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Abstract

In this paper we present a procedure for the estimation of the Fekete points on a
wide variety of non-regular objects in IR3. We understand the problem of the Fekete
points in terms of the identification of good equilibrium configurations for a potential
energy that depends on the relative position of N particles. Although the procedure
that we present here works well for different potential energies, the examples showed
refer to the electrostatic potential energy, that plays an special role in Potential Theory
and Physics. The objects for which our procedure has been designed can be described
basically as the finite union of piecewise regular surfaces and curves. For the deter-
mination of a good starting configuration for the search of the Fekete points on such
objects, a sequence of approximating regular surfaces must be constructed.

The numerical experience carried out until now suggests that the total compu-
tational cost of the obtaining of a nearly optimal configuration with the procedure
introduced here is less than N3 independently of the object considered.

1 Introduction

The N-th order Fekete points of a compact set K ⊂ IRd are N -tuples ωN = {x1, . . . , xN} of
points xi ∈ K minimizing a functional of the form

I(ωN) =
∑

1≤i<j≤N

K(xi, xj),

where K is a lower semicontinuous function called kernel. The functional I is usually called
the potential energy associated with K. The kernel K can adopt multiple forms. For instance,
if |xi − xj| is the Euclidean distance between xi and xj, the logarithmic kernel, K(xi, xj) =
− ln |xi−xj| and the Riesz’s kernels, K(xi, xj) = |xi−xj|−s, s > 0, are the most treated in the
literature. In the three-dimensional space, these concepts play an important role in Physics,
where they can be interpreted in different ways. From a mechanical point of view, if I is the
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potential energy of a system of N particles x1, . . . xN of unitary mass and Vi =
N∑

j=1
j 6=i

K(xi, xj),

then Fi = −∇xi
Vi, represents the force that acts on the i-th particle due to the existence of

the rest of particles.

The design of efficient algorithms to find good estimations of the Fekete points of a
given compact set K is nowadays considered a computational challenge, see [11]. Most of
the works carried out until now refer to the case in which the compact K is a sphere in the
three-dimensional space. Moreover, estimations of the Fekete points on the torus have been
recently studied, see [8]. With regards to non-regular geometries, the Fekete points of the
triangle have been analyzed due to its usefulness in numerical interpolation, see [12].

In this paper we propose an algorithm to the numerical estimation of the Fekete points
of non-smooth compacts. Essentially, these compact sets are the finite union of piecewise
regular manifolds of different dimensions. Moreover, we will focus in the three-dimensional
case, since the estimation of Fekete points in this ambit attract the attention of the Chem-
istry, Biology, Nanotechnology, CAD, interpolation, approximation, etc, see [1]. On the
other hand, in the examples that we present here we have considered the Newtonian kernel
that correspond to take s = 1 in the Riesz’s kernels, and whose potential energy is called
electrostatic potential energy. This kernel has a special relevance due to its implication in
the electrical and gravitational phenomena. Moreover, the relation between the potential
energy of a system of particles and the energy of a distributed charge has been analyzed for
several authors, see [9], whose work will provide us a good framework for the contrast of the
solutions obtained with our algorithm.

This work is an extension of the one carried out by the authors in [2], where an algorithm
to the estimation of the Fekete points on regular surfaces was presented. That algorithm is
based in the concept of disequilibrium degree, defined, for a particle xi on a regular surface

as
|F T

i |
|Fi|

, where F T
i is the tangential component of the force Fi. In fact, the vector wi =

F T
i

|Fi|
gives the advance direction of the particle xi in the iterative process, whereas the step size is
obtained from the expression ∆xi = a min

1≤p<q≤N
{|xp − xq|}wi, where a can be chosen in such

a way that a good agreement between numerical robustness and efficiency is obtained. In
addition, in each iteration it is necessary an algorithm to return the particles to the surface.
Finally, the maximum disequilibrium degree in each iteration is used to the convergence
control. In a semi-logarithmic space, the algorithm gives a convergence path with a highly
non-linear initial phase followed of another in linear tendency that indicates high order
proximity to a local stationary point.

