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1 Introduction

The Hamiltonian formalism of autonomous dynamical systems, and the study of Hamiltonian dy-
namical systems in general, is a fruitful subject in both applied mathematics and theoretical physics.
From a generic point of view, the characteristics of these kinds of systems make them specially suit-
able for analyzing many of their properties; for instance: symmetries and related topics such as the
existence of conservation laws and reduction, the integrability (including numerical methods), and
the possible quantization of the system, which is based on the use of the Poisson bracket structure
of this formalism. From the geometrical viewpoint, many of the characteristics of the autonomous
Hamiltonian systems arise from the existence of a “natural” geometric structure with which the
phase spaces of the systems is endowed: the symplectic form (a closed, nondegenerated two-form),
which allows the construction of Poisson brackets. In this model, the dynamic information is car-
ried out by the Hamiltonian function, which is not coupled to the geometry. Moreover, it is also
important to point out the existence of dynamical Hamiltonian systems which have no Lagrangian
counterpart (see an example in [44]).

When (first-order) field theories are considered, the usual way to work is with the Lagrangian
formalism [1], [3], [9], [IR], [15], [16], [35], [38], [43] because their Hamiltonian description presents
different kinds of problems. First, several Hamiltonian models can be stated, and the equivalence
among them is not always clear (see, for instance, [2], [12], [19], [21], [22], [23], [39], [#2]). Fur-
thermore, there are equivalent Lagrangian models with non-equivalent Hamiltonian descriptions
[26], 27, [28]. Among the different geometrical descriptions to be considered for describing field
theories, we focus our attention on the multisymplectic models [7], [20], [24], [25]; that is, when field
theories are stated in the realm of multisymplectic manifolds, which are manifolds endowed with a
closed and 1-nondegenerate k-form. In these models, this form plays the same role as symplectic
forms in autonomous mechanics.

The aim of this paper is to generalize the concept of Hamiltonian system in autonomous mechan-
ics to first-order multisymplectic field theories. Although there are canonical Hamiltonian models
in non-autonomous mechanics [8], this is not the case in field theory. Hence, the first problem to be
considered is the choice of a suitable multimomentum bundle to develop the formalism. The most
reasonable and useful choice is to take the so-called restricted multimomentum bundle, where the
Hamiltonian formalism has been extensively studied [6], [IT], [31], [37]. Nevertheless, this bundle
does not have a canonical multisymplectic form and the physical information (the “Hamiltonian”)
is used to construct the geometric structure. A way of overcoming this difficulty is to work in a
greater dimensional manifold, the so-called extended multimomentum bundle which, since it is a
vector subbundle of a multicotangent bundle, is endowed with a canonical multisymplectic form. In
this manifold, Hamiltonian systems can be introduced as in autonomous mechanics, by using cer-
tain kinds of Hamiltonian multivector fields. The resultant extended Hamiltonian formalism is the
generalization to field theories of the extended formalism for non-autonomous mechanical systems
[29], [B] and, to our knowledge, it was introduced for the first time in field theories in A()]. The main
goal of our work is to enlarge the definition of Hamiltonian system to this extended framework,
generalizing the ideas of the above mentioned reference, and carrying out a deeper geometric study
of these kinds of systems. One of the main results is that, to every Hamiltonian system in the
extended multimomentum bundle, we can associate in a natural way a class of Hamiltonian sys-
tems in the restricted multimomentum bundle which are equivalent, and conversely. The solutions
to the field equations in both models are also canonically related. In addition, the field equations
for these kinds of systems can be derived from an appropriate variational principle which is also
stated. The above results can be extended to the case of non regular Hamiltonian systems.

The paper is organized as follows: In Section Bl we review basic concepts and results, such as
multivector fields and connections, multisymplectic manifolds and Hamiltonian multivector fields,
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and the restricted and extended multimomentum bundles with their geometric structures. Section
is devoted to reviewing the definition and characteristics of Hamiltonian systems in the restricted
multimomentum bundles; in particular, the definitions of Hamiltonian sections and densities, the
variational principle which leads to Hamilton-De Donder-Weyl equations, and the use of multivector
fields for writing these equations in a more suitable geometric way. Hamiltonian systems in the
extended multimomentum bundle are introduced and studied in Section Bl and, in particular, their
relation with those introduced in Section Bl Finally, in Section [l we adapt the above definitions and
results in order to consider Hamiltonian systems which are not defined everywhere in the restricted
or the extended multimomentum bundles, but in certain submanifolds in one or the other of them:
these are the here so-called almost regular Hamiltonian systems. As typical examples, in Section
B we review the standard Hamiltonian formalism associated to a Lagrangian field theory, both in
the regular and singular (almost-regular) cases, and the Hamiltonian formalisms of time-dependent
dynamical systems in the extended and restricted phase space, which are recovered as a particular
case of this theory.

All manifolds are real, paracompact, connected and C'°°. All maps are C°>°. Sum over crossed
repeated indices is understood. Throughout this paper 7: E — M will be a fiber bundle (dim M =
m, dim E = n+m), where M is an oriented manifold with volume form w € 2™(M), and (z¥,y*)
(withv=1,...,m; A=1,...,n) will be natural local systems of coordinates in F adapted to the
bundle, such that w = dz! A ... Adz™ = d™z.

2 Previous definitions and results

2.1 Multivector fields and connections

(See [10] for details).

Let M be a n-dimensional differentiable manifold. Sections of A™(TM) are called m-multivector
fields in M (they are the contravariant skew-symmetric tensors of order m in M). We will denote
by X™(M) the set of m-multivector fields in M.

If Y € X™(M), for every p € M, there exists an open neighbourhood U, C M and Y3,...,Y, €
X(Up) such that Y = Z fa-imyY ALY with fitim € C°(U,) and m < r < dim M.
Pi<ii<.. <im<r
Then, Y € X™(M) is said to be locally decomposable if, for every p € M, there exists an open
neighbourhood U, C M and Yi,...,Y,, € X(Up) such that ) = YIAN...NY,.
P

A non-vanishing m-multivector field Y € X" (M) and a m-dimensional distribution D C TM
are locally associated if there exists a connected open set U C M such that Y|y is a section of
A™D|y. It Y,V € X"(M) are non-vanishing multivector fields locally associated with the same
distribution D, on the same connected open set U, then there exists a non-vanishing function
f € C>®(U) such that )’ = fY. This fact defines an equivalence relation in the set of non-vanishing

m-multivector fields in M, whose equivalence classes will be denoted by {V}y;. Then there is a
one-to-one correspondence between the set of m-dimensional orientable distributions D in T M
and the set of the equivalence classes {)} o4 of non-vanishing, locally decomposable m-multivector
fields in M.

If Y € X™(M) is non-vanishing and locally decomposable, and U C M is a connected open set,
the distribution associated with the class {V}y is denoted by Dy (Y). If U = M we write D()).

A non-vanishing, locally decomposable multivector field ) € X" (M) is said to be integrable
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(resp. involutive) if its associated distribution Dy ()) is integrable (resp. involutive). Of course,
if Y € X" (M) is integrable (resp. involutive), then so is every other in its equivalence class {)},
and all of them have the same integral manifolds. Moreover, Frobenius theorem allows us to say
that a non-vanishing and locally decomposable multivector field is integrable if, and only if, it
is involutive. Nevertheless, in many applications we have locally decomposable multivector fields
Y € X" (M) which are not integrable in M, but integrable in a submanifold of M. A (local)
algorithm for finding this submanifold has been developed [10].

The particular situation in which we are interested is the study of multivector fields in fiber
bundles. If 7: M — M is a fiber bundle, we will be interested in the case where the integral
manifolds of integrable multivector fields in M are sections of w. Thus, Y € X" (M) is said to be
n-transverse if, at every point y € M, (i(Y)(7*3))y # 0, for every 3 € £2™(M) with B(n(y)) # 0.
Then, if Y € X™(M) is integrable, it is m-transverse if, and only if, its integral manifolds are local
sections of m: M — M. In this case, if ¢: U C M — M is a local section with ¢(z) =y and ¢(U)
is the integral manifold of ) through y, then T, (Im ¢) = D, ().

Finally, it is clear that classes of locally decomposable and w-transverse multivector fields
{Y} € X™(M) are in one-to-one correspondence with orientable Ehresmann connection forms
Vin m: M — M. This correspondence is characterized by the fact that the horizontal subbundle
associated with V is D(Y). In this correspondence, classes of integrable locally decomposable and
m-transverse m multivector fields correspond to flat orientable Ehresmann connections.

2.2 Hamiltonian multivector fields in multisymplectic manifolds

(See M] and [33] for details).

Let M be a n-dimensional differentiable manifold and Q € 2™+ (M). The couple (M, ) is
said to be a multisymplectic manifold if 2 is closed and 1-nondegenerate; that is, for every p € M,
and X, € T, M, we have that i(X,)Q, = 0 if, and only if, X, = 0.

If (M, Q) is a multisymplectic manifold, X € X*(M) is said to be a Hamiltonian k-multivector
field if (X)) is an exact (m + 1 — k)-form; that is, there exists ¢ € 2™ %(M) such that
i(X)Q2 = d¢ (1)

¢ is defined modulo closed (m — k)-forms. The class {¢} € 2™ F(M)/Z™*(M) defined by ( is
called the Hamiltonian for X, and every element in this class f € {(} is said to be a Hamiltonian
form for X. Furthermore, X" is said to be a locally Hamiltonian k-multivector field if (X)) is a
closed (m + 1 — k)-form. In this case, for every point x € M, there is an open neighbourhood
W C M and ¢ € 2™ (W) such that

i(X)Q =d¢ (on W)

As above, changing M by W, we obtain the Hamiltonian for X, {¢} € k=Y (W)/ZF-m"1 (W),
and the local Hamiltonian forms for X.

Conversely, ¢ € 2F(M) (resp. ¢ € 2¥(W)) is said to be a Hamiltonian k-form (resp. a local
Hamiltonian k-form) if there exists a multivector field X € X™ *(M) (resp. X € X™ *(W)) such
that ([Il) holds (resp. on W). In particular, when k = 0, that is, if € C°°(M)), then the existence
of Hamiltonian m-multivector fields for ¢ is assured (see []).

2.3 Multimomentum bundles

(See, for instance, [12]).
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Let m: E — M be the configuration bundle of a field theory, (with dim M = m, dim E = n+m).
There are several multimomentum bundle structures associated with it.

First we have AY'T*E, which is the bundle of m-forms on E vanishing by the action of two
n-vertical vector fields. Furthermore, if J'7 — E — M denotes the first-order jet bundle over E,

the set made of the affine maps from J'7 to A™T*M, denoted as Aff(J'w, A™T*M), is another
bundle over E which is canonically diffeomorphic to AJ'T*E [6], [I2]. We will denote

Mr = APT*E ~ Aff(J r, A™T* M)
It is called the extended multimomentum bundle, and its canonical submersions are denoted
k:Mmr—FE ; E=wmok: Mwmr—>M
M is a subbundle of A" T*E, the multicotangent bundle of E of order m (the bundle of m-
forms in F). Then M is endowed with canonical forms. First we have the “tautological form”

© € 2™(Mrm) which is defined as follows: let (x,a) € AP'T*E, with € E and o € AJ'T%E; then,
for every Xi,..., X € Ty 0)(Mm),

O((z,a); X1,..., Xm) = a(z; T (g ,a)k(X1), - -, T(ga) (X))
Thus we define the multisymplectic form
Q:= —de ¢ ™ (Mn)
They are known as the multimomentum Liouville m and (m + 1)-forms.

