The results of the rotation speed can be observed in Figure 20. The curves display a 

peak at an impact angle of about 30º, approaching zero in both extremes. An 

equation in terms of the tangential coefficient of restitution is provided from previous 

works: 

 
   

 

 
 
       

 
       

 

  (54) 
 

 

Where    is the impact speed and    the impact angle. Figure 20 shows both the 

experimental measured rotation speed (open circle) and the estimated rotation speed 

calculated from equation (54). 

 

 

For the analysis of the plastic impact parameters, similar measurements have been 

made for a 5 mm aluminium oxide sphere impacting on an aluminium alloy plate. 

Angles from 0º (normal incidence) to 90º (glancing) were taken impacting on in an 

anvil that was 140 x 125 x 25 mm. In the first measurements, the incoming velocity of 

the sphere was fixed and the only parameter that varied was the angle. The initial 

velocity Vi was fixed at 3.85 m/s. In the following Figures 21 and 22, the results of the 

normal restitution coefficient and the tangential restitution coefficient are presented. 

Figure 20: Measured rotational speed and its theoretical value (Eq. 54) 
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For the normal coefficient of restitution en the results varied between 0.62 and 0.9. 

These values shows the existence of a plastic deformation due to the notably 

difference with the previous analysed experiments where en was not smaller than 

0.98. 

 

 

The tangential coefficient of restitution et in Figure 22 has a broadly similarity with  

the elastic case showed in Figure 19, reaching a minimum of approximately 0.64 at 

an angle close to 30º and an approaching value of 1 when the experiment is close to 

glancing. 

 

 

Figure 21: Variation of en for different impact angles 

Figure 22: Variation of et for different impact angles 
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The measurements of the rotation in the elastic case are plotted in Figure 23. As in 

the elastic case presented in Figure 20, equation (54) is also used to comparing the 

results obtained experimentally and the results. The curves present a peak at about 

40º.  It is important to mention that the points calculated with equation (54) fits with a 

good agreement to the measured rotation speeds.  

 

 

As it has been seen in the elastic cases, the normal coefficient of restitution en has no 

dependence in the collision angle. The value en in the elastic cases is close to the 

unity during the whole range of impact angles. This affirmation cannot be mentioned 

is the case of plastic deformation, where the value of en varies with speed and angle. 

In the work, some normal impact experiments were carried out.  The results 

presented in Figure 24, show the normal restitution coefficient (filled circles) 

depending on the impact velocity. The range studied was from 0.45 m/s, where en 

had a value of 0.83, to 6.3 m/s and a resulting en. 

In the plot presented in Figure 24, the open circles represent en values from oblique 

impact experiments plotted against the normal velocity component. 

 

Figure 23: Experimental and theoretical rotational speed 
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The line drown through the resulting points in Figure 24 is from the model of Tabor 

(Tabor, 1951) which links the rebound velocity with the incident velocity. The 

equations presented by Tabor were obtained from (Kharaz, 2000):  

 

        
     

      (55) 
 

 

Where   is a constant depending upon the materials, and   is a function of work-

hardening which is related to Meyer’s index n by: 

  

 
  

    

    
 

  (56) 
 

 

If the velocity at which yield just begins is Vy, then the parameter   can be rewritten 

as: 

 
  

  

   
     

   
 

  (57) 
 

 

The best fit to the measured normal impact points in Figure 24 for this combination of 

oxide particles and aluminium anvil corresponds to a value of 0.09 m/s for the 

threshold velocity and 2.29 for the Meyer’s index. 

Conventionally measured values of the Meyer’s index range from 2.0 for a fully work-

hardened (perfectly plastic) material up to 2.5 for a fully annealed one. The alloy 

Figure 24: Experimental normal restitution coefficient  
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plate was not annealed, and a value of Meyer’s index closer to the fully work-

hardened limit of 2.0 might were expected. 

Although setting the Meyer’s index at 2.29, a better fit to the first points would have 

been made with n=2.35 and to the last few points with n=2.24. This supports the view 

that Meyer’s index is reducing as the depth of the indentation increases, full plasticity 

is being approached and the effects of elastic deformation are becoming less 

important. 

This has been a small summary of the most remarkable works done about studying 

the rebound characteristics, and in a better detail the coefficient of restitution. The 

last article presented, (Gorham, 2000) will be the fundament of this thesis. The same 

geometry will be used to simulate by a finite element analysis software and obtain 

similar results. 
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3. Introduction to finite element method 

 

The finite element method (FEM) is a method of calculation used in various 

engineering problems,  which is based on consideration of the body or the structure 

divided into discrete elements with certain conditions link between them, generating a 

system of equations which is solved numerically and provides results of stress and 

strain. 

It is a numerical procedure applicable to a big number of problems with boundary 

conditions imposed (in the structures boundary conditions would be: restrictions and 

external loads). Several of these problems have no analytical solution or this solution 

is very difficult to obtain, for what becomes the only alternative resolution. With this 

method systems which are not easily solved using simple mathematical models can 

be solved. 

Although it was originally developed for the analysis of structures, with this method 

the following physical phenomena can be represented: 

 Thermodynamics phenomena:  temperature distribution in a solid 
 

 Simulation of dynamics effects: clash of two bodies 
 

 Geomechanics: behaviour of the crust 
 

The base of the finite element method is the representation of a body through the 

assembly of the subdivisions called elements. These elements are interconnected via 

points called nodes. 

A way to discretize the body or the structure is to divide it into an equivalent system 

of small bodies, in a way that their assembly represents the original body. The 

solution obtained for each unity is combined to obtain the total solution. Therefore the 

solution of the problem is to find the displacement of these points and then, from 

them, the strains and stresses of the analysed system. The properties of the 

elements that join the nodes are given by the material assigned to the element, 

defining the rigidity of the same and the geometry of the structure to model (from the 

elastic laws). The deformations and external forces are related to each other by the 

rigidity and the constitutive relations of the element. Working in elastic regime, the 

equations defining the system may be expressed in matrix form as shown below: 
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[ ]  { }   { } (58) 

Where: 

 [K]: Stiffness matrix 

 { }: Displacement vector  

 { }: Load vector 

 

The Finite Element Analysis can be described as:  

 

 

 

 

 

 

 

 

  

 

 Geometric modelling: Creation of the mathematical model of the object. 