The obtention of conjecturally optimal distributions of only some tens of points in the
sphere required a considerable numerical effort due to the extremely fast increasing of the
number of local stationary points of the potential energy. We considered that to realize an
equivalent study for the different geometries presented as exercises in this work was out of
place, since the problem that we are considering here is the possibility of carrying out such
studies.
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2 Description of the Method

The algorithm to obtain the Fekete points of a connected compact differentiable surface
without boundary presented by the authors in [2] works well both from the point of view
of the numerical robustness and efficiency and for the quality of the solutions. When S
is a non-regular surface, to estimate its Fekete points becomes a more difficult problem.
For instance, if we consider S the boundary of a regular tetrahedron and we give an initial
particles distribution in S, it is easy to see that the force that acts in each particle makes
it remain in the face in which it was initially. Therefore, if the initial distribution did not
have a suitable number of particles over each face, the local minimum attained will be very
far from being an acceptable solution for the global Fekete points problem on S. In more
general cases, to advance according to the direction of Fi restricted to a non-regular surface
could allow the transition from one face to another, but even then there could exist a lot of
unsatisfactory local minima if the initial distribution is not suitable.

In general, for a given non-regular surface it is impossible to predict the number of
particles that will lie on each face and on each edge when the Fekete problem has been
solved. From a numerical point of view, one cannot expect to solve the problem beyond
of obtaining a local minimum from a given initial configuration. Therefore, it is necessary
to design a strategy to generate good initial configurations. With this aim, we work from
the intuitive idea that a configuration of N points in a reasonably good equilibrium state
over a regular surface Sm, that is sufficiently close to the non-regular surface S, can be used
to construct a good initial position to start the numerical search of the Fekete points of
S. In fact, our numerical strategy for the generation of initial positions consists in finding
a sequence of acceptable equilibrium configurations on a small number of approximating
regular surfaces Sk, with 1 ≤ k ≤ r -we usually take r = 2- by means of the algorithm
presented in [2]. Each one of the points xi of the final configuration in Sk is projected to the
surface Sk+1 to act as its starting configuration. The more general way of carrying out this
transition consists in projecting xi to its closest point on Sk+1. However, in many cases other
techniques can be used, as for example the projection according to the normal direction to
Sk in xi. Then, projecting the final r-th configuration to S we obtain a good starting point
for a further accurate calculation of an equilibrium configuration on it. With respect to the
initial configuration corresponding to S1, there are not special requirements and it can be
generated randomly.

In the following subsections we examine the more relevant aspects of the above reasonings.
Firstly, we describe the family of compact sets where we are going to consider the Fekete
points problem, and that we will call weakly smooth compact sets, from now on W -compact
sets. We also analyze the accessibility to these compact sets by means of approximating
regular surfaces, and make certain theoretical considerations that supports our numerical
approach. Secondly, the foundations of a versatile technique for the generation of sequences
of regular surfaces tending to W-compact sets are presented. We finish by analyzing the
potential energy restricted to a W-compact set and describing the algorithm to estimate the
Fekete points in W-compact sets.
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2.1 W-compact sets

We would like to emphasize the generality of the sets where we can obtain good configurations
for the Fekete points problem, i.e, nearly optimal configurations for the potential energy.
The more relevant characteristic of the family of sets we consider is, roughly speaking, the
piecewise smoothness in a wide sense. In particular, we will admit the finite union of surfaces
with curves.

Let S ⊂ IR3 be a connected compact set with 2-dimensional Lebesgue measure. Let us
also consider the subsets

A = {x ∈ S : S is a differentiable 2-manifold at x},

and
B = {x ∈ S \ A : S \ A is a differentiable 1-manifold at x}.

Each connected component of A, B and S \ (A ∪ B) will be called face, edge and vertex of
S, respectively. We will say that S is a W-compact set, when it has a finite number of faces,
edges and vertices and in addition S \ A is a set with 1-dimensional Lebesgue measure and
S \ (A ∪B)) has null Lebesgue measure.

We will work with W-compact sets such that for each n ≥ m0 the number of con-

nected components of Dn =
{
x ∈ IR3 : d(x,S) =

1

n

}
remains constant and equals the num-

ber of connected components of IR3 \ S, where d represents the Euclidean distance in IR3.
Then, there exists a sequence of connected compact differentiable surfaces without bound-
ary, {Sn}∞n=1, that tends to S, in the sense that for each x ∈ S, d(x, Sn) → 0 and also the

sequence
{
max
x∈Sn

{d(x,S)}
}∞

n=1
→ 0.

Observe that the surfaces Sn can be built from Dn by connecting all its connected com-
ponents and smoothing the final surface. Specifically, the connection of two components
can be made as follows. Let us consider a regular point x in a face such that x belongs
to the boundary of two connected components of IR3 \ S. Then we can choose rn such

that D1
n =

{
x ∈ IR3 : d(x,S1

n) =
1

n

}
has one connected component less than Dn, where

S1
n = S \ {B(x, rn) ∩ S}.