We can introduce natural coordinates in Mm adapted to the bundle 7: £ — M, which are
denoted by (zV, yA, P, p), and such that w = d™z. Then the local expressions of these forms are

0= p’gdyA Ad™ g, Fpd™z Q= —dp4 A dyt Ad™ 'z, — dp Ad™x (2)

(where d™ 1z, := (82,,) d™x).

Consider AT'T*E = 7*A™T*M, which is another bundle over E, whose sections are the -
semibasic m-forms on E, and denote by J!7* the quotient AJT*E/ATT*E = Mn/ATT*E. We
have the natural submersions

rJin*>E ; F=qmor:J'n* =M

Furthermore, the natural submersion j: Mm — J'7* endows M7 with the structure of an affine
bundle over J!7* with 7*AT"T*E as the associated vector bundle. J'7* is usually called the
restricted multimomentum bundle associated with the bundle 7: £ — M.

Natural coordinates in J17* (adapted to the bundle 7: E — M) are denoted by (z*,y%,p%)-

We have the diagram
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Hamiltonian systems can be defined in M or in J'7*. The construction of the Hamiltonian
formalism in J'7* was pionered in [6] (see also [IT] and [T2]), while a formulation in M7 has been
stated recently H0]. In the following sections we review the main concepts of the formalism in
Ji7*, and we make an extensive development of the formalism in M.

3 Hamiltonian systems in J!'7*

First we consider the standard definition of Hamiltonian systems in field theory, which is stated
using the restricted multimomentum bundle J'7*.

3.1 Restricted Hamiltonian systems

Definition 1 Consider the bundle 7: Jix* — M.

1. A section h: J'7* — M of the projection u is called a Hamiltonian section of .
2. The differentiable forms
O :=h*'0 , Q) :=-dO, =h"Q

are called the Hamilton-Cartan m and (m+1) forms of J'7* associated with the Hamiltonian
section h.

3. The couple (J'7*,h) is said to be a restricted Hamiltonian system, (or just a Hamiltonian

system ).

In a local chart of natural coordinates, a Hamiltonian section is specified by a local Hamiltonian
function h € C*®(U), U C J'z*, such that h(a:”,yA,pi) = (:E”,yA,pj,p = —h(:EV,yB,p%)). The
local expressions of the Hamilton-Cartan forms associated with h are

O = phdy* Ad™ e, —hd™z Q= —dpy Ady? Ad™ e, + dh A (3)

Remark 1 Notice that € is 1-nondegenerate; that is, a multisymplectic form (as a simple calcu-
lation in coordinates shows).

Hamiltonian sections can be obtained from connections. In fact, if we have a connection V in
7: E — M, it induces a linear section hY : J'7* — M of u [6]. Then, if © is the canonical m-form
in 2™(Mm), the forms

Qv :=hV*O € Q™(Jl7*) |, Qv = —dO,v € QT JirY) (4)

are the Hamilton-Cartan m and (m + 1) forms of J'7* associated with the connection V. In a

0
+ ') is the local expression of
oxV Y o oyA P
the connection V, the local expressions of these Hamilton-Cartan forms associated with V are

system of natural coordinates in J'7*, if V = da” ®

O = Paldy” — IMda") Ad™ ey, = phdy® Ad™ e, — il
Qv = —dpi A dy* Ad™ 1, + Ffdpj ANd™z + pZ;dF,f‘ ANd™x

Observe that a local Hamiltonian function associated with AV is hY = pZ;Ff.
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3.2 Variational principle and field equations

Now we establish the field equations for restricted Hamiltonian systems. They can be derived from
a variational principle. In fact, first we state:

Definition 2 Let (J'7* h) be a restricted Hamiltonian system. Let T'(M,J'7*) be the set of sec-
tions of 7. Consider the map

H : I'(MJ'7) — R
1/} = fMTZJ*@h

(where the convergence of the integral is assumed). The variational problem for this restricted
Hamiltonian system is the search for the critical (or stationary) sections of the functional H, with
respect to the variations of 1 given by Yy = oy o 1, where {0} is the local one-parameter group
of any compact-supported Z € %V(?)(le*) (where %V(f)(Jlﬂ*) denotes the module of T-vertical

vector fields in J'7*), that is:
d
— {0, =0
dt ‘t:O /M Tpt h
This is the so-called Hamilton-Jacobi principle of the Hamiltonian formalism.
Then the following fundamental theorem is proven (see also [12]):

Theorem 1 Let (J'7*,h) be a restricted Hamiltonian system. The following assertions on a sec-
tion 1 € T'(M, J'7*) are equivalent:

1. % is a critical section for the variational problem posed by the Hamilton-Jacobi principle.
2. Y i(Z2)Q, =0, for every Z € %V(‘F)(Jlﬂ'*).
3. P i(X)Q, =0, for every X € X(J'n¥).

4. If (U;x”,yA,pj) is a natural system of coordinates in J'm*, then 1 satisfies the following
system of equations in U

dyrow) Oh  oh AN ah _ on
= oY= ; = oY= (5)
dx¥ o op" 1y dx¥ yA CoyA

where h is a local Hamiltonian function associated with h. They are known as the Hamilton-
De Donder-Weyl equations of the restricted Hamiltonian system.

( Proof ) (1 <= 2) We assume that OU is a (m — 1)-dimensional manifold and that
T(supp (Z)) C U, for every compact-supported Z € %V(T)(J 17*). Then

E‘tzo/(]%@h - dt‘t:o/¢ (Jt@h)—/ﬂ) (%I_H)(l) ; >

— /Uw*( Z)0y) = /w Z)dey +di(2)ey)

=~ [we@en-aizen = [ v / A" (i(2)0n)
— — [ wezm + /6 Uw*u(Z) / v
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(as a consequence of Stoke’s theorem and the hypothesis made on the supports of the vertical fields).

d
Thus, by the fundamental theorem of the variational calculus we conclude that T L . / (CTREN
=0Ju

< P*(i(Z2)Q) = 0, for every compact-supported Z € %V(f)(J L7*). However, as compact-supported
vector fields generate locally the C°°(J7*)-module of vector fields in J'7*, it follows that the last
equality holds for every Z € %V(T)(J Lr*).

(2 «=3) IfpeImy, then TpJln* = Vo (7) & Tp(Imep). So if X € X(J17*), then
Xp = (Xp = Tp(¥ 0 7)(Xp)) + Tp (0 7)(Xp) = Xy + X
and therefore
&* (X)) = * (X)) + (X)) = (X)) =0

since ¥*((X"),) = 0 by the above item, and furthermore, Xff € Tp(Im¢)), and dim (Im ) = m,
being Q;, € 2™+ (J'7*). Hence we conclude that *(i(X)€,) = 0, for every X € X(J'7*). The
converse is proved reversing this reasoning.

(3 o 4) IfX =

0
ﬁAa 7+ VAa " %(le*) , taking into account the local

expression (Bl of Qy,, we have

oh
8pf:1

i(X)Q, = (=1)"a" <de1 Adyt A d™ 2y, dpy Ad™ la:n>

oh oh
A v m—1 m v m—1 m
+ B <dpA/\d x,,+—8yAd a:>+fyA< dy? A d a:,,+—8pA/\d >

but if ¢ = (¥, y*(x7), py (")), then

. Oyt oy)  Oh |\ 4o
* —  (_1\"tv LT _ A m
P i(X)Qy, ()" < D o py d™x
Iphoy)  0oh _Oytoy) | Oh
A A m m
+5 < D + 3yA‘¢ d™z + % v + A d™w

and, as this holds for every X € X(J'7*), we conclude that ¢* (X)), = 0 if, and only if, the
Hamilton-De Donder-Weyl equations hold for 1. [

Remark 2 It is important to point out that equations (H) are not covariant, since the Hamiltonian
function h is defined only locally, and hence it is not intrinsically defined. In order to write a set of
covariant Hamiltonian equations we must use a global Hamiltonian function, that is, a Hamiltonian
density (see [6] and [I2] for comments on this subject).

Observe also that the solution to these equations is not unique.

3.3 Hamiltonian equations for multivector fields

(See [10] and [T3] for more details).

Let (J'7*, h) be a restricted Hamiltonian system. The problem of finding critical sections
solutions of the Hamilton-Jacobi principle can be formulated equivalently as follows: to find a
distribution D of T(J'7*) satisfying that:
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D is m-dimensional.

e D is T-transverse.

D is integrable (that is, involutive).

The integral manifolds of D are the critical sections of the Hamilton-Jacobi principle.

However, as explained in Section LTl these kinds of distributions are associated with classes of
integrable (i.e., non-vanishing, locally decomposable and involutive) 7-transverse multivector fields
in J!7*. The local expression in natural coordinates of an element of one of these classes is

X:/\f<a +F;“%+G” i,,) (6)

where f € C*°(J17*) is a non-vanishing function.

Therefore, the problem posed by the Hamilton-Jacobi principle can be stated in the following
way [T1], [33]:

Theorem 2 Let (J'7*,h) be a restricted Hamiltonian system, and {X} Cc X"(J'7*) a class of
integrable and T-transverse multivector fields. Then, the integral manifolds of {X} are critical
section for the variational problem posed by the Hamilton-Jacobi principle if, and only if,

(X)) =0 , for every &), € {A} (7)

Remark 3 The 7-transversality condition for multivector fields solution to ([d) can be stated by
demanding that i(X)(7*w) # 0. In particular, if we take i(X%)(T*w) = 1 we are choosing a
representative of the class of 7-transverse multivector fields solution to (). (This is equivalent to
putting f = 1 in the local expression (@)).

Thus, the problem posed in Definition B is equivalent to looking for a multivector field Aj €
m 7l ,__% .
X" (J'7*) such that:

1. (X)), = 0.
2. (X)) (THw) = 1.

3. A}, is integrable.

From the conditions 1 and 2, using the local expressions @) of Q;, and (@) for A}, we obtain
that f =1 and

v

oh _ on

FA = ; =
8])1/4 ) Av 8yA

v

and, if (z) = (2, y*(27),p% (7)) must be an integral section of A}, then

Oytoy) 4 o Ol o)
ozrv Fiey oxv

Thus the Hamilton-De Donder-Weyl equations (@) for ¢ are recovered from ({).

=G, 09
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Remark 4 Classes of locally decomposable and 7-transverse multivector fields are in one-to one
correspondence with connections in the bundle 7: J'7* — M (see Section EZIl). Then, it can be
proven [T1] that the condition stated in Theorem Plis equivalent to finding an integrable connection
V3 in Jin* — M satisfying the equation

i(Va)Qp = (m — 1),

whose integral sections are the critical sections of the Hamilton-Jacobi problem. Of course, Vy, is
the connection associated to the class {X}} solution to (), and X} is integrable if, and only if, the
curvature of Vj, vanishes everywhere.

The expression of V}, in coordinates is

o 40 )
= dzv FA_Y p 9
V) = dz ®<8$V+ VayA+GAyapg>

Definition 3 &, € X" (J'7*) will be called a Hamilton-De Donder-Weyl (HDW) multivector
field for the system (J'7*,h) if it is T-transverse, locally decomposable and verifies the equation
i(Xn)Qn = 0. Then, the associated connection Vp, is called a Hamilton-De Donder-Weyl (HDW)
connection for (Ji7* h).