Reproduction of the solid in a precision way and of the geometry of the 

surface. 

 Meshing: Dividing the geometry of the model in discrete elements. Assign the 

properties of the material and of the element. 

 Boundary condition: Apply the loads and the conditions to simulate the 

environment of the operation. 

 Numerical simulation: Computing the results. 

 Interpretation and validation:  Compare the results with the design criteria. 

Redesign the structure and repeat the process if necessary. 

 

Geometric 

modelling  

meshing 

Definition of 

boundary 

conditions 

Numerical simulation 

Interpretation and 

validation 
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At present the use of this method has grown significantly due to the use of advanced 

software (plus powerful hardware that must have high speed and high memory). 

The most used software nowadays are: 

 Msc Nastran 

 Msc Patran 

 ANSYS 

 Dyna 3D 

 Abaqus 

 
It should be noted that the use of software does not involve obtaining accurate and 

real results. It is only an approximation and is in the discretion of the user to discern 

between a consistent result and one that is not; besides knowing the margin of error 

and limitations of the model and method. 

 
This is an introduction which has the objective of bringing the idea on what is the 

finite element method based in. More detailed information can be found in other 

books or works as the following one:  (Dhatt, 2012),  
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4. Evolution of the work 

4.1 Introduction to the evolution of the work 

 

As it has been already explained in the state of the art, this work is based on the 

experimental work of, Gorham and Kharaz titled “The measurements of particle 

rebound characteristics”. The experimentation carried out in (Gorham, 2000) shows 

the rebound characteristics of aluminium oxide (Al2O3) sphere colliding to an 

aluminium alloy anvil. In the experiments, the two parameters that vary are the 

velocity of the particle, by varying the height, and the colliding angle between the 

sphere and the surface. 

The unique information provided in the work is the geometry of the experiment and 

the materials used. By using ANSYS Workbench 14.5 and ANSYS Autodyn, the main 

objective is to reproduce the experiments published in (Gorham, 2000).  In the 

following figure the values for the normal coefficient of restitution achieved in 

experiments for different incoming velocities are presented.  

 

 

 

From the values obtained by Gorham, a regression line is created. Two options fit the 

points with good precision.  The first trendline presented used a logarithmic format: 

Figure 25: Results of en presented by D.A. Gorham 
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                         (59) 
 

With a coefficient of determination of D2 = 0.9974. The second trendline use the 

power regression line as: 

                   (60) 

 

with a coefficient of determination of D2 = 0.9918. 

In the following part of the work, the process of obtaining the experimental values 

presented in (Gorham, 2000) using ANSYS Autodyn will be explained. 
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4.2 Autodyn process 

 

In the first simulations that were run, no parameter related with the material was 

modified from the values automatically given by the software. Only the mesh was 

modified by varying the number of elements of the geometry. In the following table 

the material properties used, are presented: 

 

            Table 2: Material, EOS and strength model used in simulations 1 and 2 

Sphere  

Material used Al2O3 CERA 
Equation of state Shock 
Strength model Mises 

Surface  

Material used Al 2040 

Equation of state Shock 

Strength model None 

 

 The results of these two first simulations did not fit to the experimental results, 

showing the following results. 

 

 

As can be observed, the coefficient of restitution remained constant for the different 

impact velocities. First action done after having observed this behaviour was 

increasing the number of elements by modifying element size of the mesh using 
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Figure 26: Simulations results compared with the experimental results 
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Explicit Dynamics Modeller. The first simulation was analysed with 7318, while the 

second simulation had 112712 elements.  

After observing that the results of the coefficients of restitution did not vary for the 

different incoming velocities, the next step was changing the material of the colliding 

sphere. The new material added fit better with the values given in (Gorham, 2000). 

The following table the characteristics of the simulations done: 

 

Table 3: Material, EOS and strength model used for sphere and surface 

Sphere  

Material used Al2O3 99.5% 

Equation of state Polynomial 

Strength model Johnson-Holmquist 

Surface  

Material used Al 2040 

Equation of state Shock 

Strength model None 

 

The Johnson-Holmquist strength model is used to modelling the mechanical 

behaviour of brittle materials which has a high compressive strength but low tensile 

strength. This damage model can fit properly with ceramic materials.  

The result of changing the material of the sphere, offered different values of the 

restitution coefficient compared with the first simulations. However, the tendency of a 

constant value did not change, so the variation of the incoming velocity had no effect 

on the final coefficient.  

The next parameter changed of the simulation, was adding to the aluminium alloy of 

the surface a strength model. In the simulations, no plastic deformation occurred in 

the surface. As it has been explained in the state of the art of this work, in a collision 

between a sphere and a planar surface, energy can only be dissipated by elastic 

waves and by plastic deformation.  Adding to the surface the capability of deforming, 

make that some of the initial kinetic energy of the sphere is transferred to the anvil.  

This deformation is bigger as the incoming velocity grows. Therefore, the coefficient 

of restitution will vary for the different incoming velocities. In the next table, the 

conditions of the next simulations are shown: 
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Table 4: Material, EOS and strength model used for simulation 3 and 4 

Sphere  

Material used Al2O3 99.5% 

Equation of state Polynomial 

Strength model Johnson-Holmquist 

Surface  

Material used Al 2040 

Equation of state Shock 

Strength model Johnson-Cook 

 

The Johnson-Cook strength model is appropriate for materials that suffer a high-

strain rate deformation. Therefore, is a good model for aluminium. 

The results of the changes made, are shown in the following diagram: 

 

 

 

As can be observed in Figure 27, the coefficient of restitution tends to decrease as 

the impact velocity grows. This involves a bigger plastic deformation in the anvil.  It is 

important to mention that although the obtained results do not fit much good to the 

experimental results, the change of the tendency of the results of the simulations was 

an important step in this work. 

Figure 27: Comparison between the experiment results and simulation 3 
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After observing that the results changed when applying the strength model in the 

surface due to the plasticity of the material, the next step was modify the geometry in 

order to mesh the surface with a better precision. A third body has been created 

inside the big anvil. This body has been located exactly where the collision takes part 

as Figure 28 shows.  