Now, we can analyze the construction of good initial positions for the Fekete points
problem in W-compact sets. It is well-known that if a compact set K ⊂ IR3 is the intersection
of a decreasing sequence of compact sets {Kn}∞n=1, then the measures that minimize the
Newtonian energy of Kn vaguely converge to the measure that minimizes the Newtonian
energy of K. Taking into account that the Newtonian optimal measure of Kn has its support
on the outer boundary ∂0Kn, then the electrostatic optimal measures of the boundaries
∂0Kn converge to the electrostatic optimal measure of ∂0K. On the other hand, the discrete
measure supported by the Fekete points of ∂0Kn vaguely converges to the optimal measure
of ∂0Kn.
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These results suggest that a sufficiently well equilibrated configuration of N points in
a sufficiently good approximating surface can be used to construct a good initial position
to start the search of the N -th order Fekete points of S. Our intention here is to show
numerical evidence of the effectiveness of this numerical approach even in contexts that
are not necessarily under the hypotheses of the classical theorems. For other results of
approximation of solutions of the energy minimization problem considering several kernels,
measures sets and support spaces see [3] and [7].

2.2 Regular approximation to W-compact sets

From a practical point of view, we need to dispose of an effective technique to construct a
sequence of approximating surfaces {Sn}∞n=1 of a given W-compact set. Among the different
procedures that could be used, we want to mention one based on a technique of composition
of implicit functions widely used in different areas, especially in Computer Graphics, see
for instance [4]. This method provides global implicit equations to describe very general
geometries.

We present here a systematic analysis of three fundamental cases associated to the ap-
proximation of boundaries of open sets, surfaces with boundary and curves. Over this basis,
the feasibility of the approximation of a wide variety of W-compact sets combination of these
three cases by means of more general composition operations can be easily proved.

2.2.1 Case 1

Next we analyze the approximation process to the boundaries of compact open sets that can
be described in the form

Ω =
{
x ∈ IR3 : max

1≤i≤k
{Fi(x)} < 1

}
,

where Fi : IR3 −→ IR+, i = 1, . . . , k, k ∈ IN are sufficiently smooth functions. Let we
consider the sequence {An}∞n=1 of open sets defined for each n ∈ IN by

An =

{
x ∈ IR3 :

k∑
i=1

Fi(x)n < 1

}
.

Lema 2.1 The sequence {An}∞n=1 increases to Ω, that is, An ↑ Ω. Moreover, the sequence

{∂An}∞n=1 tends to ∂Ω =
{
x ∈ IR3 : max

1≤i≤k
{Fi(x)} = 1

}
.

Proof. Let us consider x ∈ An. Then for each i ∈ {1, . . . , k}, 0 ≤ Fi(x) < 1, and hence
k∑

i=1
Fi(x)n+1 <

k∑
i=1

Fi(x)n < 1 and x ∈ An+1. On the other hand, if x ∈ Ω and Φx =
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max
1≤i≤k

{Fi(x)}, then 0 ≤ Φx < 1 and
k∑

i=1
Fi(x)` ≤ k Φ`

x, ` ∈ IN. Therefore, if nx = min{j ∈ IN :

k Φj
x < 1} then for each n ∈ IN such that n ≥ nx, x ∈ An.

The following simple example illustrates this case. The sequence of sets

∂An = {(x, y, z) ∈ IR3 : x2n + y2n + z2n = 1},

goes from the sphere to the cube

∂Ω = {(x, y, z) ∈ IR3 : max{x2, y2, z2} = 1},

when n goes from 1 to ∞.

2.2.2 Case 2

We consider now the approximation to connected compact surfaces with boundary that can
be described in the form

Γ =
{
x ∈ IR3 : F (x) = 0, G(x) ≤ 0

}
,

where F, G : IR3 −→ IR are sufficiently smooth functions. Consider also the sequence
{An}∞n=1 of open sets defined for each n ∈ IN by

An =
{
x ∈ IR3 : nF (x)2 + G(x) > 0

}
.

Lema 2.2 The sequence {An}∞n=1 increases to IR3 \ Γ. Moreover, the sequence {∂An}∞n=1

tends to Γ.

Proof. If x ∈ An, then (n + 1)F (x)2 + G(x) ≥ nF (x)2 + G(x) > 0 and hence x ∈ An+1.
On the other hand, if x ∈ IR3 \ Γ then either F (x)2 > 0 or G(x) > 0. In any case, if

nx = min
{
j ∈ IN : jF (x)2 > −G(x)

}
then for each n ∈ IN such that n ≥ nx, x ∈ An.

Observe that ∂Γ ⊂ ∂An for each n ∈ IN. In addition, if Γ is a surface without boundary
of the form Γ =

{
x ∈ IR3 : F (x) = 0

}
, the above result is also true by taking G = −1.