For restricted Hamiltonian systems, the existence of Hamilton-De Donder Weyl multivector
fields or connections is guaranteed, although they are not necessarily integrable [10], [13]:

Theorem 3 (Existence and local multiplicity of HDW-multivector fields): Let (J'7*, h) be a re-
stricted Hamiltonian system. Then there exist classes of HDW-multivector fields {X,}. In a local
system the above solutions depend on n(m? — 1) arbitrary functions.

Remark 5 In order to find a class of integrable HDW-multivector fields (if it exists) we must
impose that X} verify the integrability condition: the curvature of Vj vanishes everywhere. Hence
the number of arbitrary functions will in general be less than n(m?—1). If this integrable multivector
field does not exist, we can eventually select some particular HDW-multivector field solution, and
apply an integrability algorithm in order to find a submanifold Z «— J'7* (if it exists), where this
multivector field is integrable (and tangent to 7).

4 Hamiltonian systems in Mr

Now we introduce Hamiltonian systems in the extended multimomentum bundle M, and we study
their relation with those defined in the above section.

4.1 Extended Hamiltonian systems

Now we have the multisymplectic manifold (M, Q), and we are interested in defining Hamiltonian
systems on this manifold which are suitable for describing Hamiltonian field theories. Thus we
must consider Hamiltonian or locally Hamiltonian m-multivector fields and forms of a particular
kind. In particular, bearing in mind the requirements in Remark B we can state:

Definition 4 The triple (Mm, 2, «) is said to be an extended Hamiltonian system if:
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1. o € ZYMm) (it is a closed 1-form).
2. There exists a locally decomposable multivector field X, € X™ (M) satisfying that
i(X)Q=(—1)"Ma |, (X)) (F'w)=1 (&-transversality) (8)
If o is an exact form, then (Mm,Q, «) is an extended global Hamiltonian system. In this case,
there exist H € C°(Mm) such that a = dH, which are called Hamiltonian functions of the system.

(For an extended Hamiltonian system, these functions exist only locally, and they are called local
Hamiltonian functions).

The condition that « is closed plays a crucial role (see Proposition B and Section EEZ). The
factor (—1)™*! in the definition will be justified later (see Proposition [l and Remark [).

Observe that, if (Mm,Q,«a) is an extended global Hamiltonian system, giving a Hamiltonian
function H is equivalent to giving a Hamiltonian density H = H(r*w) € 2™(Mmr).

In natural coordinates of M, the most general expression for a locally decomposable multi-
vector field X, € X" (M is

Y ~ 4 0 ~ 0 0
X, = f< +FVA—+G”V—+§V—> (9)
V/:\l oV oyA A opfy dp

where f € C>°(Mr) is a non-vanishing function which is equal to 1 if the equation (X, )(F*w) =
holds.

Remark 6 In addition, bearing in mind Remark B, the integrability of X, must be imposed. Then
all the multivector fields in the integrable class {X,} have the same integral sections.

A first important observation is that not every closed form a € 2™ (M) defines an extended
Hamiltonian system. In fact:

Proposition 1 If (M7,Q,«) is an extended Hamiltonian system, then i(Y)a # 0, for every pu-
vertical vector field Y € xVw (Mm), Y # 0. In particular, for every system of natural coordinates
($”,yA,pf4,p)) in M adapted to the bundle m: E — M (with w =d™z),

(2o m

( Proof') In order to prove this, we use natural coordinates of Mm. The local expression of €2 is
0

given in (B), and a p-vertical vector field is locally given by Y = f % Then, if X, € X""(Mmr) is

a multivector field solution to the equations (), we have

iVa = (=)™ i(X)Q = (=)™ (=1 i(X,) i(Y)Q

d
= —i(Xy)i <f8_p> [—dp A d™z — dp% A dy? Ad™ L]

i) (f%) [—dp A d™a] = f i(Xa)d™z = f

and, as Y #0 < f # 0, the first result holds. In particular, taking f = 1, the expression ([I0) is
reached. ]

As a consequence of this result we have:
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Proposition 2 If (Mm,Q,«) is an extended Hamiltonian system, locally o = dp + B, where 3 is
a closed and p-basic local 1-form in M.

( Proof) As a consequence of (Il), & = dp+ 3 locally, where (3 is a pu-semibasic local 1-form. But,
as  is closed, so is 3. Hence, for every Y € XV (M), we have that L(Y)8 = i(Y)dS+di(Y)3 =
0, and [ is u-basic. [

Therefore, by Poincaré’s lemma, on an open set U C Mm « has necessarily the following
coordinate expression R
a = dp+dh(z",y%,p%) (11)

where h = z*h, for some h € C®°(u(U)). Then, if H is a (local) Hamiltonian function for a; that
is, such that a = dH (at least locally), we have that (see also [40])

H=p+h(z",y*,p1) (12)
where B(m” LA, p%) is determined up to a constant.

Conversely, every closed form a € 21 (M) satisfying the above condition defines an extended
Hamiltonian system since, in an analogous way to Theorem Bl we can prove:

Theorem 4 Let a € Z' (M) satisfying the condition stated in Propositions [l and @. Then there
exist locally decomposable multivector fields X, € X" (M) (not necessarily integrable) satisfying
equations @) (and hence (Mm,Q,«) is an extended Hamiltonian system). In a local system the
above solutions depend on n(m? — 1) arbitrary functions.

( Proof ) We use the local expressions (@), () and @) for 2, o and X, respectively. Then
i(X,)(F*w) = 1 leads to f = 1. Furthermore, from i(X,)Q = (—1)""'a we obtain that the
equality for the coefficients on dp* leads to

pa_ O _ oh

o= = for every A,v 13
e ) (13)
For the coefficients on dy? we have
. oH oh
v A=1,... 14
Av ayA ayA ( > 7”) ( )

and for the coeflicients on dz”, using these results, we obtain

~ aH MA A SA A
gy = _8$V+FVG277_FT]GZV:
orv ~ Op4y An 8p2

oH  OH - OH ~
Gl G

—=—+
ox” ~ Op4y An apl

CNJZV (A=1,...,n; n#v) (15)

where the coefficients GZV are related by the equations (). Finally, the coefficient on dp are
identical, taking into account the above results.

Thus, equations (3] make a system of nm linear equations which determines univocally the
functions F,f‘, equations () are a compatible system of n linear equations on the nm? functions
ézy, and equations ([O) make a system of m linear equations which determines univocally the
functions g,. In this way, solutions to equations (B) are determined locally from the relations (I3)
and ([H), and through the n independent linear equations ([dl). Therefore, there are n(m? — 1)
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arbitrary functions. These results assure the local existence of X,,. The global solutions are obtained
using a partition of unity subordinated to a covering of Mm made of natural charts. [

(A further local analysis of these multivector fields solution and other additional details can be
found in [I1] and [0]).

Remark 7 With regard to this result, it is important to point out that, if X, € X" (Mmn) is a
solution (not necessarily integrable) to the equations (), then every multivector field A7, L e { X}
that is, such that X/ = fX, (where f € C®°(Mr) is non-vanishing) is a solution to the equations

i(XD)Q = f(-1D)"a , (X)) (F*w)=f (F-transversality)

OH
In particular, if we have a 1-form a = dH (locally), with 0 # £ # 1, then the R-transversality
p

H
condition must be stated as i(X,)(F*w) = _(??_p’ and the solutions X, to the equation §(X,)2 =
(=1)™*'a have the local expression @) with f = o and the other coefficients being solutions
to the system of equations
i~ OH i~ OH = 8H OH oH
A = -8 g =SB M M
f v api ’ f Av ayA ’ fg 817'/ ap A77 a 17 (77 # V)

Thus, in an analogous way to restricted Hamiltonian systems in J'7*, we define:

Definition 5 X, € X" (Mnr) will be called an extended Hamilton-De Donder-Weyl multivector
field for the system (Mm,Q, ) if it is R-transverse, locally decomposable and verifies the equation
i(X,)Q = (=1)"*a. Then, the associated connection V,, in the bundle k: Mnm — M is called an
extended Hamilton-De Donder-Weyl connection for (M, 2, «).

Now, if {X,} is integrable and ¢ (z) = (z¥,y"(27), p(27), p(z?)) must be an integral section
of X, then
8(ZIAO7;) —FAoy | a(pggoﬂj) a(pOZZ))
;L'V

ozV v ozV

so equations (I3), (@) and ([H) give PDE’s for ¢. In particular, the Hamilton-De Donder-Weyl
equations (B) are recovered from ([3]) and (I4).

—Gh, 00 — G0 (16)

As for restricted Hamiltonian systems, in order to find a class of integrable extended HDW-
multivector fields (if it exists) we must impose that X, verify the integrability condition, that is,
that the curvature of V, vanishes everywhere, and thus the number of arbitrary functions will in
general be less than n(m? — 1). Just as in that situation, we cannot assure the existence of an
integrable solution. If it does not exist, we can eventually select some particular extended HDW-
multivector field solution, and apply an integrability algorithm in order to find a submanifold of
M (if it exists), where this multivector field is integrable (and tangent to it).

4.2 Geometric properties of extended Hamiltonian systems

Most of the properties of the extended Hamiltonian systems are based in the following general
results:
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Lemma 1 Let u: M — F be a surjective submersion, with dim M = dim F + r. Consider
at,...,ap € 21 (M) such that o = a1 A...ANay is a closed r-form, and a(p) # 0, for every p € M.
Finally, let {a}° :={Z € X(M)| i(Z)a = 0} be the annihilator of o. Therefore:

1. {a}0 ={Z e XM)|i(Z)a; =0, Vi=1...7}.

2. {a}® generates an involutive distribution in M of corank equal to v, which is called the
characteristic distribution of a;, and is denoted D,,.

If, in addition, the condition i(Y)a # 0 holds, for every Y € XV (M), then:
3. D, is a pu-transverse distribution.

4. The integral submanifolds of D, are r-codimensional and p-transverse local submanifolds of

M.
5. TpM = Vp(n) & {a}y, for every p e M.
6. If S is an integral submanifold of Dy, then u|s: S — F is a local diffeomorphism.

7. For every integral submanifold S of D, and p € S, there exists W C M, with p € W, such
that h = (i|wns) ™" 4s a local section of u defined on (W N S) (which is an open set of F).

( Proof) First, observe that, for every p € M, a(p) # 0 implies that «;(p), for every i =1,...,r,
are linearly independent, then

0=4i(Z2)a= 2:(—1)"_1 i(Z)ai(ar Ao o N ANagpr Ao Aay) < i(Z)a; =0
i=1

hence the statement in the item 1 holds and, as a consequence, we conclude that {a}° generates a
distribution in M of rank equal to dim F.

Furthermore, if « is closed, for every 71, Zs € {a}°, we obtain that [Z1, Z3] € {a}" because
(121, Zo))a = L(Z1) i(Z2)e — i(Z2) L(Z1)a = —i(Z2)[i(Z1)da — di(Z1)a] = 0
Then D, is involutive.