 

 

As this modification has been done, some recommendations provided by ANSYS 

14.5 Help for low velocity impact have been applied. As the range of velocity of the 

particle is between 0.5 m/s and 7 m/s some parameters have been changed in the 

part of “Analysis Settings” inside “Explicit Dynamics” block. Here are the parameters 

changed: 

   Table 5: Parameters modified in analysis settings 

Low velocity 
Analysis settings 

Step controls  

Timestep factor 0.9 

Mass scaling  Yes 

Maximum element scaling factor (%) 100 

Maximum part scaling  5 

Characteristic dimension Opposing faces 

Solver Controls 

Precision Double 

Beam time step safety factor 0.1 

Hex integration type 1pt gauss 

Shell inertia update Recompute 

Tet integration Nodal based strain 

Minimum strain rate cutoff 0.0 

 

Figure 28: Mesh of the new geometry 
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The results of these changes are observed in the next figure: 

 

 Figure 29: Comparison between the experiment results and simulation 4 

       

As it is observed, due to the changes performed, the trend of the curve starts to be 

similar to the experimental results.  

The next change is applied to the sphere. Both equation of state and strength model 

are changed.  Here in the following table, the new models used are shown: 

 

Table 6: Material, EOS and strength model used for simulation 5 

Sphere  

Material used Al2O3 99.5% 

Equation of state Shock 

Strength model Elastic 

Surface  

Material used Al 2040 

Equation of state Shock 

Strength model Johnson-Cook 

 

The Shock equation of state, as further will be explained, links some variables like 

density, energy, particle velocity and shock propagation speed. Related to the 

strength model, the elastic strength model is chosen because in the experimental 

case the sphere does not suffer any plastic deformation. In the following chart the 

results of the simulations with these characteristics is presented: 
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        Figure 30: Comparison between the experiment results and simulations 4 and 5 

 

 

Results from simulations 4 and 5 are really similar. In both of them the particle is 

treated as a non-deformable object, so it is normal to obtain this result. Although the 

similarity of both curves, simulation 5 will be the one chosen to develop the work. 
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4.3 Grid study 

 

The previous phase of the work has been useful to find the correct material, the 

equation of state and the strength model for the sphere and the surface that receive 

the impact. The geometry used until this moment, in order to save time, has been 

meshed with low precision. Simulations 4 and 5 were formed by around 35000 

elements. The first objective was finding a similar trend to the experimental results. 

Once it has been found, the next step is the grid independent study. 

This grid independent study is done to provide the best relation between the results 

of the restitution coefficient and the computational effort. 

With an initial impact velocity of 2 m/s, an incident angle of 90º (normal impact) and 

the material models already mentioned, different meshes are studied. The sphere 

and the part of the surface where the collision takes place are meshed with an equal 

element size. In the other part of the surface, where the stress is negligible the 

element size can be generated bigger. 

In the following table, the different grids used are presented: 

 

Table 7: Grids analysed 

Grid Number of elements Element size [m] 

1 6865 6·10
-3

 

2 27909 4·10
-4

 

3 70369 3·10
-4

 

4 121610 2·10
-5

 

5 200765 1.5·10
-4

 

6 315562 1.2·10
-4

 

7 475401 1·10
-4

 

8 618240 0.9·10
-5

 

 

The mesh has been refined step by step. The number of elements is increased by 

decreasing of the element size. In Table 8, the refining procedure is shown. The 

variation of the coefficient of restitution is observed for the 8 different grids with equal 

boundary conditions.  
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Table 8: Restitution coefficient and deviation for the different grids 

Grid 
Number of 
elements 

Restitution 
coefficient  

Deviation   

1 6865 1.00 ---- 

2 27909 1.00 ---- 

3 70369 1.00 ---- 

4 121610 0.80 20% 

5 200765 0.723 9.6% 

6 315562 0.708 2.1% 

7 475401 0.698 1.4% 

8 618240 0.696 0.2% 

 

The aim of the study is to select the best grid that provides good results combined 

with a non-disproportionate computational time. Due to the small deviation of results 

with grid 8, the chosen grid is grid number 7 with 475401 elements. This grid 

proportionate a coefficient of restitution of 0.698, which agrees with the experimental 

results provided by (Gorham, 2000). 

In the following chart, the evolution of the coefficient of restitution as a function of the 

number of elements is presented. When there are less than 100.000 elements the 

coefficient does not suffer any variation and remains stable at 1. When it increases 

from this value it tends to a fix value and at the end remains constant. 

 

          Figure 31: Grid study of the coefficient of restitution 
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The final mesh can be observed in the following images: 

 

 

 

 

 

 

 

  

Figure 32: General view of the final mesh 

Figure 33: Detailed view of the final mesh 
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5. Models 

 

After explaining the evolution of the simulation, in this part of the work, a deeper 

explanation of the whole simulation is done. The final geometry, the characteristics of 

the materials used, the equation of state and the strength models are analysed. 

Since none of both materials suffers any fracture or breaks, failure model is not 

required.  

 

5.1 Geometry 

 

Gorham and Kharaz (Gorham, 2000) made this experiment using a 5 mm sphere and 

an anvil with a size of 140 x 125 x 25 mm. In the studied and simulated case, the 

longitudinal wave speed of the surface is 5.3 km·s-1. Giving a double transit to the 25 

mm thick anvil, the propagation wave is back to the impact point in approximately 9.4 

µs, which is a lower value than the contact time between the sphere and the surface. 

Although the longer contact time means in principle that stress waves generated at 

the start of the impact can return and influence the final stages of the impact, this 

effect is very small. Moreover the effect of the wave propagation in the coefficient of 

restitution when some plasticity takes place is neglected. For these reasons, the 

dimensions of the surface are large enough to be considered semi-infinite under the 

conditions of this experiment.  

The geometry has been created with “Design modeller”. This modelling software is 

provided by ANSYS. Three bodies have been created. The first body is the colliding 

sphere. This body has a diameter of 5 mm and consequently a weight of 0.255 

grams. The second body is the surface where the sphere collisions. This surface 

measures 150 x 125 x 25 mm and its weight is 1303 g.  The third body is located 

inside the surface where the collision takes place. Its utility is proportionate a better 

mesh. It measures 5 x 5 x 2.5 mm. 