As an example of this situation, we can mention the approximation of the unit disc

Γ = {(x, y, z) ∈ IR3 : z = 0, x2 + y2 − 1 ≤ 0},

by means of the sequence of oblate ellipsoids

∂An = {(x, y, z) ∈ IR3 : nz2 + x2 + y2 − 1 = 0}.
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2.2.3 Case 3

We focus here in the approximation to connected compact curves with boundary that can
be described in the form

C =
{
x ∈ IR3 : F (x) = 0, G(x) = 0, H1(x) ≤ 0, H2(x) ≤ 0

}
,

where F, G, H1, H2 : IR3 −→ IR are sufficiently smooth functions verifying that the set{
x ∈ IR3 : H1(x) > 0, H2(x) > 0

}
is empty. Consider also the sequence {An}∞n=1, of open

sets defined for each n ∈ IN by

An =
{
x ∈ IR3 : nF (x)2 + nG(x)2 −H1(x)H2(x) > 0

}
.

Lema 2.3 The sequence {An}∞n=1 increases to IR3 \ C. Moreover, the sequence {∂An}∞n=1

tends to C.

Proof. If x ∈ An, then

(n + 1)F (x)2 + (n + 1)G(x)2 −H1(x)H2(x) > nF (x)2 + nG(x)2 −H1(x)H2(x) > 0

and hence x ∈ An+1. On the other hand, if x ∈ IR3 \ C then either F (x)2 + G(x)2 > 0 or

H1(x)H2(x) < 0. In any case, if nx = min
{
j ∈ IN : j

(
F (x)2 + G(x)2

)
> H1(x)H2(x)

}
then

x ∈ An, for each n ∈ IN such that n ≥ nx.

Observe that ∂γ ⊂ ∂An for each n ∈ IN. Moreover, if ∂C = ∅ it suffices to take H1 =
H2 = −1, whereas if ∂C ⊂ {H1 = 0}, it suffices to take H2 = −1.

The approximation of the segment

C = {(x, y, z) ∈ IR3 : y = 0, z = 0, x− 1 ≤ 0, −x− 1 ≤ 0},

by means of the sequence of prolate ellipsoids

∂An = {(x, y, z) ∈ IR3 : ny2 + nz2 + x2 − 1 = 0},

illustrates this case.

2.3 The energy restricted to a W-compact set

Let S be a W-compact set. For each x ∈ S, we can consider the set Cx of all the differentiable
curves contained in S with origin in x. In this conditions, we define the mobility set of x in
S, TS(x), by

TS(x) =
{
t ∈ IR3 : t is the unitary tangent vector in x of a γ ∈ Cx

}
.
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If x belong to a face of S, then the vectors of its mobility set generate the plane tangent
to S in x, TS(x).

If f : IR3 −→ IR is a regular function in x ∈ S, let us consider the scalar

p = max
t∈TS(x)

{−〈∇f, t〉},

and the set tS(x) defined by

tS(x) =

 {t ∈ TS(x) : −〈∇f, t〉 = p}, if p > 0,

{0}, if p ≤ 0.

According to the fact that the opposite of the gradient of a regular function determines
its maximum descent direction, we define the set

−∇f|S(x) = p tS(x),

as the generalized minus-gradient of f|S in x.

Let us note that even being S a W-compact set, −∇f|S(x) can contain a non-numerable
quantity of elements. For example, if x is the vertex of a revolution cone and −∇f(x) points
towards the interior of the cone in the direction of its axis, then tS(x) = TS(x).

If x ∈ S, then the set

NS(x) = {q ∈ S2 : 〈q, t〉 ≤ 0 for each t ∈ TS(x)},

can be defined as the normal set to S in x, in the sense that if ∇f 6= 0 and − ∇f

|∇f |
∈ NS(x)

then x is in equilibrium on S, and then we will say that x is a generalized stationary point
of f|S . Let us note that if TS(x) has only one element t, then NS(x) is a closed hemisphere.
Hence, in general, NS(x) is the intersection of all the closed hemispheres associated to each
t ∈ TS(x). If x belongs to a face, then NS(x) has only two opposite points that define the
normal direction to the face. In the simple case in which S is the boundary of a convex
polyhedron, if x belongs to an edge, then NS(x) is an arc of circumference, and if x is a
vertex where r faces meet, then NS(x) is the convex spherical r-gon whose vertices are the
outer normals of these faces. In a generic case, NS(x) can adopt multiple forms. If NS(x)
has non-null bi-dimensional measure, then x necessarily is a vertex, but no more general
results there exist. For example, NS(x) can be the empty set in a vertex. The points x ∈ S
such that NS(x) is the empty set have more freedom of movement than a point in a face,
because x is a generalized stationary point of f|S only when x is a stationary point of f.