The other properties follow straighforwardly from these results and the condition (Y )a # 0,
for every Y € XV (M). ]

Now, from this lemma we have that:

Proposition 3 If (Mm,Q,«a) is an extended Hamiltonian system, then:

1. Dy is a p-transverse involutive distribution of corank equal to 1.

2. The integral submanifolds S of D, are 1-codimensional and p-transverse local submanifolds
of Mr. (We denote by 35: S — M the natural embedding).

3. For every p € Mm, we have that TopMm = V(1) @ (Do)p, and thus, in this way, o defines
an integrable connection in the affine bundle p: Mm — Jlr*.

4. If S is an integral submanifold of Dy, then u|s: S — J'n* is a local diffeomorphism.
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5. For every integral submanifold S of D, and p € S, there exists W C M, with p € W, such
that h = (i|wns) ™" is a local Hamiltonian section of ju defined on (W N S).

Remark 8 Observe that, if (M, Q,a) is an extended Hamiltonian system, as a = dH (locally),
every local Hamiltonian function H is a constraint defining locally the integral submanifolds of D,,.
Thus, bearing in mind the coordinate expression ([I2), the local Hamiltonian sections associated
with these submanifolds are locally expressed as

h(:EyvyA)pI;}) = (:EV)yA)pI;hp = _h(:EﬁfvyB)pnB))

where p*h = h.

A relevant question is under what conditions the existence of global Hamiltonian sections is
assured. The answer is given by the following:

Proposition 4 Let (Mm,Q, ) be an extended global Hamiltonian system. If there is a Hamilto-
nian function H € C°(Mm), and k € R, such that p(H=Y(k)) = J'x*, then there exists a global
Hamiltonian section h € T'(J 7%, M),

( Proof ) In order to construct h, we prove that, for every q € J'7*, we have that p='(q) N
Si contains only one point. Let (U;a:”,yA,pj,p) be a local chart in Mm, with q € p(U). By
Proposition Bl we have that H|y = p + p*h, for h € C*®(u(U)). If p € p~(q) N Sy, we have that

k=H(p) =p(p) — (wh)(p = p(p) — h(u(p))

then p(p) is determined by q, and p is unique. This allows to define a global section h: Ji7* — Mt
by h(q) := u~1(q) NSy, for every q € J'7*, which obviously does not depend on the local charts
considered. |

Observe tha, if the first de Rahm chomology group H!'(Mm) = 0, then every extended Hamil-
tonian system is a global one, but this does not assure the existence of global Hamiltonian sections,
as we have shown.

In addition, we have:

Proposition 5 Given an extended Hamiltonian system (Mm,Q, «), every extended HDW multi-
vector field X, € X" (Mm) for the system (Mm,Q, ) is tangent to every integral submanifold of
D,. As a consequence, if X, is integrable, then its integral sections are contained in the integral
submanifolds of D,.

( Proof ) By definition, an extended HDW multivector field is locally decomposable, so locally
Xo = X1 Ao A X, with Xy, ..., X, € X(Mm). Then X, is tangent to every integral submanifold
S of D, if, and only if, X, are tangent to S, for every ¢ = 1,...,m. But, as D,, is the characteristic
distribution of «, this is equivalent to j§i(X,)a = 0, and this is true because

WX = i(X,)i(Xa)Q = i(X,) i(X1 Ao A X)Q =0

The last consequence is immediate. [
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Remark 9 Observe that, if X, = X; A ... A X,, locally, using the local expressions (@) and (I])
and equations ([3)) and ([4)), the conditions (X, )a = 0 lead to

' = §;+Ffaalz+GAyaa}; + Gv
B aa;;_aihG +GAV8P+§V
= aaxﬁy a@ph (GZU+GAV)+GAV;I;+GAV§E + G
- ;;u (fi,hG aanG +3  (p=1,...,m; vfixed, n#v)

which are the equations ([[H). So these equations are consistency conditions. (See also the comment
in Remark [IT).

Finally, we have the following result:
Proposition 6 The integral submanifolds of D, are m-coisotropic submanifolds of (Mm,Q).

( Proof ) Let S be an integral submanifold of D,. First remember that, for every p € 5, the
m-orthogonal multisymplectic complement of S at p is the vector space

TpSJ"m = {Xp S TpMﬂ'| i(Xp A Xp)Qp =0, for every Xp € /\m TPS = /\m(DO‘)p}

and S is said to be a m-coisotropic submanifold of (Mm,Q) if TpS+™ C TpS [Bl, [B3]. Then,
for every X, € TpS+™, if X, is a HDW-multivector field for the extended Hamiltonian system
(Mm,Q,a), as (Xy)p € ATpS, by Proposition Bl we have

0 =4(Xp)i((Xa)p)lp = i(Xp)ap
therefore X, € (Do)p = TpS. |

This statement generalizes a well-known result in time-dependent mechanics (see the example in
section [2)): considering the line bundle p: T*Qx T*R — T*@Q xR, the zero section gives a canonical
coisotropic embedding of the submanifold T*@Q x R into the symplectic manifold T*(Q x R) ~
T*Q x T*R. Furthermore, in field theories, every maximal integral submanifold S of D, gives a
local m-coisotropic embedding of U C u(S) C J'7* into M, given by (u|s)~!, which is obviously
not canonical.

4.3 Relation between extended and restricted Hamiltonian systems

Now we can establish the relation between extended and restricted Hamiltonian systems in J'7*.
Taking into account the considerations made in the above section, we can state:

Theorem 5 Let (Mm,Q,a) be an extended global Hamiltonian system, and (J'm*,h) a restricted
Hamiltonian system such that Imh = S is an integral submanifold of Dy,. For every X, € X" (Mm)
solution to the equations [§):
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there exists Xy, € X" (J'7*) which is h-related with X, and is a solution to the equations
i(Xh)Qh =0 , i(Xh)(?*w) =1
(i.e., satisfying the conditions 1 and 2 in Remark[3).

Furthermore, if X, is integrable, then X, is integrable too, and the integral sections of Xj
are recovered from those of Xy as follows: if ¥: M — Mm is an integral section of X, then
Y =pot: M — J'* is an integral section of Xj,.

( Proof ) Given S = Imh, let j5: S < M be the natural embedding, and hg: J'7* — S the
diffeomorphism between J'7* and Im h, then h = jg o hg.

If X, € X™(Mm) is a solution to the equations (), by Proposition B it is tangent to S,
then there exists Xs € X™(S) such that A™jg.Xs = X,|s. Let &, € X™(J'7*) defined by
X, = A™hglXs. Therefore, from the equation i(X,)Q = (—1)™*'a and the condition jia = 0
(which holds because S is an integral submanifold of D, ), we obtain
0 = Pi(Xa)Q— (=)™ 1a] = (35 0 hs) [i(Xa) — (1) a] = (A% 0 J§)li(Xa)Q — (=1)"F 0]

= L)I5 — (—1)™ L ga] = () (s 0 52 = i(H )R = i(X0)

Furthermore, bearing in mind that po h = Id j1,«, we have that
i(Xn)(T"w) = i(Xn)[(% o h)'w] = A7 [i(Xa) (F*w)]

and, if §(X,)(F*w) = 1, this equality holds, in particular, at the points of the image of h, therefore
i(Xp)(T*w) = 1. Then A&}, is the desired multivector field, since Xp|s = Xg = AT A),.

Finally, if &}, is integrable, as it is tangent to S, the integral sections of X, passing through any
point of S remain in S, and hence they are the integral sections of Xg, so X, is integrable and, as
a consequence, X}, is integrable too. [

All of these properties lead to establish the following:

Definition 6 Given an extended global Hamiltonian system (Mm,Q,«), and considering all the
Hamiltonian sections h: J'n* — Mmr such that Imh are integral submanifolds of Do, we have a
family {(J'7*, h)}o, which will be called the class of restricted Hamiltonian systems associated with

(Mm,Q, ).
As it is obvious, in general, the above result holds only locally.
The following result show how to obtain extended Hamiltonian systems from restricted Hamil-

tonian ones, at least locally. In fact:

Proposition 7 Given a restricted Hamiltonian system (J'm*,h), let 35: S = Imh < Mt be the
natural embedding. Then, there exists a unique local form o € 21 (M) such that:

1. a € ZY M) (it is a closed form).

2. 75 = 0.

3. i(Y)a # 0, for every non-vanishing Y € XV (M) and, in particular, such that i (%) .

1, for every system of natural coordinates (x", yA,pj’jx,p) in M, adapted to the bundle m: E —
M (with w = d™z).
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( Proof ) Suppose that there exist «, o’ satisfying the above conditions. Taking into account the
comments after Proposition [, we have that, locally in U C Mm, a = dp + 3 and o = dp + /&,
where 8 = p*3, 8’ = p*f', with 3,3 € BY(u(U)) (they are exact 1-forms). From condition 2 in
the statement we have that jia = j5a/; hence

0=s5(a—0a) <= 0=75(8-0)=(noys)*B-0)
— 0= (uoysohs) (B-0) = -7

since p o ys o hg = poh =1d, ). This proves the uniqueness.

0 < =0 < a=4a&

The existence is trivial since, locally, every section h of y is given by a function h € C**(u(U))
such that p = —h(z", yA,pﬁ). Hence al, ) = dp + d(p*h) = dp + dh. [ ]

Definition 7 Given a restricted Hamiltonian system (J'n*,h), let a € QY (M) be the local form
satisfying the conditions in the above proposition. The couple (Mm, ) will be called the (local)
extended Hamiltonian system associated with (J17*, h).

As a consequence of the last proposition, if a = dp+u* f3, there exists a class {h} € C®(u(U))/R,
such that 8 = dh, where h is a representative of this class. Then:

Corollary 1 Let a be the unique local 1-form verifying the conditions of Proposition[q, associated
with a section h. Consider its characteristic distribution Dy, and let {h}q the family of local
sections of p such that Imh = S are local integral submanifolds of D,. Then, for every h' € {h},,
we have that Im b’ is locally a level set of the function H = p+ p*h = p + h.

( Proof ) If S = Imh' then, for every p € S, we have TS = (Dg,)p, which is equivalent to
d(p + p*h)|r,s = 0, and this holds if, and only if, H|s = (p + p*h)|s = ctn. [ |

Bearing in mind these considerations, we can finally prove that:

Proposition 8 Let (Mm,Q,a) be an extended Hamiltonian system, and {(J'7*,h)} the class
of restricted Hamiltonian systems associated with (Mm,Q,«). Consider the submanifolds {Sy =
Im h}, for every Hamiltonian section h in this class, and let jg, : Sp, — Mm be the natural embed-
dings. Then the submanifolds (Sh,j*ShQ) are multisymplectomorphic.

( Proof) Let hy,hs € {h} and S; = Imhq, Sy = Im hy. We have the diagram

Mz Mr
JS1 S5
1% h1 ho L
Sl 52
/ hS1 hSz N
Jlr* Id Jlr* Id Jlr*

Denote €21 = 75,8, Q2 = 75,Q2. As a consequence of the above corollary, if Q5, = hi{,
Qn, = h5Q, we have that €}, = €,. But

th = th <~ (351 © h51)*Q = (332 o hSz)*Q — h*S191 = h*SzQ2
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Then, the map ® := hg, o u1: S1 — Sz is a multisymplectomorphism. In fact, it is obviously a
diffeomorphism, and

"y = (hs, 0 p1)" Q2 = p1his, Qo = prhs O = (hs, o pn)" Q1 =
|
As an immediate consequence of this, if X, € X" (M) is a solution to the equations (8), the

multivector fields Xs, € X™(S),) such that A™(ys, )+ Xs, = Xals, for every submanifold Sy, of this
family (see the proof of Theorem Hl), are related by these multisymplectomorphisms.