As boundary condition, no movement was allowed in the faces of the surface. Once 

the bodies were created and the boundary conditions were applied, a symmetry 
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plane is created in order to simplify the simulation. In the following figure the resulting 

geometry is shown: 

 

 

  

Figure 34: Final geometry used in the simulation 
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5.2 Materials  

 

The materials that have been used for the simulations made with 

ANSYS Autodyn x64 v14.5.7 and the experimental performed in (Gorham, 2000) are 

presented in this part of the work. The sphere was made of aluminium oxide and the 

surface that receive the impact is made of an aluminium allow. 

 

5.2.1 Aluminium oxide 

 

Aluminium oxide is a chemical compound of aluminium and oxygen with the chemical 

formula (Al2O3). It is commonly called alumina and may also be called aloxide, aloxite 

or alundum depending on particular forms or applications. 

Alumina is a very versatile ceramic material. Its properties make it particularly 

suitable for applications where temperature is a critical factor. Along with silica is the 

most important ingredient in the formation of clays and varnishes, imparting strength 

and increasing aging temperature. 

The most common form of crystalline aluminium oxide is known as corundum, which 

is the thermodynamically stable form. The oxygen ions nearly form octahedral 

interstices. Each Al3+ centre is octahedral.  

The key properties of aluminium oxide are:  

 High strength and stiffness 

 Excellent size and shape capability 

 Available in purity ranges from 94%, an easily metallizable composition, 

to 99.8% for the most demanding high temperature applications 

 Good thermal conductivity 

 Excellent dielectric properties from DC to GHz frequencies 

 Resist strong acid and alkali at elevated temperatures 

Some of the common uses for the aluminium oxide (Al2O3) due to the already 

commented properties are gas lase tubes, wear pads, high temperature electrical 

insulators, high voltage insulators, thread and wire guides, electronic substrates, 

abrasion resistant tube and elbow liners, thermometry sensors, laboratory instrument 

http://en.wikipedia.org/wiki/Aluminium
http://en.wikipedia.org/wiki/Oxygen
http://en.wikipedia.org/wiki/Aluminium
http://en.wikipedia.org/wiki/Oxygen
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tubes and  sample holders, instrumentation parts for thermal property test machines 

and ballistic armour. 

In the following table some properties of the material are shown. 

 

Table 9: Properties of aluminium oxide 

99.5% Aluminium oxide 
 

 

Mechanical properties 
Units of 
measure 

Value 

Density Kg/m3 3890 

Elastic modulus GPa 360 

Shear modulus GPa 154 

Bulk  modulus GPa 228 

Flexural strength  MPa 379 

Poisson’s ratio - 0.23 

Compressive strength MPa 2600 

Hardness Kg/mm2 1440 

Maximum temperature of use ºC 1750 

Thermal properties 

Thermal conductivity W/m·K 35 

Coeff. of thermal expansion 10-6/C 8.4 

Specific heat J/Kg·K 880 

Electrical properties 

Dielectric constant  MHz 9.8 

Dissipation factor MHz 0.0002 

Volume resistivity Ohm·cm >1014 

 

 

 

5.2.2 Aluminium alloy 2024 

 

Aluminium alloys are alloys in which aluminium (Al) is the predominant metal. 

Aluminium is extracted from the principal ore, bauxite. This bauxite is purified using 

the Bayer process. This process involves dissolving aluminium trihydrate to leave 

alumina plus iron and titanium oxides. The extraction of aluminium from alumina is 

achieved by using an electrolytic process. 
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The aluminium alloy chosen for the finite element analysis using the ANSYS Autodyn 

software is the aluminium alloy 2024. This alloy has an aluminium percentage 

between 90.7% and 94.7%. Apart aluminium, copper is the primary alloying element 

with a proportion between 3.8% and 4.9%. Other notable alloys are magnesium 

(1.5%), manganese (0.6%), iron (0.5%) and silicon (0.5%). 

Some of the key properties of aluminium alloys are as follow:  

 Lightness 

 Corrosion resistance 

 Good electrical and thermal conductivity 

 Good light and heat reflectivity 

 Suitability for surface treatments 

 Multiple recycling  

Due to their properties, aluminium is a material which has several industrial 

applications in automotive (chassis, bodies, engine blocks), rail transport, aerospace 

(aircrafts), building, packaging, mechanical industry engineering and energy 

distribution. 

Table 10: Properties of aluminium alloy 2024 

 

  

  

Aluminium alloy 2024   

Mechanical properties 
Units of 
measure 

Value 

Density Kg/m3 2780 

Elastic modulus GPa 70 

Shear modulus GPa 26 

Poisson’s ratio - 0.33 

Yield strength  MPa 324 

Elongation at break - 19% 

Hardness Kg/mm2 47 

Melting range ºC 502-638 

Thermal properties 

Thermal conductivity W/m·K 121 

Coeff. of thermal expansion 10-6/C 24.66 

Specific heat J/Kg·K 875 

Processing properties 

Annealing temperature ºC 413 

Solution temperature ºC 256 
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5.3 Equation of state 

 
The finite element software used support 17 different equations of state. The 

equation of state used in the simulations for both particle and surface is the Shock 

EOS. The Shock EOS is a Mie-Gruneisen EOS based on the shock Hugoniot of an 

impact event. These equations can be regarded as defining a relation between the 

variables ρ (density), P (pressure), e (energy), up (particle velocity) and U (shock 

propagation speed). This form of EOS is widely used and adequately represents 

most metals. 

In many dynamic experiments that made measurements of up and U, it was found 

that for most solids there is an empirical linear relationship between these two 

variables: 

              (61) 
 

It is then convenient to establish a Mie-Gruneisen form of the equation of state based 

on the shock Hugoniot: 

                   (62) 

 

Where it is assumed that,    =      = constant and  

 
    

    
       

           
   (63) 

 

 
    

 

 

  

  
(

 

   
) 

  (64) 
 
 

Where    is the Gruneisen parameter, ξ = (ρ/ρ0)-1, ρ is the current density, ρ0  is the 

initial density and c0 is the bulk sound speed. 

It is important to mention that this equation of state can only be applied to solid 

bodies, as it does not allow for any material phase changes such as melting or 

vaporization. 
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5.4 Strength model 

 

ANSYS Adv 14.57, apart from providing the ability to create a customized model, 

support 18 different strength models. In this work two different strength models were 

used.  For the surface, the Johnson Cook is the definitive strength model chosen. 