For a given x ∈ S, the calculation of −∇f|S(x) requires in general to solve an optimization
problem. However, except when x belongs to the boundary of a face C such that C̄ is not
regular in x -situation that must be solved depending on each particular case-, the resolution
of this optimization problem reduces to a finite number of trivial verifications. In effect, let
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us consider a point x ∈ S. If x belongs to a face, then the only element in −∇f|S(x) is
−PrTS(x)∇f. Else, let us suppose that x is a vertex belonging to the boundary of the faces
h1, . . . , hr and of the edges e1, . . . , es, and that h̄j are regular in x. Then, let us consider
the tangent planes πj = Th̄j

(x) of each face in x. Let t1, . . . , ts also be the unitary tangent
vectors in x of each edge. Consider now the closed half straight lines l1, . . . , ls generated
by t1, . . . , ts and the closed subsets π̂j of each tangent plane delimited by the two half
straight lines corresponding to its boundary edges. The problem reduces to finding the best
approximation of x−∇f to the r sets π̂ and to the m half straight lines l that not belong to
any π̂. Then we can calculate yj = −PrTh̄j

(x)∇f, and generate a list L with all the scalars

|yj| for each j such that x − yj ∈ π̂j and with the m scalars −〈∇f, t〉 corresponding to the
half straight lines referred above. In this conditions, p is the maximum element in L, and
tS(x) is directly obtained. Other simpler cases can be solved analogously.

Returning to the Fekete points problem, for the calculation of the advance direction w,
we can choose any of the elements of −∇Vi|S(x) as F T

i . On the other hand, the different
definitions made above can be directly generalized. If M = Sn and x = {x1, . . . , xn} ∈ M,
then we denote the mobility set of the configuration x ∈M by TM(x) = TS(x1)×. . .×TS(xn).
Analogously the sets tM(x), −∇I|M(x) and NM(x) can be defined.

2.4 The Algorithm

With the background of the precedent subsections, we can describe the main steps of our
algorithm for the estimation of Fekete points in W-compact sets. We want to point out that
a important part of that background has the objective of producing good initial positions to
obtain true nearly optimal configurations of Fekete points on a non-smooth object.

The resolution process has two clearly different parts. The first one has a purely geometric
character, and comprises the description of the W-compact set S, the construction of its
approximating regular surfaces and the choice of a procedure for project points from one
of these objects to other. The second part consists in an iterative algorithm for the search
of Fekete points, and includes the determination of an advance direction, a step size, and a
geometric criterion for the return of the points to the object; moreover, all these items must
be reformulated when the points already move over the non-smooth W-compact set.

Regarding to the first part, we have presented above a useful technique for the definition
of approximating implicit surfaces. In any case, independently of the procedure used for the
generation of these surfaces, it must be taken into account that for the obtaining of really
good initial position it is necessary to design an ad. hoc. approximation strategy for each
problem considered, in the sense that the number of intermediate approximating surfaces and
its degree of approximation to S must to adapt to the specific geometric difficulties of S and
the number of points N. In the following section we present a variety of exercises that show
how this strategy can be developed in a simple way in many practical cases. On the other
hand, although the closest point technique provides a very general way of projecting points
from a set to other, it can project two different points to the same position, and in general
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requires to solve a non-trivial optimization problem. As it has been said before, in many
cases the projection along the normal direction can be also an interesting projection method.
In general, its resolution is fast by means of a one-dimensional Newton method, although
it is possible that this direction does not intersect with the set involved. It is not easy to
give an unquestionable projection method. However, from our experience, any reasonable
projection procedure produces in the practice good results. Let us also note that such a
method has always a computational cost of order N -in each iteration-, and, therefore, the
projection method is, in this sense, a minor problem. All these comments about projecting
methods are also applicable to the return algorithm corresponding to the iterative process.

The algorithm of descent of the potential energy is the one presented in [2]. When we are
in an approximating surface, we only search configurations in a reasonably good equilibrium
state -note that although the descent algorithm in an approximating surface is in linear
tendency, after the projection to the next surface the potential energy is in general far from
any local minimum-. To this purpose, a reasonably good equilibrium state can correspond to
of maximum disequilibrium degree between 10−2 and 10−3. In this conditions, the computa-
tional cost of all the process of obtaining a good initial position in S has low signification in
comparison with the computational cost of searching a near optimal configuration in S. For
the application of the descent algorithm in S, F T

i must be calculated as it has been indicated
in the previous subsection. However, some specific considerations must be made. If a particle
moving over a face of S crosses its boundary, it must be projected to this boundary before
F T

i is actualized. In the new position, F T
i will decide if the particle will move along the

boundary, will return to the original face or will go to other face. An analogous procedure
must be followed if a particle moving along an edge of S crosses its boundary.