4.4 Variational principle and field equations

As in the case of restricted Hamiltonian systems, the field equations for extended Hamiltonian
systems can be derived from a suitable variational principle.

First, denote by X, (M) the set of vector fields Z € X (M) which are sections of the subbundle
D, of TMm, that is, satisfying that i(Z)a = 0 (and hence, they are tangent to all the integral
submanifolds of D). Let XY™ (Mr) C X4(Mm) be those which are also R-vertical.

Furthermore, as we have seen in previous sections, the image of the sections ¢: M — M,
which are solutions to the extended field equations, must be in the integral submanifolds of the
characteristic distribution D,; that is, they are also integral submanifolds, and hence ]:}}O& =0

(where j;: Imt¢ < Mm is the natural embedding). We will denote by T'q(M, M) the set of
sections of r satisfying that jza =0.

Taking all of this into account, we can state the following:

Definition 8 Let (Mm,Q, ) be an extended Hamiltonian system. Consider the map

H, : Lo(M, Mm) — R
(4 = Jyvre

(where the convergence of the integral is assumed). The variational problem for this extended
Hamiltonian system is the search for the critical (or stationgry) sections of the functional Hy,
with respect to the variations of ¥ € To(M, M) given by 1y = oy o ¢, where {0y} is the local

one-parameter group of any compact-supported vector field Z € %X(R) (M), that is

d -
— 0=0
dt‘t:O/th

This is the extended Hamilton-Jacobi principle.

Observe that, as « is closed, the variation of the set I'y (M, M) is stable under the action of
%X(R) (Mr). In fact; being a closed, for every Z € %X(R) (M), we have that L(Z)a = i(Z)da +
di(Z)a =0, that is, oo = a. Hence, if ¢ € Ty (M, M), we obtain

dja=(oop)a=d'ofa=4"a=0
Then we have the following fundamental theorems:

Theorem 6 Let (M7, Q,«) be an extended Hamiltonian system. The following assertions on a
section ¥ € I'o (M, M) are equivalent:
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1. 1/; is a critical section for the wvariational problem posed by the extended Hamilton-Jacobi
principle.

2. % i(Z2)Q =0, for every Z € XY (M.
3. i(X)Q =0, for every X € Xo(Mr).

4. If (U;:E”,yA,pj,p) is a natural system of coordinates in M, then 1 satisfies the following
system of equations in U

Oyoy) _ b o dWaod) b o Opoy)  Ohoy)

oz Ip4 ’ orv  OyA °Y ozv oxv

(17)

where h = p*h, for some h € C®(u(U)), is any function such that |y = dp+ dh(z”, yA,pZ).
These are the extended Hamilton-De Donder-Weyl equations of the extended Hamiltonian
system.

( Proof ) (1 <= 2) We assume that OU is a (m — 1)-dimensional manifold and that
R(supp (Z)) C U, for every compact-supported Z € %X(R) (Mm). Then

%‘t:O/UlZ}:@ - dt‘t o/w (7€) /w <—’02>

_ /WL /w 2)de + di(2)e)
_ /¢ 29— di(z /¢ >+/dw3 (i(2)©
_ —/Uz/z*(z'(Z)Q)—i- O /w

(as a consequence of Stoke’s theorem and the hypothesis made on the supports of the vertical fields).

d
Thus, by the fundamental theorem of the variational calculus we conclude that 7 ‘t . / YO =0
=0 Ju

& *((Z)Q) = 0, for every compact-supported Z € %X(R)(Mﬂ). But, as compact-supported
vector fields generate locally the C*°(Mm)-module of vector fields in M, it follows that the last
equality holds for every Z € XY™ (Mr).

(2 «<=3) Ifpelm 1/;, and S is the integral submanifold of D, passing through p, then
(Da)p = [Vp(k) N (Da)p] & Tp(IH“z)
So, for every X € X,(Mmn),

Xp = (Xp — Tp(th 0 B)(Xp)) + Tp(§ 0 B)(Xp) = Xy + X}
and therefore . . . } . }
P (E(X)Q) = P (I(XV)Q) + P (i(XV)Q) = P*(i(XV)Q) = 0

since ¢*(i(X")Q) = 0 by the above item, and furthermore, X Tp(Im1)), and dim (Im ) = m,
being Q € 2™t (Mmn). Hence we conclude that ¢*(i(X)Q) = 0 for every X € X,(Mm). The
converse is proved reversing this reasoning.

(3 <= 4) The local expression of any X € X, (M) is

X — , 0 BA 4 ay_ ana_thgBﬂJr,ynﬂ g
895“ apA Yy D
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then, taking into account the local expression () of €, if b= (x, yA(a:"),p’g(a:"),p(a:")), we obtain

- d(poyy) oh oh | O(p’o) Oh | O o)
= n _— — _ m
vi(X)Q A ox? oxv 14 ; opYy 1o Ox" GpZ‘zL oxv 4"z
d(p% ov)  oh Oy o 1)
A A m _ m,.
+8 < o +8y ( d™z + 44 o +3pA d

and, as this holds for every X € X, (M) (i.e., for every A7, 34, ~%), we conclude that ¢* i(X)Q), = 0
if, and only if,

Oy*oy) _ oh Ophod) _ _oh
- = = | (18)
dxv AL dxv oy
Ad(pop oh oh | A" o oh | A" o
( V) :__V~+Z V~(A )_ 17‘~(AV) (19)
Ox oz 4 oy opYy 1o Ox" Opyly Oz
and using equations () in (@) we obtain
Ad(p o) _ oh aﬁ a(pgm[;) Oy od)\ aﬁ‘ O(pY o)  Oh | A(pYhod)
oxr¥ v lg | opY “ Oxd ox¥ 8pf4 ¢ OxV ophylé  Oxv
~_ohy ah‘ dyrod) aﬁ‘ A(p o )
 oxvly oyAly Oav opSld Oz
__9(hoy) _ .
— o (6=1,...,m; v fixed)
[ |

Remark 10 It is important to point out that the last group of equations (7)) are consistency
conditions with respect to the hypothesis made on the sections 1/1 In fact, this group of equations
leads to po 1 = —h o ¢ + ctn. or, what means the same thing, ) € Ty (M, Mm). (See also the
comment in Remark@). The rest of equations () are just the Hamilton-De Donder-Weyl equations
) of the restricted case, since the local expressions of the functions h and h are the same.

Theorem 7 Let (Mm,Q,a) be an extended Hamiltonian system, and X € X" (M) an integrable
multivector field verifying the condition {(X)(k*w) = 1. Then, the integral manifolds of X are

critical section for the variational problem posed by the extended Hamilton-Jacobi principle if, and
only if, X satisfies the condition i(X)Q = (—=1)"*a.

( Proof") (<) Let S be an integral submanifold of X'. By the r-transversality condition
i(X)(F*w) = 1, S is locally a section of k. Then, for every p € S, there are an open set U C M,
with %(p), and a local section ¢: U € M — M of &, such that Im ) = S|z-1(v))- Now, let ¢ € U,
and ui, ..., u, € TgM, with i(u; A ... Aup)(w(R(p))) = 1. Then, there exists A € R such that

1/1*(’[1,1 VANPIRNWA um) = )‘X(J)(q))

therefore . 3 3
i(@u(ur Ao A un))(Q(1(0)) = M=1)"a(d(q))
Thus, for every X € X,(Mm) we obtain that

(X)) i(a(ur A A ) (Q(q))) =
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hence ¢* i(X)Q = 0, for every X € X (Mmn), and ¢ is a critical section by the third item of the
last Theorem.

(=) Let p € Mm, by the hypothesis there exists a section ¥: M — M such that

1. ¥(p) = R(p).

2. 1) is a critical section for the extended Hamilton-Jacobi variational problem, that is, ¢* (X)) =
0, for every X € X,(Mm).

3. Im ) is an integral submanifold of X'

Now, let uy, ..., um € Tgp)yM, with i(u1 A... Aup)w(i(p))) = 1. Then, there exists A € R such
that

e(ur Ao Aty) = AXp

but the condition imposed to uq,...,u, leads to A = 1. Therefore

i(Ye(ur A Aum)) ((P)) = i(Ap)(Q2(p))
Thus, for every X € X,(Mmn), as ¢ is a critical section, we obtain that
i(Xp) i(Xp)(2p)) =0

and hence §(X)i(X)Q = 0, for every X € X,(Mm). This implies that {(X)Q = fa, for some
non-vanishing f € C*(Mm). Nevertheless, as (Mm,Q,a) is an extended Hamiltonian system, in
any local chart we have that o = dp + dh(z”, yA,pZ), which by the condition ;(X)(k*w) = 1, and
bearing in mind the local expression of 2, leads to f = (—1)™"!. So the result holds. |

Observe that the extended Hamilton-De Donder-Weyl equations ([I7]) can also be obtained as a
consequence of this last theorem, taking into account equations ([3)), (), (&) and (IG).

5 Almost-regular Hamiltonian systems

There are many interesting cases in Hamiltonian field theories where the Hamiltonian field equations
are established not in J'7*, but rather in a submanifold of J'7* (for instance, when considering
the Hamiltonian formalism associated with a singular Lagrangian). Next we consider this kind of
systems in J'7*, as well as in M.

5.1 Restricted almost-regular Hamiltonian systems
Definition 9 A restricted almost-regular Hamiltonian system is a triple (J'7*, P, hp), where:

1. P is a submanifold with dim P > n+m, and such that, if jp: P — J'n* denotes the natural
embedding, the map 7p = Toyp: P — E is a surjective submersion (and hence, so is the map
Tp=Togp=moTp: P—M).

2. hp: P — Mm satisfies that po hp = jp, and it is called o Hamiltonian section of u on P.
Then, the differentiable forms
Onp :=hpO , Qp, :=—dOy, = hpQ

are the Hamilton-Cartan m and (m + 1) forms on P associated with the Hamiltonian section hp.
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Remark 11 Notice that €2, is, in general, a 1-degenerate form and hence it is premultisymplectic.
This is the main difference with the regular case.

We have the diagram

ﬁ/ \

Furthermore, if we make the additional assumption that P — F is a fiber bundle, the Hamilton-
Jacobi variational principle of Definition B can be stated in the same way, now using sections of
7p: P — M, and the form ©y,,. So we look for sections 1p € I'(M,P) which are stationary with
respect to the variations given by 1, = oy o ¢»p, where {0} is a local one-parameter group of any
compact-supported Tp-vertical vector field Zp € X(P); i.e., such that

d "
%‘t:O/th(ahP =0

Then these critical sections will be characterized by the condition (analogous to Theorem [II)
Vpi(Xp)Qh, =0 ; for every Xp € X(P)

And, as in the case of restricted Hamiltonian systems (Theorem E), we have that:

Theorem 8 The critical sections of the Hamilton-Jacobi principle are the integral sections Pp €
I'(M,P) of a class of integrable and Tp-transverse multivector fields {Xy,,,} C X" (P) satisfying
that

i(Xnp) Sy, =0, for every &), € {A),}

or equivalently, the integral sections of an integrable multivector field Xy, € X™(P) such that:

2. i(Xnp)(Thpw) = 1.