The Johnson-Cook plasticity model (Johnson, 1983) is a particular type of Misses 

plasticity model with analytical forms of the hardening law and rate dependence. It is 

suitable for high-strain rate deformation of many materials including most metals. It is 

also an empirical model that computes material flow stress as a function of strain 

(work) hardening, strain-rate hardening and thermal softening. The Johnson-Cook 

model is represented in the following form: 

                  ̇           (65) 

 

Where σ is the effective stress, ε is the effective plastic strain, ε* is the plastic strain 

rate non dimensionalized by the strain rate of 1/s, and T* is the normalized 

temperature defined as (T-Troom)/(Tmelt-Troom).  A, B, C, n and m are the material 

constants determined from empirical fit of flow stress data (as a function of strain, 

strain rate and temperature) to equation (65). The first bracketed expression gives 

the stress as a function of strain when ε* = 1.0 s-1 and T*=0. The second and third 

bracketed expressions represent the effects of strain rate and temperature, 

respectively.  

The strength model used for the sphere is the elastic model. As it has no plastic 

deformation the aluminium oxide sphere is treated as an elastic material.  
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6.  Autodyn simulations 

Once the models used are defined and the final mesh is selected, the simulation of 

the impact of the 5 mm diameter aluminium oxide sphere and the aluminium alloy 

surface are run. In the following part there is a differentiation between the impacts 

with only a normal component and the ones with oblique impacts. 

 

6.1 Normal impacts 

Simulations with the selected grid are done with velocities from 1 m/s to 6 m/s. The 

results are shown and compared to the experimental results proposed in (Gorham, 

2000). 

 

 

The trend-line purposed has the following form: 

                   (66) 
 

and the coefficient of determination of R2 = 0.9983 which denotes a good agreement 

between the values obtained and the regression line purposed. 

Once the grid study is done, using the same mesh some conditions of the model will 

be changed in order to check if this is the best model possible. The next simulation 

done changed the equation of state of the sphere. 
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Table 11: Material, EOS and strength model used for simulation 7 

Sphere  

Material used Al2O3 99.5% 
Equation of state Rigid 
Strength model None 

Surface  

Material used Al 2040 

Equation of state Shock 

Strength model Johnson-Cook 

 

The rigid equation of state has been selected because as it has been already 

mentioned the sphere does not suffer any deformation and is made of a material with 

a bigger hardness compared to the aluminium alloy selected. In the following chart 

the results of this new simulation is compared to the experimental results and to 

simulation 6. 

 

 Figure 36: Comparison between the experiment results and simulations 6 and 7 

 

Applying the rigid equation of state has not provide good results. Comparing both 

simulations 6 and 7, the curve has a similar trend but it is displaced. Treating the 

sphere as a rigid body produces a bigger deformation in the aluminium alloy surface. 

This difference between the energy absorbed in both cases is the main reason for 

the coefficient of restitution variation. 
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The similarity that has been observed between simulation 3 and 4, has also been 

tested with the final mesh. As it was expected the result between both simulations is 

almost the same. As the sphere does not deform plastically, both Johnson-Holmquist 

and elastic strength models proportionate good results and both of them can be 

chosen for the simulations. 

The results obtained have also been compared to several theoretical models already 

presented in the work. In the following chart, the results obtained by the simulations 

done with Autodyn are compared to the experimental results provided in (Gorham, 

2000), and with the models presented in (Thornton, 1997), in (Wu, 2003) and in 

(Jackson, 2010). In this last work mentioned, two different models are presented. 

These models two models follow equation (33) and equation (35) presented in the 

state of the art. 

 

Figure 37: en  comparison of  experimental, simulations and theoretical models 

 

As can be observed in Figure 37 one of the models purposed in (Jackson, 2010) 

predicts with accuracy the results of the normal restitution coefficient. The other 

models provided by other authors do not fit with the experimental results. 
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6.2 Oblique impacts 

 

In the previous part of the work all the simulations that have been presented, were 

collisions with only a normal velocity component. In the following part, several 

simulations with also a tangential component are done.   

 

 

Figure 38 shows the process of the sphere in the collision.  The sphere has an initial 

kinetic energy. After the shock part of the energy is dissipated into plastic 

deformation of the surface and also some part is transferred to rotational kinetic 

energy which makes angular velocity ωo appear.  The following scheme shows the 

process of the kinetic energy involved in the sphere: 

 

Initial linear kinetic energy   final linear kinetic energy + rotational kinetic energy 

 

  

 
    

    
 

 
   

   
 

 
    

   

 

  (67) 
 

 

Where   is the moment of inertia that for a solid sphere is: 

 

 
  

 

 
     

 

  (68) 
 

Figure 38: Impact velocity components, rotational and angles 
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Also, two useful quantities were the normal and tangential restitution coefficients, 

defined as the ratio of the normal and tangential velocity components respectively 

before and after the impact:  

 

    
   

   
     and      

   

   
 

 

  (69) 
 

 

In the following table the first group of simulation are shown: 

 

Table 12: Values of the simulation done with constant Vi and variable Θi 

Vi =3.85 m/s 
       

Θi [º] Vni [m/s] Vno[m/s] en Vti[m/s] Vto[m/s] et Vo[m/s] Θo [º] 

7.5 0.502 0.495 0.986 3.817 3.724 0.975 3.76 7.58 

15 0.996 0.809 0.812 3.719 3.534 0.95 3.63 12.89 

22.5 1.473 1.085 0.736 3.557 3.275 0.92 3.45 18.32 

30 1.925 1.341 0.697 3.334 3.01 0.903 3.29 24.02 

37.5 2.344 1.589 0.678 3.054 2.655 0.869 3.09 30.91 

45 2.722 1.801 0.661 2.722 2.265 0.832 2.89 38.47 

52.5 3.054 2.002 0.656 2.344 1.79 0.764 2.68 48.20 

60 3.334 2.047 0.614 1.925 1.373 0.713 2.43 56.15 

67.5 3.557 2.138 0.6 1.473 0.978 0.664 2.35 65.42 

75 3.719 2.216 0.596 0.996 0.663 0.666 2.31 73.33 

82.5 3.817 2.259 0.592 0.502 0.327 0.651 2.28 81.76 

 

 

The values presented in the table, are obtained with the parameters and models 

explained in the previous part of the work. The simulations made with Autodyn are 

compared with the experimental data provided in (Gorham, 2000). Gorham and 

Kharaz. In their experiment, they fixed the drop height in order that the collision 

between both bodies were at 3.85 m/s. By varying the inclination of the the anvil,  

they covered a collision angle range from 5º to 88º. As can be observed in table 12, 

the collision angle varied from 7.5º to 82.5º. In the following charts, the results 

obtained are validated with the experimental results. 
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In Figure 39, it can be observed that the experiment and the simulation results, 

showed very good agreement, confirming that the model created reproduces with 

great precision the behaviour of the real values of the normal restitution coefficient. 