We want to remark the notable result that the increasing ratio of the total computational
cost of the process of obtaining a nearly optimal configuration in a W-compact set S with
the number of points N is essentially the same in all the cases that we are considered, in
particular when S is a regular surface, for instance a sphere. Moreover, as it was said in [2],
this cost seems to be less that N3.

We finish this section presenting a brief scheme of our proposal for numerically obtain
good estimations of the Fekete points of a W-compact set S:

1. Generate a good initial configuration in S.

1.1. Definite r approximating regular surfaces Sk, with 1 ≤ k ≤ r.

1.2. Generate a random configuration of N points in S1.

1.3. For each k, 1 ≤ k ≤ r, obtain a configuration in a reasonably good equilibrium
state in Sk by means of the descent algorithm and project it to the next surface.
The last projection is between Sr and S.

2. Starting from the last configuration, apply the descent algorithm to obtain a nearly
optimal configuration in S taking into account its non-smoothness.
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Once an estimation of the Fekete points has been obtained, some outputs can be derived,
than can help us to evaluate the quality of the solutions. In any case, the simple visualization
of the final configuration results always interesting. The verification that the different ratios
obtained from the number of particles belonging to each face stabilize with N, and that all
the symmetries of S can be reproduced by the equilibrium points, can be good quality tests.
When the power of the Riesz’s kernel increases, the points tend to uniformly distribute
on S. Therefore, in these cases it is possible to evaluate the degree of uniformity of the
configurations obtained, for instance, by means of the variation coefficient of the distances
between neighbor points, the areas of the Dirichlet cells or its associated triangles, etc. When
the Newtonian kernel is used, the distribution of the Fekete points reproduces the electric
phenomenon, what allows us to carry out more sophisticated analysis. In particular, it is
possible to observe the evolution of the magnitude of the electric field in the interior of
conductor bodies, what allows us to numerically verify certain theoretical results, see [9].

3 Some Examples

Next examples show the versatility of our algorithm. We have include some examples with
academic interest and others of playful character, although with evident difficulties with
regards to the obtaining of equilibrium configurations.

3.1 Unit Cube

For this case, we used approximating regular surfaces implicitly described by

fp(x, y, z) = ep(x2−0.25) + ep(y2−0.25) + ep(z2−0.25) = 1,

with p ∈ IR+. More explicitly, we worked with two approximating surfaces defined by p =
15, 30, respectively. The kernel considered was the Newtonian one.

Figure 1 illustrates the general behavior of our algorithm for non-smooth surfaces. In
the upper part the final configurations -with a maximum disequilibrium degree of 10−2-
corresponding to the two approximating regular surfaces with N = 10537 are showed. As
can be viewed, going from the approximation with p = 15 to the one with p = 30 implies an
important increase of the density of particles in the more curved zones, corresponding to the
edges and vertex of the final cube. The projection between surfaces has been carried out along
the direction of the normal vector by means of the Newton algorithm. Down, a near-optimal
configuration with 10537 particles in the unit cube S and the corresponding convergence
picture are given. Let us note that any symmetry has been used in this calculation. The
typical convergence behavior described in [2] can be observed. It is clear that almost the
whole second half of the convergence path is in linear tendency.

We have used this example to study the approximation process of the interior field and
the electrostatic charge density of the cube by means of a sequence of Fekete N -tuples,
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Figure 1: Approximating configurations, equilibrium final configuration and convergence of
the algorithm for the problem of the Fekete points in the unit cube with N = 10537 and the
Newtonian kernel.

{ωN}∞N=2. The results obtained confirm the quality of the solutions provided by our algorithm
and agree with certain theoretical and numerical results of other authors working on these
topics. Regarding to the interior field, a theorem due to Korevaar and Monterie, see [9],
affirms in particular that, if x is a point in the interior of the solid cube, dx = d(x,S) and
FN

x is the field due to ωN in x -i.e, the force that would act over a unitary charge in x due

to N equal charges of magnitude
1

N
located in ωN -, then a scalar c there exists such that

for each N ≥ 2,

|FN
x | ≤ c

1 + dx

d3
x

1√
N

.