A multivector field Ay, € X" (P) will be called a Hamilton-De Donder-Weyl multivector field
for the system (J'7*,P, hp) if it is Tp-transverse, locally decomposable and verifies the equation
i(Xhp ), = 0. Then, the associated connection Vj,,, which is a connection along the submanifold
P (see [30], [B1] and [34]), is called a Hamilton-De Donder-Weyl connection for (J'7*, P, hp), and
satisfies the equation

i(Vip)Qnp = (m — 1)Q

Remark 12 It should be noted that, as ), can be 1-degenerate, the existence of the correspond-
ing Hamilton-De Donder-Weyl multivector fields for (J'7*, P, hp) is in general not assured except
perhaps on some submanifold S of P, where the solution is not unique. A geometric algorithm for
determining this submanifold S has been developed [32].
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5.2 Extended almost-regular Hamiltonian systems

Definition 10 An extended almost-regular Hamiltonian system is a triple (M, P, ap), such that:

1. P is a submanifold of M= and, if Jp: P < Mn denotes the natural embedding, then:
(a) kp=Koyp: P — E is a surjective submersion (and hence, so is the map kp = Kojp =
Tokp: P— M)
(b) ( 0375)(75) = P is a submanifold of J'7*.

(c) P= M|, py; that is, for every p € P we have that = (u(p)) = p + APT ) EC P.

2. ap € ZY(P) (it is a closed 1-form in P).
3. There exists a locally decomposable multivector field Xa75 € %m(ﬁ) satisfying that
i(Xay)2p = (—1)m+10z75 »i(Xap)(Fpw) =1 (Kp-transversality) (20)

where Qp = ]%Q.

If o is an exact form, then (Mm, P, ap) is an extended almost-regular global Hamiltonian system.
In this case there exist functions Hpy € C°°(P), which are called Hamiltonian functions of the
system, such that ap = dHg. (For an extended Hamiltonian system, these functions exist only

locally, and they are called local Hamiltonian functions).

Remark 13 As straighforward consequences of this definition we have that:

e The condition (1.c) of Definition [0l imply, in particular, that dim P > dim E + 1. Further-
more, it means that P is the union of fibers of u.

® K05 is a surjective submersion if, and only if, so is Topo 5. This means that P = Im (pojp)
is a submanifold verifying the conditions stated in the first item of definition @ and such that
dim P = dim P — 1, as a consequence of the properties given in item 1 of Definition This
submanifold is diffeomorphic to P/APT*E.

Denoting pp = o jp: P — Jln*, and Ao P — P its restriction to the image (that is, such
that up = gp o fip), we have the diagram
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Remark 14 In addition, as for extended Hamiltonian systems (see Remarks bl and ), the integra-
bility of &, is not assured, so it must be imposed. Then all the multivector fields in the integrable
class {X,} have the same integral sections.

As in Propositions [l and I we have that:

Proposition 9 If (M, P, ap) s an extended almost-regular Hamiltonian system, then i(Yp)ap #
0, for every non-vanishing pz-vertical vector field Y € %v(”ﬁ)(ﬁ). In particular, for every system
of natural coordinates in P adapted to the bundle 7: E — M (with w = d™x),

( Proof) As a consequence of the condition (1.c) of Definition [[0], we have the local expression

Qp = 150 = 5(—=dps A dy Ad™ e, —dp A d™x) = Ip(=dpia) A dy Ad™ g, —dp A d™x

0
and Y = f a—p,
as in the proof of Proposition [l

for every p-vertical vector field in P. Therefore, the proof follows the same pattern

The last part of the proof is a consequence of the condition (1.c) given in Definition [, from
which we have that every system of natural coordinates in P adapted to the bundle 7: E — M
contains the coordinate p of the fibers of i, and the coordinates (z¥) in E. This happens because
P reduces only degrees of freedom in the coordinates p* of M. [ |

Proposition 10 If (M, P, ag) is an extended Hamiltonian system, locally ap = dp + B, where
Bp is a closed and fip-basic local 1-form in P.

A multivector field X, € X™(P) will be called an extended Hamilton-De Donder-Weyl multi-

vector field for the system (Mo, P, ap) if it is Fs-transverse, locally decomposable and verifies the
equation z’(Xaﬁ)Qﬁ = (—1)m+1a75. Then, the associated connection Vq  is called a Hamilton-De

Donder-Weyl connection for (Mﬂ','ﬁ,aﬁ),

Remark 15 Notice that 25 is usually a 1-degenerate form and hence premultisymplectic.

As a consequence, the existence of extended Hamilton-De Donder-Weyl multivector fields for
(Mm, P, ap) is not assured, except perhaps on some submanifold S of P, where the solution is not
unique.

5.3 Geometric properties of extended almost-regular Hamiltonian systems. Vari-
ational principle

Let (Mm, P, @) be an extended almost-regular Hamiltonian system, and the submanifold ,u75(75) =

P. As for the general case, we can define the characteristic distribution Dag of . Then, following

the same pattern as in the proofs of the propositions and theorems given in Section we can

prove that:
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Proposition 11 1. Da75 is an involutive and pip-transverse distribution of corank equal to 1.

2. The integral submanifolds of D, are pp-transverse submanifolds of M, with dimension
equal to dim P — 1. (We denote by js: S < P the natural embedding).

3. For every p € P, we have that Tp75 = Vp(,u75) &5, (Daﬁ)p, and thus, in this way, ap defines
a connection in the bundle jip: P — P.

4. If S is an integral submanifold of Do, then fipls: S — P is a local diffeomorphism.

5. For every integral submanifold S of Da, and p € S, there exists W C P, with p € W, such
that h = (ulwns) ™! is a local Hamiltonian section of i defined on jis(W N S).

If (M, P, ap) is an extended almost-regular Hamiltonian system, as a.z = dHp (locally), every
local Hamiltonian function Hz is a constraint defining the local integral submanifolds of Ds. If

(M, P, @) is an extended almost-regular global Hamiltonian system, the Hamiltonian functions
Hp are globally defined, and we have:

Proposition 12 Let (./\/l7r,75,oz75) be an extended almost-reqular global Hamiltonian system. If
there is a global Hamiltonian function Hp € C*(P), and k € R, such that ,u(H75_1(k:)) =P, then
there exists a global Hamiltonian section hp € I'(P,P).

Proposition 13 Given an extended almost-reqular Hamiltonian system (Mﬂ,ﬁ,aﬁ) , every ex-
tended HDW multivector field X € X™(P) for the system (M, P, o) is tangent to every integral
submanifold of D, .

At this point, the extended Hamilton-Jacobi variational principle of Definition Bl can be stated
in the same way, now using sections 15 of Kz: P — M, satisfying that ]Zﬁaﬁ = 0 (where
T Im1s < P denotes the natural embedding). Thus, using the notation introduced in sec-
tion B4l we look for sections 95 € I‘aﬁ(M ,P) which are stationary with respect to the variations
given by vy = 0y 0 ¢, where {0;} is a local one-parameter group of every compact-supported
Z e %Xgﬁ)(ﬁ); that is

d _—
E‘t:O/Ul/}t@P =0

And then the statements analogous to Theorems [l and [0 can be established and proven in the
present case.

5.4 Relation between extended and restricted almost-regular Hamiltonian sys-
tems

Finally, we study the relation between extended and restricted almost-regular Hamiltonian systems.
(The proofs of the following propositions and theorems are analogous to those in Section E3]).

First, bearing in mind Remark [[3, we have:
Theorem 9 Let (Mw,ﬁ,aﬁ) be an estended global Hamiltonian system, and (J'7*, P, hp) a re-

stricted Hamiltonian system such that dim P = dim P+1, andImhp = S is an integral submanifold
0of Do Then, for every Xo, € X™(P) solution to the equations:

i(Xap)p = (1) ap 0¥, (Fpw) = 1
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(i.e., an extended HDW multivector field for (./\/l7r,75,0475)) there exists Xy, € X" (P) which is
hp-related with X, and is a solution to the equations

i(Xnp)Qnp =0, i( X)) (Fpw) =1

(i.e., a HDW multivector field for (J'z*, P, hp)). Furthermore, if Xa is integrable, then X, is
integrable too.

As a consequence, the following definition can be established:

Definition 11 Given an extended almost-regular global Hamiltonian system (M, P, ap), and con-
sidering aoll the Hamiltonian sections hp: P — Mm such that Imhp are integral submanifolds of
Doy, we have a family {(J'7*, P, h’p)}aﬁ, which will be called the class of restricted almost-regular

Hamiltonian systems associated with (M, P, ap).

Remark 16 Observe that, for every Hamiltonian section hp in this class, Imhp is a submanifold
of P. Therefore we have induced a Hamiltonian section hps: P — P of fis such that hp = j5 0 hp.

Proposition 14 Let (J'7*, P, hp) be a restricted almost-reqular Hamiltonian system.
1. There exits a unique submanifold P of M satisfying the conditions of Definition Il, and
such that ji5(P) =P.

2. Consider the submanifold S = Imhp and the natural embedding js: S = Imhp — P. Then,
there exists a unique local form ap € £21(P) such that:

(a) ap € ZY(P) (it is a closed form,).

(b) jsap =0.

(c) i(Yp)ap # 0, for every non-vanishing Yz € %V(“ﬁ)(ﬁ) and, in particular, such that
i a_p ap = 1, for every system of natural coordinates in P, adapted to the bundle

m: E— M (withw=d"x).

( Proof ) The existence and uniqueness of the submanifold P is assured, since it is made of all
the fibers of u at every point of P. The rest of the proof is like in Proposition [ [

So we have the diagram

P P Mmr

78
Ap S hp I
P P P Tl

Bearing in mind Remark [[6 we can also state:
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Corollary 2 Let (75,0475) be the couple associated with a given restricted almost-reqular Hamilto-
nian system (J'7*, P, hp) by the Proposition [I4 Consider the characteristic distribution Do, and
let {h}a75 be the family of local sections of jip such that Tmh = S are local integral submanifolds of
Dq,. Then, for every iL’P € {h}aﬁ, we have that Im iL’P is locally a level set of a function Hg such
that ap|s = (dHp)|s, locally.

Definition 12 Given a restricted almost-reqular Hamiltonian system (J'7*, P, hp), let (75,%5) be
the couple associated with (J'7*, P, hp) by the Proposition[T The triple (M, P, ap) will be called
the (local) extended almost-regular Hamiltonian system associated with (J'7*, k).

Proposition 15 Let {(J'7*,P,hp)} be the class of restricted almost-reqular Hamiltonian sys-
tems associated with an extended almost-regular Hamiltonian system (Mﬂ,ﬁ,aﬁ). Consider the
submanifolds { Sy, = Imhp}, for every Hamiltonian section h in this class, and let IShp Shp — P
be the natural embeddings. Then the submanifolds {S = Imhp}, for every Hamiltonian section hp
in this class are premultisymplectomorphic.

As a consequence of this, if X, € X™(P) is a solution to the equations (), the multivector
fields Xshp € X"™(Sh,) such that Am(jshp)*xshp = Xaﬁ| Shyp for every submanifold Sy, of this
family, are related by these presymplectomorphisms.

6 Examples

6.1 Restricted Hamiltonian system associated with a Lagrangian system

A particular but relevant case concerns (first-order) Lagrangian field theories and their Hamiltonian
counterparts.