The results show that for the bigger impact angles, the normal coefficient of 

restitution decreases. The results are logical because the normal component of the 

velocity is bigger for bigger impact angles. 

Figure 40 is a comparison of the experimental and the simulated values of the 

tangential restitution coefficient.  
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Figure 39: Variation of en with impact angle 

Figure 40: Variation of et with different impact angle 
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Although the trend-line of the experimental and simulation is similar, the Autodyn 

results obtained do not fit at all the experimental results. The maximum difference 

between both simulations occurs at around 45º, where the error overpasses the 16%.  

After analysing this error and searching for the problem, it was found that the 

difference between both curves resides in coefficient of friction µ. As announced in 

(Gorham, 2000), the tangential restitution coefficient depends on the normal 

restitution coefficient en, on the impact angle Θi and on the friction coefficient µ with 

the following equation: 

                    (70) 
 

 

In Figure 41, the theoretical tangential restitution for the cases of µ=0.1, µ=0.18 and 

µ=0.25 are added to chart in Figure 40: 

  

 

By using this chart, it has been found that in the simulations done, the chosen 

coefficient of friction (COF) was not the correct one. The selected coefficient of 

restitution was 0.1 while the correct value was µ=0.18. This error did not have any 

influence in the results of the normal restitution coefficient. In this case, equation (70) 

is valid for angles between 0 and 60º. For the next simulations µ=0.18 will be 

established. 
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As it can be observed the variation of the COF, has a big influence on the tangential 

coefficient of restitution and therefore on the final velocity Vo and on the rebound 

angle Θo. 

The simulations showed in table 1 are repeated for the new coefficient of friction. In 

the following table, the most important values of the new simulation are shown: 

 

Table 13: Values of the simulation done with constant Vi, µ=0.18 and variable Θi 

Vi =3.85 m/s       

Θi [º] en et Vo[m/s] Θo [º] 

7.5 0.986 0.975 3.75 7.58 

15 0.812 0.930 3.55 13.16 

22.5 0.736 0.885 3.33 19.02 

30 0.697 0.820 3.05 26.13 

37.5 0.678 0.761 2.82 34.36 

45 0.661 0.705 2.63 43.18 

52.5 0.656 0.641 2.50 53.11 

60 0.614 0.640 2.39 58.98 

67.5 0.600 0.650 2.34 65.88 

75 0.596 0.651 2.31 73.70 

82.5 0.592 0.671 2.28 81.52 

 

The new results fit much better with the experimental values than values in table 1. It 

can be observed that as the initial angle increases, the final velocity gets smaller.  

The most remarkable trend in these simulations is how the velocity Vo decreases 

when the initial impact angle θi gets bigger. In the case with the biggest angle (θi = 

82.5) the velocity of the sphere varies from 3.85 m/s to 2.28 m/s, losing a 40.4% of 

the velocity. Referring to the exit angle θo, the maximum difference occurs when the 

difference between the normal and the tangential coefficient of restitution is the 

biggest. In the case studied, it happens when the initial angle is 30º, in that case the 

en = 0.697, et = 0.82 and consequently θo = 26.12º. 

After changing the friction coefficient and fitting perfectly the simulation results to the 

experimental results, the next step was to fix the collision angle and analysing the 

rebound parameter of the particle.  The initial collision angle is fixed at 30º and 60º, 

while the variable parameter has been the initial velocity Vi. Table 3 and table 4 

present the results of these simulations. 
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Table 14: Results of the simulation done with Θi= 30º and variable Vi 

Θi =30º               

Vi [m/s] Vni [m/s] Vno[m/s] en Vti[m/s] Vto[m/s] et Vo[m/s] Θo [º] 

2 1 0.794 0.794 1.732 1.408 0.813 1.617 29.42 

3 1.5 1.049 0.699 2.598 2.128 0.819 2.372 26.24 

4 2 1.376 0.688 3.464 2.854 0.824 3.169 25.74 

5 2.5 1.698 0.679 4.33 3.568 0.824 3.951 25.45 

6 3 1.974 0.658 5.196 4.292 0.826 4.724 24.70 

7 3.5 2.184 0.624 6.062 5.025 0.829 5.479 23.49 

8 4 2.446 0.611 6.928 5.750 0.83 6.249 23.04 

9 4.5 2.778 0.617 7.794 6.477 0.831 7.047 23.22 

10 5 3.039 0.608 8.66 7.205 0.832 7.820 22.87 

11 5.5 3.32 0.603 9.826 8.175 0.832 8.824 22.10 

12 6 3.519 0.586 10.392 8.667 0.834 9.354 22.10 

 

The range of the initial velocity varies from 2 m/s to 12 m/s. This is the same as 

saying that the range of the normal component of the initial velocity includes 

velocities from 1 m/s to 6 m/s, which are the values that had been validated in the 

work.  

The most remarkable observation in these results is that the resulting impact angle of 

the particle θo, decreases when the initial velocity Vi gets bigger. This occurs because 

en decreases faster than et. 

In the following table the percentage loss of particle’s velocity is showed. As was 

explained, a part of the linear kinetic energy is transferred to rotational kinetic energy. 

 

Table 15: Variation of the velocity of the particle for simulations of table 3 

Vi [m/s] Vo[m/s] 
% of velocity 

loss 

2 1.62 19.2% 

3 2.37 20.9% 

4 3.17 20.8% 

5 3.95 21.0% 

6 4.72 21.3% 

7 5.48 21.7% 

8 6.25 21.9% 

9 7.05 21.7% 

10 7.82 21.8% 

11 8.82 19.8% 

12 9.35 22.0% 
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In this case the variation of the velocity of the sphere does not deviate a lot and it 

seems that Vi does not have a big influence on the results.  