Figure 2 (up) shows the maximum value of
d3

x|FN
x |

1 + dx

in the interior of the cube for different
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values of N covering three orders of magnitude. Each maximum is obtained evaluating in
almost 105 points. It must be observed that a value for the coefficient c valid for each N in the
cube can be adjusted from the trivial case N = 2, although this value would be excessively
conservative for large N. For this reason, the firsts values of N have not been considered in

the figure. In any case, our calculations adjust sharply to the order
1√
N

, and, in fact, for

N sufficiently large, we can give a value for the constant c of approximately c = 0.036.
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Figure 2: Approximation of the interior field and the electrostatic charge density of the unit
cube by means of Fekete points.

The obtaining of the electrostatic charge density of the cube is itself a major open ques-
tion. A theoretical analysis of the asymptotic behavior of the electrostatic charge density
near from the edges and the vertex of conductor bodies was realized by Fichera in [5]. The
results obtained were applied to the unit cube in [6]. The problem has been also treated by
means of different numerical techniques. In [10], for instance, the dependence of the density
on the distance r from an edge for points in the middle of a face and on the distance from a
vertex for points along the diagonal of a face are considered, and numerical evidence of the
fact that this dependence has the form αr−

1
3 and βr−0.558, respectively, is presented.

In Figure 2 (down) we give approximations of the electrostatic charge density near from
an edge and a vertex of the unit cube for N = 5000, 10000, 20000, 50000 and 100000, and
compare it with the estimation given in [10]. The approximating curves have been obtained
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evaluating the normal component F n of the total force due to the N charges -of value
1

N
- in

points on S located in the middle of a face and along of a diagonal. The values of the density

presented are
|F n|
2π

. The density given by the Fekete points tends, although very slowly, to

the estimations that appear in the literature.

3.2 Kelvin Polyhedron

With this example we want to analyze some indicators of the symmetry and the propor-
tionality of the configurations obtained with our algorithm. In that sense, the Archimedean
Kelvin Polyhedron has an interesting geometry. We work with the Newtonian kernel, which
allow us, moreover, to evaluate how the electrostatic density given by the Fekete points
recovers the total continuum charge.

The approximating surfaces have been constructed combining separately the planes cor-
responding to the different faces. We used the following implicit expression

fp(x, y, z) = ep(x−0.5) + ep(y−0.5) + ep(z−0.5) + e−p(x+0.5) + e−p(y+0.5) + e−p(z+0.5)

+ ep(x+y+z−0.75) + ep(−x+y+z−0.75) + ep(x−y+z−0.75) + ep(−x−y+z−0.75)

+ ep(x+y−z−0.75) + ep(−x+y−z−0.75) + ep(x−y−z−0.75) + ep(−x−y−z−0.75) = 1

with p = 25, 60.

Figure 3: A near-optimal configuration in the Kelvin Polyhedron for N = 10000 with the
Newtonian kernel.
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N r1 r2 r3 q

5000 0.9884 0.9852 2.0618 0.9713

10000 0.9919 0.9923 2.0994 0.9788

20000 0.9947 0.9956 2.1300 0.9840

50000 0.9982 0.9986 2.1669 0.9893

100000 0.9984 0.9989 2.1816 0.9922

Table 1: Geometrical ratios and charge recovered.

Figure 3 shows a configuration of 10000 points on the Kelvin Polyhedron in linear ten-
dency. In the Table 1 we present the evolution of three ratios, r1, r2 and r3, involving the
number of points belonging to different faces of the polyhedron. If ni

s, with i = 1, . . . , 6, de-
note the number of points belonging to each square and nj

h, j = 1, . . . , 8, represent the number

of points belonging to each hexagon, then r1 = min
ni

s

nj
s

, r2 = min
ni

h

nj
h

and r3 = min
ni

h

nj
s

. The

Table also includes the evolution of the charge recovered integrating the electrostatic density
given by the Fekete points. In this case, a continuum estimation of the electrostatic density
has been constructed from the Delaunay triangulation associated to the points in each face.

The density value on each point xi has been calculated as
|Fi|
2πN

, and these values have been

linearly interpolated in each triangle. Let us note that, in spite of that this approach is very
simple, the charge recovered for the distribution of 100000 points is more than the 99%.

3.3 A More General Example

Let us consider the sphere, the filled square and the curve defined respectively by

A =
{
(x, y, z) ∈ IR3 : (x− 0.75)2 + (y − 0.75)2 + (z + 0.2)2 = 0.64

}
,

B =
{
(x, y, z) ∈ IR3 : max{|x|, |y|} ≤ 1, z = 0

}
,

C =
{
(x, y, z) ∈ IR3 : max{|x− 0.5|, |z|} = 0.5, y = −0.5

}
.

We analyze here the Fekete points problem in the W-compact set S = A ∪ B ∪ C. This
example combines the three cases presented in Subsection 2.2, i.e, a surface boundary of an
open set, a surface with boundary and a curve.