In field theory, a Lagrangian system is a couple (J'm,€,), where J'7 is the first-order jet
bundle of 7: E — M, and Qz € 2™ (Jlx) is the Poincaré-Cartan (m + 1)-form associated with
the Lagrangian density £ describing the system (£ is a 7'-semibasic m-form on J'm, which is
usually written as £ = £7*n = £Lw, where £ € C®(J'7) is the Lagrangian function associated
with £ and w). The Lagrangian system is regular if Q. is 1-nondegenerate; elsewhere it is called
singular.

The extended Legendre map associated with £, FL: Jir — M, is defined by

(FL@) (21, ., Zm) = (O2)5(Z1, - .., Zom)
where Z1,..., Zm € TugE,and Z1,..., Zy € TyJlm are such that Tg7rlZa75 = Zogs- (fz can also

be defined as the “first order vertical Taylor approximation to £” [6]). We have that FLQ=Q,.
If (2,94, v7) is a natural chart of coordinates in J'7 (adapted to the bundle structure, and such
that w = dz' A ... Ada™ = da™) the local expressions of these maps are

* * % ——x
FL z¥ =a¥ , FL yA =yA , fﬁp%zaa—é; , fﬁp:£—vfaa—£;
FLzV =a¥ , FLryt =yA , FLpY = g—ﬁ;

v

Using the natural projection pu: Mm — J L7* we define the restricted Legendre map associated
with £ as FL := po FL.
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Then, (J17, ) is a regular Lagrangian system if L is a local diffeomorphism (this definition is
equivalent to that given above). Elsewhere (J'7, ) is a singular Lagrangian system. As a partic-
ular case, (J'm, Q) is a hyper-regular Lagrangian system if £ is a global diffeomorphism. Finally,
a singular Lagrangian system (J'7, Q) is almost-regular if: P := FL(J'7) is a closed submanifold
of Jiz*, FL is a submersion onto its image, and for every § € Jlm, the fibers FL™1(FL(y)) are
connected submanifolds of J'E.

If (J'7, Q) is a hyper-regular Lagrangian system, then j-:Z(J 17) is a 1-codimensional imbedded
submanifold of M, which is transverse to the projection p, and is diffeomorphic to J Lyx, This
diffeomorphism is =1, when p is restricted to FL£(J!7), and also coincides with the map h := FLo
FL~, when it is restricted onto its image (which is just ?Z(J L7)). This map h is the Hamiltonian
section needed to construct the restricted Hamiltonian system associated with (J'm, Q). In other
words, the Hamiltonian section h is given by the image of the extended Legendre map.

Using charts of natural coordinates in J'7* and M, we obtain that the local Hamiltonian
function h representing this Hamiltonian section is

L 0L
Y Qv

e hty) = (P (ol = ) = (et L
Of course, if (Mm,Q,a) is any extended Hamiltonian system associated with (J'7* k), then
FL(J ) is an integral submanifold of the characteristic distribution of a.

In an analogous way, if (J'7,€z) is an almost-regular Lagrangian system, and the submanifold
Jp: P—=J I7* is a fiber bundle over E and M, the p-transverse submanifold 7: FL(J'7) < M is

diffeomorphic to P. This diffeomorphism fi: ﬁ(,] I7) — P is just the restriction of the projection

1

i to ﬁ(J 7). Then, taking the Hamiltonian section hp := j0/~!, we define the Hamilton-Cartan

forms

Oh, = hpO Qp,, = hpQd
which verify that fﬁ%@g = O, and fﬁ;éQ?L = Qr (where FLp is the restriction map of FL
onto P). Once again, this Hamiltonian section hp is given by the image of the extended Legendre
map. Then (J'7*, P, hp) is the Hamiltonian system associated with the almost-regular Lagrangian
system (J'7m, ), and we have the following diagram

FL(J ) M

- J
ol
i
2 %
Jhr
FLp JP

M

1

Jir

The construction of the (local) extended almost-regular Hamiltonian system associated with
(J17*,P,hp) can be made by following the procedure described in section B4l Of course, if
(Mm, P, ap) is the extended Hamiltonian system associated with (J'7*, P, hp), then FL(J'7) is
an integral submanifold of the characteristic distribution of a.

6.2 Non-autonomous dynamical systems

Another relevant example consists in showing how the so-called extended formalism of time-
dependent mechanics (see [17], [29], [B6], [A1], [45]) can be recovered from this more general frame-
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work.

The starting point consists in giving the configuration bundle, which for a large class of non-
autonomous dynamical systems can be taken to be 7: F = Q xR — R, where @ is a n-dimensional
differentiable manifold endowed with local coordinates (¢*), and R has as a global coordinate t.
The extended and restricted momentum phase spaces are

MrTE=T*QxR)~T*Q x RxR* , Jo*~T'QxR
Then, the following projections can be defined

pri: Mr —TQ , p: Mr—T"Q xR
pro: Mr — R xR* | p: Mg — R*

If Qg € Z*(T*Q) and Qg € Z%(R x R*) denote the natural symplectic forms of T*@ and R x R*,
then the natural symplectic structure of M is just

Q= priQg + priQr.
Then, we define the so-called extended time-dependent Hamiltonian function
H:=p'h+pe CP(THQ x R))

where the dynamical information is given by the “time-dependent Hamiltonian function” h €

C>(T*Q x R).

Now we have that (T*(Q x R),, «), with o = dH, is an extended global Hamiltonian system,
and then the equations of motion are

i(Xp)Q=dH , (Xp)dt=1  with Xy € X(T*(Q x R)) (21)

In order to analyze the information given by this equation, we take a local chart of coordinates
(¢*,pi,t,p) in T*(Q x R), and one can check that the unique solution to these equations is

Mo oHo 0 oHo
Op; 0 O¢Op; Ot Ot Op
d(p*h) 0  9O(u*h) 0 0  O(p*h) 0

T Op o¢  og api+a_ ot dp (22)

Xu =

If () = (¢'(t), pi(t), t, p(t)) denote the integral curves of this vector field, the last expression leads
to the following system of extended Hamiltonian equations

d(g'od) _d(ph) - dlpiod)  dwh) - dlpey)  I(ph) -
dt o oV Ta - e v Ta - a ov 3

Observe that the last equation corresponds to the last group of equations (7)) in the general case
of field theories. In fact, using the other Hamilton equations we get

dpotp) _(u*how)__a(u*h)‘ _a(u*h)‘ (qiwﬁ)_@(u*h)‘ (pi 0 %))
dt B dt B ot 1y ot 1yt op; 1ot
_ _a(u*h)‘ _a(u*h)‘ a(u*h)‘ 8(u*h)‘ a(u*h)‘ __a(u*h)‘
B ot 1y o 1o op; 1§ Op 1o o & O¢b 1§

However, as the physical states are the points of T*Q x R and not those of T*(Q x R), the
vector field which gives the real dynamical evolution is not Xy, but another one in T*@Q x R which,
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as Xy is p-projectable, is just p. Xy = Xp, € X(T*Q x R), that is, in local coordinates (q*, p;,t) of
T*Q x R,
o om0
- Op;0¢'  Oq' Op; Ot
Thus, the integral curves ¥(t) = (¢*(t), pi(t),t) of X} are the u-projection of those of Xy, and they
are solutions to the system of Hamilton equations

d(g' o) _ Oh dipioy) _ Oh

@ oV T a e

h (24)

This result can also be obtained by considering the class of restricted Hamiltonian systems
associated with (T*(Q x R),Q,dH). In fact, T*(Q x R) is foliated by the family of hypersurfaces
of T*(Q x R) where the extended Hamiltonian function is constant; that is,

S:={peT(QxR) | Hp) =r (ctn.)}

which are the integral submanifolds of the characteristic distribution of a = dH. Thus, every S
is defined in T*(Q x R) by the constraint ¢ := H — r, and the vector field given in (22), which is
the solution to (ZII), is tangent to all of these submanifolds. Then, taking the global Hamiltonian
sections

h: (¢",pi;t) = (¢',pi;t,p =1 — p"h)
we can construct the restricted Hamiltonian systems (T*Q xR, h) associated with (T*(QxR), 2, dH).
Therefore ([24)) is the solution to the equations

i(Xp)Q =0 , (Xpdt=1 with Xg € X(T*(Q x R))

where
Qn =h"Q=wg—dhAdt € 2*(T*Q x R)

The dynamics on each one of these restricted Hamiltonian systems is associated to a given constant
value of the extended Hamiltonian. Observe also that, on every submanifol S, the global coordinate
p is identified with the physical energy by means of the time-dependent Hamiltonian function p*h,
and hence the last equation (23)) shows the known fact that the energy is not conserved on the
dynamical trajectories of time-dependent systems.

In this way, we have also recovered one of the standard Hamiltonian formalisms for time-
dependent systems (see [§]).

7 Conclusions and outlook

We have introduced an alternative way of defining Hamiltonian systems in first-order field theory.

The usual way consists in working in the restricted multimomentum bundle J'7*, which is the
natural multimomentum phase space for field theories, but J'7* has no a natural multisymplectic
structure. Thus, in order to define restricted Hamiltonian systems we use Hamiltonian sections
h: J'7* — Mmr, which carry the ‘physical information’ and allow us to pull-back the natural
multisymplectic structure of Mm to J'7*. In this way we obtain the Hamilton-Cartan form Q;, €
QM+ (Jir*), and then the Hamiltonian field equations can be derived from the Hamilton-Jacobi
variational principle. As a consequence, both the geometry and the ‘physical information’ are
coupled in the non-canonical multisymplectic form €2j,.

The alternative consists in working directly in the extended multimomentum bundle M, which
is endowed with a canonical multisymplectic structure € 2" (Mmr). Then we define extended
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Hamiltonian systems as a triple (M, ), a), where a € Z'(Mr) is a p-transverse closed form, and
the Hamiltonian equation is i(X)Q = (—1)""a, with X € X™(Mr). Thus, in these models, the
geometry 2 and the ‘physical information’ « are not coupled, and (geometric) field equations can
be expressed in an analogous way to those of mechanical autonomous Hamiltonian systems.

The characteristic distribution D, associated with «, being involutive, have 1-codimensional
and p-transverse integrable submanifolds of M7, where the sections solution to the field equations
are contained. These integrable submanifolds can be locally identified with local sections of the
affine bundle p: M7 — J'7*. Each one of them allows us to define locally a restricted Hamiltonian
system, although all those associated with the same form « are, in fact, multisymplectomorphic.
The conditions for the existence of global Hamiltonian sections have been also analyzed. Conversely,
every restricted Hamiltonian system is associated with an extended Hamiltonian system (at least
locally).

In addition, the extended Hamiltonian field equations can be obtained from an extended
Hamilton-Jacobi variational principle, stated on the set of sections of the bundle x: Mnm — M,
which are integral sections of the characteristic distribution of «, taking the variations given by
the set of the R-vertical vector fields incident to «.. In fact, a part of the local system of differential
equations for the critical sections of an extended Hamiltonian system is the same as for the asso-
ciated restricted Hamiltonian system. Nevertheless, there is another part of the whole system of
differential equations which leads to the condition that the critical sections must also be integral
submanifolds of the characteristic distribution D,,.

Restricted and extended Hamiltonian systems for submanifolds of J!'7* and Mn (satisfying
suitable conditions) have been defined in order to include the almost-regular field theories in this
picture. Their properties are analogous to the former case.