In the following table the same analyse has been done but with Θi =60º. 

 

Table 16: Results of the simulation done with Θi= 60º and variable Vi 

Θi =60º        

Vi [m/s] Vni [m/s] Vno[m/s] en Vti[m/s] Vto[m/s] et Vo[m/s] Θo [º] 

1 0.866 0.736 0.85 0.5 0.339 0.678 0.81 65.276 

2 1.732 1.184 0.683 1 0.704 0.704 1.377 59.24 

3 2.598 1.737 0.669 1.5 1.06 0.706 2.035 58.615 

4 3.464 2.104 0.607 2 1.426 0.713 2.542 55.87 

5 4.33 2.586 0.597 2.5 1.772 0.709 3.135 55.59 

6 5.196 2.969 0.571 3 2.15 0.716 3.666 54.08 

7 6.062 3.352 0.553 3.5 2.523 0.721 4.195 53.03 

8 6.928 3.717 0.536 4 2.88 0.721 4.705 52.19 

 

Eight different velocities had been simulated. In this case the tangential restitution 

coefficient is lower than in the previous simulation. This fact promotes that Θo does 

suffers a big change at lower velocities. It is important to appreciate that with an 

angle of 60º the normal component has a bigger influence than the tangential 

component. Therefore, en influences more than et. This is can be seen when the loss 

of linear kinetic energy is analysed. 

Table 17: Variation of the velocity of the particle for simulations of table 5 

Vi [m/s] Vo[m/s] 
% of velocity 

loss 

1 0.80 20.2% 

2 1.35 32.6% 

3 1.99 33.7% 

4 2.48 38.1% 

5 3.05 38.9% 

6 3.56 40.6% 

7 4.07 41.8% 

8 4.56 43.0% 

 

In this case, the loss of the velocity of the sphere has a bigger dependence on the 

initial velocity than in the case where Θi = 30º.   



69 
 

Studying these both cases, we have noticed that the collision angle Θi, the initial 

velocity Vi, and the coefficient of friction µ have a big influence on the final velocity Vo 

and the final angle Θo. 
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6.3 Autodyn charts 

 

Some plots obtained with Autodyn are presented. This graphics were obtained by 

adding some gauge points in the simulation. Gauge point #1 was located in the 

surface at the exact point where the collision takes place. Gauge point #2 is located 

at the very centre of the sphere. 

 

 

 

Figures 42 and 43 show the velocity and the Y position of the particle respectively 

when the initial velocity of the particle, Vi, is 5 m/s. In the moment that the simulation 

starts, the 2.5 mm radius particle is at a distance of 0.01mm from the surface. The 

collision starts at around 0.0025 ms when the displacement of the particle is 0.01 

mm, at that time the velocity starts to decrease.  The lowest point is reached when 

the Y-velocity is 0. The displacement of the particle reaches 0.035 mm. Then the 

energy is transferred again to the particle and recovers the velocity until 2.88 m/s. 

The restitution coefficient is e=0.56. 

Figure 43: Y–Velocity of gauge point #2 Figure 42: Y- Displacement of gauge point #2 
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Figure 44 shows the displacement of the point located where the collision takes place 

but in the surface’s part. It can be seen the elasto-plastic behaviour of the aluminium 

alloy surface. 

The next plots, analyses the energy involved during the collision. Figure 45 shows 

the Kinetic energy of both materials and Figure 46 presents the total amount of 

energy of the whole system. 

 

 

All the energy of this system proceeds from the initial velocity of the aluminium oxide 

sphere. Once the shock starts and the velocity of the sphere decreases, this kinetic 

energy is reduced and it is transformed into shock waves and into plastic 

deformation. As the sphere recovers its velocity, some kinetic energy is gained again 

for the sphere and lost by the surface. The total amount of energy remains constant 

during the whole process as it is a closed system.  

Figure 44: : Y-Displacement of gauge point #2 

Figure 45: Total energy of the system Figure 46: Kinetic energy of the system 
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7. Conclusions 

 

After performing this work, it has been proven the difficulty to find a theoretical model 

to predict the behaviour in the rebound of a particle when some plastic deformation 

takes place. In the case analysed, the velocities analysed are compressed between 

0.5 m/s and 7 m/s and plasticity starts in the aluminium alloy surface at around 0.7 

m/s. Therefore, the whole investigation occurs in an elasto-plastic regime. During the 

past decades, several models has been presented that tried to predict the rebound of 

the particle but at the moment, the best prediction is from the Hertz model that 

predicts the elastic collisions. 

Despite the difficulty of predicting the restitution coefficient for collisions with plastic 

deformation, using the finite element method with the software ANSYS Autodyn, the 

results obtained had a really good agreement with the experimental values presented 

in (Gorham, 2000) for the aluminium oxide sphere colliding to the flat surface. 

Referred to the simulation, it has been tested the influence that parameters like the 

initial velocity or the collision angle have. According to our results, as the initial 

velocity increases for a fixed angle, the normal restitution coefficient decreases. 

When the tangential restitution is analysed in analysed for an increase of the impact 

angle the resulting value also gets smaller. When the initial angle is fixed and the 

velocity varies, while et does not suffers big variations, en has a notably decrease. 

During the process, it has been observed that the mesh chosen for the simulations 

has a big importance with the final results. Furthermore, the equation of state that 

predicts the results better is the shock EOS. This is used for both aluminium oxide 

and aluminium alloy 2024. The strength models that provide a better response is the 

Johnson-Cook model for the surface and the Johnson-Holmquist and the Elastic 

model provided by the software for the sphere.  
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8. Outlook 

 

The present study faced some difficulties due to the high precision required with the 

mesh. The size of the elements used needed to be very small and this fact reduced 

the time step on the simulations and consequently the total time. The duration of a 

simple simulation lasted for an average of 20 hours. Reducing the total duration of 

the simulation should be one of the main targets for further simulation. This would 

have allowed making deeper studies. 

For further studies it would be interesting analyzing other parameters that were not 

took into account in this work such as the rotational speed.  All the simulations run 

had no initial angular velocity; therefore, introducing this parameter would provide 

more information about the rebound of the particles. Also, changing the size of the 

particle would provide an increase of the mass as well as a variation on the contact 

radius and the interference between the sphere and the surface. 