It must be taken into account that the electrostatic charge density in the part of B
inside of the sphere A, that we denote by D, is necessarily null. For this reason, it is not
necessary consider D when the Newtonian kernel is used. In fact, we have carried out some
numerical experimentation with this kernel including D in the set S, and we have observed
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that, effectively, the particles leave D. On the other hand, D must be explicitly included
in S when other kernels are considered, and then the approximating surfaces require to be
connected in a way similar to the one indicated in Subsection 2.1.

For the construction of the approximating surfaces, we have used the following implicit
functions,

f1(x, y, z) = e2p(x2−1) + e2p(y2−1) − 1, f2(x, y, z) = e2pz − 1,

f3(x, y, z) = (x− 0.75)2 + (y − 0.75)2 + (z + 0.2)2 − 0.64,

f4(x, y, z) = epf3(x,y,z) − 1, f5(x, y, z) = e2p(x+0.5)2−0.25 + e2pz2−0.25 − 1,

f6(x, y, z) = e2p(y+0.5) − 1, f7(x, y, z) = (x− h)2 + (y − h)2 + z2,

where h = 0.75−
√

0.3.

In these conditions, the implicit expression of the approximating surfaces used when D
is not considered is

fp(x, y, z) = e−pf2
2 (x,y,z)+f1(x,y,z) + e−pf3(x,y,z) + e−p(f2

6 (x,y,z)+f2
5 (x,y,z))+1 = 1.

If D is included in the analysis, the corresponding expression is

fp(x, y, z) =
1

e−pf2
2 (x,y,z)+f1(x,y,z) + e−pf2

4 (x,y,z)+1 + e−p(f2
6 (x,y,z)+f2

5 (x,y,z))+1
+ e−3pf7(x,y,z)+1 = 1.

Figure 4: Good configuration of N = 2000 points in S for the Newtonian kernel.

Figure 4 shows a good configuration of 2000 points in S for the Newtonian kernel. The
effect of connecting conductor bodies of different dimension can be observed. The repulsion
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of the sphere predominates over the repulsion of the square, and also the repulsion of the
square predominates over the repulsion of the curve.

It is important to note that in the approximation process corresponding to this case an
object with parts of different dimension is being covered by a single surface. It requires to
be specially careful with regards to the control of the local degree of approximation in each
one of these parts. In this exercise we have used the approximating surfaces obtained taking
p = 13.5, 15 in the above expression.

3.4 A Still Life

We want to conclude this paper presenting a funny exercise that shows the adaptability of
the technique proposed to a great variety of geometries. We have composed a still life with
near-optimal configurations for the Newtonian kernel of 1500 points in a whole apple, 2500
points in a bitten apple and 1500 points in a Canary banana. The three objects have been
treated individually, although we present all them in the same Figure 5.

The approximating surfaces of the apples are based in the following implicit functions,

f1(x, y, z) =


√

x2 + y2 − 1.5

1.4

2

+
(

z − 0.15

2

)2

− 1,

f2(x, y, z) =
√

x2 + y2 − 1.6
(

z

1.65

)4

− 0.8,

f3(x, y, z) = x2 +
(√

(y − 7)2 + (z − 1)2 − 7
)2

− r2,

f4(x, y, z) = x2 + y2 + (z + 1)2 − 0.36,

where r = 1.5− 1.4
√

0.819375.

The implicit equations of the approximating surfaces for the whole apple and for the
bitten apple are respectively

fp(x, y, z) = e−pf1(x,y,z) + e−pf4(x,y,z) +
1

e1.5pf3(x,y,z) + e−1.5pz + e1.5p(z−3.5)
= 1

and

fp(x, y, z) =
1

epf1(x,y,z) + epf2(x,y,z)
+ e−pf4(x,y,z) +

1

e1.5pf3(x,y,z) + e−1.5pz + e1.5p(z−3.5)
= 1.

For the Canary banana, the corresponding implicit expression is

fp(x, y, z) =
1

5∑
i=1

epfi(x,y,z) + e−p(sin(0.175π)x+cos(0.175π)z)

+
1

epf6(x,y,z) + e−pz + ep(z−4)
= 1,
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where, for each i = 1, . . . , 5,

fi(x, y, z) = cos
(

2πi

5

) (
5−

√
x2 + z2

)
− sin

(
2πi

5

)
y + 0.75

(
16

π2
arctan2

(
z

x

)
− 1

)

and f6(x, y, z) = y2 +
(√

x2 + z2 − 5
)2
− 0.125.

Figure 5: A Newtonian still life.
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