The extended Hamiltonian formalism has already been used for defining Poisson brackets in
field theories [T4]. It could provide new insights into some classical problems, such as: reduction of
multisymplectic Hamiltonian systems with symmetry, integrability, and quantization of multisym-
plectic Hamiltonian field theories.

Acknowledgments
We acknowledge the financial support of Ministerio de Educacion y Clencia, projects BFM2002-
03493 and MTM2004-7832.

We wish to thank Mr. Jeff Palmer for his assistance in preparing the English version of the
manuscript.

References

[1] V. ALDAYA, J.A. DE AZCARRAGA, “Geometric formulation of classical mechanics and field theory”,
Riv. Nuovo Cimento 3(10) (1980) 1-66.

[2] A. AWANE, “k-symplectic structures”, J. Math. Phys. 32(12) (1992) 4046-4052.

[3] E. BiNz, J. SNIATYCKI, H. FISHER, The Geometry of Classical fields, North Holland, Amsterdam,
1988.

[4] F. CANTRLN, A. IBORT, M. DE LEON, “Hamiltonian Structures on Multisymplectic manifolds”.
Rend. Sem. Mat. Univ. Pol. Torino 54, (1996) 225-236.



A. ECHEVERRIA-ENRIQUEZ et al, Hamiltonian systems in multisymplectic field theories 33

[5]

(6]

[20]

[21]

[22]

F. CANTRLN, L.A. IBORT, M. DE LEON, “On the Geometry of Multisymplectic Manifolds”, .J.
Austral. Math. Soc. Ser. 66 (1999) 303-330.

J.F. CARINENA, M. CRAMPIN, L.A. IBORT, “On the multisymplectic formalism for first order Field
Theories”, Diff. Geom. Appl. 1 (1991) 345-374.

M. CASTRILLON-LOPEZ, J.E. MARSDEN, “Some remarks on Lagrangian and Poisson reduction for
field theories”, J. Geom. Phys. 48(1) (2003) 52-83.

A. ECHEVERRIA-ENRIQUEZ, M.C. MUNOz-LECANDA, N. ROMAN-ROY, “Geometrical setting of
time-dependent regular systems. Alternative models”, Rev. Math. Phys. 3(3) (1991) 301-330.

A. ECHEVERRIA-ENRIQUEZ, M.C. MUNOzZ-LECANDA, N. ROMAN-ROY, “Geometry of Lagrangian
first-order classical field theories”. Forts. Phys. 44 (1996) 235-280.

A. ECHEVERRIA-ENRIQUEZ, M.C. MUNOz-LECANDA, N. ROMAN-RoOY, “Multivector Fields and
Connections. Setting Lagrangian Equations in Field Theories”. J. Math. Phys. 39(9) (1998) 4578-
4603.

A. ECHEVERRIA-ENRIQUEZ, M.C. MUNOZ-LECANDA, N. ROMAN-ROY, “Multivector Field Formu-
lation of Hamiltonian Field Theories: Equations and Symmetries”, J. Phys. A: Math. Gen. 32 (1999)
8461-8484.

A. ECHEVERRIA-ENRIQUEZ, M.C. MUNOZ-LECANDA, N. ROMAN-ROY, “Geometry of Multisym-
plectic Hamiltonian First-order Field Theories”, J. Math. Phys. 41(11) (2000) 7402-7444.

A. ECHEVERRIA-ENRIQUEZ, M.C. MUNOz-LECANDA, N. ROMAN-ROY, “A Geometrical Analysis
of the Field equations in Field Theories”, Int. J. Math. Math. Sci. 29(12) (2002) 687-699.

M. FORGER, C. PAUFLER, H. ROMER, “A general construction of Poisson brackets on exact multi-
symplectic manifolds”, Rep. Math. Phys. 51(2-3) (2003) 187-195.

P.L. GARCIA, “The Poincaré-Cartan invariant in the calculus of variations”, Symp. Math. 14 (Con-
vegno di Geometria Simplettica e Fisica Matematica, INDAM, Rome, 1973), Acad. Press, London
(1974) 219-246.

G. GIACHETTA, L. MANGIAROTTI, G. SARDANASHVILY, New Lagrangian and Hamiltonian Methods
in Field Theory, World Scientific Pub. Co., Singapore (1997).

G. GIACHETTA, L. MANGIAROTTI, G. SARDANASHVILY, “Differential Geometry of Time-Dependent
Mechanics”, |dg-ga/9702020.

H. GoLDSCHMIDT, S. STERNBERG, “The Hamilton-Cartan formalism in the calculus of variations”,
Ann. Inst. Fourier Grenoble 23(1) (1973) 203-267.

M.J. GoTAay, “A Multisymplectic Framework for Classical Field Theory and the Calculus of Vari-
ations I: Covariant Hamiltonian formalism”, Mechanics, Analysis and Geometry: 200 Years after
Lagrange, M. Francaviglia Ed., Elsevier Science Pub. (1991) 203-235.

M.J. GotAy, J.ISENBERG, J.E. MARSDEN, R. MONTGOMERY, Momentum maps and classical
relativistic fields I: Covariant Theory, physics/9801019 (v2), (2003).

C GUNTHER, “The polysymplectic Hamiltonian formalism in the Field Theory and the calculus of
variations I: the local case”, J. Diff. Geom. 25 (1987) 23-53.

F. HELEIN, J. KOUNEIHER, “Finite dimensional Hamiltonian formalism for gauge and quantum field
theories”, J. Math. Phys. 43(5) (2002) 2306-2347.

I1.V. KANATCHIKOV, “Canonical structure of Classical Field Theory in the polymomentum phase
space”, Rep. Math. Phys. 41(1) (1998) 49-90.

J. Kisowski, W. SzczyRBA, “Multisymplectic Manifolds and the Geometrical Construction of the
Poisson Brackets in the Classical Field Theory”, Géométrie Symplectique et Physique Mathématique
Coll. Int. C.N.R.S. 237 (1975) 347-378.


http://arxiv.org/abs/dg-ga/9702020
http://arxiv.org/abs/physics/9801019

A. ECHEVERRIA-ENRIQUEZ et al, Hamiltonian systems in multisymplectic field theories 34

[25]

[26]

[27]

28]

[29]

J. Kiyowski, W.M. TuLCzZYJEW, A Symplectic Framework for Field Theories, Lect. Notes Phys.
170, Springer-Verlag, berlin (1979).

D. Krupka, “Regular Lagrangians and Lepagean forms”, Proc. on Diff. Geom. Appls. (Brno 1986),
Math Ap. (East European Ser. 27), Reidel, Dordrecht (1987) 111-148.

O. KrupPkovAa, D. SMETANOVA, “On regularization of variational problems in first-order field the-
ory”. Proc. on 20th Winter School on Geom. and Phys., Rend. Circ. Mat. Palermo (2) Suppl. 66
(2001) 133-140.

O. KruUPKOVA, D. SMETANOVA, “Legendre transformation for regularizable Lagrangians in field
theory”, Lett. Math. Phys. 58(3) (2002) 189-204.

R. KuwaABARA, “Time-dependent mechanical symmetries and extended Hamiltonian systems”, Rep.
Math. Phys. 19 (1984) 27-38.

M. DE LEON, J. MARIN-SoLANO, J.C. MARRERO, “Ehresmann Connections in Classical Field
Theories”, Proc. III Fall Workshop: Differential Geometry and its Applications, Anales de Fisica,
Monografias 2 (1995) 73-89.

M. DE LEON, J. MARIN-SoLANO, J.C. MARRERO, “A Geometrical approach to Classical Field

Theories: A constraint algorithm for singular theories”, Proc. on New Developments in Differential
Geometry, L. Tamassi-J. Szenthe eds., Kluwer Acad. Press, (1996) 291-312.

M. DE LEON, J. MARIN-SoLANO, J.C. MARRERO, M.C. MUNOZ-LECANDA, N. ROMAN-ROY,
“Multisymplectic constraint algorithm for field theories”, Preprint, (2004).

M. DE LEON, D. MARTIN DE DIEGO, A. SANTAMARIA-MERINO, “Tulczyjew triples and Lagrangian
submanifolds in classical field theories”, in Applied Differential Geometry and Mechanics; W. Sarlet
and F. Cantrijn eds. Univ. of Gent, Gent, Academia Press (2003) 21-47.

M. DE LEON, D. MARTIN DE DIEGO, A. SANTAMARIA-MERINO, “Symmetries in classical field
theories”, Int. J. Geom. Meth. Mod. Phys. 1(5) (2004) 651-710.

M. DE LEON, E. MERINO, M. SALGADO, “k-cosymplectic manifolds and Lagrangian field theories”,
J. Math. Phys. 42(5) (2001) 2092-2104.

L. MANGIAROTTI, G. SARDANASHVILY, “Gauge Mechanics”, World Scientific, Singapore, 1998.

J.E. MARSDEN, S. SHKOLLER, “Multisymplectic Geometry, Covariant Hamiltonians and Water
Waves”, Math. Proc. Camb. Phil. Soc. 125 (1999) 553-575.

E. MARTINEZ, “Classical Field theory on Lie algebroids: multisymplectic formalism”,
math.DG /0411352 (2004).

F. MuNTEANU, A.M. REY, M. SALGADO, “The Giinther’s formalism in classical field theory: mo-
mentum map and reduction”, J. Math. Phys. bf 45(5) (2004) 1730-1751.

C. PAUFLER, H. ROMER, “Geometry of Hamiltonian n-vector fields in multisymplectic field theory”,
J. Geom. Phys. 44(1) (2002) 52-69.

M. F. RaNaDpA, “Extended Legendre transformation approach to the time-dependent Hamiltonian
formalism”, J. Phys. A: Math. Gen. 25 (1992) 4025-4035.

G. SARDANASHVILY, Generalized Hamiltonian Formalism for Field Theory. Constraint Systems,
World Scientific, Singapore (1995).

D.J. SAUNDERS, The Geometry of Jet Bundles, London Math. Soc. Lect. Notes Ser. 142, Cambridge,
Univ. Press, 1989.

J.M. SOURIAU, Structure des systémes dynamiques, Dunod, Paris, 1969.

J. STRUCKMEIER, “Hamiltonian dynamics on the symplectic extended phase space for autonomous
and non-autonomous systems”, J. Phys. A: Math. Gen. 38 (2005) 1275-1278.


http://arxiv.org/abs/math/0411352

	Introduction
	Previous definitions and results
	Multivector fields and connections
	Hamiltonian multivector fields in multisymplectic manifolds
	Multimomentum bundles

	Hamiltonian systems in J1*
	Restricted Hamiltonian systems
	Variational principle and field equations
	Hamiltonian equations for multivector fields

	Hamiltonian systems in M
	Extended Hamiltonian systems
	Geometric properties of extended Hamiltonian systems
	Relation between extended and restricted Hamiltonian systems
	Variational principle and field equations

	Almost-regular Hamiltonian systems
	Restricted almost-regular Hamiltonian systems
	Extended almost-regular Hamiltonian systems
	Geometric properties of extended almost-regular Hamiltonian systems. Variational principle
	Relation between extended and restricted almost-regular Hamiltonian systems

	Examples
	Restricted Hamiltonian system associated with a Lagrangian system
	Non-autonomous dynamical systems

	Conclusions and outlook