 

  



74 
 

References 

Abbot, E.J.,  Fireston, F.A., 1933. Specifying Surface Quality- A Method Based on 

Accurate Measurement and Comparison. Journal of Mechanical Engineering, 

No. 55, 569-572. 

Chang, W.R., Etsion, I. Bogy, D.B., 1987. An elastic-plastic model for the contact of 

rough surfaces. ASME J. Tribol. 109 (2), 257-263. 

Chang, W.R., Ling F.F., 1992. Normal impact model of rough surfaces. aSME J. 

Tribol. 114,, 439-447. 

Dhatt,G., Touzot, G., Lefrançois, E., 2012. Finite Element Method. London: ISTE Ltd 

and John Wiley & Sons, Inc. 

Du, Y., Wang, S., 2009. Energy dissipation in normal elasto-plastic impact between 

two spheres. Journal of applied Mechanics. 

Etsion, I. Kligeran, Y. Kadin, I., 2005 . Unloading of an elastic-plastic loaded spherical 

contact. International Journal of Solids and Structures, 3716-3729. 

Gorham, D.A., Kharaz, A.H., 2000. A study of the restitution coefficient in elastic-

plastic impact. Philosophical Magazine Letters, 549-599. 

Gorham, D.A., Kharaz, A.H., 2000. The measurement of particle rebound 

characteristics. Powder Technology, 193-202. 

Green, I., 2005. Poisson ratio effects and critical values in spherical and cylindrical 

Hertzian contacts. International Journal of Applied Mechanics and 

Engineering, 451-462. 

Hertz, H., 1882. Über die Berührung fester elastischer Körper ( on the contact of 

elastic solids). Journal für die reine und angewandte Mathematik 92, 156-171. 

Jackson, R.L.,  Chusoipin, I., Green, I., 2005. A finite element study of the residual 

stress and strain formation in spherical contacts. ASME Journal of Tribology, 

484-493. 

Jackson, R.L., Green, I., 2005. A Finite Element Study of Elasto-Plastic 

Hemispherical Contact Against a Rigid Flat. Journal of Tribology, Vol 127, 

343-354. 

Jackson, R.L., Green, I., Marghitu, D.B., 2010. Predicting the coefficient of restitution 

of impacting elastic-perfecly plastic spheres. Nonlinear Dyn. 60, 271-229. 



75 
 

Johnson, G.R., Cook, W.H., 1983. A Constitutive Model and Data for Metals 

Subjected to Large. Proceedings of the Seventh International Symposium on 

Ballistics, 541-547. 

Jonson, K.L., 1985. Contact Mechanics. Cambridge: Cambridge University Press. 

Kharaz, A.H., Gorham, D.A., 2001. An experimental study of the elastic rebound of 

spheres. Powder Technology, 281-291. 

Kharaz, A.H., Gorham, D.A., Salman, A.D., 1999. Accurate measurement of particle 

impact parameters. Meas. Sci and Tech, 31-35. 

Li, L.Y., Wu, C.R., Thornton, C., 2002. A theoretical model for the contact of elasto-

plastic bodies. Proc. Inst. Mech. Eng, 421-431. 

Seifried, R., Shiehlen, W., Eberhard, P., 2005. Numerical experimental evaluation of 

the coefficient of restitution for reapeated impacts. International Journal of 

Impact Engineering, 508-524. 

Stronge, W., 1995. Coupling of Friction and Internal Dissipation in Planar Collisions 

of Copliant Bodies. Proc 2nd Int. Conf. on Contact Mechanics (S. 417-426). 

Plenumm Press. 

Stronge, W., Lim, C.T., 1998. Normal Elastic-Plastic Impact in Plane Strain. 

Mathl.Comput. Modelling, 323-340. 

Tabor, D., 1951. The hardness of Metals. Oxford: Clarendon Press. 

Thornton, C., 1997. Coefficient of Restitution for Collinear Collisions of Elastic-

Perfectly Plastic Spheres. Journal of Applied Mechanics, 383-388. 

Thornton,C., Wu, C.R., Li, L.Y., 2003. Coefficients of restitution for elasto-plastic 

oblique impacts. Advanced Powder Technol., 435-448. 

Timoshenko, S., Goodier, J.N., 1951. Theory of Elasticity. New York: McGraw-Hill. 

Vu-Quo, L., Zhang, X., 1999. An elasto-plastic contact force-displacement model in 

the normal direction: displacement driven version. Proc. R. Soc. Lond. A, 

4013-4044. 

Weir, G., Tallon, S., 2005. The coefficient of restitution for normal incident, low 

velocity particle impacts. Chemical Engineering Science, 3637-3647. 

Wu, C.Y., Li, L.Y., Thornton, C., 2003. Rebound behaviour of spheres for plastic 

impacts. International Journal of Impact Engineering, 929-946. 



76 
 

Wu, C.Y., Li, L.Y. Thornton, C., 2005. Energy dissipation during normal impact of 

elastic and elastic-plastic spheres. International Journal of Impact 

Engineering, 593-604. 

Wu, C.Y.,  Thornton,C. Li, L.Y., 1999. Impact behaviour of elasto-plastic spheres with 

a rigid wall. Proc Instn Mech Engrs, 1107-1114. 

Zhang, X., Vu-Quo, L., 2001. Modelling the dependence of the coefficient of 

restitution on the impact velocity in elasto-plastic collisions. International 

Journal of Impact Engineering 27, 317-341. 

 

 

 

 

 

 

 

 



A 
 

Eidesstattliche Erklärung 

Ich Sergi Tusell i Prats erkläre hiermit an Eides statt, die vorliegende Arbeit 

selbständig angefertigt und alle benutzten Quellen und Hilfsmittel vollständig und 

genau angegeben zu haben. Weder die vorliegende Arbeit, noch Teile von ihr, 

wurden für eine staatliche oder andere wissenschaftliche Prüfung eingereicht. Auch 

wurde weder die vorliegende Arbeit noch eine andere Abhandlung von mir bei einem 

anderen Fachbereich oder einer anderen Universität eingereicht. 

 

 

Kaiserslautern, den 11.05.2015                                      _________________ 

                                                                                         ( Sergi Tusell i Prats) 

 

 


